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Abstract

Causal discovery in high-dimensional linear
Bayesian networks is challenging, even with par-
tial structural knowledge. Such information is of-
ten edge-specific and noisy, and naively enforcing
uniform shrinkage or hard constraints can induce
incorrect or unstable edge selection. We propose
Probabilistic Edge Modulation (PEM), a princi-
pled probabilistic framework that replaces hard
structural constraints with soft, edge-specific mod-
ulation via a spike-and-slab formulation. PEM inte-
grates heterogeneous priors into ordering recovery
and parent selection through a unified MAP for-
mulation that remains computationally tractable in
polynomial time. We establish high-dimensional
consistency under both sub-Gaussian and heavy-
tailed errors with bounded moments, and demon-
strate robustness to prior misspecification. Exper-
iments on synthetic and real retail data demon-
strate improved structural stability and graph re-
covery in sparse and data-limited regimes; in a real
e-commerce dataset, probabilistic transfer from a
data-rich group stabilizes smaller groups and yields
nontrivial graphs that do not collapse to near-empty
graphs.

1 INTRODUCTION

Causal discovery in high-dimensional linear Bayesian net-
works (LBNs) remains fundamentally challenging, even
when partial structural knowledge is available. Such in-
formation may arise from domain expertise, semantic or
business rules, transfer across related datasets, or large lan-
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Figure 1: Conceptual illustration of prior-guided causal dis-
covery under imperfect prior information. (a) True graph.
(b) External prior containing partial error (red edge). (c)
Hard-constraint-based estimation, which restricts the search
space and propagates prior error. (d) Soft, edge-specific
modulation (PEM), which allows prior information to guide
estimation probabilistically and reduces sensitivity to prior
misspecification.

guage model-assisted knowledge extraction. It is commonly
used to restrict the space of admissible graphs |Vashishtha
et al.|[2023]], Darvariu et al.| [2024], |Ghassami et al. [2018]],
Rodriguez-Lépez and Sucar] [2022]], |Constantinou et al.
[2023]]. However, in learning LBNSs, prior knowledge is
often incorporated through heuristic rules, hard constraints,
or algorithm-specific modifications, or omitted altogether
[[Shimizu et al., 2006, 2011}, |(Ghoshal and Honorio, 2018,
Chen et al.| 2019, |Park et al., 2021l |Gao et al., [2022]]. These
approaches lack a unified probabilistic framework for han-
dling uncertainty in prior information and typically lack
high-dimensional consistency guarantees under heteroge-
neous or misspecified priors.

Integrating uncertain prior information while preserving
high-dimensional consistency is particularly challenging in
settings with sparse and zero-inflated data—such as online
retail and recommender systems—where limited samples
provide weak signals relative to the underlying dependen-
cies. In such regimes, existing structure learning methods
face two key limitations. First, prior knowledge is often
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Table 1: Design space of structure learning methods for high-dimensional DAG models.

Prior High-Dimensional Guarantees
Domain Method DAG Edge Soft Hard Poly-Time Gaussian Heavy-tail No indeg.
This work (PEM-LBN) v v v v v v v v
Loh and Biihlmann| [2014]) v X X X v v A v
Ghoshal and Honorio| [2018] (LISTEN) v X X X v v v v
Li
Blanyeezrian Chen et al.[[2019] (Top-Down) v X X X X v A X
networks Park et al.[[2021] (HLSM) v X X X v v v v
Gao et al.|[2022] v X X X X v X X
Shimizu et al.{[2011] (DirectLiINGAM) v X X X v X X X
Tashiro et al.[[2014]] (ParcelLINGAM) v v X v v X X X
Continuous Zheng et al.|[2018] (NOTEARS) v X X X X X X -
opumization  |Ng et al.|[2020] (GOLEM) v X X X X v/ X X
i Friedman and Koller| [2003] v X v X X X X -
Bayesian :
DAG Kuipers et al.|[2022] 4 X v X X X X -
Zhou and Chang| [2023] v X v X X v X X
MEC Perkovic et al.|[2017] X X X v X X X -
recovery Ejaz and Bareinboim| [2025] (LGES) X v v/ v/ v v/ X X

Legend. v/ (yes) indicates that the property is explicitly supported by the method; X (no) indicates that it is not supported; A indicates a conditional guarantee holding only under
additional assumptions (e.g., identifiability conditions, sparsity, or bounded indegree); “~ denotes not applicable.

DAG: recovery of a single directed acyclic graph rather than an equivalence class. Edge: use of edge-specific prior information. Soft: incorporation of prior information through
probabilistic weighting or regularization. Hard: imposition of deterministic constraints (e.g., forbidden or required edges). Poly-Time: existence of a polynomial-time
algorithmic guarantee. Gaussian / Heavy-tail: high-dimensional consistency guarantees under Gaussian or non-Gaussian (heavy-tailed) noise. No indeg.: guarantees do not
require a known maximum indegree bound.

incorporated as hard constraints that deterministically fix or
exclude edges, reducing robustness when prior information
is uncertain or noisy (e.g.,/Anjum et al.| 2009, Amirkhani
et al.| [2016)). Second, many existing methods do not pro-
vide an explicit mechanism to encode edge-specific prior
inclusion strengths; instead, shrinkage is introduced through
global [Friedman et al.,|2008} |Banerjee and Ghosal, 2015[ or
edge-wise adaptive penalty parameters [Zhou et al., 2009].
As a result, heterogeneous uncertainty across edges cannot
be directly expressed, and uniform shrinkage may over-
shrink weak but meaningful edges or fail to adequately
suppress spurious ones in finite samples. These contrasting
mechanisms are illustrated in Figure|[l]

We propose Probabilistic Edge Modulation (PEM), a
precision-based framework for a GH-type identifiable class
of LBNs, in which a topological ordering is recovered
through recursive comparisons of diagonal precision en-
tries |Ghoshal and Honorio| [2018]]. This regime is plau-
sible when variables are measured on comparable scales
or arise from a similar domain [Chen et al.| [2019], Park:
et al.|[2021]], \Gao et al.[[2022]]. Within this regime, PEM
integrates heterogeneous edge-specific prior uncertainty di-
rectly into ordering-based high-dimensional LBN learn-
ing while preserving polynomial-time estimation and high-
dimensional consistency guarantees. Specifically, PEM in-
corporates edge-specific inclusion strengths into a unified

MAP estimator through a spike-and-slab formulation, where
inclusion probabilities act as adaptive regularization weights
within a single precision-driven optimization problem. Un-
like prior approaches that treat inclusion probabilities pri-
marily as sparsity-control mechanisms, PEM embeds them
into the estimation procedure that jointly determines or-
dering and parent selection. As a result, prior information
affects not only local edge inclusion but also the diago-
nal precision comparisons that govern ordering recovery.
Table [I] situates PEM within the broader design space of
structure learning methods along the axes of prior informa-
tiveness and flexibility.

Our contributions are summarized as follows:

¢ Soft, edge-specific probabilistic modulation. We en-
code uncertain prior information through heteroge-
neous inclusion strengths, enabling selective shrinkage
without deterministic structural constraints.

* Polynomial-time estimation. The resulting MAP esti-
mator admits a polynomial-time implementation.

* Prior-adaptive high-dimensional consistency. We es-
tablish structural consistency under sub-Gaussian and
heavy-tailed noise without requiring a known maxi-
mum indegree bound, and show that informative edge-
specific inclusion strengths relax the finite-sample bur-
den of distinguishing the diagonal precision gaps for
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ordering and off-diagonal precision signals for parent
recovery.

2 BACKGROUND

Linear Bayesian Network. An LBN is defined by the
structural equation

X =BX +e¢ (1)

where X = (X1,...,X,)", B € RP*P is a weighted
adjacency matrix of a directed acyclic graph (DAG), i.e.,
Bj . # 0 only if there is a directed edge from £ to j. The
noise vector € = (e1,...,¢€,)  consists of mutually inde-
pendent variables with E[e;] = 0 and Var(e;) = o7 > 0.
We assume causal sufficiency, i.e., there are no latent con-
founders among the observed variables.

Let 3 denote the population covariance matrix of X. The
corresponding precision matrix ) = X ~! admits the factor-
ization

Q= (IP_B)T(ZE)_l(Ip_B)v (2)

where X¢ = diag(of,...,07). For a matrix A, we write
Ag,r for the submatrix indexed by node sets S, 7" C [p]
and A; j, for the entry indexed by nodes j,k € [p|. This
representation motivates a class of structure learning meth-
ods that infer the DAG through estimation of the precision
matrix (e.g., Peters et al.,|2012| |Ghoshal and Honorio, 2018],
Chen et al., 2019, [Park and Kim, 2020, [Park et al.l 2021}

Gao et al., [2022)).

Identifiability. The precision matrix alone is generally
insufficient to identify the underlying DAG, and additional
structural conditions are required. One well-known suffi-
cient condition is the equal error variance assumption [Pe{
ters et al., 2012]], which provides strong guarantees but re-
stricts noise heterogeneity. Identifiability is therefore natu-
rally characterized through ordering-based criteria driven
by conditional precision (uncertainty) levels. The follow-
ing lemma states an identifiability condition proposed in
Ghoshal and Honorio| [2018]].

Lemma 2.1 (Identifiability) Consider a linear Bayesian
network (1)) with DAG G and a topological ordering 7. For
r=1,...,p letT. ={m,...,m}. Let An(v) denote the
set of ancestors of node v in G. If for every { € An(m,.),

(Qr, 1 ]rp 7 < Q1,100

then G is uniquely identifiable.

Ordering-based LBN Learning. In ordering-based LBN
learning, ordering is driven by comparisons of diagonal
precision entries, while parent selection relies on the magni-
tudes of off-diagonal precision estimates.

This asymmetry condition reflects the sequential elimination
structure underlying ordering recovery. At each elimination
step, the conditioning set 7;. may include not only parents
but also descendants and other variables. Under equal or
comparable error variances—an assumption commonly en-
countered in homogeneous time-series (e.g., VAR) models,
spatial autoregressive systems, or standardized Gaussian
graphical models—conditioning on additional descendants
reduces conditional variance. In contrast, a true source vari-
able, whose parents are not yet included in the conditioning
set, retains relatively larger conditional uncertainty. This
strict separation in conditional variance translates into a
strict ordering in conditional precision.

Although several methods achieve high-dimensional guar-
antees [|[Ghoshal and Honori0, 2018 |Chen et al., 2019, [Park
et al., 2021}, |Gao et al.| [2022], their finite-sample behavior
can be unstable. Ordering recovery relies on comparisons of
diagonal entries of sub-precision matrices, and small covari-
ance estimation errors propagated through matrix inversion
can reverse ordering decisions.

Prior Incorporation Approaches. Prior incorporation
in structure learning has been addressed through several
paradigms. Hard structural constraints enforce must-have
or forbidden edges directly [MEEK. |1995| [Perkovi¢ et al.|
2017]]. While effective when correct, they do not represent
uncertainty and may exclude the true DAG under misspec-
ification. Regularization-based methods introduce global
shrinkage through a shared penalty parameter [Friedman
et al., 2008, Banerjee and Ghosal, |2015]. Such shrinkage
can stabilize estimation and promote sparsity, but it applies
uniformly across edges and therefore does not differenti-
ate edge-specific prior reliability. When empirical precision
signals are close due to estimation noise, a single global
penalty may provide limited flexibility for separating weak-
but-true edges from spurious ones. Continuous optimization
approaches [Zheng et al.| 2018 [Ng et al.,[2020] modify ob-
jective functions but do not directly couple prior inclusion
probabilities with precision-based ordering recovery. Fully
Bayesian methods [Friedman and Koller, 2003, Kuipers
et al., 2022, |Chaudhuri et al., 2025]] provide probabilistic
interpretations but rely on combinatorial search or MCMC
and are not naturally aligned with scalable MAP-based esti-
mation.

3 PRIOR INFORMATION MODELING:
PROBABILISTIC EDGE MODULATION

We introduce probabilistic edge modulation (PEM), in
which prior information enters precision estimation through
edge-specific inclusion strengths within a single MAP objec-
tive. This edge-level modulation directly guides parent se-
lection via off-diagonal shrinkage and, through the coupled
LogDet optimization, can also affect the diagonal ordering
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scores used for ordering recovery.

Edge-specific Inclusion Strengths. We consider edge-
specific prior information about potential DAG adjacencies,
which may be directional, noisy, or incomplete. Such infor-
mation influences structure learning only through precision
estimation, which provides the ordering signal required by
Lemma 2.1] Directional information is encoded via plausi-
bility scores wy_,; € [0, 1], which are translated into undi-
rected inclusion strengths by

Nk = max{w;_g, Wep—j}t, j<k.
If the directional prior is highly accurate, some orientation
may indeed be lost. However, when the prior is noisy, using
either direction as soft evidence of pairwise relevance can be
more stable than enforcing a possible incorrect orientation,
while the final direction is still through the ordering step.

Spike-and-slab Precision Modeling. We introduce PEM
by adapting a spike-and-slab Laplace prior [Rockova and
Georgel |2018}, |Gan et al., 2019] for precision matrix estima-
tion to allow edge-specific inclusion strengths 7; . (j < k):

Qx| rjr =0~ Laplace(vp),
Qjk | 7 =1~ Laplace(v1), v >wvy >0,

rik ~ Bern(n;r), 0<mr <1, (3)
where the diagonal entries are assigned an exponential prior
7(€;,;) o< exp(—7€; ), and € is restricted to be positive
definite.

Under this formulation, the inclusion strength 7; ;. directly
modulates shrinkage. Edges with larger 7; ;. are more likely
to be drawn from the slab component (weaker shrinkage),
whereas smaller ;. favor the spike component (stronger
shrinkage). After marginalizing over 7 1, this construction
induces edge-specific regularization, yielding heterogeneous
and probabilistic modulation of precision entries.

The parameters (v, 1) determine the separation between
spike and slab regimes, with 1 > vy ensuring differen-
tial attenuation of noise-like versus signal-like coefficients.
The diagonal penalty parameter 7 controls regularization
on conditional variance components and is taken small so
that diagonal precision entries primarily reflect structural
variance rather than shrinkage. Note that deterministic hard
constraints correspond to the boundary cases 7, 5 € {0, 1},
in which an edge is forced to be excluded or included with
probability one. Hence, PEM generalizes hard-constraint
methods within a continuous probabilistic framework.

PEM-MAP Precision Estimator. Given n independent
samples X" := (X)) let ¥ denote the full sample
covariance matrix. At elimination step 7, we Arestrict atten-
tion to the active set S(r) and define £(") = S ¢ g, the
submatrix of the full sample covariance matrix restricted to

this active set. Under the Gaussian likelihood in (1) and the
prior in (3, we define the PEM-MAP precision estimator
on the active set as

Q) = arg min

©-0, [|©]2<Bog
QecRPF1I=r) X (p+1-r)

{50 EV 07 + P, (@)}

“)
Here Dip(A||B) = tr(AB™!) — logdet(AB™!) — p de-
notes the LogDet Bregman divergence, and P, (©) is the
negative log-prior induced by (3).

Impact on Diagonal Entries. Although PEM modulates
shrinkage at the edge level, its effect is not confined to off-
diagonal entries. The PEM-MAP estimator (@) is obtained
by minimizing a coupled LogDet objective over © > 0,
where off-diagonal shrinkage and diagonal magnitude must
jointly adjust to satisfy positive definiteness and best fit
the data. Consequently, changing the inclusion strengths
1% alters the optimal pattern of off-diagonal attenuation,
which in turn induces systematic shifts in the diagonals
through the coupled optimization. This coupling is essential
in ordering-based LBN learning: since each elimination step
compares diagonal entries of ("), edge-specific modulation
provides a principled way to influence the relative ranking
of these ordering scores when competing nodes have close
conditional-precision values. In particular, heterogeneous
7;,% can stabilize ordering decisions in finite samples by se-
lectively suppressing spurious off-diagonal interactions that
would otherwise distort diagonal precision comparisons.

From Sparsity to Identifiability. The PEM-MAP estima-
tor builds on the Bayesian precision modeling framework of
Gan et al.|[2019], but shifts the theoretical focus of precision
estimation. Rather than establishing support recovery for
off-diagonal entries, we analyze the full precision matrix, in-
cluding the diagonal elements that govern variable ordering
in linear Bayesian networks. The theoretical objective there-
fore moves from sparsity consistency to ordering-based iden-
tifiability. Edge-specific inclusion strengths operate within
this framework to modulate precision entries in a way that
directly affects ordering recovery.

4 PEM-AUGMENTED LBN LEARNING

We perform LBN structure recovery via a backward-
selection procedure in which precision estimation is car-
ried out using the PEM-MAP formulation (@). Given edge-
specific inclusion strengths {7; 1} and n independent sam-
ples X1, the procedure proceeds iteratively. At iteration
r, the PEM-MAP precision estimator is computed on the
active set S(r). The next variable in the ordering is selected
according to the diagonal precision comparison underlying
Lemma [2.1] Its parent set is then determined using posterior
inclusion probabilities induced by the spike-and-slab prior.
The full procedure is summarized in Algorithm|T]
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Algorithm 1 PEM-LBN Learning Algorithm

Require: i.i.d. samples X L threshold 0 < T < 1, edge-
specific inclusion strengths {n; 1 }.
Ensure: Estimated DAG G = (V, E).
1: Initialize 7p4q < 0.
2. forr=1,...,p—1do
3: Set S(r) « V\{%£+2_r,...,5r\p+1}.
4 Estimate precision Q") for X s(ry by solving (@).
5 Select ordering element

Tpil_y < arg min Q.
p+1 gjeS(T)[ b,]

6: Estimate parent set

Pa(Fpi1-r) ¢ {k € SON\{Fpirv} 0S4 =T},

Fori—rik =

( ,2 denotes the posterior inclusion probability.

where p;/,
7: end for

8: return E = (P2} {(k,Fpr1_r) - k € Pa(Fpi1_,) ).

Specifically, the posterior inclusion probability of edge (j, k)
at iteration r admits the closed-form expression

ik ol

Bk e <_| )

1751 V1
(r _

Pip = — — .
Js Q(') Q(')
Nj.k 1€ 1-7m5k 1€2; |
25, €XP ( o + v €XP .

This quantity is evaluated at the MAP estimate Q™ under
the spike-and-slab model (3) (see Appendix [B]for details).

Given a threshold 7" € (0, 1) for parent selection, edges are
selected whenever pgr,z > T'. Unless otherwise specified,
T = 0.5 is used, corresponding to the median probability
model [Barbieri and Berger, 2004]]; similar thresholding
rules are common in Bayesian graphical modeling (e.g., Lee

and Cao, 2021} Banerjee and Ghosal, 2015).

Computational Complexity. The computational bottle-
neck of the r-th iteration lies in solving (@) to estimate
the precision matrix on the active set S(r), whose size is
|S(r)] = p+ 1 — r. Following the complexity discussion
of the BAGUS estimator [|Gan et al.,2019], the per-iteration
cost is dominated by matrix operations on a |.S(r)| x |S(r)|
matrix, resulting in O(|S(r)|®) time per iteration (up to
solver-dependent constants). Summing overr = 1,...,p—1
yields 3°%_, O(5°) = O(p*).

This O(p*) complexity is not a limitation unique to PEM-
LBN, but rather reflects a structural property of ordering-
based LBN learning, in which precision matrix estimation
must be repeatedly performed on shrinking variable sets.
In this respect, PEM-LBN is computationally compara-
ble to existing polynomial-time methods such as LISTEN
and BHLSM, while remaining substantially more scalable

than MCMC-based Bayesian DAG learning or best-subset-
selection approaches, which are infeasible beyond relatively
small graph sizes.

5 HIGH-DIMENSIONAL CONSISTENCY

We formalize the key probabilistic assumptions underly-
ing our model to establish high-dimensional consistency
of the proposed PEM-LBN algorithm[I] High-dimensional
LBN recovery requires two complementary ingredients: (i)
structural separation for identifiability, and (ii) stability of
precision estimation under sparsity constraints. These con-
ditions ensure that the structure estimation procedure re-
mains well-posed under edge-level uncertainty and sparse
graph regimes, and are standard in the analysis of high-
dimensional LBNs with sub-Gaussian and 4m-th bounded-
moment error distributions (e.g., |Ghoshal and Honorio,
2018} |/Chen et al., 2019, [Park et al., 2021} |Gao et al., 2022)
(see Appendix [H for the exact definition of error distribu-
tions). We formalize these requirements through the follow-
ing assumptions.

Assumption 1 (Structural Separation)

(i) There exist constants ki, ko > 0 such that

Amin(E) > /{1, and max Zj,j < ks.
1<j<p
(ii) (Minimum gap) For any r € {2,...,p}, and { €
An(r,.), there exists a constant Tyin > 0 such that

0 -0y

Tmin -
T T > min

(iii) (Minimum signal) For any r € {1,...,p — 1}, there
exists a constant 0,;,, > 0 such that

Q(T)

min G411

jEPa(mpy1—r)

> amina

where A (+) denotes the minimum eigenvalue and Q) s
the precision matrix of {X,,..., X 1.

Yy A Tpp1—r

Assumption [I] collectively enforces structural separation
and identifiability. In particular, condition (i) ensures invert-
ibility of the covariance matrix, condition (ii) guarantees
sufficient diagonal separation for correct ordering recov-
ery, and condition (iii) imposes a minimum signal require-
ment for reliable parent identification. While Assumption [I]
addresses identifiability, high-dimensional consistency fur-
ther requires uniform control of precision estimation errors.
To this end, we impose the following stability condition.
For ease of notation, let S = {(4,7) : Q,; # 0} and

S0 = {(i.5) - ") # 0}
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Assumption 2 (Estimation Stability) There exist positive
constants My and Mo, independent of p, such that

[Eloe < My, max | 1(Q7@QM) 50 50 loo < Ma,

where || - || denotes the Lo, /L~ operator norm.

Assumption 2] addresses estimation stability by controlling
the ¢ /£ Operator norm of the restricted precision Hessian
uniformly over elimination steps, thereby ensuring stable
support recovery of the penalized precision estimator. Exam-
ples demonstrating that Assumptions [I]and [2] are satisfied
under representative graph structures are provided in Ap-

pendix

Theorem 5.1 (High-dimensional Consistency) Consider
an LBN () with sub-Gaussian or 4m-th bounded-moment
errors. Suppose that Assumptions|l|and 2| hold. Then, for
some hyper-parameters (vy, v1,{n; 1}, T) and threshold T
(specified in Appendix [C), Algorithm [l recovers the true
graph G with high probability. In particular,

* for sub-Gaussian errors,

PI‘(@ = G) > 1-— 4p2 exp (_CSUb(dMTj/H_)z> 5

e for 4m-th bounded-moment errors,

2 (dM + 1)2m
nm

Pr(G=G)>1-Cpnp ,
where dy; denotes the maximum degree of the moralized
graph of G, obtained by connecting nodes that share a
common child and then dropping edge directions, and Clgyp
and Cly,, are positive constants.

Theorem [5.1] establishes consistent structure recovery
in high-dimensional regimes, with sample complexities
n = (d3,logp) under sub-Gaussian errors and n =
Q(d3,;p*/™) under 4m-th bounded-moment errors. These
rates are of the same order as those of existing high-
dimensional LBN learning methods (see Appendix [A] for
comparison and Appendix [D|for the full proof).

Although the scaling in n is comparable across meth-
ods, the structural requirements differ. As dj; increases,
diagonal separation may shrink and stability conditions
tighten, making dense graphs intrinsically harder to recover.
Many high-dimensional procedures rely on incoherence-
or compatibility-type constraints, whose constants may de-
teriorate rapidly as dj, increases. In contrast, PEM-LBN
relies on stepwise separation and restricted operator norm
control, without imposing irrepresentable-type incoherence
conditions. Although stability must hold uniformly over
iteration-specific subproblems, the required control is re-
stricted to the active supports rather than the entire precision
matrix, which makes its dependence on d,; comparatively
milder.

Benefit of Informative 1. More informative edge-specific
inclusion strengths tend to strengthen the separation condi-
tions required for ordering and parent recovery. In particular,
accurate prior modulation reduces the effective noise level in
off-diagonal precision entries, thereby stabilizing diagonal
comparisons and facilitating satisfaction of Assumption
In the extreme case of fully informative inclusion strengths,
recovery becomes deterministic.

Proposition 5.2 (Oracle inclusion strengths) Suppose
that the inclusion strengths satisfy

1, (j,k)eE,
MNjk = .
07 (]7k’) ¢ E?

where E is an edge set. Then Algorithm[l| returns the true
graph G.

6 NUMERICAL EXPERIMENTS

This section evaluates the empirical performance of Algo-
rithm [T] for learning linear Bayesian networks under both
Gaussian and heavy-tailed noise. The experiments are de-
signed to assess two aspects: (i) the practical benefit of incor-
porating edge-wise prior information in high-dimensional
regimes, especially as graph density increases and the struc-
tural separation conditions in Section [5|become harder to
satisfy, and (ii) the robustness of the method to misspecifi-
cation in the prior inclusion probabilities 7; j .

6.1 EXPERIMENTAL SETUP

We report results over 100 realizations of p-node LBNSs.
DAGs were generated as Erdos—Rényi graphs with edge
probability ¢ = min(1,3dys/p) under maximum de-
gree dyy € {3,6} [Ghoshal and Honoriol 2017, Park
et al.l 2021]. Non-zero coefficients were sampled from
Br,; € (—1.0,—0.5) U (0.5,1.0), and Gaussian noise fol-
lows €; ~ N(0, 22). For robustness evaluation, Gaussian
errors were replaced by Student-¢ errors with degrees of
freedom {10, 15,20} assigned cyclically across nodes.

Algorithm [I] was compared with representative high-
dimensional methods, including LISTEN [Ghoshal and Hon{
orio}, 2018[], BHLSM [Park et al., 2021], and TD [|Chen et al.,
2019]], using average graph recovery rates. Continuous opti-
mization approaches such as NOTEARS and GOLEM are
widely used benchmarks; however, in the high-dimensional
regimes considered here, their implementations did not
achieve meaningful recovery. Fully Bayesian DAG meth-
ods, while flexible in incorporating prior information, lack
scalable polynomial-time guarantees and become computa-
tionally prohibitive for p > 100, and are therefore excluded
from the main comparisons.
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Figure 2: Average graph recovery rates for 200-node Gaus-
sian LBNs with maximum degree dy; € {3,6}.

Prior information enters through the edge-wise inclusion
probabilities 7; ;, in (3). To evaluate (i), we construct an
oracle 1 based on the true graph and consider three regimes:
(PEM: Weak), where 7;; = 0.7 for true edges and 0.3
otherwise; (PEM: Strong), where n; ;. = 0.95 for true edges
and 0.05 otherwise; and (PEM: Non-info), where 7; ;, =
0.5 for all pairs (j, k), corresponding to a homogeneous
inclusion prior without edge-wise heterogeneity.

To evaluate (ii), we inject noise into 7 in the weak setting
by flipping a fraction p € {0.1,0.2,0.3,0.4} of true-edge
and true non-edge entries (0.7 <+ 0.3), yielding an overall
corruption level 2p. Hence, some true edges receive low
inclusion strengths and some true non-edges receive high
inclusion strengths. All hyper-parameters were fixed across
experiments (see Appendix [G.I).

6.2 GAUSSIAN LINEAR BAYESIAN NETWORKS

Figure 2] reports average graph recovery rates for 200-node
Gaussian LBNs with maximum degree dj; € {3,6} as the
sample size varies over n € {25, 50, ...,300}. We compare
three variants of Algorithm I](strong, weak, and non-info)
with LISTEN, BHLSM, and TD. The benchmark methods
exhibit performance comparable to the no-prior variant of
the proposed algorithm. TD is omitted for dy; = 6 due to
prohibitive computational cost.

First, as the sample size increases, all methods converge
toward similar recovery rates, consistent with the high-
dimensional consistency guarantees in Theorem Ad-
ditionally, incorporating edge-wise prior information consis-
tently improves recovery in high-dimensional finite-sample
regimes. Both strong and weak prior variants outperform
fully data-driven approaches, particularly when n is small
relative to p. This confirms the benefit of prior modulation
suggested by the structural separation and stability condi-
tions in Section

The benefit of prior modulation becomes more pronounced
as graph density increases. For dj; = 6, substantial perfor-
mance gaps emerge, whereas for dy; = 3 differences are
modest once n is moderate. As dj; grows, stronger local
dependence reduces precision separation, making Assump-
tion ii)—(iii) harder to satisfy and tightening the ¢, /¢~

100 100

Algorithm

- PEM: Non-info
& PEM: Weak
~ PEM: Strong
<7 BHLSM

- LISTEN
_--y * T

B

=L le .
100 200 300 100 200 300
Sample Size Sample Size

@dy =3 (b)dy =6

o =

Figure 3: Average graph recovery rates for 200-node LBNs
with Student-¢ errors and maximum degree dy; € {3,6}.

stability requirement in Assumption 2] In this regime, PEM-
LBN remains more robust, suggesting that its separation and
stability conditions deteriorate more gradually with density
than fully data-driven alternatives.

6.3 HEAVY-TAILED LINEAR BAYESIAN
NETWORKS

This section examines robustness to heavy-tailed noise by
replacing Gaussian errors with Student-¢ distributions. Sam-
ples were generated as in Section[6.2} with the sole modifica-
tion to the error distribution. Figure[3|reports the correspond-
ing graph recovery rates. The qualitative behavior closely
mirrors the Gaussian setting. As the sample size increases,
all methods converge toward comparable recovery rates, con-
sistent with the high-dimensional consistency guarantees
established in Section [5] Incorporating prior information
remains beneficial in small-sample regimes, particularly for
denser graphs. Overall, these results indicate that the struc-
tural separation and stability conditions degrade gracefully
under moderate heavy-tailed deviations.

6.4 ROBUSTNESS TO NOISY INFORMATION

This section examines the sensitivity of Algorithm [I] to
misspecification in edge-wise prior information. Starting
from the weak prior setting, we randomly flipped a fraction
p € {0.1,0.2,0.3,0.4} of the prior inclusion probabilities.
Hence, some true edges were assigned low prior weights
while some non-edges received high prior weights. Larger
values of p correspond to increasing inconsistency between
the prior specification and the true underlying graph. For
the non-informative prior baseline (Non-info), all inclusion
probabilities were fixed at n; , = 0.5 for all (j, k), corre-
sponding to the red curves in Figure[2]

Figuredreports the resulting graph recovery rates across dif-
ferent misspecification levels. As the misspecification rate p
increases, graph recovery performance degrades gradually.
For small to moderate levels of misspecification (p < 0.2),
incorporating prior information continues to improve recov-
ery accuracy relative to the no-prior setting, particularly in
high-dimensional regimes with limited sample sizes. As the
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Figure 4: Average graph recovery rates for 100-node Gaus-
sian LBNs with dp; € {3,6} as the edge-wise prior mis-
specification rate p increases from 0% to 40%.

corruption level approaches 0.5 (p ~ 0.2-0.3), recovery
becomes nearly indistinguishable from the non-informative
baseline, indicating that highly noisy priors no longer con-
tribute informative signal for structure recovery. This be-
havior reflects the robustness of soft prior integration via
posterior inclusion probabilities, as opposed to hard struc-
tural enforcement.

7 REAL DATA

The proposed algorithm is applied to a real-world order
dataset from an online shopping mall, publicly available
at Kaggle E-commerce Dataset. The dataset contains or-
der histories of 38,997 customers over 42 products, along
with payment method and product category information.
Products fall into four categories, ‘Auto & Accessories’,
‘Fashion’, ‘Electronic’, and ‘Home & Furniture’. Orders
are grouped by payment method, and for each group, we
construct an n X p customer—product count matrix. We then
study product—product relationships within each group and
learn a directed graph. We focus on payment groups with
at least 1,000 customers: credit card (n = 31,055), e-wallet
(n = 2,746), and money order (n = 9,089).

Small sample sizes within certain payment groups lead to
unstable directed graph estimation. In particular, when the
e-wallet and money order groups are fitted without prior
information, data-driven structure learning methods tend
to produce near-empty graphs. This is largely because or-
der histories are highly sparse, and each user contributes
only a handful of purchases, leaving too little signal to
reliably identify an ordering and parent sets. As a result,
high-dimensional procedures tend to shrink toward overly
sparse structures. By contrast, the credit card group admits
a non-trivial DAG due to its substantially larger sample size.
We therefore learn a reference graph from the credit card
data and transfer it as probabilistic prior structural infor-
mation when fitting the smaller payment groups (Figure|[I)
(details are provided in Appendix [H).

Figure [5] shows the estimated DAGs for each payment
method. The underlying transaction data exhibit strong

within-category co-purchasing patterns, a phenomenon
widely documented in retail network analyses and market
basket studies (e.g., |Agrawal et al.| [1993)). The estimated
graphs closely align with this empirical structure: in the
credit card graph, 42 of 50 edges lie within ‘Fashion’, and
in the money order graph 27 of 28 edges remain within the
same category. The e-wallet graph retains a similar concen-
tration (42 of 51 edges within ‘Fashion’), indicating that the
dominant category-level structure is consistently recovered.
Differences across payment methods are also reflected in
the learned graphs. The money order graph exhibits almost
no cross-category connectivity, whereas the e-wallet graph
introduces 9 cross-category links. Such variation suggests
responsiveness to group-specific purchasing patterns, rather
than mechanical replication of a reference structure.

Edge directions further align with established demand-
driven network patterns. Products with higher order vol-
umes tend to have larger outdegrees (Spearman correla-
tions 0.802 for money order and 0.877 for e-wallet), and
the highest-volume products serve as outgoing hubs. This
demand-—centrality relationship mirrors degree heterogene-
ity patterns commonly observed in product networks (e.g.,
Leskovec et al.L[2007)). Overall, the learned DAGs align with
known structural properties of retail transaction networks
while differentiating payment-specific interaction patterns,
indicating that the proposed method recovers interpretable
and data-consistent dependence structures.

8 CONCLUSION

We proposed probabilistic edge modulation (PEM) for learn-
ing linear Bayesian networks with uncertain edge-specific
prior information. By replacing hard constraints with cal-
ibrated inclusion strengths, PEM integrates noisy priors
while preserving ordering-based identifiability. We estab-
lished high-dimensional consistency under sub-Gaussian
and heavy-tailed noise with polynomial-time MAP estima-
tion, achieving sample complexity n = €2(d3, log p) and
n = Q(d3,p*™). Empirical results further show that in-
formative priors improve structural stability, particularly in
sample-limited regimes.

Future directions include extending uncertainty quantifi-
cation beyond edge-level posterior inclusion probabilities
to node orderings via scalable Bayesian approximations
[Kuipers et al.l 2022], using posterior edge probabilities
to refine prior beliefs and prioritize follow-up experimen-
tal validation, improving computational efficiency using
topological-layer representations [Gao et al., 2020} Zhou!
et al.l 2021} |Park| 2023]], and generalizing edge-wise prior
modulation to nonlinear and discrete identifiable DAG mod-
els [Zhang and Hyvarinen, 2009} Hoyer et al., 2009} Mooij
et al., 2009, [Peters et al., 2012| [Park and Raskutti, 2018]].
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Figure 5: Payment-specific DAG estimates using a credit-card-based graph as prior knowledge. The node color indicates
product category: ‘Auto & Accessories’ (green), ‘Fashion’ (orange), ‘Electronic’ (yellow), and ‘Home & Furniture’ (blue).
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A  EXISTING APPROACHES TO LEARNING LINEAR BAYESIAN NETWORKS

This section provides a review of existing methods for learning LBNs. One popular approach is based on regression. For
example, |Park and Kim|[2020] applies standard regression and conditional independence tests to learn a low-dimensional
Gaussian LBN. It estimates the ordering using the variance of residuals, and subsequently infers directed edges through
conditional independence tests. Chen et al.[[2019] develops the £y- and ¢;-regression-combined TD algorithm for sub-
Gaussian LBNs. The algorithm estimates the ordering using the best-subset-regression, and then infers the edges using a
{1 -regularized approach. The TD algorithm requires a sample size of n = Q(q? log p) for accurate ordering estimation, where
q is the predetermined upper bound of the maximum indegree. Similarly, Park et al. [2021]] develops the ¢;-regression-based
LBN learning (LSEM) algorithm with the sample complexities of n = Q(d}, logp) and n = Q(d},p*/™) for sub-Gaussian
and 4m-th bounded-moment LBNs, respectively. Finally, |Gao et al.| [2022] proposes the best-subset-selection-based optimal
learning algorithm for Gaussian LBNs. Its sample complexity is optimal n = Q(d;,, log ﬁ) under the known maximum
indegree d;,.

Another common approach relies on the precision matrix. Loh and Biithlmann| [[2014]] estimates the precision matrix by
applying graphical Lasso, and infers the moralized graph from the support of the estimated precision matrix. |Loh and
Bithmann| [2014] then selects the best-scoring graph amongst DAGs that are consistent with the moralized graph. Ghoshal
and Honorio| [2018]] develops the LISTEN algorithm that applies CLIME to estimate the precision matrix and estimates
the last element of the ordering using the diagonal entries of the estimated matrix. It then determines its parents based on
the non-zero entries in its row of the precision matrix. After eliminating the last element of the ordering, this procedure is
repeated until the graph is fully estimated. |(Ghoshal and Honorio| [2018]] proves that the LISTEN algorithm requires sample
sizes of n = Q(d%, logp) and n = Q(d},;p>/™), when the error distributions are sub-Gaussian and 4m-th bounded-moment,
respectively.

In summary, existing frequentist approaches to learning linear Bayesian networks primarily rely on tools such as OLS, Lasso,
graphical Lasso, and CLIME. While these methods have achieved notable theoretical and empirical progress, they typically
employ uniform shrinkage penalties, require strong structural assumptions such as incoherence conditions or known bounds
on the maximum indegree, and may face computational challenges in less sparse regimes. Moreover, these approaches offer
limited flexibility for incorporating partial prior information about the graph structure. These considerations motivate the
Bayesian precision-matrix—based framework developed in this work.
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B COMPUTATION OF POSTERIOR INCLUSION PROBABILITIES
The posterior inclusion probability under the proposed method is given by
Pr(rjp=1|X") = /Pr(rj,k =1 Q) Qs | XT™)dQ, .

Following the approach of |Gan et al.|[2019]], we approximate the posterior inclusion probability by replacing the integral
over )5, with a plug-in MAP estimator as follows

Pr(rje=1]X"") =Pr(rjp=1|Qx)

ok exp (- )

M.k 195k 1-nj.k 125,k |

211 exp( V1 )+ 2v exp ( - Vé )

C DETAILED CONDITION FOR THEOREM

This section outlines the specific constraints on the constants and hyper-parameters required to establish the consistency
results presented in Theorem [5.1]

C.1 CONSTANTS AND ASSUMPTIONS

For ease of notation, we define My, = ||Z[|c, Mp = [[(2 ® Q)s,5]ls and Mpoy = [[(27) @ Q) g0y g0 || for any
r € {1,2,...,p — 1}, where ||-||oo and ® denote the ¢, /¢, operator norm and Kronecker product, respectively. Let

= maX,c{1,2,..p—1} M and

max

d = max,ec(1,2,... p} MAX;i {ry ... m,} CATA{] : QYJ) # 0}. Lastly, suppose that Mp
Mr,,,, = min,cf12,.. p—13 Mpe.

We assume there exist constants C; > 0, Cy > C3 > 0, and €; > 0 that satisfy the following inequalities:

]{72
Cse1 < %p? and

1 2 2
————— mi min» 2emind; kza ) .
mn {T V3Ms’ 3Mr,,,, M3 }

Additionally, we define the auxiliary constant Cy as:

Cy = Cy 4+ M22(Cy + C3)My,, .. +6(Cy + C3)*ME M3

max mawx

C.2 HYPER-PARAMETER CONDITIONS

For the consistency of Algorithm |1} the prior hyper-parameters (v, 1, {n;x}, 7). the threshold parameter T', and the
spectral norm bound By must be chosen to satisfy the following six conditions: for some €; > 0,

* Slab precision scaling:

1 Cg n
v l+eap
* Spike precision scaling:
1
— > CZE
Vo

 Signal-to-noise ratio (prior separation):
For all (4,k) € S,
vi(1 - njn)
VN .k

n
S €1 €eXp {2(02 — Cg)MFmM (04 - 03)])2}
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» Off-diagonal penalty:

n
< Cg—
T > 32])
 Thresholding condition:
ForV(j, k) ¢ S,
< TVl
RS A T D + Ty

ForV(j, k) € S,
Tvlefa(%fﬁ)

Njk > 1 1)’
(1- T + Twye (5% %)
where @ = (Omin — 2(C1 + C3)Mry).

¢ Spectral norm bound:

1
T + 2(01 + Og)Mr‘mm < By < V2nyy
1

D PROOF FOR THEOREM

This section proves that Algorithm [T]accurately recovers the underlying graph with high probability. The proof is built upon
the prior works of LBN learning algorithms [Park! [2020]], (Ghoshal and Honorio| [2018]] and the theoretical result of BAGUS
in|Gan et al.| [2019]).

For convenience, we utilize notations Ms,, M, My, Mr Mr.,,,,.,, and d defined in Section|C.1} and denote || A|;q0 =

max; ; | Ai ;|-

max min?

D.1 PRELIMINARIES

Lemma D.1 Consider an LBN (1) with sub-Gaussian and 4m-th bounded-moment errors. For any pre-defined constants
Ci > 0and Cy > C3 > 0, assume

i) the prior hyper-parameters vy, v1,{n; r}, and T satisfy

1 11 1 1
nvi _C3p1+61”rwg >C4p’

M < erexp [2(Cy — C3)Mp(Cy — Ca)n/p?|, V(). k) € S,

YoNj,k
T S 03%%
for some constant ¢; > 0, where Cy = Cy + M22(Cy + C3)Mr + 6(Cy + C3)2M2ZMS,
ii) the spectral norm bound By satisfies 1711 +2(Cy 4+ C5)Myp < By < (2nvp)2,
iii) max {Q(Cl + Cg)MF max (3Mg, 3MFM§3, k%) , 25%;} S 1,
1 1

iv) Amin(E) Z kl.

I = £llimas < C13, then
O 1
12 = Qllm < 2(C1 + Ca)Mr=.
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Proof 1 (Proof of Lemma[D.1) Before presenting the proof, we will define two penalizing functions pengs (), pen1(0) as

follows:
n _ 1ol 1—-n\ _la
= —1 —_— v v,
penss(0) og |:<2V1) e+ ( o )e 0} ;

peny(0) = 710).

By the definition, we can find bounds of the first and second derivatives of pengg(9), respectively.

* Bound of the first derivative of pengg(9):
Using equation (5) in the appendix of|Gan et al.|[2019]], the following inequality holds:

) ) vy (1=n)
Zlpenae(8)] <« — [ 14 207
n|p SS( )| ny +6%|_%|

With the conditions in this lemma and letting v(1 — n)/(v3n) = exp [(Cy — C3)n/p?| where £ < e,

vi(1-n)

van < fexp [1/’(04 - C3)”/p2]
et exp[(Cy — Cs)n/p?]

<¢,

with |8| > 1 /p. So we can get the bound of *|pen’s(6)| as

vi(1—n)

Lpenia@) < —— (142 )<l nio <t <ol
—|pen — < Cs3- - < C3-=.
n 88 nyy e%’*%' “plte ’p Yd
* Bound of the second derivative of pengs(9):
Using equation (7) in the appendix of \Gan et al.| [2019|] and since the condition iii) implies % < zcqu , the following
inequality holds:
1 " § Cs 1 C; 1 14
— )| < < —¢- < —e—- < —kf.
2n|p€nSS( ) 2nvy 2 Ep 2 61p — 4

Using the bounds of the first and second derivatives of pengs(0) derived above, this lemma can be proved in the same way

as Theorem A in the appendix of |Gan et al.|[2019|] changing / 10% to é. Moreover, we can omit the sample size bound

n > M?logp in Theorem A in the appendix of Gan et al.|[2019], so this lemma can be used more freely without considering
the condition of n and p.

Lemma D.2 Suppose that Assumptionsand all the conditions in Theoremare satisfied. If Hi — Ylmaz < C1/d, for
re{2,...,p}
Pa(,) = Pa(r,),

where f’a(m) ={i :p(:zr >Th

Proof 2 (Proof of Lemma[D.2) Recall the thresholding condition in Section|[C.2}

Uins < (1_'1“,1)—;%7 V(j, k) ¢ Sv

(k) ©)
e ) (k) €S,

Mk > —a(E-A )
(1-T)vo+Tve v V1

where o = (Omin — 2(C1 + C3)Mr ).
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The posterior inclusion probabilities satisfy the following equation (see Appendix|[B):

(r)
DPinr (1l —n;x ~(p 1 1
()t G-
1 —Di . voni,m,. o "
voni,m, (r 1 1
=10g<0n" >+|Q(73<—)
vi(l—nix,) TT\Vve 11

To check whether a support of the estimated precision matrix is correctly estimated, we consider two cases which an element
of the true precision matrix is zero or not, QE?T = 0 and QE?T # 0.

o When QE?T = 0, by the construction in the proof of Lemma ﬁg?r = 0. Hence, the following inequality holds
using the bound of 1; . ¢ S in Range (3):

(r)

Pin VoTi, ., T )
loo | —%T | =log | —2" )} <o .
g<1_p(r)7.> g(%ﬂﬂz‘,m)) g<1T

< T, so the zero entries are recovered correctly.

This inequality implies p;

0T

* When QET;T # 0, applying Lemma with Assumption( iii), the following inequality holds:

0 1
Q") | > Ouain — 2(C1 + C3) My >0

Then the following inequality holds using the bound of 1; ., € S in Range (3)):

(r)
pi,ﬂ-,,, voNi,n, () (1 1)
10 _— :10 — rr + QZ ) - =
g<1—p§?,.> g(yl(lnimr)) | ’J| vg 11
vomi,m, 1 1 1
1 — 9111111_20 C3) My — -
e (Vl(l—m,m)>+< (C1+Cs) F()d) (Vo Vl)
> 1 L
6\1-1)

(r) > T, so the nonzero entries are recovered correctly.

This inequality implies p;

Therefore, a parent set of T, is correctly estimated, ﬁ\a(m) = Pa(m,).
Lemma D.3 If k is a terminal vertex of the graph, then Pa(k) = supp(Q ) \ {k}, where Qy, . is the k-th row of Q.
Proof 3 (Proof of Lemma[D.3) By the factorization of the precision matrix

Q= (Ip - B)T<ZE)_1(IP - B),

the entries Qy, j are calculated as follows:

1 1 BB,
Oy = _?ﬂk,j - ;ﬁj,k + Z PRI IQJ L (6)
J

g
k 1€Ch(k)NCh(5) l

If k is a terminal vertex of the graph, B, ; = 0 for all j € V' \ {k}. Then the following equation holds:
1
O = —— B 5
k,j U]% Bjk

Since Pa(k) = {j € V|B; i # 0}, the parent set of k can be found using the support set of the k-th row of the precision
matrix as following:

Pa(k) = supp(Q..) \ {k}.
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Lemma D.4 For an LBN, the following inequality holds between the column sparsity of the precision matrix (d) and the
maximum degree of the moralized graph (ds):

d<dp—+1.
Proof 4 (Proof of Lemma[D.4) If two nodes j, k are not connected in the moralized graph, it means that Bj j, = By, ; = 0

and there is no common child between nodes j and k. Then by (@), it can be shown that Qy, ; = 0. So if ; ;. # 0, nodes j
and k are connected in the moralized graph. Hence, the following inequality holds:
d= max card{j:Q;; #0}
i=1,2,---p
=1+ max card{j #i:8,;,; # 0}
i=1,2,---p
<14 max card{j: (i,5) € M(G)}
i=1,2,p
=dm +1,
where M (QG) is the moralized graph of G.

Proposition D.5 (Error Bound for the Sample Covariance Matrix) Consider a random vector (X j)§:1 whose covari-
ance matrix is ¥ € RP*P,

* Lemma I of Ravikumar et al.|[2011]]: When (Xj)gzl follows a sub-Gaussian distribution,

- —ng”
P SN > <4.
r (\ ik = Tk = C) = 5P <128(1 + 452 )maxj(Ej,j)Q) ’

max

forall ¢ € (0,max; 3, ;8(1 +4s2,.)).
o Lemma 2 of Ravikumar et al.|[2011|]: When (X j)’j’:l follows a 4m-th bounded-moment distribution,

22m IHan(EjJ)szm (Kmax + 1)
nmc2m

)

Pr (\im — S| 2 <> <4
where C,, is a constant depending only on m.

D.2 PROOF OF THEOREM

Without loss of generality, assume that the true ordering satisfying the backward selection condition in Lemma [2.1] is
m = (m,m2, ..., ) = (p,p — 1,...,1), and hence m,41_, = r. For ease of notation, let 7y.; = (w1, 72, ..., 7;). Lastly,
define 07, = maxi<j<, 07 as the maximum error variance.

max

In this proof, we show that Algorithm [T| accurately recovers the graph structure if a sample covariance matrix error is
sufficiently small using mathematical induction.

Assume

a 1
I1Z — X|lmaz < C1g~

The last element of the ordering, say 7, is achieved by comparing diagonal entries of the MAP estimator Qin Equation (3).

More specifically, it is estimated as 7, = arg mingey Q %% If the following inequality holds, Algorithmestimates node 1
as Tp, so the terminal vertex of the graph is correctly recovered, 7, = 7.

min (ﬁk,k - ﬁm) > 0. )

k€Emip_1

Since

min (ﬁk)k — 6171) = min {(Qm — Q1,1) - (6171 - Q1,1) + (ﬁk,k - Qk,k)}

k€Emi.p—1 kEmi.p—1

>  min {(Qkk - Q1,1) - ‘61,1 - Q1,1‘ - ’ﬁk,k - Qk,k‘}a

k€mip—1
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Inequality (7) holds if

1
min (Qk,k — 9171) > 4(01 + Cg)MF*

kE€mip—1 d (8)
1
and rknea&( Qk — QO k‘ < 2(01 + C’g)MFa. )

Inequality (8) holds due to Assumptionm (ii) and the fact that 7., > 4(Cy + C3)MTr/d by the condition in Theorem
(specified in Section . Moreover, since the constants C4,C2, Cs and hyper-parameters vy, vy, {n; 1}, T satisfy the
conditions 1), ii), iii) in Lemma[D.T]and condition iv) holds by Assumption|[I](i), we can apply Lemma[D.I] Then Inequality
(EI) holds. Hence, Inequality (7) holds, which implies that the last element of the ordering is correctly estimated, i.e.,
Tp =mp = 1,if ||E Y|lmax < C1/d. Furthermore, by Lemmasand L if ||E E||maz < Ci/d, parents of 7, are
correctly estimated:

Pa (p) = Pa(my,).
Now, suppose that we have correctly estimated {mp42_r,...,m,} forsome r =2,3,...,p— 1, ie., {Tpyro—r,...,Tp} =
{Tp+2—py ..., mp}. Then if | X — X0 < C1/d, the following inequality holds:

IS - 1
HZ(T) - 2(T’)Hmaw S ||E - EHmam S Clga

where £(") and £(") are the sample and true covariance matrices of (Xr,,..., Xy ., ). Moreover, we can derive the
lower bound of a minimum eigenvalue of X(") by the following inequality:
Amin(E(T)) = min 'Yy > min z Yr = Amin(E) > Ky (10)
[lz||2=1,z€RP+1-" [|z||2=1,z€RP

The (p+ 1 —r)-th element of the ordering, say 7,4+1_,, is achieved by comparing diagonal entries of the estimated precision

matrix of (X,,,..., X ), denoted as QM. Ttis correctly estimated if the following inequality holds:

Tptl—r
min (ﬁ;}g — ﬁgfg) > 0. (11)
kEm1.p—r ? ’

By similar arguments used to show Inequality (7), the above inequality holds if both following inequalities are satisfied.

r . 1
min (Ql(c,;e — QSI’T)) > 4(01 + Cg)MF(7-)*7

k€mip—r d
m 80— 00 < 2y + ) Mo -
ax ( kk k,k) <2(C1 + C3)Mpe .
kET1.pt+1—r d

The first inequality holds due to Assumption (1| (ii) and the fact that 7,,,;, > 4(Cy + C3)Mp /d by the condition in
Theorem- (Section |C.1). Moreover, since the constants C1, Cy, Cs and hyper-parameters vy, v1, {7, 1 }, T satisfy the
conditions 1), ii), iii) in Lemma | condition iv) holds by @) and HZ(’") Y| maz < Clé, we can apply Lemma
to £(") and ("), Then the second inequality holds. Thus, if ||£ — X|;mee < C/d, Inequality (TT) holds, which implies
Tp+1—r = Tpti—r = r. Again by Lemmasmand if ||§ —X||maz < C1/d, parents of m,41_, are correctly estimated:

Pa (Fpi1-r) = Pa(mpi1-r) = Pa(mpy1 ).

Therefore, by mathematical induction, G = G holds if Hi — Y|lmaxz < C1/d. Using this result, the following inequality
holds:

. - 1
= > — _
Pr (G G) > Pr (||2 Sllmar < Cld>
- 1
—1—Pr <||z = S mae > Cld)
- 1
=1-Pr (Ui,je{l,z..‘,p} {mm - %5 > CldD

a 1
21— Z Pr <|Zi’j—2i’j| >Cld).
}

4,5€{1,2,...,p
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Figure 6: p-node chain and star graphs

Applying Lemmas [D.5]and [D.4] for a sub-Gaussian LBN (12),

~ -~ 1
Pr <G = G) Z 1-— N Z Pr ('Zi,j - Zi,j Z Cld)
i,j€{1,2,...,p}
C:n
>1—4p? e
> 1o (<11
C? n
>1—4ple St A
=1 -wten ()
n
=1-4 2 *Csu 77 1\ |
pexp< : b(dM—i—l)Q)
where Az = 128(1 + 4s2 ) max; (Em)z and Cy,p, = CF/As.
Applying Lemma|D.5]and [D.4] for a 4m-th bounded-moment LBN (T3,
~ ~ 1
PI‘(G:G) 21— - Z Pr (|Zi,j_2i,j chd)
i,j€{1,2,...,p}
A4d2m
>1—4p?
— D nmCIQm
Ay(dpr +1)*™
o Aa(dpr
>1—4p —nmC’fm
d 1 2m
_ 1y, )T
nm

where A4 = 22™ max; (Ej’j)zm Cr(Kax + 1) and Cy,,, = 4A4/C3™.

E ILLUSTRATION OF THE ASSUMPTIONS AND HYPER-PARAMETERS

This section confirms the validity of Assumptions [T|and[2] Additionally, it provides appropriate hyper-parameters v, 1,1, T
and the inclusion probability threshold 7" (under uniform shrinkage setting; 7, = 1) when recovering chain and star LBNs
illustrated in Figure[6] These are popular examples of sparse and dense models, respectively, because the chain graph has a
small maximum degree of the moralized graph (d»; = 2), whereas the star graph has a large maximum degree (dp; = p— 1).
Specifically, the considered chain and star LBNs are defined as follows: For all j € {1,2,...,p — 1},

Chain: X1 = X + €541,
Star: Xj+1 = 06X+ €j+1

where X7 = €; in both LBNs and all the error variances are 0. Additionally, 3 € (—1, 1) is a small edge weight.
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In the chain LBN, we can determine fixed bounds for Mr_ ., Mr,,.,and My, which are as follows:

Mr,... = (B* + 2|8 +48% + 28| + 1) /o,

Mr,,., = (8* +2I8° + 38° +2|8| + 1) /o*,

v = =18 -8t 1 )
.=

o° < o°.
(1—=18DA = 18?) (1—=18D(A = 181?)
Consequently, Assumption [2]is satisfied if:

1 o2
(1=18DA = 1B%)
Moreover, simple algebra yields that Assumption [I]is satisfied if:

0.2 62
1 1 ane Tmin > —5, emin = .
(1+181)? o? o

B+ 2|62 + 482 + 2|8 + 1

My > My >

k<

In contrast, the star LBN exhibits diverging values of Mr_ _ and My as the number of nodes increases:

max

Ay
Mr,,.. = Py

(28* +2|B> + 382 + 2|8 + 1)
MF - 3

min 1

g
My = max {(p - 1)|8] + 1, (p - DB+ |B] + 1} 0%,

where Ay = 2(p — 1)28* + 2(p — 1)2(B[° + 3(p — 1)8% + 2(p — 1)|B| + 1. As a result, Assumption 2| rarely holds in
large-scale LBNs due to diverging M; and Ms, providing heuristic support that this assumption is related to the sparsity of
the moralized graph.

The success of the proposed approach depends on the existence of appropriate hyper-parameters. Hence, we now turn our
attention to the existence of appropriate hyper-parameters vy, v1, ), 7, and 1" according to Theorem 5.1] By setting suitable
constants C'y, Cy, Cs, and T', we can easily find proper values for these hyper-parameters. A possible choice is as follows:
For any €; > 0, set

vy = pi(l +a) vy = . T = LCQ, and
1 an s Y0 7’7/047 2p )
2
von Vi
T=——""— wheren= —5——5—.
v1(1—=n) +wvon’ " vi+vie

For both chain and star LBNs, we may also set:

Cl = 03/103 02 = damin/(QMFmaz)’

1 . 1 1 k% Tmin dgmin k%p
C3 = - min ) 3 3 ) ) 5 (-
2 6Mr,, Ms," 6Mp Mg~ 4Mp 4Mr,,.  2Mr,,. " 2e

max max max max

As discussed, the chain BN has fixed values for Mr, , Mr and My, resulting in the fixed hyper-parameters regardless
of the number of sample size and nodes. However, the star LBN has diverging values for Mr, . and My, leading to
unacceptable value of hyper-parameters, such as vy and v; diverge, 7 — 0, and T" — 1, as p increases in this setting.

max

So far, we have demonstrated that appropriate hyper-parameters exist for chain BNs regardless of the number of nodes or
samples. However, finding appropriate hyper-parameters for a large-scale star BN is difficult. Hence, this underscores the
importance of Assumption [2]in achieving consistency, and highlights that the proposed method is well-suited for learning
high-dimensional sparse LBNs, while it may not be the optimal choice for recovering dense LBNs.

Of course, the choice of required hyper-parameters depends on the true model quantities which are typically unknown
in practice. Hence, in applications, we find ourselves in a similar position as for other graph learning algorithms (e.g.,
the PC, HGSM, BHLSM, and TD algorithms), where the output depends on test and tuning parameters. To select good
hyper-parameter values for the BAGUS method, cross-validation can be applied as discussed in|Gan et al.|[2019]. However,
due to the heavy computational cost, we used fixed hyper-parameters, vy = /1/(100n),, = 1,7 = 0.0001, and T' = 0.5,
assuming unknown true model information in all our numerical experiments. The simulation results heuristically confirm
that the proposed algorithm successfully recovers sparse graphs with high probability.
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F TAIL CONDITIONS FOR LINEAR BAYESIAN NETWORKS

This section collects technical assumptions on error distributions used in the high-dimensional analysis.

F.1 ERROR PROPAGATION IN LBNS

In an LBN, each variable X; admits the representation

Xj= > BruXete= > Brojerte,

kePa(j) keAn(j)

where )., ; denotes the sum of products of coefficients along all directed paths from k to j. Consequently, tail properties of
the error variables propagate to the observed variables.

F.2 SUB-GAUSSIAN LINEAR BAYESIAN NETWORKS

An LBN is said to be sub-Gaussian if, for each j € V, the standardized error ¢;/+/Var(e;) is sub-Gaussian with parameter
52 In this case, X is also sub-Gaussian and satisfies

max-*

Snax 2g gt
Bloxp(tX;)] < exp( L) e R (12)

F.3 4m-TH BOUNDED-MOMENT LINEAR BAYESIAN NETWORKS

An LBN is said to have bounded 4m-th moments if there exists K, > 0 such that

4m 2m
I;Ilea{;{E[(X]) ] < Kmaxzj,j . (13)

This condition allows for heavier-tailed error distributions while retaining sufficient concentration for high-dimensional
analysis.

G NUMERICAL EXPERIMENTS

G.1 HYPER-PARAMETER SETTINGS

The hyper-parameters of the proposed algorithm were fixed across experiments to isolate the effect of prior information
and ensure reproducibility. Precisely, they were set to vy = 0.54/1/n, vy = 1,7 = 104, and T = 0.5. These choices
follow the guidelines discussed in Section[4] In particular, a small value of v is used to enforce sparsity through the spike
component, with its magnitude decreasing as the sample size increases, while a small tolerance T ensures numerical stability
of the optimization procedure. The threshold 7' = 0.5 corresponds to a symmetric decision rule on posterior inclusion
probabilities.

For numerical stability, minor implementation-level modifications were applied to LISTEN and TD. In particular, LISTEN
was implemented using CLIME to estimate each step of the ordering, rather than applying it only at the final step followed by
a matrix update. This choice improves stability in high-dimensional settings by avoiding error propagation across successive
updates. The regularized regression parameter was set to 0.54/log p/n, and the hard-thresholding parameter was chosen as
half of the minimum magnitude of the true edge weights, min; »)c (| 3;,x|/2). For TD, ¢;-regularized regression was used
for parent estimation, consistent with the implementation of BHLSM. The regularization parameter was set to 41/log p/n.
Finally, g was set to the maximum degree of the true moralized graph, d ;.

H BELIEF SWEEP AND PRIOR STRENGTH SELECTION

We examine the effect of prior strength on graph learning by sweeping a belief parameter b € [0, 1], which controls the
edge-specific inclusion strengths 7); 1, in the PEM spike-and-slab prior; see the Bernoulli inclusion model in (3). Concretely,
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Figure 7: Number of directed edges in the learned DAG as a function of belief for money order and e-wallet.

let £,¢ denote the set of directed edges in the reference DAG learned from the credit-card group. For each pair j < k, we set

nb), (J—=k)€&etor(k—7) € Ee,
1.k (b) = :
1/2, otherwise,

where the scalar mapping b — n(b) is
n(b) = {1+ exp(—30)}~". (14)

Thus b = 0 yields n(b) = 0.5 (non-informative in (3)), and larger b increasingly favors edges aligned with the reference
structure. We sweep b from 0 to 1 in increments of 0.1.

Figure[7]shows the number of directed edges in the learned DAGs for the money order and e-wallet payment groups as a
function of b. For both groups, the learned graphs are essentially empty under weak enforcement and become non-trivial
only once the prior is sufficiently strong. In particular, for e-wallet, the edge count remains at 1 up to b = 0.60 and increases
sharply to 51 at b = 0.70. For money order, the edge count grows more gradually, from 1 edge at b = 0.30 to 3 at 0.40, 11
at 0.50, 23 at 0.60, and 28 at 0.70.

Based on this sweep, we choose b = 0.70 as the smallest belief value at which the learned graphs enter a stable, non-
degenerate regime in terms of edge count. As shown in Figure[7] e-wallet exhibits a sharp transition at b = 0.70 (from
near-empty to ~ 51 edges) and then remains essentially saturated for larger b, while money order increases more smoothly
and shows substantially reduced sensitivity beyond b ~ 0.70. We therefore take b = 0.70 as a conservative choice that is
strong enough to stabilize structure learning in the most sample-limited group without unnecessarily enforcing the prior
further.

Importantly, using prior information does not reduce to copying the credit-card reference structure. At b = 0.70, the learned
graphs only partially overlap with the reference DAG, matching 19 of 28 edges for money order and 28 of 51 edges for
e-wallet, with deviations in both edge presence and direction. For instance, money order drops several cross-category links
present in the credit-card graph and retains a smaller core within Fashion, whereas e-wallet introduces additional cross-
category links such as (dining tables — titan watch) and (umbrellas — fossil watch), along with multiple Fashion—to—Home
& Furniture edges (e.g., formal shoes — shoe rack).

2335



	Introduction
	Background
	Prior Information Modeling: Probabilistic Edge Modulation
	PEM-Augmented LBN Learning
	High-dimensional Consistency
	Numerical Experiments
	Experimental Setup
	Gaussian Linear Bayesian Networks
	Heavy-tailed Linear Bayesian Networks
	Robustness to Noisy Information

	Real Data
	Conclusion
	Existing Approaches to Learning Linear Bayesian Networks
	Computation of Posterior Inclusion Probabilities
	Detailed Condition for Theorem 5.1
	Constants and Assumptions
	Hyper-parameter Conditions

	Proof for Theorem 5.1
	Preliminaries
	Proof of Theorem 5.1

	Illustration of the Assumptions and Hyper-Parameters
	Tail Conditions for Linear Bayesian Networks
	Error Propagation in LBNs
	Sub-Gaussian Linear Bayesian Networks
	4m-th Bounded-Moment Linear Bayesian Networks

	Numerical Experiments
	Hyper-parameter Settings

	Belief Sweep and Prior Strength Selection

