EpiRDN: A Learnable Anisotropic Reaction-Diffusion Network for Epidemic
Time Series Prediction

Asela Hevapathige'

ISchool of Computing, Australian National University, Canberra, Australia

Abstract

Epidemic spread on graphs involves local infection
dynamics and directional propagation through pop-
ulation movement. Current epidemic graph neu-
ral networks combine these aspects using a single
symmetric aggregation operator, which limits the
learning of their distinct timescales and fails to
capture the asymmetry of real epidemic spread.
This leads to node representations collapsing to a
common state, losing diversity necessary for dis-
tinguishing infection stages. To address these is-
sues, we propose EpiRDN, which discretizes the
reaction-diffusion equation on graphs and learns its
components end-to-end. EpiRDN features a local
reaction network for region-level transitions and
an anisotropic diffusion operator that utilizes asym-
metric attention for directional infection flow. A
feature-conditioned damping coefficient balances
preserving local identity and neighborhood aggre-
gation. We demonstrate that feature diversity in
EpiRDN decays at most geometrically with depth,
providing a significant advantage over existing
methods. Experiments on four real-world datasets
related to influenza and COVID-19 show consis-
tent improvements, especially at longer forecasting
horizons.

1 INTRODUCTION

Predicting epidemic time series on graphs is an important
challenge, significantly impacting public health [Zeger et al.|
20006, Zhang et al., 2014, [Jin et al.} 2025]]. This task involves
forecasting changes in infection counts across a network
of regions over time [Liu et al., 2025} [Babanejaddehaki
et al.,[2025]]. Unlike standard graph learning, this process
follows a directional flow, with the relationship between
local infection dynamics and cross-regional spread evolving

as the epidemic progresses. Accurate multi-step predictions
require maintaining distinct representations for different
regions at various infection stages.

Early epidemic forecasting methods relied on compart-
mental models [Brauer, [2008] and statistical approaches
[Bharambe and Kalbandel |2016], which are based on
fixed mechanistic assumptions about transmission dynam-
ics. However, these methods often struggle with accurate
parameter estimation and adapting to diverse, data-driven
patterns. Deep learning offers a solution by learning com-
plex non-linear dynamics directly from data [Maaliw et al.,
2021}, |/Ahmed et al., [2022, |Bamana et al., [2024]]. Yet, deep
learning models focused solely on temporal aspects often
overlook the relational structures that influence epidemic
spread. Graph neural networks (GNNs) have been developed
to incorporate these structures, allowing for topology-aware
propagation of epidemic states [Wu et al.|[2020, Liu et al.,
2024, Xu et al., 2025]]. Many recent approaches combine
graph convolutional networks and graph attention models
with temporal sequence models and incorporate domain-
specific signals, such as mobility patterns and historical
incidence curves, to enhance epidemic forecasting [Deng
et al 2020, | Xie et al., [2022} [Liu et al., 2023} Zheng et al.|
2024 Zhu et al.l 2024] [Fujita and Akutsul [2025]]. Despite
their successes, these methods face several limitations, es-
pecially when it comes to longer forecasting horizons:

* Isotropic Propagation. Current message-passing and
epidemic GNNs [[Gilmer et al., 2017} [Liu et al.;[2025]]
symmetrically aggregate information from neighbor-
ing nodes. However, infection pressure flows asym-
metrically along contact and mobility networks—from
high-prevalence to susceptible regions. This symmetry
fails to capture the directionality inherent in the spread
of disease.

¢ Conflation of Local Dynamics and Spatial Spread.
Epidemic processes consist of two distinct mecha-
nisms: local state transitions governed by intrinsic
transmission and recovery rates, and the spatial propa-
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gation of infection pressure influenced by population
movement. Most existing epidemic GNNs [Yan et al.}
2018l Deng et al.,|[2020, Xie et al.|[2022]] combine these
dynamics into a single graph convolution operation,
losing the crucial distinction between local behavior
and spatial interactions.

e Feature Collapse under Temporal Depth. When
predicting multi-step epidemics, it’s essential to have
enough steps for the propagation. However, if aggre-
gation is applied repeatedly, the node representations
tend to converge into a common steady state [Li et al.,
2018a, Jin and Zhul 2025]. This results in a loss of the
diversity necessary to differentiate between areas at
various stages of infection.

All the above limitations arise from the same architectural
decision: collapsing the distinct mechanisms of epidemic
spread into a single symmetric aggregation operator.

We introduce EpiRDN (Epidemic Reaction-Diffusion Net-
work), which discretises the classical reaction-diffusion
equation [Murrayl |2006] on graphs and learns both com-
ponents end-to-end. Each propagation step decomposes
into a local reaction network capturing region-level state
transitions and an anisotropic diffusion operator that en-
codes directional infection flow via asymmetric attention.
A feature-conditioned damping coefficient balances local
identity preservation against neighbourhood aggregation at
each node and time step. EpiRDN breaks the information
propagation symmetry at the level of the diffusion operator,
maintains an explicit separation between local dynamics
and spatial spread, and provides a formal guarantee against
feature collapse.

Our main contributions are as follows:

¢ Anisotropic Reaction-Diffusion Network. We for-
mulate epidemic propagation as a learnable reaction-
diffusion process on graphs, decomposing each prop-
agation step into a local reaction and an anisotropic
diffusion operator.

* Feature-Conditioned Damping. We introduce a per-
node, per-step scalar coefficient conditioned on the
current node state. The damping floor is learned jointly
with all other parameters via a lightweight regulari-
sation term, making the anti-collapse guarantee data-
adaptive rather than hand-tuned.

* Formal Guarantee against Feature Collapse. We
prove that feature diversity decays at most geometri-
cally with propagation depth, avoiding feature collapse
at any finite depth. This guarantee holds under learned
parameters and is directly relevant for accurate long-
horizon prediction.

We evaluate EpiRDN on four real-world datasets spanning
influenza and COVID-19. EpiRDN consistently outperforms

or provides competitive performance over baselines across
all settings, with particularly pronounced gains at longer
forecasting horizons where feature collapse most severely
degrades competing approaches.

2 RELATED WORK

Message-passing GNNs. Message-passing GNNs learn
node representations by iteratively aggregating neighbour-
hood information via symmetric message passing [Kipf and
Welling, 2017, Hamilton et al.,2017]). Traditional message-
passing methods treat all edges identically, making them
incapable of encoding the directed, asymmetric flow inher-
ent to epidemic spread. Attention-based methods such as
GAT [Velickovic et al., 2018|] and GATv2 [Brody et al.}
2022] partially address this by weighting edges by feature
similarity, but project source and target features through a
shared weight matrix, preventing the model from learning
structurally different representations for sender and receiver
nodes. A natural extension is to separate the treatment of in-
coming and outgoing edges altogether, and DirGNN [Rossi
et al., [2024] takes this step by maintaining distinct aggrega-
tion channels for each direction. However, this separation is
a purely architectural correction with no grounding in under-
lying propagation dynamics, and offers no protection against
feature collapse under depth. In EpiRDN, separate projec-
tion matrices for source and target nodes are embedded
within the diffusion operator itself, coupling directionality
to the propagation mechanism rather than imposing it as a
post-hoc structural choice.

Diffusion GNNs. A growing line of work frames message
passing as a continuous dynamical system. GRAND [Cham/
berlain et al.l 2021a] and GRAND++ [Thorpe et al.
2022] model feature evolution via graph Laplacian ODEs,
BLEND [Chamberlain et al.| 2021b]] extends this to Bel-
trami flow, and GraphCON [Rusch et al., 2022] introduces
oscillator dynamics to slow energy decay. ACMP [Wang
et al.} 2023]] and GREAD [Choi et al., [2023|] augment dif-
fusion with reaction terms, but both fix the functional form
of the reaction to physics-inspired constraints rather than
learning it from data. ADR-GNN [Eliasof et al.,|2024]] intro-
duces directed edge velocities as a separate advection term
combined with symmetric diffusion and a generic reaction.

Despite their appeal, these methods struggle with three key
challenges in epidemic time series prediction. First, their
symmetric diffusion operators fail to capture the directed
infection flow from high-prevalence to susceptible areas.
Second, they are optimized for static graphs and don’t effec-
tively manage historical data for future predictions. Third,
they lack a strategy for maintaining diversity in represen-
tation across multiple forecasting steps, often relying on
heuristic methods. EpiRDN addresses these issues by learn-
ing an anisotropic diffusion operator, using a feature gener-
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ation stage for initial hidden states, and ensuring Dirichlet
energy retention with learned parameters.

Epidemic GNNs. Spatio-temporal GNNs [Yan et al.,
2018, [Li et al., 2018b, [Corradini et al.l [2025]] combine
graph convolution with sequence models for spatial flow
prediction. Epidemic forecasting methods [Deng et al.,[2020,
Xie et al.} [2022] |Liu et al., 2023| Zheng et al.l [2024]] spe-
cialise this paradigm for epidemic spread by incorporat-
ing domain-specific information injection and multi-scale
temporal signal modelling. Despite their performance im-
provements, these methods share several limitations. Their
propagation operators are isotropic and cannot capture the
directed, asymmetric flow that characterizes real epidemic
processes. They also combine reaction and diffusion dy-
namics within a single aggregation operator, preventing the
model from learning these two processes independently. In
addition, they lack a mechanism to preserve representational
diversity as propagation depth increases. EpiRDN addresses
all these limitations.

3 BACKGROUND

3.1 PRELIMINARIES

Let G = (V,E, A) be a graph with nodes V, |V| = n,
edges E, |E| = m, and adjacency matrix A € {0,1}"*".
Each node i has a feature vector h; € R/, collected in
He R/, and N(i) = {j € V : (i,5) € E} denotes its
neighbourhood. In the epidemic forecasting setting, each
node corresponds to a geographic region and edges encode
population movement or contacts between regions.

3.2 EPIDEMIC TIME SERIES PREDICTION

Each region ¢ € V is associated with a time series of ob-
served infection counts ygl),yf), . 7y£T) € Ryq. Let
YW = [yit), e ,y,(f)}—r € R™ denote the system-wide
incidence vector at time ¢.

Definition 1 (Epidemic Time Series Prediction). Given the
infection counts of all n regions over a historical window of
w time steps, the epidemic time series prediction problem is
to learn a function Fg such that

Y(T+ET+7) — 7, (Y(T—w-H:T)7 G) , (1)

where Y T—wttT) ¢ RnXw collects the incidence
windows of all regions over the most recent w steps,
Y (THETH) ¢ R™XT gre the predicted counts over the
next T time steps, and 0 denotes learnable parameters.

The model is optimised by minimising a reconstruction loss
between Y and the ground truth future counts Y (7+1:7+7)
over a set of training windows.

3.3 GRAPH NEURAL NETWORKS

Graph Neural Networks (GNNs) learn node representations
by iteratively combining feature information with graph
topology [Wu et al., [2020]:

h{“+Y = upD (hf.‘), AGG({hy) ieN (i)})) )

where AGG is a permutation-invariant aggregation function
and UPD is a learned transformation. Standard GNNs treat
all edges symmetrically and suffer from feature collapse
under repeated aggregation [Li et al., 2018a, Jin and Zhul,
2025]], limiting their utility for multi-step temporal predic-
tion where distinct node representations must be maintained
across many propagation steps.

3.4 DIFFUSION-BASED GNNS

A growing line of work frames message passing as a dif-
fusion process [Chamberlain et al,|[2021a, |Gasteiger et al.,
2018}, 12019], evolving node features as:

HED — gO 4 @(H(O), H®, G; @) ; (3)

or in continuous time as the Ordinary Differential Equation
(ODE):

4 =@ HY G;0) @)
These formulations connect GNNs to dynamical systems
theory and yield strong empirical results on static tasks, yet
existing methods retain isotropic propagation, treating all
edges symmetrically regardless of the directed, asymmetric
nature of underlying epidemic dynamics.

3.5 REACTION-DIFFUSION SYSTEMS

Directed propagation can be naturally motivated by the
reaction-diffusion equation [Murray, |[2006]:

% = R(u) + V- (D(z) Vu), Q)
where R(u) models local state changes such as infection and
recovery dynamics at each region, and D(z) is a spatially
varying diffusivity tensor governing the rate and orientation
of spatial spread. Isotropic diffusion, where D(z) = ¢I for
some scalar c and identity matrix I, corresponds to the sym-
metric graph Laplacian in standard GNN message passing.
Anisotropic D enables heterogeneous, direction-dependent
propagation, motivating graph propagation mechanisms that
better capture the asymmetric contact structure of real epi-
demic networks. EpiRDN instantiates this distinction on
graphs by learning both R and D end-to-end from epidemic
data.
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Figure 1: Architecture of EpiRDN. Each propagation step combines a reaction component modelling local infection
dynamics with anisotropic diffusion spreading information across the graph, balanced by feature-conditioned damping.

4 METHODOLOGY

We propose EpiRDN, a learnable graph analogue of the
reaction-diffusion system in Eq. (3). The framework op-
erates in three stages: initial feature generation from raw
epidemic time series, iterative reaction-diffusion propaga-
tion across the spatial graph, and the final prediction.

4.1 FEATURE GENERATION

Raw epidemic data associates each region ¢ with a window
of historical infection counts x; € R" covering the most
recent w time steps. These scalar time series must be lifted
into a latent space of sufficient dimension before graph-
based propagation can capture the nuances of epidemic
state. We map each region’s incidence window to an initial
hidden representation via a shared linear projection:

h{” = Wi x; + bi, (©)
where Wi, € Rf*% and by, € RS are learned parame-
ters shared across all regions. This projection serves two
purposes: it compresses the temporal history into a fixed-
size representation amenable to graph operations, and it
allows the network to learn which temporal patterns in
the incidence window are most predictive of future spread.
The resulting matrix H(®) € R™*/ initialises the reaction-
diffusion propagation described in the following subsec-
tions.

4.2 REACTION-DIFFUSION PROPAGATION

The per-node update at propagation step  is:

W =5 R(B) + (1=4) (A0HO), @

i

where R(-) is a learned local reaction function, A®) is a
® ¢ (0,1)isa

i

learned anisotropic diffusion matrix, and -y

state-dependent damping coefficient balancing local trans-
formation against neighbourhood aggregation. In matrix
form, this can be written as:

H(E+D — I‘(t)R(H(t)) + ([ _ 1"(t))121(t)1_[(15)7 )

with T(®) = diag(’y?), . ,’y?(f)). Here T (R — I) plays
the role of the reaction operator and (I — T'®)(I — A®)
the anisotropic diffusion operator in Eq. (5).

4.3 DIRECTIONAL ANISOTROPIC DIFFUSIVITY

The propagation matrix A® encodes directional flow
strengths via learned attention:

Aij exp (aT [Wlhgt) || thgt)])

A - |
" Seeni esp(al [Win [ ,h))

€))

where W, W, € R%*/ are learned source and target pro-
jections and a € R?? is a learned scoring vector. Softmax
normalisation guarantees row-stochasticity by construction.

Remark 1 (Sinkhorn Double Stochasticity). For the the-
oretical analysis in Section |5| we require A® 10 be dou-
bly stochastic. This is enforced by applying one step of
Sinkhorn normalisation [Sinkhorn, |1964|] after the softmax
row-normalisation in Eq. ([?]), i.e., divide each row by its sum,
then each column by its sum, repeating until convergence.
A single Sinkhorn iteration suffices in practice and adds
O(|E|) cost, preserving the overall complexity analysis.
The asymmetry property (Lemmall)) is unaffected because
the Sinkhorn iteration does not equalise Ag) and Ag? in
general.

The following lemma formalizes how the asymmetry of the
learned attention weights is both necessary and sufficient
for EpiRDN to capture directed propagation. The proof is
provided in Appendix [§]
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Lemma 1 (Directional Asymmetry). flz(;) = A;? foralli,j
and all HW if and only if the attention kernel is symmetric.

In particular, Wy # W, generically implies 121(;) #+ 1215?

,

Remark 2 (Role-Specific Expressivity). When W; = W,.
the attention scores become symmetric in the sense that the
source and target features are projected into the same space
before scoring, collapsing the role-specific expressivity that
enables directed propagation. The separation W; # W,. al-
lows the model to learn different representations for source
and target nodes at each edge by encoding them with dis-
tinct transformations, rather than relying solely on their
order in the concatenated feature vector as in existing graph
attention mechanisms.

4.4 FEATURE-CONDITIONED DAMPING

The damping coefficient is conditioned on the current node
state:
1 =W +b) (10)

with o the sigmoid. To guarantee a diversity-preserving
floor, we learn a scalar v and include a single regularisation
term in the training objective:

L= Loas+ Y max(0, 7 — %)% (11)
it

This encourages 'yi(t) > ry during training, where -y is itself

learned alongside all other parameters. The theoretical guar-

antee in Section[5.2]is stated conditionally on this holding

for the trained model.

4.5 FINAL PREDICTION

After L propagation steps, each region’s final hidden state
hEL) is mapped to a prediction by augmenting the learned
graph representation with a direct readout from the most
recent wy,y, time steps of the raw incidence window:

. T (L T w

Yi = Wouthz(' ) + thxz('wh ) + 0, (12)
where xﬁw‘m) denotes the last wyy, entries of region #’s

incidence window. The high-level architecture of EpiRDN
is depicted in Figure I]

S THEORETICAL ANALYSIS

5.1 MODEL COMPLEXITY

The per-step cost of EpiRDN is O(|E| + nf?): O(|E|)
for attention and Sinkhorn normalisation over the edge
set, O(nf?) for the node-wise reaction MLP, and O(n)
for the damping coefficient. The attention cost dominates

on sparse graphs and matches that of standard message-
passing GNNs [Kipt and Welling| 2017, |Velickovic et al.,
2018]], with the reaction and damping components adding
no asymptotic overhead. The total parameter count is
O(df + f?), with d < f typically.

5.2 RESISTANCE TO FEATURE COLLAPSE

The central theoretical contribution of EpiRDN is a guaran-
tee against feature collapse at any finite propagation depth,
established under the following assumptions. The proof is
provided in Appendix section|[8]

Assumption 5.1 (Damping Floor). The trained model pro-
duces 'ylm = 7 for all nodes i and steps t, where v € (0, 1)

is the learned scalar from Eq. (T1).

The regularisation term in Eq. (IT)) penalises node-step pairs
where 'yi(t) drops below ~, encouraging all damping coeffi-
cients to remain above this floor. This ensures a minimum
fraction of each node’s update comes from its local reaction,
maintaining its identity at every layer. The full model with
feature-conditioned fyi(t) > ~ satisfies this assumption con-
servatively; Theorem 2] therefore provides a lower bound on

the diversity retained in practice.

Assumption 5.2 (Bi-Lipschitz Reaction). The trained re-
action satisfies L |lu — v|| < ||R(u) — R(v)|| for some
constant L,;, > 0.

This is a mild non-degeneracy condition for the MLP R:
it cannot map distinct inputs to the same output while pre-
serving separation proportional to Lyy,. Standard initialisa-
tion and weight-decay regularisation help prevent the MLP
from becoming a near-constant function. In practice, we
implement R as a residual MLP, which provides a structural
guarantee that distinct inputs remain separated, making As-
sumption[5.2]an architectural property rather than a post-hoc
condition on the trained model.

Assumption 5.3 (Doubly Stochastic Diffusion). Af every
step t, the propagation matrix AW g doubly stochastic:
AD1 = 1 and ADT1 = 1, ie., all row sums and all
column sums equal one.

As noted in Remark [T] this is enforced at negligible extra
cost by applying Sinkhorn normalisation after the softmax in
Eq. (9). Double stochasticity ensures that diffusion preserves
the population mean h(*) and admits the contraction bound
used to establish Theorem 2] The full argument is given in
Appendix Section [§]

Theorem 2 (Dirichlet Energy Retention). Let w; = 1/n for
all i € V. Define the feature diversity measure E(H) =
%Zi |h; — h||?> where h = %Zl h;. Under Assump-
tions and provided

Y1 + Liin) > 1, (13)
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Table 1: Epidemic forecasting performance across four datasets measured by RMSE, where lower values indicate better
performance. All values are scaled by x103. Blue indicates the best result and red indicates the second best result in each

column.
\ Japan-Prefectures US-Region US-State Australia-COVID

Method | 2 5 7 12 2 5 7 12 | 2 5 7 12 | 2 5 7 12

AR 1.670 2.440 2561 2485 | 0.626 1.079 1.280 1.496 | 0.172 0.264 0300 0.341 | 0.509 0.540 0.556 0.587
GAR 1.484 2428 2561 2530 | 0.607 1.054 1.288 1.568 | 0.162 0.247 0.292 0.355 | 1.343 1394 1.430 1.519
VAR 1.577 2566 2530 2504 | 0.695 1.113 1.234 1380 | 0.298 0.333 0397 0422 | 0.581 0.592 0.607 0.619
ARMA 1.661 2439 2559 2482 | 0.622 1.058 1.263 1.484 | 0.172 0.262 0.298 0.340 | 0.505 0.527 0.541 0.564
RNN 1.198 1.852 2.193 1.906 | 0.572 0.980 1.154 1.513 | 0.159 0.224 0.255 0.329 | 0.581 0.648 0.708 0.898
LSTM 1.255 1.840 2235 1952 | 0.570 1.049 1230 1.531 | 0.161 0.227 0263 0.330 | 1.122 1.178 1.230 1.393
GRU 1.181 1.782 2226 1922 | 0.571 1.024 1205 1.521 | 0.159 0.248 0.285 0.335 | 1.065 1.127 1.177 1.322
RNN-Attn 1.311 2267 2.133 1933 | 0.566 0.999 1.211 1.521 | 0.163 0.244 0.274 0342 | 1.054 1.039 1.026 1.166
CNNRNN-Res | 1.401 2570 2.603 2.067 | 0.595 1.006 1.153 1316 | 0.228 0.320 0.360 0.280 | 1.484 1.488 1.491 1476
LSTNet 1441 2385 2477 2391 | 0.607 1.134 1.121 1.149 | 0.196 0.276 0.288 0.312 | 0.595 0.614 0.645 0.712
GCN 1.166 1490 1.631 1.772 | 0.786 0.940 1.052 1.209 | 0.204 0.247 0.253 0.271 | 1.023 1.034 0.992 1.081
GAT 1.199 1489 1.678 1.687 | 0.772 1.001 1.108 1.361 | 0.201 0.246 0.275 0.312 | 0.745 0.663 0.631 0.572
GraphSAGE 1.188 1.565 1.529 1.732 | 0.527 0.876 0.939 1.020 | 0.145 0.201 0.220 0.246 | 0.359 0.402 0.365 0.434
GATv2 1.184 1430 1.613 1.771 | 0.780 0.999 1.122 1.303 | 0.200 0.248 0.275 0.309 | 0.383 0.342 0.401 0.404
DirGNN 1.162 1487 1563 1.731 | 0.612 0.856 1.001 1.052 | 0.152 0.206 0.225 0.248 | 0.381 0.331 0.445 0.484
GRAND 1.371 2176 2366 2.149 | 0.557 0.969 1.124 1328 | 0.151 0.219 0.251 0.279 | 0.353 0.322 0.371 0.332
GRAND++ 1.374 2178 2365 2.149 | 0.556 0.969 1.128 1.335 | 0.150 0.220 0.255 0.287 | 0.352 0.327 0.379 0.332
ACMP 1.347 1.648 1.782 2.160 | 0.546 0.889 1.007 1.192 | 0.155 0.206 0.229 0.260 | 0.350 0.398 0.324 0.442
GREAD 1.126  1.609 2.103 1.878 | 0.525 0.920 1.012 1.051 | 0.153 0.261 0.404 0.420 | 0.387 0.414 0.386 0.409
ADR-GNN 1.399 2201 2.228 2.173 | 0535 0924 1.070 1.267 | 0.160 0.213 0.244 0.268 | 0.370 0.407 0381 0.517
STGCN 1.274 1400 1.478 1.812 | 0.727 0.965 1.017 1.116 | 0.205 0.260 0.280 0.296 | 0.696 0.649 0.706 0.721
MGNN 1.757 1943 2.048 2.655 | 1.472 1487 1305 1.538 | 0.178 0.206 0.259 0.288 | 0.664 0.769 0.848 0.857
TMGNN 1.500 1.559 1977 1.839 | 0.656 0916 1.043 1.228 | 0.179 0.190 0.438 0.447 | 0.803 0.846 0.870 0.916
Cola-GNN 1.168 1.573 1.758 1.690 | 0.552 0.871 1.054 1.011 | 0.148 0.224 0.228 0.241 | 0.368 0.406 0.463 0.533
Epi-GNN 1.503 1.448 1.738 1.695 | 0.563 0.881 0.938 1.025 | 0.150 0.190 0.205 0.251 | 0.325 0.381 0.416 0.491
Epi-Cola-GNN | 1.118 1.544 2.549 2.164 | 0.547 0.872 1.160 1365 | 0.148 0.219 0.268 0.303 | 0.803 0.854 0912 1.124
EpiRDN ‘ 1.113 1393 1495 1.683 ‘ 0.513 0.834 0920 1.001 ‘ 0.144 0.196 0.217 0.237 ‘ 0.340 0.318 0.291 0.321

the following lower bound holds for all T > 0: 6 EXPERIMENTS
6.1 EXPERIMENTAL SETUP
A T 2T 77 0
E(H( >) > clowE(H( >),
(14)

Clow = 1(1 + Lmin) —1>0.

In particular, E(H(T)) > 0 for all finite T whenever
EMH©) > 0, preventing feature collapse at any finite
depth.

E(H(t)) measures the spread of node representations
around their mean, being zero only when all nodes share
identical features. The theorem states this diversity can-
not vanish in finite time, as it is lower-bounded by a
quantity that decays at most geometrically. The condition
(14 Lyin) > 1 requires the local reaction to amplify diver-
sity quickly enough to counteract the homogenising effect
of diffusion. Higher ~ or L, increases cjow, Strengthening
the guarantee. In contrast, standard GNNs with v = 0 yield
Clow = —1 < 0, meaning no such bound can be established,
consistent with the geometric energy decay observed under
pure diffusion [|[Chamberlain et al., 2021a].

Datasets We evaluate on four real-world epidemic
datasets [Xie et al.| [2022] covering multiple wave outbreaks.

¢ Japan-Prefectures: Weekly influenza-like illness(ILI)
reports for 47 prefectures in Japan (Aug 2012 — Mar
2019), sourced from the Weekly Infectious Diseases
Report.

* US-Regions: Weekly influenza patient counts across
10 HHS regions (2002-2017), sourced from the De-
partment of Health and Human Services.

» US-States: Weekly influenza-positive cases across 49
US states (2010-2017), sourced from the CDC.

* Australia-COVID: Daily confirmed COVID-19 cases
across 8 states and territories (Jan 2020 — Aug 2021),
sourced from the JHU-CSSE repository.

Table 2] reports the size, temporal granularity, and descrip-
tive statistics of the four datasets. Min and Max denote the
minimum and maximum recorded case counts across all
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regions and time steps; Mean is the average case count per
region per time step.

Evaluation Metric We adopt Root Mean Squared Error
(RMSE) as the primary evaluation metric:

N

1
v 2 G = wi)’, (15)

=1

RMSE =

where y; and ¢; denote the ground-truth and predicted case
counts respectively. RMSE penalises large deviations more
heavily than mean absolute error, making it particularly sen-
sitive to peak outbreak episodes that are critical for public
health decision-making.

Baselines We compare EpiRDN against five categories of
baselines spanning a broad range of inductive biases.

¢ Statistical models: AR, VAR, GAR, and ARMA
[Zhang| 2018]] capture temporal autocorrelation with-
out spatial structure.

* Message-passing GNNs: GCN [Kipf and Welling,
2017]], GAT [Velickovié et all, 2018|], GraphSAGE
[Hamilton et al., [2017], GATv2 [Brody et al., [2022],
and DirGNN [Rossi et al.}[2024]] cover isotropic aggre-
gation, attention-based weighting, inductive sampling,
and directed propagation.

e Diffusion GNNs: GRAND [Chamberlain et al.,
2021a], GRAND++ [Thorpe et al.| 2022, GREAD
[Choi et al., [2023], ACMP [Wang et al., [2023]], and
ADR-GNN [Eliasof et al., 2024]] model diffusion pro-
cesses on graphs.

¢ Sequence models: RNN [Medsker and Jain, 2001],
LSTM [DiPietro and Hager, 2020], GRU [Dey and
Salem, 2017], RNN-Attn [Cheng et al.| 2016], and
CNNRNN-Res [Wu et al., [2018]] capture temporal dy-
namics without explicit spatial modelling.

¢ Epidemic and spatio-temporal GNNs: LSTNet [Lai
et al., [2018]], STGCN [Yu et al. [2018]], MGNN [Hy
et al.| 2022[], TMGNN [Hy et al., 2022]], Cola-GNN
[Deng et al., 2020], EpiGNN [Xie et al.l [2022], and
EpiCola-GNN [Liu et al., 2023|] represent the most
relevant prior work, combining spatial graph structure
with temporal modelling under epidemic-specific or
spatio-temporal inductive biases.

Evaluation setting We split datasets into training, valida-
tion, and test sets at a 60%—20%—20% ratio. We perform
5-fold cross-validation and report the mean RMSE across
folds. While message-passing GNNs and diffusion GNNs
are primarily designed for static graph tasks, we adapt them
for epidemic time series prediction by feeding each node’s
historical incidence window as its input feature and evaluat-
ing their performance under a multi-step forecasting proto-
col. Baseline results are obtained from the literature when

reported under the same experimental setup. Otherwise, we
reproduce the baselines using the hyperparameter configura-
tions specified in their original papers.

Model Hyperparameters Models are optimised using
Adam optimizer [Kingma and Bal [2015]] with a learning rate
selected from {1073,2x 1073, 5 x 1073} and weight decay
from {1074,2 x 107%,5 x 10~*}. Dropout is tuned over
{0.1,0.2,0.5} and batch size over {32,64}. The number
of layers is selected from {2,4,8}. All hyperparameters
are chosen via grid search [Bergstra and Bengio| 2012].
Training runs for up to 1500 epochs with early stopping if
validation loss does not improve for 200 consecutive epochs.

Implementation Details All experiments were run on a
Linux workstation with a 28-core Intel Xeon W-2175 CPU
(2.50 GHz), 512 GB of RAM, and an NVIDIA RTX A6000
GPU. The codebase was developed in Python [Sundnes|
2020].

6.2 PREDICTION PERFORMANCE

Table [T] reports RMSE across four datasets and four fore-
casting horizons. EpiRDN achieves the best overall result,
winning 12 of 16 settings and placing second in the re-
maining 4. It consistently outperforms all five baseline cate-
gories: statistical models, standard message-passing GNN's
(including attention-based and direction-aware variants), se-
quential models, diffusion GNNs, and epidemic-specific
architectures. While individual baselines perform compet-
itively in specific settings (STGCN at short horizons on
Japan-Prefectures, Epi-GNN on US-State mid-range hori-
zons, and GRAND on Australia-COVID), no single baseline
sustains strong performance across all settings simultane-
ously. EpiRDN is the only method that achieves consistently
near-optimal results across all configurations.

Another notable pattern observed in the results is that
EpiRDN’s advantage tends to widen with the forecast-
ing horizon on most datasets. Methods using symmetric
aggregation, message-passing GNNs, sequential models,
and epidemic-specific baselines show sharper performance
drops at longer horizons, whereas EpiRDN exhibits more
stable error. This stability aligns with EpiRDN’s feature di-
versity guarantee, which maintains distinct representations.

6.3 ABLATION STUDY

To isolate the contribution of each component, we evaluate
six variants of EpiRDN by removing one design choice at a
time. Results are reported in Table 3]

All variants generally underperform the full model, con-
firming that each component contributes. Removing the
reaction term causes the largest degradation at most hori-
zons across both datasets, demonstrating that explicit local
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Table 2: Full statistics of the four real-world datasets.

Dataset Size Granularity Disease Min Max Mean
Japan-Prefectures 47 x 348 Weekly Influenza 0 26635 655
US-Regions 10 x 785 Weekly Influenza 0 16526 1009
US-States 49 x 360 Weekly Influenza 0 9716 223
Australia-COVID 8 x 556 Daily COVID-19 0 9987 539
Table 3: Ablation study on US-Region and US-State across —e— EpiGNN STGCN  —A— GAT —4— GRAND  —e— EpiRDN
. . B 2000
four forecasting horizons (RMSE x 103 reported). Each
. . . . 1800 A
variant removes one component of EpiRDN while keeping Lo00
all others fixed.
1400 A
W 1200 4
| US-Region | US-State 2
o 1000 A
Variant | 2 5 7 12 | 2 5 7 12
800 -
wlo anisotropy 0528 0.886 0942 1018 | 0.151 0218 0266 0.279
wlo reaction 0796 0977 1.025 1.009 | 0.217 0282 0283 0.280 600 -
wlo damping floor | 0.543 0.884 0984 1.057 | 0.147 0282 0282 0.283 400
wlo Sinkhorn norm. | 0.541  0.871 0.953 1.020 | 0.151 0216 0249 0.278
wlo feature cond. | 0.540 0.882 0.948 1.081 | 0.144 0202 0233 0.87 L e
wlo regularization | 0.537 0.836 0913 1.023 | 0.149 0210 0271 0.285 prediction window
Full EpiRDN | 0513 0834 0920 1001|0144 0196 0217 0237

state transition modelling is a critical component for captur-
ing region-level infection dynamics. Removing the damping
floor has a disproportionate effect at longer horizons, con-
sistent with the theoretical prediction that feature diversity
must be actively maintained as propagation depth grows.
The anisotropy ablation produces degradation across all
horizons, though its magnitude varies, confirming that di-
rected propagation matters throughout the rollout rather than
only at higher depth. The regularisation ablation reveals an
asymmetric effect on the US-State dataset: short-horizon
performance is largely unaffected, while longer horizons
degrade noticeably, suggesting the floor penalty becomes
more important when deeper propagation risks diversity loss.
Sinkhorn normalisation has a comparatively modest impact,
suggesting it acts as a stabiliser rather than a primary perfor-
mance driver; feature-conditioned damping shows modest
impact at short horizons but becomes increasingly important
at longer horizons, where it produces the largest degradation
of any ablation.

6.4 LONG-HORIZON ROBUSTNESS

Figure[2]evaluates prediction performance across increasing
window sizes on the Australia-COVID dataset, comparing
EpiRDN against baselines with diverse inductive biases:
GAT employs multi-head attention for adaptive neighbour
weighting, STGCN captures joint spatial and temporal de-
pendencies via graph convolution and gated temporal convo-
lution, GRAND adopts a continuous diffusion perspective,
and EpiGNN incorporates epidemic-specific priors.

EpiRDN consistently achieves the lowest RMSE across all
windows, with the gap widening substantially beyond win-

Figure 2: RMSE across increasing prediction windows on
the Australia-COVID dataset.

dow 14. GAT and STGCN degrade sharply at longer hori-
zons, as their fixed aggregation schemes struggle to adapt to
the evolving spatial structure of an outbreak. GRAND and
EpiGNN show moderate but steady deterioration, as neither
explicitly models local infection dynamics. EpiRDN’s sus-
tained advantage stems from jointly modelling spatial prop-
agation and local reaction dynamics, allowing it to capture
both inter-region transmission patterns and region-specific
epidemic trajectories as the prediction window grows.

6.5 FEATURE DIVERSITY RETENTION

Feature Diversity (Dirichlet Energy) Energy Retention (Normalised by Eo)

17.5 3665% ~@- mean 40 )

*1std initial level

Normalised energy
N
S

o
t=0t=1t=2
(input)

t=0t=1t=2
(input)

t=4 t=8 t=10

(output)

t=4 t=8 t=10

(output)

Propagation step t Propagation step t

Figure 3: Dirichlet energy E(H(®)) across propagation steps
on the US-State dataset (horizon = 2, L = 10 layers). Left:
absolute energy over layers. Right: energy normalised by
E)y over layers.

Theorem 2 guarantees that the Dirichlet energy E(H®)) is
bounded below throughout propagation, preventing feature
collapse. We verify this empirically by tracking E(H®))
across all propagation steps on the US-State dataset. Fig-
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ure [3reports the results.

At ¢t = 0, the input projection produces relatively undif-
ferentiated features. The reaction MLP at ¢ = 1 actively
amplifies inter-region differences as nodes with distinct epi-
demic trajectories are pushed apart in feature space. Subse-
quent layers exhibit gradual decay as the diffusion operator
spreads contextual information across the graph, yet energy
stabilises well at the final layer. This confirms that feature
diversity is actively maintained throughout propagation, con-
sistent with the theoretical guarantee of Theorem 2.

6.6 RUNTIME ANALYSIS

Figure ] shows that EpiRDN strikes a practical balance be-
tween the lightweight standard GNNs and the expensive
ODE-based models. By implementing reaction-diffusion
dynamics via discrete message passing rather than continu-
ous ODE integration, EpiRDN achieves moderate runtime
while retaining its epidemiological inductive bias. GRAND
and GREAD, which numerically solve a continuous diffu-
sion equation at every epoch, incur substantially higher cost,
making EpiRDN a more computationally efficient alterna-
tive without sacrificing modelling expressiveness.

Japan-Prefectures (Depth = 2, Hidden Dimension = 64)

Standard GNN

W ODE-based 596.7
600

509.0 519.6
500 1
400
300 4
202.6
200 4
100 4 1.6
54.6
o " " y
o
R
23

Runtime per epoch (ms)

120.4
N oo
«© <«

ol o .

S&° . o

Figure 4: Runtime per epoch on Japan-Prefectures

Additional Experiments All three assumptions of The-
orem 2 are empirically verified on the trained model in
Appendix section 9]

7 CONCLUSION, AND LIMITATIONS

We propose EpiRDN, a novel graph neural network that dis-
cretizes the reaction-diffusion equation for epidemic time
series prediction. By separating each propagation step into
a local reaction component and an anisotropic diffusion
operator with feature-conditioned damping, EpiRDN effec-
tively captures directed infection flow and regional dynam-
ics while preventing feature collapse. Experiments show
consistent improvements over various baselines, especially
at longer forecasting horizons.

Currently, EpiRDN assumes a fixed graph topology through-
out the forecast horizon, which may not reflect the dynamic
mobility patterns driving real epidemic spread. Addition-
ally, the feature generation stage uses a simple linear pro-
jection with no explicit temporal inductive bias, potentially
underutilizing domain-specific information in epidemic data.
Extensions to our work include replacing the static graph
with a temporally evolving mobility network learned jointly
with epidemic dynamics and incorporating domain-specific
priors to enhance interpretability and performance.
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APPENDIX

8 PROOFS

Lemma 1 (Directional Asymmetry). AE? = A;? foralli,j
and all H® if and only if the attention kernel is symmetric.
In particular, W; # W, generically implies /15;) #* /1?2)

Proof. Partition a = [a; ||| with a;,a, € R The
attention score decomposes as s;; = a; W;h; +a, W, h;
and s;; = alTWlhj + a,Tthi. These are equal for all
h;, h; if and only if VVlTal = W:ar. If W, # W,., choose
h; = v with W;v # W,v and h; = 0; then s;; # s;;
for generic a, yielding flg) #* 1215? The Sinkhorn iteration
applied afterwards rescales rows and columns by positive
scalars; it does not equalise fll(-;i) and fl;? unless the pre-
Sinkhorn matrix is already symmetric, so asymmetry is
preserved. O

Theorem 2 (Dirichlet Energy Retention). Let w; = 1/n for

all i € V. Define the feature diversity measure E(H) =
%Zi |h; — h||?> where h = %Zl h;. Under Assump-
tions and provided

V(I + Lyin) > 1, (13)
the following lower bound holds for all T > 0:
E(H<T>) > 2T E(H<°>) :

Clow = 1(1 + Lmin) -

(14)
1>0.

In particular, E(H(T)) > 0 for all finite T whenever

E (H(O)) > 0, preventing feature collapse at any finite
depth.

Proof. Write || - || for the Frobenius norm and || X||2 , =
L5 |Ixs]|? for the 7-weighted Frobenius norm with mr; =
1/n. Let h® = 13~ h{ and HY = H®O — hO17
denote the centred features, so that E(H®) = ||H£t) 12 7

Step 1: Mean preservation. By Assumptlonﬂ 5.3, A®) i
doubly stochastic, so A®)T1 = 1. Therefore

- l(A(t)Tl)TH(t) - h®OT

%1TA(t)H(t %1TH(t) -
Thus the diffusion step preserves the mean: (AOH®) =
h®, and (AOH®), is well-defined with respect to the
same mean. The reaction term R(H®)) may shift the
mean; let R(H®), denote the centring of R(H®) about

RH®) = L3~ R(h!’ ). Since 4" may differ across
nodes, we first re-express the centred update. The new mean
is

RO = 5RO + 0 (A

and subtracting row-wise gives

HHY = TORMH®Y), + (I —TO)(ADHD), + AD®
(16)
where A" = A RH®) + (1 — 7 )h® — W+ s a

row-constant correction that vanishes when summed against
1/n by construction. Since E(H®) = ||H£t)||frF is the
variance and variance is shift-invariant, we may without loss
of generality work with any fixed reference centring. By
shift-invariance of variance:

EHD) = E(I‘(t)R(H(t)) F (- F<t>)A<t>H<t>).

We bound this from below by working with centred versions
and applying the triangle inequality in the norm | - ||, p.

Step 2: Reaction lower bound. For any matrix X with
rows x; € R, the m-weighted pairwise-variance identity

> mimilx — x|% = 2 X )12 g (17)

.3

follows by expanding ||x; — x;[|? and using >, m; = 1.

Applying the lower bi-Lipschitz condition (Assumption [5.2))
pairwise,

IR (h;) — R(hy)|* > L3,

min

[ — hyl[%.

Multiplying by ;7;, summing over all (¢, j), and applying
to both sides:

2(|R(H).|7 F 2 L - 2 HelZ £,
giving
HR<H(t))c||7r,F Z LminHH((;t)Hﬂ,F' (18)

Step 3: Diffusion contraction. Since A is doubly stochas-
tic (Assumption E the uniform distribution w; = 1/n
satisfies 7T A®) = 77 (left stationarity follows from col-
umn sums equalling one). For any vector y € R™ and row-
stochastic matrix P with stationary measure 7, the variance
inequality Var,(Py) < Var,(y) follows from Jensen’s in-
equality applied to the convex function = + z2. Applied
coordinate-wise to the rows of H®):

[ADHD) || p < [HO |7 5. (19)

Step 4: Inductive bound. Let S = ||Hgt)||ﬂ,p. By
shift-invariance of variance, A®) does not contribute to
EMH), so

S = PO RE®Y), + (I - TO)ATHO),|| .
Applying the reverse triangle inequality [|u + vl r >
[l — [V with u = DORED), and v = (I -
I\(t))(A(t)H(t))ci

S0 > [POREO)| o] (-1 A0 |

T, F°
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Since TV = diag(’yl(t)) with 71@ > « for all i (As-
sumption , and (I — TW) = diag(l — 'yi(t)) with
1-— 'yl(t) <1l-7, scaling each row of the centred matrices
by these diagonal factors gives

PO REDO), || =7 |RED),

w,F

|(1 =TO)YAOVBY) || < (1=9) [(AYVHD) | p.
Substituting these together with and (I9):

S > 3 |RED)cl|rp — (1= 0) [(AYHO) ||,

Z lLInin S(t) - (1 - l) S(t)
= (Y1 + Linin) — 1)S® = 10w 5.

Since ¢iow > 0 by condition (I3), applying this inductively
over T steps and squaring:

EMED) = (§M)? > 2T (502 = 2T BHO). O

9 EMPIRICAL VALIDATION OF
THEORETICAL ASSUMPTIONS

Theorem 2 establishes that feature diversity decays at most
geometrically with propagation depth, provided three struc-
tural conditions hold. We verify each in turn on the trained
model for Japan-Prefectures dataset.

Assumption 5.1: Damping Floor.
cient ’yft) must remain above the learned floor 4 at every
node, layer, and sample. Figure [5] shows zero violations
across all propagation steps, confirming that the diversity-
preserving floor is active throughout, as this is enforced by

out regularization term.

The per-node coeffi-

Assumption 5.2: Bi-Lipschitz Reaction. For the reaction
MLP to counteract diffusion-induced collapse, it must pre-
serve input separation — distinct epidemic states must map
to distinct representations. This requires all singular values
of each weight matrix to remain above /L. Figure E]
confirms this holds for both layers, ensuring the reaction
amplifies rather than discards inter-region differences.

Assumption 5.3: Doubly Stochastic Diffusion. Double
stochasticity of A® ensures that the diffusion step preserves
the population mean of node features, which is essential for
the contraction bound in the proof of Theorem 2. Figure[7]
shows that a single Sinkhorn iteration reduces the maximum
column-sum deviation to below 10~7, with no measurable
gain from further iterations.

Feature Diversity Retention. With all assumptions satis-
fied, the condition cjoy = ¥(1 4+ Lynin) — 1 > 0 determines
whether Theorem 2 provides a non-trivial lower bound.

Figure [§| places the trained model well within the region
Clow > 0, with substantial margin from the boundary, con-
firming that the reaction MLP actively counteracts diffusion-
induced collapse throughout the rollout.

Collectively, these results confirm that the theoretical condi-
tions of Theorem 2 are not merely assumed but hold for the
trained model, with each assumption satisfied by construc-
tion and the energy retention condition met with meaningful
margin.
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Assumption 5.1 — Feature-Conditioned Damping Floor
Total violations: 0/13160 (0.00%)

Layer 1 Layer 2 Layer 3 Layer 4
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Figure 5: Assumption 5.1: distribution of 7@ per layer. The learned floor 4 (dashed) is never violated across any node or

step.

Assumption 5.2 — Bi-Lipschitz Reaction MLP (L, =0.85, floor=y L, =0.922)
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Figure 6: Assumption 5.2: singular value spectra of both reaction MLP weight matrices, sorted in descending order. The
rightmost bar is o,i,. All values remain above the required floor v/ Ly,i, (dashed).

Assumption 5.3 — Sinkhorn Column-Sum Residual

10° Z97e0T
——- 1073 threshold
10*1 -
= 10724
|
I R R R T R R TR IR ey
E 10
b
g 104 4
s
—5 4
s 10
10—6 4
1194.09e-07 _ 1.19e-07 _119e-07 _11pe07
10-7 4 *—o L L g
0.0 25 5.0 7.5 10.0 12.5 15.0 17.5 20.0

Number of Sinkhorn iterations

Figure 7: Assumption 5.3: Sinkhorn column-sum residual by iteration count. One iteration achieves near-exact double
stochasticity.
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Ciow Landscape — Green region = Theorem 2 holds
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Figure 8: ¢y landscape over (5, Ly,in ). The trained model (star) sits firmly in the green region, confirming the Theorem 2
condition.
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