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Abstract

We investigate the identifiability of nonlinear
canonical correlation analysis (CCA) in a multi-
view setup, in which each view is generated by
applying an unknown nonlinear map to a lin-
ear mixture of shared latent variables plus view-
private noise. Rather than pursuing exact unmix-
ing, which is known to be ill-posed under gen-
eral nonlinear mixing, we instead reframe multi-
view CCA as a basis-invariant subspace identifi-
cation problem. Under suitable latent priors and
spectral separation conditions, we prove that the
pairwise population CCA objective recovers cor-
related signal subspaces up to view-wise orthog-
onal ambiguity. For N ≥ 3 views, their multi-
view aggregation provably isolates the jointly cor-
related subspaces shared across all views while
eliminating view-private variation. We further es-
tablish finite-sample statistical consistency guar-
antees by translating the concentration of empir-
ical cross-covariances into explicit subspace error
bounds via spectral perturbation theory. Experi-
ments on synthetic and rendered image datasets
support our theoretical findings and illustrate the
necessity of the assumed conditions.

1 INTRODUCTION

Aligned multi-view data are ubiquitous, arising from mul-
timodal sensing, multi-camera systems, and synchronized
instruments. A primary objective of representation learn-
ing is to recover latent structures shared across views from
nonlinear observations while discarding view-private vari-
ation, yielding representations that are interpretable, robust
to nuisance perturbations, and transferable across modal-
ities. Correlation-based methods, most notably canonical
correlation analysis (CCA) and its multi-view generaliza-

tions [Kettenring, 1971], address this objective by learn-
ing whitened representations that are maximally aligned in
second-order statistics. Such methods and their whitening-
based variants are also widely used in self-supervised learn-
ing to prevent feature collapse and stabilize training [Zbon-
tar et al., 2021, Weng et al., 2022, Ermolov et al., 2021, He
and Ozay, 2022, Kalapos and Gyires-Tóth, 2024].

Despite their empirical success, what nonlinear CCA iden-
tifies under realistic nonlinear distortions remains insuf-
ficiently characterized. Given the impossibility of unsu-
pervised source recovery from general nonlinear mixtures
[Hyvärinen and Pajunen, 1999, Locatello et al., 2019],
multi-view constraints have emerged as a prominent struc-
tural prior to restore identifiability. Existing CCA-based
guarantees either impose post-nonlinear assumptions [Lyu
and Fu, 2020] or establish equivalence up to arbitrary in-
vertible transforms [Lyu et al., 2022]. While recent work es-
tablishes affine identifiability under general nonlinear mix-
ing in the two-view regime [Han et al., 2026], what addi-
tional views enable in a basis-invariant sense remains un-
clear.

In this work, we address this question through the lens of
subspace identification. We study an additive multi-view
generative process where each view is produced by an un-
known smooth invertible map applied to a view-specific
source. Each source decomposes into a linearly mixed
shared latent vector plus view-private noise, relaxing the
coordinate-wise independence assumption standard in ICA
and aligning with the content–style modeling paradigm in
causal representation learning [von Kügelgen et al., 2021,
Yao et al., 2024]. Because the mixing matrices are not iden-
tifiable, we target their basis-invariant signal subspaces in-
stead. We show that multi-view CCA acts as an intersec-
tion filter over latent factors: it isolates the jointly corre-
lated structure shared across views while eliminating view-
private variation. We further provide finite-sample guaran-
tees for the empirical estimator.

We summarize our contributions as follows:
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• We propose an N -view (N ≥ 3) additive latent model
that relaxes the coordinate-wise independence as-
sumption and casts nonlinear CCA as a basis-invariant
subspace identification problem.

• We prove that generalized nonlinear CCA isolates the
jointly correlated signal subspaces, formalizing the ob-
jective as an intersection filter over latent factors.

• We establish finite-sample consistency for empirical
multi-view CCA, translating concentration of second-
order statistics into explicit subspace recovery rates
via spectral perturbation bounds.

• We validate the theory on synthetic and rendered im-
age datasets, corroborating correlated-subspace recov-
ery and the necessity of the stated conditions.

2 RELATED WORK

Identifiable Disentangled Representations. Identi-
fiable representation learning seeks to recover latent
structure up to unavoidable symmetries, an objective
rooted in blind source separation and independent com-
ponent analysis (ICA) [Barlow et al., 1989, Comon,
1994, Cardoso, 1998]. Without additional assumptions,
exact recovery from single-view i.i.d. observations under
general nonlinear mixing is fundamentally impossible
[Hyvärinen and Pajunen, 1999, Locatello et al., 2019]. To
restore identifiability, prior work has introduced symmetry-
breaking inductive biases, such as temporal dynamics,
nonstationarity, auxiliary variables, interventions, or multi-
view constraints [Hyvärinen and Morioka, 2016, 2017,
Hyvärinen et al., 2019, Khemakhem et al., 2020, Locatello
et al., 2020, Shu et al., 2020].

Identifiability from Multiple Views. Multi-view obser-
vations provide cross-view constraints that mitigate the
non-identifiability of single-view mixing. In linear settings,
higher-order moment methods and multi-view ICA can iso-
late shared and view-specific sources up to standard permu-
tation and scaling ambiguities [Podosinnikova et al., 2016,
Pandeva and Forré, 2023]. Depending on the model class,
contrastive objectives can identify shared factors in non-
linear mixtures up to specific transformations. Assuming
independent sources and structured noise, these identifia-
bility guarantees range from component-wise transforma-
tions to linear or block-level equivalence classes [Zimmer-
mann et al., 2021, Gresele et al., 2020, Matthes et al., 2023,
Rodríguez Gálvez et al., 2023]. Recent advances relax
the independent-source assumption by exploiting causal la-
tent structures, shifting the target to block-identifiability.
These methods are increasingly unified through partial-
observability frameworks, where identifiability follows
from underlying graphical structures and suitable regular-
ity conditions [von Kügelgen et al., 2021, Schölkopf et al.,
2016, Sturma et al., 2023, Yao et al., 2024, 2025, Ahuja

et al., 2022, Daunhawer et al., 2023, Xu et al., 2024, Lo-
catello et al., 2020].

Identifiability of Nonlinear Multi-view CCA. CCA
aligns views through second-order statistics after whiten-
ing. Recent research on CCA-based identifiability has
made progress on several related problems, including
factor-level identifiability [Lyu and Fu, 2020, Lyu et al.,
2022, Karakasis and Sidiropoulos, 2023], nonlinear dy-
namical system identification [Sidiropoulos and Sørensen,
2022], subspace identification [Sørensen et al., 2021], and
subspace clustering [Karakasis and Sidiropoulos, 2025].
However, arbitrary nonlinear mixing makes nonlinear CCA
substantially more challenging: existing guarantees are typ-
ically limited to recovery up to arbitrary invertible trans-
formations, a substantially weaker conclusion than what is
available in the linear case. Recent work establishes affine
identifiability for nonlinear CCA in the two-view regime
[Han et al., 2026] by leveraging Lancaster distribution pri-
ors [Lancaster, 1958, Eagleson, 1964]. It does not charac-
terize what additional views identify from a basis-invariant
perspective. To bridge this gap, we shift the identifiability
target from exact mixing recovery to signal subspace identi-
fication. We prove that, under suitable latent priors, general-
ized CCA identifies the jointly correlated subspaces shared
across views, thereby yielding a basis-invariant guarantee
stronger than equivalence up to arbitrary invertible trans-
formations.

3 PROBLEM FORMULATION

Multi-view Generative Process. Let N ≥ 2 denote the
number of views. We observe M i.i.d. multi-view samples

{(x(m)
1 , . . . ,x

(m)
N )}Mm=1.

We suppress the sample index and write (x1, . . . ,xN ) for a
generic multi-view observation. For each view i ∈ [N ] :=
{1, . . . , N}, the observation xi ∈ Xi ⊆ RdXi is generated
from an unobserved view-specific latent source si ∈ Si ⊆
RdSi via an unknown, generally nonlinear generative map-
ping gi : Si → Xi, i.e., xi = gi(si). Throughout our iden-
tifiability analysis, we assume that each gi is smooth and
invertible on the support of si. Here, Si and Xi denote the
source and observation spaces of view i, respectively, and
d(·) is the dimension of the underlying ambient space.

Formally, we define the multi-view generative process via
an additive-noise latent construction at the source level as
follows: for each i ∈ [N ], we have

xi = gi(si), si = Aic+ ϵi, c ∼ pc, ϵi ∼ pϵi , (1)

where c ∈ RdC is a latent vector shared across views, ϵi ∈
RdSi captures view-private variation, and Ai ∈ RdSi

×dC is
a view-specific mixing matrix.
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Our generative process generalizes the single-view model
of Lyu and Fu [2022] to N views, with view-dependent
mixing matrices {Ai}Ni=1 and nonlinear maps {gi}Ni=1.
Unlike standard ICA assumptions that enforce coordinate-
wise independence [Hyvärinen and Morioka, 2016, 2017,
Hyvärinen et al., 2019, Khemakhem et al., 2020], the
shared signal term Aic induces structured dependencies
within each source si, e.g., as in causal latent models,
consistent with the checkerboard-type dependencies of
Matthes et al. [2023]. Interpreting c and ϵi as shared
content and view-private style, our model differs from
concatenation-based multi-view formulations in causal rep-
resentation learning [Daunhawer et al., 2023, Yao et al.,
2024]. Moreover, the model connects to partial observabil-
ity: if ker(Ai) 6= {0}, then components of c lying in
ker(Ai) do not affect si and are therefore unobservable
from view i.

Latent Structure. The additive construction induces
nontrivial cross-view dependence among the source vari-
ables. Since generalized CCA aggregates pairwise correla-
tions, our analysis first characterizes the joint distribution
of each source pair (si, sj) over Si ×Sj with dSi

, dSj
≥ 2.

We then combines the resulting pairwise structures across
views.

Assumption 1 (Latent Distributional Prior). Let c and
{ϵi}Ni=1 be as in Equation 1.

1. Latent Factorization. The shared latent vector and pri-
vate latent vectors are mutually independent. Within
each vector, coordinates are i.i.d.:

pc(c) =

dC∏
j=1

ϕ(cj), pϵi(ϵi) =

dSi∏
j=1

ϕ(ϵij),

and p(c, ϵ1, . . . , ϵN ) = pc(c)

N∏
i=1

pϵi(ϵi),

where ϕ denotes standardized Gaussian density.
2. Standardization. The latents are centered and isotropic:

E[c] = 0, Cov(c) = IdC , E[ϵi] = 0, Cov(ϵi) = IdSi
.

3. Admissible Marginals. In the main text, we use stan-
dardized Gaussian marginals, which are sufficient for
our main theory. Extensions to other standardized
Lancaster-type marginals are discussed in the supple-
mentary material.

Learning Objective. The exact linear mixing matrices
{Ai}Ni=1 are fundamentally not identifiable as bases. In-
stead, we target the basis-invariant column-space informa-
tion encoded by these matrices, formalized later as cor-
related signal subspaces in Definition 1. Specifically, we
learn view-specific encoders

fi : Xi → Z ⊆ RdZ , ∀i ∈ [N ]

and analyze the induced source-domain maps hi := fi ◦ gi.
Our identifiability analysis asks whether CCA forces these
maps to recover the identifiable correlated signal subspaces,
up to the unavoidable orthogonal ambiguity introduced by
whitening. For simplicity, we use a common representation
dimension dZ across views.

4 PRELIMINARIES

Notations. Throughout, scalars are denoted by plain let-
ters. Random vectors and vector-valued functions are de-
noted by bold lowercase letters. Matrices are denoted by
bold uppercase letters. Sets and spaces are denoted by cal-
ligraphic letters.

4.1 NONLINEAR MULTI-VIEW CCA

CCA learns encoders whose whitened representations max-
imize cross-view correlation measured by singular values
of normalized cross-covariances.

Generalized CCA for Multi-view Learning. Under the
multi-view generative process in Equation 1, generalized
CCA [Kettenring, 1971] aggregates pairwise objectives
across all view pairs as

J :=
∑

1≤i<j≤N

∥∥∥Σ−1/2
ii ΣijΣ

−1/2
jj

∥∥∥
∗
, (2)

where ‖ · ‖∗ is the nuclear norm, Σii := Cov(fi(xi)) �
0 and Σjj := Cov(fj(xj)) � 0, while Σij :=
Cov(fi(xi), fj(xj)) denotes the cross-covariance matrix
between fi and fj .

CCA in the source domain. Let the induced representa-
tion mapping for view i ∈ [N ] be hi := fi ◦ gi : Si → Z .
By reparameterization invariance (Lemma 6;[Han et al.,
2026]), for all 1 ≤ i < j ≤ N , Cov(fi(xi), fj(xj)) =
Cov(hi(si),hj(sj)) and Cov(fi(xi)) = Cov(hi(si)).
Consequently, optimizing Equation 2 over {fi} is mathe-
matically equivalent to optimizing it over the induced rep-
resentation mapping hi. Under the regularity and repre-
sentability conditions of Lemma 6, this reparameterization
allows us to analyze population maximizers in the source
domain without changing the CCA objective.

4.2 WHITENING AND CANONICALIZATION

Whitening, or its regularized variants such as soft-
whitening [Zbontar et al., 2021], imposes a non-degenerate
normalization [Weng et al., 2022] that makes the CCA ob-
jective well posed and prevents representational collapse
[Ermolov et al., 2021]. Both properties are critical to our
identifiability analysis.
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Whitened Representations. For each view i ∈ [N ],
let µ′

i := E[hi(si)] and Σ′
ii := Cov(hi(si)) � 0. A

representation-whitening matrix Bi ∈ RdZ×dZ satisfies
BiΣ

′
iiB

⊤
i = I and defines

h̃i(si) := Bi

(
hi(si)− µ′

i

)
, Cov(h̃i(si)) = I.

A canonical choice is the symmetric inverse square root
Bi = Σ′

ii
−1/2. Under this whitening, the normalized cross-

covariance in Equation 2 becomes the cross-covariance of
the whitened source-domain representations:

Σ̃ij := Cov
(
h̃i(si), h̃j(sj)

)
= BiΣ

′
ij B

⊤
j ,

where Σ′
ij := Cov(hi(si),hj(sj)). Thus the pair-

wise CCA term equals ‖Σ̃ij‖∗. While orthogonal left-
multiplication of Bi defines the equivalence class for our
identifiability theorem, the CCA objective remains strictly
invariant to this ambiguity since it depends solely on the
orthogonally invariant singular values of Σ̃ij .

Canonicalization via Whitening. Whitening removes
scale and non-orthogonal within-view linear ambiguities,
reducing the feasible set to orthonormal directions in L2;
the remaining ambiguity is orthogonal. Fix a view i ∈ [N ]
and consider the whitened representation mapping h̃i(si).
Let {ξi,n}n≥1 be a fixed orthonormal basis of L2(Psi) re-
stricted to centered square-integrable functions. Since h̃i is
centered, the constant basis component is zero and is omit-
ted from the expansion. Each component of h̃i admits the
following orthonormal basis expansion: for the component
j ∈ [dZ ],

h̃i,j(si) =
∑
n≥1

ci,j,n ξi,n(si), ci,j,n := 〈h̃i,j , ξi,n〉L2(µi),

where ci,j = [ci,j,1, · · · , ci,j,∞] denotes the corresponding
coefficient vector under the basis {ξi,n}n≥1. The whitening
constraint is equivalent to the orthonormality of these coef-
ficient vectors across components within the same view i:

c⊤i,pci,q = δpq, p, q ∈ [dZ ], (3)

where δpq is the Kronecker-delta function, i.e., δpq = 1
iff p = q and 0 otherwise. Whitening canonically en-
forces (i) decorrelation between representation components
and (ii) unit normalization of each component in function
space. Equivalently, the coefficient matrix Ci with rows
(c⊤i,1, . . . , c

⊤
i,dZ

) satisfies CiC
⊤
i = I.

5 THEORY

5.1 ORTHOGONAL POLYNOMIAL EXPANSION
OF THE CANONICAL DENSITY

We first analyze the pairwise source distribution induced by
the additive multi-view model in Equation 1. After whiten-
ing each source, the normalized cross-covariance admits an

SVD whose canonical coordinates diagonalize the Gaus-
sian dependence between two views. This yields a prod-
uct factorization of the joint density and, via the Mehler–
Hermite expansion, a spectral decomposition of nonlinear
cross-view correlations.

Canonical Coordinate System. Under the mutual inde-
pendence and i.i.d. conditions in Assumption 1.1, let

Wi := Cov(si)
− 1

2 =
(
AiA

⊤
i + I

)− 1
2 , i ∈ [N]

be a whitening matrix for the view-specific source si. For
any pair of views 1 ≤ i < j ≤ N , the dependency struc-
ture of the view-specific sources (si, sj) is captured by their
normalized cross-covariance matrix:

Rij := Cov(Wisi,Wjsj) = WiAiA
⊤
j W

⊤
j . (4)

We consider the following singular value decomposition,

Rij = UijTijV
⊤
ij , Uij ∈ O(dSi

), Vij ∈ O(dSj
)

where Tij ∈ RdSi
×dSj is a rectangular diagonal matrix.

Let rij := rank(AiA
⊤
j ), the nonzero singular values of

Tij satisfy

1 > tij,1 ≥ · · · ≥ tij,rij > 0,

and all remaining singular values are zero.

Lemma 1 (Canonical Factorization). Under the isotropic
Gaussian prior in Assumption 1.2, define the canonical co-
ordinates

u = U⊤
ijWisi, v = V⊤

ijWjsj , (5)

where Uij and Vij are orthogonal canonicalizers of the
whitened cross-covariance between si and sj . By the
change-of-variables formula for this invertible linear trans-
formation,

pu,v(u,v) = psi,sj
(
W−1

i Uiju,W
−1
j Vijv

)
· | detWi|−1| detWj |−1.

Moreover, the joint density factorizes as

pu,v(u,v) =

rij∏
k=1

ϕtij,k(uk, vk)︸ ︷︷ ︸
Kij(u[1:rij ],v[1:rij ])

dSi∏
m=rij+1

ϕ(um)

dSj∏
n=rij+1

ϕ(vn)

where ϕ is the standard normal density and ϕt is the stan-
dardized bivariate normal density with correlation t.

Remark 1 (Information-Theoretic Interpretation). The fac-
torization in Lemma 1 implies that the cross-view interac-
tion decouples into rij independent Gaussian coordinates:

vk = tij,k uk+
√

1− t2ij,k εk, εk ∼ N (0, 1), k ∈ [rij ],
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where the canonical correlation tij,k directly governs the ef-
fective signal-to-noise ratio (SNR) γij,k := t2ij,k/(1−t2ij,k)
for the pair (uk, vk). By definition, rij = rank(AiA

⊤
j ) ≤

min(dSi
, dSj

), we have tij,k = 0 for all k > rij . This in-
dicates that only rij correlated canonical coordinates share
cross-view information, i.e., SNR > 0, while the remain-
ing modes are independent noise.

To cast this probabilistic correlation structure into a
functional-analytic framework, we expand the product bi-
variate Gaussian density Kij in Lemma 1 using normal-
ized multivariate Hermite polynomials as shown in Mehler
[1866] and Han et al. [2026].

Lemma 2 (Normalized Multivariate Mehler–Hermite Ex-
pansion). Let r := rij and let ψn(z) := 1√

n!
Hen(z), n ∈

N0, be the normalized probabilists’ Hermite polynomials.
For n = (n1, . . . , nr) ∈ Nr0, define normalized multivari-
ate Hermite polynomials as

Ψn(u) :=

r∏
k=1

ψnk
(uk), ϕr(u) :=

r∏
k=1

ϕ(uk).

Then {Ψn}n∈Nr
0

is an orthonormal basis of L2(νr), where
νr(du) = ϕr(u)du is the multi-dimensional Gaussian
measure.

Let (U,V) be a centered Gaussian pair in canonical
coordinates such that Cov(U) = Cov(V) = Ir and
Cov(U,V) = diag(ρ1, . . . , ρr), where ρk := tij,k ∈
(−1, 1). If Kij denotes the joint density of (U,V), then

Kij(u,v) = ϕr(u)ϕr(v)
∑
n∈Nr

0

tn Ψn(u)Ψn(v),

where tn :=
∏r
k=1 ρ

nk

k .

Together with reparameterization invariance (Lemma 6)
and whitening-induced canonicalization (Equation 3),
Lemma 2 yields a functional-analytic framework for study-
ing nonlinear representation maps in canonical coordinates.
Leveraging the orthonormality of Hermite polynomials un-
der the Gaussian measure [Dunkl and Xu, 2014], this frame-
work diagonalizes cross-view correlations in the Hermite
basis, thereby enabling a principled separation of first-order
linear modes from higher-order nonlinear Hermite compo-
nents.

5.2 SUBSPACE IDENTIFIABILITY

After whitening, CCA-like objectives remain invariant to
within-view orthogonal transformations, such as rotations.
Since precise recovery of mixing matrices {Ai}Ni=1 is fun-
damentally impossible, we instead target the basis-invariant
signal subspaces they span.

Definition 1 (Correlated Signal Subspaces). For each view
i ∈ [N ], the signal subspace is defined as Ui := col(Ai) ⊆
RdSi . For any pair of distinct views 1 ≤ i < j ≤ N , let
rij := rank(AiA

⊤
j ). We define the pairwise correlated

signal subspace of view i with respect to view j as

Ui|j := col
(
Uij(:, 1 : rij)

)
, Uj|i := col

(
Vij(:, 1 : rij)

)
.

Note that Ui|j ⊆ Ui and Uj|i ⊆ Uj , with equality hold-
ing if and only if rij = rank(Ai) and rij = rank(Aj),
respectively. Finally, the multi-view jointly correlated sub-
space for view i is defined as the intersection of its pairwise
correlated subspaces: Umv

i :=
⋂
j ̸=i Ui|j .

We then give the identifiability of the correlated signal sub-
space in two-view setup.

Theorem 5.1 (Infinite-Dimensional Two-view Subspace
Identifiability). Fix a pair of distinct views i 6= j with
rij := rank(AiA

⊤
j ) > 0. Consider the population two-

view CCA objective for this pair in the infinite-dimensional
whitened function class. Suppose the observed data are
generated by the multi-view generative process defined in
Equation 1, where the generating functions gi and gj are
smooth and invertible and Assumption 1 holds. Let (f̃⋆i , f̃

⋆
j )

be any whitened population maximizer of the two-view
CCA objective in Equation 2, and define the composition
mappings h̃⋆ℓ := f̃⋆ℓ ◦ gℓ for ℓ ∈ {i, j}.

Assuming an infinite feature dimension, i.e., dZ → ∞,
there exist orthogonal matrices Oi,Oj ∈ O(rij) such that,

Prij h̃
⋆
i (si) = OiUij(:, 1 : rij)

⊤Wisi,

Prij h̃
⋆
j (sj) = OjVij(:, 1 : rij)

⊤Wjsj ,
(6)

where Prij is a rank-rij coordinate selector, defined up to
the unavoidable within-view orthogonal ambiguity of CCA,
that extracts the coordinates corresponding to the pairwise
correlated linear Hermite modes. Consequently, the max-
imizers identify the rij-dimensional whitened correlated
subspaces Ui|j and Uj|i up to orthogonal transformations.

Assumption 2 (First-Order Canonical Dominance). For
any pair of views 1 ≤ i < j ≤ N with rank(AiA

⊤
j ) ≥ 2,

the strictly positive canonical correlations satisfy tij,rij >
t2ij,1.

Corollary 1 (Finite-Dimensional Two-view Subspace Iden-
tifiability). Suppose the conditions of Theorem 5.1 hold,
along with Assumption 2. For any finite representation di-
mension dZ ≥ rij , the identifiability guarantees in Equa-
tion 6 hold exactly, where the rank-rij coordinate selector
takes the explicit form Prij := [Irij 0] ∈ Rrij×dZ .

Remark 2 (Spectral separation of higher-order Hermite
modes). The Mehler–Hermite expansion (Lemma 2) de-
composes the cross-view coupling into linear and higher-
order (nonlinear) polynomial modes. Assumption 2 mathe-
matically ensures that the weakest linear correlation (tij,rij )
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strictly exceeds the strongest possible higher-order corre-
lation, which is bounded by t2ij,1. This spectral gap guar-
antees that in the finite-dimensional regime (Corollary 1),
the generalized CCA objective strictly prioritizes the first-
order linear Hermite modes, securely isolating them in
the leading rij coordinates. In a canonical representative
of the whitened solution, the remaining coordinates, i.e.,
those with indices larger than rij , span higher-order Her-
mite modes orthogonal to the recovered first-order linear
subspace [Han et al., 2026].

Theorem 5.2 (Infinite-Dimensional Multi-View Subspace
Identifiability). Suppose the conditions of Theorem 5.1
hold for N ≥ 3 view ensembles and let {f̃⋆i }Ni=1 be any
whitened population maximizer of the generalized CCA ob-
jective in Equation 2. For each view i, let ri := dim(Umv

i )
and let Umv

i ∈ RdSi
×ri be an orthonormal basis spanning

the multi-view jointly correlated subspace Umv
i .

Assuming an infinite feature dimension, i.e., dZ → ∞,
there exist matrices Li ∈ Rri×dZ with orthonormal rows
and orthogonal matrices Oi ∈ O(ri) such that

Lih̃
⋆
i (si) = Oi(U

mv
i )⊤Wisi, ∀i ∈ [N ]. (7)

Here, Li extracts the jointly correlated component from the
whitened representation up to an allowable within-view or-
thogonal post-transformation. If a canonical representative
of the CCA solution is chosen, Li can be taken as a coordi-
nate selector.

Remark 3 (Subspace dimensionality and partial observabil-
ity). Because the multi-view jointly correlated subspace
Umv
i acts as a strict intersection filter, it isolates only those

latent signals that are mutually visible across the entire N -
view ensemble. Consequently, its dimension ri is strictly
bounded by, and typically lower than, the pairwise ranks
rij . Furthermore, for latent factors shared only among a
strict subset of views, the generalized CCA objective lacks
sufficient global constraints to enforce alignment, causing
the corresponding unshared representation dimensions to
inherently drift [Yao et al., 2024]. The finite-dimensional
counterpart of Equation 7 follows analogously to Corol-
lary 1.

5.3 FINITE-SAMPLE STATISTICAL
CONSISTENCY

We now quantify the statistical error incurred when the
population second-order moments of fixed population-
level CCA representations are replaced by empirical esti-
mates. Throughout this subsection, the encoders {fi}Ni=1

are treated as fixed and satisfy the population identifiabil-
ity conditions established above. Thus, the rank-rij singu-
lar subspace of the population normalized cross-covariance
coincides with the pairwise correlated source subspace Ui|j ,
up to the orthogonal ambiguity characterized in Corollary 1.

Since our identifiability results are driven by the singu-
lar/eigenspaces of normalized cross-covariances, the anal-
ysis reduces to (i) concentration of empirical covariances
in operator norm and (ii) stability of singular-/eigenspaces
under perturbations. Our analysis below controls statistical
estimation error only; optimization and uniform generaliza-
tion error for data-trained neural encoders are outside the
scope of our analysis.

Empirical Normalized Cross-Covariances. Given n

i.i.d. samples {(x(t)
1 , . . . ,x

(t)
N )}nt=1 and fixed encoders

{fi}Ni=1, let z(t)i := fi(x
(t)
i ). With z̄i and z̄j denoting the

empirical means of the representations for views i and j,
define the sample cross-covariance matrices as Σ̂ij :=
1
n

∑n
t=1(z

(t)
i − z̄i)(z

(t)
j − z̄j)

⊤. The empirical normalized
cross-covariance is

R̂ij := Σ̂
−1/2
ii Σ̂ijΣ̂

−1/2
jj , 1 ≤ i < j ≤ N, (8)

with population counterpart Rij := Σ
−1/2
ii ΣijΣ

−1/2
jj . Let

Ûi|j denote the rank-rij left singular subspace of R̂ij . By
Corollary 1, this subspace estimates the pairwise correlated
subspace Ui|j up to orthogonal ambiguity.

Additionally, we impose a mild tail condition on the
population-whitened representations z̃i := Σ

−1/2
ii (zi −

E[zi]).

Assumption 3 (Sub-Gaussian whitened representations).
There exists κ > 0 such that for all i ∈ [N ],
sup∥u∥2=1 ‖u⊤z̃i‖ψ2

≤ κ.

Assumption 3 yields operator-norm concentration for Σ̂ij

and controls the error of the empirical whitening factors
Σ̂

−1/2
ii , which together imply concentration of the normal-

ized cross-covariances R̂ij in Equation 8. To translate this
moment error into a subspace error, we require a spectral
separation of the target singular subspaces: for each pair
(i, j), define ∆ij := σrij (Rij) − σrij+1(Rij) > 0. Un-
der Assumption 2, whenever rij ≥ 2 one has the explicit
lower bound ∆ij ≥ tij,rij − t2ij,1, reflecting the strict dom-
inance of linear modes over higher-order Mehler–Hermite
components. We then provide finite-sample guarantees for
subspace recovery.

Theorem 5.3 (Finite-sample subspace recovery). Suppose
Assumption 3 holds, dZ < ∞, and n ≥ C0κ

4(dZ +
log(N/δ)) so that the empirical within-view covariance
matrices are nonsingular with high probability. Then for
any δ ∈ (0, 1), with probability at least 1 − δ, simultane-
ously for all 1 ≤ i < j ≤ N ,

∥∥R̂ij −Rij

∥∥
2

≤ C κ2
√
dZ + log(N/δ)

n
, (9)

for a universal constant C > 0. Moreover, on the event
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‖R̂ij −Rij‖2 ≤ ∆ij/2,

∥∥ sinΘ(Ûi|j ,Ui|j)
∥∥
2

≤ 2‖R̂ij −Rij‖2
∆ij

, (10)

and the same bound holds for the right singular subspace
Ûj|i.

Remark 4 (Scaling with n). Combining Equation 9–
Equation 10 gives the parametric OP(n

−1/2) rate. In par-
ticular, ‖ sinΘ‖2 ≤ ε is achieved once n ≳ κ4(dZ +
log(N/δ))/(∆2

ijε
2).

To recover the multi-view jointly correlated subspace
Umv
i from noisy pairwise estimates, we use an averaged-

projector intersection filter. Let Pi|j and P̂i|j denote the
orthogonal projectors onto Ui|j and Ûi|j , and define

Si :=
1

N − 1

∑
j ̸=i

Pi|j , Ŝi :=
1

N − 1

∑
j ̸=i

P̂i|j .

By the spectral characterization of averaged projectors,
Umv
i is the eigenspace of Si associated with eigenvalue 1.

We assume an intersection eigengap

Γi := 1− λri+1(Si) > 0,

and estimate Umv
i by the top-ri eigenspace of Ŝi.

Corollary 2 (Consistency of the intersection filter). Under
the conditions of Theorem 5.3, with probability at least 1−
δ, for every i ∈ [N ],

‖ sinΘ(Ûmv
i ,Umv

i )‖2 ≤ ‖Ŝi − Si‖2
Γi

≤ 2

Γi
max
j ̸=i

‖ sinΘ(Ûi|j ,Ui|j)‖2.

Consequently, Ûmv
i is consistent at rate OP(n

−1/2), gov-
erned by {∆ij} and Γi.

All proofs are deferred to the supplementary material.

6 EXPERIMENTS

In this section, we empirically test the main predictions of
our identifiability analysis using controlled generative ex-
periments. The experiments are designed to assess whether
correlation-based multi-view objectives recover the ground-
truth canonical source subspaces under known nonlinear
view transformations. We first use fully synthetic data,
where the latent factors, canonical spectra, and represen-
tation dimensions can be controlled exactly. We then use
3DIdent as a rendered stress test with annotated genera-
tive factors. Our setup extends established disentanglement
learning benchmarks [Zimmermann et al., 2021, Matthes
et al., 2023, Han et al., 2026] to the multi-view (N = 3)
regime considered in this work.

6.1 EXPERIMENTAL SETUP

Datasets. We evaluate on two settings that provide
ground-truth access to generative factors:

• Synthetic Data: We extend the single-generator setup
of Zimmermann et al. [2021] to an N = 3 multi-
view regime. Observations are produced by applying
independent nonlinear generating functions to view-
specific sources sampled from our additive model
(Equation 1), enabling exact control over the latent dis-
tributions and mixing matrices.

• 3DIdent [Daunhawer et al., 2023]: A physically ren-
dered benchmark with 11 annotated generative fac-
tors. Since the factor grid is discrete, 3DIdent does not
exactly instantiate our continuous source-level model.
We therefore use it as a controlled rendered stress test.
Specifically, we first sample continuous latent vectors
according to Equation 1, normalize the factor coordi-
nates to a common scale, and then select the rendered
instance whose factor tuple is nearest in Euclidean
distance. This procedure preserves controlled access
to ground-truth factor labels while testing the learned
representations on visually nontrivial observations.

Construction of Linear Mixing Matrices. To strictly
control the pairwise canonical correlations of Rij in Equa-
tion 4, we construct the mixing matrices {Ai}3i=1 to match
target singular values {tij,k}

rij
k=1 ⊂ [0, 1) for the population

normalized cross-covariance matrices,

Rij = (AiA
⊤
i + I)−1/2AiA

⊤
j (AjA

⊤
j + I)−1/2.

By assigning a shared right singular matrix P ∈ O(d)
across all Ai, the singular values of Rij factorize element-

wise as tij,k = gi,kgj,k, where gi,k := σi,k/
√
1 + σ2

i,k and
σi,k are the singular values of Ai. ForN = 3 views, this al-
gebraic system uniquely yields gi,k = (tij,ktki,k/tjk,k)

1/2,

subsequently fixing σi,k = gi,k/
√

1− g2i,k. We then con-

struct Ai := Uidiag(σi,1, . . . , σi,rij )P
⊤, sampling inde-

pendent random orthogonal matrices Ui ∈ O(d). This
guarantees the exact prescribed canonical spectra while ran-
domizing the signal subspace orientations.

Methods. We compare neural GCCA, the empirical ob-
jective aligned with our population analysis, against repre-
sentative self-supervised objectives using the same encoder
architecture and representation dimension: Barlow Twins,
W-MSE, and InfoNCE.

• Barlow Twins [Zbontar et al., 2021]: Enforces in-
variance and minimizes redundancy through cross-
correlation diagonalization.

• W-MSE [Ermolov et al., 2021]: Aligns whitened
multi-view neural representations by minimizing
mean-squared error.
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Table 1: Comparison of the mean and maximum principal
angles (PAmean, PAmax) on synthetic data (dSi = dZ =
5, ∀i ∈ [3]) under Gaussian prior (pϕ).

Methods f̃1 f̃2 f̃3

PAmean PAmax PAmean PAmax PAmean PAmax

BarlowTwins 34.12 ±0.21 86.41 ±0.95 31.85 ±0.18 81.22 ±0.82 33.40 ±0.24 84.95 ±0.91
InfoNCE 4.95 ±0.06 8.15 ±0.52 5.12 ±0.09 8.42 ±0.38 4.88 ±0.08 7.98 ±0.47
W-MSE 5.08 ±0.08 8.31 ±0.41 4.91 ±0.05 7.95 ±0.58 5.03 ±0.07 8.24 ±0.44
GCCA 4.85 ±0.05 7.92 ±0.35 4.98 ±0.08 8.11 ±0.42 4.92 ±0.06 8.05 ±0.51

• InfoNCE [van den Oord et al., 2019]: The stan-
dard contrastive learning objective, maximizing mu-
tual information between views, shown to be identifi-
able under mild conditions [Zimmermann et al., 2021,
Matthes et al., 2023].

• Generalized CCA (GCCA) [Kettenring, 1971]: The
correlation-based multi-view objective studied in this
work, implemented as a neural version of SUMCOR
generalized CCA and corresponding to Equation 2.

To approximate the view-specific encoding functions
{fi}Ni=1, we parameterize them as neural networks, leverag-
ing their universal approximation capability. We use neural-
network-parameterized GCCA as a practical empirical ap-
proximation to the population GCCA objective when data
are generated via online sampling from the underlying dis-
tributions. This empirical training procedure is not covered
by the finite-sample perturbation theorem, which analyzes
fixed finite-dimensional representations. All baselines are
implemented using their official repositories when avail-
able, otherwise we re-implement following the authors’
specifications.

Metrics. We assess subspace recovery via principal an-
gles between the span of the learned whitened representa-
tion and the ground-truth canonical subspace. Specifically,
we report the mean principal angle (PAmean) and the maxi-
mum principal angle (PAmax), following standard subspace
identification practice [Ma and Li, 2020, Gao et al., 2017,
Cai and Zhang, 2018].

In all experiments, view-specific encoders are trained using
Adam with a fixed learning rate of 10−4. The batch size
is set to 1024 for synthetic data and 256 for 3DIdent. On
the synthetic dataset with dS = 5, 100,001 training steps
require approximately 2.5 hours, whereas 40,000 steps on
3DIdent take about 20 hours on a single RTX A5000 GPU.
All tables report mean ± standard deviation over five ran-
dom seeds.

6.2 VALIDATION OF THEORETICAL FINDINGS

Subspace Identifiability. We empirically validate sub-
space identifiability under our additive generative model
in Equation 1. For simplicity, we present the results using
Gaussian prior. Results for other admissible non-Gaussian

Table 2: Comparison of the mean and maximum princi-
pal angles (PAmean, PAmax) on 3DIdent (dSi = dZ =
11, ∀i ∈ [3]) under Gaussian prior (pϕ).

Methods f̃1 f̃2 f̃3

PAmean PAmax PAmean PAmax PAmean PAmax

BarlowTwins 34.21 ±0.45 86.42 ±1.85 36.15 ±0.52 82.75 ±2.15 35.82 ±0.61 88.14 ±1.92
InfoNCE 8.05 ±0.18 11.21 ±0.65 8.12 ±0.22 10.85 ±0.82 7.98 ±0.15 11.42 ±0.91
W-MSE 8.15 ±0.25 10.95 ±0.78 7.92 ±0.19 11.15 ±0.55 8.11 ±0.21 10.88 ±0.88
GCCA 7.82 ±0.16 10.51 ±0.62 7.85 ±0.18 10.45 ±0.71 7.80 ±0.15 10.48 ±0.68

Figure 1: Ablation over the first-order canonical ratio
ρdS/ρ

2
1 (dS = dZ ). Left and right panels display the mean

(PAmean ↓) and maximum (PAmax ↓) principal angles, re-
spectively. Colors indicate source dimensions, while solid,
dashed, and dash-dotted lines denote the view-specific en-
coders f̃1, f̃2, and f̃3.

distributions are deferred to the supplementary material.
Setting the latent dimensions to dC = dSi = 5, we inde-
pendently sample the shared content c and view-private
noise {ϵi}Ni=1 from the selected distributions (details in
the supplementary material). To invert this process, the
view-specific encoders {fi}Ni=1 are implemented as residual
MLPs equipped with batch normalization to ensure stable
optimization.

Table 1 and Table 2 show that GCCA, InfoNCE, and
W-MSE all recover low-dimensional source subspaces
with small principal angles, while Barlow Twins exhibits
substantially larger subspace errors. On 3DIdent, GCCA
achieves the lowest errors across all views and metrics. On
synthetic data, GCCA is competitive with InfoNCE and
W-MSE, with all three methods attaining comparable sub-
space recovery. These results are consistent with the view
that whitening- and correlation-based objectives are well
aligned with the subspace structure predicted by our theory,
while the exact empirical ranking also reflects optimization
and objective-specific effects outside the population identi-
fiability analysis.

Ablation on First-order Canonical Dominance. Let
ρdS/ρ

2
1 denote the first-order canonical dominance ratio.

We ablate Assumption 2 by varying this ratio while keep-
ing all other parameters fixed. Figure 1 reports the re-
sulting mean and maximum principal angles on the syn-
thetic dataset when the first-order canonical ratio are uni-
formly sampled from [ρdS , ρ1]. When ρdS/ρ

2
1 < 1, at least
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Table 3: Mean principal angle (PAmean ↓) in the overcom-
plete regime (dSi = 5, dZ = 7, ∀i ∈ [3]).

Encoder Gaussian Binomial Gamma Poisson Hypergeometric

f̃1 5.42 ±0.08 5.58 ±0.12 5.47 ±0.05 5.61 ±0.14 5.53 ±0.09
f̃2 5.51 ±0.11 5.39 ±0.07 5.65 ±0.15 5.48 ±0.06 5.55 ±0.10
f̃3 5.45 ±0.09 5.62 ±0.13 5.50 ±0.08 5.41 ±0.11 5.59 ±0.07

Figure 2: Log principal angles of encoder f1 in the under-
complete setup (dSi

= 5, dZ = 4, ∀i ∈ [3]). Black dots
denote principal angles and the shaded region indicates the
log-standard deviation.

one canonical direction violates the dominance condition,
leading to persistently large PAmax and incomplete sub-
space recovery. Once the ratio exceeds 1, both PAmean

and PAmax decrease sharply, indicating full identifiability
of all canonical directions. The transition is more abrupt
at lower source dimensions, reflecting more concentrated
recoverability in low-dimensional regimes.

Ablation on Dimension Mismatch. We study identifia-
bility under dimension mismatch on synthetic dataset. In
the under-complete regime (dS > dZ ), Figure 2 shows
the log-principal-angle distribution across source distribu-
tions. Across all cases, several directions attain small an-
gles, while at least one direction remains bounded away
from zero, indicating partial but not full subspace recovery.
The variability is limited, suggesting robustness to distribu-
tional choice, yet the missing dimension prevents complete
identifiability.

In the over-complete regime (dS < dZ ), Table 3 reports
consistently small mean principal angles across source dis-
tributions, indicating that the learned representations con-
tain directions closely aligned with the source subspace.
However, the additional representation coordinates are not
uniquely determined by the first-order subspace criterion.
Therefore, the over-complete setting supports subspace re-
covery but not global coordinate-level identifiability. Fu-
ture work will investigate this higher-order structure more
systematically.

7 DISCUSSION AND CONCLUSION

We reframed nonlinear multi-view CCA as a basis-
invariant subspace identification problem. By considering
an additive multi-view generative process, we proved that
for N ≥ 3 views, the population generalized CCA acts as

a provable intersection filter, recovering the jointly corre-
lated signal subspaces up to an orthogonal transformation
while filtering out view-private components. The first-order
canonical dominance condition theoretically guarantees the
spectral separation between first-order shared Hermite com-
ponents and higher-order components induced by nonlinear
transformations via a multivariate Mehler–Hermite expan-
sion. This spectral gap further enables finite-sample sub-
space recovery when the relevant population operators are
estimated from finite-dimensional feature representations.

While our theory assumes matched representation and
source dimensions and full-rank source covariance ex-
periments demonstrate the behavior of CCA in capacity-
mismatched regimes. Future work will systematically in-
vestigate the geometric isolation of higher-order Hermite
components in these redundant dimensions, and extend
this identifiability framework to rank-deficient source struc-
tures, e.g., partial observability, further bridging multivari-
ate statistics with self-supervised learning.
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A OVERVIEW OF THE SUPPLEMENTARY MATERIAL

This supplementary material is organized as follows.

We first collect auxiliary tools used throughout the analysis, including the whitened encoder classes (Definition 2), the
population CCA objective (Equation 11), pushforward identities (Lemma 3), reparameterization invariance (Lemma 6),
maximizer correspondence (Lemma 6, item 2), and the canonical factorization of the pairwise source density (Lemma 1).

We then provide the proof of Lemma 2, which establishes the normalized multivariate Mehler–Hermite expansion underly-
ing the spectral analysis.

The subsequent sections contain complete proofs of the main theoretical claims. In particular, we prove the infinite-
dimensional two-view subspace identifiability result in Theorem 5.1, the finite-dimensional two-view specialization in
Corollary 1, the infinite-dimensional multi-view identifiability result in Theorem 5.2, the consistency of the multi-view
intersection filter in Corollary 2, and the finite-sample subspace recovery guarantee in Theorem 5.3. These proofs make
explicit how reparameterization invariance, whitening-induced canonicalization, orthogonal-polynomial diagonalization,
spectral separation, and standard matrix perturbation arguments combine to yield the stated identifiability and consistency
guarantees.
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Finally, we report additional experimental results complementing the main text. These results further evaluate the behavior
of the proposed correlation-based multi-view objective across different latent distributional settings and provide additional
evidence for the role of the stated spectral and dimensional assumptions.

B AUXILIARY TOOLS FROM PRIOR WORKS

B.1 REPARAMETERIZATION INVARIANCE

Definition 2 (Whitened Encoder Classes with Post-orthogonal Closure). Let HX ⊂ L2(Px;RdZ ) be Hilbert spaces of
square-integrable vector-valued functions. For base encoders ∀f ∈ HX with covariance matrix Σf symmetric positive
definite, choose any Wf ∈ GL(dZ) such that Wf Σf W

⊤
f = IdZ . Define the whitened encoder class on domain X by

F̃X :=
{
Wf

(
f − E[f(x)]

)
: f ∈ HX , Σf � 0

}
,

and Q f̃ ∈ F̃X , ∀f̃ ∈ F̃X ,Q ∈ O(dZ). Analogously, we define whitened encoder class F̃ ′
X ′ for all base encoders f ′ ∈

HX ′ ⊂ L2(Px′ ;RdZ ).

Assumption 4 (Whitened Encoder Classes with Post-orthogonal Closure). Let HX ⊂ L2(Px;RdZ ) be Hilbert spaces
of square-integrable vector-valued functions. For base encoders ∀f ∈ HX with covariance matrix Σf symmetric positive
definite, choose any Wf ∈ GL(dZ) such that Wf Σf W

⊤
f = IdZ . Define the whitened encoder class on domain X by

F̃X :=
{
Wf

(
f − E[f(x)]

)
: f ∈ HX , Σf � 0

}
,

and Q f̃ ∈ F̃X , ∀f̃ ∈ F̃X ,Q ∈ O(dZ). Analogously, we define whitened encoder class F̃ ′
X ′ for all base encoders f ′ ∈

HX ′ ⊂ L2(Px′ ;RdZ ).

Definition 3 (CCA Population Objective.). Given the whitened encoder class in Assumption 4, nonlinear CCA solves the
following population optimization problem:

max
f̃∈F̃X , f̃ ′∈F̃ ′

X′

J(f̃ , f̃ ′) =

dZ∑
i=1

σi
(
Cov(f̃(x), f̃ ′(x′))

)
, (11)

where σi(·) denotes the i-th singular value and Cov(·) the population covariance.

Lemma 3 (Pushforward identities and whitening preservation). Let ground-truth latent pair (s, s′) be square-integrable
random vectors on S × S with joint law Pss′ . Let g : S→X and g′ : S→X ′ be Borel-measurable and observation pair
(x,x′) = (g(s), g′(s′)) with joint law Pxx′ = (g,g′)#Pss′ . Then the following properties hold.

1. Square-integrability. For any Borel-measurable f̃ ∈ F̃X with finite second moments on X , the composition f̃◦ g also
have finite second moments on S . Analogously, the same property also applies to all f̃ ′ ∈ F̃ ′

X ′ .

2. Expectation and Covariance Preservation. For all square-integrable f̃ ∈ F̃X , f̃ ′ ∈ F̃ ′
X ′ ,

E[f̃(x)] = E[f̃ ◦ g(s)], E[f̃ ′(x′)] = E[f̃ ′ ◦ g′(s′)],

Cov
(
f̃(x)

)
= Cov

(
f̃ ◦ g(s)

)
, Cov

(
f̃ ′(x′)

)
= Cov

(
f̃ ′◦ g′(s′)

)
,

Cov
(
f̃(x), f̃ ′(x′)

)
= Cov

(
f̃ ◦ g(s), f̃ ′◦ g′(s′)

)
.

3. Whitening Preservation. If f̃ ∈ F̃X and f̃ ′ ∈ F̃ ′
X ′ are whitened with respect to Px and Px′ , respectively. Then f̃ ◦ g

and f̃ ′◦ g′ are whitened under Ps and Ps′ .

Proof.

1. Square-integrability.

Let f̃ ∈ F̃X , f̃
′ ∈ F̃ ′

X ′ be Borel-measurable and square-integrable under Px and Px′ , respectively. That is,∫
X
‖f̃(a)‖2 dPx(a) <∞,

∫
X ′

‖f̃ ′(a)‖2 dPx′(b) <∞.
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Because Px = g#Ps and Px′ = g′
#Ps′ are the pushforward meausre of Ps and Ps′ . The pushforward identity gives, for

any nonnegative measurable φ ∈ L1(Px),ψ ∈ L1(Px′),∫
X
φ(a) dPx(a) =

∫
S
(φ ◦ g)(b) dPs(b) and

∫
X ′
ψ(a) dPx′(a) =

∫
S
(ψ ◦ g)(b) dPs′(b). (12)

Applying this to φ(x) = ‖f(x)‖2 yields

E
[
‖(f̃ ◦ g)(s)‖2

]
=

∫
S
‖(f̃ ◦ g)(a)‖2 dPs(a) =

∫
X
‖f̃(a)‖2 dPx(a) <∞,

E
[
‖(f̃ ′◦ g′)(s′)‖2

]
=

∫
S
‖(f̃ ′ ◦ g′)(b)‖2 dPs′(b) =

∫
X ′

‖f̃ ′(b)‖2 dPx(b) <∞.

Thus f̃ ◦ g ∈ L2(Ps;RdZ ) and f̃ ′◦ g′ ∈ L2(Ps′ ;RdZ ), as claimed.

2. Expectation and covariance preservation.

Let f̃ ∈ F̃X , f̃
′ ∈ F̃ ′

X ′ be Borel and square-integrable under Px and Px′ , respectively.

Expectations. Apply Equation 12 componentwise with φ = f̃j and ψ = f̃ ′j :

E[f̃(x)] = E[(f̃ ◦ g)(s)], E[f̃ ′(x′)] = E[(f̃ ′◦ g′)(s′)].

Second moments and (marginal) covariances. Using Equation 12 withφ(x) = f̃(x)f̃(x)⊤ (integrable by Cauchy-Schwarz),
∀i, j ∈ [1, · · · , dZ ],

E
[
f̃(x)f̃(x)⊤

]
= E

[
(f̃ ◦ g)(s) (f̃ ◦ g)(s)⊤

]
.

Subtracting outer products of the means yields

Cov
(
f̃(x)

)
= E
[
f̃(x)f̃(x)⊤

]
− E[f̃(x)]E[f̃(x)]⊤ = Cov

(
(f̃ ◦ g)(s)

)
.

The same argument applies to f̃ ′:
Cov

(
f̃ ′(x′)

)
= Cov

(
(f̃ ′◦ g′)(s′)

)
.

Cross-covariances. For the joint law Pxx′ = (g,g′)#Pss′ and any integrable Φ : X × X ′ → R, the well-established
generalization of the pushforward measure to joint mappings is as follows:∫

X×X ′
Φ(a,b) dPxx′(a,b) =

∫
S×S′

Φ(g(c),g′(d)) dPss′(c,d). (13)

By Equation 13 with the matrix-valued integrand Φ(x) = f̃(x) f̃ ′(x′)⊤ (integrable by Cauchy–Schwarz), ∀i, j ∈
[1, · · · , dZ ],

E
[
f̃(x) f̃ ′(x′)⊤

]
= E

[
(f̃ ◦ g)(s) (f̃ ′◦ g′)(s′)⊤

]
.

Subtracting the product of means (already matched above) gives

Cov
(
f̃(x), f̃ ′(x′)

)
= Cov

(
(f̃ ◦ g)(s), (f̃ ′◦ g′)(s′)

)
.

All three identities are thus established.

3. Whitening preservation. If E[f̃(x)] = 0 and Cov(f̃(x)) = I, then by step 2, we get E[f̃◦g(s)] = 0 and Cov(f̃◦g(s)) = I.
The argument for f̃ ′ is identical.

Lemma 4 (Bijection under composition). Let S,X ,X ′ be standard Borel spaces and g,g′ be Borel-measurable and
injective. Assume the pushforward measures Px = g#Ps and Px′ = g′

#Ps′ . Define the whitened representable latent
classes as in Definition 2. Then:

1. Composition isometries. The composition operators

Cg : L2(Px;RdZ ) → L2(Ps;RdZ ), f̃ 7→ f̃ ◦ g,

Cg′ : L2(Px′ ;RdZ ) → L2(Ps′ ;RdZ ), f̃ ′ 7→ f̃ ′ ◦ g′,

are linear isometries.
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2. Bijection on whitened classes. The map

Ψ : F̃X × F̃ ′
X ′ −→ F̃S × F̃ ′

S′ , (f̃ , f̃ ′) 7−→ (f̃ ◦ g, f̃ ′◦ g′)

is a bijection (modulo null sets), with inverse

Ψ−1 : (h̃, h̃′) 7−→ (h̃◦ g−1, h̃′◦ g′−1),

where g−1 and g′−1 are the Borel inverses on the Borel images g(S) and g′(S ′), respectively. For anyQ,Q′ ∈ O(dZ),

Ψ(Qf̃ , Q′f̃ ′) = (Q(f̃ ◦ g), Q′(f̃ ′◦ g′)).

Proof.

1. Isometry.

Since ∀f̃ ∈ F̃X ,

‖f̃ ◦ g‖2L2(Ps)
=

∫
S
‖(f̃ ◦ g)(s)‖2 dPs(s) =

∫
X
‖f̃(x)‖2 d(g#Ps)(x) = ‖f̃‖2L2(Px)

,

so Cg is a linear isometry. The argument for Cg′ is identical.

2. Measurable inverses on images.

Since S,X are standard Borel and g is Borel and injective, the Lusin-Souslin theorem implies g(S) is Borel in X and
g−1 : g(S) → S is Borel. The same holds for g′.

3. Surjectivity.

Let h̃ ∈ F̃S . Define f̃ := h̃◦ g−1 on g(S) and extend arbitrarily to a Borel function on X . Then, by Step 2, f̃ ∈ F̃X and
(f̃ ◦ g)(s) = h̃(s). The same construction gives the primed component. Thus Ψ is surjective

4. Injectivity.

If Φ(f̃1, f̃ ′1) = Φ(f̃2, f̃
′
2), then f̃1 ◦ g = f̃2 ◦ g, hence f̃1 = f̃2. by applying g−1 on g(S); similarly for the primed side.

Therefore Ψ is injective.

Combining the steps yields the stated bijection and properties.

Lemma 5 (Continuity of the Whitening Map). Let { fn }n≥1 ⊂ L2(Px;RdZ ) be a sequence of square-integrable vector-
valued functions such that fn → f in L2(Px). Denote

µn := E[fn(x)], µ := E[f(x)], Σfn := Cov(fn(x)), Σf := Cov(f(x)).

Assume Σf � 0, and let
Wfn := Σ

−1/2
fn

, Wf := Σ
−1/2
f .

Then, for all n sufficiently large, Σfn � 0 and

Wfn

(
fn − µn

) L2

−−−−→
n→∞

Wf

(
f − µ

)
. (14)

Moreover, if Ufn ∈ GL(dZ) are any whiteners satisfying UfnΣfnU
⊤
fn

= IdZ , then there exist orthogonal matrices
Qn ∈ O(dZ) such that

QnUfn(fn − µn)
L2

−−−−→
n→∞

Wf (f − µ).

Proof.

1. Convergence of moments.

Since fn → f in L2(Px), we have ‖fn − f‖2L2 = E[‖fn − f‖2] → 0. By the Cauchy-Schwarz inequality,

‖µn − µ‖ = ‖E[fn − f ]‖ ≤ E[‖fn − f‖] ≤ ‖fn − f‖L2 −→ 0.
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For the second moment matrices, each entry of E[fnf⊤n ] converges to the corresponding entry of E[ff⊤] because

‖fnf⊤n − ff⊤‖F ≤ (‖fn‖+ ‖f‖) ‖fn − f‖,

and taking expectations yields

‖E[fnf⊤n ]− E[ff⊤]‖ ≤ E[‖fnf⊤n − ff⊤‖] ≤ (‖fn‖L2 + ‖f‖L2) ‖fn − f‖L2 −→ 0,

so E[fnf⊤n ] → E[ff⊤] in operator norm.

Combining the above,

Σfn = E[(fn − µn)(fn − µn)⊤] = E[fnf⊤n ]− µnµ⊤
n

∥·∥−−−−→
n→∞

E[ff⊤]− µµ⊤ = Σf .

2. Positive definiteness and bounded whitening operators.

Since Σf � 0, all its eigenvalues are positive. Let σmin > 0 denote its smallest eigenvalue, i.e.,

σmin := σmin(Σf ) so that Σf � σminI.

Because Σfn → Σf in operator norm, we have

‖Σfn −Σf‖ −−−−→
n→∞

0.

By Weyl’s eigenvalue perturbation inequality,

∀i ∈ [1, · · · , dZ ], |σi(Σfn)− σi(Σf )| ≤ ‖Σfn −Σf‖.

Hence for sufficiently large n,

σmin(Σfn) ≥ σmin(Σf )− ‖Σfn −Σf‖ ≥ σmin

2 > 0.

Therefore each Σfn is symmetric positive definite and satisfies

Σfn � σmin

2 I.

Taking inverse square roots preserves the Löwner order on the SPD cone, so

‖Wfn‖ = ‖Σ−1/2
fn

‖ =
(
σmin(Σfn)

)−1/2 ≤ (σmin/2)
−1/2.

Thus the sequence {Wfn} is uniformly bounded in operator norm.

3. Continuity of matrix square roots.

Since Σf � 0 and Σfn → Σf in operator norm, there exist constants

m := σmin(Σf )
2 > 0, M := ‖Σf‖+ 1,

and an integer N such that for all n ≥ N , the spectra satisfy σ(Σfn), σ(Σf ) ⊂ [m,M ].

Fix ε > 0. By the Weierstrass approximation theorem, there exists a polynomial p such that

sup
σ∈[m,M ]

∣∣σ−1/2 − p(σ)
∣∣ < ε/3.

Using the continuous functional calculus for self-adjoint matrices, we have∥∥Σ−1/2
fn

−Σ
−1/2
f

∥∥ ≤
∥∥Σ−1/2

fn
− p(Σfn)

∥∥+ ∥∥p(Σfn)− p(Σf )
∥∥+ ∥∥p(Σf )−Σ

−1/2
f

∥∥.
The first and third terms are each bounded by supσ∈[m,M ] |σ−1/2 − p(σ)| < ε/3. For the middle term, note that p(A) =∑

k akA
k is a finite polynomial, hence norm-continuous; since Σfn → Σf , we have ‖p(Σfn)−p(Σf )‖ < ε/3 for all large

n. Therefore ‖Σ−1/2
fn

−Σ
−1/2
f ‖ < ε for n sufficiently large, i.e.

Wfn = Σ
−1/2
fn

∥·∥−−−−→
n→∞

Σ
−1/2
f = Wf .
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4. L2-continuity of whitening.

Define the difference

∆n := Wfn(fn − µn)−Wf (f − µ) = (Wfn −Wf )(f − µ) +Wfn

[
(fn − µn)− (f − µ)

]
.

Taking L2 norms and applying Cauchy-Schwarz,

‖∆n‖L2 ≤ ‖Wfn −Wf‖ ‖f − µ‖L2 + ‖Wfn‖ ‖(fn − µn)− (f − µ)‖L2 .

The first term tends to 0 because Wfn → Wf and ‖f − µ‖L2 < ∞. For the second term, ‖Wfn‖ is uniformly bounded
and

‖(fn − µn)− (f − µ)‖L2 ≤ ‖fn − f‖L2 + ‖µn − µ‖ → 0.

Thus ‖∆n‖L2 → 0, proving Equation 14.

5. Orthogonal alignment for general whiteners.

Let Ufn ∈ GL(dZ) satisfy UfnΣfnU
⊤
fn

= IdZ . Using the polar decomposition,

UfnΣ
1/2
fn

= Qn, Qn ∈ O(dZ),

which implies QnUfn = Σ
−1/2
fn

= Wfn . Therefore,

QnUfn(fn − µn) = Wfn(fn − µn)
L2

−−−−→
n→∞

Wf (f − µ)

by the first part, completing the proof.

Lemma 6 (Reparameterization Invariance and Representational Universality of CCA). Let S,X ,X ′ be standard Borel
spaces and g,g′ be Borel-measurable and injective. In addition, let F̃X , F̃ ′

X ′ be the whitened encoder classes of Defini-
tion 2 and assume that the base encoders f , f ′ underlying F̃X , F̃ ′

X ′ are dense in L2(Px;RdZ ) and L2(Px′ ;RdZ ), respec-
tively. Define whitened representable latent classes:

F̃S := {f̃ ◦ g : f̃ ∈ F̃X }, F̃ ′
S := {f̃ ′◦ g′ : f̃ ′ ∈ F̃ ′

X ′},

and the whitened feasible latent classes:

F̂S := { ĥ ∈ L2(Ps; dZ) : E[ĥ(s)] = 0, Cov(ĥ(s)) = IdZ },

F̂ ′
S := { ĥ ∈ L2(Ps′ ; dZ) : E[ĥ(s′)] = 0, Cov(ĥ(s′)) = IdZ }.

Further define the population CCA objective with respect to whitened feasible latent classes F̂S , F̂ ′
S on their domains

S × S:

JS(ĥ, ĥ′) =

dZ∑
i=1

σi
(
Cov(ĥ(s), ĥ′(s′))

)
, (15)

where σi(·) denotes the i-th singular value. Then the following properties hold.

1. Objective Preservation. ∀(f̃ , f̃ ′) ∈ F̃X × F̃ ′
X ′ , J(f̃ , f̃ ′) = JS

(
f̃ ◦ g, f̃ ′◦ g′).

2. Maximizer Correspondence. If (f̃∗, f̃ ′
∗
) is a maximizer of J in Equation 11 over F̃X × F̃X ′ , then its composition

(f̃ ◦ g, f̃ ′ ◦ g′) is also a maximizer of JS in Equation 15 over F̃S × F̃S′ , and conversely.

3. Representation Universality. For any ĥ ∈ F̂S , ĥ′ ∈ F̂ ′
S , and any ϵ, ϵ′ > 0, there exist h̃ ∈ F̃S and h̃′ ∈ F̃ ′

S such that

E
[
‖ĥ(s)− h̃(s)‖2

]
< ϵ2 and E

[
‖ĥ′(s′)− h̃′(s′)‖2

]
< ϵ′

2
.

Proof. We work in L2, identifying functions that agree P -a.s. Let J be the CCA objective on X × X ′ from Equation 11
and JS the latent CCA objective on S × S ′ from Equation 15.
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1. Objective preservation.

By the whitening preservation of Lemma 3.3, the two cross-covariance matrices Cov(f̃ , f̃ ′),Cov(f̃ ◦ g, f̃ ′◦ g′) coincide,
hence so do their sum of the singular values:

J(f̃ , f̃ ′) = JS(f̃ ◦ g, f̃ ′◦ g′).

2. Maximizer correspondence (between representable classes).

Since the composition map

Ψ : F̃X × F̃ ′
X ′ → F̃S × F̃ ′

S , Ψ(f̃ , f̃ ′) = (f̃ ◦ g, f̃ ′◦ g′).

is bijective, given by Lemma 4.2, and the objective preservation in Lemma 6.1 implies

Φ

argmax
F̃X×F̃ ′

X′

J

 = argmax
F̃S×F̃ ′

S

JS .

If (f̃∗, f̃ ′∗) is a maximizer on F̃X × F̃ ′
X ′ , then (f̃∗◦ g, f̃ ′∗◦ g′) is also a maximizer on F̃S × F̃ ′

S , and conversely.

3. Representation Universality.

Fix ĥ ∈ F̂S and ϵ > 0. We show there exists h̃ ∈ F̃S with E
[
‖ĥ(s)− h̃(s)‖2

]
< ϵ2. (The primed side is identical.)

(i) Pull back ĥ to the observation domain. By Lemma 4.2 (measurable inverses on images), the Borel inverse g−1 : g(S) →
S exists. Define on g(S)

ĥX := ĥ ◦ g−1,

and extend it arbitrarily to a Borel function on X (the extension does not affect L2(Px) since Px is supported on g(S)). By
Lemma 3.2-3 (expectation/covariance preservation and whitening preservation), ĥ ∈ F̂S implies

ĥX ∈ F̂X :=
{
u ∈ L2(Px;RdZ ) : E[u(x)] = 0, Cov(u(x)) = I

}
.

(ii) Approximate in L2(Px) by base encoders. By the density assumption in Definition 2, there exists a sequence {fn}n≥1 ⊂
HX such that

‖fn − ĥX ‖L2(Px) −−−−→n→∞
0.

Write µn = E[fn(x)] and Σfn = Cov(fn(x)). Since ĥX ∈ L2 and fn → ĥX in L2, Lemma 5.1 implies µn → 0 and
Σfn → I in operator norm; in particular, Σfn � 0 for all large n.

(iii) Whiten the approximants and pass limits through whitening. Let Wfn = Σ
−1/2
fn

and define the whitened encoders

f̃n := Wfn

(
fn − µn

)
∈ F̃X .

By Lemma 5.4,

f̃n
L2(Px)−−−−→
n→∞

Σ
−1/2

ĥX

(
ĥX − E[ĥX ]

)
= ĥX ,

since ĥX is already whitened (mean 0, covariance I). Hence there exists N such that ‖f̃N − ĥX ‖L2(Px) < ϵ.

(iv) Push forward to the latent domain and conclude. Set h̃ := f̃N ◦ g ∈ F̃S by definition of the representable class. By
Lemma 4.1 (composition isometry),

‖h̃− ĥ‖L2(Ps) = ‖f̃N ◦ g − ĥX ◦ g‖L2(Ps) = ‖f̃N − ĥX ‖L2(Px) < ϵ.

Therefore E[‖ĥ(s)− h̃(s)‖2] < ϵ2. Since ϵ > 0 was arbitrary, the claim follows. The proof on the primed side is identical,
yielding h̃′ ∈ F̃ ′

S with E[‖ĥ′(s′)− h̃′(s′)‖2] < ϵ′
2 for any ϵ′ > 0.
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B.2 NORMALIZED HERMITE-MEHLER EXPANSION OF JOINT GAUSSIAN DISTRIBUTION

Lemma 7 (Hermite–Mehler expansion of a bivariate Gaussian pair). Let (S, S′) be jointly Gaussian with means µS , µS′ ,
variances σ2

S , σ
2
S′ , and correlation coefficient t ∈ (−1, 1). Define the standardized coordinates

U :=
S − µS
σS

, V :=
S′ − µS′

σS′
.

Let Hen denote the probabilists’ Hermite polynomials and define

ψn(z) :=
1√
n!
Hen(z), n ∈ N0.

Let
ν(dz) = ϕ(z) dz =

1√
2π
e−z

2/2 dz

denote the standard Gaussian measure on R. Then {ψn}n≥0 is an orthonormal basis of L2(ν), namely,∫
R
ψm(z)ψn(z) ν(dz) = δmn.

The joint density of (U, V ) admits the Hermite–Mehler expansion

pU,V (u, v) = ϕ(u)ϕ(v)

∞∑
n=0

tn ψn(u)ψn(v), (16)

Equivalently,

pS,S′(s, s′) =
1

σSσS′
pU,V (u, v) =

1

σSσS′
ϕ(u)ϕ(v)

∞∑
n=0

tn ψn(u)ψn(v). (17)

Finally, the Hermite polynomials diagonalize the covariance operator of the standardized pair (U, V ):

E[ψm(U)ψn(V )] = tn δmn, m, n ∈ N0.

Proof. The classical Mehler formula for the probabilists’ Hermite polynomials states that, for |t| < 1,

∞∑
n=0

tn

n!
Hen(u)Hen(v) =

1√
1− t2

exp

(
2tuv − t2(u2 + v2)

2(1− t2)

)
.

Multiplying both sides by ϕ(u)ϕ(v) gives

ϕ(u)ϕ(v)

∞∑
n=0

tn

n!
Hen(u)Hen(v) =

1

2π
√
1− t2

exp

(
−u

2 − 2tuv + v2

2(1− t2)

)
.

The right-hand side is precisely the density of a centered bivariate Gaussian vector with unit variances and correlation
coefficient t. Hence,

pU,V (u, v) = ϕ(u)ϕ(v)

∞∑
n=0

tn

n!
Hen(u)Hen(v).

Since
ψn(u)ψn(v) =

1

n!
Hen(u)Hen(v),

we obtain

pU,V (u, v) = ϕ(u)ϕ(v)

∞∑
n=0

tn ψn(u)ψn(v).

This proves the expansion for the standardized pair (U, V ).
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The expansion for (S, S′) follows by the change of variables

u =
s− µS
σS

, v =
s′ − µS′

σS′
,

whose Jacobian determinant is ∣∣∣∣det(1/σS 0
0 1/σS′

)∣∣∣∣ = 1

σSσS′
.

Therefore,

pS,S′(s, s′) =
1

σSσS′
pU,V

(
s− µS
σS

,
s′ − µS′

σS′

)
,

which gives (17).

Finally, since {ψn}n≥0 is an orthonormal basis of L2(ν),∫
R
ψm(z)ψn(z) ν(dz) = δmn.

Using the density expansion above,

E[ψm(U)ψn(V )] =

∫
R2

ψm(u)ψn(v)
pU,V (u, v)

ϕ(u)ϕ(v)
ν(du)ν(dv)

=

∫
R2

ψm(u)ψn(v)

( ∞∑
k=0

tkψk(u)ψk(v)

)
ν(du)ν(dv)

=

∞∑
k=0

tk
(∫

R
ψm(u)ψk(u) ν(du)

)(∫
R
ψn(v)ψk(v) ν(dv)

)

=

∞∑
k=0

tkδmkδnk

= tnδmn.

The interchange between summation and integration is justified, for |t| < 1, by the L2(ν ⊗ ν) convergence of

∞∑
k=0

tkψk ⊗ ψk,

since
∞∑
k=0

t2k <∞.

This completes the proof.

Proposition 1 (Hermite–Mehler expansion of a multivariate joint Gaussian density). Let

S = (S1, . . . , SdS ), S′ = (S′
1, . . . , S

′
dS )

be jointly Gaussian random vectors in RdS . Assume that the coordinate pairs (Si, S
′
i) are mutually independent across

i = 1, . . . , dS , and that each pair (Si, S′
i) is bivariate Gaussian with means µSi

, µS′
i
, variances σ2

Si
, σ2
S′
i
, and correlation

coefficient ti ∈ (−1, 1).

For each multi-index
n = (n1, . . . , ndS ) ∈ NdS0 ,

define the normalized multivariate probabilists’ Hermite polynomial

Ψn(x) =

dS∏
i=1

ψni
(xi), x = (x1, . . . , xdS ) ∈ RdS ,

1966



where
ψn(z) =

1√
n!
Hen(z).

For s, s′ ∈ RdS , define the standardized coordinates

ui =
si − µSi

σSi

, vi =
s′i − µS′

i

σS′
i

, i = 1, . . . , dS .

Then the joint density of (S,S′) admits the expansion

pS,S′(s, s′) = c exp

(
−1

2

(
‖u‖2 + ‖v‖2

)) ∑
n∈NdS

0

tn Ψn(u)Ψn(v), (18)

where

c = (2π)−dS
dS∏
i=1

1

σSiσS′
i

, tn =

dS∏
i=1

tni
i .

Equivalently, if

ϕdS (x) = (2π)−dS/2 exp

(
−1

2
‖x‖2

)
denotes the standard Gaussian density on RdS , then

pS,S′(s, s′) =

(
dS∏
i=1

1

σSi
σS′

i

)
ϕdS (u)ϕdS (v)

∑
n∈NdS

0

tn Ψn(u)Ψn(v). (19)

Proof. By the mutual independence of the coordinate pairs (Si, S′
i) across i = 1, . . . , dS , the joint density factorizes as

pS,S′(s, s′) =

dS∏
i=1

pSi,S′
i
(si, s

′
i).

For each coordinate pair, applying Lemma 7 gives

pSi,S′
i
(si, s

′
i) =

1

σSiσS′
i

ϕ(ui)ϕ(vi)

∞∑
ni=0

tni
i ψni(ui)ψni(vi),

where

ui =
si − µSi

σSi

, vi =
s′i − µS′

i

σS′
i

.

Therefore,

pS,S′(s, s′) =

dS∏
i=1

[
1

σSi
σS′

i

ϕ(ui)ϕ(vi)

∞∑
ni=0

tni
i ψni

(ui)ψni
(vi)

]

=

(
dS∏
i=1

1

σSiσS′
i

)(
dS∏
i=1

ϕ(ui)

)(
dS∏
i=1

ϕ(vi)

)

×
dS∏
i=1

[ ∞∑
ni=0

tni
i ψni

(ui)ψni
(vi)

]
.

Since
dS∏
i=1

ϕ(ui) = (2π)−dS/2 exp

(
−1

2
‖u‖2

)
,

1967



and analogously
dS∏
i=1

ϕ(vi) = (2π)−dS/2 exp

(
−1

2
‖v‖2

)
,

we obtain (
dS∏
i=1

ϕ(ui)

)(
dS∏
i=1

ϕ(vi)

)
= (2π)−dS exp

(
−1

2

(
‖u‖2 + ‖v‖2

))
.

Moreover, since the product is finite,

dS∏
i=1

[ ∞∑
ni=0

tni
i ψni

(ui)ψni
(vi)

]
=
∑

n∈NdS
0

dS∏
i=1

tni
i ψni

(ui)ψni
(vi).

Using

tn =

dS∏
i=1

tni
i

and

Ψn(u)Ψn(v) =

dS∏
i=1

ψni(ui)ψni(vi),

we get

pS,S′(s, s′) = (2π)−dS

(
dS∏
i=1

1

σSi
σS′

i

)
exp

(
−1

2

(
‖u‖2 + ‖v‖2

)) ∑
n∈NdS

0

tnΨn(u)Ψn(v).

This is exactly (18).

The convergence of the tensor-product expansion is inherited from the one-dimensional Mehler expansions. Equivalently,
the likelihood-ratio series converges in L2(ν⊗dS ⊗ ν⊗dS ), because

∑
n∈NdS

0

t2n =

dS∏
i=1

( ∞∑
ni=0

t2ni
i

)
=

dS∏
i=1

1

1− t2i
<∞.

This completes the proof.

C PROOF OF LEMMA 1

Proof of Lemma 1. Fix a pair of views 1 ≤ i < j ≤ N , and write

p := dSi , q := dSj , r := rij .

Under the Gaussian latent prior and the additive source model

si = Aic+ ϵi, sj = Ajc+ ϵj ,

the pair (si, sj) is jointly Gaussian. Moreover, by the mutual independence and standardization of c, ϵi, ϵj ,

E[si] = 0, E[sj ] = 0,

and

Cov(si) = AiA
⊤
i + Ip =: Σi,

Cov(sj) = AjA
⊤
j + Iq =: Σj ,

Cov(si, sj) = AiA
⊤
j .
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Thus the whitening matrices
Wi = Σ

−1/2
i , Wj = Σ

−1/2
j

are invertible, and the whitened source variables

zi := Wisi, zj := Wjsj

satisfy
Cov(zi) = Ip, Cov(zj) = Iq, Cov(zi, zj) = WiAiA

⊤
j W

⊤
j = Rij .

Now use the singular value decomposition

Rij = UijTijV
⊤
ij , Uij ∈ O(p), Vij ∈ O(q),

and define the canonical coordinates

u = U⊤
ijzi = U⊤

ijWisi, v = V⊤
ijzj = V⊤

ijWjsj .

Since (zi, zj) is jointly Gaussian and the above transformation is linear, (u,v) is also jointly Gaussian. Its covariance
blocks are

Cov(u) = Ip, Cov(v) = Iq,

and
Cov(u,v) = U⊤

ijRijVij = Tij .

Therefore

Cov

(
u
v

)
=

(
Ip Tij

T⊤
ij Iq

)
.

Because Tij is rectangular diagonal with nonzero diagonal entries

1 > tij,1 ≥ · · · ≥ tij,r > 0

and all remaining singular values equal to zero, the only nonzero cross-covariances between canonical coordinates are

Cov(uk, vk) = tij,k, k = 1, . . . , r.

Equivalently, after permuting coordinates as

(u1, v1, . . . , ur, vr, ur+1, . . . , up, vr+1, . . . , vq),

the covariance matrix is block diagonal:

r⊕
k=1

(
1 tij,k
tij,k 1

)
⊕ Ip−r ⊕ Iq−r.

For jointly Gaussian random variables, block-diagonal covariance is equivalent to independence across the corresponding
blocks. Hence the pairs (uk, vk), k = 1, . . . , r, and the remaining coordinates {um : m > r} and {vn : n > r}, are
mutually independent. Each (uk, vk) is a standardized bivariate Gaussian with correlation tij,k, whose density is

ϕtij,k(uk, vk) =
1

2π
√
1− t2ij,k

exp

(
−u

2
k − 2tij,kukvk + v2k

2(1− t2ij,k)

)
,

whereas each unpaired coordinate has the standard normal density ϕ. Consequently,

pu,v(u,v) =

r∏
k=1

ϕtij,k(uk, vk)

p∏
m=r+1

ϕ(um)

q∏
n=r+1

ϕ(vn).
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Substituting back p = dSi , q = dSj , and r = rij gives

pu,v(u,v) =

rij∏
k=1

ϕtij,k(uk, vk)︸ ︷︷ ︸
Kij(u[1:rij ],v[1:rij ])

dSi∏
m=rij+1

ϕ(um)

dSj∏
n=rij+1

ϕ(vn).

It remains to verify the stated change-of-variables identity. The inverse linear transformation is

si = W−1
i Uiju, sj = W−1

j Vijv.

Hence the absolute Jacobian determinant of the inverse map (u,v) 7→ (si, sj) is∣∣det(W−1
i Uij)

∣∣ ∣∣det(W−1
j Vij)

∣∣ = | detWi|−1| detWj |−1,

because Uij and Vij are orthogonal. Therefore, by the change-of-variables formula,

pu,v(u,v) = psi,sj
(
W−1

i Uiju,W
−1
j Vijv

)
· | detWi|−1| detWj |−1.

This proves both the change-of-variables identity and the claimed canonical factorization.

D PROOF OF LEMMA 2

Proof. Recall Lemma 7. The tensor-product basis is orthonormal since∫
Rr

Ψn(u)Ψm(u)ϕr(u) du =

r∏
k=1

∫
R
ψnk

(u)ψmk
(u)ϕ(u) du = δnm.

In canonical Gaussian coordinates, the pairs (Uk, Vk) are mutually independent standard bivariate Gaussian pairs with
correlations ρk. By the one-dimensional Mehler–Hermite expansion,

pUk,Vk
(uk, vk) = ϕ(uk)ϕ(vk)

∞∑
nk=0

ρnk

k ψnk
(uk)ψnk

(vk).

Hence

Kij(u,v) =
r∏

k=1

pUk,Vk
(uk, vk)

= ϕr(u)ϕr(v)

r∏
k=1

∞∑
nk=0

ρnk

k ψnk
(uk)ψnk

(vk)

= ϕr(u)ϕr(v)
∑
n∈Nr

0

(
r∏

k=1

ρnk

k

)
Ψn(u)Ψn(v).

This proves the claim. The expansion converges in L2(γr ⊗ γr) because∑
n∈Nr

0

t2n =

r∏
k=1

∞∑
nk=0

ρ2nk

k =

r∏
k=1

1

1− ρ2k
<∞.

E PROOF OF THEOREM 5.1

Proof of Theorem 5.1. Fix a pair of distinct views i 6= j and write r := rij = rank(AiA
⊤
j ). Throughout the proof we

work at the population level and assume dZ → ∞.
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Step 1: Reduce the problem to the source domain. Let h̃ℓ := f̃ℓ ◦ gℓ for ℓ ∈ {i, j}. By reparameterization invariance
(cf. Lemma 6), for any encoders f̃i, f̃j we have

Cov
(
f̃i(xi), f̃j(xj)

)
= Cov

(
h̃i(si), h̃j(sj)

)
, Cov

(
f̃ℓ(xℓ)

)
= Cov

(
h̃ℓ(sℓ)

)
,

and therefore optimizing the two-view term of Equation 2 over (f̃i, f̃j) is equivalent to optimizing it over (h̃i, h̃j). Since
(f̃⋆i , f̃

⋆
j ) is a whitened population maximizer, its source-domain counterpart (h̃⋆i , h̃

⋆
j ) satisfies

E[h̃⋆ℓ (sℓ)] = 0, Cov(h̃⋆ℓ (sℓ)) = I, ℓ ∈ {i, j}.

Thus the two-view population objective reduces to

Jij(h̃i, h̃j) :=
∥∥Cov(h̃i(si), h̃j(sj))∥∥∗.

Step 2: Canonical coordinates for the sources. Under Assumption 1 (Gaussian case), each (si, sj) is jointly Gaussian.
Let

Wi := Cov(si)
−1/2 = (AiA

⊤
i + I)−1/2, Wj := Cov(sj)

−1/2.

Define the normalized cross-covariance (cf. Equation 4)

Rij := Cov(Wisi,Wjsj) = WiAiA
⊤
j W

⊤
j ,

and take an SVD Rij = UijTijV
⊤
ij , where Tij is rectangular diagonal with singular values 1 > tij,1 ≥ · · · ≥ tij,r > 0

on its diagonal and zeros afterwards. Introduce canonical coordinates (cf. Equation 5)

u := U⊤
ijWisi, v := V⊤

ijWjsj .

Then Cov(u) = Cov(v) = I and Cov(u,v) = Tij . Moreover, by Lemma 1, the joint density factorizes so that only the
first r coordinate pairs (uk, vk) are correlated, while all remaining coordinates are independent standard normals.

Step 3: Hermite diagonalization of cross-view correlations. Let {ψn}n≥0 be the normalized univariate Hermite poly-
nomials. For n = (n1, . . . , nr) ∈ Nr define

Ψn(u) :=

r∏
k=1

ψnk
(uk), Ψn(v) :=

r∏
k=1

ψnk
(vk).

By Lemma 2 (Mehler–Hermite expansion) and orthonormality of Hermites, for all n,m ∈ Nr,

E[Ψn(u)Ψm(v)] = tn δnm, tn :=

r∏
k=1

tnk

ij,k. (20)

In particular, for the first-order multi-indices ek we have Ψek
(u) = ψ1(uk) = uk and Ψek

(v) = vk, with E[ukvk] = tij,k.

Step 4: Rewrite the CCA objective in coefficient form. Define the whitened source-domain maximizers as functions
of (u,v):

f̃⋆(u) := h̃⋆i (W
−1
i Uiju), g̃⋆(v) := h̃⋆j (W

−1
j Vijv).

These satisfy Cov(f̃⋆(u)) = Cov(g̃⋆(v)) = I. For each coordinate p ∈ [dZ ], expand the (mean-zero) component functions
in the orthonormal Hermite basis on the correlated coordinates:

f̃⋆p (u) =
∑
n ̸=0

αp,n Ψn(u), g̃⋆q (v) =
∑
n ̸=0

βq,n Ψn(v).

Let Ci := (αp,n)p,n and Cj := (βq,n)q,n denote the (possibly infinite) coefficient matrices whose rows collect the
coefficient vectors. Whitening implies row-orthonormality (cf. the whitening-induced canonicalization Equation 3):

CiC
⊤
i = I, CjC

⊤
j = I.

Using Equation 20, the cross-covariance of the whitened representations becomes

Σ̃⋆
ij := Cov(h̃⋆i (si), h̃

⋆
j (sj)) = Cov(f̃⋆(u), g̃⋆(v)) = CiDC⊤

j ,

where D := diag
(
(tn)n ̸=0

)
is diagonal (and trace-class since tij,k ∈ (0, 1) implies

∑
n ̸=0 tn <∞). Thus,

Jij(h̃
⋆
i , h̃

⋆
j ) = ‖Σ̃⋆

ij‖∗ = ‖CiDC⊤
j ‖∗.
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Step 5: Optimality and recovery of the linear canonical subspaces. We first upper bound ‖CiDC⊤
j ‖∗. Using nuclear

norm duality ‖M‖∗ = sup∥Q∥2≤1 tr(Q
⊤M), together with ‖Ci‖2 = ‖Cj‖2 = 1 (since they have orthonormal rows), we

have

‖CiDC⊤
j ‖∗ = sup

∥Q∥2≤1

tr
(
(C⊤

i QCj)
⊤D
)

≤ sup
∥H∥2≤1

tr(H⊤D) = ‖D‖∗ =
∑
n ̸=0

tn.

This upper bound is achievable in the limit dZ → ∞ by taking the representations to be (an enumeration of) the Hermite
basis itself, i.e., f̃(u) = (Ψn(u))n ̸=0 and g̃(v) = (Ψn(v))n ̸=0, for which Ci = Cj = I and hence Σ̃ij = D. Therefore
the population optimum equals ‖D‖∗, and any whitened population maximizer must achieve the same value.

At this point we invoke the standard CCA canonicalization convention: because the objective and whitening constraints are
invariant under within-view orthogonal post-transformations of the feature coordinates, we may choose an equivalent max-
imizer (within the unavoidable CCA orthogonal ambiguity) whose cross-covariance is diagonalized and whose coordinates
form a singular basis of the diagonal operator D (i.e., a basis of Hermite modes; see Equation 20). Under this canoni-
cal representative, the r first-order Hermite modes {Ψek

}rk=1 appear among the feature coordinates, and Ψek
(u) = uk,

Ψek
(v) = vk.

Let Pr be the coordinate-selection matrix that extracts exactly those r coordinates corresponding to {Ψek
}rk=1. Since the

extracted coordinates form an orthonormal basis of the linear subspace span{u1, . . . , ur} (resp. span{v1, . . . , vr}), there
exist Oi,Oj ∈ O(r) such that

Pr f̃
⋆(u) = Oi u[1 : r], Pr g̃

⋆(v) = Oj v[1 : r].

Finally, substituting back u = U⊤
ijWisi and v = V⊤

ijWjsj yields

Pr h̃
⋆
i (si) = OiUij(:, 1 : r)⊤Wisi, Pr h̃

⋆
j (sj) = Oj Vij(:, 1 : r)⊤Wjsj ,

which is exactly Equation 6.

Consequence (subspace identification). The right-hand sides lie in col(Uij(:, 1 : r)) = Ui|j and col(Vij(:, 1 : r)) =
Uj|i, respectively, and the only remaining ambiguity is the orthogonal mixing Oi,Oj inside these r-dimensional subspaces.
Hence the maximizers identify the whitened correlated subspaces up to orthogonal transformations.

F PROOF OF COROLLARY 1

Proof of Corollary 1. Fix a pair of views i 6= j and write r := rij and d := dZ , with d ≥ r. By reparameterization
invariance (Lemma 6), it suffices to analyze the source-domain problem: maximize the two-view CCA objective over
whitened mappings h̃i, h̃j with E[h̃ℓ] = 0 and Cov(h̃ℓ) = Id for ℓ ∈ {i, j}.

Let (u,v) be the canonical coordinates from Lemma 1,

u = U⊤
ijWisi, v = V⊤

ijWjsj ,

and denote u1:r := (u1, . . . , ur)
⊤ and v1:r := (v1, . . . , vr)

⊤. Let {Ψn}n∈Nr be the normalized multivariate Hermite basis
from Lemma 2, and define tn :=

∏r
k=1 t

nk

ij,k. (We always exclude n = 0 below, because mean-zero constraints remove the
constant mode.)

Step 1: Diagonal cross-moments in the Hermite basis. From Lemma 2 and the orthonormality of {Ψn} in L2(ϕ), we
obtain for any n,m ∈ Nr,

E[Ψn(u1:r)Ψm(v1:r)] =

∫
Ψn(u)Ψm(v)ϕ(u)ϕ(v)

∑
ℓ∈Nr

tℓΨℓ(u)Ψℓ(v) du dv

=
∑
ℓ∈Nr

tℓ

(∫
Ψn(u)Ψℓ(u)ϕ(u) du

)(∫
Ψm(v)Ψℓ(v)ϕ(v) dv

)
= tn δnm. (21)
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Step 2: Coefficient representation of feasible whitened maps. Let (h̃i, h̃j) be any feasible whitened pair in L2 with
output dimension d. Expand each coordinate in the orthonormal basis: for p, q ∈ [d],

h̃i,p(u1:r) =
∑
n ̸=0

ap,n Ψn(u1:r), h̃j,q(v1:r) =
∑
n ̸=0

bq,n Ψn(v1:r),

where n = 0 is absent because E[h̃i,p] = E[h̃j,q] = 0. Let A = [ap,n]p,n and B = [bq,n]q,n. By whitening-induced
canonicalization (Equation 3), the coefficient rows are orthonormal:

AA⊤ = Id, BB⊤ = Id. (22)

Using Equation 21, the cross-covariance matrix C := Cov(h̃i(u1:r), h̃j(v1:r)) satisfies

Cpq = E
[
h̃i,p(u1:r) h̃j,q(v1:r)

]
=
∑
n ̸=0

ap,n bq,n tn, ⇐⇒ C = ATB⊤, (23)

where T is diagonal with diagonal entries {tn}n ̸=0.

Step 3: A Ky Fan (nuclear-norm) upper bound. Let t(1) ≥ t(2) ≥ · · · be the nonincreasing rearrangement of {tn}n ̸=0.
Then for any A,B satisfying Equation 22,

‖C‖∗ = ‖ATB⊤‖∗ ≤
d∑
k=1

t(k). (24)

Indeed, by the Ky Fan variational characterization of the nuclear norm,

‖ATB⊤‖∗ = max
U,V∈O(d)

Tr
(
U⊤ATB⊤V

)
= max

U,V∈O(d)
Tr
(
(A⊤U)⊤T(B⊤V)

)
.

By Equation 22, both A⊤U and B⊤V have orthonormal columns, so the last quantity is bounded by the Ky Fan d-norm
of T, i.e.

∑d
k=1 σk(T) =

∑d
k=1 t(k), proving Equation 24. Moreover, the bound is achievable by choosing A,B to select

the d Hermite modes with largest tn.

Step 4: First-order dominance separates linear from higher-order modes. For any multi-index n 6= 0 with total
degree |n| :=

∑r
k=1 nk ≥ 2,

tn =

r∏
k=1

tnk

ij,k ≤ t
|n|
ij,1 ≤ t2ij,1,

since 0 ≤ tij,k ≤ tij,1 < 1. On the other hand, for the r first-order indices ek we have tek
= tij,k. If r ≥ 2, Assumption 2

gives tij,r > t2ij,1; if r = 1, the strict inequality tij,1 > t2ij,1 holds automatically because tij,1 ∈ (0, 1). Therefore,

tij,r > t2ij,1 ≥ tn ∀n 6= 0 with |n| ≥ 2.

Consequently, the r largest values among {tn}n ̸=0 are exactly {tij,1, . . . , tij,r}, attained by the first-order Hermite modes
{Ψe1

, . . . ,Ψer
} (which are linear functions of u1:r).

Step 5: Conclusion and explicit selector. Let (h̃⋆i , h̃
⋆
j ) be any population maximizer with finite d ≥ r and let C⋆ =

Cov(h̃⋆i , h̃
⋆
j ). By Equation 24 and attainability, the optimal value equals

∑d
k=1 t(k). By Step 4, the top r singular values

of the optimal correlation structure must therefore come from the first-order modes, and these modes are strictly separated
from all higher-order ones by the gap tij,r − t2ij,1 > 0.

Now use the post-orthogonal closure of the whitened class (Definition 2): take an SVD C⋆ = Qi diag(σ1, . . . , σd)Q
⊤
j

and replace h̃⋆i , h̃
⋆
j by Q⊤

i h̃
⋆
i and Q⊤

j h̃
⋆
j . This produces another maximizer (same objective value) whose cross-covariance

is diagonal with σ1 ≥ · · · ≥ σd. By Step 4 and d ≥ r, the first r diagonal entries correspond to the first-order Hermite
subspaces, hence there exist Oi,Oj ∈ O(r) such that, P -a.s.,

Pr h̃
⋆
i (si) = Oi u1:r, Pr h̃

⋆
j (sj) = Oj v1:r,

with the explicit selector
Pr := [Ir 0] ∈ Rr×d.

Finally, substituting u1:r = Uij(:, 1 : r)
⊤Wisi and v1:r = Vij(:, 1 : r)

⊤Wjsj yields exactly Equation 6 with Prij =
Pr.
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G PROOF OF THEOREM 5.2

Proof of Theorem 5.2. We work entirely in the source domain using the induced whitened mappings

h̃i := f̃i ◦ gi, i ∈ [N ].

By reparameterization invariance (Lemma 6), optimizing Equation 2 over {f̃i} is equivalent to optimizing it over {h̃i}, and
each h̃i satisfies

E[h̃i(si)] = 0, Cov(h̃i(si)) = I.

Define the pairwise objectives

Jij(h̃i, h̃j) :=
∥∥∥Cov(h̃i(si), h̃j(sj))∥∥∥

∗
, 1 ≤ i < j ≤ N,

so that
J(h̃1, . . . , h̃N ) =

∑
1≤i<j≤N

Jij(h̃i, h̃j).

Step 1: Pairwise optimality of a multi-view maximizer.

Let
Mij := sup

h̃i, h̃j whitened
Jij(h̃i, h̃j)

be the two-view population optimum (with dZ → ∞). For any feasible collection,

J(h̃1, . . . , h̃N ) ≤
∑
i<j

Mij .

Under item 1.2, by the canonical factorization (Lemma 1) and the Mehler–Hermite expansion (Lemma 2), the cross-
covariance operator between two views admits a diagonal spectral decomposition in the multivariate Hermite basis, with
singular values {tn}. The corresponding singular functions achieve

Jij =
∑
n

tn =Mij .

Thus the upper bound
∑
i<jMij is attainable.

Therefore, if {h̃⋆i }Ni=1 is a global maximizer of J , we must have

Jij(h̃
⋆
i , h̃

⋆
j ) =Mij , ∀ 1 ≤ i < j ≤ N. (25)

Hence every pair (h̃⋆i , h̃
⋆
j ) is a two-view population maximizer.

Step 2: Apply two-view subspace identifiability.

Fix i 6= j and let rij = rank(AiA
⊤
j ). By Theorem 5.1, there exists Oi|j ∈ O(rij) and a selection matrix P

(i|j)
rij such that

P(i|j)
rij h̃⋆i (si) = Oi|jUij(:, 1 : rij)

⊤Wisi. (26)

Thus, for each fixed i and every j 6= i, the representation contains an rij-dimensional block identifying the pairwise
correlated subspace Ui|j .

Step 3: Extract the multi-view intersection.

By Definition 1,
Umv
i =

⋂
j ̸=i

Ui|j , ri = dim(Umv
i ).

Let Umv
i ∈ RdSi

×ri be an orthonormal basis of Umv
i .
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Since Umv
i ⊆ Ui|j0 for any fixed j0 6= i, there exists Bi ∈ Rrij0×ri with orthonormal columns such that

Umv
i = Uij0(:, 1 : rij0)Bi.

Multiplying Equation 26 (on pair (i, j0)) by B⊤
i O

⊤
i|j0 gives

B⊤
i O

⊤
i|j0P

(i|j0)
rij0

h̃⋆i (si) = (Umv
i )⊤Wisi.

Define
Pri := B⊤

i O
⊤
i|j0P

(i|j0)
rij0

∈ Rri×dZ .
Then

Pri h̃
⋆
i (si) = (Umv

i )⊤Wisi. (27)

Since Umv
i is defined only up to an orthogonal change of basis, absorbing that change into Oi ∈ O(ri) yields

Pri h̃
⋆
i (si) = Oi(U

mv
i )⊤Wisi.

Conclusion.

Equation 7 holds for every i ∈ [N ]. Hence the multi-view population maximizers identify the jointly correlated subspaces
Umv
i up to view-specific orthogonal transformations.

H PROOF OF COROLLARY 2

Proof of Corollary 2. Fix an arbitrary i ∈ [N ]. Recall that Pi|j and P̂i|j denote the orthogonal projectors onto Ui|j and
Ûi|j , respectively, and

Si :=
1

N − 1

∑
j ̸=i

Pi|j , Ŝi :=
1

N − 1

∑
j ̸=i

P̂i|j .

Step 1: Spectral characterization of Umv
i . We first show that Umv

i =
⋂
j ̸=i Ui|j coincides with the eigenspace of Si

associated with eigenvalue 1.

(⊆) If v ∈ Umv
i , then Pi|jv = v for all j 6= i, hence

Siv =
1

N − 1

∑
j ̸=i

Pi|jv =
1

N − 1

∑
j ̸=i

v = v,

so v lies in the 1-eigenspace of Si.

(⊇) Conversely, suppose Siv = v. Taking inner products,

‖v‖22 = v⊤Siv =
1

N − 1

∑
j ̸=i

v⊤Pi|jv =
1

N − 1

∑
j ̸=i

‖Pi|jv‖22. (28)

Since Pi|j is an orthogonal projector, ‖Pi|jv‖2 ≤ ‖v‖2 for every j. Thus the average in Equation 28 can equal ‖v‖22 only
if ‖Pi|jv‖2 = ‖v‖2 for all j 6= i, which forces Pi|jv = v for all j 6= i. Hence v ∈

⋂
j ̸=i Ui|j = Umv

i .

Therefore, the 1-eigenspace of Si is exactly Umv
i . In particular, if ri = dim(Umv

i ), then λ1(Si) = · · · = λri(Si) = 1 and

Γi := 1− λri+1(Si) = λri(Si)− λri+1(Si) > 0.

Step 2: Davis–Kahan for the first inequality. Both Si and Ŝi are symmetric. Let Umv
i be the invariant subspace of Si

corresponding to the eigenvalue cluster at 1 (multiplicity ri), and let Ûmv
i be the top-ri eigenspace of Ŝi. By the Davis–

Kahan sinΘ theorem for symmetric matrices applied to the eigen-gap Γi = λri(Si)− λri+1(Si),∥∥ sinΘ(Ûmv
i ,Umv

i )
∥∥
2

≤ ‖Ŝi − Si‖2
Γi

,

which is the first displayed inequality.
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Step 3: Bounding ‖Ŝi − Si‖2 by pairwise errors. By linearity and the triangle inequality,

‖Ŝi − Si‖2 =

∥∥∥∥∥∥ 1

N − 1

∑
j ̸=i

(
P̂i|j −Pi|j

)∥∥∥∥∥∥
2

≤ 1

N − 1

∑
j ̸=i

‖P̂i|j −Pi|j‖2 ≤ max
j ̸=i

‖P̂i|j −Pi|j‖2.

It remains to relate projector error to principal-angle error. Fix j 6= i and let U, Û be orthonormal basis matrices for Ui|j
and Ûi|j , respectively, so that P := UU⊤ and P̂ := ÛÛ⊤. Use the identity

P̂−P = (I−P)P̂−P(I− P̂),

hence
‖P̂−P‖2 ≤ ‖(I−P)P̂‖2 + ‖P(I− P̂)‖2.

Since P̂ is a projector onto col(Û),

‖(I−P)P̂‖2 = ‖(I−P)Û‖2 = ‖ sinΘ(Ûi|j ,Ui|j)‖2,

and similarly
‖P(I− P̂)‖2 = ‖(I− P̂)U‖2 = ‖ sinΘ(Ûi|j ,Ui|j)‖2.

Therefore,
‖P̂i|j −Pi|j‖2 ≤ 2 ‖ sinΘ(Ûi|j ,Ui|j)‖2.

Taking the maximum over j 6= i and combining with the previous display yields

‖Ŝi − Si‖2 ≤ 2max
j ̸=i

‖ sinΘ(Ûi|j ,Ui|j)‖2.

Plugging this into Step 2 proves the second displayed inequality:

∥∥ sinΘ(Ûmv
i ,Umv

i )
∥∥
2
≤ ‖Ŝi − Si‖2

Γi
≤ 2

Γi
max
j ̸=i

‖ sinΘ(Ûi|j ,Ui|j)‖2.

Step 4: OP(n
−1/2) consistency. By Theorem 5.3, ‖R̂ij −Rij‖2 = OP(n

−1/2) uniformly over pairs, and on the event
‖R̂ij −Rij‖2 ≤ ∆ij/2,

‖ sinΘ(Ûi|j ,Ui|j)‖2 ≤ 2‖R̂ij −Rij‖2
∆ij

= OP(n
−1/2),

with constants governed by ∆ij . Substituting into the inequality proved above shows that

‖ sinΘ(Ûmv
i ,Umv

i )‖2 = OP(n
−1/2),

with the pre-constant depending on Γ−1
i and {∆−1

ij }j ̸=i, as claimed.

I PROOF OF THEOREM 5.3

Lemma 8 (Sub-Gaussian Covariance Concentration). Let {y(t)}nt=1 be i.i.d. centered sub-Gaussian random vectors in
Rm with covariance Σ, satisfying E exp

(
(v⊤y(1))2/(K2v⊤Σv)

)
≤ 2 for all v ∈ Sm−1. For the empirical covariance

Σ̂ := 1
n

∑n
t=1 y

(t)y(t)⊤ and any δ ∈ (0, 1), it holds with probability at least 1− δ that:

∥∥Σ̂−Σ
∥∥
2
≤ cK2‖Σ‖2

(√
m+ log(2/δ)

n
+
m+ log(2/δ)

n

)
,

for a universal constant c > 0.
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Proof of Theorem 5.3. Fix d := dZ and δ ∈ (0, 1). Recall the population-whitened representations

z̃i := Σ
−1/2
ii

(
zi − E[zi]

)
, Cov(z̃i) = Id,

and note that the population normalized cross-covariance is precisely

Rij = Σ
−1/2
ii ΣijΣ

−1/2
jj = Cov(z̃i, z̃j).

Throughout the proof, we work in these population-whitened coordinates (i.e., we replace z̃i by zi for notational simplicity).
Thus we may assume

E[zi] = 0, Cov(zi) = Id, Rij = Cov(zi, zj). (29)

The empirical (cross-)covariances are defined as in the main text,

Σ̂ij :=
1

n

n∑
t=1

(z
(t)
i − z̄i)(z

(t)
j − z̄j)

⊤, R̂ij := Σ̂
−1/2
ii Σ̂ijΣ̂

−1/2
jj .

Step 1: sub-Gaussian concentration for pairwise (cross-)covariances. Fix a pair 1 ≤ i < j ≤ N and define the
stacked vector

y(t) :=

[
z
(t)
i

z
(t)
j

]
∈ R2d.

Let v = [v⊤
1 ,v

⊤
2 ]

⊤ ∈ S2d−1. By the triangle inequality for the Orlicz ψ2 norm and Assumption 3,

‖v⊤y(t)‖ψ2 = ‖v⊤
1 z

(t)
i + v⊤

2 z
(t)
j ‖ψ2 ≤ ‖v⊤

1 z
(t)
i ‖ψ2 + ‖v⊤

2 z
(t)
j ‖ψ2 ≤ κ(‖v1‖2 + ‖v2‖2) ≤

√
2κ.

Hence y(t) is sub-Gaussian in R2d with parameter ≲ κ. Its population covariance is the block matrix

Σy := Cov(y(1)) =

(
Id Rij

R⊤
ij Id

)
.

Moreover, ‖Rij‖2 ≤ 1 by Cauchy–Schwarz: for any unit a,b,

|a⊤Rijb| =
∣∣E[(a⊤zi)(b⊤zj)]

∣∣ ≤√E(a⊤zi)2
√
E(b⊤zj)2 = 1,

so ‖Σy‖2 ≤ 2.

Define the uncentered empirical covariance Σ̃y := 1
n

∑n
t=1 y

(t)y(t)⊤ and the centered one Σ̂y := 1
n

∑n
t=1(y

(t) −
ȳ)(y(t) − ȳ)⊤ = Σ̃y − ȳȳ⊤. Applying Lemma 8 to {y(t)}nt=1 (with m = 2d and K � κ) yields that, with probabil-
ity at least 1− δij/2, ∥∥Σ̃y −Σy

∥∥
2
≤ c1κ

2

(√
2d+ log(4/δij)

n
+

2d+ log(4/δij)

n

)
, (30)

for a universal constant c1 > 0.

We also need to control the mean correction term ȳȳ⊤. By standard sub-Gaussian mean concentration (e.g., Vershynin,
2018), with probability at least 1− δij/2,

‖ȳ‖2 ≤ c2κ

√
2d+ log(2/δij)

n
, (31)

for a universal c2 > 0, hence ‖ȳȳ⊤‖2 = ‖ȳ‖22 ≤ c22κ
2 2d+log(2/δij)

n . Combining Equation 30–Equation 31 and absorbing
the quadratic term into the square-root term (and using a larger universal constant when the square-root term exceeds 1),
we obtain that with probability at least 1− δij ,∥∥Σ̂y −Σy

∥∥
2
≤ c3κ

2

√
2d+ log(4/δij)

n
, (32)

for a universal c3 > 0.

Since each block of Σ̂y −Σy is a submatrix of the full difference, we have (on the same event)

‖Σ̂ii − I‖2 ≤ εij , ‖Σ̂jj − I‖2 ≤ εij , ‖Σ̂ij −Rij‖2 ≤ εij , (33)

where

εij := c3κ
2

√
2d+ log(4/δij)

n
.
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Step 2: control of empirical whitening matrices. Assume εij < 1. Then Weyl’s inequality gives λmin(Σ̂ii) ≥ 1−εij >
0 and similarly for j, so Σ̂

−1/2
ii and Σ̂

−1/2
jj exist. Moreover, all eigenvalues of Σ̂ii lie in [1 − εij , 1 + εij ], hence those of

Σ̂
−1/2
ii lie in [(1 + εij)

−1/2, (1− εij)
−1/2], and therefore

‖Σ̂−1/2
ii ‖2 ≤ (1− εij)

−1/2, ‖Σ̂−1/2
ii − I‖2 ≤ (1− εij)

−1/2 − 1 ≤ εij
1− εij

. (34)

The same bounds hold for Σ̂−1/2
jj .

Step 3: concentration of R̂ij . Write Ai := Σ̂
−1/2
ii and Aj := Σ̂

−1/2
jj . Then R̂ij = AiΣ̂ijAj and

R̂ij −Rij = Ai(Σ̂ij −Rij)Aj +
(
AiRijAj −Rij

)
.

Using ‖Rij‖2 ≤ 1, the triangle inequality, and Equation 34, on the event εij ≤ 1/2 we obtain

‖R̂ij −Rij‖2 ≤ ‖Ai‖2 ‖Σ̂ij −Rij‖2 ‖Aj‖2 + ‖(Ai − I)RijAj‖2 + ‖Rij(Aj − I)‖2
≤ (1− εij)

−1εij + ‖Ai − I‖2‖Aj‖2 + ‖Aj − I‖2
≤ 2εij + 2εij

√
2 + 2εij ≤ 7 εij .

If εij > 1/2, then the desired bound is trivial after enlarging constants, because both ‖R̂ij‖2 ≤ 1 and ‖Rij‖2 ≤ 1

(immediate from Cauchy–Schwarz on the empirical and population distributions), so ‖R̂ij −Rij‖2 ≤ 2.

Step 4: union bound over all pairs. Set δij := δ/N2 and take a union bound over all
(
N
2

)
≤ N2/2 pairs. Using

2d+ log(4/δij) = 2d+ log(4N2/δ) ≲ d+ log(N/δ) and absorbing constants, we conclude that with probability at least
1− δ, simultaneously for all 1 ≤ i < j ≤ N ,

‖R̂ij −Rij‖2 ≤ C κ2
√
d+ log(N/δ)

n
,

for a universal constant C > 0. This proves Equation 9.

Step 5: subspace perturbation bound (Wedin). Fix i < j and let E := R̂ij −Rij . Let r := rij and let Ui|j (resp. Ûi|j)
be the rank-r left singular subspace of Rij (resp. R̂ij). Let ∆ij := σr(Rij) − σr+1(Rij) > 0. By Weyl’s inequality, for
all k, |σk(R̂ij)− σk(Rij)| ≤ ‖E‖2. Hence on the event ‖E‖2 ≤ ∆ij/2,

σr(R̂ij)− σr+1(R̂ij) ≥
(
σr(Rij)− ‖E‖2

)
−
(
σr+1(Rij) + ‖E‖2

)
= ∆ij − 2‖E‖2 ≥ ∆ij/2.

Wedin’s sinΘ theorem for singular subspaces then gives

‖ sinΘ(Ûi|j ,Ui|j)‖2 ≤ ‖E‖2
∆ij/2

=
2‖R̂ij −Rij‖2

∆ij
,

which is Equation 10. Applying the same argument to R̂⊤
ij and R⊤

ij yields the identical bound for the right singular subspace
Ûj|i.

J PROOF OF ADDITIONAL LATENT PRIORS

The Gaussian proof relies on the canonical Gaussian factorization in Lemma 1 and the Mehler–Hermite expansion in
Lemma 2. For the additional latent priors considered in the experiments, the same argument applies after replacing the
Hermite system by the corresponding Lancaster orthogonal-polynomial system [Lancaster, 1958, Eagleson, 1964]. We
state this extension at the level needed for the subspace-identifiability results.

Remark 5 (Scope of the non-Gaussian extension). For non-Gaussian priors, the statement below should be read as an admis-
sible pairwise Lancaster condition in the canonical coordinates. Unlike the Gaussian case, arbitrary real-valued whitening
and orthogonal canonicalization do not in general preserve Poisson, negative-binomial, Gamma, or hypergeometric product
structure. Thus the extension requires that, for each pair of views, the canonical source coordinates themselves admit the
Lancaster expansion below.
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Assumption 5 (Pairwise Lancaster canonical coordinates). Fix 1 ≤ i < j ≤ N , write r := rij , and define the canonical
coordinates as in Equation 5,

u = U⊤
ijWisi, v = V⊤

ijWjsj .

For each correlated coordinate k ∈ [r], assume that the pair (uk, vk) has a bivariate Lancaster law with common standard-
ized marginal νij,k, orthonormal polynomial basis

{ψij,k,n}n∈Iij,k ⊂ L2(νij,k), ψij,k,0 ≡ 1, ψij,k,1(x) = x,

and Lancaster coefficients {λij,k,n}n∈Iij,k , with λij,k,0 = 1, such that

dPuk,vk(a, b) =

 ∑
n∈Iij,k

λij,k,n ψij,k,n(a)ψij,k,n(b)

 dνij,k(a)dνij,k(b). (35)

Assume further that the correlated coordinate pairs {(uk, vk)}rk=1 are mutually independent, and that all coordinates with
index larger than r are cross-view independent. For the infinite-dimensional statement, assume the resulting diagonal
operator is trace-class: ∑

n ̸=0

|λij,n| <∞.

For a multi-index n = (n1, . . . , nr) ∈ Iij :=
∏r
k=1 Iij,k, define

Ψij,n(u) :=

r∏
k=1

ψij,k,nk
(uk), Ψij,n(v) :=

r∏
k=1

ψij,k,nk
(vk),

and

λij,n :=

r∏
k=1

λij,k,nk
.

The constant mode n = 0 is omitted below because the representations are centered.

Lemma 9 (Lancaster diagonalization of pairwise correlations). Under Assumption 5, the tensor-product basis
{Ψij,n}n∈Iij

is orthonormal, and for all m,n ∈ Iij ,

E[Ψij,m(u)Ψij,n(v)] = λij,nδmn. (36)

Proof sketch. The tensor-product basis is orthonormal by independence across canonical coordinates and by the one-
dimensional orthonormality of each {ψij,k,n}n∈Iij,k . Multiplying the scalar Lancaster expansions in (35) over k = 1, . . . , r
gives the product expansion of the joint law of (u[1 : r],v[1 : r]). Integrating Ψij,m(u)Ψij,n(v) against this product ex-
pansion and using orthonormality in each coordinate leaves only the diagonal term m = n, yielding (36).

Proposition 2 (Two-view subspace recovery under Lancaster priors). Fix 1 ≤ i < j ≤ N and suppose Assumption 5 holds
for this pair. Let (h̃i, h̃j) be any feasible whitened source-domain representation pair. Expanding each coordinate in the
Lancaster tensor basis gives

h̃i,p(u) =
∑
n ̸=0

ap,nΨij,n(u), h̃j,q(v) =
∑
n ̸=0

bq,nΨij,n(v).

Let
A = (ap,n)p,n, B = (bq,n)q,n, Dij := diag

(
(λij,n)n ̸=0

)
.

Then whitening implies
AA⊤ = I, BB⊤ = I,

and the whitened pairwise cross-covariance diagonalizes as

Cov
(
h̃i(si), h̃j(sj)

)
= ADijB

⊤. (37)
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Consequently, the pairwise CCA objective selects the largest absolute Lancaster coefficients.

If, in addition, the first-order coefficients satisfy the dominance condition

min
k∈[r]

|λij,k,1| > sup
n∈Iij\{0}

n/∈{e1,...,er}

|λij,n|, (38)

then the leading r selected modes are exactly the first-order modes Ψij,ek
, k ∈ [r]. Since Ψij,ek

(u) = uk and Ψij,ek
(v) =

vk, the conclusion of Theorem 5.1 holds with the Hermite modes replaced by the first-order Lancaster modes. In particular,
there exist orthogonal matrices Oi,Oj ∈ O(r) such that

Prh̃
⋆
i (si) = OiUij(:, 1 : r)⊤Wisi, Prh̃

⋆
j (sj) = OjVij(:, 1 : r)⊤Wjsj ,

up to the same CCA post-orthogonal ambiguity as in Theorem 5.1.

Proof sketch. By reparameterization invariance (Lemma 6), it suffices to work in the source domain. After expanding the
centered whitened maps in the orthonormal Lancaster tensor basis, whitening gives row-orthonormal coefficient matrices
AA⊤ = I and BB⊤ = I, exactly as in Equation 3. Using Lemma 9, the pairwise cross-covariance takes the diagonal
coefficient form (37).

The nuclear-norm CCA objective is therefore bounded by the Ky Fan norm of the diagonal operator Dij , and this bound is
achieved by selecting the diagonal modes with largest absolute coefficients. Under (38), the leading r coefficients are pre-
cisely those indexed by e1, . . . , er. These first-order basis functions are the standardized canonical coordinates themselves.
Hence the selected coordinates span

span(u1, . . . , ur) = span
(
Uij(:, 1 : r)⊤Wisi

)
and analogously for view j. The remaining ambiguity is only an orthogonal transformation inside the selected r-
dimensional block, which proves pairwise correlated subspace recovery.

Corollary 3 (Multi-view extension under Lancaster priors). Suppose Assumption 5 and (38) hold for every pair 1 ≤ i <
j ≤ N . Then the multi-view generalized CCA maximizer identifies the jointly correlated subspace

Umv
i =

⋂
j ̸=i

Ui|j

in the sense of Theorem 5.2.

Proof sketch. The generalized objective in Equation 2 is the sum of pairwise nuclear-norm CCA objectives. The pairwise
Lancaster argument above gives the same pairwise saturation property used in the proof of Theorem 5.2: every globally
optimal multi-view solution must be pairwise optimal for each view pair. Applying Proposition 2 to every pair yields the
collection of pairwise subspaces {Ui|j : j 6= i}. Intersecting these subspaces gives the jointly correlated subspace Umv

i ,
exactly as in Definition 1.

Poisson prior. For a raw Poisson marginal X ∼ Poisson(λ),

ν(x) = e−λ
λx

x!
, x ∈ N0.

The corresponding orthogonal polynomials are the Charlier polynomials. The first-degree normalized polynomial is

ψ1(x) =
x− λ√

λ
.

Thus, after standardization, the first-degree Lancaster mode is the canonical coordinate itself. Under (38), CCA therefore
selects the Poisson first-order modes before any higher-order Charlier modes, yielding the same pairwise and multi-view
subspace recovery claims as above.
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Negative-binomial prior. Using the convention

ν(x) =

(
r + x− 1

x

)
pr(1− p)x, x ∈ N0, 0 < p < 1,

the associated orthogonal polynomials are the Meixner polynomials. The mean and variance are

µ =
r(1− p)

p
, σ2 =

r(1− p)

p2
,

so the first-degree normalized polynomial is

ψ1(x) =
x− µ

σ
.

Hence the first-order Meixner modes are affine in the latent coordinate. Once (38) excludes higher-degree Meixner modes,
the proof of Proposition 2 applies verbatim.

Hypergeometric prior. For X ∼ Hypergeometric(N,K, n),

ν(x) =

(
K
x

)(
N−K
n−x

)(
N
n

) , x = max{0, n− (N −K)}, . . . ,min{n,K}.

The associated orthogonal polynomials are the Hahn polynomials. Since the support is finite, the polynomial system has
finite maximal degree. The mean and variance are

µ = n
K

N
, σ2 = n

K

N

(
1− K

N

)
N − n

N − 1
,

and
ψ1(x) =

x− µ

σ
.

The Lancaster diagonalization is therefore finite-dimensional in this case. The sign of the degree-one coefficient may be
negative, e.g. under sampling-without-replacement dependence, but the CCA objective uses singular values; hence only
|λij,k,1| matters, and the sign is absorbed into the orthogonal ambiguity.

Gamma prior. For X ∼ Gamma(k, θ),

dν(x) =
1

Γ(k)θk
xk−1e−x/θ1(0,∞)(x) dx.

The corresponding orthogonal polynomials are the generalized Laguerre polynomials L(k−1)
m (x/θ). The mean and variance

are
µ = kθ, σ2 = kθ2,

so
ψ1(x) =

x− kθ√
kθ

.

Thus the first-degree Laguerre mode is affine in the raw Gamma coordinate and equals the coordinate itself after standard-
ization. Under (38), the CCA optimum selects these first-order Laguerre modes before all higher-order modes, giving the
same subspace-identifiability conclusion.

K ADDITIONAL EXPERIMENTAL RESULTS
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Table 4: Comparison of the mean and maximum principal angles (PAmean, PAmax) on synthetic data (dSi
= dZ = 5, ∀i ∈

[3]) under Poisson distribution (pϕ).

Methods f̃1 f̃2 f̃3

PAmean PAmax PAmean PAmax PAmean PAmax

BarlowTwins 34.47 ±0.20 86.87 ±1.10 31.68 ±0.16 82.34 ±0.90 33.07 ±0.29 84.62 ±0.86
InfoNCE 5.12 ±0.13 6.93 ±0.46 4.40 ±0.12 7.78 ±0.24 5.92 ±0.06 8.03 ±0.33
W-MSE 4.70 ±0.09 7.50 ±0.45 4.49 ±0.02 7.52 ±0.77 5.02 ±0.04 8.82 ±0.32
GCCA 5.00 ±0.15 6.98 ±0.37 5.50 ±0.10 8.03 ±0.39 3.87 ±0.01 7.72 ±0.62

Table 5: Comparison of the mean and maximum principal angles (PAmean, PAmax) on synthetic data (dSi
= dZ = 5, ∀i ∈

[3]) under negative binomial distribution (pϕ).

Methods f̃1 f̃2 f̃3

PAmean PAmax PAmean PAmax PAmean PAmax

BarlowTwins 34.42 ±0.19 86.24 ±1.00 32.31 ±0.30 79.76 ±0.86 33.56 ±0.42 84.23 ±0.94
InfoNCE 3.98 ±0.06 9.15 ±0.66 5.49 ±0.21 7.54 ±0.28 4.21 ±0.07 8.38 ±0.57
W-MSE 4.13 ±0.11 6.84 ±0.34 5.76 ±0.08 8.22 ±0.67 5.00 ±0.17 8.48 ±0.49
GCCA 4.89 ±0.14 8.00 ±0.42 6.18 ±0.31 8.26 ±0.26 6.55 ±0.09 8.17 ±0.40

Table 6: Comparison of the mean and maximum principal angles (PAmean, PAmax) on synthetic data (dSi = dZ = 5, ∀i ∈
[3]) under Gamma distribution (pϕ).

Methods f̃1 f̃2 f̃3

PAmean PAmax PAmean PAmax PAmean PAmax

BarlowTwins 33.81±0.07 86.63±0.95 32.88±0.21 80.63±0.66 33.83±0.21 84.90±0.85
InfoNCE 3.54±0.15 8.49±0.54 5.59±0.01 9.81±0.35 5.13±0.15 6.05±0.64
W-MSE 5.12±0.01 8.05±0.68 4.74±0.01 7.83±0.62 4.59±0.01 9.08±0.52
GCCA 4.85±0.04 8.02±0.31 4.97±0.09 9.15±0.30 5.58±0.23 7.44±0.53

Table 7: Comparison of the mean and maximum principal angles (PAmean, PAmax) on synthetic data (dSi = dZ = 5, ∀i ∈
[3]) under Gaussian prior (pϕ).

Methods f̃1 f̃2 f̃3

PAmean PAmax PAmean PAmax PAmean PAmax

BarlowTwins 34.05±0.28 85.39±0.88 31.78±0.39 82.21±0.80 33.94±0.26 84.21±0.83
InfoNCE 4.20±0.05 8.26±0.34 5.87±0.09 8.30±0.35 6.00±0.06 7.85±0.54
W-MSE 5.08±0.16 8.37±0.42 5.76±0.04 7.31±0.45 5.07±0.01 8.77±0.47
GCCA 4.63±0.01 7.87±0.41 5.59±0.01 9.45±0.36 4.08±0.22 8.91±0.60
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