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Abstract

We study constraint-based structure learning of
Markov networks and Bayesian networks in the
presence of an unreliable conditional independence
oracle that makes at most a bounded number of er-
rors. For Markov networks, we observe that a low
maximum number of vertex-wise disjoint paths
implies that the structure is uniquely identifiable
even if the number of errors is (moderately) ex-
ponential in the number of vertices. For Bayesian
networks, however, we prove that one cannot tol-
erate any errors to always identify the structure
even when many commonly used graph parame-
ters like treewidth are bounded. Finally, we give
algorithms for structure learning when the struc-
ture is uniquely identifiable.

1 INTRODUCTION

Probabilistic graphical models are used to represent joint
distributions of several random variables. Typically, they
consist of two parts that are a graphical structure expressing
how the distribution factorizes and parameters specifying
the distribution. There are several different types of proba-
bilistic graphical models, among which this work concen-
trates on two commonly used models: Markov networks
and Bayesian networks. The graph structure in a Markov
network is an undirected graph and in a Bayesian network
it is a directed acyclic graph (DAG).

Both Markov and Bayesian networks are often learned from
data, with the present work focusing on the constraint-based
approach to learning. There, one conducts conditional inde-
pendence tests and constructs a graph that expresses condi-
tional independencies that match the test results. After one
has learned the structure, the (distribution of) parameters
can be estimated [Koller and Friedmanl 2009, Ch. 17]. We
focus on structure learning aspect of the problem.

Typically, constraint-based structure learning algorithms
such as the PC algorithm [Spirtes and Glymour}, |[1991] are
guaranteed to find the correct graph if certain assumptions
hold. To make sure that a correct graph exists, one assumes
that the data was generated from a distribution that is faithful
to an undirected graph or a DAG for Markov and Bayesian
networks, respectively. Another crucial assumption is that
conditional independence tests always yield correct results.
In other words, one assumes that there is infinite amount of
data or one equivalently has access to a conditional indepen-
dence oracle.

In practice, conditional independence is evaluated with sta-
tistical tests on data. This leads to occasional errors and
theoretical guarantees do not hold in practice. Motivated by
this, we study theoretical properties of structure learning
in a relaxed setting when we only have access to an unreli-
able oracle, that is, the oracle might make a small bounded
number of errors. We are then interested in how many errors
the oracle can be allowed to make if we want to be guaran-
teed to recover the hidden graph and how this affects the
computational complexity of structure learning.

Our first observation is that the number of allowed errors
depends on the structure of the hidden graph. To this end,
we introduce a property called k-identifiability. If a graph
(in case of Markov networks) or a Markov equivalence class
(in case of Bayesian networks) is k-identifiable then it can
be identified uniquely given any oracle which makes at
most k errors. We show that Markov networks with small
maximum pairwise connectivity [Korhonen et al.| 2024 are
k-identifiable even when k is exponential in the number of
vertices (Theorem [I). The same does not hold for Bayesian
networks; we rule out the possibility of bounding the number
of errors by many graph parameters that have turned out to
be useful in other situations (Section [3.1.2). We also notice
that computing exact k seems difficult in general but are
able to provide results for graphs whose structure is a chain
(Theorem 2] and Theorem [3).

Finally, we study structure learning with an unreliable or-
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Figure 1: A Markov network G on five vertices and its
conditional independencies. Conditional dependencies are
omitted from the figure. One can verify that any other graph
has separation distance of at least 3 to GG, and thus G is
1-identifiable, that is, it can be uniquely identified when the
oracle makes at most 1 error.

acle. We show that the structure of a Markov network can
be found in time n2%*+O() . 2" where n is the number of
vertices (Theorem [4) and the structure of a Bayesian net-
work in time 2k +OM 2n(k+O0M) (Theorem ). In contrast,
Markov networks can be learned with O(n?) queries and in
polynomial time with an error-free oracle. Constraint-based
structure learning for Bayesian networks is NP-hard even
with an error-free oracle [Bouckaertl|1994]]. We further show
that, in the worst case, one needs to query all the possible
(’2‘) 27~2 conditional independence tests even when the or-
acle makes at most 1 error and we are promised that the
hidden graph is one of two given candidates (Theorems [6]

and[7).

Related work. The presence of errors has lead to devel-
opment of variants of the PC algorithms, such that robust
PC [Kalisch and Biihlmann, 2008] and conservative PC
[Ramsey et al.,|2006]], which are better suitable to handling
errors. Another approach is to pose structure learning as a
constraint satisfaction problem and to minimise (weighted)
sum of violated test results [Hyttinen et al.,|[2014].

Recently, Faller and Janzing|[2026] have studied error cor-
rection in structure learning. Their work concentrates on
what kind of redundant tests are most useful.

2 PRELIMINARIES

We denote an undirected graph by G = (V, E) and a di-
rected graph by D = (V, A), where V, E, and A are the sets
of vertices, undirected edges of the form {u, v} C V, and di-
rected edges or arcs of the form (u, v) € V xV, respectively.
The endpoints of both types of edges are v and v. A v1—vy
path is a sequence of distinct vertices vy, vo,...,vp € V
such that the graph has an edge of the form {v;,v; 11},
(i, Vig1), or (vip1,v;) foralld € {1,2,...,£ —1}. Ver-
tices vo, vs, ..., v¢—1 are the internal vertices of the path.

The skeleton of a directed graph is its underlying undirected
graph. Throughout this paper, we use n = |V| to denote the
number of vertices.

In probabilistic graphical modeling, both Markov and
Bayesian networks represent a set of variables as vertices
and capture their conditional independencies with the struc-
ture of the network that is either an undirected graph or a
DAG, respectively. For a detailed overview of probabilistic
graphical modeling, see the textbook of |[Koller and Fried{
man|[2009]. Since we focus only on structure learning and
not parameter estimation, we will—with a mild abuse of
terminology—use the terms Markov network and undirected
graph interchangeably as well as the terms Bayesian net-
work and DAG. To learn the structure called the hidden
graph that corresponds to the data-generating process, one
of the main approaches is to perform conditional indepen-
dence queries for the variables and then find a graph that
matches them the best. A Markov network GG encodes the
claim that variables u and v are conditionally independent
given S C V \ {u,v} if every u—v path has an internal
vertex from S, that is, they are separated by S. See Figure
for an example network and its conditional independencies.

For a Bayesian network D, a more involved notion of d-
separation is needed to encode the conditional independen-
cies. A collider on an u—v path vy, v2,vs, ..., vs_1, v With
u=wv; and v = vy is a vertex v; with i € {2,3,...,/ — 1}
such that the graph has arcs (v;—1,v;) and (v;11,v;). Vari-
ables v and v are then d-separated by S if for every u—v
path vy, v, v3,...,v9_1,vp there is i € {2,3,...,£— 1}
such that either

(1) v; is not a collider on the path and v; € S or

(ii) w; is a collider on the path and neither v; nor any of its
descendants are in .S, where v; is a descendant of v; if
there exists a directed path from v; to v;.

Notably, if there is an undirected or a directed edge between
two vertices, then they are not (d-)separated given any subset
of vertices.

Markov and Bayesian networks that encode the same set of
conditional independencies are said to belong to the same
Markov equivalence class (MEC). Two Markov networks
with different structures are never Markov equivalent, but
this is not always the case for Bayesian networks because
of d-separabilities. For Bayesian networks, Markov equiva-
lence is characterized by the two networks having the same
underlying undirected graph and the same set of v-structures,
that is, triples of vertices u, v, and w with the graph having
arcs (u,v) and (w, v) but neither (u, w) nor (w, ).

For variables u,v € Vand S C V, we will writew L v | S
if u and v are conditionally independent given S. Further,
we write u Lo v | S if S separates them in a Markov
network G and v Lp v | S if S d-separates them in a
Bayesian network D. For conditional dependence and lack
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of separation, we use the symbol [ . We assume that the
underlying probability distribution of the variables is faithful
to some Markov network G, that is, v L v | S if and only
ifu Lg v | S. Similarly, we assume faithfulness to some
Bayesian network D for the results relating to Bayesian
networks.

We further assume that we have access to a conditional inde-
pendence (CI) oracle Q which returns Independent to a
query Q(u,v,.S) if u and v are conditionally independent
given S and Not independent otherwise, for u,v € V
and S C V' \ {u,v}.

Suppose we have queried the conditional independencies
from an oracle Q for all variables u,v € V and S C V,
but oracle may have made up to k errors. These errors may
be arbitrary and possibly even adversarial. We define the
(d-)separation distance of a graph to Q as the number of
conditional independence queries whose outcome differs
from the one implied by the structure of the graph. The
(d-)separation distance of a MEC to Q is the (d-)separation
distance of any of its members. Distances between two
Markov networks, two Bayesian networks, and two MECs
are defined analogously. In particular, we write d(M, M)
for the distance of two MECs M and M’. We then study the
impact of the number of errors on whether we can identify
the MEC of the hidden graph uniquely and in that case
output a member from the MEC. For Markov networks, that
undirected graph is also unique.

MARKOV NETWORK LEARNING WITH ERRORS

Input: Vertex set V', CI oracle Q, error bound k&

Output: Output a unique undirected graph within separation
distance k to Q or that none exists or it is not unique

BAYESIAN NETWORK LEARNING WITH ERRORS

Input: Vertex set V, CI oracle Q, error bound k&

Output: Output any DAG from a unique MEC within d-
separation distance k to Q or that none exists or it is not
unique

For conciseness, we abbreviate the problems as k-MNSL
and k-BNSL, respectively. Note that if £k = 0, then the
problem reduces to constraint-based structure learning with
an error-free oracle. Graphs from distinct Markov equiva-
lence classes differ for at least (d-)separation query, so a
unique solution can always be identified with some number
of queries in this case.

We say that an undirected graph G is k-identifiable if separa-
tion distance from every other graph to G is at least 2k+1. In
other words, k-MNSL with any oracle—even adversarial—
that makes at most k errors returns Unique if the hidden
graph is G. Analogously, a DAG D is k-identifiable by an
oracle that makes k errors if d-separation distance from any
other MEC to the MEC of D is at least 2k + 1.

3 k-IDENTIFIABILITY

All undirected graphs and MECs are 0-identifiable. That is,
given our assumption that the distribution is faithful to an
undirected graph or DAG, they can be uniquely identified by
a Cl oracle that does not make any errors. We also notice that
when k increases then fewer graphs will be k-identifiable.
Thus, it is interesting to study what is the largest k with
which a specific graph is k-identifiable. To compute this, it
is enough to find the nearest neighbor of the given graph
or MEC with respect to separation or d-separation distance.
If the distance is d then the graph or MEC is | (d — 1)/2]-
identifiable, where | z] is « rounded down.

In this section, we study how the structure of the hidden
graph affects k-identifiability. First, we ask whether we can
derive bounds for the k as a function of graph parameters.
Then, we study how we can compute the largest k for a
graph.

3.1 PARAMETERISED BOUNDS
3.1.1 Markov networks

Let us first analyse k-identifiability in Markov networks.
First observation is that there are graphs which are not k-
identifiable for any & > 0. Consider a complete graph G; =
(V,Ey). Let G3 = (V, E3) be an almost complete graph
where E5 = E; \ {v,u}. Clearly, no pair of vertices is
separated in G; given any conditioning set. For G2, there
is only one conditioning set S such that the v and v are
separated given S. Thus, the separation distance between
(1 and G5 is 1. This implies that (75 is not k-identifiable
for any k£ > 0.

Next, we will show that there are k-identifiable graphs
where k is exponential in n. We start with a definition. Max-
imum pairwise connectivity x [Korhonen et al.;|2024] of an
undirected graph G is defined as follows. For two vertices
u,v € V, let k(u,v,G) be the number of vertex-disjoint
paths, each having at least one internal vertex, between u
and v. Now the maximum pairwise connectivity of graph G
is the maximum of x(u, v, G) over all pairs u and v. That is,
k(G) = maxy yev £(u, v, G). Small k implies high identi-
fiability for Markov networks:

Lemma 1. Let (G) be the maximum pairwise connectivity
of G. Given two distinct undirected graphs G1 = (V, E1)
and Gy = (V, Ey), there are at least 2"~2~"(C1) separa-
tion statements with different outputs for G1 and Gs.

Proof. Since G and G are distinct, either G has an edge
uv that (G; does not have or GG, is a proper subgraph of G.
In the latter case x(G2) < x(G1) and G, has an edge uv
that G5 does not have, so it suffices to prove the former
case.
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Because u and v are not adjacent in i1, they are separated
by some separator S of size at most x(G1). Any superset
T C V \ {u,v} of S also separates them, and there are
on—2-r(G1) guch sets. In contrast, these vertices are never
separated in G5. O

The following theorem follows directly from Lemmal[T]

Theorem 1. Let k(G) be the maximum pairwise connectiv-
ity of G. Then G is (2"~"(%)=3 — 1)-identifiable.

‘We note that the above result is a lower bound. That is, the
graph G is guaranteed to be (2"~#(¢)=3 _ 1)-identifiable
but it may be k-identifiable with larger values of k.

Theorem [I] shows that the lower bound for k grows expo-
nentially in n. However, we should note that the number of
different tests is (%) x 2"~2 and thus the theorem does not
imply that the probability of erroneous tests goes down or
even stays the same when n grows.

3.1.2 Bayesian networks

We would like to provide similar parameterised bounds
for Bayesian networks. However, v-structures complicate
learning and we can rule out many natural graph parameters.

Let us consider four hidden graphs on vertex set V =
{v1,v2,...,v,}. The first graph Dy = (V, ) is an empty
graph. The second graph is D; = (V, A;) where the arc
set A; consists of the following arcs: (vy,v3), (va,vs3),
and (v;,v;41) for 3 < 4 < n — 1. The third graph is
Dy = (V, Ay) where the graph consists of r cliques of
size n/r with a constant r > 2. Finally, the fourth graph is
D¢ = (V, Ag) is a complete graph. That is, one of the arcs
(vi,vj) or (vj,v;) is in A¢ for every 7 and j with @ # j.

First, let us analyse k-identifiability of the graph is Dy,
D1, Dy or D¢. Suppose the hidden graph is Dy. Now
for every v;, v; and S, v; and v; are d-separated by S.
On the other hand, v; and v; are never d-separated in any
graph with an arc (v;,v;) yielding at least 2"~2 differ-
ent d-separation statements compared to Dy. Thus, Dy is
(27=3 — 1)-identifiable.

Now suppose that the hidden graph is D;. Consider a graph
D’ = (V, A’) with an arc set A’ consists of the following
arcs: (Ul, 1}2),(’01,1}3), (UQ, U3), and (Uiavi+1) for 3 < ) <
n — 1. DAGs D1 and D’ are illustrated in Figure Vertices
v1 and vy are d-separated by the empty set in Dy but not
in D’. All other d-separations are the same. Thus, the d-
separation distance between D1 and D’ is 1. This implies
that D, is not k-identifiable for any &k > 0.

Next, let us consider Ds. Suppose that a graph D" contains
an arc (v;, v;) that is not present in D5. This implies that v;
and v; are in different cliques in Dy and are thus d-separated
by every S in Dy. However, they are never d-separated in

(a) Dy (b) D’

Figure 2: Two sparse graphs with d-separation distance 1.

D" which means that there are at least 2”2 different d-
separation statements between Do and D”. Now suppose
that D’ has no arcs that are not present in D5. Let us say
that D"’ does not have arc (v;, v;) which is present in Dy;
Without loss of generality, let us assume that v; and v; are
in clique 1 in Ds,. Clearly, v; and v; are never d-separated in
Ds. Vertices v; and v; are d-separated by at least one subset
S of vertices in clique 1. Furthermore, they are d-separated
by union of .S and any subset of the vertices in other cliques.
There are 2"~ ™/" such sets. Thus, the d-separation distance
to the nearest neighbor of Dy is at least 27"/ and thus D5
is (27~"/7=1 — 1)-identifiable.

Finally, let us look at the complete graph D«. None of the
pairs v; and v; are d-separated by any S in Dc. Let us
compare D¢ to an almost complete graph that does not
have an arc between v; and v; (but has an arc between every
other pair). Now there is exactly one set S such that v; and
v; are d-separated by S. Therefore, D¢ is not k-identifiable
with any & > 0. This is also what Faller and Janzing| [|2026]
have observed.

To find a lower bound for k-identifiability, we want to find a
graph parameter p(D) and a monotone function f(p) such
that if D is k-identifiable then f(p(D),n) < k (in case of
an upper bound f(p(D),n) > k).

In summary, if the hidden graph is either Dy or D, then
we can allow the oracle to make an exponential number
of errors but if the hidden graph is either D; or D¢ then
the oracle cannot make any errors. This implies that no
graph parameter p such that p(Dy) < p(D1) < p(Ds2) <
p(D¢) can give upper or lower bounds for & (also p(Dyp) <
p(D") < p(D3) < p(D¢) disqualifies the parameter).

This means that many reasonable parameters such as number
of arcs, maximum pairwise connectivity, treewidth, or size
of the maximum undirected clique are not going to give
such bounds.
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Table 1: Distances to the nearest neighbor in MECs with 5
vertices. MECs are grouped by the number of edges and the
table shows minimum, mean and maximum distance to the
nearest neighbor MECs with a specific number of edges.

Nrofedges Nrof MECs Min Mean Max
0 1 8 8 8
1 10 8 8 8
2 75 4 4.8 8
3 350 2 4.7 6
4 1120 1 3.8 7
5 2130 1 2.3 6
6 2595 1 1.5 4
7 1730 1 1.1 3
8 690 1 1 1
9 80 1 1 1
10 1 1 1 1

Unlike with Markov networks, maximum pairwise connec-
tivity does not give bounds for k-identifiability in Bayesian
networks. First, maximum pairwise connectivity is defined
as a property of an undirected graph. There is no well-
defined way to define maximum pairwise connectivity of a
DAG so we consider two alternatives: Maximum pairwise
connectivity of the skeleton of a DAG or maximum pairwise
connectivity of the moral graplﬂ of the DAG. Regardless of
the definition, maximum pairwise connectivities of Dy, D1,
Dy and D¢ are 0, 1, n/r — 2 and n — 2, respectively.

We conducted a small empirical study to see how sparsity
affects k-identifiability. To this end, we generated all DAGs
with 5 vertices, choosing one DAG to represent every MEC
and computed the distance to the nearest MEC for every
MEC. Results are summarised in Table[T] The results show
that, on average sparser networks tend to have higher k.
However, the number of arcs does not give strict bounds
which can be demonstrated by comparing number of arcs in
D@, D]_, D2 and DC.

Treewidth is often used to measure complexity of a Bayesian
network as inference is tractable in low treewidth networks.
Treewidth is defined as follows: A tree-decomposition of
an undirected graph G = (V, E) is a pair (X,T) where
X = {Xi,...X,,} is a collection of subsets of V' and
T is a tree on X such that 1) Ui:l7...m X; =V, 2) for
all edges {e,v} € E, there exists ¢ such that v € X;
and v € Xj, and 3) for all 4, j and £, if X; is on the
unique path between X; and X}, in 7" then X; N X}, C X ;.
The width of a tree-decomposition is max;—1, | X;| — 1.
Treewidth of graph G is the smallest width over all possi-
ble tree-decompositions. Treewidth of a DAG is defined as
treewidth of its moral graph. We observe that treewidths of

' A moral graph of a directed acyclic graph D = (V, A) is an
undirected graph G = (V, E)) such 1) if uv € A then {u,v} € E
and 2) if uv € A and wv € A then {u,w} € E.

Dy, Dy, Dy and D¢ are 0, 2, n/r — 1 and n — 1, respec-
tively. Thus, treewidth does not provide meaningful bounds
for k-identifiability.

It has been shown that a parameter called size of the max-
imum undirected clique is essential in the testing problem
where one tries to test whether the distribution is faithful
to a given graph or not [Zhang et al.| 2024} Shiragur et al.|
2024]). Size of the largest undirected clique is defined as fol-
lows. An essential graph of DAG D = (V, A) is a partially
directed graph whose skeleton is the same as the skeleton
D. The essential graph has an arc uv if the arc is between u
and v is directed towards v in every DAG in the equivalence
class of D. Otherwise, the essential graph has an undirected
edge {u, v}. A clique in an undirected graph is a set of ver-
tices such that all vertices are adjacent to each other. The
size of the maximum undirected clique is the size of largest
clique after all directed arcs are removed from the essential
graph. However, the maximum undirected clique cannot be
used here because sizes of maximum undirected cliques for
Dy, Dy, Dy and D¢ are 0, 1, n/r and n, respectively.

In conclusion, it seems difficult to find parameterised bounds
for Bayesian networks.

3.2 FINDING NEAREST NEIGHBORS

Ideally, we would like to compute the largest &k for an arbi-
trary DAG D. In principle, this can be done by generating
all possible Markov equivalence classes and computing their
d-separation distances to D. However, this is not compu-
tationally feasible in practice. Thus, we ask whether there
exists a more efficient way to find the nearest neighbor.

We hypothesize that the MEC that is closest to D with
respect to d-separation distance is also close to D “struc-
turewise”. In other words, we hypothesize that D can be
transformed to its nearest neighbor by a simple local opera-
tion such as adding an arc, removing an arc or reversing an
arc. However, it seems that proving this is highly non-trivial.
Here, we study nearest neighbors in a very restricted class
of graphs, namely chains.

Recall that a chain is a graph where its vertices have some or-
der v1,va, . . ., vy, such that the edges of the underlying undi-
rected graph are exactly {vy,v2}, {va, v3}, ..., {vn—1,0n}
We give precise characterization of the closest Markov net-
works to a chain.

Theorem 2. Nearest neighbor of a Markov network G that
is a chain is obtained by adding an edge for n > 3 and is at
a distance 2"~2 — 1 from G.

Proof. Let u be a leaf of the chain, v the unique vertex
that has distance 2 to u in GG, and w the unique vertex
that has distance 1 to w in G. We start by proving that
adding the edge uv changes the result of 2" =2 — 1 separa-
tion queries: Previously, u was separated from each unique
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vertex © whose distance from v in G was ¢ by any of the
(2¢=1 — 1)2n~*~! conditioning sets that contained at least
one of the vertices with distance from u less than £. To re-
main separated after adding the edge, they have to contain
any of the 2(2¢72 —1)2"~*~! conditioning sets that contain
at least one of the vertices with distance from v more than 1
and less than /. In total, this contributes

(2@—1 _ 1)2”—2—1 _ 2(2@—2 _ 1)2n—€—1 — 2n—€—1

differing query results, and summing over £ = 2...(n —
1) yields 2"~2 — 1 queries whose outcome has changed.
By Lemma 3] (in the Supplementary Material), this is the
addition that gives the smallest number of changes.

Observe next that adding at least two edges changes the
outcomes of more than 2”2 — 1 queries even if we add
or remove any number of additional edges. If we were to
add a new edge xy, there is always some vertex z between
them in the chain such that any conditioning set containing
z separates them in G but not after adding the edge. This
then causes at least 2”3 separation queries for the pair of
vertices = and y to change their outcome irrevocably. If we
then were to add another edge, at least one of its endpoints
differs from x and y, and thus changes at least 2n=3 other
separation query outcomes. In total, this incurs at least 2" 2
changes.

The remaining case to consider is thus when we do some
number of removals and then possibly add an edge. Start by
noting that removing any edge ab of G changes the result
of at least 2"~ 2 separation queries: previously, a and b were
inseparable for all 2”2 conditioning sets, but now they are
separated for all of them since they are in distinct compo-
nents. To prevent at least some of the changed outcomes,
we also have to add an edge uv somewhere. Further, the
graph must become connected afterwards or otherwise we
again get at least 2”2 changed outcomes: if the graph is
disconnected, there must be an edge ab of G such that a and
b are in distinct components and always separated. Since we
can only add one edge, we can also only remove one edge
to retain connectedness.

Suppose therefore that we add the edge uv and remove
the edge ab such that {u,v} # {a,b}. Without loss of
generality, assume u ¢ {a, b}. It is still the case that a and
b are separated by any of the 2”3 conditioning sets that
include u, unlike in G. Similarly, there was previously some
vertex c that was on the path from « to v in G such that any
of the 2”3 conditioning sets containing c separated u and
v in G, but this is no longer possible, since « and v are now
connected by an edge. Thus, we again have at least 2”2
separation whose outcome has changed from G. O

Next, we study Bayesian networks whose skeleton is a chain.
Before that, we need to introduce some definitions.

Definition 3.1 (Table Function for a Bayesian Network).
Let D be a Bayesian network defined over a set of random

variables V' = {vq, v, ..., v, }. A table function for D is a
function Tp : {(vi, v}, Z) : v;,v; € V,v; # vj, and Z C
V\ {vi,v;}} — {0,1} such that Tp (v;,v;, Z) = 1 if and
only if v; is d—connectedﬂwith v; given Z in D.

Definition 3.2 (distance between two Bayesian Networks).
Let Dy and D5 be two Bayesian networks defined over the
same set of random variables V' = {vy,v9,...,v,}. The
distance between D; and D5, denoted by d(D1, Ds), is the
number of triplets (v;,v;, Z) with1 <i < j<mnand Z C
V'\ {v;, v;} for which table functions of D; and D, differ.
More formally, d(D1, D3) = ’{(ui,uj,Z) 1<i<ji<
n, Z CV\A{ui,u;}, To, (ui, uj, Z) # Tp, (i, ug, Z)}|.

The distance between two Markov equivalent Bayesian net-
works is always zero, as they entail the same set of condi-
tional independence relations.

Definition 3.3 (Closest Bayesian Network). Let V be a set
of random variables, F be a family of graphs, and D be a
Bayesian network defined over V' such that the skeleton of
D belongs to F. A closest Bayesian network to D in F is a
Bayesian network D, such that D, is not Markov equivalent
to D, the skeleton of D, belongs to F, and for all Bayesian
networks D’ such that D’ is not Markov equivalent to D
and the skeleton of D’ belongs to F, we have d(D, D,.) <
d(D, D). We denote the distance between D and a closest
Bayesian network to D in F by d=(D).

CLOSEST BAYESIAN NETWORK WITHIN A GRAPH CLASS
Input: A family of skeletons F and a Bayesian network D
whose skeleton is in F

Output: d-separation distance to the closest MEC to D in F

We also have the following characterization for d-
separability in a Bayesian network with a path skeleton
that follows directly from definition.

Lemma 2. Let D be a Bayesian network whose skeleton is
apathonV = {vy,...,v,}, and C be the set of colliders
inD. For1l <i < j <mn,letS;; be the set of internal
vertices in the path between v; and v and let C; j = CN.S; ;.
Then for any Z C V \ {v;,v;}, v; and v; are d-connected
given Z ifand only if Z N S; ; = C; ;.

Proof. As discussed in the introduction, v; and v; are d-
separated by Z C V' \ {v;,v;} if for every v,—v; path
Uy, Usg, ..., u—1,u; there is an index a € {2,3,...,1 — 1}
such that either u, € Z and D lacks one of the arcs
(Ug—1, Uq) OF (Ugt1,Uq), OF neither u, nor any of its de-
scendants is in Z and D has arcs (uq—1, ug) and (tg41, Uq)-
A path skeleton contains a unique path between any two
vertices, and in such a Bayesian network, every collider
has zero descendants. Hence, to d-connect v; and v;, along

2v; and v; are d-connected given Z if they are not d-separated

by Z.
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the unique path between v; and v;, non-colliders must be
excluded from Z, and colliders must belong to Z, which is
equivalentto Z N S; ; = C; ;. O

We are now ready to characterize the closest neighbor of
a Bayesian network with a chain skeleton among other
Bayesian networks with chain skeletons. Note that the theo-
rem excludes neighbors of D whose skeleton is not a chain—
specifically, the theorem does not state that this is the near-
est neighbor, and it is possible that there are neighbors that
closer that are obtained for example by adding an arc. The
proof is rather involved, and thus we present only a proof
sketch here. The complete proof can be found in the ap-
pendix.

Theorem 3. For a Bayesian network D with a chain skele-
ton onn > 3 vertices V.= {v1,vs,...,0,}, and the family
of graphs whose skeleton is a chain F with vertex set V, we
have dx(D) = 2"~1 — 2,

Proof sketch of Theorem[3}. We first construct a DAG D’
by swapping the positions of v; and v, such that the set of
colliders of D’ is a subset of the colliders of D. If v, is not a
collider in D, then the sets of colliders in D and D’ are the
same. If vs is a collider in D, then all colliders of D except
vy are colliders in D’. Since the skeletons of D and D’ are
different, they are not equivalent. The distance between D
and D’ is 2" ! — 2 (the proof is provided in the Appendix;
Theorem [§)).

To prove that D’ is closest to D, we show that for every
other Bayesian network D’ whose skeleton is a chain on n
vertices and that is not equivalent to D, the distance between
D and D" is at least 2" ! — 2. The skeleton of D" is either
the same as that of D or different from it. In both cases,
we show that the distance between D and D" is at least
27~ — 2. We use lemmato compare the d-connectivity
in the Bayesian networks D, D’ and D" O

The used proof techniques unfortunately do not easily gen-
eralize for arbitrary graphs or even very restricted graph
classes such as trees. Based on small-scale experiments on
graphs with 5 vertices, it seems that the closest graph always
differs by a single (un)directed edge, which we formalize in
the following hypotheses.

Conjecture 1. The nearest neighbor of any Markov network
G is obtained by adding or removing a single edge.

Conjecture 2. The nearest neighbor of any Bayesian net-
work D is obtained by adding, reversing, or removing a
single arc.

4 LEARNING WITH AN UNRELIABLE
ORACLE

In this section, we study how to utilize the query results to
learn the hidden graph. For both k-MNSL and k-BNSL, the

simplest algorithm is to simply enumerate all possible hid-
den graphs and pick the one minimizing the (d-)separation
distance to the oracle. There are 2(3) distinct undirected
graphs on n vertices and 2(3) . n! DAGs up to exponential
factors [Stanley}, 2006]]. For each graph, we can test each of
the (%) - 2"~ (d-)separabilities in polynomial time.

If the upper bound k for the number of errors is small,
the problems are solvable faster. For a Markov network,
initialize a graph such that we have an edge uv if v and
v are not separated by V' \ {u,v}. If more than k queries
are inconsistent with the graph, remove or add one edge
uv. Then, the query result for the separability of v and v
conditioned by V' \ {u, v} is inconsistent with the resulting
graph. Since nothing can be gained by adding and removing
the same edge, we repeat the process at most k times. The
size of the search tree is then at most (%) = O(n?*) and in
each vertex of the tree we check all (72’) -2"=2 query results

once, resulting in total time complexity n2*+C(1) . 27

Theorem 4. k-MNSL can be solved in time n2*+0(1) . on,

For Bayesian networks, the previous approach is not appli-
cable because adding arcs can introduce cycles. Therefore,
we instead enumerate over all O(n2#27%) groups of up to k
tests and flip their results by assuming that they are the erro-
neous ones. We can then run, for example, the PC algorithm
Spirtes and Glymour| [1991]] to construct a candidate for the
hidden graph, for which we then assess whether all the tests
are faithful. In total, this requires n2++0(1)2n(k+0(1) time,

Theorem 5. k-BNSL can be
n2k+0(1)9n(k+0(1)).

solved in time

A natural question is whether one can get rid of the expo-
nential dependence in n. Unfortunately, this turns out to be
unconditionally impossible.

Theorem 6. One cannot solve k-MNSL without perform-
ing (g) 272 queries in the worst-case even if k = 1 and
we are promised that the hidden graph is either some given
graph G1 or Gs.

Proof. Consider an undirected graph G; = (V, E) con-
structed as follows: pick arbitrarily two distinct ver-
tices u,v € V and add edges {u,w} and {v,w} for all
other vertices w € V' \ {u,v}. Let G, = (V, E U {u,v})
andnote thatz L, y | Sifandonly ifx Lg, y | S for
allz,y € Vand S C V \ {u,v} except forx = u,y = v,
and S = V' \ {u, v}.

Let £ = 1 and suppose we have performed the query
q = Q(u,v,V \ {u,v}) and received the output
Not independent. This query has to be made, since
it is the only one that can distinguish between G; and G2
if the output is correct. The correct output of Q is known
beforehand for all other queries by construction, so we can
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identify if Q makes an error if we perform any other queries.
Suppose we detect such an error. Then, the hidden graph
has to be GG5. On the other hand, if we detect no errors,
then the graph could be either G; or G2, since we cannot
decide whether the output for ¢ was erroneous. If the out-
put for ¢ was not an error, an adversarial oracle Q could
decide to give the correct output for the first (Z) 2n=2 ]
queries and then on the last possible query make an error
that can be detected. Alternatively, the oracle could decide
to give the correct output for all queries. Thus, to distinguish
between the possibilities that there is a unique solution or
multiple possible solutions, one has to perform all possible
the queries. O

The claim can be proven analogously for £-BNSL with the
DAGs from Figure[2]

Theorem 7. One cannot solve k-BNSL without performing
(Z) 272 queries in the worst-case even if k = 1 and we are
promised that the hidden graph is either some given graph
Dy or Ds.

Note that the proof relies on there being two graphs that are
close to each other with respect to (d-)separations. If there
are no other graphs that are close to the hidden graph and
the oracle can make only a small number of errors, then
identifying the hidden graph is possible with significantly
smaller number of queries.

These results also provide sharp contrast to the case with
k = 0 for k-MNSL, where the problem can always be
solved with O(n?) queries. Further, if k& = 0 and we are
given a promise that the hidden graph is one of two graphs,
then both MNSL and BNSL can be solved with one query.

S CONCLUDING REMARKS

We initiated the study of structure learning for Markov net-
works and Bayesian networks with a CI oracle that may
make a limited number of errors. We identified structural
properties of the hidden graph that make it uniquely iden-
tifiable in the presence of errors. On the other hand, the
possibility of even a single error may necessitate perform-
ing all possible conditional independence queries in the
worst case. This highlights the need for structure learning
algorithms that are able to exploit these structural properties
to avoid having to conduct all the tests when there are only
few errors.

Having a bounded number of errors also enables error cor-
rection, which the present work did not explore. For exam-
ple, separability in Markov networks behaves monotonically
with respect to subset inclusion, meaning that if the oracle
claims that .S does not separate v and v but over k of its
subsets do, then the claim has to be an error. It however
remains unclear whether there are more involved error cor-
rection schemes that are able to fix more “subtle” errors.

Further, the errors tend not to be independent or uniformly
distributed in practice, providing alternative directions for
improving the algorithms.
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A COMPLETE PROOFS

Lemma 3. Let G = (V, E) be an undirected graph with V. = {v1,...,v,} and the edge set consists exactly of edges
{v1,v2}, {v2,v3}, ..., {vn_1,vn}. Then adding an edge {v1,v3} changes 2"~2 — 1 separations queries and no other
addition changes fewer separation queries.

Proof. The edge {u, v} added above is {vy1,v3}, and by the symmetry of the chain the same count is obtained for {v,,_2, vy, }.
We now show that no other single edge addition changes fewer queries: every single edge added to GG changes at least
2"=2 _ 1 separation queries, with equality only for {vy, v3} and {v,_2, v, }.

Let G/ = G+ {vg,vp} withl <a<b<nandb—a > 2 (if b— a = 1 the edge is already present). Since G is a subgraph
of G’, any conditioning set that separates a pair in G’ also separates it in G; hence the separation distance d(G, G’) equals
the number of triples (v;, v;,.S) with ¢ < jand S C V' \ {v;, v;} that are separated in G but not in G'.

The new edge adds a second path between some vertices. A pair v;, v; (¢ < j) is joined by a second path in G’ exactly when
1 <b—1and j > a+ 1; otherwise the unique v;—v; path is unchanged and no query for the pair changes. Fix such a pair
and set p = max(a,¢) and ¢ = min(b, j), so that a < p < ¢ < b. Besides the direct path v;, . .., v;, with internal vertices
I ={vi41,...,vj_1}, the graph G’ has a second v;—v; path obtained by replacing the segment v,,, . . ., v, of the direct path
by the complementary arc of the cycle through the chord. Its internal vertices are

C = I\NK)U{vg,...,vp—1} U {vg41,..., 0}, K :={vp41,...,v9-1},

so C contains all of I except K, together with vertices lying outside {v;, ..., v;}.

A triple (v;,v;, S) is separated in G but not in G’ if and only if S blocks the direct path (SN I # () while leaving the second
path open (SNC = (). Because I\ X C C, the condition SNC' = () forces SN(I\ K) = 0}, so SNI # () becomes equivalent
to SN K # (). The vertices constrained by these two conditions are exactly {v;, v;} U C' U K = {Umin(a,i)s - - - » Umax(b,j) }»
and the remaining n — (max(b, j) — min(a, ¢) + 1) vertices may be placed in S freely. Hence the pair v;, v; contributes

exactly o o
(2\K| o 1) 2n7(max(b,])7mm(a,z)+1) _ (2 qg—p—1 1) 2n7max(b7j)+m1n(a,z)fl

changed queries, and d(G, G') is the sum of these contributions over all pairs withi < b— 1 and j > a + 1.

All contributions are nonnegative, so we obtain a lower bound by keeping only the pairs with ¢ < a and 5 > b. For such
apair p = a, ¢ = b, min(a,i) = i, and max(b,j) = j, so its contribution is (27~ — 1) 277+~ Summing over
1 <i<aandb < j < n,we get that the separation distance between G and G’ is at least

a n

d(G,G) > (2707 = 1) Y el = (2ben )2t — )27 — 1), ()

i=1 j=b

Write g = b — a > 2 for the length of the chord and distinguish three cases.
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Figure 3: Skeletons of D and D’.

Chords with g = 2. Here ¢ — p < b — a = 2 together with p > a and ¢ < b forces p = a and ¢ = b whenever |K| > 1, so
only pairs contribute and x holds with equality. With b = a + 2,

dG,G)=2* -1 " —1)=2"""+1- (2" +2"717%), 1<a<n-—2.

Since « — 2% is strictly convex and a+ (n—1—a) = n—11s fixed, 2% +2 n—l-a js maximised onlyata = landa =n—2,
where it equals 2 + 2772, Thus d(G, G’) > 2"~2 — 1, with equality exactly for the edges {v1,v3} and {v,_2,v,} and
strict inequality for every interior a.

Chords with 3 < g < n — 2. For fixed g we have a + (n — b+ 1) = n+ 1 — g, and (2 — 1)(2" 7+ — 1) =
2nH+1=9 1 1 — (2% 4+ 27~%*1) is minimised, again by convexity, at the extreme splita = 1,n — b+ 1 = n — g. Hence, by
(%),

dG,G) > 29 —1@E2m9—1)=2"""1+1— (2971 +2m79).

This exceeds 2772 — 1iff 2971 42779 < 2772 + 2. 0n 3 < g < n — 2 the convex function 29! 4 2779 attains its
maximum at the endpoints, where it equals 273 + 4, and 2™ 3 + 4 < 2"~2 4 2 holds for all n > 5 (the range is empty
for n < 4). So every such chord changes strictly more than 2"~2 — 1 queries.

The chord with g = n — 1. This forces a = 1, b = n, i.e. the edge {v1, v, } (relevant only for n > 4). The pairs alone give,
by (%), d(G,G") > (2772 —1)(2! — 1)(2! — 1) = 2™~2 — 1. But the pair v1, v3 is not straddling (it requires j > b = n)
and contributes as well: with i = 1, j = 3 we have p = 1, ¢ = 3, |K| = 1, min(a,) = 1, max(b,j) = n, giving
(2! —1)2™~" = 1. Hence

dG,G") > 2" 2 -1 +1=2"2>2""2 1.

Combining the three cases, every single edge added to G changes at least 2™~2 — 1 separation queries, and exactly 2" ~2 — 1
only for {v1,v3} and {v,_2, vy }.

Theorem 8. Let D be a Bayesian network whose skeleton is a chain on n nodes, where n > 3. Then there exists a Bayesian
network D' whose skeleton is a chain on n nodes such that D’ is not equivalent to D, and the distance between D and D' is
2"=1 — 2. Moreover, there does not exist a Bayesian network D" whose skeleton is a chain on n nodes such that D" is not
equivalent to D and the distance between D and D" is less than 271 — 2.

Proof. We first construct a Bayesian network D’ with a path skeleton on n nodes such that d(D, D) = 2"~ — 2. We then
show that D' is closest to D. We denote by C (D) the set of colliders in D. Analogously, C(D’) denotes the set of colliders
inD'.

Let the set of random variables on which D is defined be V' = {v1, va,...,v,}, and let the skeleton of D be as shown in
Figure We construct a Bayesian network D’ whose skeleton is obtained by swapping the positions of v; and v9 in the
skeleton of D, as shown in Figure E}

If vs is not a collider in D, then the set of colliders in D’ is same as the set of colliders in D, i.e., C(D’) = C(D) (see
Example 2 of Figure[d); otherwise, C(D’) = C(D) \ {v2} (see Example 1 of Figure[d).

Since the skeletons of D and D’ are different, they are not equivalent. We now show that d(D, D) = 2"~! — 2. For
1 <i < j<n,letS; ; denote the set of nodes between v; and v; in D, formally S, ; = {vy : i < k < j}. Similarly, let Sg,j
denote the set of nodes between v; and v; in D’. By construction, for 3 < ¢ < j < n, we have Sij = SZ’»J; for2 < j <mn,
S1; =51 \{va}and S5 ; = So ;U {v1};and Sy 9 = S5 = 0.
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Figure 4: Examples of D and D’.

For1 < ¢ < j < m,let C; ; be the set of colliders of D in S; ;, formally C; ; = S; ; N C(D), and analogously define
Ci ;= Si;NC(D"). By construction, if va is not a collider in D, then C; ; = C; ; for all i < j. If vy is a collider in D, then
Cl g for alll1 <i<j<mn,andforl <j<nwehaveCj,;=Cy;\ {vg} For example,in Figure 4] in Example 1,

(31 3= {UQ} Ca5 = {va},Cl 3 =0,and C5 5 = {v4}, and in Example 2, C; 4 = C} , = {vz}, and C4 6 = Cj ¢ = {v5}. In
the figure, collider nodes are red marked.

From Lemma for1<i<j<mnand Z CV\ {v;,v;},v; and v; are d-connected in D given Z iff Z N S, ; = C; j, and
are d-connected in D’ given Z iff Z N Sl’»’j = Cg’j.

From the construction of D', for 3 < i < j < n we have S;; = 5], and C; ; = C] ;, and also S1 2 = 51 , = () and
Cio=C 5 = 0;thus Tp(vs,v5, Z) = Tpr(vs,v5, Z) forall 3 < i < j < nandfor (i,7) = (1,2),andall Z C V'\ {vy,v;}.

Therefore, d(D,D’) = [{(vi,vj,2) : 1 <1 <2,3<j<n,ZCV\{v,v;}, and Tp(v;,v;, Z) # Tp (vi,v;, Z)}.

Suppose v is a collider in D. For j € [n] \ {1,2} and Z C V' \ {v1, v,}, by the construction of D', if Z N Sy ; = C1; then
Z NSy, =Ci;\ {2} =Cj ;. Therefore, if vy is d-connected with v; given Z in D then v; is d-connected with v; given Z
in D’

Ifvy € Z and ZﬂS’ =C jothenZNSy ; = =C U{2} Cy,;.By Lemmal forZ C V\{v1,v;}, vy is d-connected with
v; given Z in D if and onlyif ZN S, ; =Ci and v1 is d-connected with v; given Z in D’ if and only if Z N S = C’
Therefore, for Z C V' \ {v1,v,} such that vy € Z, if v is d-connected with v; given Z in D’ then vy is d- connected W1th
v; given Z in D.

And, ifve ¢ Zand Z N S = C’ then Z NS, ; =C} j 7 C1,;. Therefore, if vy ¢ Z and vy is d-connected with v; given
Z in D’ then vy is d- separated w1th v; given Z in D. Such a Z is of the form Cj ; UY, where Y C {v;41,vj42...,0n}.
Therefore, the number of Z for which v is d-connected with v; given Z in D’ and v is d-separated with v; given Z inDis
2"~ Intotal, |{Z C V \ {v1,v;} : Tp(vi,vj, Z) # Tp(v1,v;, Z)} = 2779,

Similarly, for j € [n] \ {1,2} and Z C V' \ {vo, v;}, if v2 is d-connected with v; given Z in D’ then v, is d-connected
with v; given Z in D. Also, if v; ¢ Z then if vy is d-connected with v; given Z in D then v is d-connected with v;
given Z in D'. And, if v; € Z then if v, is d-connected with v; given Z in D then v, is d-separated with v; given Z in
D'. Such a Z for which v; is d-connected with v; in D and d-separated with v; in D’ is of the form Cy ; U {v;} UY,
where Y C {vj_H, Vjg2 ... , Un }. Therefore, the number of Z for which vs is d-connected with v; given Z in D and v, is
d-separated with v; given Z in D’ i v} Tp(v2,vj, Z) # Tp(va,vj, Z)}| = 2779,

This implies that if v is a collider node in D then d(D, D) = Y ;. 2" 77 +2"77 =370, 277+ =2(2" 2 —1) =
2n=1 2, o o

Now suppose vs is not a collider in D. We follow the similar argument as above to show that even in this case also
d(D,D') =2""' —2 Forall3 < j <mnand Z C V \ {v1,v;}, if v; is d-connected with v; given Z in D then v is
d-connected with v; given Z in D’. If v; is d-connected with v; given Z in D’ and v, ¢ Z then v; is d-connected with
vj given Z in D. And, if vy is d-connected with v; given Z in D’ and v, € Z then v, is d-separated with v; given Z
in D. Such a Z for which v; is d-connected with v; in D’ and d-separated with v; in D is of the form Cp ; U {1} UY,
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where Y C {v;11,v42...,v,}. Therefore, the number of Z for which v, is d-connected with v; given Z in D’ and vy
is d-separated with v; given Z in D is 2" 7. In total, [{Z C V \ {v1,v;} : Tp(v1,vj,Z) # Tp(vi,v;, Z)}| = 2779,
Similarly, [{Z C V' \ {va,v;} : Tp(va,vj, Z) # Tp(v2,vj, Z)}| = 2"7I. Therefore, even when vy is not a collider in D,
d(D,D') =271 — 2.

We show that, whether or not us is a collider in D, there exists a Bayesian network D’ with d(D, D’) = 2"~1 — 2. It
remains to prove that no Bayesian network with a path skeleton is strictly closer to D than D’.

Suppose there exists a Bayesian network D’ defined over V with a path skeleton such that D" is not Markov equivalent
to D and d(D, D") < 2"~! — 2. First consider the case that the skeletons of D and D" are the same. As discussed in the
introduction, two Bayesian networks are Markov equivalent iff they have the same skeleton and the same set of v-structures.
For a Bayesian network with a path skeleton, (u, v, w) is a v-structure in the Bayesian network iff v is a collider in it. This
implies that two Bayesian networks with a path skeleton are Markov equivalent iff they have the same skeleton and the same
set of colliders. Therefore, D and D’ must differ in at least one collider. Thus there exists ¢ with 1 < ¢ < n such that v, is a
collider in exactly one of D and D”.

Without loss of generality, assume v, is a collider in D but not in D". Let C}; be the set of colliders in D" between
nodes v; and v;. From Lemma forl1 <i<j<mnandZ CV\ {v;,v;}, v; and v; are d-connected in D given Z iff
ZnNS;; = C,j,and v; and v; are d-connected in D" given Z iff Z N S, ; = C’{fj. Since v.. is a collider in D but not
inD" foralll < a < candforallec < b <n,Cyp # C;/,b- If ZN Syup = Cqp then Z is of the form C, , U'Y where
Y CV\{v4,Va+1,---,0p}, and for such Z, v, is d-connected with v, given Z in D and v, is d-separated with v, given Z
in D" Therefore, there are 2" ~°*2~1 different Z for which v, is d-connected with v given Z in D but v, is d-separated
with v, given Z in D". Similarly, for Z of the form C}’; UY where Y C V' \ {v4, V441, - .-, U}, Vg is d-connected with
vp given Z in D" and v, is d-separated with v, given Z in D. Again, there are 2"~+9~1 different Z for which v, is
d-connected with v, given Z in D" but v, is d-separated with vy, given Z in D. Therefore, in total, there are on—b+a different
Z for which Tp(va, v, Z) # Tpr (va,vp, Z). Therefore,

d(D,DN) = Z |{Z CV\A{va,vp} : Tp(ve,vp, Z) # TD//(Ua,vb,Z)H

1<a<b<n
> Y {2 SV {va s} : To(va, 06, 2) # To (vas v, 2)}]
1<a<e<b<n
— Z 2n—b+a
1<a<c<b<n
Y v Y
1<a<c c<b<n

— (20— 2) x (2" — 1)
— 2n + 2 _ (20 + 2n—c+l)

The expression 2¢ 4+ 2"~ °*1 is convex in ¢ for 2 < ¢ < n — 1 and is maximized at ¢ = 2 or ¢ = n — 1. Therefore,
d(D,D") > 2" + 2 — (4 +2"~1) = 2n=1 — 2. This implies that there does not exist any Bayesian network D" with the
same skeleton as D such that D" is closer to D than D’.

Now suppose the skeletons of D and D" are different. Then there must exist an edge that appears in exactly one of the two
skeletons; otherwise, the skeletons would be identical, which contradicts our assumption. Without loss of generality, assume
that {v;, v;} is an edge in the skeleton of D but not in the skeleton of D"

Since v; and v; are adjacent in the skeleton of D, they are d-connected in D for every set Z C V' \ {v;,v;}.

Because {v;, v;} is not an edge of the skeleton of D" and the skeleton of D" is a path, there is a unique path between v;
and v; in D" that contains at least one internal node. Let Y~ denote the set of nodes that lie strictly between v; and v; on this
path. Then Y # (). Let Y be the set of nodes in Y that are colliders in D”. By Lemmal[2] in D" the nodes v; and v; are
d-connected given Z if and only if Z N'Y = Y. In other words, the set Z must contain exactly the colliders in Y and none
of the other nodes in Y.

We now count how many such sets Z exist. To construct a valid Z, we must include Y”, exclude Y\ Y”, and we may freely
choose any subset of the remaining nodes V' \ ({v;,v;} UY’). The number of such sets is therefore 2"~2~1Y|. Since the
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Figure 5: Possible skeletons of D",

total number of subsets of V' \ {v;,v;} is 22, the number of sets Z for which v; and v; are d-connected in D but not in
D" equals 2"~2 — 27=2=1V| Because Y| > 1, we have 272 — gn=2=Y| > gn-3

Thus, for this single missing edge, the two Bayesian networks disagree on at least 2"~3 sets Z. A symmetric argument
applies to any edge that appears in the skeleton of D" but not in the skeleton of D. If ¢ denotes the number of edges in
the skeleton of D that are absent from the skeleton of D", then exactly ¢ edges appear in the skeleton of D’ but not in the
skeleton of D. Each such edge contributes at least 2”2 disagreements. Therefore d(D, D"') > 2t - 2773,

Since we assumed d(D, D”) < 2"~! — 2, we must have ¢ = 1. The skeleton of D is the path shown in Figure Hence
there exists a unique index 1 < ¢ < n such that {v., v.11} is an edge of the skeleton of D but not of the skeleton of D”.
For every i € [n — 1] \ {c}, the nodes v; and v;; are adjacent in the skeletons of both D and the D"

If we remove the edge {v., v.+1} from the skeleton of D, the path breaks into two smaller paths: one from v; to v., and one
from v.41 to v,. Because all other consecutive edges are shared by both skeletons, these two paths must also appear as
induced subpaths in the skeleton of D”.

Since the skeleton of D" is itself a path on all n nodes, it must reconnect these two subpaths using exactly one new edge
between their endpoints. Therefore, one of the following three cases must occur (see Figure : (i) {ve, vy, } is an edge of the
skeleton of D" (i.e., the skeleton of D" looks like Possibility 1 of Figure[5); (ii) {v1, ve1} is an edge of the skeleton of D"
(i.e., the skeleton of D’ looks like Possibility 2 of Figure ; or (iii) {v1, v, } is an edge of the skeleton of D" (i.e., the
skeleton of D" looks like Possibility 3 of Figure[3).

If ¢ = 1, then case (ii) implies the skeletons of D and D" are the same, a contradiction. Similarly, if ¢ = n — 1, then case (i)
cannot occur.

Fix1 <a < candc+ 1 < b < n. We count the number of sets Z C V' \ {v,, vp} such that v, and v}, are d-connected
given Z in exactly one of D and D”. Let Y] = {v;: 1 <i<a},Yo={v;:a<i<c}, YV3={v;:c+1<i<b},and
Yy = {v; : b < i < n}, as shown in Figure 5] This implies that |Y1| =a — 1, |Ya| =c—a, |Y3| =b—c—1,|Ys| =n—b,
and |Y1| + [Ya| + [Ya] + [V =n — 2.

Suppose D" satisfies case (i), s0 1 < c <n—1.For Z C V \ {vg,vp}, by Lemma' v, 1s d-connected with v, given Z in
Diff Z N (Yo UYs) = C(D) N (Y2 UY3). Following the previous approach, the number of such Z is 21Y11+1Y4l, Similarly,
in D", v, is d-connected with v; given Z iff Z N (Yo UYy) = C(D"”) N (Y2 UYy) (analogously to C(D), C(D") denotes
the set of colliders in D). The number of such Z is 2/¥11+1¥sl,

If C(D) NYs # C(D") N Ya, then for all Z C V' \ {v,,vp} such that either Z N (Y2 U Y3) = C(D) N (Y2 U Y3) or
ZN(YoUYy) =C(D")N (Yo UYy), v, is d-connected with v, given Z in exactly one of D and D”. The number of such
Z is 2IY1l+1Yal o olYil+[Ya] — 2\Y1|(2|Y4\ 4 2|Y3\) _ 2a71(2n7b + 2b7c71).

Suppose C(D) NYs = C(D")NYs. For Z C V\ {vg,up}, ZN (YoUY3) = C(D)N (Y2 UY3) and Z N (Yo U
Y4) = C(DN) N (YQ U Y4) iff ZnN (YQ U Y3 U Y4) = (C(D) N (YQ U Yg)) U C(DN) N (}/2 U Y4) The number of such
Z is 21M11. Therefore, the number of Z for which v, is d-connected with v, given Z in D but d-separated in D" is
oil+Yal _oMil — oMil(2lYal — 1) = 2¢=1(27=b _ 1), Similarly, the number of Z for which v, is d-connected with v,
given Z in D" but d-separated in D is 21Y11+1Ysl — olYal — oil(l¥s| _ 1) = 2a=1(2b=c=1 _ 1) This implies there are
201 (2n=b 4 2b=c=1 _ 9) many Z for which v, is d-connected with v;, given Z in exactly one of D and D"
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This implies that there exists at least 227 1(27~° 4-20=¢=1 —2) many Z such that v, is d-connected with v, given Z in exactly
one of D and D”. This implies [{Z C V \ {va, v} : Tp(va, v, Z) # Tpr(va, v, Z)}| > 20712070 4 201 — 2).
Therefore,

dD,D")= > WZCV\{va,vs} : Tp(va,v6, Z) # Tpr (vasve, Z)}|

1<a<b<n
2 Z Z |{Z C Vv \ {’Ua,l)b} : TD(’Ua,’Ub, Z) 7£ TD"(vavfo Z)}|
a=1b=c+1
— Z Z 2(171(277,71) + 21)7071 _ 2)
a=1b=c+1
— ZQG—l X Z 2n—b + 2b—c—1 _ 2
a=1 b=c+1

=(2°—1) x (2" °—1)+ (2" ¢ —1) — 2(n — ¢))
=2(2°—1)x (2" °—=1—(n—c)).

Since 2"¢ — (n — ¢) > 2"~¢~1, we obtain d(D, D"') > 2(2¢ — 1)(2n—¢~1 — 1) = 2(27~1 4 1 — (2¢ 4 2n—c~ 1)),

The expression 2¢ + on—c—1 ig convex in ¢ for 1 < ¢ < n — 2 and is maximized at ¢ = 1 or ¢ = n — 2. Therefore,
d(D,D") >2(2""1 +1—(27=2 +2)) = 2"~! — 2, which contradicts the assumption d(D, D") < 2"~! — 2. Hence, D"
cannot satisfy case (i).

Case (ii) is symmetric to case (i). The difference is that the roles of Y7 and Y5 are interchanged, and the roles of Y3 and Yy
are interchanged (see Possibilities 1 and 2 of Figure[5). In this case, the set of common nodes lying between v, and vj, in
both D and D" is Y3, rather than Y5 as in case (i). After this relabeling, the counting argument is identical to that in case (i).
Therefore, by the same reasoning, D" cannot satisfy case (ii). For the sake of completeness, we are providing the proof.

Suppose D" satisfies case (ii), so 1 < ¢ <n—1.For Z C V' \ {v,, v}, by Lemma v, is d-connected with vy, given Z in
Diff Z N (Yo UY3) = C(D) N (Yo UY3). The number of such Z is 21Y11+1Yal Similarly, in D", v, is d-connected with v,
given Z iff Z N (Y1 UY3) = C(D") N (Y} U Y3). The number of such Z is 2/Y2I+1Yal,

If C(D)NY; # C(D")NYs, then for all Z C V' \ {v,, vy} such that either Z N (Y2 UYs) = C(D) N (Y2 U Y3) or
ZNY1UYs) =C(D")N (Y1 UY3), v, is d-connected with v, given Z in exactly one of D and D”. The number of such
7 is 2|Y1\+|Y4\ 4 2|Y2\+|Y4\ _ 2\Y4|(2|Y1\ + 2|Y2\) — 2n—b(2a—1 + 2(:—(1).

Suppose C(D)NYs = C(D”")NYs.For Z C V\{vg, o}, ZN(Y2UY3) =C(D)N (Y2UY3)and ZN (Y1 UY3) =
C(D"YN (YL UY3)iff ZN (YUY UYs) = (C(D) N (Y2UY3)) UC(D"”) N (Y; UY3). The number of such Z is 2/Y4.
Therefore, the number of Z for which v, is d-connected with v, given Z in D but d-separated in D" is 2/Y1/+Yal — g[Yal —
2lYal(2Mil — 1) = 27=b(2¢=1 — 1), Similarly, the number of Z for which v, is d-connected with v, given Z in D" but
d-separated in D is 2Y2I+Yal — olYal — oIal(2[Y2l _ 1) = 9n=b(2¢=a _ 1), This implies there are 2"~°(2¢~1 4 2¢=@ — 2)
many Z for which v, is d-connected with v, given Z in exactly one of D and D"

This implies that there exists at least 27 °(22~1 4 2¢~% — 2) many Z such that v, is d-connected with v}, given Z in
exactly one of D and D”. This implies [{Z C V \ {va, v} : Tp(Va, vy, Z) # Tpr(va, v, Z)}| > 2770 (2071 42670 —2),
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Therefore,

dD,D")= > HZCV\{va,vs} : Tp(va,v6, Z) # Tpr(va,ve, Z)}|

1<a<b<n
2 Z Z |{Z - Vv \ {va7vb} : TD(’Ua,’Ub, Z) 7£ TD//(’UQ,U(), Z)}|
a=1b=c+1
— Z Z 2n—b(2a—1 + 2c—a _ 2)
a=1b=c+1
— Z (2@—1 + 2c—a _ 2) X Z 2n—b
a=1 b=c+1

= ((2°— 1)+ (2°— 1) — 2¢) x (2" — 1)
=2(2°—1—¢) x (2" ¢ —1).

Since 2¢ — ¢ > 2¢71 for 2 < ¢ < n — 1, we obtain d(D, D”) > 2(2°71 — 1)(2"¢ — 1) = 2(2" L 4+ 1 — (2¢71 4 277¢)).

The expression 2671 4 2"7¢ is convex in ¢ for 2 < ¢ < n — 1 and is maximized at ¢ = 2 or ¢ = n — 1. Therefore,
d(D,D") >2(2""1 41— (2772 4+ 2)) = 27~ — 2, which contradicts the assumption d(D, D"") < 2"~ — 2. Hence, D"
cannot satisfy case (ii).

Now, suppose D" satisfies case (iii). For Z C V' \ {vg4,vp}, by Lemma v, 1s d-connected with v, given Z in D iff
Z N (Y2UY3) =C(D)N (Yo U Ys). The number of such Z is 21¥11+1¥4l. Similarly, in D, v, is d-connected with v; given
Ziff Z N (Y, UYy) = C(D") N (Y; UY;). The number of such Z is 2/Y21+1Ysl,

For Z C V\{va, v}, ZN(Y2UY3) = C(D)N(Y2UY3) and ZN(Y1UY,) = C(D")N(Y1UY,) iff ZN(Y1UY2UY3UY,) =
(C(D)N(YaUY3))UC(D")N(Y1UYs). Z = (C(D)N(Y2UY3))UC(D")N(Y1UY,) is the only such Z. Therefore, the number
of Z for which v, is d-connected with vy, given Z in D but d-separated in D" is 2/Y11+Yal 1 = gnta=b=1 _ 1 Similarly,
the number of Z for which v, is d-connected with v, given Z in D" but d-separated in D is 2/Y2|+1¥s — 1 = 9b—a=1 _ 7
This implies there are 2"+2~b=1 4 20=a=1 _ 9 many Z for which v, is d-connected with v, given Z in exactly one of D
and D”. This implies |[{Z C V \ {va, v} : Tp(va, Vb, Z) # Tpr(va, vy, Z)}| = 2nF2=0=1 4 2b=a=1 _ 9 Therefore,

dD,D")= > H{Z SV \{va,vs} : Tp(va,v6, Z) # Tpr(va,v6, Z)}|

1<a<b<n

Z Z Z ‘{Z g \% \ {’Ua,’Ub} : TD(va7Uba Z) 7& TD“(Uavvva)}’
a=1b=c+1

— i Xn: 2n+a7b71 4 2b7a71 )
a=1b=c+1

= i2“*1(2”*0 —1) 427927 ¢ — 1) — 2(n —¢))

2" c-12°-1)+ 2" °-1)(2°-1) —2(n—c)c
(" =1DE=1) = (n—c)o)
2" +1-(2"°+2°4+ (n— ¢)c)).

2
2

The expression 2" ¢ 4 2¢ 4+ (n — ¢)c is convex in ¢ for 1 < ¢ < n — 1 and is maximized at ¢ = lorc = n — 1.
Therefore, d(D, D) > 2(2" +1— (2" 1+ 2+ (n—1))) =2(2" 1 —n) = (2" 1 —2) + (2" —=2(n —1)). Forn > 3,
2n=1 —2(n — 1) > 0. Therefore, d(D, D') > 2"~! — 2, which contradicts the assumption d(D, D") < 2"~ — 2. Hence,
D" cannot satisfy case (iii).

This shows that there is no Bayesian network D" with a path skeleton such that d(D, D"”) < d(D, D’). Hence, D’
is the closest Bayesian network to D among all Bayesian networks with a path skeleton. This completes the proof of
Theorem 8 O
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