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Abstract

Identifiability in representation learning is com-
monly evaluated using standard metrics (e.g., MCC,
R?, DCI) on synthetic benchmarks with known
ground-truth factors. These metrics are assumed to
reflect recovery up to the equivalence class guar-
anteed by identifiability theory. We show that this
assumption holds only under specific structural con-
ditions: each metric implicitly encodes assumptions
about both the data-generating process (DGP) and
the encoder. When these assumptions are violated,
metrics become misspecified and can produce sys-
tematic false positives and false negatives. Such
failures occur both within classical identifiability
regimes and in post-hoc settings where identifiabil-
ity is most needed. We introduce a taxonomy sep-
arating DGP assumptions from encoder geometry,
use it to characterize the validity domains of ex-
isting metrics, and release an evaluation suite for
reproducible stress testing and comparison.

1 INTRODUCTION

Learning representations that are interpretable, modular, and
controllable is a long-standing goal across machine learn-
ing. Identifiability formalises this objective: a representa-
tion achieves these properties when it recovers the ground-
truth generative factors uniquely, up to a specified equival-
ence class (Comon, 1994; Hyvirinen and Pajunen, 1999).
Strong identifiability guarantees now exist for nonlinear rep-
resentation learners under auxiliary information (Hyvirinen
et al.,, 2019; Khemakhem et al., 2020a), temporal struc-
ture (Hyvarinen and Morioka, 2016), mechanism sparsity
(Lachapelle et al., 2022), or for restricted classes of models
(Khemakhem et al., 2020c; Marconato et al., 2025). Causal
representation learning (CRL) (Scholkopfet al., 2021) builds
on these foundations by additionally requiring that the identi-

fied factors admit a causal semantics—typically as variables
in a structural causal model with predictable responses un-
der interventions and distribution shifts (Arjovsky et al.,
2020; Peters et al., 2016). These results have wide-reaching
implications and are increasingly adopted in fields such as
mechanistic interpretability (Elhage et al., 2022), where iden-
tifiability of learned features is now recognised as a prerequis-
ite for reliable interpretation (Song et al., 2025; Joshi et al.,
2025), and in the analysis of pretrained representations more
broadly (Roeder et al., 2021).

In practice, these theoretical guarantees are validated empir-
ically. Given ground-truth factors z ~ p(z) € R? and learned
representation codes Z € R™, a metric M(z,z) — [0, 1] re-
turns a scalar interpreted as the degree of identifiability. The
standard protocol is to compute M on a synthetic benchmark
with known z, and interpret a high score as evidence that
the encoder has recovered the true factors up to a specified
equivalence class, e.g., permutation and rescaling.

However, this puts all faith into the metrics— “Who guards
the guardians?”' Each metric encodes structural assump-
tions about the latent factor distribution p(z), the relationship
between ground-truth and learned representation dimension-
alities (d and m), the sample size n, and the equivalence
class targeted. Yet these assumptions are typically left im-
plicit: papers routinely report a single metric score—MCC
(Khemakhem et al., 2020c), RZ, or DCI-D (Eastwood and
Williams, 2018)—as evidence of identifiability, without veri-
fying if the evaluation setting is consistent with the metric’s
validity domain. Prior work has observed that metrics can
disagree on method rankings and are sensitive to factors
such as nonlinearity strength and hyperparameter choice
(Sepliarskaia et al., 2019; Carbonneau et al., 2022), and that
specific metrics produce false positives when latent factors
are statistically related (Yao et al., 2025). However, these
remain empirical observations tied to particular settings;
no prior work characterises when and why failures arise,
nor whether they reflect systematic misspecification predict-

1“Quis custodiet ipsos custodes?”’—Juvenal, Satires V1.
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Figure 1: Every identifiability metric fails under at least one common evaluation setting. We test four desiderata

(Properties

to 4) using controlled synthetic encoders that isolate metric behaviour from optimisation artefacts. (P1) Latent

correlation: MCC conflates correlation with identifiability (FP T to 0.97); DCI-D penalises it (FN |). (P2) Factor dropping:
DCI-D reports perfect disentanglement even when 9 of 10 factors are lost. (P3) Overcompleteness: MCC inflates for entangled
encoders; DCI-D deflates for disentangled ones. (P4) Null encoder: all metrics inflate as m/n grows, with MCC scaling in
the order of /2 log m/n. R? is robust across (P1) and (P4), but shares the (P2) limitation and does not satisfy (P3) across all
encoder geometries. No single metric is trustworthy across all settings.

able from each metric’s design. A theorem may guarantee
recovery despite correlated factors or only up to an affine
transform, whereas, e.g., using MCC targets axis-aligned
recovery of independent factors—a strictly stronger assump-
tion whose violation produces systematically wrong scores
due to a structural mismatch between what the metric meas-
ures and what the experiment intends to measure. This leads
to the question:

Can the structural conditions under which a metric
faithfully measures identifiability be characterised,
and can these conditions be used to predict when
false positives and false negatives will arise?

We show that the answer is yes: each metric’s failure modes
follow predictably from its encoded assumptions.

Structural misspecification. When a metric’s encoded as-
sumptions do not match the latent factor structure (p(z)) or
the properties of the encoder producing Z, we say the metric is
misspecified for that evaluation setting. Unlike finite-sample
noise, misspecification is a population-level property that
would persist even when the number of samples n — oo,
producing false positives (high scores despite lack of identi-
fiability) or false negatives (low scores despite identifiability
up to the desired equivalence class). To predict when and
how misspecification arises, we organise assumptions along
two orthogonal axes: (i) latent factor structure—whether
ground-truth factors are independent, correlated, or linked
by functional constraints that reduce the effective dimension-
ality below d; and (ii) encoder properties—the equivalence
class, the dimensionality ratio m /d, and if factor information

is distributed across coordinates.

Main contributions. We introduce a two-axis taxonomy
(§ 2) separating assumptions about latent factor structure
from encoder properties, with formal desiderata for iden-
tifiability metrics (Properties | to 4). Through controlled
synthetic experiments that isolate metric behaviour from
optimisation artefacts, we show that no existing metric satis-
fies all desiderata and characterise precisely how each fails.
We derive closed-form analyses showing that (i) MCC ap-
proaches 1 when latent factors are highly correlated, even
when the encoder remains entangled (§ 3.1), and (ii) the
expected MCC under an encoder producing random repres-
entations independent of the ground truth is governed by
the representation-to-sample ratio (m/n) (§ 3.4). DCI-D is
similarly inflated for entangled encoders when m > d (§ 3.3).
We also find that a fundamental limitation of all metrics
is that they cannot distinguish lossless compression from
lossy omission of latent factors when there exist multi-factor
dependencies among them (§ 3.2). Detailed discussion of
related work appears in §

2 A TAXONOMY FOR METRIC
(MIS)SPECIFICATION

Identifiable representation learning posits a two-step data
generating process.

Formal setup. Ground truth factors z are sampled first; z ~
p(z) with Z = supp(p(z)) € R%. An observation x :=
g(z) is then generated via an unknown map g : Z — X
(Hyvirinen and Pajunen, 1999). A learned encoder f : X —
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R™ produces Z := f(x). It identifies the generative factors
up to a restricted equivalence class, typically axis-aligned
transformations such as permutation and componentwise
rescaling, under which the representation Z is identified (also
called disentangled) (Schmidhuber, 1992; DiCarlo and Cox,
2007; Bengio et al., 2013; Higgins et al., 2018). We adopt the
standard notion of identifiability (Hyvirinen and Pajunen,
1999).

Definition 1 (Identifiability up to G). Assume m = d and G
to be a class of transformations acting on R%. Given some
h € G, where h : R — R4, the encoder f identifies the
latent factors up to G if f o g = h.

Three standard equivalence classes are: (i) Permutation and
rescaling (Gperm): h(z) = PDz where P is a permutation
matrix and D a diagonal scaling matrix, (ii) Affine (Gaf):
h(z) = Az + b with A invertible, and (iii) Elementwise
nonlinear (Gn): h(z) = (h1(2z(1))s - - > ha(Zx(a))) Where
each /; is a smooth invertible function. All three make two
assumptions: m = d, and that each factor is a free degree
of freedom, i.e. the effective dimensionality deg (Defn. 2)
equals d. When m # d (Eastwood et al., 2023; Chen et al.,
2025) or degg < d, Defn. | does not apply directly, so we
extend it in §

Definition 2 (Effective dimensionality). For latent factors
z € R? whose support satisfies k functionally independent
smooth constraints ¢1(z) =0, ..., cx(z) = 0, the effective
dimensionality is deg = d — k, i.e., the number of factors
that can vary independently.

Each metric M implicitly targets one of the above three equi-
valence classes, and using a metric outside its target class
produces systematically wrong scores. Based on a systematic
review of the CRL and nonlinear ICA literature (§ D), we
study the three most commonly used metrics: MCC (in two
variants: MCC-P based on Pearson correlation, and MCC-S
based on Spearman rank correlation), R?, and DCI-D (the
disentanglement component). MCC computes an optimal
one-to-one matching of codes to factors via pairwise correla-
tions, hence targeting elementwise identifiability: (i) in Gperm
(both MCC-P and MCC-S), (ii) and in G,; (MCC-S). R? is
often used by training a linear probe from Z to z and meas-
ures explained variance, hence used for evaluating linear
identifiability under G,g—it cannot distinguish between G,
and Gperm. DCI-D trains a probe (linear or nonlinear, e.g.,
gradient boosted trees (GBT) (Natekin and Knoll, 2013)) to
predict each ground-truth factor from the learned codes, then
measures how concentrated the resulting feature importances
are: a score of 1 means each code is important for predicting
at most one factor. Unlike MCC, DCI-D does not require
one-to-one code—factor alignment and can handle m # d, but
it remains sensitive to how the probe distributes importance
across coefficients—correlated or entangled codes spread

2the Jacobian [0ci/0z;] has rank k

importance across multiple factors, deflating the score even
when all information is preserved (§ 3).

To predict metric failures, we consider two orthogonal axes:
the latent factor structure—whether factors are independent,
correlated, or linked by deterministic constraints—and the
encoder geometry—the equivalence class, dimension ratio
m/d, and how factor information is distributed across codes.
We define each axis in turn. We use a simple physical system
as a running example throughout this section to illustrate
how these regimes arise naturally in practice.

RunNING ExaMPLE: A CIRCUIT WITH A RESISTOR.

Setting. Current flows through a resistor, causing it to
dissipate heat and exchange energy with its environment.
Sensors (ammeter, voltmeter, thermometer, thermal cam-
era) record the circuit state, producing observations X.

Factors. Four physical quantities influence measure-
ments: T (ambient temperature), R (resistance), I (cur-
rent), and V (voltage). All four are independently measur-
able, but not independently variable. Two physical laws
constrain them: R = Ry(1 + @ (T - Ty)) and V = IR,
where Ry is the resistance at reference temperature 7
and « is the material’s temperature coefficient of resist-
ance. So, the factor set (7, R, I, V) has four entries but
two degrees of freedom.

Why this matters. An unsupervised learner has no ac-
cess to Ohm’s law. If it discovers a feature tracking V,
that feature is correct even though V is, in principle, de-
termined by / and R. Recovering all four factors reflects
the DGP at a particular level of description; a different
granularity, say, retaining only (7', ), is equally valid.
Which level is appropriate depends on the downstream
task and cannot be determined from the representation
alone.

2.1 FACTOR DEPENDENCIES REDUCE
EFFECTIVE DIMENSIONALITY

Consider the running example above with four apparent
factors: temperature 7', current /, resistance R, and voltage V.
However, the two physical laws imply that only 7" and [/
are free, reducing the effective dimensionality to 2 (instead
of 4). Deterministic constraints of this kind are common
precisely when ground-truth factors are unknown, such as,
when interpreting the representations of a pretrained model,
or discovering mechanisms from data—and may arise both
from physical laws, or from definitional redundancy (e.g.
encoding a position on both a linear and a logarithmic scale)
since we do not know which factors should be modelled a
priori.

These constraints lie outside the regime in which identifiab-
ility theory is usually stated, which assumes each factor is a
free degree of freedom (d.g = d). That regime spans inde-

2620



pendently sampled factors, as in standard disentanglement
benchmarks (Matthey et al., 2017; Burgess and Kim, 2018;
Gondal etal., 2019), and even statistical dependent ones: con-
founding or noisy causal mechanisms (z2 = f(z1)+¢, & # 0),
permitted by several identifiability theorems (Lachapelle
et al., 2022; Hyvirinen et al., 2019; Morioka and Hyvérinen,
2024; Khemakhem et al., 2020a,c; Ahuja et al., 2022). We
shall see in § that this is only in principle, as statistical
dependence can already mislead metrics; a deterministic con-
straint (¢ = 0) breaks the assumption outright by reducing
des below d.

Setup. We separate four DGP types, with the first two be-
ing standard in the literature that define the regime where
identifiability theory operates:

* D, — Independent. Factors vary independently; each
contributes a unique degree of freedom. This is the implicit
assumption behind most metrics.

> T and I are set by independent exogenous sources.

* D, — Correlated. Factors are statistically dependent but
each retains a unique degree of freedom; no factor is a
deterministic function of the others.

> A thermostat induces a correlation between T and 1.

The next two add a constraint, which removes a degree of
freedom (dog = d—k for k constraints). Two constraints with
the same d.g can still differ in their structure, a distinction
the partial information decomposition (Williams and Beer,
2010; Bertschinger et al., 2014) makes precise: a redundant
constraint, whose dependent factor is predictable from a
single other factor, versus a synergistic one, whose dependent
factor is fixed only by the joint of two or more factors.

. — Redundant. The dependent factor is a determin-
istic, invertible function of a single other, z; = f(z;). Re-
gressing z; on z; leaves zero residual (Pearson |corr | = 1
when f is linear, for a non-linear but monotone f Spear-
man or mutual information maximal).

> R=Ro(l +aT). Ties 2 factors {T, R}; one constraint
(k=1),deg=d—1.

. — Synergistic. The dependent factor is a determin-
istic function of two or more others jointly, zx = 8(zi,z;),
so that each argument alone is uncorrelated with z;—in
Pearson (Cov(z;, zk) = Cov(zj,zx) = 0) and in rank—
while (z;, z;) together determine it exactly. The product
Zx = z;z; of independent, zero-mean factors is the canon-
ical case. The dependence is therefore invisible pairwise
and recovery requires conditioning on z; and z; together.

>V = IR. Ties 3 factors {I,R,V}; one constraint
(k=1),deg=d—1.

Synergy is not merely a constraint between more than two
factors as even though an additive constraint like z3 =
71 + 2o relates three factors, it stays pairwise-detectable,
since Cov(zy, z1 + z2) = Var(z;) # 0. instead uses
the product V = IR, where pairwise correlations between

all variables is zero. Thus d.g (equivalently the constraint
count k) sets how much information is dependent, while
the redundant/synergistic structure sets whether that depend-
ence is visible to a metric restricted to pairwise statistics or
one-to-one matching. Formal description in §

2.2 ENCODER STRUCTURE AND DIMENSION
MISMATCH

Identifiability theory typically assumes m = d: the encoder’s
output dimension matches the number of latent factors. In
practice—particularly when disentangling representations
from pretrained models where d is unknown—the common
regime is m > d, often with m > d. We organise encoders
along two axes: the equivalence class up to which factors
are identified, and the dimension ratio m/d.

Matched dimension. The equivalence classes from Defn.
define three encoder types at m = d.

* E1 — Elementwise linear. Recovery up to Gperm
(Defn. 1 (i)). This is the strongest form of identifiabil-
ity that can be guaranteed. Ideally, every metric that does
not has an intrinsic calibration defect should score 1 here.

> (2T, -R, 0.51, 3V).

e E2 — Elementwise nonlinear. Recovery up to Gy
(Defn. 1 (iii)). Each code is a smooth invertible function
of exactly one factor. The parameter a (Tab. 1) controls
the degree of nonlinearity; @ = 0 reduces to E1.

> (tanh T, R3, VI, sinhV).

* E3 — Linearly entangled. Recovery up to G
(Defn. 1 (ii)). All factor information is preserved, but dis-
tributed across coordinates via rotation or shearing. The
degree of entanglement is controlled by the condition num-
ber k of A (Tab. 1): k = 1 reduces to E1.

> A(T,R,1,V)7: every code mixes all factors.

Dimension mismatch breaks coordinate-wise evaluation.
When m # d, a single code need not correspond to a single
factor. Consider an encoder that represents one factor V
by the pair (sinV, cos V) such that neither code alone de-
termines V, but the pair identifies V exactly through atan2.
Coordinate-wise notion of identifiability does not credit this,
since recovery is only possible through a block of codes rather
than through a single code alone. The following definition
makes this precise.

Definition 3 (Identifiability under dimension mismatch).
Consider @ # S C [d] to index the recovered factors, and
let {T;}ics be nonempty, pairwise disjoint code blocks T; C
[m]. The coordinate projections s : R — RIS! and T
R” — Rl mapz — (z;)ies and 2 — (2))jet; respectively.
Assume G5 to be a transformation class acting on RIS! (the
analogue of the class G in Defn. I).

The encoder f : X — R™ identifies the factors s up to
G'S! through {T;}ies if there exist h € G'S! and a block-
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diagonal readout ® : RIS! — RIT! with each ¢; : R — RIT]
injective on h;(ns(Z)) (so each output block reads a single
coordinate) mapping Z to RIT!:

nrofog = @ohong onZ.

Read componentwise, the condition says that code block T;
is a fixed injective readout ¢; of a single recovered factor
h; o ms, where the transformation h € Q‘S | unmixes the
factors while ¢; merely spreads that one recovered factor
across the |T;| codes of its block. Injectivity of ¢; guarantees
areadout ¢ ! that collapses the block back to the factor and
since both compositions land in R!%!, the block size |Tj| is
exactly the number of codes devoted to factor i.

For the example above, ¢(V) = (sinV, cos V) with |T;| = 2,
h; =id, and ¢~ (a1, as) = atan2(ay, az). Setting |T;| = 1
and ¢; = id for all i recovers the familiar coordinate-wise
picture, in which identification means selecting one code per
factor; taking m = d, S = [d], and T; = {i} reduces Defn.
to Defn. 1. Each factor in S is thus encoded by a separate
block of codes, and the m — | | J; T;| codes outside the blocks
are ignored. Next, we can define dimensionality-mismatched
encoders.

¢ [£4 — Undercomplete. The encoder outputs fewer dimen-
sions than there are ground-truth factors (m < d). Since
the blocks are disjoint, |S| < m < d: some factors are
unrecoverable for any choice of blocks. While lossy in the
standard sense, this may still be a lossless compression
when the ground-truth factors are redundant: under D ; or
, an encoder that recovers all d.g independently vary-
ing factors (Defn. 2) captures the full information of z.
Defn. 3 reports only which factors appear in S; judging
whether |S| > d.g constitutes lossless recovery requires,
in addition, the constraint structure of the DGP. No current
metric makes this distinction: all treat |S| < d uniformly,
whether the omitted factors are redundant or independently
informative.
> (T, D):|S] =2 = degr
e IE5— Duplicated (m > d, linear). Each factor is copied
into one or more codes, every copy a signed rescaling
of it. The code—factor map stays one-to-one within each
block (|7;| = 1), so any single copy suffices. This is the
overcomplete analogue of E1.
> (T, 2T, R, I, V): T is encoded twice.
¢ £6 — Nonlinear duplicated (; > d, nonlinear). Each
code is a smooth invertible function of exactly one factor,
and factors can be encoded by multiple codes. No code
mixes factors (|T;| = 1, one code per block). This is the
overcomplete analogue of E2—the nonlinear counterpart
of EE5, and the case that separates metrics assuming linear
code—factor relations from those invariant to monotone
reparametrisation.
> (tanh T, T3, R3, \Tl sinh V): T is encoded through two
nonlinearities.

e 7 — Superposed (m > d, linear). Every code is a dense
linear mix of all factors, as in E3 but overcomplete.
> A(T,R,1,V)T with A € R"*4 rank A = d.
¢ L8 — Distributed (m > d, nonlinear). A factor is en-
coded by a block of several codes (|T;| > 1): the code—
factor map is many-to-one and no single code recovers the
factor. Recovery requires aggregating the block through the
readout <pl._1, whereas coordinate-wise metrics implicitly
assume each factor is encoded by a single code (|7;| = 1).
> (ay,ar,T,R,I) with (aj,a;) = (sinV,cosV), V €
(=, ]: the pair jointly encodes V, recovered as atan2(ay, az),
yet neither code alone suffices.

8 is where Defn. 3 is needed in full generality. For any
single code the correspondence is not one-to-one in either
direction—sin V takes the same value at V and = — V, and
cosV at £V, so no code determines V and V determines
no code invertibly—yet the pair (sin V, cos V) determines V
exactly. Here identifiability is a property of the block (|7;| =
2, (,0171 = atan2), not of any code, whereas in 5, by contrast,
each copy alone suffices (|7;| = 1). A metric that reads codes
one at a time therefore cannot be used to evaluate recovery of
a distributed factor without a nonlinear, block-level readout
(§ 3.3). The distributed factor is the encoder-side dual of a
synergistic constraint (D ~): in both, a factor is pinned down
only by a joint of several variables and never by any one
of them alone—those variables being the codes of a block
for the distributed encoder, and the source factors for the
synergistic DGP.

E9 and E10 — Control baselines. Respectively Z ~
N(0,1,) and Z ~ Uniform([-1, 1]™), independent of x.
Every metric should return ~ 0. With these definitions in
hand, we can formally characterise metric failures. Formal
constructions in §

3 METRICS AS MEASUREMENT
INSTRUMENTS

We study the structural sensitivity of identifiability metrics
through controlled synthetic experiments. In each experi-
ment, we sample ground-truth factors z € R¢ according to a
DGP type (DD ) and construct representations Z = 7(z)
via a transformation matching the encoder type (E1-E10).
The representation encoder is not learned. This design isol-
ates metric misspecification from optimisation artefacts:
every failure we observe is a property of the metric, not
of training. Unless otherwise noted, we report results for
n = 1000 samples, d = 5 ground-truth factors, and average
over 5 seeds; confidence bands show 95% intervals. For met-
rics requiring a trained predictor (DCI, R?), data is split into
(80/20) training and test sets. Full experimental details and
parameter definitions are in §

3Code for unified implementation of all metrics with improved
robustness and our metric evaluation suite.

2622


https://github.com/shrutij01/identifiability-guard

Table 1: Important parameters and ratios.

Symbol Meaning Range
SCALING PARAMETERS
n #1.i.d. paired samples 50-10k
m  Dim.of ZeR™ 1-200
d  # ground-truth factors ze R¢ 2-20

KEY rRATIOS
m/d Overcompleteness ratio
d/n  Sample ratio
m/n  Representation-to-sample ratio

COMPLEXITY PARAMETERS

e Pairwise correlation (D,); off-diagonal (-1,1)
entries of X

a Nonlinearity strength (E2); @ = 0: linear, [0, 1]
a = 1: fully nonlinear
zj=(=a)sjza(yrahj(za())

K Condition # of mixing matrix (E3, E£7);
k = 1: orthogonal, x = 50: ill-cond.
A=Udiag(linspace(1, k=L, d)) VT

1-50

Metrics evaluated. We evaluate the metrics introduced in
§ 2, grouped into four families: correlation-based (MCC-
P/S, MCC-RDC (Lopez-Paz et al., 2013)), regression-based
(DCI-D, R?), and (mutual information) MI-based (MIG
(Chen et al., 2018), InfoMEC (Hsu et al., 2023)), and con-
ditional independence testing based (T-MEX (Yao et al.,
2025)). In main text, we focus on the commonly used met-
rics spanning the first two families: MCC, DCI-D, and RZ.

Sanity checks. We first ask: do metric scores remain stable
when the encoder perfectly recovers each factor (E1), but the
DGP varies from independent to correlated to functionally re-
dundant? Any metric faithful to the equivalence class should
return ~ 1 across D, - under E1, since the encoder—factor
relationship is identical in all cases. We find that MCC-P,
MCC-S, and R? have outputs ~ 1, while DCI-D exhibits
a systematic dip under D ;, particularly at small d (Fig. 7;
the dip diminishes as d grows from 5 to 20 but does not
vanish). The dip arises because the redundant factor creates
collinearity in the regression probe, inflating the importance
mass assigned to the dependent factor and reducing the dis-
entanglement score. This persists as 7 is increased (Fig. 9).
A second test is to assess sensitivity to encoder nonlinear-
ity rather than DGP structure; Fig. 8 shows flat curves with
MCC-S and DCI-D, as expected.

3.1 CORRELATED AND ENTANGLED LATENT
FACTORS LEAD TO BOTH FALSE POSITIVES
AND FALSE NEGATIVES

We first study how latent-factor correlation (D,) interacts
with metric scores under encoders E1 (perfectly disen-
tangled) and E3 (linearly entangled). The encoder is held

fixed; only the pairwise correlation p € (—1,1) among
ground-truth factors varies. Any change in the metric score
is therefore a pure artifact of the latent covariance structure.

Property 1 (Invariance to latent correlation). Forz € R¢
with pairwise correlations Corr(z;,z;) = p;j, fix encoder f.
A metric M is invariant to the latent correlation structure if,
for every encoder f, M(Z, z) does not depend on (pij)
and only depends on f.

i#j

Violation of Property | means M conflates representation
quality with the covariance structure of the DGP.

Setup: D, + E1/E3. Consider d ground-truth factors with
z ~ N(0,2),%; = 1,%;; = pfori # j. Note that
the equicorrelation matrices are positive semidefinite only
for p > —1/(d-1); at d = 10 this gives p = -0.11,
so strongly negative correlations are infeasible at moder-
ate d. El is realised as Z; = s;z; with s; > 0. For E3,
the encoder is a full-rank linear map Z = Az + b with
A = Udiag(linspace(1,4~!,d)) VT, where U,V are ran-
dom orthogonal matrices and « > 1 controls the condition
number (degree of entanglement).

Theoretical analysis. We derive a closed-form expression
for MCC-P under D, + E3 (§ ), yielding:

Proposition 1 (MCC produces false positives under correl-
ation). Under D, + E3, MCC-P depends explicitly on p,
violating Property I. Moreover, at both extremes p — +1
and p — —1, MCC(p) — 1, despite an entangled encoder.

Prop. | predicts not merely a sensitivity issue w.r.t. p, but a
failure where the metric saturates at 1 even for an entangled
encoder identified only up to G,¢. Whereas MCC is designed
to distinguish such encoders from ones identified up to Gperm,
making an entangled representation indistinguishable from
a disentangled one. Under correlated factors and non-axis-
aligned encoders, MCC systematically overestimates identi-
fiability, the gap between E1 and E3 narrows as p increases
(Fig. 2). We observe that the gap and the bias sharpens with
growing d. Fig. 11 studies the interaction between p and «
at d = 10, confirming variation of each metric’s values with
p rather than «.

Takeaway. MCC cannot reliably compare representations
learned from correlated data, scoring near 1 at high p
(false positive) for an entangled encoder. DCI-D is overly
sensitive to «, scoring near zero for any non-trivial entan-
glement(false negative; Fig. | ).

3.2 METRICS CANNOT DETECT MULTI-FACTOR
REDUNDANCY

We now study what happens when the encoder outputs fewer
dimensions than the number of ground-truth factors (m <
d). We construct 4 by selecting m factors and applying
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Figure 2: MCC conflates correlation with identifiability. /deal: Property

implies the metric value should stay parallel

to the x-axis. Under E3, MCC increases with p and approaches the score of the perfectly disentangled encoder E1 at high
correlation, despite the encoder remaining entangled. DCI better separates E1 from E3 but collapses to near-zero scores

making it hard to distinguish from a non-identifiable encoder. The bias sharpens with increasing d. See Fig.

elementwise rescaling, so the retained factors are perfectly
identified. The central question is: can metrics distinguish
an encoder that drops a redundant factor (lossless) from one
that drops an informative factor (lossy)?

Property 2 (Faithfulness to effective dimensionality). Let
z € R have effective dimensionality dog < d (Defn. 2). M
is faithful to the effective dimensionality if M = 1 whenever
the encoder recovers all deg independently varying factors
(even if m < d), and M < 1 whenever the encoder fails to
recover at least one independently varying factor.

Setup: D, /D ; + E4. Under D, all d factors are independ-
ent, so every omission is lossy. Under D ;, one factor is a
deterministic function of another (zo = Z?, sodeg =d—1);
dropping z; is lossless. Under D, one factor depends on
two others (zx = g(zi, z;), der = 9); dropping zj is again
lossless. In all cases: Z; = s;z; for j € S, |S| = m.

Fig. 3 reveals a split between metric families. MCC-P/S per-
form optimal one-to-one matching and score only matched
pairs, yielding 1.0 for any m > 1 regardless of whether omit-
ted factors are redundant or informative. R> and DCI-D train
a probe to predict all d factors from the representation. Un-
der D, (left), unrepresented factors are unpredictable and
R*~ m/d. Under D ; (middle), the redundant factor z, = z3
is predictable from the retained z;, so R? and DCI-D stay
near 1.0 at m = d.g, thus correctly satisfying Property
Under D,, (correlated factors), R%>m /d because the probe
partially predicts dropped factors from correlated retained
ones; we defer this to Fig.

Under , the redundant factor zx = g(z;,z;) depends
jointly on two other factors. Although deg = 9 (same as D /),
the nonlinear probe fails to detect the relationship Fig.
shows a false negative: a lossless encoder is penalised as
though it were lossy.

Takeaway. Regression-based metrics (R?, DCI-D) detect
single-factor redundancy (1) /), but no current metric de-
tects multi-factor redundancy (1) ).

for all metrics.

3.3 METRICS CANNOT COMPARE
OVERPARAMETRISED ENCODERS

When m > d, the encoder outputs more codes than there are
factors. We first formalise the desired property we want a
metric to exhibit.

Property 3 (Invariance to overcompleteness.). Let f be an
encoder with m = d that identifies factors up to equivalence
class G (Defn. 3), and let f’ be an overcomplete encoder
(m > d) that identifies the same factors up to the same G.
A metric M is invariant to the overcomplete dimension if

IM(f") = M(f)| < €(n), where e(n) — 0 as n — oo.

Violation of Property 3 implies that the metric either spuri-
ously rewards extra codes that add no per-factor information,
or that it penalises an encoder that has not lost any factors
but merely represents them using multiple codes. In either
case, this would represent a metric conflating dimensionality
with identifiability.

Setup. We compare four overcomplete geometries (E5—E8)
against the matched-dimension entangled baseline E3, under
D, . Wefirstfixm/d = 2 (d = 20, n = 1600) and then sweep
m/d € {1,1.5,2,3} (d = 5, n = 1000) to test whether the
results are stable as overcompleteness increases. At moderate
overcompleteness (m/d = 2), all metrics correctly separate
entangled from disentangled encoders (Fig. 17). Fig. 4 tests
whether this holds as m/d increases.

Fig. 4 shows that increasing m/d does not uniformly in-
crease or decrease scores. Instead, it amplifies the mismatch
between each metric’s implicit equivalence class and the
encoder’s geometry. Two cases are particularly informative.

MCC cannot be used for distributed codes (I£8). Each
factor is encoded as k codes (e.g., sinz;, cos z; for k = 2);
no single code suffices to recover the factor. MCC pairs each
factor with exactly one code, so the best match (say sin z;)
has correlation strictly less than 1 with z;. As k grows, per-
code information thins and MCC-P drops from ~ 0.85 at
m/d =2to~0.65atm/d = 10, even though the factors are
fully recoverable from their code subsets. This is a structural
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Figure 3: Ideal: Property

implies that a metric should hold at 1.0 while only redundant factors are dropped (m > d.g,

lossless compression) and fall only once informative factors are removed (m < deg). Left (D, deg = d): every dropped

factor is informative. Middle (
it (m/d = 0.9, m = deg) is lossless. Right (

, def = d — 1): the first dropped factor is a monotone redundancy (z, = z?), SO removing
, deg = d — 1): the redundancy is synergistic. MCC-P always stays at 1.0

across all three panels and never register a dropped factor, exhibiting false positives.

failure and it worsens monotonically with m/d. DCI-D does
not exhibit this failure as the nonlinear probe can fit all m
codes, selecting the k codes in each disjoint subset. Since
each selected code predicts only one factor, D; = 1 and
DCI-D stays near 1.0 at all tested m/d.

Linear entanglement at high m/d increases DCI-D (7).
However, DCI-D increases substantially even for the linearly
entangled encoder, from ~0.42 at m/d = 1.5 to ~0.80 at
m/d = 10. This produces a false positive that could mislead
model comparison.

Only E5 (elementwise linear duplication) satisfies Property
across all metrics and all tested m/d values.

Takeaway. No metric satisfies Property 5 across all en-
coder types; overcomplete representations require multi-
metric evaluation or matched-dimension controls.

3.4 HIGH REPRESENTATION-TO-SAMPLE
RATIO INCREASES RISK OF FALSE
POSITIVES

Unlike the population-level misspecification studied in
§ to , the false-positive inflation in this section is
a finite-sample phenomenon: the bias vanishes as n — co.
We include it because the sample regimes encountered in
practice—particularly in mechanistic interpretability, where
m/n routinely exceeds 1—are far from this asymptotic limit,
making the finite-sample floor operationally indistinguish-
able from structural misspecification.

Property 4 (Insensitivity to uninformative encoders). For
any encoder f independent of 7, a metric M should satisfy
M(f) = 0 regardless of the dimensionality ratio m/d and
sample size n.

Setup. We construct a null encoder E9 (Z ~
Uniform([0, 1]™) and sweep over both m/d and m/n.

A metric should assign ~ 0 to this encoder since it carries
no information about z.

MCC violates Property 4 whenever m/n > 0.1. Reading
along any row of Fig. 5 (fixed m/d, varying m/n), scores
increase steadily; reading along any column (fixed m/n,
varying m/d), scores are approximately constant. The false-
positive rate is therefore governed by m/n, not m/d. At
m/n = 0.5 and m/d = 1, MCC-P reports 0.83 for a rep-
resentation that is pure noise. DCI-D satisfies Property

in the large-sample regime, but shows moderate inflation at
higher estimation ratios, particularly when m/d is small. R?
satisfies the property across the entire (m/d, m/n) grid.

MCC - P DCI-D

0.01 0.05 0.10 0.50 1.00 2.00 5.00 0.01 0.05 0.10 0.50 1.00 2.00 5.00
m/n m/n

Figure 5: Null-encoder scores reveal that m/n (columns),
not m/d (rows), governs false-positive inflation. Each cell
shows the metric score of a random encoder E9 that carries
no information about z; any score above 0 is a false positive.
See § for the theoretical analysis and Fig. 33 for the
Gaussian null E10 (nearly identical).

Theoretical analysis. We derive this behaviour in §

Under the null, each entry of the m X d sample correlation
matrix has mean zero and standard deviation ~ 1/+/n by the
Central Limit Theorem (CLT). Hungarian matching picks the
best one-to-one assignment from m candidates per column;
the expected maximum of m draws from N (0, 1/n) scales
as y/2logm/n (Cai and Jiang, 2011), giving E[]MCC-P] 2
v2logm/n (up to a constant). This depends on m and n but
not on d, explaining the column-varying, but constant across
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5 (elementwise linear duplication) is the only

encoder for which all metrics remain stable. DCI-D increases for entangled £7 as m/d grows. R* collapses for nonlinear F6.

MCC-P decreases for disjoint 8. d = 5, n = 1000.

rows pattern in Fig.

Practical implications. The m/n 2 0.1 threshold is

routinely exceeded: evaluating a pretrained LLM such as
Llama-3.2-8B (m = 4096) with a few hundred samples gives
m/n € [0.5,10]; even standard disentanglement bench-
marks with m = 64 and n = 500 labelled samples yield
m/n > 0.1. DCI-D requires more samples and exhibits the
same inflation. R? is the most robust to false positives, but
requires n 2 500 under nonlinear encoders (Fig. 9).

Takeaway. MCC is unreliable whenever m/n 2, 0.1. Al-
ways verify m < n and report null-encoder baselines
alongside metric scores.

4 CONCLUSION

All existing identifiability metrics can be deceptive (Fig. 1).
We provide a taxonomy (§ 2) and theoretical and empirical
analyses to characterise these failure modes, then propose
four properties (Properties | to 4) for future metric design.
We distil our findings into a practitioner checklist (§ A) and
a metric selection lookup table (Tab. 3). Our results have
direct consequences for any pipeline that uses identifiability
metrics to make downstream predictions.

Limitations. Our analysis uses synthetic encoders by design,
to isolate metric misspecification from optimisation artefacts.
The taxonomy does not cover stochastic encoders or discrete
factors, all of which arise in practice. Lastly, a systematic
study of how metric failures manifest across different families
of learned encoders (rather than constructed ones) would be
a complementary direction.
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A  PRACTITIONER CHECKLIST

A metric score is interpretable only if two conditions hold: (1) the (DGP, encoder) pair lies in a structurally valid region for
that metric, and (2) the sample size n is large enough relative to the relevant dimension to ensure estimation stability. Before
reporting scores, verify the following conditions.

Before evaluation.

1. Check the overparametrisation ratio m /n. If m/n > 0.1, MCC scores are unreliable: the expected score under a null
encoder exceeds y/2logm/n (§ 3.4). Increase n or reduce m before interpreting results.

2. Report a null-encoder baseline. Compute every metric on a random or constant encoder with the same (m, n, d). Without
this baseline, false positives are indistinguishable from genuine identifiability (§ 3.4).

3. Know your DGP assumptions. Determine whether latent factors are independent (D, ) or correlated (D,,), and whether
the representation is matched (m = d), overcomplete (rm > d), or undercomplete (m < d).

Choosing a metric.

4. Matched dimension, independent factors (m = d, D, ): all three metrics (MCC, DCI-D, R?) are reliable.

5. Correlated factors (D,): prefer R*. MCC conflates correlation with identifiability (Prop. 1); DCI-D collapses under
moderate entanglement (§ 3.1).

6. Overcomplete representations (1 > d): no single metric is reliable across all encoder geometries. Use multiple metrics
and compare against matched-dimension controls (§ 3.3).

7. Consult Tab. 3 for a full lookup table.
Interpreting scores.

8. A high MCC does not imply identifiability when m /n is large or factors are correlated.
9. A high DCI-D does not imply disentanglement when the encoder is overcomplete and linearly entangled.

10. No pairwise metric detects multi-factor redundancy (D ); higher-order statistics are needed (§ 3.2).

B RELATED WORK

Identifiability theory. Nonlinear ICA (Comon, 1994; Hyvirinen and Pajunen, 1999)establishes sufficient conditions under
which latent factors can be recovered up to well-defined equivalence classes. Identifiability guarantees often leverage auxiliary
variables (Hyvirinen et al., 2019; Khemakhem et al., 2020a), temporal structure (Hyvirinen and Morioka, 2016), mechanism
sparsity (Lachapelle et al., 2022), and restricted model classes (Khemakhem et al., 2020b; Marconato et al., 2025). Causal
representation learning extends these results by additionally requiring that identified factors admit causal semantics with
predictable behaviour under interventions (Scholkopf et al., 2021). These works establish when identifiability holds in theory.
We study whether the metrics used to verify these guarantees empirically are faithful to the equivalence classes the theorems
provide. Our results indicate that even with correlations between latent factors, reliability on metrics drops §

Identifiability and disentanglement metrics. A substantial body of work has proposed metrics for evaluating learned
representations against ground-truth factors, including DCI (Eastwood and Williams, 2018), MIG (Chen et al., 2018), MCC
(Khemakhem et al., 2020b), InfoMEC (Hsu et al., 2023), and T-MEX (Yao et al., 2025). Sepliarskaia et al. (2019) showed
that several metrics disagree on comparing methods and cautioned against relying on a single score. Carbonneau et al.
(2022) surveyed metrics and noted the lack of a unified framework connecting metric assumptions to evaluation validity. Our
work differs from both. Instead of comparing metric rankings aross methods, we identify the structural conditions on the
DGP and encoder geometry under which each metric’s score is interpretable, and show that the resulting failure modes are
misspecification, not optimisation failures.

Overcomplete representations and mechanistic interpretability. Recent work in mechanistic interpretability uses sparse
autoencoders to extract interpretable features from pretrained models (Elhage et al., 2022), and identifiability of these features
is increasingly recognised as necessary for reliable interpretation (Song et al., 2025; Joshi et al., 2025; Mueller et al., 2026).
These settings are inherently overcomplete m >> d and sample-constrained m >> n. We show that current metrics are not
reliable under overcompleteness: MCC does not work for overcomplete distributed codes, DCI-D may spuriously reward a
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linearly entangled representation (§ 3.3), and the high m/n ratios typical of these evaluations may push the metrics into the
regime where they can score high even with a random representation (§ 3.4).

Relationship to prior evaluation studies. [.ocatello et al. (2019) demonstrated that unsupervised disentanglement learning
requires inductive biases, studying how learning algorithms behave under different model and data assumptions. Our work
is complementary: we study how evaluation metrics behave under different structural regimes, holding the encoder fixed.
Their finding that unsupervised disentanglement is impossible without inductive biases is orthogonal to our finding that even
supervised metrics are structurally misspecified under conditions the underlying identifiability theorems explicitly permit.
Eastwood et al. (2023) extended DCI to handle dimension mismatch; our Defn. 3 generalises this to arbitrary equivalence
classes and connects it to the full DGP taxonomy, revealing failure modes beyond what dimension-mismatch alone predicts.

C CODE AND DOCUMENTATION

All results in this paper are produced by identifiability—guard, an open-source Python package that provides a
unified, unit-tested implementation of every metric, data-generating process (DGP), and encoder studied here. The source
code is available at github.com/shrutij0l/identifiability—-guard,and browsable documentation is hosted
at shrutijOl.github.io/identifiability-guard.

Design. The package follows the same three stages as our taxonomy (§ E)—generate ground-truth factors, apply an encoder, then
score recovery—so that any DGP can be paired with any encoder and evaluated by any metric through a common interface.
It is organised into four modules under src/identifiability_guard/: dgp/ (factor generators), encoders/
(transformations), metrics/ (recovery scores), and evaluation/ (shared utilities), with unit tests in tests/ and
runnable experiment drivers in examples/.

Correspondence to the taxonomy. Code objects are named after the labels used throughout the paper, so each symbol
maps to one implementation. The DGP classes D, —D (§ E.1) live in dgp/ (e.g. D1Independent); the encoders E1-E8
together with the null baselines E9/E10 (§ E.2) live in encoders/ asE1-E10 (e.g. EIElementwiseLinear); and the
metrics MCC, DCI, R2, MIG, T-MEX, and InfoMEC live in metrics/, each exposing a common compute (Z, Z_hat)
entry point (e.g. MCC, DCI).

Documentation. The documentation site includes a user-guide page for each stage—Data-Generating Processes, Encoder
Mixings, and Identifiability Metrics—an auto-generated API reference, worked examples, and installation instructions. It
also provides technical notes on numerical stability, computational efficiency, and reproducibility.

Reproducing the experiments. After installation (pip install -e .), the scripts in examples/ regenerate the
reported scores: the full DGP X encoder grid is produced by evaluate_all _combinations_combined.py, and the
sample-size sweeps by evaluate_sensitivity.py. Each uses the seeds and sample sizes summarised in Tab. 1, so
the figures in § H are reproducible end-to-end.

D METRIC USAGE REVIEW

We conducted a systematic review of evaluation metrics used in causal representation learning (CRL) and nonlinear
independent component analysis (ICA). Using the Semantic Scholar API, we retrieved papers published between 2020 and
2025 at major ML conferences (NeurIPS, ICLR, ICML, AISTATS, UAI, AAAI CLeaR, JMLR) based on the terms ’causal
representation learning’ and ’nonlinear ICA’. Among the 62 papers identified, most relied on MCC (25), followed by R>
(9) and DCI (2). None employed more recent metrics such as MIG or T-MEX. Finally, several papers did not use standard
metrics at all, instead reporting performance in terms of objective optimization or relying on qualitative assessments.

Also, nonlinear ICA papers use MCC (61%) more often than CRL (29%).

Search queries. Semantic Scholar bulk search with two queries — “causal representation learning” and “nonlinear ica” —
covering the two dominant terminological traditions, restricted to NeurIPS, ICLR, ICML, AISTATS, UAI, AAAI, CLeaR,
and JMLR over 2020-2025.

Inclusion. A paper was kept if it (i) appeared in a listed venue in the specified period and (ii) contained an experimental
validation (purely theoretical or position papers excluded).

De-duplication. Result sets merged and de-duplicated by Semantic Scholar paper ID.
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Search queries. Semantic Scholar bulk search with two queries — “’causal representation learning” and “nonlinear ica” —
covering the two dominant terminological traditions, restricted to NeurIPS, ICLR, ICML, AISTATS, UAI, AAAI CLeaR,
and JMLR over 2020-2025.

Inclusion. A paper was kept if it (i) appeared in a listed venue in the specified period and (ii) contained an experimental
validation (purely theoretical or position papers excluded).

De-duplication. Result sets merged and de-duplicated by Semantic Scholar paper ID.

Evaluation. MCC usage was assessed by one author via manual inspection. We did not compute a formal inter-rater coefficient,
but the criterion is a binary, verifiable fact readable from each paper’s results tables, leaving little room for interpretive
disagreement. The full annotated 62-paper list will be released with the camera-ready.

E TAXONOMY
E.1 DATA CLASSES

Letz = (z1,...,z4)" € R? denote the ground-truth latent factors with joint density p(z). We classify the factor distribution
along two axes: statistical dependence (mutual information) and functional dependence (deterministic constraints). Classes D | —
D,, operate within the standard CRL setting (deg = d); Classes D ,—D - extend it to settings where functional constraints
reduce the effective dimensionality (deg < d; cf. Defn. 2). Plot legends label DGP types by index: D1 = D, (independent),
D2 =D, (correlated), D3 = (redundant), D4 = (synergistic).

D, — Independent factors. The factors are mutually independent and non-redundant:
d
P(Z1,.--,Zd)=l_[p(z]-), I(zis2j)) =0 Vi#]j.
j=1
No statistical, functional, or structural dependence exists among factors. In particular, Corr(z;,z;) = O for all i # j, and

degg = d.
Canonical example: 71,722 L Uniform(0, 1).
D, — Correlated (statistically dependent) factors. The factors share information but each retains a unique degree of
freedom; no factor is a deterministic function of any subset of the others:
Fi#j: Nzi52;)>0, H(zjlzy)>0 YV,

where z\; := (z1,...,2j-1,2j+1»- - -, 2a). The first condition asserts statistical dependence; the second asserts non-
redundancy: no factor is determined by the rest. Hence deg = d.

100
Canonical example: (z1,z2,23)" ~ N(0,%), 2 = (g 1 '(1)) with p € (0, 1).
e

Remark. D, subsumes both causal dependence (z; = f(z;) + &, & # 0) and confounded dependence (shared latent common
cause), as well as nonlinear dependence invisible to linear measures. For instance, z; ~ N (0, 1), zo = z% +e,&e~N(O, 0'2)
satisfies Corr(z1, z2) = 0 yet I(z1;z2) > 0: the dependence is real but purely nonlinear. As long as H(g) > 0, the relationship
is non-deterministic and falls under D,,. In this paper, we’ll focus on linear non-deterministic dependence only.

— Redundant (single-factor functional constraint). At least one factor is a deterministic function of exactly one
other factor, reducing the effective dimensionality:

Ji#j,If:R>R: z;=f(z) as, H(zj | z;) = 0.
Two structurally distinct subcases arise:

A — Invertible (information-preserving). The map f is injective, so f~! exists. Then H(z;) = H(z;) and I(z;; z;) =
H(z;). The intrinsic dimension of (z;, z;) is 1, but no information is lost. Canonical example: zo = zf.
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B — Non-invertible (collapsed). The map f is many-to-one, so f~! does not exist. Then H(z j) < H(z;)and I(z;; z;) =
H(z;) < H(z;): information is destroyed. Canonical example: zo = sign(z1).

In both subcases, d.g < d — 1 (one constraint removes one degree of freedom).
> R = Ro(1 + @ T): resistance is an invertible function of temperature (D s A).
In this paper, D ;A will be of interest to us.

— Synergistic (multi-factor functional constraint). At least one factor is a deterministic function of two or more
other factors, but not of any single one:

Ak, ASc{l,...,d}with|S|>2: zr=g(zs) as.,
where zg := (z;) jes, and no function of a strict subset of zg determines zy. Formally:
H(zk | zs) =0, H(zk |zr) >0 VT CS.

The constraint cannot be decomposed into single-variable contributions: the dependence is deterministic but synergistic. For
the canonical zero-mean product below, every pairwise linear correlation vanishes (Corr(z;, zx) = 0 for each j € S) even
though (zs) jointly determines z, so the dependence is invisible to pairwise statistics.

Canonical example: 71 = 7 73 with zp L z3 independent and zero-mean.
> V = IR: voltage is jointly determined by current and resistance. Ties 3 factors {/, R, V}; one constraint (k = 1), deg = d — 1.

Summary. Under D, -D,, deg = d (no functional constraints). Under D .~Dr, deg < d (deterministic constraints reduce
the number of free degrees of freedom; cf. Defn. 2). The horizontal axis of the validity-domain map (Tab. 3) captures this
progression.

E.2 ENCODER TAXONOMY

Let f : R® — R denote the learned encoder, producing Z := f(x) = f(g(z)) € R™. We classify encoders by (i) the
equivalence class G up to which factors are identified (Defn. 1), and (ii) the dimension ratio m/d. Throughout, S; denotes
the symmetric group on {1,...,d}.

Matched dimension (m = d).

E1 — Elementwise linear (permutation & rescaling). The encoder identifies each factor up t0 Gperm:
dmreSq, a; #0: 2j:ajz,,(j), j=1,...,d.
No cross-factor mixing or nonlinear reparameterisation is present beyond scaling and permutation. This is the strongest form

of identifiability and every metric should score 1.

Canonical example: 71 =2z3, 22 = —z1, 23 = 0.5z, (ford = 3).

E2 — Elementwise nonlinear (invertible componentwise). The encoder identifies each factor up to Gy:
IneSa: Z;=gi(zx())s j=1...,d,
where each g; : R — R is a smooth, invertible scalar function. Information is preserved factor-wise, but linear correlation
between Z; and z,(;) may be misleading. The parameter « (Tab. 1) controls the degree of nonlinearity; @ = 0 reduces to E1.
; .5 3
Canonical example: Z; = 22 ()
In practice, we use the following nonlinear functions: z > tanh (2z°> — 0.1), z + sinh (223 + 0.1), z > sign(z)|z]

2, 2 25, 2 exp(z), z - sign(z)log (1 + |3z + 1)).

12 72

2633



E3 — Linearly entangled. The encoder identifies factors up to Gag:
Z=Az A e R4 det(A) # 0,

with A not a signed permutation matrix (i.e., at least one row has two or more nonzero entries). All factor information is
preserved globally, but individual factors are distributed across coordinates. The condition number x(A) controls the degree
of entanglement; x = 1 reduces to E1.

Canonical example: 73 = azp + b zz with ab # 0.
Dimension mismatch (m # d).

The standard definition of identifiability (Defn. 1) assumes m = d. When m # d, we use the generalised notion of Defn.
the encoder identifies a subset S C {1,..., d} of factors via a readout r : R — RIS,

4 — Undercomplete (m < d). The encoder outputs fewer dimensions than there are ground-truth factors, so |S| < d:
some factors are unrecoverable regardless of the readout r. Each retained factor is encoded elementwise:

Zj = ajZi(j), Jj=1...,m,
with all i(j) distinct and a; # 0.

Under D —D £, this need not be lossy in the information-theoretic sense: if the encoder recovers all d.g independently varying
factors, it captures the full information of z (Defn. 2). No current metric distinguishes omission of a redundant factor from
omission of an informative one.

> (T, 1):1S] =2 = deg.
Overcomplete encoders (m > d).

We now define four overcomplete encoder types (m > d), each corresponding to a distinct code—factor geometry.

5 — Duplicated (m > d, linear). Each output coordinate is a signed rescaling of exactly one ground-truth factor, and
each factor is copied into one or more coordinates. Let o: {1,...,m} — {1,...,d} be a surjective assignment (every factor
is represented at least once; some are duplicated), and let a; # 0. Then:

A

Zj =ajZ2o(j), j=1,...,m, m>d.

The surjectivity of o~ ensures no factor is lost. Because every copy is an invertible rescaling, the code—factor map is one-to-one
within each block (|7;| = 1): any single copy already recovers its factor, and the remaining copies are redundant. This is the
overcomplete analogue of E1.

Example (d = 2, nm = 4).’ 21 = 1.3Z1, 22 = —0.7Z2, 23 = O.9Z1, 24 = —1.522.

6 — Nonlinear duplicated (m > d, nonlinear). Each output coordinate is a smooth invertible function of exactly one
ground-truth factor, and each factor may be encoded by more than one coordinate. Let o: {1,...,m} — {l,...,d} bea
surjective assignment and each g; : R — R an invertible scalar function:

g =8fzeny)  J=lom m>d

No coordinate mixes factors, so factor-wise information is preserved up to G, and the code—factor map is one-to-one
within each block (|T;| = 1): any single code recovers its factor. This is the overcomplete analogue of E2 and the nonlinear
counterpart of ES.

3

Example (d =2, m = 3): 2| =tanh(z1), %, = Zg, Z3=1.

7 — Superposed (m > d, linear). The encoder is a dense linear map with m > d, the overcomplete analogue of E3:
i=Az, A e R rank(A) = d,

where at least one row of A has two or more nonzero entries, so each coordinate of Z mixes several factors (one-to-many).
The matrix A is constructed via its singular value decomposition A = Udiag(sy,...,s4) V' with U € R™*™ 'V € RIxd
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orthogonal, and s; > --- > s4 > 0. The condition number x(A) = s;/s4 controls the degree of entanglement. Since
rank(A) = d, the factor information is globally preserved; recovery requires r to unmix the linear superposition.

Example (d =2, m = 4): every Z; is a distinct linear combination of z; and z.

8 — Distributed (/m > d, nonlinear). Let k > 2 be an integer and set m = k - d. There exist pairwise-disjoint index sets
Si1,...,8¢ c{l,...,m} with |S;| = k, |_|id=1 S; = {1, ...,m}, such that each ground-truth factor z; is encoded only in the
coordinates indexed by S; (no cross-factor mixing):

where 7 € S is a permutation and each /; : R — R is a scalar nonlinear function (not necessarily invertible individually).
The factor is recoverable from its own subset via a decoder f; : RK — R:

x@) = fi(fj 1j € Si).
For k = 2, the canonical implementation uses Z; = sin(Z(;)), Z2i+1 = €0s(zx(;)), With perfect reconstruction via z ;) =
atan2(Zy;, Z2i+1). For k > 2, an interval-based encoding partitions the range of each factor into k bins; exactly one code per

factor is active for each sample. Coordinate-wise metrics fail because the readout » must aggregate (many-to-one) across the
k codes in each S;; no single Z; suffices to recover z;.

Example (d =2, k =2, m =4): (sinzj, coszj, sinzy, cosz2).
Control baselines. Every metric should return ~ 0; any nonzero score is a false positive.
E9 — Random (independent of data). Z ~ Normal(0, /,,,), independent of x.

E10 — Random (independent of data). 2z ~ Uniform([—1, 1]™), independent of x.

F METRICS

See § G for a more detailed description of each metric.

Metric Short description

DCI Measures Disentanglement (D), Completeness (C), and Informativeness (I) by assessing
how well latent dimensions predict ground-truth factors using supervised regressors
(Eastwood and Williams, 2018).

MCC Evaluates alignment between learned and ground-truth latent variables via an optimal
one-to-one matching that maximizes pairwise correlations (P=pearson, S=spearman,
RDC=Randomized Dependence Coefficient (Lopez-Paz et al., 2013)).

R? Quantifies the proportion of variance in ground-truth factors explained by the learned
representation through linear regression.

T-MEX Assesses disentanglement by measuring how selectively latent variables respond to inter-
ventions on ground-truth factors (Yao et al., 2025).

MIG Computes the gap between the top two mutual information scores between a factor and
latent variables (Sreekar et al., 2021).

InfoMEC Measures equivalence classes of representations by evaluating how much information
about the ground-truth factors is preserved under invertible transformations (Hsu et al.,
2023) (M=modularity, E=explicitness, C=compactness).

Table 2: Common evaluation metrics for causal representation learning with ground-truth factors.
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Table 3: No single metric satisfies all four properties. Each cell shows whether a metric satisfies (v') the property in > 95%
of the tested (DGP, encoder) settings, partially satisfies (~) in 50 — 95% settings, or violates (X) the corresponding property
(so doesn’t satisfy the property most of the time except for exceptions). Superscripts reference the relevant subsection. See
§ H for MI-based metrics.

Metric P1 P2 P3 P4

MCC-P X X X X
MCC-S X X X X
R? o~ ~ /
DCID ~ ~ X ~
MIG X X X ~
TMEX ~ X X ~

3.1
3.3

P2: d.g-sensitivity>-?
P4: Uninformative-sensitivity>*

P1: p-invariance
P3: OC-invariance

G EXPECTED METRICS’ BEHAVIOUR: THEORY AND DERIVATIONS

In this section, we derive the theoretically expected behavior of some metrics to highlight some of their limitations, even in
simple settings.

G.1 MCC: CORRELATED LATENT FACTORS AND LINEAR ENTANGLEMENT

We consider three ground-truth latent variables
2=(21,22,73)",

with the following second-order structure:

E[Z;] =0 foralli, (1)
o2(Z;) =1 foralli, (2)
Corr(Zy,Z3) = p, ol <1, A3)

and Z; uncorrelated with (Z,, Z3).

Consider a learned representation with linear mixing of the form:

2y = sZy, (4)
22 =aZ,+ bZs, ®))
23 =cZr + dZs, (6)

with s,a, b, ¢, d # 0. Our goal is to compute the Mean Correlation Coefficient (MCC) between Z and 7= (Z 1, 22, 23) asa
function of the latent correlation p.

We start by computing the covariances between the true latents and the learned coordinates. For Z; we immediately have

Cov(Zy,21) = so*(Z)) = s, (N
COV(Zl, 22) = 0, (8)
COV(Zl, 23) = 0, (9)

since Z; is uncorrelated with Z, and Z3, and 0%(Z;) = 1.

For Z> and 22 =a/Z, + bZ3,

Cov(Z2,2) = Cov(Za,aZy + bZ3) (10)
=aCov(Zy,7Z) + b Cov(Z,, Z3) (11)
= ac*(Zy) + bpN o2 (Z2) 0 (Z3) (12)
=a+bp, (13)
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using 02(Z>) = 0*(Z3) = 1 and Cov(Z», Z3) = p.

Similarly, the variance of 22 is

0%(2y) = 0*(aZy + bZ3)
a*c*(Z) + b*0*(Z3) + 2ab Cov(Z,, Z3)

a*+b> + 2abp.

Therefore )
Cov(Zs,22) a+bp

oA (Z)o2(Zs) @+ b2+ 2abp

Corr(Zs, 2») =

Analogously,

COV(Z3, 22) =a COV(Z3, Zz) +b COV(Z3, Z3) =ap + b,
b+ap

Va2 + b* + Zabp'

Corr(Z3, 2») =

Repeating the same computation for Z3 = c¢Z, + dZ; yields

c+dp

Ve +d? + 2cdp ’

d+cp

Ve +d* + chp.

Corr(Z», Z3) =

Corr(Z3, Z3) =

Finally, for Z; we have

Corr(Z;, 21) = sgn(s), Corr(Z;, 22) = Corr(Z, 23) =0.

G.1.1 Correlation matrix and MCC

Collecting the correlations into a matrix C(p), we obtain

Corr(Z1,21) Corr(Z1,72,) Corr(Zi,73)
C(p) =|Corr(Zy,2)) Corr(Zy,2:) Corr(Zs, Z3)
Corr(Z3,Z1) Corr(Zs,7Z,) Corr(Zs, 7Z3)

+1 0 0

=[ 0 rnlp) rs(p)]|,
0 r3p) rup)

where r2,, 123, 132, 133 are given by (17)—(21).

The Mean Correlation Coefficient (MCC) between z and Z for the 3 X 3 case is defined as
1 3
MCC(p) = 3 Erne%é ;NCOrr(Zi, Z,,(,'))|,

where S3 is the set of all permutations of {1, 2, 3}.

(14)
15)
(16)

A7)

(18)
19)

(20)

ey

(22)

(23)

(24)

(25)

Since Corr(Z;, Z;) = +1and Corr(Z;, Z>) = Corr(Z;, Z3) = 0, the optimal permutation always pairs Z; with Z;, contributing

1 to the sum. The remaining degrees of freedom are in how we pair (Z,, Z3) with (2, Z3).

There are two relevant pairings:
1. “Diagonal” pairing: Z, <> Z, and Z3 <> Z3, giving a sum

Sdiag(0) = [r2(p)| + |r33(p)|.
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2. “Swapped” pairing: Z, <> Z3 and Z3 < Z,, giving
stap(p) = |raa(p)| + |r32(p)|-

Thus |
MCC(p) = 5 (1 +max{Saiag(p). Sewap()})- 26)

The dependence of MCC on the latent correlation p is therefore entirely through the functions r(p), . . ., r33(p).

Effect of the sign of p in a symmetric example. To see how the sign of p affects MCC(p), consider a symmetric mixing:

72 =7 + €25, 27)

23 =¢€lr+ 73, (28)

with 0 < € < 1. In this case

and substituting into (17)—(21) yields

(29)
=rn(p), (30)

and the off-diagonal entries are

e+p

V1 +82+28p’

e+p
Vel +1+2ep

To verify: from (21) with d = 1, ¢ = &, the numerator is d + cp = 1 + £p, matching ;. From (19) witha = 1, b = ¢,
the numerator is b + ap = &€ + p. From (20) with ¢ = &, d = 1, the numerator is ¢ + dp = & + p, matching r3,. All four

denominators equal /1 + &2 + 2&p.

The two pairings therefore give

ra(p) = €29

r3(p) = =r3(p). (32)

Sdiag(0) = [r(p)| + |r33(p)| = 2|r22(p)l, (33)
Sswap(p) = [r3(p)| + [r32(p)| = 2 [r32(p)I. (34)

These are not equal in general. We now show that the diagonal pairing always dominates. Consider the difference of the
numerators:

(I+ep)—(e+p)=(1-)(1-p) >0, (35)
(1+ep)+(e+p)=(1+e)(1+p) >0, (36)

for all p € (—1,1) and & € (0, 1). Since both share the same (positive) denominator, we have |r2;(p)| > |r32(p)| with
equality only at the boundary p = 1 or & = 1. Hence Sqiag (p) = Sswap(p), and

1 1 211
MCC(p) = 5(1 +2 |r22(p)|) =3 (1 + %) : 37)
V1+e Ep

Since 1 + gp > 1 — & > 0 for all |p| < 1, the absolute value is redundant and we may write

V1+&2+2ep
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Derivative of r5;(p). We now compute the derivative of ry,(p) with respect to p. Write N(p) := 1 + gp and D(p) :=
1 + &% + 2¢&p, so that r»» = N/VD. Then

’ D’ , ’
arzz_N\/l_)_N'FE_ND_N'DT

= = 39
dp D D312 (39)
We have N’ = £ and D’ = 2¢, so the numerator is
N’D—N~% =e(l+&*+2ep)—(1+¢p)-&
= s[(l +&%+2ep) - (1 +ap)]
= 8(82 +ep) = (e + p). (40)
Therefore s
0 +
rn __ &(e+p) - @n
dp (1+&2+2¢ep)
The denominator in (4 1) is strictly positive for all p € (-1,1) and 0 < € < 1, since
l+&2+2ep>1+&2-2e=(1-¢)>>0.
Non-monotonicity of ry;(p). The numerator in (41) changes sign at p* = —&:
s <0 ifp<-—¢,
r
0_22 =0 ifp=-s 42)
p >0 ifp>-e.
Thus 72 (p) is not monotonically increasing on (—1, 1). It attains its minimum at p* = —¢, where
1-¢? 1-¢?

=1 - &2 (43)

ran(-¢g) =

V1 + &2 = 22 - Vi-¢g2

Monotonicity of MCC. Since 1 + gp > 0 on (-1, 1), we have |ry| = ry, and by (38) the MCC inherits the same
monotonicity structure: decreasing on (—1, —¢) and increasing on (—g, 1), with minimum

1
MCC(—8)=§(1+2 1-¢2). (44)
At the boundary values:
l+¢
lim rp(p) = ———= =1 (45)
p—l V(1 +¢g)?
l-¢

lim ry(p) = (46)
p——1*

S
V(1 —¢g)?
Hence ry;(p) — 1 at both extremes p — =1, and MCC(p) — 1 in both limits. The minimum of MCC is in the interior, at
p=-c.

Implication. Even though Z, and Z3 remain linearly entangled mixtures of Z, and Z3 for all & > 0, the MCC score
varies with the correlation p between the ground-truth factors, despite the underlying entanglement structure of the learned
representation being unchanged.

For the practically relevant regime p > 0, positive correlations inflate MCC monotonically: the MCC is strictly increasing on
(0,1) since 0 > —e = p*. For negative correlations, the MCC first decreases (reaching its minimum at p = —¢) and then
increases again toward 1 as p — —1.

The non-trivial dependence on p—including the fact that the minimum is in the interior and that the MCC approaches 1 at
both boundary values p — +1—demonstrates that MCC conflates representation quality with the covariance structure of the
ground-truth factors.
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Correlation (p) vs Entanglement (k€ {1,2,...,50})
(D2 + E3, d=2, n=100)

MCC-P MCC-S

1.0 1.0

0.8 0.8
0.6 0.6
0.4 0.4

0.2 0.2

0.0 0.0

Figure 6: MCC overestimates identifiability as p increases.

To illustrate this further, consider an even simpler (degenerate) example:

a=b=c=d=1, @)

so that
22 = 22 + Z3, 23 = 22 + Z3. (48)

In other words, Z, and Z3 are identical, fully redundant, and both are symmetric mixtures of Z; and Z3.

Using the same covariance structure as before, with
0*(Zy) =X (Zs) =1, Cov(Z,Z3) = p,
we compute

COV(ZQ,ZZ) = COV(Z2, Zr + Z3) = 0'2(22) + COV(Zz, Z3) =1+ P,
02(2s) = 0X(Zr + Z3) = 02(Zs) + 0X(Z3) + 2Cov(Zs, Z3) = 2 + 2p.

Hence, for p > —1,

A 1+p 1+p
Corr(Zy, Z») = =4/ =:r(p). (49)
\V2+2p 2

Verification via the general formula. Setting € = 1 in (29) gives 2 = (1 + p)/+/2 + 2p, matching (49).

By symmetry we also have
Corr(Z3,22) = Corr(Z;, 22) = Corr(Z;, 23) = Corr(Z3, 23) =r(p),

and Corr(Z;, Z;) = +1, Corr(Z,, Z») = Corr(Z;, Z3) = 0 as before.

In this case, the two candidate pairings (diagonal and swapped) give the same sum, and the MCC simplifies to

MCC(p) = (1+2r(p))=%(1+2 #) l<p<l. (50)

1
3

Note that this degenerate case corresponds to € = 1, where the minimum of ry; from (42) occurs at p* = —1 (the boundary),
consistent with r(p) being monotonically increasing on (-1, 1).

This expression makes two important properties explicit.
(i) Asymmetry MCC(p) # MCC(—p). From (50) we obtain

1
r(p) = %, l<p<l. (51)

Substituting —p in place of p yields

MCC(=p) = % (1 +2 I"Tp) (52)
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Hence, for any p € (0, 1),

= MCC(-p).

1 1 1 =
MCC(p):§(1+2,/¥)¢§(1+2 Tp

Even though the entanglement structure for (Z;, Z3) is symmetric under the sign flip p +— —p, MCC values differ for positive
and negative correlations.

(ii) Faithfulness issues at extreme correlations. The same formula reveals a qualitative difference between the limits
p—landp — —1:

1+1
lim r(p) = | —— = 1, (53)
p—1 2

lim r(p) = AT g, (54)
p——1* 2

When p — 1, Eq. (50) yields MCC(p) — (1 +2)/3 = 1. In contrast, when p — —1, MCC(p) — (1 +0)/3 =~ 0.33.

Contrast with the £ < 1 case. In the general symmetric mixing with & < 1, egs. (45)—(46) show that ry;(p) — 1 at both
p — +1and p — —1,s0 MCC(p) — 1 in both limits. The faithfulness collapse (MCC — 0.33) at p — —1 is specific to
the degenerate case € = 1, where 7y =273=27r+7Z3 ~0when Z3 ~ =Z,. For ¢ < 1, the representations 7, # 73 remain
distinct and their correlations with the true factors recoverto 1 as p — —1.

These examples show that MCC depends nontrivially on the covariance structure of the ground-truth factors, independently
of the underlying entanglement of the learned representation. In particular, for a fixed mixing matrix, MCC can be artificially
inflated or deflated by the latent correlation p.

G.2 EXPECTED BEHAVIOUR OF DCI

We derive properties of DCI that explain the metric’s behaviour in the main-text experiments. We first recall the construction,
then state four results organised by failure mode.

Construction. A supervised probe is trained to predict each ground-truth factor z; from the learned representation 2,
yielding a nonnegative importance matrix R € R’Z"(;‘d, where R; ; quantifies the contribution of learned feature Z; in predicting
zj. Row R; . summarises which factors feature 7 encodes; column R. ; summarises which features encode factor j. The DCI
scores are computed from R alone:

Disentanglement. Convert each row to a distribution p j; = R; j/>x R; x and measure concentration:

H(p.i)

& 2R
D;=1- , DDCIZZWL‘DI‘» w; = 4
i=1

Zi’,j’ Ri’,j’ .

logd

Completeness. Convert each column to a distribution pj|; = R; j /3., Ry, ; and measure concentration:

H(p.)) d YR,
, Cpcr =  Cj =
DCI ; Vit Vj Zi',j’ Rir jr

Ci=1-
J logm

Informativeness. Ipcy = é 2j(1 = Lj), where L; is the normalised prediction loss (e.g., 1 — R?) of the probe for factor ;.

The weights w; and v; are proportional to total importance: features or factors with negligible importance contribute
negligibly to the global scores. This weighting is the source of the first failure mode.

Proposition 2 (Dropped factors are invisible to DCI). Under D, + E4 with |S| = m < d perfectly identified factors, as
n — oo: Dpcr — 1 and Cpep — 1.
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Proof. For retained factors (j € S), the encoder is elementwise, so the probe importance concentrates on a single coordinate:
pjji and p;|; are one-hot for the matched pair, giving D; = 1 and C; = 1.

For discarded factors (j ¢ S), no learned feature predicts them: R; ; ~ 0 for all i. Their weight v; « 3}; R; ; = 0 vanishes

from Cpcy. Likewise, the rows corresponding to codes that encode only retained factors carry all the weight in Dpcy.

DCI does not verify that all factors are represented; factors that are never encoded produce zero importance, vanish from the
weighted averages, and do not penalise the score. O

Implication: This explains the DCI-D false positive in Fig. 3 (left, D ): as factors are dropped, D or C do not penalise
omission (only Ipcy would drop).

Proposition 3 (Functional dependence decreases D under a perfect encoder). Under D s with z, = f(z1) (deterministic)
and a perfect elementwise encoder EI (Zj = ajz), a nonlinear probe (e.g., gradient boosted trees) yields Dpcy < 1.

Proof. Since zp = f(z1) exactly, 2| = a;z; perfectly determines z; via f, so the nonlinear probe assigns R; > > 0 in addition
to Ry,; > 0. Symmetrically, when f is invertible (e.g., f(z) = 23, 22 = a> f(z1) determines z; via f~!, so Ry > 0 and
D, < 1. The remaining d — 2 codes are independent and achieve D; = 1, but the deflated D and D, pull down Dpcy through
their nonzero weights wy, wp > 0. O

With a linear probe (e.g., Lasso), the result can differ. For z; ~ N (0, 1) and z; = z?, the population normal equations yield
zero cross-coefficients—z; and z? are linearly orthogonal under Gaussian moments—so R is diagonal and Dpcy = 1. The
deflation under D ; is therefore probe-dependent: it arises only when the probe is expressive enough to detect the functional
relationship f.

Implication. This explains the DCI-D dip in the D ; panels of Fig. 3 (right): even at m = d (dashed line), DCI-D is below 1.0
because the functional constraint between z; and z, spreads importance across the corresponding codes.

G.3 MCC FALSE-POSITIVE RATE UNDER NULL ENCODERS

We derive the expected behaviour of MCC-P when the learned representation is independent of the ground-truth factors,
explaining the inflation observed in Fig.

Setup. Letz e R4 and 2 € R™ be independent random vectors (null encoder), and let (z(l), 2(1)), e, (z("), 2(")) be n
i.i.d. paired samples. The sample Pearson correlation between Z; and z; is

Y -EE - 2)

pij = :
VE D -2 56~ 2)2

Since Z L z, the true correlation is p;; = O for all i, j.
Distribution of sample correlations under the null. For bivariate normal data with p = 0, the sample correlation satisfies

6 Vn —2
p—Az ~In-2 (55)

1-p

d
exactly (Fisher, 1922). For non-Gaussian data, the exact z-distribution does not hold, but the asymptotic result v p — N (0, 1)
follows from the Central Limit Theorem (CLT) (Hoeffding, 1992). In either case, for large n,

: 1
pry N(O, ;)_ (56)
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Maximum absolute correlation. MCC-P computes the m X d matrix of absolute sample correlations |g;;| and applies
Hungarian matching to find the optimal one-to-one assignment.

Consider a single column j. The entries {|0;;|}!", are approximately half-normal with scale 1/ y/n. (They are not exactly

independent—they share the 7\ samples—but the dependence is weak under the null since the Z; are independent across
rows; see Cai and Jiang (2011) for rigorous derivations, especially Theorem 2). The maximum of m such entries satisfies, by
standard extreme value theory for Gaussian maxima,

21
E[m’ﬁx |p3~j|] O b LY (57)
i=1 n

Here, the leading term carries a multiplicative factor, which is a small correction for practical values of m. Please refer to Cai
and Jiang (2011) for more details.

MCC-P under the null. To lower-bound the Hungarian matching, consider a greedy assignment: assign column 1 its
best row, remove that row, assign column 2 its best among the remaining m — 1 rows, and so on. This produces a valid
one-to-one assignment, and column j selects from m — j + 1 remaining candidates. When m > d, every column still has ~ m
candidates, and the greedy score is close to the average column-wise maximum. Since the Hungarian matching is optimal
over all one-to-one assignments, it scores at least as high as the greedy, giving

d -
1 21 - 1 21
Ly \/M . \/ﬂ when m > d. (58)
d = n

E[MCC-P] >

n

This bound is non-negligible whenever log m /n is not small. In practice this inflation is substantial even at moderate ratios:

m/n  +2logm/n (bound) MCC-P (observed, m/d = 1)

0.1 0.21 ~03
0.2 0.30 ~0.5
0.5 0.48 ~0.83
1.0 0.68 ~0.95

The bound captures the correct scaling: it explains why m/n governs the false-positive rate. But, it underestimates the
magnitude at practical sample sizes for two reasons: (i) the extreme value approximation is loose at small m; and (ii) at
small n, the exact null distribution of p follows a scaled #,,_»> (Eq. (55)), which has heavier tails than the Gaussian, pushing
the maximum correlation above the asymptotic prediction.

Extension to MCC-S. Spearman correlation is the Pearson correlation applied to ranks. Under independence, the sample
Spearman correlation also satisfies ﬁisj ~ N (0, 1/n) (Hotelling and Pabst, 1936), so the extreme value argument above

applies verbatim: the /2 log m/n floor governs both MCC-P and MCC-S.

Why m /n governs and m/d does not. The bound (57) depends on m (candidates per column) and n (sample size), but not
on d (number of columns). Adding more ground-truth factors adds more columns to the matching problem but does not
change the distribution of each column’s maximum. The MCC averaging divides by d, but since each column contributes
approximately the same expected maximum, the average is ~ /2 log m /n regardless of d. This is consistent with the empirical
observation in Fig. 5: reading along rows (fixed m/d, varying m/n), scores increase; reading along columns (fixed m/n,
varying m/d), scores are approximately constant.

Comparison with R?> and DCI-D.  R? uses cross-validated nonlinear regression, which does not exploit the maximum over
candidates: it predicts each factor independently and averages the explained variance. Under the null, the cross-validated
R? ~ 0 for each factor (overfitting is penalised by the held-out evaluation), so R? ~ 0 regardless of m /n.

DCI-D trains a Lasso probe for each factor. Under the null, the £; penalty shrinks most coefficients to zero, but a few features
can be spuriously selected— particularly when m is large relative to n (Biihlmann and Van De Geer, 2011). The resulting
importance matrix has most entries near zero; the moderate inflation at high m /n and low m/d in Fig. 5 is consistent with a
small number of spuriously selected features spreading enough importance mass to inflate the disentanglement score.
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H EXPERIMENTS

Plot legends label DGP types by index: D1 = D, (independent), D2 = D, (correlated), D3 = D ; (redundant), D4 = D -
(synergistic).

H.1 SANITY CHECKS

Metric invariance to DGP type under E1
d e {5, 10, 20}, n=1000

=~ ——

=)

o
>

o
>

Metric score
o
z

S
o

=4
=3

DI D2 D3 D4 DI D2 D3 D4 DI D2 D3 D4
DGP type DGP type DGP type

o= DCLD == MCCP == MCCS == MIG " TMEX
o= oM == MCCRDC

Figure 7: Invariance to the DGP. We expect a metric to be invariably equal to 1 for all DGPs under the ideal encoder E1.
DCI-D is not invariant: the case D ; influences the metric. More strikingly, MIG and InfoM both report < 1 even in the ideal
D, -E1 case.

Metric sensitivity to non-linearity (averaged over function types)
(D1 +E2)

0.8 < >

——

== MCC-RDC T-MEX

I5)

5 0.6

S ~@- DCI-D == MCC-S
@ == InfoM == MIG
=] 3

k= -~ mMccp

=

o
=

0.2

0.04

0 10 10-! 100
Non-linearity (a)

Figure 8: Stability against nonlinear encoders. DCI-D and MCC-S are stable against increasing non-linearity strength,
hence reliable for encoder E2. On the other hand, MI-based metrics (MIG, InfoM) exhibit higher sensitivity to non-linearity.
Metrics that explicitely assume linear transformations (MCC-P, R2) are also sensitive, as expected. The list of considered
nonlinear functions can be found in § E.2.
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Figure 9: Sample sensitivity of four main metrics (DCI-D, MCC-P, MCC-S, RZ) across all DGP and encoder combinations
(n € 50,...,5000, d = 5). MCC-P and MCC-S are sample-efficient: they stabilise by n = 100 in most settings. DCI-D
requires n 2 500 to converge, with wide confidence intervals at n < 200, particularly under entangled encoders (E2, E3). The
overcomplete encoder E7 (m = 2d = 10) inflates DCI-D variance at low n because twice as many codes must be estimated
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Figure 10: Sample sensitivity. Full metric suite (adding InfoM, MIG, MCC-RDC, T-MEX to the main four). T-MEX, InfoM
and MIG produce NaN at n = 50 across all DGP and encoder combinations (visible as missing points), making them unusable
below n ~ 100, and sometimes higher. MCC-RDC converges slowly under nonlinear encoders (E2), lagging behind MCC-P
and MCC-S until n > 1000. We observe a particularly high variance of the R? metric under E2 (std ~ 0.35 at n = 50),
while correlation-based metrics remain stable (std < 0.01). Overall, metrics split into two reliability tiers: correlation-based
measures (MCC-P, MCC-S) are robust across sample sizes, while predictor-based (R%, DCI-D) and information-theoretic
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H.2 CORRELATION AMONG LATENT FACTORS

Correlation (p) vs Entanglement (x€ {1,2,...,50})
(D2 + E3, d=2, n=100)
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Figure 11: Disentangling the effects of correlation p and entanglement « (¢ = 10). An ideal metric would vary only along
columns (increasing «, i.e. worse entanglement) and be constant along rows (changing p). All MCC variants and InfoM
show row-wise gradients, confirming violation of Property 1. DCI-D is more stable but collapses to near-zero even under
moderate entanglement (for all « > 1).

Correlation (p) vs Entanglement (x€ {1,2,...,50})
(D2 + E3, d=2, n=100)
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Figure 12: Full metric suite: p—« heatmaps at d = 5. Qualitative conclusions carry over from d = 10 to d = 5, except for
MCC-RDC which showcases a more stable behaviour. n = 1000.
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Sign asymmetry across
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Figure 13: Behaviour against correlation (D,) and linear entanglement (E3), across dimensionalities, continuing
Fig. 2. The additional metrics reveal two distinct behaviours. MIG, InfoM, and DCI-D degrade with increasing |p| under
E1, indicating that these metrics conflate inter-factor correlation with non-identifiability. This tendency is also observed
under E3, although linear entanglement is rightfully strongly penalized by them. On the other hand, under E3, all variants of
MCC show an increase with inter-factor correlation, while we expected invariance: they conflate inter-factor correlation with
disentanglement. MIG, InfoM, and T-MEX are absent at d = 2 because of numerical instabilities (NaN). R? and T-MEX
remain flat near 1.0 with low variance under both E1 and E3 regardless of p, showing complete sign- and correlation-
invariance, which also means that they are unable to flag linear correlation. Whether this is a desirable behaviour depends on

the application.
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Do metrics report perfect identifiability as factors are dropped? (d=10)
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Figure 14: Metric scores as a function of the number of retained factors across all DGP types. Extension of Fig.

to D, and D . Under D, R? exceeds m/d because the probe partially predicts dropped factors from correlated retained
ones. Under (zx = g(zi, 2j), de = d—1), metric behaviour is indistinguishable from D, despite the first omission being
lossless: no metric detects the multi-factor redundancy. MCC-P/S remain at 1.0 across all panels: dropping factors is not
penalized by these metrics, as expected in theory (whether this is a desirable behaviour depends on the application). d = 10,

n = 1000.

Do metrics report perfect identifiability as factors are dropped? (d=10)
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Figure 15: Full metric suite for the dropped-factor experiment across all DGP types. Extension of Fig. 14 with additional
metrics. T-MEX, MCC-RDC and InfoM follow the behaviour of MCC-P/S, with InfoM sensitive to the correlation in D,,.

On the other hand, MIG behaves similarly as R? and DCI-D.

Metric inflation with extra dimensions
(D2 + E4, m=3 fixed)
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Figure 16: Effect of inflating the number of ground-truth factors under D,,. The representation dimension is fixed at
m = 3 while d increases by adding duplicated ground-truth factors. MCC-P/S/RDC remain constant as they match only m
codes; R? and DCI-D decline because the probe must predict an increasing number of factors from the same m codes.
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Overcomplete representations: E3 vs ES—-E8
(d=20, n=1600)
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Figure 17: At moderate overcompleteness (1m/d = 2), metrics distinguish entanglement from redundancy. Overcomplete
disentangled encoders (E5, 6, E8) mostly score near 1.0 on DCI-D, MCC, and R?, whereas the entangled encoders (E3,
I£7) are correctly penalised by DCI-D and MCC. m = 40,d = 20, n = 1600. See Fig. 18 for all DGPs.
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Figure 18: Overcomplete encoders across all DGP types (d = 5, n = 1000). Extension of Fig. 17 fromd = 20tod = 5. At
this smaller d, DCI-D and MCC still separate disentangled overcomplete encoders (£S5, 6, EE8) from the entangled baseline

(E3, E7), though the gap is narrower than at d = 20.
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Factor predictability vs disentanglement
(coupling strength: p for D2, a for D3) (E1, d=5, n=1000)

D2 - Correlation strength (p) D3 — Redundancy non-linearity (a)
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Figure 19: Metrics conflate factor predictability with disentanglement under functional dependencies. Full metric suite
under E1 comparing D,, (varying p) with D ; (elementwise nonlinear redundancy z, = f(z1)). Under D,, only MIG and
InfoM are affected by an increased correlation. Under D /, all metrics are almost invariant to nonlinear strength (excepted
T-MEX, and MIG to a lesser extend), but DCI-D and InfoM do not reach 1.0 when there is such a redundancy. d = 5,
n = 1000. See Fig. 20 for d = 10.

Factor predictability vs disentanglement
(coupling strength: p for D2, a for D3) (E1, d=5, n=1000)
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Figure 20: Predictability vs. disentanglement at 4 = 10. Same setup as Fig. 19 with d = 10 factors. The observations we
made at d = 5 remain qualitatively valid at d = 10.
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Redundancy (1) vs compression (m) — D3 + E4, d=10
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Figure 21: Redundancy and compression under D ;. The encoder compresses d factors (with a single redundant factor
722 = f(21), def = d—1) into m < d codes. R? and DCI-D plateau near 1.0 at m = d.g, correctly recognising that the omitted
factor carries no independent information. MCC-P/S report 1.0 at all compression levels, unable to distinguish lossless from
lossy omission.

Effect of encoding type: E1 vs E5, E6, E8
(d=5, n=1000)
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Figure 22: Full metric suite: scores across encoding types and DGP types. Each panel compares matched-dimension
encoders (E1-E3) with overcomplete encoders (EE5-E8) under D, —D . MI-based metrics (MIG, InfoMEC) and T-MEX are

included alongside the main metrics. d = 5, n = 1000.
D1 D4

Figure 23: Full metric suite for the overcomplete 12 /d sweep. Extension of Fig. 4 to all metrics (MIG, InfoMEC, MCC-
RDC, T-MEX). MI-based metrics decline for distributed codes (E8) similarly to MCC, while T-MEX is more robust to
overcompleteness. d = 5, n = 1000.
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E3 (linearly entangled) vs E7 (overcomplete entangled), d=5
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Figure 24: Matched-dimension entangled (E3) versus overcomplete entangled (£7). Full metric suite comparing the two
entangled geometries as m/d increases. DCI-D inflates for 27, while the rest of the methods return approximately equivalent
scores. These observations are stable across DGPs. d = 5, n = 1000.
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Figure 25: Metric inflation under null encoders E9 and E10. Full metric suite showing scores when the representation is

independent of z. MCC-RDC and InfoM exhibit persistent inflation that does not vanish at high n. R?, DCI-D, and MIG
remain closest to the expected value of 0. d = 5, n = 1000.
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Null-encoder convergence — do metrics reach 0?
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Figure 26: Convergence of null-encoder scores with increasing 7, for Gaussian or uniform distributions and varying
m. Both encoders E9 and E10 are independent from the ground truth factors, so scores should converge to 0 as n grows. We
observe that R? converges fastest, followed by MIG and DCI-D. All variants of MCC converge more slowly, consistent with
the /2 logm/n floor (§ G.3). Finally, InfoM does not seem to converge to 0 in the settings we tested. d = 5.
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Structural ratio collapse test: exp06a vs exp06b (D2)
If curves overlap = m/d is the governing quantity
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Figure 27: Metric scores across encoder types under correlated factors (D, ). Overlay of all metrics for varying p under
D,. MCC-P/S increase with |p| under entangled encoders (E3), while R? and DCI-D are less affected by the correlation
structure. d = 5, n = 1000.
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Metric score

DCI-C

Ratio collapse test: metric score vs d/n (D1 + E1, m = d)

Overlap = d/n governs; separation = d or n matters independently

DCI-D

DCI-1

InfoC

o
B3

o

=

o
o

=4
S

~

005

010 020

002 005

010 020 00

din

InfoM

010

005

din

020 00

MCC-RDC

010

08

0.6

0.4

0.2

0.0

‘\

00 005

0o

20

MCC-$

002 005

0o 020

002

din

MIG

005

din

0o

Rz

002 005

din

T-MEX

010 020

0.8

0.6

0.4

0.0

T~

002 005

010 020

din

002 005

010 00 on

din

005

din

010

020 00 005

din

010 020

Figure 28: Metric scores as a function of m/d under different (1, d) configurations. Each panel shows one metric;
overlapping curves from different (m, d) pairs with the same ratio confirm that m/d, not m or d individually, governs metric
behaviour in the undercomplete regime. MCC-P/S report 1.0 regardless of m/d; R* and DCI-D increase approximately
linearly. n = 1000.
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Figure 29: Ratio-collapse analysis grouped by encoder type. Same data as Fig. 28, reorganised by encoder geometry.
Curves from sweeps over m (fixed d) and over d (fixed m) overlap at matched m/d, confirming the ratio as the governing
quantity across encoder types.
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Sweep A: vary m/d, constant d/n = 0.010 (D1 + E4, d=10, n=1000)
Flat = only d/n matters; varying = m/d has structural effect
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Figure 30: Sensitivity to either d/n and m/d ratios. Each metric is tested on the DGP D, and encoder 4 with varying
m/d ratio, at constant d /n = 0.01. A flat curve means that only d/n matters; variations imply that m /d has a structural effect.
All MCC variants, InfoM and T-MEX are insensitive to m/d, while the rest of the metrics show a sensitivity to it. d = 5,
n = 1000. See Fig. 31 for the converse experiment.
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Sweep B: vary d/n, constant m/d = 0.50 (D1 + E4, d=10, m=5)
Convergence study: metrics should improve as n grows
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Figure 31: Sensitivity to either d/n and m/d ratios. Each metric is tested on the DGP D, and encoder E4 with varying
d/n ratio, at constant m/d = 0.5.A flat curve means that only d/n matters; variations imply that m/d has a structural effect.
All metrics are almost flat, except MI-based ones (in particular, MIG, InfoE, InfoC). See Fig. 30 for the converse experiment.
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no collapse in m/n collapse in +/2logm/nes
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Figure 32: Null MCC-P inflation collapses onto the extreme-value floor /2 log m /n.g. Null-encoder MCC-P for m €
{10, 50,200} swept over test-split size. Left: plotted against m/n, the curves for different m do not align—the false-positive
floor is not a function of m /n alone. Right: plotted against /2 log m/n.q, all three curves collapse onto a single master curve
tracking min(x, 1) (dashed), confirming E[MCC-P] = +/2logm/n derived in § G.3. neg is the held-out split (20% of n) on
which the metric is scored.
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Figure 33: False positive inflation under E10.
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Figure 34: All-metric false-positive phase diagram under the uniform null E10. Full-suite extension of Fig. 5: each cell is
a metric’s score for a random encoder independent of z, so any value > 0 is a false positive. MCC-P/S/RDC inflate with
m/n and are flat in m/d (worst: MCC-RDC, inflated almost everywhere), whereas R? and MIG stay ~ 0. Grey cells are

(m/d, m/n) points where a metric is undefined at small n (MIG, InfoM, T-MEX).
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Figure 35: All-metric false-positive phase diagram under the Gaussian null £9. We observe a similar metric inflation

issue as with E10.
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