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Abstract

Unobserved confounding is a fundamental obsta-
cle in causal inference problems. In the graphical
modeling literature, a general theory has been de-
veloped that allows identification in the presence of
hidden variables, with some limitations. In particu-
lar, Pearl’s celebrated front-door criterion allows
nonparametric identification in the presence of un-
observed common causes of the treatment and the
outcome, however it requires the presence of an
unconfounded variable that mediates all causal in-
fluence from the treatment to the outcome. This
stringent requirement limits the applicability of the
front-door criterion. We propose proximal general-
izations of the front-door criterion, allowing both
arbitrary treatment/outcome confounding, and un-
observed confounders of the mediator, provided in-
formative proxies for the latter type of confounders
are observed. In addition to deriving three new
identification strategies in this setting, we provide
plug-in and influence function-based estimation
strategies for the resulting functionals, and evalu-
ate their performance through simulations.

1 INTRODUCTION

Causal effects are not identified in general in the presence of
hidden common causes of treatment and outcome variables.
A rich body of work has proposed strategies to overcome
this obstacle via nonparametric identification theory devel-
oped in the graphical modeling literature, leading to the ID
algorithm and extensions [Pearl| |1995| Tian and Pearl, 2002,
Shpitser and Pearl| [2006, Huang and Valtortal 2006], or via
methods that rely on fortuitous external variables such as
instruments, mediators, or proxies (i.e., causal consequences
of hidden variables) [Newey and Powell, 2003} [Kuroki and
Pearl, 2014, [Miao et al.,2018]]. Recent work [Shpitser et al.,

2023| has combined graphical model-based identification
theory and proximal methods to obtain identification in set-
tings where neither approach alone suffices.

We present proximal causal inference results in a novel set-
ting, extending Pearl’s front-door method [Pearl, |1995] to
settings where unobserved common causes of the mediator,
treatment, and outcome exist. Specifically, we consider a
causal model represented by the composite bow graph in
Fig. [T} This model captures a common scenario in which
some hidden variable(s) confound only treatment A and
outcome Y, while others confound treatment A, mediator
M, and outcome Y. Such structures arise frequently in prac-
tice, as mediators often share unmeasured causes with both
treatment and outcome, thereby violating the assumptions
required for identification based on the front-door criterion.
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Figure 1: The composite bow graph.

We show that when the latent cause(s) affecting A, M , and
Y in the composite bow graph admit proxies, the coun-
terfactual distribution p(Y (a)) (where Y (a) denotes the
potential outcome had the treatment variable A taken value
a) and thus the causal effect of A on Y remains identifi-
able under mild structural assumptions. We provide three
distinct identification strategies, each relying on a differ-
ent set of structural assumptions. In addition, we develop
estimators for functionals obtained by these strategies, in-
cluding plug-in estimators and an influence function-based
estimator. Finally, we illustrate the validity of our identifica-
tion methods and performance of our proposed estimators
through simulation studies.

This paper is organized as follows. Section [2]reviews rele-
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vant background and outlines our contributions. Section
presents distinct identification strategies under different
structural assumptions. Section [4] develops estimators of
the causal effect under these strategies. Section [5]evaluates
the performance of the proposed estimators via simulation,
and Section[6] concludes this work with a discussion.

2 BACKGROUND

2.1 GRAPHICAL CAUSAL MODELS

We represent fully observed causal structures by means of
models associated with directed acyclic graphs (DAG)s. In
such graphs, directed edges (—) encode direct causal re-
lationships between variables. Conditional independence
relations implied by the model are given by the graph via
d-separation. Such causal structures are able to represent
responses of outcome variables Y where treatment variables
A are set to values @ by means of an external intervention
operation denoted by the do operator do(@) [Pearl, [2009];
these distributions are also written in the potential outcome
notation as p(Y (@)). Identification of the resulting interven-
tional distributions in causal models of a DAG is obtained
by means of the g-formula:

p(Y [do(@) = Y | [T »(vVIpag(v))

YA\Y \Vvev~ A—i

Identification of interventional distributions leads to natural
estimators of causal parameters of interest, such as the av-
erage causal effect (ACE): E[Y (A =1) — Y (A = 0)] for
binary A.

Causal structures with hidden variables are represented us-
ing acyclic directed mixed graphs (ADMGSs) containing
both directed (—) and bidirected (<+) edges, and obtained
from a hidden variable DAG by means of the latent projec-
tion operation [[Verma and Pearl| |[1990]. In this paper we
will also represent hidden variable causal models by partial
latent projections, where some hidden variables are “pro-
jected out” from the graph (replaced by bidirected edges)
and other hidden variables are explicitly retained (shown in
red). The composite bow graph in Fig. [I]is an example of
a partial latent projection. Conditional independence rela-
tions in these graphs are given by m-separation criterion
[Richardson and Spirtesl |2002], the natural extension of
d-separation to ADMGs.

In hidden variable models, the task of identification of inter-
ventional distributions becomes considerably more compli-
cated. Some interventional distributions are not identified
at all, while others are expressible as a functional of the
observed data given by the ID algorithm [Tian and Pearl,
2002, [Shpitser and Pearl, |2006, [Huang and Valtorta, [2006].
A number of criteria have been developed to classify DAGs

or ADMGs where the interventional distribution is identi-
fied by a particular simple functional. We now describe two
such examples.

2.2 THE BACK-DOOR CRITERION

The back-door criterion, introduced by [Pearll [1993]], pro-
vides graphical conditions under which interventional dis-
tribution p(Y (a)) and thus the causal effect of A on Y is
identified for binary A, along with an identifying formula.

A set of observed variables C satisfies the back-door crite-
rion relative to an ordered treatment-outcome pair (A, YY) in
an ADMG ¢ if:

1. No node in C is a descendant of A; and

2. C m-separates every back-door path between A and
Y (e.g. every path from A to Y that starts with an
arrowhead into A).

For example, C satisfies the back-door criterion relative
to A and Y in the simple case shown in Fig. where C
is a common cause of A and Y. If C satisfies the back-
door criterion, the interventional distribution p(Y (a)) is
identified from the observed data distribution p(Y, A, C_") by
the adjustment formula, shown below in Equation I}

p(Y(a) =y) = _ pyla, &)p(e) (1

Had a common cause of A and Y not been observed, shown
as ared vertex U in Fig. the interventional distribution
p(Y (a)) is generally not identified from the observed data
distribution, which is now p(Y; A).
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Figure 2: (a) Observed confounding; (b) Hidden confound-
ing; (c) Observed mediation with hidden treatment-outcome
confounding.

A recent line of work addressed lack of identifiability in the
presence of a hidden common cause U in Fig.|2b|by taking
advantage of informative proxy variables for U. In particu-
lar, methods developed by Miao et al.|[2018]], Kuroki and
Pearl|[2014]], and |/Allman et al.|[2015]] show that when prox-
ies for an unobserved confounder are available (e.g., W and
Z in Fig.[34), along with mild structural assumptions, the
counterfactual distribution p(Y (a)) can be identified. In par-
ticular, the adjustment formula, > . p(Y | a, @) p(1), can
be re-expressed in terms of the observed data distribution,
even though U is not observed directly.
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(a) Hidden confounder with
proxies.

(b) Composite bow graph
with proxies consistent with
Assumption 3.9}

Figure 3: Causal graphs with proxy variables.

2.3 THE FRONT-DOOR CRITERION

Leveraging mediator(s) M between A and Y, the front-door
criterion introduced in Pearl [[1995]], provides alternative
graphical conditions under which interventional distribution
p(Y (a)) is identified, while allowing for hidden common
causes of treatment A and outcome Y.

A set of observed variables M satisfies the front-door cri-
terion relative to an ordered pair (4, Y) in an ADMG G
if:

1. M intercepts all directed paths from A to Y

2. Every back-door path (paths starting with an arrowhead
into A) between A and M is marginally m-separated,;

3. A m-separates all back-door paths (paths starting with
an arrowhead into M) between M and Y.

If M satisfies the front-door criterion, the interventional
distribution p(Y (a)) is identified via the front-door formula:

p(Y(a)=y) =Y p(y|d,m)p(i | a)pla’) (2)

m,a’

In the ADMG in Fig. [2c| where the bidirected arc represents
a hidden common cause of A and Y, M satisfies the front-
door criterion relative to (A,Y").

2.4 OUTLINE OF OUR CONTRIBUTIONS

A common criticism of the front-door criterion in practice
is that the assumptions regarding the mediator variable(s)
are rarely met in practical problems where unobserved con-
founding is a concern. Specifically, while the front-door
criterion allows unobserved common causes of A and Y,
it specifically precludes such causes from influencing the
mediator(s) M.

A more natural generalization of the front-door graph, which
we call the composite bow graph, is shown in Fig. (1] In this
graph, M does not satisfy the front-door criterion due to
the presence of a hidden common cause U of A, M ,and Y.
Indeed, p(Y (a)) is generally not identifiable in Fig.

We first note that had U been observed rather than hidden in
Fig. |1} the interventional distribution p(Y (a)) would have
been identified by a mild generalization of the front-door
formula given by Equation 3] [Fulcher et al., 2020]:

> ply | d i, id)p(ii | a,@)pla’, i)

(3)
Next, following the work in|Miao et al.| [2018]], [Kuroki and!
Pearl|[2014], |Allman et al.|[2015]], and |Dukes et al.|[2023]],
we show that with the existence of proxies W and Z for
U, along with mild structural assumptions, p(Y (a)) may
be identified via proximal generalizations of the formula in
Equation [3] We present three different sets of assumption
that each guarantee identification in Section 3]

Our first two identification strategies (Sections[3.1)and [3.2)
adapt the assumptions similar in spirit to those in[Miao et al.
[2018]]. These approaches rely on distributional variation re-
strictions together with the existence of solutions to certain
Fredholm integral equations of the first kind. This line of
work has been extended by |Ghassami et al.| [2025] to iden-
tify causal effects leveraging proxies of hidden mediator(s),
and by Dukes et al.|[2023]] to identify direct and indirect
effects in the presence of hidden confounding. The first iden-
tification strategy we present has previously appeared in Bai
et al.| [2025], which gives identification and estimation re-
sults for the population indirect effect, a functional identical
to that of the causal effect in our model.

Our third identification strategy (Section[3.3) is more closely
related to a result from Kuroki and Pearl|[2014]], and |Allman:
et al.[[2015]). This strategy imposes a different set of distribu-
tional variation restrictions and enables identification of the
full joint distribution, from which p(Y (a)) may be identi-
fied via the g-formula. This line of work traces back to work
on unique tensor (multidimensional array) decompositions,
originating from |Kruskal| [1977].

3 IDENTIFICATION

We now describe the three sets of assumptions we use to al-
low identification of the interventional distribution p(Y (a))
in the composite bow graph when latent cause(s) affect-
ing A, M , and Y admit two proxies. Throughout this work,
whenever we consider causal effects, the treatment variable
A is assumed to be binary, taking values in {0, 1}.

3.1 ASSUMPTION SET 1

The first identification strategy may be viewed as a front-
door analogue of the proximal result in|Dukes et al.| [2023]]
for direct and indirect effects, and has previously appeared
in [Bai1 et al. [2025]], which established identification and
semiparametric estimation results for population indirect
effects. The strategy combines conditional independence
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relations reflected in Fig. fa] (Assumption [3.1)) along with
the structural conditions in Assumptions

(a) Composite bow graph
with proxies consistent with  with proxies consistent with

Assumption Assumption

Figure 4: Composite bow graphs under different proxy as-
sumptions.

(b) Composite bow graph

Assumption 3.1. (Conditional Independences)

1Y W Z|UM,A
2. WAL A M, Z|U
3ZW, M1 Z|U,A

Assumption [3.Tjmay be represented graphically via the m-
separation criterion in the variant of the composite bow
graph shown in Fig. @a] Note that this assumption allows
association between the proxy Z and the treatment A, as
well as the proxy W and the outcome Y.

Assumption 3.2. (Completeness) For each (a,m) and any
square integrable g,

1. E{g(@) | z,a,m} =0a.s. iff (@) =0 a.s.
2. E{g(@) | z,a} =0 a.s. iff g(@) = 0 a.s.

Assumption [3.2]imposes distributional variation restrictions
referred to as completeness assumptions and can be satis-
fied without parametric distributional restrictions [Newey|
and Powell, 2003, Hu and Shiu, 2022]]. The assumption
states that objects in {p(@; | Z,a,m) : @;} exhibit suffi-
cient variation across values ; for each (a, 7). Applying
Bayes’ rule, this assumption also implies sufficient varia-
tion of distributions in {p(Z | @;,a,m) : 4;}. Note that
these latter distributions are not functions of 1 by Assump-
tion[3.1] Additionally, if the dimension of Z is greater than
that of U, distributions that fail to satisfy Assumption [3.2]
can be made arbitrarily close in total variation distance to
distributions that do satisfy it [Cui et al., [2024} |Canay et al.}
2013]. Since completeness assumptions are not testable, the
plausibility of Assumption [3.2]relies on domain knowledge.
For a discussion of completeness assumptions sufficient to
understand this paper, see|Guo et al.| [2025].

To build intuition for the meaning of this assumption, con-
sider a finite-support setting in which we form a stochastic
matrix which has rows i corresponding to p(u; | Z, a,m).
This matrix may be viewed as defining a linear operator that
maps a function g((j ) to its conditional expectation given Z.

For example, multiplying the matrix by a vector with entries
g(;) yields

> 9l@) p(@i | Z,a,10) = E|g(0) | Z,a,m] 4

If the rows of the matrix are linearly independent, then
the matrix has full row rank. Assumption imposes a
continuous analogue of this full row rank requirement, so
that if there exists a function h; such that

S ply | @, a,it, 2)p(@ | 2 a,17)

i P &)
= Zhl(-)p(w | w,a,m, 2)p(d | z,a,m),

then

ply | @,a,,7) = b (p(w | i, a4%77),  (6)

where independence of the left hand side of z and right hand
side of a,m, z follow by Assumption[3.1]

Completeness enables identification in tandem with the fol-
lowing assumption.

Assumption 3.3. (Fredholm Equation Solutions) For each
(a,m),

1. There exists a function hy such that

p(y | z,a,ﬁi) = Zhl(y,a,ﬁi,w)p(w ‘ z,a,ﬁ’i)
w

2. There exists a function hqg such that

Z hl(ya Tﬁ, a/,1U) p(’LU, m | 2, CL)
w,m

= Zh()(y7w7a/7a)p(w | Zva)

w

Assumption [3.3] posits solutions to Fredholm integral equa-
tions of the first kind, which are well studied in functional
analysis literature [Kress,|1999]. In finite-support settings,
solutions can be constructed easily under relevant matrix
invertibility conditions; see Appendix B} These invertibil-
ity conditions state that distributions in {p(W | z,a,m) :
z € Z} exhibit sufficient variation across values z in
its support Z for each (a,n), and that distributions in
{p(W | z,a) : z € Z} likewise vary sufficiently across
values z for each a.

Given these assumptions, we have the following result.

Theorem 3.4. Under Assumptions|3. 1| p(Y(a)) is iden-
tified in Fig.[a|by Equation[/|for every value y as follows

p(Y(a)=y) = > ho(y,w,a’,a) p(w,d’)  (7)
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See Appendix [A]for a proof.

This result re-expresses Equation [3] such that the first two
terms correspond to a bridge function A, and the last term
replaces marginalization over the (unobserved) U with a
marginalization over the (observed) proxy W.

3.2 ASSUMPTION SET 2

The second identification strategy relies on the conditional
independence relations in Assumption[3.5] reflected in the
structure of Fig. 4b] together with the structural conditions

in Assumptions

Assumption 3.5. (Conditional Independences)

1Y WL Z|U,M,A
22 WU M, Z|U,A
3. ZUW,A|U

Assumption [3.5]may be represented graphically via the m-
separation criterion in the variant of the composite bow
graph shown in Fig. Note that Assumptions |3.1| and
[3.5]represent non-nested models, meaning neither is more
general than the other.

Assumption 3.6. (Completeness) For each (a,m) and any
square integrable g,

1. E{g(4) | z,a,m} = 0 a.s. iff (@) = 0 a.s.
2. E{g(@) | w,a} =0a.s. iff (@) =0 a.s.

Just as Assumption [3.2] Assumption [3.6/imposes distribu-
tional variation restrictions, so that distributions in {p(Z |
w;, a,m) : U; } exhibit sufficient variation across values ;
for each (a,m), and distributions in {p(W | u;,a) : @;}
exhibit sufficient variation across values wu; for each a.

We also require the following analogue to Assumption [3.3]

Assumption 3.7. (Fredholm Equation Solutions) For each
(a,m),

1. There is a function by such that

p(y | Z,Cl,?’ﬁ) = Zbl(y7a7m7w)p(w | zZ,a, m)

w

2. There is a function by such that

p(’f?l | w7a) = Z bO("ﬁv a, Z)p(Z ‘ w, CL)

Given these assumptions, we have the following result.
Theorem 3.8. Under Assumptions|3.5| p(Y(a)) is iden-
tified in Fig.[blfor every value y as follows

p(Y((l) :y) = Z bl (ya a/a ’Iﬁ, w)bo(T_fL, a, Z)p(w7 Z, a/)

=3 !’
m,a’ ,w,z

See Appendix |C|for a proof.

This results replaces the first two terms in Equation [3|bridge
functions by and by, with the resulting functional bearing
close structural similarity to Equation [3] Assumptions[3.6|
and[3.7]aid in this replacement by ensuring that

p(y | @ a,m,2) = bi(y, a,m, w)p(w | ¥, a,155%),
w

and

p(i | il a,30) = > bo(, a, 2)p(z | i, wra),

z

where the independences on the left and right hand sides
follow by Assumption [3.5] With these replacements, sum-
ming over U in Equation [3|eliminates its appearance from
the expression.

In finite-support settings, solutions to the integral equations
in Assumption can be constructed easily under invert-
ibility of relevant probability matrices; see Appendix
These invertibility conditions state that distributions in
{p(W | z,a,m) : z € Z} exhibit sufficient variation across
values z in its support Z for each (a, 1), and that distribu-
tions in {p(Z | w, a) : w € W} likewise vary sufficiently
across values w for each a. If the cardinalities of Z and W
are misaligned so that these invertibility conditions fail, a
coarsened version of the variables may be employed instead.

3.3 ASSUMPTION SET 3

The third identification strategy assumes conditional inde-
pendence relations in Assumption [3.9] displayed via m-
separation in Fig.[3b] and Assumptions [3.10H3.12

Assumption 3.9. (Conditional Independences)

1. W, Z, and Y are mutually independent | M, A, U
2. W UL M,A|U

These independence assumptions can be displayed graphi-
cally via m-separation in the variant of the composite bow
graph shown in Fig. [3b]

Assumption 3.10. (Bounded Density) Random variables
(A, M, Y, W, Z U) admit a joint density that is bounded.

Assumption 3.11. (Completeness) For each (a,m) and any
square integrable g,

1 E{g(ﬁ) ‘ Z,Cl,’l’?l} =0a.s. ljﬁ(‘g(ﬂ:) =0a.s.
2 E{g(ﬁ) ‘ w7a’;m} - Oa.s. ﬂg(ﬁ) = Oas

Assumption 3.12. (Distinctness) For each (a,m) and i # j,
p(Y | U;,a,m) and p(Y | 4, a,m) differ with positive
probability under the marginal distribution of Y.
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Assumption imposes distributional variation restric-
tions, so that distributions in {p(Z | @;) : u;, a,m} exhibit
sufficient variation across values ; for each (a, 771), and that
distributions in {p(W | w;,a,m) : 4;} exhibit sufficient
variation across values w; for each (a, 7). Assumption[3.12]
states that distributions in {p(Y" | u;,a,m) : @;} differ
across values ;.

Theorem 3.13. Under Assumptions|3.943.12
{p(A7 M,Y, ﬁia VV7 Z) : a’b}

is identified up to labeling i. Hence, the counterfactual dis-
tribution in Figure [3D)is identified via Equation 3}

See Appendix [E]for a proof, and Appendix [F|for an exam-
ple in a finite-support model that illustrates the main idea.
When U has finite support, Assumptions uniquely
determine the size of the support of U [Derksen, 2013]]. A
corresponding result holds in real-valued continuous mod-
els [Hu and Schennach, 2008]]. Note that while the model
depicted in Fig. [3b]is nested within those depicted in Fig. fa]
and [4b] the above theorem allows identification of the entire
full law, and thus targets of inference other than the ACE.

This identification strategy extends eigendecomposition-
based methods for causal identification under hidden con-
founding from [Kuroki and Pearl| [2014]] and |Allman et al.
[2015]] by incorporating identification arguments developed
by [Hu and Schennach| [[2008]] for continuous state spaces.

4 ESTIMATION

Having described identifying functionals in Theorems
[3.4]3.8] and[3.13] we now provide plug-in estimation strate-
gies for all three functionals, and an influence function-
based estimator for the third functional.

4.1 CONSISTENT ESTIMATION UNDER
ASSUMPTION SETS 1,2, AND 3

We construct LZAJ(SI’PI), 1[1(52’131), 1[)(53’131), the plug-in es-
timators for the counterfactual mean v, = E[Y (a)] under
Assumption Sets 1, 2, and 3, respectively, which are consis-
tent under standard regularity conditions.

Under Assumption Sets 1 and 2, estimation proceeds by
first estimating a mean-induced bridge (corresponding to
Y -marginalized solution(s) of integral equation(s) in Equa-
tion 3] and 7] in Appendix [G)), and then taking a sample
average over the empirical distribution. Under Assumption
Set 3, estimation proceeds by plugging in estimators of each
distributional component in Equation 3] obtained by solving
a linear system of equations by matrix inversion. Further
details for these estimators can be found in Appendix [G]

4.2 INFLUENCE FUNCTION-BASED
ESTIMATION UNDER ASSUMPTION SET 3

Recall by Theorem [3.13] under Assumptions 3.12]
{p(A: nya ﬁia VV7 Z) : a'z}

is identified up to labeling 7, giving the counterfactual distri-
bution in Fig. [3b] via Equation 3]

We propose an influence function-based estimator 1&,(183’”)

of the counterfactual mean ), = E[Y (a)]. We now briefly
review estimation theory in semiparametric models that we
use to construct this estimator.

Let P denote the data-generating distribution, 1)(P) be the
parameter of interest, 1) be the collection of nuisance func-
tions indexing P, and O denote observed variables. An
influence function o(O; ¢ (P),no = n) for (P) at P satis-
fies

Ep[p(O;9(P),m0)] =0, 3
and for every regular parametric submodel {P. : € € R}
through P with Py = P and score

d
5(0) = L 10gp(0)]
e=0

it holds that

d

ﬂ(&) = Ep[p(O;¢(P),n0) 5.(0)]  (9)
e=0

[Tsiatis), 2QQ6, Kennedyl 2024]). An influence function-based

estimator 1) solves estimating equation

E,[0(0;4,7)] =0 (10)

These estimators can attain /n-consistency for ¢, despite
nuisance functions 7 being estimated at slower than /n
rates [Chernozhukov et al., [2018} [Kennedy} |2024]].

In addition to this desirable property, the estimator we de-
rived, which we denote A((IS?”IF), can exhibit multiple ro-
bustness, meaning it can remain consistent for v, under
misspecification of certain collections of nuisance functions
(Theorem[.2). These properties extend to causal effect esti-

mation (via ¢)(S3:1F) = ¢£S3’IF) — 77/;(()S3’IF)).

Our strategy for obtaining this estimator is to start with the
nonparametric full data influence function (e.g. assuming
the confounder U is observed) for the counterfactual mean
1, = E[Y (a)], and then transform this object to account for
the fact U is not, in fact, observed.

4.3 THE FULL DATA INFLUENCE FUNCTION

In the case where A,M ,}7,(7 in Fig. |l| are observed,
Fulcher et al.|[2020] derived the influence function for v,

Sofull((A7 M? }77 ﬁ)7 )
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shown in Equation [T T]

p(M | A=a,U) L
@full(-): T e s—— Y—,U/(M7A,U) (11)

p(M | A,U) { }
@ ruity (Y, M,AT)
I(A=na) S ., .
+ ————EM,U)—-0(U) s +n(A,U) =g,
ﬂAHU&( ) ()}1¢w% ¥
S P fully (A,0)
Prully (M,AU)

where

After introducing W and Z (as in Fig. , @ () from
Equation|l I{remains an influence function for v, in the fully
observed model (where A, M , }7, U , W, Z are observed).
See Appendix [l for details.

44 THE OBSERVED DATA INFLUENCE
FUNCTION

Under Assumptions in the model with hidden U in
Fig. we construct an influence function for ,,

L)Oobs((Av Ma va Wa Z)7 lﬁ, 77)

shown in Equation[T4]

Our construction exploits the fact that the full data
distribution, and thus any functional of it, such as
oran (A4, M Y, U= ;5 ), is identified up to a relabeling
of the latent states u;, and can be estimated. We express
Yobs ((A, M,Y,W,Z ); +) as a weighted combination of the
terms in g,y (A, M,Y,U = i, -) across latent states. The
weights are constructed from observed variables and their
moments conditional on values of U.

4.4.1 A Simple Example: Binary U, Real-Valued W, Z

To illustrate the construction strategy for the weights in our
influence function, consider the simple case of binary U and
real-valued W, Z. Define for i # 7,

W —E[W |u]
Cwz(i: ) = B Tl —EW | ]
Z —E[Z | uj,a
E[Z [ui,a] — E[Z [uj,a]

Define Cyw (ui, a,m) and Cy z (u;, a, mi) similarly. For in-
stance,

Y —E[Y | uj,a,m]

E[Y [ uj,a,n]

Cvw (uis @) = g5

WoEW lu)
E[W [u] —EW 0] 7 7

Lastly, define Cw zy (u;, a, m) as follows:

Y —E[Y | uj,a,m)]
EY | us,a,m] — E[Y | uj,a,m)]
W —E[W | u;] Z —E[Z | uj,a
EW [ wi] —EW | w;] E[Z | ui, a] = E[Z | u;, d]

Cywz(u;, a,m) =

These weights require that conditional means in weight
denominators be distinct, not already implied by Assump-
tion Minor discrepancies between identification and
estimation assumptions are common; e.g., augmented in-
verse probability weighting assumes a discrete treatment for
effect estimation, when it is not required for identification.

Given these weights, which may be viewed as Lagrange
interpolating polynomials, Theorem . 1]in the next section
gives the desired influence function.

4.4.2 The General Case: Arbitrary Hidden U with
Finite Support

The simple Lagrange interpolating polynomial weights
described in the previous section may be generalized,
for a latent variable U with finitely many levels, to
weights Cy z (U, a), Cyw (u;,a,m), Cyz(i;,a,m), and
Cyw z(U;,a,m) described in Appendix [Hl These weights
are constructed to satisfy Equation [12]and [T3]

For each X € {W, Z},
E[CWZ(Avﬁi) | Y,M,A,Ei,X} =k,
E[Cwz(A @) | Y, M, A, i, X] =0,

k is a constant;

i # ;.
(12)

Foreach X € {W,Z,Y},

E[Cwz(A, ;) + Cyw (M, A, ;) + Cyz(M, A, @)
— 20wy (M, A, @) | M, A, @, X =1,
E[Cwz(A, @) + Cyw (M, A, @) + Cy z(M

A, ;)
— 2wy (M, A, @) | M, A5, X] =0, @ # ;.
(13>

Developing the analogous construction of these weights
beyond the setting where U has finite support remains an
open problem, which we leave for future work. Nevertheless,
if Equations[I2]and [I3] hold, we have the following result.
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Theorem 4.1. In the model in Fig. (where U is un-
observed), under Assumptions[3.943.12} a nonparametric
observed data influence function for 1), is given by

obs((A, M, Y, W, Z); tha, 1)
=3 Cwz (A @) eran, (VMAT) + 3 {Cw (A, @)

i

+ Cyw (M,A,ii;) + Cy z(M,Ai;) — 2 CWZY(M,A,ﬁz‘)}
: {Sofullz (M,A,i1;) + wfullg(A,Ui)} — Ya, (14)

where the terms gofulll(KM,A,d'i), apfuuz(]\Zl,A,ﬁi),
and @, (A, ;) are defined in Equation and the
weights sz(A,ﬁi), Cyw(M,A,ﬁi), Cyz(M,A,ﬁi),
and CYWZ(]\ZT ,A,U;) are constructed to satisfy Equa-

tion[[2land

The proof appears in Appendix

As is the case for many influence function based estimators,
the estimator &(ISS’IF) obtained by solving Equation
using the influence function in Equation [I4] can exhibit
multiple robustness. Specifically, we have the following
result (proved in Appendix [[).

Theorem 4.2. Let p(O;1),,n) be defined as in Theorem

The estimator 1/)(153 AF) , obtained as the solution to Equa-

tion|10} is consistent for 1, if any one of the nuisance sets
(1)—(5) is correctly specified.

L. p(M | A,U), {E[h;(W) | Ul};, {E[f;(2) | U, A]};;
2. (1 | A.0), {Elh, (W) | 01},
{E[ZJ(Y) |_'M’A7 U}}j’ .
5. (01| AD), {ELS;(2) | T, A1,
{Eft (V) | M AT}
4. {E[t;(Y) | M, A, UL}, (A | U), {E[h;(W) | Ul};;
S AEE(Y) | M, AU, w(A | U), {E[f;(2) |
U, Al},,
where {h;(W)};, {f;(Z)};, and {t;(Y')}; are collections

defined in Appendix[H| By definition, these collections in-
clude the identity functions on W, Z, and Y. When U is
binary, the collections reduce to the identity functions.

Moreover, 1/3((133 ) s asymptotically normal and +/n-
consistent despite slower than parametric rates of conver-
gence for nuisance functions. We have the following result
(proved in Appendix [C).

Theorem 4.3. Let 0(O;1,,n) be defined as in Theorem
Then if (1)-(5) below hold (for all j where applicable), un-
der regularity conditions including sample splitting and con-
sistency of all nuisance functions, the estimator 1%{93’[}?)
obtained as the solution to Equation[I0 has the property

Vit (e =va) 5 N0, E[¢*(0:0m)).

1. (3T, A, 0) - u(, A,0)|
5 | A,0) = p(M | A, D) = op(n~V/2)
2 |#A|0) = ~(A| D)
||1?(M | A, U_? —p(_'M | A U)| =0 (n_1/2)’
3 |B(Y); [ M, A, U] = E[t(Y); | M, A, U]
[EIR(W), | O] — ER(W); | T = o,(n~1/2),
4. |E[E(Y); | M, A U] = E[t(Y); | M, A, U]]|
IELf(2); | U, A] = E[f(2); | U, A]|| = 0p(n="/2),
5 |Elf(2); | U, Al = E[f(2); | U, Alf
IE[R(W); | U] = E[R(W); | U, A]]| = 0p(n~"/?)
where {h;(W)};, {f;(Z)};, and {t;(Y)}; are collections

defined in Appendix[H| By definition, these collections in-
clude the identity functions on W, Z, and Y. When Uis
binary, the collections reduce to the identity functions.

S EXPERIMENTS

We demonstrate consistency of our proposed estimators us-
ing a simulation study for a finite-support data-generating
process (DGP) with binary variables in Table[I] and also
for a mixed DGP in Table[2] To ensure the datasets gener-
ated satisfy all three sets of assumptions in Section [3| we
selected models in their intersection. See Appendix |M|and
Appendix [N]for details of the finite-support DGP and mixed
DGP, respectively.

We consider the following estimators (definitions can be
found in Appendix [G|and [O):

1. The oracle plug-in estimator t(O2<1¢:PD that has access
to the full data, where variables A, M Y, U , W, Z are
all observed (Equation ;

2. A front-door plug-in estimator ﬁ(FD’PI) that (incor-
rectly) assumes M satisfies the front-door criterion
relative to (A,Y’) (Equation [73));

3. The plug-in estimators (51D (S2.PT) - )(S3,P1)
(Equations A6]50] and [5T), and the influence function-
based estimator 1)(53IF) (obtained by solving Equa-
tion [I0]using influence function in Equation @

4. The estimators t)(S3:PLMIS) o (S3.IF.MIS) yhich
mirror the formulation of 1[)(537PI) and ¢(S31F) pug
misspecify p(M |a, u) for each a value by labeling u;
incorrectly.

Results for a finite-support DGP are shown in Table[T] At
relatively small sample size (< 1000), all non-oracle es-
timators perform poorly. Additionally, 1[)(33’[ F) exhibits
instability. Estimator instability is a known issue with many
inverse weighted estimators arising in semi-parametric the-
ory, even in cases where proximal inference is not involved.
In Table [1] the result for ¢)(S3.7F.Clirped) flystrates how
clipping can improve estimator stability at low sample size.
At a moderately large sample size (> 3000), the front-door
estimator ¢)(FP-P1) il exhibits substantial bias, due to
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Table 1: Simulation results for the binary DGP*; Ground
truth ACE = 0.258.

Table 2: Simulation results for the mixed DGP*; Ground
truth ACE =0.169.

n method mean bias variance n method mean bias variance
1000  4(Oracle) 0.254 -2.5e-03  7.0e-04 1000 ¢©Oracle) 0167 -2.1e-03  1.0e-03
1000 (FDPD) 0.159 -9.7e-02  2.3e-04 1000 FDFPD 0303 1.3e-01  1.4e-03
1000  (SLPD 0231 -2.6e-02  1.5e-02 1000 GLPD 0174 52¢-03  3.1e-02
1000 )(52PD) 0237 -2.0e-02  9.5e-03 1000 $2PD 0175  6.0e-03  1.9¢-02
1000  ¢H(S3.PD) 0.163 -9.3e-02  8.7e-03 1000 S3PD 0197  2.8¢-02  1.9e-03
1000 ) (S3.1F) 2.6e+11  2.6e+11 3.3e+23 1000 HS3IF) 0161 -7.7e-03  5.9¢-03

" .
1000 (510 Ctiveed 0.333 7.6e02 16e01 3000 ©racle) 0170 7.0e-04  3.0e-04
3000 q)(Oracte) 0257 4.0e-04  2.0e-04 3000 PEPPD 0303 1.3e-01  7.0e-04
3000 oH(FDPI) 0.161 -9.6e-02  6.0e-05 3000 SLPD 0173 3.8¢-03  9.0e-04
3000 oH(SLPD 0.259  2.4e-03  7.2¢-04 3000 S2PD 0168 -1.3e-03  1.3e-03
3000 H(S2PD) 0259 1.9e-03  6.2e-04 3000 S3PD 0180  1.1e-02  1.2e-03
3000 (3P 0.242 -1.5e-02  3.7e-03 3000 HSBIE) 0179 1.1e-02  2.8e-03
3000  oH(S3IE) 0.261 3.9e-03  7.2e-03 N
6000 )(Oracte) 0169 -2.0e-04  2.0e-04
3000 )(S3.PIMIS) -0.181 -4.4e-01  4.0e-03 6000 FPPD 0301 1.3e-01  3.0e-04
3000 op(S3TFMIS) 0243  -1.4e-02  9.2¢-03 6000 LPD 0164 -4.6e-03  4.0e-04
6000  h(Oracte) 0257  6.0e-04 9.7¢-05 6000 ¢(2§i? 0167 -1.1e-03 3.0e-04
6000 (FD-PD) 061 9602 3lc0s 0000 w0168 -9.0004 50604
6000  (SLPD) 0257 15e-04 42004 6000 (311 0.166 -2.7e-03  1.5¢-03
6000 QL(SQ,PI) 0.258 1.1e-03  4.2e-04 * Data-generating process can be found in Appendix [N|
6000 1) (S3.PD) 0249 -8.1e-03  2.7e-03
6000 1) (S3.IF) 0.249 -7.6e-03  2.5¢-03
N rion: that mediators often share unmeasured causes with the
6000 %(Sg’Pl’MIS) -0.198  -4.5e-01  3.2e-03  {reatment and outcome. Specifically, we develop three dis-
6000  op(S3IEMIS) 0.253  -4.1e-03  8.1e-03 tinct identification strategies based on proxies which allow
* Data-generating process can be found in Appendix[M] identification of causal effects in cases where the front-door
" Clipping was applied to E[y|“Yl:L€,~[L]Y_‘I}§[$‘TJ]am] , where the criterion fails. The first two strategies accommodate con-

denominator’s magnitude was lower bounded by 0.01.

model misspecification, while ¢)(S1-P1) 4 (S2,.P1) 4)(S3.P1)
and 1) (531F) all provide consistent estimates.

To demonstrate the robustness property of the influ-
ence function-based estimator 1[)(33’1 ) we misspecified
p(M | a,u) for each a value by labeling w; incorrectly
and recording the resulting estimates as @E(SP’*P LMIS)
and 1[1(53’IF’MIS). Unlike plug-in estimator QZAJ(SS’PI’MIS),
which outputs a biased estimate, the influence function-
based estimator ¢)(S37F:MIS) remains consistent.

Results for the mixed DGP are shown in Table 2] The esti-
mators exhibit patterns similar to those observed in Table [I]
although small-sample bias is reduced.

6 DISCUSSION

The core contribution of our work is development of meth-
ods that address a central difficulty with the front-door crite-

tinuous hidden confounders and identify causal effects via
solutions to Fredholm integral equations, relying on non-
nested conditional independence assumptions that permit
different causal structures. The third strategy permits a more
restricted class of causal structures, but recovers the full law,
allowing any functional of the full data distribution to be
identified.

In addition, we develop estimation strategies for the ob-
tained identifying functionals based on the plug-in principle.
Finally, we develop an influence function based estimator
for the functional obtained via the third strategy, based on
estimation theory in semi-parametric models.

Simulation experiments demonstrate that all three ap-
proaches effectively debias causal effect estimation in the
presence of hidden confounding when the front-door cri-
terion fails. Moreover, the simulations illustrate that the
influence function—based estimator for functionals obtained
under the third strategy remains consistent even under cer-
tain forms of model misspecification.
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A IDENTIFICATION PROOF FOR ASSUMPTION SET 1

Proof. Assumption [3.T]and first bridge solution in Assumption [3.3] gives

> oy | da'm, Ap(i | 2, i) = hay, i, w)p(w | u, o F2)p(i | 2,d,m). (15)

u w,d

Then, the first completeness condition in Assumption [3.2] gives
ply | ia i) =" ha(y,d,m, w)p(w | ). (16)
Similarly, Assumption [3.T]and the second bridge solution in Assumption [3.3] gives

> Iy, d w)p(w, i | i@, Z,a)p(i | z,a0) =Y ho(y, w,a’,a)p(w | @ z-a)p(il | 2, a). (17

w,m, 0 w,q

Then, the second completeness condition in Assumption [3.2] gives

> haly, i, a w)p(w, i | @,a) = ho(y, w,a’,a)p(w | @). (18)

w,m

Hence, we have that
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p(Y(a)=y)= > ply |, a,d)p(|a,id)p(a’ | @)p(i) (19)

= hi(y, m, a’, w)p(w | @)p(ri | a,@)p(a’ | @)p(i) by Equation|T6] (20)
= ha(y, 1, ,w)p(w | @, a)p(i | a, @)p(a’ | @)p() by Assumption[3] 21
a,m,a’ , w
= ha(y, i, a', w)p(w, i | a, @)p(a’ | @)p(d) (22)
= > holy,w,a’,a)p(w | @)p(a’ | @))p(ii) by Equation T (23)
= Z ho(y, w,a’,a)p(w | @,a’)p(a’ | @)p(d@) by Assumption[3.]] (24)
= > holy,w,d’,a)p(w,a’ | @)p(i) (25)
= Z ho(y,w,a’,a)p(w,a’) (26)
a’,w
O

B BRIDGE SOLUTIONS FOR ASSUMPTION IN FINITE-SUPPORT MODELS

For each (a,m), let

Pr(yl | Zl7a7m) T Pr(yl | 2zl a, Tﬁ)
Pr(yQ | Zl,avm) T Pr(yQ | Z\Z\vaam)
PY|Z,a,ﬁL = .
Pr(ym | z1,a,m) - Pr(ym | Z|Z‘,Q,T_ﬁ)
and
Pr(wi | z1,a,m) -+ Pr(w; | 2z, a,m)
Pr(wQ | Zl7a7m) e PI‘(IUQ | Z1Z|, 4, m)
Pw\z,am = )
Pr(wpwi | z1,a,m) - Pr(wpw | 22, a,m)

Then if distributions in {p(W | z,a,m) : z € Z} vary sufficiently across values z in its support Z for each (a, 1) so that

Py 7 q,m 18 left invertible with left inverse Pl

W2 a0 WE have that

Py|zam = Py|z,a,mP€V|Z7aﬁPW\z,a,m (27)

Hence, PY\Z,a,mPJ{mz,a,m defines h1(y, a, i, w) in Assumptionsuch that

p(y | z,a,m) = Zhl(y,curﬁ,w)p(w | z,a,m).

w

Similarly, for each a, let

Zw,ﬁl hl(yhaamvw)p(wam | Z17a) Zwﬂﬁ h’l(ylvaamaw)p(w7m | Z||Z|7a)

Z mhl(y27aam7w)p(wam | 22704) Zwﬂﬁhl(ylvaamaw)p(w7m| Z||Z|7a)
Pr,v)za =

Zwﬁhl(y|y|7aam7w)p(w’m | Zlva’) Zw,m hl(y|y\7a‘a7ﬁaw)p(wam | Z|\Z|aa)

s
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t

W\ 2,0 Ve have that

Then if Pyy|z 4 is left invertible with left inverse P

Ph, )1z = Prv)2aPly 2. PWiza

Hence, Phl(y)lzﬂl/P-i{/V‘Z,a defines hg(y,w,a’,a) in Assumptionsuch that

Z hl(y7m>al>w)p(w7m ‘ Zaa) = ZhO(y>w7a/7a)p<w | Z7a)'
w

w,m

C IDENTIFICATION PROOF FOR ASSUMPTION SET 2

Proof. Assumption [3.5)and the first bridge solution in Assumption 3.7 gives

> oy | ua,m, Ap(i | a,m, z) = bi(y, a,m, w)p(w | @, a, B:2)p(i | a,m, 2).

u w,q

Then, the first completeness condition in Assumption [3.6 gives

p(y | @,a,m) = Zbl(y7a,m,w)p(w | @, a).

w

Similarly, Assumption [3.5]and the second bridge solution in Assumption 3.7 gives

Zp(m | ﬁ,a,yf)p(ﬂ' | w7a) = Zb()(mvav Z)p(Z | ﬁ,/’(ura')p(ﬁ ‘ w, a)'

U zZ,w

Then, the second completeness condition in Assumption [3.6] gives
p(m | @,a) = Zbo(rﬁ,a,z)p(z @).

Hence, we have that

= Z b1 ()p(w, z,a’ | @)bo(-)p(&) by Assumption [3.3]

e
w,m,a’ W,z

= Z bi(y,a’,m,w)bo (M, a, 2)p(w, z,a’)

=3 !
m,a’,w,z

1870

(28)

(29)

(30)

€2y

(32)

(33)

(34)

(35)

(36)

(37)



D BRIDGE SOLUTIONS FOR ASSUMPTION (3.7/IN FINITE-SUPPORT MODELS

For each (a,m), let

Pr(yi | z1,a,m) -+ Pr(y | Z\Z\7a,m)
Pr(y2 | Zl,a,ﬁl) T Pr(yQ | 2\2\7047{”_@)
PY|Z,a,ﬁi = . .
Pr(yy| | z1,a,m) -+ Pr(yy | 2z,a,m)
and
Pr(wl | Zl7a7m) e Pr(wl | Z\Z\va’a TT’L)
Pr(ws | z1,a,m) -+ Pr(ws | zz,a,m)
Pwz.am = )
Pr(wyw | z1,a,m) -+ Pr(wy | 22|, a,m)

Then if distributions in {p(W | z,a, M) : z € Z} vary sufficiently across values z in its support Z for each (a, 771) so that

Pw|z,q,m is left invertible with left inverse PLV‘ 7. a.m» WE have that

Py|zam = PY|Z,a,7ﬁPTW|Zva,mPW\Z,a,m (38)

Hence, PY‘Z’a’ﬁlP1‘;‘/|Z7a}ﬁl defines b1 (y, a, m, w) in Assumptionsuch that

p(y | z,a,m) = Zbl(y,a,ﬁi,w)p(w | z,a,m).

w

Similarly, for each (a, 711), define PM\W.a 7 and Py o 5.

f -, we have that

Then if P z)yy,q,5 is left invertible with left inverse P Z|Wa )i

_P!

= Priiw.amP zwan P 2iWam (39)

M|W,a,m

_P!

Hence, Py, 2P 7wy o, defines bo(M, a, z) in Assumption such that

p(T?L | w,a) = Zb()(m7aaz)p(z | wva)‘

E IDENTIFICATION PROOF FOR ASSUMPTION SET 3

Proof. By Theorem 1 in|[Hu and Schennach|[2008], under Assumptions[3.9}B.12} p(Y, @;, W, Z | a,m) is identified up
to label i for each (a, 7). Then, by W 1L A, M | U in Assumption p(W | ui, a,m) = p(W | u;). Consequently, the
label w; can be matched across the conditional distributions p(Y, i;, W, Z | a, m) for different values of (a, ), thereby
recovering the full-data law p(A, M,Y,@;, W, Z) up to label i. Hence, p(Y (a) = y) = ama P | Uiy m)p(a |
@;)p(m | a, @;)p(@;) is identified in Fig.[3b] O

F FINITE-SUPPORT IDENTIFICATION EXAMPLE UNDER ASSUMPTION SET 3

Proof. Suppose A, M Y, ﬁ, W, Z are have finite support, and furthermore that W, Z, and U have the same number of
categories.

Define
Pr(ws | z1) Pr(ws | zp)
Pr(ws | 21) Pr(ws | zn)
Py z = ;
Pr(ws, | 1) Pr(wy, | zn)



and analogously define Pyy i, Pyjz, and Py | 7 4 - In other words, the (F, 7)™ entry of Py, w\z.am is
Py wizam(k.j) =Pr(Y =y W =wy | Z=2,A=a,M=m).
Additionally, define diag(P|v,q,m) as the diagonal matrix with i™ diagonal entry Pr(Y =y | U=u,A=a,M = m).

By Assumption[3.9]
Py z = PwuPyz, and (40)

P, wiz.am = Pwiv diag(Pyu,a,m)Pu|z- 41)

By Assumption[3.11} Pz and Pyy |y are invertible. Then we have the following:

-1 -1 p-1
PW\Z = PU|Z PW\U'
Hence,
Py,W\Z,a,mPa/l‘Z = 1:)W|U diag(Py|U,a,m)P1;/l‘U~ (42)

Eigendecomposition of P, yy| ZﬂﬁP;Vl‘  gives us the column vectors of Py |y under Assumption In other words, we
recover conditional distributions p(W | @;) [up to label i]. Inverting p(Z, A, M, Y, W) = 3. p(Z, A, M, Y, ;) p(W | @),
which holds by Assumption we recover p(Z, A, M,Y | @;) and p(u;).

Hence, we recover p(A, M.,Y,d;, W, Z)=pW | u4;)p(Z, A, M,Y | @;)p(id;).

This proof extends to settings in which W and Z have higher cardinality than U by appropriately coarsening variables. []

G PLUG-IN ESTIMATORS FOR ASSUMPTION SETS 1,2, AND 3

G.1 PLUG-IN ESTIMATOR FOR ASSUMPTION SET 1

Under Assumptions [3.TH3.3] the counterfactual distribution in Figure [a]is identified as in Theorem [3.4]

Define the mean-induced bridge:

ho(w,d’,a) = tho(y,w,a’,a). (43)
y
Then the counterfactual mean satisfies
EY(a)] = Y ho(w,a’,a) p(w,a’) = E[ho(W,4’,a)], (44)

and hence the average causal effect can be written as

E[Y(1) - Y(0)] = E[ho(W, A", 1)] — E[ho(W, A",0)] . (45)

We estimate this quantity using the plug-in estimator
PSP = E, [ho(W, A',1)] — E, [ho(W, A',0)] . (46)

Provided that ho (W, A, a1) 2 ho(W, A’, a; 1) and standard regularity conditions hold, consistency of 1)S! follows.
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G.2 PLUG-IN ESTIMATOR FOR ASSUMPTION SET 2

Under Assumptions[3.5H3.7] the counterfactual distribution in Figure 4b|is identified as in Theorem 3.§]

Define the mean-induced bridge:

bo(d',a,w,z) = Zybl(y,a’m—i,w)bo(ﬁi,a,z). 47)

y,m

Then the counterfactual mean satisfies

E[Y(a)] = Y ba(d,a,w,2)p(w, z,a"), (48)

a’ w,z
and hence the average causal effect can be written as

E[Y (1) = Y(0)] = E[b2(A",1,W, Z)] — E[b2(A4",0,W, Z)] . (49)
We estimate this quantity using the estimator
PO = B, [bo (A, 1, W, Z2)] — En[b2(4,0,W, Z5)] . (50)

Provided that by (A’, 1, W, Zy) 25 by(A’,0, W, Z; 1) and standard regularity conditions hold, consistency of ¢S2 follows.

G.3 PLUG-IN ESTIMATOR FOR ASSUMPTION SET 3
By Theorem [3.13] under Assumptions [3.9}3.12] the counterfactual distribution in Fig. [3b|can be derived from the full law
{p(Aa M7Y7 ﬁia VV? Z) : ’JZ}

up to relabeling of u;. Distributional components p(Y' |, a’, @;), p(a’|i;), and p(ni|a, i@;) can be estimated for each level
of u;, e.g. via eigendecomposition tasks details in Appendix |F| Then, we construct the plug-in estimator

GO = N EBY |, d @] pla’ | @) [P0 | a = 1,4;) — pOi | a = 0,@;)]p(i;). (51)

H PROXY WEIGHT CONSTRUCTIONS FOR FINITE-SUPPORT HIDDEN VARIABLE U

For each (i;, a), define

Cwz(U;,a) =

_ } (52)
v E[n(W) | O = @] —E[n(W) |0 =] E[f;(2)|0 =i.a] —E[£(2)| U =dja)

and for each (;, a, m), define

Cyw (Ui, a,m) =




H{ ; Y)fE[tJ(YHﬁ:ﬁJ,a,ﬁi} hj(W)—E[hj(W)\U':"j]
i B[N0 = am| —E[4,(0) |0 = @.a,m| E[hW) |0 =@] —E[n,W) [T=5] 5
fJ(Z)_E[fj(Z)‘U—“wa }
E|£;(2)| U = iii.0] —E[£(2) | U = ;0]
where the collections of random functions {h;(W)};, {f;(Z)};, and {t;(Y")}; are chosen such that for j" # j # 1,
E|J[ W) |0 =1 :HE{hj(W) ﬁ:ﬁl}; (56)
i Iz
E|[[#(2)|0 =iia :HE{fj(Z)‘ﬁ:ﬁi,a]; (57)
i Iz
E Htj(y) U =i, ain| = HE[tj(Y) ‘ U= a’ha,:m} ) (58)
j#i |

We include the identity functions on W, Z, and Y in the collections {h;(W)};, {f;(Z)};, and {t;(Y)};, respectively.
When U is binary, these collections reduce to the identity functions on W, Z, and Y.

I INFLUENCE FUNCTION FOR v, IN FIGURE 3b|WITHOUT U HIDDEN

Proof. We aim to show ¢g (A, M Y, U ; +) from Equationis an influence function for 1, in Figure [3b|without U hidden
(variables A, M, Y, U, W, Z are all observed). In other words, that

7¢(P6) = EA,]\_I',Y,U',W,Z [Sofull(Ay Mﬂ 1/7 [ja ) SE(A7 M? }/7 [77 VV7 Z)jl )
e=0

where score for regular parametric submodel p.(A, M , Y, U , W, Z) is defined as

L d L
Se(AaM7KU7WZ> = alogpe(AaMaKanz)

e=0
1.e.,
p (A, MY, U W, Z) :p(A,M,Y,U,VV,Z)(l—|—es€(A7M,Y,U,VV,Z)) + o(e).

We can construct a regular parametric submodel for the marginal law through marginalization of a regular parametric
submodel for the full data law.

Pe(AM,Y,U) = [p(A, M,Y,U,w,2)(1+ esc(A,M,Y,U,w,z2)) + o(e)]

w,z
= p(A, M, Y, D) [1 + eE[sc(A, MY, U, W,2) | A,M,Y, ﬁ]} +o(e)
=p(A, M,Y,U)(1 + esc(A, M, Y, T)) + ofe),

ie.,




Fulcher et al.[[2020] already showed that

d
%w(Pe)

e=0
Then by Assumption[3.9] which also implies the factorization
p(A7M’Y;(7’mZ):p(W|M7A7(7)p(Z|M?A7ﬁ)p(A3M7Y’ﬁ)7

we have
se(A,M,Y,U,W,Z) = s(A,M,Y,U) + s.(W | M, A,U) + s.(Z | M, A,U).

Finally by iterated expectations,

+ By ity |9 (A DY, U3 ) Els (W | M, A,T0) | A, MY, U]
+ By v | oran(A, MY, U3 ) Els (2 | M, 4,0) | A, 0, Y, 0]

= EA,M,Y,(?,W,Z{

J PROOF OF THEOREM 4.1

Proof. A regular parametric submodel for the observed data law is induced by a regular parametric submodel for the full
data law through marginalization.

pe(A, MY, W, 2) = " pc(A,M,Y,U,W,2)
u

= [P(A, M, Y, u, W, Z) (1 + esc(A, M., Y, u, W, Z)) + o(e)]

P(A, M,Y, W, 2) [1 +€E[sc(A, M, Y, U, W, Z) | A, M,Y, W, Z]| + o(e)
p(A, M, Y, W, Z)(1 + esc(A, M,Y, W, Z)) + o(e),

i.e.,

selANLY, W,2) = % logpd(4, 31,Y, W, 2)
€

e=0

We aim to show pons(A, M , Y, W, Z; ) from Equation (14|is an influence function for v, in Figure with U hidden
(A, M,Y, W, Z observed):

=E

|:(Pobs(A7 Ma Yv Wa Za ) Se(Av Ma Yv W7 Z):| .
e=0

d

AM,Y,W,Z

We already know from Appendix [[| that

d




Breaking up sg(A,M,Y, U,w, Z),

d L L.
Z(P)| = Elenn(A 01, Y, Us ) s(4, 00,7, 0)]

e=0

+E :sofun(AM,K U;) se(W | M’Avﬁ)}

+E :<Pfu11(A7M,K Us-)se(Z | M, A, ﬁ)}

= E[E{Spfull(A M.Y,U; )‘A M, [j} se(4, M YU}
+E[E{prun(4, 11,7, 05 )

+E {(pfuu(A Y, [7 )

Hence, it suffices to verify that the following conditional expectations coincide:
1. E[%bs(A,J\Z,Y, W, Z; ) ’ A MY, 17} — E[wfun(A, M,Y,U;) ‘ A M.Y, (7}
2. E[pons(A, M, Y, W, Z;) | M, 4,0, W) = E| (A, M, Y, T;) | M, 4,0, W]
3. E[ions(4, 1, Y, W, Z3) ’ M, 4,0, 2] = E[pun(, M, Y, T3 ) ‘ M, 4,0, 7]

because then

d L
ZU(P.)  ~Easivow [%bs(A M,Y,W, Z; ") sc(A, M, Y, T, W, Z)}
=E iy [g@obq(AMYWZ )E [se(A,M,Y,ﬁ,W,Z)|A,]\2,Y,W,Z}]
=E, iy, [%bh(AMYWZ )se(A,J\7[,Y,W,Z)}.

Indeed, (1)-(3) hold noting Equation 2] and T3] as well as Assumption 3.9}

L. E»@Obs(A7M7KWZ;') A M U:| - E{@full(AaMaK(j;') ‘A7M7Y7(7:| :(pfull(A7MaK(j;')
A,

2-EV%bs(A,M7Y7W,Z§') M, ﬁW} = E[‘Pfull(Avj\ZaKﬁ;')’M7A767W:| = e, (M, A 0) +
Spf_ullg(Ay U) — va
3. E|pons(4, 0, Y. W, 2:) | M, A0, 2] = E|gaa(A .Y, T:) | = ean(1,4,0) +
sOf_ung(A, U) — v
O

K PROOF OF THEOREM

Proof. Solving Equationwith obs (A, MY, W, Z;-) in Equation gives

P = B, [ Cw (A, 1) ran, (Y, M, A, ;)]
+ E”{Z {sz(A ;) + CYW(M A, ;) + CYZ(M A, i) — 2CWZY(]\Z” A7’JZ)}

{ﬁpfunz(M A, ;) + prang (A, U H
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In the following arguments, we use E,, [ | ] to denote the empirical average taken only over the subsample of observations
satisfying the conditioning event appearing after the vertical bar |. Standard regularity conditions are assumed.

Case 1. p(M | A,U), {E[h;(W) | ﬁ]}j, {Elf;(Z2) | U, Al}; are correctly specified.
Since {E[h;(W) | U]}, and {E[f;(Z) | U, A]}; are correctly specified, and Assumptionﬁholds,

E.sub [CWZ(Aa U;)

Y, M, AT = ﬁl} , E[CWZ(A, ;)

Y,M7A,U':ﬁi] =1, and

—

Ep st [CWZ(A,ﬁj) ] Y M, AT = ﬁz} 2, E[CWZ(A,ﬁj) ' Y M, AT = ﬁ} —0,j 4.

Additionally,

Ensun[Cwz(A, ;) + Cyw (M, A, @;) + Cyz(M, A, @) — 2Cwzy (M, A, @) | M, A, U =] 5
ElCwz(A, @) + Cyw (M, A, @;) + Cyz(M, A, ;) — 2Cwzy (M, A, @;) | M, AU = @;] = 0,5 # i.

Fulcher et al.|[2020] show that, provided p(M | A, U ) is correctly specified,

En|:80fu111 (K M’ 147 ﬁ) + Ptully (M, A, U:) + Prulls (A7 ﬁ)] £> wa.

Combining these results, it follows that
SR En|:En,sub[ZCWZ(Avﬁi) prn, (Y, M, A,ﬁi)} ’ Y, M, A, U}
+ En[En,sub{Z {CWZ(A, i;) + Cyw (M, A, ;) + Cy z(M, A, ii;) — 2Cw zv (M, A, ﬁz)}

: {<,0fu112 (M, A, ;) + s, (A, ﬁz)H ’ M,A,(ﬂ L5 1hq.
Case 2. p(M | A,U), {E[h;(W) | Ij]}j, {E[t;(Y) | M, A, U]}, are correctly specified.
Since {E[h;(W) | U]}, is correctly specified, and Assumptionmholds,
E.sub [CWZ(A, ;) | Y, M, A, U= ﬁz] 2y k, where k is a constant, and
Ensun [Cwz(A 1) | Y, M, AU =i;] 20,5 # .
Then, since {E[¢;(Y) | M, AU }; (thereby E[Y" | M, A, U)) is correctly specified,

En{Emub[Zsz(A, ﬁi)cpfulll(Y,M,A,ﬁi)} ‘Y,M,A, ﬁ] 20,

Since {E[h;(W) | U]}, {E[t;(Y) | M, A, ﬁ]}J are correctly specified, and Assumptionmholds,

E,[Cwz (A, @) + Cyw (M, A, @;) + Cyz(M, A, @;) — 2Cwzy (M, A, ;) | M, AU = ;) %
E[Cwz(A, @) + Cyw (M, A, @) + Cyz (M, A, @) — 2Cwzy (M, A, @) | M,A,U = @] =1, and
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Ensub[Cwvz(A, ;) + Cyw (M, A, @) + Cyz(M, A, @) — 2Cwzy (M, A, @) | M, A, U =i;] %
ElCwz(A, @) + Cyw (M, A, ;) + Cy z(M, A, @) — 2Cwzy (M, A, @) | M, A,U = @] = 0,5 # 1.

Fulcher et al.|[2020] show that, provided p(ﬂ | A, U) is correctly specified,

En[‘pfullz (M, A, U) + pran, (4, (7)} 2y .

Combining these results, it follows that
LB = En[En,sub[chz(Aﬁi) ern, (Y, M, Aﬂz‘)} ’ Y, M, A, (ﬂ

+ EnlEnsun| D {Cw (4, @) + Cyw (M, A, @) + Cy 7(M, A, @) = 2Cuw 2y (M, A, ) }

K

: {QﬁfunQ(M,A,ﬁi) + stuug(A,ﬁi)H ' M,A,l_]’} 20+ 1o = Yo

Case 3. p(M | A,U), {E[f;(2) | U,A}}j, {E[t;(Y) | M, A, ﬁ]}j are correctly specified.
The same reasoning as in Case 2 applies, replacing {E[h; (V) | U] +; with {E[f;(Z) | U, A -
Case 4. {E[t;(Y) | M,A,U]};, n(A| U), {E[h;(W) | U]}, are correctly specified.

The same reasoning as Case 2 applies, noting Fulcher et al.|[2020] show that, provided {E[t;(Y") | M, A, (7] }jand (A | U)
are correctly specified,

En|:80fu112 (M, A, ﬁ) —+ Ptully (A’ ﬁ)i| £> ww

Case 5. {E[t;(Y) | M, A,U]};, 7(A | U), {E[f;(Z) | U, A]}, are correctly specified.
The same reasoning as in Case 4 applies, replacing {E[h; (V) | U] +; with {E[f;(Z) | U, A -

L PROOF OF THEOREM

Proof. Letp = o(O;,,7) from Theorem 1] Expand

Yo — Vo =Pnp —Pp = (P, —P)(®—¢) +P(¢ —¢) + (P —P)p = R1 + Rz + (Pn — P,
where Ry = (P, — P)($ — ¢), Ry =P(p— o).

R = op(n_l/ %) under consistency of nuisance functions and sample splitting by Lemma 2 in Kennedy et al.[[2020)].

Below we show Ry = o, (nil/ 2) under consistency of nuisance functions and conditions (1)-(5), therefore

Yo — Yo = (Pn - P)(P + Op(ﬂ_1/2) =Pprp+ op(n_1/2)

which is equivalent to /n (g — 1q) N N0, E[¢?]).
Note that

= > E |G (A w) Grana (Y, M, A,15)]

%

+ > E[{Cuw 2 (Aws) + Crw (M, A,3) + Cy 7 (M, A,135) = 2Cyw 2 (M, A, @) Hprn 2 (M, A, @) + Gruns(A, @)} | = v

%
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Consider the first term

—

> E|Cwz(Aii) Grna (Y M, A, )]

-NE ﬁ(MLA:“’m)Eé A @)Y — a(M, A,a)y | M, AU
1 {ﬁ( oy oz (A @Y — il )} 1}
-y E{ﬁ(;\/([ f|‘A ;” ElCw 7(A,i5) | 3, A4, 0)(n(01, A, 0) — s34, )]}

E[hy(W) | 0 = 5] —E[nW) | 0 =] E[g;(2) | T =i, 4] —E[9;(2) | T =5, 4]
o |
i E[h ()| O =]

Then by (5), E[Cwz(u}) | M, A, )] = 0,(n~1/2).
Additionally we have that

ie. Y, E [éWZ(Af i) Grana (Y, M, A, 113)] = op(n=1/2).

Now consider the second term
Z E [{CAWZ(A:'W) + Cyw (M, A, @) 4 Cyz(M, A, ;) — 2Cywz (M, A, 0;) H @2 (M, A, 7)) + Grans(A, @)}} — Yq

= > E[{Guna(M, A, @) + Grun (A, @) HECw (A, ) | M, A, 0] + ElCyw (M, A,3) | M, A, U]

(2

+ E[éYZ(MaAv’LZL) | M)‘Aa U] 72E[CAYWZ(M5A7UHZ) | MaAv U]} 71/}0"

By (3)-(5), ElCwz(A,4j) | M, A, ] = 0p(n~'72), E[Cyw (M, A,15j) | M, A,dj] = 0,(n~"/2), E[Cyz (M, A,j) |
M, A5 = 0p(n~Y2), and E[Cywz(M, A, uj) | M, A, j] = op(n~1/2).
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Additionally, we have that
E[Cwz (A, ) | M, A, U = ]
E|h, (W) | T =) — Elhy(W) | U = i E|g;(2) | U = i, A| ~E|g,(2) | U = i3, 4]

m{é[hxmﬁ: | —E[n () | 0 = ] H}'{E[mznﬁz i A| —Elg)(2) |0 =

and likewise for E[Cy vy (M, A, ;) | M, A, U = ;] and E[Cy (M, A, ;) | M, A, U = ).

g

Similarly,

By (3)-(5).
ElCwz(A, @) | M, A, @) +E[Cyw (M, A, @) | M, A, @]
+E[Cyz(M, A ;) | M, A, @] — 2E[Cywz (M, A, @) | M, A, @;) =1+ 0,(n~Y/?).

Thus, we have for the second term

> E[{Cw (A, i) + Cyw (M, A,15) + Cy 2 (M, A, @) — 2Cyw 2 (N, A, %) Hbran2 (M, A, @) + Grana(4, @)} —

K2

= > E[{Puna(M, A, @) + Gruns(A, @) HECw (A, ) | M, A, 0] + ElCyw (M, A,43) | M, A, U]

+E[Cy (M, A, @) | M, A, U] = 2E[Cyw 2 (M, A,@) | M, AT} =

= Z E{{@full,Q(Ma A, D) + Prana(A, @) }1{U = ﬁi}} — P + 0p(n1/?)

- E{@mn,z(ﬂ, A, ﬁ) + Qran,3(A4, U)} — g + Op(n—1/2).

Theorem 5.1 from|Guo et al.|[2026]] showed that under (1) and (2), E |:¢fu1172(]\_j, A, (7) + @ran,3(A, (7) —thy = op(n’l/Q)_

Hence, the second term is also y/n-consistent.

Altogether, Ry = 0,(n~'/?) as desired. O

M EXPERIMENTS: FINITE-SUPPORT DGP DATA GENERATION

The setup is based on the causal model reflected in Fig[3b}

U ~ Ber(0.1) (59)
H ~ Ber(0.8) (60)
A|UH ~ Ber(0.4+ 02U + 0.1 % H) 61)
M | AU ~ Ber(0.8 — 0.5 x xor(U, A) + 0.1 x A) (62)
Y | MUH ~ Ber(max(min( (63)

0.5—04%U +0.6%M—0.1%H,0.9),0.1)) (64)
Z|U ~ Ber(0.3+ 0.5 U) (65)
W |U ~ Ber(0.9—0.7xU) (66)
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N EXPERIMENTS: MIXED DGP DATA GENERATION

The setup is based on the causal model reflected in Fig. [3b}

Uy ~ Ber(0.4) (67)
Uy ~ N(0,1) (68)
A | Uy, Uy ~ Ber((—0.5 +0.8U; + 0.6U3)) (69)
M | A,U; ~ Ber((—0.3 4+ 1.3U; + 0.94)) (70)
Y | M,Uy,Us ~ N(142U; +0.8U; +0.9M, 1) (71)
W | U ~N(0.4+U, 1) (72)
Z | Uy ~ N(—=0.2+ 11Uy, 1). (73)

All exogenous noise terms are mutually independent.

O THE BENCHMARK ESTIMATORS

We used the following benchmark estimators:

An oracle plug-in estimator ¢)(°ra¢le:PD) (Equation [74) that has access to the full data, had U not been hidden:

,&(Oraclc,PI) — En [ZE[Y ‘ ]\47 CLI, U] ﬁ(a’ | U) [ﬁ(M | a = 17U) —ﬁ(M ‘ a = 0, U)]} (74)

A front-door plug-in estimator zZAJ(FD*PI) (Equation that falsely assumes M satisfies the front-door criterion.

GEPPD — g[S BY | M,a p(a) [p(M | a = 1) = p(M | a =0)]] (75)

a’
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