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Abstract

Constraint-based causal discovery relies on condi-
tional independence tests (CITs), which are highly
unstable in high-dimensional settings. As the con-
ditioning set grows, CITs suffer from low statis-
tical power, leading to frequent false negatives.
In the context of structure learning, this causes
error propagation that degrades the accuracy of
the estimated graph. We propose DF-PC (Deduce-
First PC), a theoretically sound framework that
integrates graphoid-based reasoning into the PC
algorithm. Unlike prior approaches that primarily
utilize deduction for conflict resolution or addi-
tive checks, DF-PC adopts a proactive “Deduce-
First” strategy: it prioritizes logical deduction from
strictly lower-order tests to preemptively replace
high-order CITs. This "Deduce-First" strategy en-
ables structure learning with potentially fewer
CITs while improving performance. Empirical
evaluations across various settings demonstrate
that DF-PC achieves competitive learning perfor-
mance and computational efficiency.

1 INTRODUCTION

Causal discovery is a fundamental challenge in machine
learning and data science [Spirtes et al., 2000, Pearl, 2009,
Cinelli et al., 2025]. Unlike standard statistical learning,
which focuses on correlations and prediction, causal discov-
ery aims to uncover the underlying data-generating mecha-
nisms, enabling the estimation of intervention effects and
counterfactual reasoning. Distinguishing between cause and
effect is critical across high-stakes domains, from iden-
tifying genetic drivers of disease in computational biol-
ogy to understanding policy impacts in economics. Con-
sequently, developing efficient and reliable algorithms to
recover causal graphs—typically represented as directed

acyclic graphs—remains a central pursuit in the field.

Among various structure learning approaches, constraint-
based methods stand as a dominant paradigm, with the sem-
inal PC algorithm [Spirtes et al., 2000] serving as its founda-
tion. Operating under the assumptions of causal Sufficiency,
the causal Markov condition and faithfulness, constraint-
based algorithms reconstruct the causal graph through a sys-
tematic sequence of conditional independence tests (CITs).
The process generally begins with a complete undirected
graph and iteratively removes edges based on independence
findings, progressively increasing the size of the condition-
ing set. Theoretically, provided with an infinite sample size,
the PC algorithm is guaranteed to recover the Markov equiv-
alence class of the true causal graph.

However, in real-world scenarios characterized by finite
samples, the assumption of perfect testing fails. CITs exhibit
significant statistical instability, a phenomenon where the
reliability of the test degrades as the complexity of the query
increases. Specifically, as the learning proceeds and the
size of the conditioning set grows, the effective sample size
shrinks, drastically diminishing the statistical power of the
tests. Consequently, high-order CITs are highly prone to
errors, particularly Type II errors (i.e., failing to reject the
null hypothesis of independence). These errors propagate
through the learning process in complex ways, leading to
the incorrect removal or retention of other edges [Spirtes
et al., 2000, Cornia and Mooij, 2014, Malinsky, 2024].

Recognizing these vulnerabilities, recent research has fo-
cused on restricting the number of CITs to ensure the ro-
bustness of structure learning. One line of work, such as
Anytime FCI [Spirtes, 2001] and subsequent works [Tex-
tor et al., 2015, Wiendbst and Liskiewicz, 2020, Kocaoglu,
2023], explicitly limits the execution of statistical tests and
allows the algorithm to stop early. While this strategy suc-
cessfully mitigates error propagation, it inherently restricts
the output to incompletely specified partial graphs. In a dif-
ferent direction, other recent studies [Shiragur et al., 2024,
Franquesa Monés, 2025] have proposed alternative algo-
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Figure 1: The ground truth causal graph [Kim et al., 2024]

rithms that try to learn the causal graph with fewer tests
through more efficient search strategies. Despite their dif-
ferences, existing approaches largely treat individual CITs
as isolated sources of information, overlooking the poten-
tial to exploit the logical relationships between the tests
themselves to reduce the statistical burden.

To address this challenge, we introduce DF-PC (Deduce-
First PC), a theoretically sound and practical algorithm that
tightly integrates deductive reasoning into the constraint-
based discovery framework. Our key insight is that CI state-
ments are not mutually independent; they are logically con-
strained by the rules from graphoid axioms [Pearl and Paz,
1987]. Therefore, many high-order dependencies—the ones
most prone to statistical instability—can be logically en-
tailed by the results of strictly lower-order tests, which
are deemed statistically much more reliable. Distinct from
prior approaches that primarily utilize deduction for con-
flict resolution [Bromberg and Margaritis, 2009] or additive
robustness checks [Kim et al., 2024], DF-PC adopts a proac-
tive “Deduce-First” strategy. By preemptively inferring CI
statements from established lower-order test results, DF-
PC bypasses unreliable high-order CITs during structure
learning. This mechanism not only significantly reduces the
number of required CITs but also effectively mitigates the
risk of error propagation.

Motivating example Consider the motivating example in
Figure 1. In the initial phase (Level 0), the PC algorithm
exhaustively tests all pairs for marginal independence, cor-
rectly establishing that Y I Z’. However, as the algorithm
proceeds to Level 1, a standard implementation naively tests
the conditional independence of connected pairs, such as
Y and X, conditioning on their neighbors (e.g., Z’). In
contrast, one can observe that the previously established
marginal independence Y 1L Z’ logically constrains the
relationship between Y and X . Specifically, if Y and Z’ are
independent, conditioning on Z’ cannot render the depen-
dent pair Y, X independent. Recognizing this entailment,
we can skip the statistical test entirely. By prioritizing such
logical deductions over estimation, this approach buffers
the structure learning process against the noise inherent in
high-order CI testing.

Contributions First, we propose the DF-PC algorithm, a
theoretically sound and practical modification of PC that in-
tegrates deduction to reduce the number of CITs. Second, we

provide theoretical results on the soundness of our method
and bounds on the number of CITs required. Finally, we em-
pirically demonstrate that DF-PC can achieve competitive
performance in terms of both accuracy and computational
efficiency.

2 PRELIMINARIES

Notations We consider a set of m random variables
V = {Xy,...,X,,}. Following standard convention, we
use capital letters (e.g., X) to denote individual variables,
and lowercase letters (e.g., x) for their observed values. We
use bold capital letters (e.g., Z) to denote sets of variables,
and bold lowercase letters (e.g., z) to denote sets of values.
We often highlight disjoint union by employing Ll instead
of generic set union U.

A Bayesian Network is defined as a pair (G, P), consisting
of a Directed Acyclic Graph (DAG) G = (V,E) and a
joint probability distribution P(V'). We denote the set of
adjacent nodes of a node X as adj(X). We represent a
conditional independence (CI) query as CI(X;Y | Z) and
denote its outcome by (X I Y | Z) for independence and
(X LY | Z) for dependence.

Assumptions Throughout this work, we operate under
three standard assumptions from the causal discovery lit-
erature [Spirtes et al., 2000]. First, we assume the causal
Markov condition, under which every conditional indepen-
dence implied by d-separation in G holds in the joint dis-
tribution P; that is, for any disjoint subsets X, Y,Z C V,
(X 1gY |Z) = (X LpY | Z). Second, we assume
faithfulness, meaning that P entails no additional indepen-
dencies beyond those implied by G, establishing the equiv-
alence (X 1gY | Z) < (X LpY | Z). Third, we
assume causal sufficiency, i.e., there are no latent common
causes among the variables in V.

Rules from Graphoid Axioms and Faithfulness In
graphical models, CI relations among random variables do
not exist in isolation; rather, they are governed by a set of
fundamental logical rules. These rules dictate how certain
independencies naturally imply others, providing a foun-
dational algebraic framework for understanding how CI
properties interact within a given probability distribution.

The independence model of any arbitrary probability distri-
bution inherently satisfies four foundational axioms: Sym-
metry, Decomposition, Weak Union, and Contraction. A
model satisfying these basic rules is formally called a semi-
graphoid [Pearl and Paz, 1987]. If the distribution is strictly
positive, an additional rule called Intersection also holds,
elevating the model to a graphoid [Pearl and Paz, 1987,
Lauritzen, 1996]. Although these axioms provide a sound
logical basis, they are mathematically incomplete [Studeny,
1992], meaning that there exists no finite complete charac-
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Algorithm 1 DEDUCE-DEP [Kim et al., 2024]
1: Input: {X},{Y}, Z disjoint subsets of V, reliability thresh-
old K (default 1)
: Output: Whether (X A Y | Z) is deducible.

2

3: if |Z| < K return FALSE

4: for Z € Z

5. Z' <+ Z\{Z}

6: for (A, B,C)in{(X,Y,Z),(X,2,2"),(Y,Z,Z")}
7 if (A 1L B | C) and not DEDUCE-DEP(A, B, C)

8: mark (A4; B | C) asind

9: else mark (A; B | C) as dep

10 (X LY |ZVe (X LZIZ)ANY LZ|Z))
11: return TRUE

12: return FALSE

terization for CI relations across all possible distributions.

Under the faithfulness assumption, the independence model
satisfies additional properties. As established in the litera-
ture [Bromberg and Margaritis, 2009, Sadeghi, 2017], faith-
fulness promotes the model to a compositional graphoid
(which additionally satisfies the Composition rule) and en-
dows it with weak transitivity. Consequently, the CI relations
are governed by a set of rules detailed in Appendix A.

3 REVISITING GRAPHOID-BASED
REASONING

Under faithfulness, Kim et al. [2024] derive rules that infer
higher-order dependence from lower-order (in)dependence
findings. We summarize their main results below.

Proposition 1 (Proposition 1 in Kim et al. [2024]). Given
a faithful Bayesian network (G, P), let {X},{Y} and Z be
disjoint subsets of V and partition Z = Z' U {Z"}. Then
(X U Y | Z) holds if one of the following is true:

L(XAY|Z)A(XLZ"Z),
2 (X LY |ZYANXLZ'|Z) N (Y LZ"|Z).

By symmetry, the first condition may equivalently use (Y 1L
Z" | Z) instead of (X 1L Z" | Z").

Corollary 1 (Corollary 1 in Kim et al. [2024]). Under the
faithful Bayesian network (G, P), let {X} U{Y}UZ CV,
Ze€Z andZ =7Z\{Z}. If

X LY |Z)o (X LZ|Z)NY L Z|Z)),

then (X LY | Z) holds.

Based on these results, their algorithm DEDUCE-DEP
(Alg. 1) performs deduction of dependence with additional
CITs as needed, providing a robustness check on indepen-
dence findings during structure learning (e.g., PC).

3.1 CHARACTERIZING QUERY HISTORY IN
PC-LIKE ALGORITHMS

To understand the practical implications of integrating
DEDUCE-DEP into a constraint-based causal discovery
framework like the PC algorithm, we first analyze their inter-
action. Specifically, our goal is to clarify which conditional
independence test results are already available to DEDUCE-
DEP by the time a query CI(X;Y | Z) is evaluated, and
consequently to characterize the number of “additional” CI
tests—beyond those performed by PC itself—that DEDUCE-
DEP may require. We begin by formalizing the structural
properties of algorithms that share the systematic query
schedule of PC.

Definition 1 (PC-like algorithm). A constraint-based al-
gorithm is classified as PC-like if it features a sound and
complete skeleton learning phase before edge orientation,
starting from a complete undirected graph, and obeys the
following properties:

1. Level-wise Monotonicity: The algorithm evaluates CI
queries in strictly increasing order of the conditioning
set size k = |S|. A query with conditioning set size
k is evaluated only after all queries with size k' < k
have been exhaustively completed.

2. Local Adjacency Constraint: For any ordered pair of
variables (X, Y), the conditioning set S evaluated for
the query CI(X;Y | S) satisfies S C adj(X)g \{Y'},
where G’ denotes the partially undirected skeleton at
the exact moment the query is invoked.

Examples include PC [Spirtes et al., 2000], FCI [Spirtes
et al., 2000], CPC [Ramsey et al., 2006], PC-stable
[Colombo and Maathuis, 2014], KPC [Kocaoglu, 2023], PC-
Guess [Hiremath et al., 2025], and other constraint-based
skeleton learning algorithms.

Given this definition, we formalize the query history as the
set of CI outcomes already known when a PC-like algorithm
examines a query CI(X;Y | Z). Specifically, examining
CI(X;Y | Z) implies that the algorithm has advanced to
a conditioning set of size |Z|, meaning all CI tests with
smaller conditioning sets have been completed.

Proposition 2 (Query history of a PC-like algorithm). Let
X andY be distinct variables, and let Z C V\{X,Y } bea
nonempty set of variables. If a PC-like algorithm examines
the CI query CI(X;Y | Z) with |Z| > 1, then at the
moment of this evaluation, the algorithm’s query history
contains:

1. the results of all pairwise CI queries CI(U;V | 0) for
all distinct variables U,V ; and

2. the results of all CI queries CI(X;T | S) yielding
dependence (X L T | S), for every T and S satisfying
Te{Y}UZandS C {Y}IUZ)\{T}s.t. |S| < |Z|.
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All omitted proofs are provided in Appendix B. Prop. 2
reveals a crucial property of PC-like algorithms when inte-
grated with DEDUCE-DEP. To see this, suppose we partition
the conditioning set as Z = Z'L{Z}. By applying the propo-
sitionto T € {Y, Z} and S = Z’, we find that by the time
the algorithm is scheduled to evaluate CI(X;Y | Z’'U{Z}),
it has already established the dependence outcomes:
(X LY |Z)) and (X L Z|Z).

This intrinsic property allows DEDUCE-DEP to systemati-
cally reuse previously performed CIT results.

However, it is critical to note that these two CI statements
alone do not logically complete the deductive rule.

The deductive rule used by DEDUCE-DEP requires knowl-
edge of a third CI query: CI(Y; Z | Z'). Whether the base-
line PC-like schedule has already produced this specific
result depends entirely on the adjacency structure of Y or
Z at the earlier stage of the run. In particular, it is possible
that CI(Y; Z | Z') has not been queried. In such cases, the
deductive engine cannot proceed without requesting this
additional CIT.

3.2 THE COMPLEXITY BOTTLENECK OF
DEDUCE-DEP

While Prop. 2 demonstrates that some test history can be
reused, the fact that the deductive engine must actively re-
quest additional CITs for missing historical queries intro-
duces a severe computational bottleneck. To quantify this
overhead, we first formalize a worst-case upper bound on
the number of CITs required by DEDUCE-DEP to resolve a
single query.

Proposition 3 (Worst-case upper bound on the total number
of additional CITs required by DEDUCE-DEP). Suppose we
run the PC algorithm and encounter a CI query CI(X;Y |
Z) with |Z| = k > 0. Assume that we attempt to resolve
this query using DEDUCE-DEP, with its reliability threshold
set to zero. Then, in the worst case, the number of new CITs
performed by DEDUCE-DEP is & (2%(k + 3) — 4(k + 1)),

which is O(k?2F).

Remark 1. The key idea is that, for a query with condi-
tioning set size k£, DEDUCE-DEP may recursively inspect
ower-order conditioning sets. At level /, there are ( e) pos-
sible conditioning sets, which gives rise to the 2*-scale term
when summed over ¢. For each such conditioning set, the
procedure may need to examine CI relations among

(1)

variable pairs, which contributes the quadratic factor in k.

Thus, the total number of potentially required CITs is

w-EO0)

£=0

Using Prop. 2, some of these CIT results are already avail-
able from the query history. After subtracting the reusable
results R(k), we obtain the number of newly required CITs.

While Prop. 3 bounds the overhead for a single query, this
additive cost compounds significantly over the entire execu-
tion of the algorithm. Building on the preceding analyses,
we now establish a worst-case upper bound on the num-
ber of CITs required by the PC algorithm augmented with
DEDUCE-DEP.

Proposition 4 (Worst-case upper bound on the total number
of CITs required by PC with DEDUCE-DEP). Let m denote
the number of variables and /A the maximum degree of the
underlying graph. In the worst case, the total number of
CITs performed by the PC algorithm with DEDUCE-DEP is
bounded by O (m~+1 + m? - A222).

Remark 2. The first term, O(mA“), corresponds to the
standard worst-case upper bound on the number of CITs
performed by PC-stable. The second term accounts for the
additional deduction overhead. Since each independence
finding removes one edge, there can be at most O (m?) such
events over the full run. For each such event, Prop. 3 implies
a worst-case deduction cost of O(A224), where A is the
maximum degree. Therefore, the total worst-case cost is
bounded by
O(mA'H + m2A22A) .

This compounded computational overhead highlights a crit-
ical limitation of integrating logical deduction additively
into constraint-based skeleton learning. To overcome this
bottleneck, the deductive reasoning must be reconfigured
from an additive confirmation step into a preemptive filter.

4 THE DEDUCE-FIRST PC ALGORITHM

We first discuss how to effectively exploit the query history
to reduce redundant tests, and then present the concrete
algorithm that implements this strategy, accompanied by
theoretical soundness and complexity guarantees.

4.1 FROM TEST-FIRST TO DEDUCE-FIRST

As analyzed in the previous section, the query complexity
of the DEDUCE-DEP algorithm [Kim et al., 2024] is signif-
icantly bounded when constrained by the query history of
PC-like algorithms. However, a practical challenge remains:
the integration of DEDUCE-DEP into PC has traditionally
been additive. In this naive configuration, the algorithm
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performs all standard PC tests plus the additional queries
required by the deductive engine. Consequently, the total
number of CITs increases monotonically compared to the
baseline PC algorithm. As reported in [Kim et al., 2024],
this often leads to a substantial increase in runtime, negating
the benefits of improved robustness.

We identify that this inefficiency stems from a failure to fully
exploit the structured query history inherent to constraint-
based algorithms. The PC algorithm proceeds level-wise:
to reach level ¢ (conditioning set size |Z| = £), it must
first exhaustively test all combinations at levels 0, ..., ¢ — 1.
This implies that at any given step, the algorithm possesses
a comprehensive history of "relatively safe", lower-order
CI results. For instance, the complete set of marginal in-
dependence results (level 0) serves as a logical foundation
that can theoretically entail numerous conditional indepen-
dence relations at level 1 without requiring further statistical
interaction.

To capitalize on this observation, we propose a paradigm
shift from "Test-First" to '""Deduce-First." We invert the
control flow: before executing any high-order CIT, the al-
gorithm first consults the deductive engine using the accu-
mulated history of strictly lower-order results. A statistical
test is triggered only if the query cannot be resolved through
logical inference. This approach transforms deduction from
an additive cost into a subtractive efficiency mechanism, of-
fering the potential to skip a significant number of unstable
high-order tests.

In order to maximize the coverage of this "Deduce-First"
gatekeeper, we expand the scope of logical inference. While
prior works primarily focused on rules for propagating de-
pendence (e.g., for robustness check), effective structure
learning relies heavily on identifying independence as well.
Therefore, we incorporate deductive rules for conditional
independence alongside the existing rules for deducing con-
ditional dependence. The following proposition is a logical
consequence of the Contraction and Weak Union axioms
under faithfulness.

Proposition 5. Under the faithful Bayesian network (G, P),
let X, Y, and Z be disjoint subsets of V where Z is par-
titioned into Z' and Z" such that’Z = 7' UZ",|Z"| = 1.
Then, (X 1LY | Z) if one of the following holds:

L (XLY|Z)A(XLZ"|Z)
2 (XALY|ZVA(Y L Z"|Z)

Remark 3. At first glance, the condition (X 1 Y | Z’) in
Prop. 5 might appear redundant for the primary edge query
CI(X;Y | Z), as the edge (X,Y") would typically have
been removed in previous steps of the PC if this lower-order
independence held. However, this proposition plays a criti-
cal role in recursively deducing the outcome of a CI query
from query history. When evaluating a high-order query
involving a conditioning set Z, the algorithm recursively

Algorithm 2 DF-PC: Deduce-First PC Algorithm
1: Input: a set of variables V, CI tester

2: Output: a CPDAG

3: Initialize G with a complete undirected graph

4: fork €0,1,2,...,|V|—2

5. for an ordered adjacent pair (X,Y)€g s.t. |adj(X)g|>k
6: for S C adj(X)g \ {Y}st.|S|=k

7: Query DEDUCE(X, Y, S) and record the result

8: if (X LY|S)

9: break

10:  for each recorded (X 1L Y | S)

11: Remove edge X — Y from G

12: Orient G for unshielded colliders

13: Complete orientation of G with Meek’s rules
14: return G

Algorithm 3 DEDUCE

1: Imput: {X},{Y'}, Z disjoint subsets of V, CI tester
2: Qutput: the outcome of CI(X;Y | Z)
3: outcome < DEDUCE-HELPER(X,Y, Z)
4: if outcome = UNKNOWN
5
6
7

return CIT(X;Y | Z)
: else
return outcome

verifies the independence of conditioning variables (e.g.,
determining if Y 1L Z | Z \ {Z} for some Z € Z). Since
the edge (Y, Z) may have been removed at a lower order
(where |Z \ {Z}| < |Z]), Prop. 5 allows the algorithm to
logically confirm this independence in the current context
using cached results, without performing an additional CIT.

4.2 THE DF-PC ALGORITHM

By combining this expanded rule set with the "Deduce-
First" strategy, we present the Deduce-First PC (DF-PC)
algorithm (Alg. 2) that effectively exploits the query history
for logical substitution of CITs. The design of DF-PC is
algorithmically identical to the order-independent PC al-
gorithm (i.e., PC-stable [Colombo and Maathuis, 2014])
to ensure soundness. However, it fundamentally alters the
mechanism of examining CI queries.

In standard PC, every query CI(X;Y | Z) is immediately
dispatched to a statistical CI tester. In contrast, DF-PC in-
tercepts these queries and passes them through a deductive
inference engine, DEDUCE (Alg. 3). This engine acts as a
logical filter: it attempts to resolve the query by propagating
the results of strictly lower-order tests using the recursive
function DEDUCE-HELPER (Alg. 4). The physical CI tester
is invoked only as a fallback measure when logical inference
fails to provide a definitive answer.

Algorithm Walkthrough. Since DEDUCE (Alg. 3) is a
wrapper function, we focus on how the DEDUCE-HELPER
procedure (Alg. 4) operates to deduce the outcome of a CI
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Algorithm 4 DEDUCE-HELPER
1: Input: {X}, {Y'}, Z disjoint subsets of V

2: Output: the outcome of CI(X;Y | Z)
3: seenlnd < FALSE
4: for Z € Z
5. Z' +Z\{Z}
6: for (A,B,C)in{(X,Y,Z"),(X,Z,Z),(Y,Z,Z")}
7: if (4, B, C) is not cached
8: Query DEDUCE-HELPER(A, B, C) & record the result
9:  if any condition in Prop. 1 is satisfied
10: return DEP
11:  else if any condition in Prop. 5 is satisfied
12: seenind <— TRUE

13: if seenlnd = TRUE
14:  return IND

15: else

16:  return UNKNOWN

query.

DEDUCE-HELPER begins by initializing a flag seenInd to
FALSE (Line 3), which tracks whether an independence
relation has been logically derived. The algorithm then it-
erates through each variable Z in the conditioning set Z
(Line 4) to attempt a reduction. For each 7, it defines a
reduced set Z' = Z \ {Z} (Line 5) and retrieves the status
of the three component triplets required for logical infer-
ence: (X,Y | Z),(X,Z|Z),and (Y, Z | Z'). If any of
these results are missing from the cache, DEDUCE-HELPER
is recursively called to resolve them (Lines 6-8).

Using these components, the algorithm first checks for de-
pendence (Lines 9-10). If the condition in Prop. 1 holds, it
implies logical dependence; thus, the function immediately
returns DEP, short-circuiting further search. If dependence
is not found, it checks for independence using the condi-
tion of Prop. 5 (Lines 11-12). If the condition holds, the
seenlnd flag is set to TRUE. Unlike dependence, finding an
independence does not return immediately, as the algorithm
prioritizes finding a conflict (dependence) first if one exists.

After checking all Z € Z, if the seenlnd flag is TRUE, the
algorithm returns IND (Lines 13—-14), confirming that the
independence is logically entailed. If neither dependence
nor independence could be deduced after checking all de-
compositions, the algorithm returns UNKNOWN.

4.3 ILLUSTRATIVE EXAMPLE

To demonstrate how the DF-PC algorithm operates, we pro-
vide a detailed comparison of its execution against PC-stable
on the motivating example shown in Fig. 1. As visually
mapped by the diagram in Fig. 2, we compare the query
behavior of both algorithms with a focus on the CITs ex-
plicitly performed or logically deduced at each level (i.e.,
the conditioning set size of CI queries). We assume that an
oracle CI tester is given for both algorithms.

Level 2
PC. 3 ClTS " dye-duzc‘,edz” deduced deduced
DF-PC: 0 CITs - —
Level 1 /
PC:7OTS (2] [wz] [ey] (ol e 20
DF-PC: 3 CITs 727X
6CITs (bott) [t (20 [nra] [rza) [verd) )

Figure 2: Hasse-like diagram of CI queries on the motivating
example (Fig. 1), arranged by conditioning set size. Black
nodes: CITs performed by both algorithms. Red nodes:
CITs performed only by PC-stable (skipped by DF-PC).
Blue nodes: queries deduced by DF-PC without any CIT.
Green nodes: intermediate queries resolved internally by
DEDUCE-HELPER. Directed edges indicate logical entail-
ment via Prop. 1 or Prop. 5. PC-stable performs 16 CITs in
total, whereas DF-PC performs only 9.

At Level 0 (k = 0), both algorithms begin by testing all
pairs for unconditional independence. They execute queries
such as CI(X;Y | 0), CI(Y; Z' | ), and others. Given
an oracle CI tester, both algorithms correctly identify the
marginal independencies Y 1. Z/ and Y 1L Z”, removing
the edges (Y, Z’) and (Y, Z”) from the skeleton. All other
pairs are found to be dependent.

AtLevel 1 (k = 1), PC-stable continues to test all remaining
edges using the available neighbors. For the edge (X,Y),
it explicitly performs the tests on CI(X;Y | {Z'}) and
CI(X;Y | {Z"}). Both tests return dependent. DF-PC,
however, applies deductive reasoning instead of perform-
ing statistical tests. For the query CI(X;Y | {Z'}), DE-
DUCE (Alg. 3) calls its recursive function DEDUCE-HELPER
(Alg. 4) to deduce its outcome. The recursive function
then considers the triplet of queries involving the vari-
ables X,Y,Z’" with conditioning set §: CI(X;Y | (),
CI(X;Z" | 0), and CI(Y;Z' | 0). It checks the previ-
ousresults: X f Y, X f Z',andY I Z'. Since the
condition for deducing dependence is met, the recursive
function and its wrapper DEDUCE return dep. In this man-
ner, DF-PC skips the explicit CITs for CI(X;Y | {Z'})
and CI(X;Y | {Z"}).

At Level 2 (k = 2), PC-stable proceeds to test queries with
size-2 subsets, performing the test CI(X;Y | {Z',Z"}).
This test requires conditioning on two variables and returns
dependent. DF-PC avoids this test by recursively applying
deduction rules. To determine the dependency of the query
CI(X;Y | {Z',Z"}), the recursive function of DEDUCE
recursively checks subsets by removing one variable from
the conditioning set. It selects Z” to remove, leaving {7’}
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as the base set. It then evaluates the triplet of queries condi-
tionedon {Z'}: CI(X;Y | {Z'}), CI(Y;Z" | {Z'}), and
CI(X;Z" | {Z'}).

First, the outcomes of queries CI(X;Y | {Z'}) and
CI(X;Z" | {Z'}) are already given as dependent (Level
1 results). Second, for CI(Y;Z" | {Z'}), neither algo-
rithm performed testing or deduction. Therefore, the recur-
sive function of DEDUCE tries to recursively apply deduc-
tive rules on this new query. It then checks the triplet of
queries involving Y, Z”, Z' with conditioning set (). Since
Y IL Z',Y 1L Z'and Z' A Z" (Level 0O results), the
condition for deducing independence from Prop. 5 is satis-
fied. Thus, CI(Y; Z" | {Z'}) is deduced as independent.
Finally, combining these results—CI(X;Y | {Z’}) and
CI(X;Z" | {Z'}) are dependent and CI(Y; Z" | {Z'}) is
independent—the algorithm triggers rules for deducing de-
pendence for the original query. Taking the outcome of
the query from its recursive function, DEDUCE thus re-
turns dependent on CI(X;Y | {Z’, Z"}) without any ad-
ditional tests. Therefore, DF-PC skips the explicit CIT for
CI(X;Y |{Z',Z2"}).

44 THEORETICAL GUARANTEES

The DF-PC algorithm preserves all soundness guarantees
of the standard PC-stable algorithm but may require fewer
CITs. In the following, we provide soundness results for
DF-PC (Thm. 1, Thm. 2), along with best- and worst-case
bounds on the number of CITs required by DF-PC (Thm. 3).

Theorem 1 (Soundness of DEDUCE). Let (G, P) be a faith-
ful Bayesian network and let CIT be an oracle CI tester.
For all distinct variables X,Y and all conditioning sets
ZCV\{X,Y}

DEDUCE(X,Y,Z)=DEP <= X LY |ZinP.

Theorem 2 (Soundness and completeness of DF-PC). Let
(G, P) be a faithful Bayesian network and let CIT be an
oracle CI tester. Then, under the oracle CIT, the DF-PC
algorithm is sound and complete for recovering a pattern
that represents G.

Theorem 3 (Bounds on the number of CITs required by
DF-PC). Let m denote the number of variables and A the
maximum degree of the underlying graph. The total number
of CITs performed by DF-PC is bounded as follows:

1. Worst-case Upper Bound: O(m”+1),
2. Best-case Lower Bound: Q)(m?).
Furthermore, the best-case lower bound is tight: there exists

a faithful DAG for which DF-PC achieves exact structure
recovery using only the initial (72") marginal CITs.

Remark 4. When the true graph has no edges, skeleton dis-
covery reduces to a single round of marginal independence
tests, which is the minimum possible for any algorithm.
Interestingly, DF-PC can also attain this same minimum
on certain non-trivial topologies where |V| — 1 edges are
present. Consider, for example, a collider hub: a star-like
DAG where X; — Y < X; foralli # j. Insuch a
graph, variables X; and X; are marginally independent
(X; 1L X;), which is discovered at the marginal level and
leads to the immediate deletion of X; — X; edges. Crucially,
using our deductive rules, DF-PC logically infers that the re-
maining adjacencies X; — Y must exist due to the marginal
independencies among the parents X;, thereby preserving
all true edges and finalizing the skeleton without performing
any CIT beyond the marginal level. Such query reduction
is unattainable by standard approaches like PC-stable. A
formal construction is provided in the proof of Theorem 3;
for empirical evidence, see Appendix C.

The power of the “subtractive” mechanism in DF-PC fun-
damentally stems from how the algorithm utilizes its query
history, specifically by extracting and maximizing the value
of independence findings. In stark contrast to traditional PC-
like algorithms, where a discovered independence is used
merely to delete an edge and passively reduce the search
space for future queries, DF-PC maximizes the utility of
this information. Rather than simply discarding an edge
and moving on, the algorithm leverages these independence
findings as critical logical constraints. Through the deduc-
tion process, DF-PC actively preempts redundant tests and
carefully mitigates the possibility of false negatives (i.e.,
instances where true edges are erroneously deleted).

In essence, this theoretical bound is achieved because DF-
PC effectively exploits independence findings during skele-
ton learning. While the algorithm inherently tracks the entire
query history, the queries evaluated as independent are its
true driving force. Without these specific findings acting
as structural anchors, the deductive framework of DF-PC
would offer no advantage over standard approaches.

S EMPIRICAL EVALUATIONS

In this section, we empirically evaluate the proposed DF-PC
algorithm against the PC-stable baseline. Our objective is to
investigate how integrating logical deduction into constraint-
based causal discovery affects both computational efficiency
and structural learning accuracy in finite-sample regimes.

5.1 EXPERIMENTAL SETUP

Graph Generation and Topology We conduct experi-
ments using synthetic datasets to strictly control the experi-
mental conditions. We generated Directed Acyclic Graphs
(DAGs) using two distinct topological models: Erdés-Rényi
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Figure 3: Learning Performance comparison (F1 Score and SHD vs. Sample Size M) on ER graphs (|V| = 20,
D € {2,4}) with 95% confidence intervals across Discrete and Linear SEM datasets. The full numerical results (including
Precision and Recall) are provided in Table 3 in the Appendix.
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Sample Size (M) Sample Size (M) Evaluation Metrics We evaluate the algorithms along two

dimensions: accuracy and efficiency. (1) Accuracy: From
each algorithm’s output, we construct the undirected skele-
ton and compare it with the ground-truth skeleton. In our
main text figures, we focus on the adjacency F1-score and
Structural Hamming Distance (SHD) [Tsamardinos et al.,
2006] to visually demonstrate structural accuracy, with the
complete set of accuracy metrics (including Precision and
Recall) provided in the Appendix. (2) Efficiency: In the
(ER) random graphs [Erd6s and Rényi, 1960] and Scale-  main text, we evaluate computational efficiency via the total
Free (SF) networks [Barabasi and Albert, 1999]. To eval-  number of executed CITs (Actual CITs) and the overall Exe-
uate scalability, we varied the number of variables N cution Time (seconds), with the full breakdown of efficiency
{10, 20, 30} and the density of the graphs by setting the ex-  metrics (e.g., CIT Time) provided in the Appendix.
pected average degree D € {2,4}. To ensure computational
tractability when generating discrete data, the maximum Implementation Details For CIT, both algorithms uti-
in-degree of any node was strictly capped at 10. lized a fixed significance level of &« = 0.01. To ensure
statistical significance, every experimental configuration
Data Generation and CITs For each generated DAG,  was repeated across 30 independent trials, and we report the
we sampled finite datasets of varying sizes M € mean performance along with 95% confidence intervals.
{1000, 2000, 5000, 10000} under two distinct generating
mechanisms, allowing us to evaluate the algorithms using Extended Analyses In addition to the synthetic bench-
different CITs: (1) Discrete Data: We modeled the variables marks presented, we conducted supplemental experiments
using categorical distributions with a cardinality of ¢ = 3.  to investigate DF-PC. We evaluate (1) performance in non-
conditional probability tables were uniformly sampled, with linear environments; (2) performance limits under best-
a floor p = 0.2 added to ensure strictly positive probabili-  and worst-case structures; (3) sensitivity to the significance
ties and avoid deterministic relationships. Independence was threshold «; (4) performance on a large graph; and (5) per-
assessed using the standard x? (Chi-square) test. (2) Lin-  formance on a semi-synthetic dataset for practical relevance.

Figure 4: Computational Efficiency on Linear SEM (ER
graphs, |V| = 20, D = 2) with 95% confidence intervals.
Left panel shows the actual CITs performed, and right panel
shows the total runtime. The full numerical results are pro-
vided in Table 4 in the Appendix.
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Detailed settings and full results for these analyses are pro-
vided in Appendix C.

5.2 RESULTS

Learning Accuracy: Figure 3 visualizes the structural accu-
racy of the recovered skeletons. DF-PC consistently matches
or outperforms PC-stable in adjacency F1 and skeleton
SHD. The performance gain is prominent in discrete set-
tings, whereas both methods show comparable accuracy
in Linear SEM. This structural advantage stems from exe-
cuting fewer statistical tests, which inherently reduces the
accumulation of test errors. As the sample size (M) grows,
the reliability of individual CITs improves, naturally nar-
rowing the performance gap between the two algorithms.
Furthermore, DF-PC sustains this comparative advantage
or equivalence even as graph density (D) increases. The
full numerical results (including Precision and Recall) are
provided in Table 3 in the Appendix.

Computational Efficiency: Figure 4 demonstrates the effi-
ciency gains of our approach. DF-PC significantly reduces
the total number of executed CITs, primarily by bypassing
CITs (|Z| > 0) via logical deduction. This direct reduc-
tion in test count translates to decreased CIT evaluation
time and lower overall execution time. While the absolute
time savings are modest in continuous linear datasets due to
computationally cheap partial correlation tests, the impact
is substantial for expensive tests. As demonstrated in our
nonlinear dataset experiments (Appendix C), minimizing
the number of CITs often leads to a dramatic decrease in ex-
ecution time. Overall, DF-PC establishes a strict advantage
in computational efficiency by requiring significantly fewer
statistical tests, while simultaneously maintaining or im-
proving the learning performance of the PC-stable. The full
numerical results are provided in Table 4 in the Appendix.

6 CONCLUSION

We presented DF-PC, a variant of PC that not only uses
independence findings as edge-deletion signals but also as
ingredients of logical deduction. This design effectively
reduces higher-order CITs, lowering computational cost
while preserving or improving structural accuracy. Future
work will include improving robustness to false positives in
the deduction process.
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A RULES FROM GRAPHOID AXIOMS AND FAITHFULNESS

We present rules derived from graphoid axioms [Pearl and Paz, 1987, Geiger, 1990, Bromberg and Margaritis, 2009].

(Symmetry) (X LY |Z) << (Y L X |Z)
(Decomposition) (X LY, W|Z)—= X LY |Z) AN (XL W]|7Z)
(Weak Union) X L Y, W|Z)— (X LY |Z W)
(Contraction) ( X LY |Z)AX LW I|Z,Y) = (XLY W|Z)
(Intersection) (X LY |[ZZW)A(X L W|ZY)— XLY W]|7Z)

Under a (causal) faithfulness assumption, we have a more relaxed set of rules as follows.

(Symmetry) X LY |Z) = (Y LX|Z)
(Composition) (X LY |Z)A(X LW |Z) = (X LY, W|Z)
(Decomposition) (X L Y, W |Z) = (X LY |Z)A (X 1L W|Z)
(Intersection) (X L Y |ZW)ANXLWI|ZY) = (X1LY W|Z)
(Weak Union) (X LY, W |Z) = (X LY |Z W)
(Contraction) (X LY |Z)A (X LW |Z,Y) = (X LY, W | Z)
(Weak Transitivity) (X LY | Z)A (X LY |Z,W) = (X LW | Z)V (W LY | Z)

Each non-bold letter in weak transitivity is a variable (i.e., a singleton).

B OMITTED PROOFS

Proposition 2 (Query history of a PC-like algorithm). Let X and Y be distinct variables, and let Z C V\ {X,Y } be a
nonempty set of variables. If a PC-like algorithm examines the CI query CI(X;Y | Z) with |Z| > 1, then at the moment of
this evaluation, the algorithm’s query history contains:

1. the results of all pairwise CI queries CI(U;V | 0) for all distinct variables U,V ; and

2. the results of all CI queries CI(X;T | S) yielding dependence (X ). T | S), for every T and S satisfying
Te{Y}UZandS C ({Y}UZ)\{T} st |S|<|Z

Proof. A PC-like algorithm starts from the complete undirected graph. By the level-wise monotonicity property, it performs
conditional independence tests in strictly increasing order of the conditioning set size ¢ = 0,1,2,.... At level ¢, all CI
queries whose conditioning sets have size ¢ and are formed from the current adjacency sets are examined. Once an edge is
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removed, no further tests involving that edge are performed. Suppose that at some moment the algorithm examines the CI

query
CI(X:Y |Z), |Z|=(>1.

(1) All unconditional pairwise CI queries correspond to the case ¢ = 0. By level-wise monotonicity, since the algorithm
examines CI(X;Y | Z) atlevel ¢ > 1, it has already exhaustively completed level £ = 0. It therefore necessarily has the
results of all pairwise queries (U, V) for all singleton variables U, V.

(2) By the local adjacency constraint, evaluating CI(X;Y | Z) at level ¢ requires that Z C adj(X)g \ {Y'}. This
implies that the edge (X, Y) and all edges (X, Z;) for Z; € Z remain in the current skeleton at the moment of this query.
Consequently, none of the edges (X, T) with

Te{Y}UZ

have been removed at any previous level. Consider any
Te{Y}UZ and SC ({Y}UZ)\{T}

with |S| = ¢ < £. By level-wise monotonicity, the query CI(X;T | S) must have been evaluated at the earlier level
¢'. Furthermore, since S consists entirely of nodes adjacent to X that survived up to level /, it was inherently a valid
conditioning set under the local adjacency constraint at level £, Since the edge (X, T') is still present at level 4, it could not
have been removed at level ¢’ or any earlier level. Therefore, for every such S, the algorithm must have already performed
the corresponding test and obtained the dependence result

(X L T)|8S).
This concludes the proof. O

Proposition 3 (Worst-case upper bound on the total number of additional CITs required by DEDUCE-DEP). Suppose we run
the PC algorithm and encounter a CI query CI1(X;Y | Z) with |Z| = k > 0. Assume that we attempt to resolve this query
using DEDUCE-DEP, with its reliability threshold set to zero. Then, in the worst case, the number of new CITs performed by
DEDUCE-DEP is £ (2" (k + 3) — 4(k + 1)),

which is O(k?2F).

Proof. Consider a query of the form (X;Y | Z) with |Z| = k > 0. Suppose we set the reliability threshold of DEDUCE-DEP
to be 0. The number of CITs required by DEDUCE-DEP can be computed level by level. At level [ < k, DEDUCE-DEP
considers all conditioning sets of size [ constructed from the elements of Z. The number of such conditioning sets is (’f) For

each conditioning set, the algorithm examines conditional independence relations between all unordered pairs of variables
selected from

{X,YIU(Z\5S),

where S denotes the chosen conditioning set with |S| = [. Since the size of this set is k + 2 — [, the number of variable pairs
to be tested is (k +22 71). Therefore, the number of CITs required at level [ is given by

<k> (k +2 - l)
l 2 '
Summing over all levels ] = 0, ...,k — 1, the total number of CITs required by DEDUCE-DEP is
T(k) = ki <k> (k T2 l) — IR 4 Th 4 8) — 1.
l 2

=0

By Prop. 2, some CIT outcomes are already available when examining (X;Y | Z) and can be reused. At level [ = 0, all
unconditional (pairwise) CITs over { X, Y} U Z are assumed to be available, yielding

= ()(19)- ()
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For each level 1 <[ < K, there are (];) choices of conditioning sets S C Z with |S| = [. Prop. 2 implies that reusable tests

at this level are restricted to pairs that include X, i.e., (X, V) with V € {Y} U (Z\ S), whose countis [{Y} U (Z \ S)| =
k+1-1= (k+11_l). Hence the number of reusable CITs at level [ is

W)

Summing over all levels gives the total number of reusable CITs:

() EOC)
=1
= %(2’%1@71).

Therefore, the worst-case upper bound on the number of new CITs required by DEDUCE-DEP is

N(k) = T(k) — R(k)

k+2, .
=2" (K + Tk +8) —1— %(2" +k—1).
which simplifies to the closed form
k(o
- §(2 (k +3) 74(k+1)>.
In particular, N (k) = O(k?2*) and for large k,
k2
N(k) ~ — 2.
(k) ~
This concludes the proof. O

Proposition 4 (Worst-case upper bound on the total number of CITs required by PC with DEDUCE-DEP). Let m denote
the number of variables and A the maximum degree of the underlying graph. In the worst case, the total number of CITs
performed by the PC algorithm with DEDUCE-DEP is bounded by O(mAJrl +m?. A22A).

Proof. Tn the PC algorithm, the number of CI queries posed in the worst case is bounded by 2(7) Y (™1) =

O(mA+1), where each query is of the form CI(X;Y | Z) with |Z| < A — 1. Since DEDUCE-DEP is invoked only when a
primary query evaluates to an independence (ind) result from CI tester, we must bound the total number of such occurrences.

An ind outcome directly implies the removal of an edge from the skeleton graph. Because the algorithm initializes with a
complete undirected graph containing (gl) edges, the ind result can occur at most O(m?) times globally.

For each of these O(m?) instances, the algorithm invokes DEDUCE-DEP, which explores a recursive tree up to depth
¢ < A — 1. By Prop. 3, the maximum number of additional CITs invoked by DEDUCE-DEP for a single query at the
maximum depth is bounded by O(A224).

Therefore, the total number of CITs is the sum of the primary statistical tests performed by the PC-stable algorithm and the
additional fallback CITs generated by DEDUCE-DEP:

O(mAJrl +m?. AQQA) )
O

Proposition 5. Under the faithful Bayesian network (G, P), let X, Y, and Z be disjoint subsets of V where Z is partitioned
intoZ and Z" suchthatZ = 7/ UZ" |Z"| = 1. Then, (X 1L Y | Z) if one of the following holds:

L (XLY|Z)ANXLZ"|Z)

2970



2 (XLY|Z)A(Y LZ"|2Z)

Proof. We prove each item below.
(1) We begin with the definition of the composition rule:
XLY|ZYANXW1LZ'|Z) = (X1LY,Z"|Z).
By the weak union rule, we have:
= (X1Y|Z,Z").

Therefore, if (X 1L Y |Z")and (X 1L Z" | Z'), then (X L Y | Z' UZ").

(2) The proof is identical to that of item (1), except that we replace (X 1L Z” | Z’) with (Y 1L Z"” | Z’). This follows since
conditional independence is symmetric in X and Y. O

Theorem 1 (Soundness of DEDUCE). Let (G, P) be a faithful Bayesian network and let CIT be an oracle CI tester. For all
distinct variables XY and all conditioning sets Z C V\ {X,Y},

DEDUCE(X,Y,Z) =DEP <= X LY |ZinP.

Proof. We prove the two implications

DEDUCE(X,Y,Z)=dep = X L Y |Zin P,
DEDUCE(X,Y,Z)=ind = X LY |ZinP,

for all disjoint (X,Y", Z), by induction on |Z|. Since in any distribution exactly one of X I Y | Zand X AL Y | Z holds,
the two displayed implications together imply the stated biconditional.

Base case (|Z| = 0). DEDUCE (Alg. 3) always calls its recursive function DEDUCE-HELPER (Alg. 4) first to resolve input
query. When Z = (), however, the recursive function reaches the end without triggering any deductive rule and returns
unknown. Hence, DEDUCE returns CIT(X,Y | () at the fallback line. Because CIT is an oracle, the returned label is dep if
and only if X A Y in P, and ind if and only if X 1 Y in P. Hence both implications hold for |Z| = 0.

Inductive hypothesis. Fix m > 1 and assume that for all disjoint triples (A4, B, C) with |C| < m, DEDUCE is correct:

DEDUCE(A,B,C)=dep = AL B|CinP,
DEDUCE(A,B,C)=ind = A1 B|CinP.

Inductive step (|Z] = m). Let X,Y be distinct variables and let Z C V \ {X, Y} satisfy |Z| = m. Run DEDUCE on
input (X, Y, Z), and consider the moment its recursive function processes some Z € Z with Z' := Z\ {Z}.

For each of the three CI queries
CI(X;Y |Z), CI(X;Z|Z), CI(Y;Z|Z),

if the output of query is not already recorded, the algorithm DEDUCE-HELPER is recursively called on that query to resolve
and record its outcome. Since |Z’| = m — 1 < m, the inductive hypothesis applies to each recursive call: every recorded
outcome among these three queries matches the corresponding conditional (in)dependence statement in P.

We now analyze the return branch taken by the recursive function of DEDUCE.

Case 1: the algorithm returns dep via a deductive rule. If the condition in line 9 holds at some iteration (for some Z € Z),
then by Prop. 1 in Kim et al. [2024], we conclude X A Y | Z in P. Since DEDUCE returns the outcome of its recursive
function once it is resolved, this proves the implication DEDUCE(X,Y,Z) = dep = X A Y | Z in this case.

Case 2: the algorithm returns ind via a deductive rule. In this case, for at least one Z € Z, the predicate in line
11 becomes true, so seenlnd was set to TRUE, while no iteration satisfied the dependence rule (otherwise the algorithm
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would have returned dep earlier). By Prop. 5, if the condition in line 11 is satisfied, X 1 Y | Z holds in P. Hence
DEDUCE(X,Y,Z) =ind = X 1 Y | Z holds.

Case 3: the algorithm returns unknown.

If neither a dependence nor an independence rule applies for any Z € Z (i.e., seenind = FALSE and the algorithm
never returned dep), then the recursive function of DEDUCE returns unknown. Therefore, in this case, DEDUCE returns
CIT(X;Y | Z) as a fallback. Since CIT is an oracle, the returned label equals dep if and only if X A Y | Z in P, and
equals ind if and only if X 1L Y | Z in P. Thus both implications hold in this case as well.

In all cases, the two implications are verified for conditioning sets of size m. This completes the induction and therefore
proves the theorem. O

Theorem 2 (Soundness and completeness of DF-PC). Let (G, P) be a faithful Bayesian network and let CIT be an oracle
ClI tester. Then, under the oracle CIT, the DF-PC algorithm is sound and complete for recovering a pattern that represents

G.

Proof. Algorithmically, DF-PC algorithm is identical to the order-independent PC-stable algorithm, with the sole distinction
that the standard conditional independence oracle is replaced by the DEDUCE procedure. By Thm. 1, the DEDUCE procedure
is sound: it returns independence if and only if (X I Y | Z) holds in the underlying faithful distribution P.

Consequently, for every query CI(X;Y | Z) generated during the skeleton discovery phase, the decision to remove an edge
in DF-PC is identical to that of the oracle PC-stable algorithm. Since the resulting skeleton and the recorded separating sets
are identical, the subsequent orientation of v-structures and the application of Meek’s rules yield the exact same CPDAG.
Since the oracle PC-stable algorithm is sound and complete [Colombo and Maathuis, 2014], DF-PC outputs a pattern that
correctly represents G. O

Theorem 3 (Bounds on the number of CITs required by DF-PC). Let m denote the number of variables and A the maximum
degree of the underlying graph. The total number of CITs performed by DF-PC is bounded as follows:

1. Worst-case Upper Bound: O(m”+1),
2. Best-case Lower Bound: Q)(m?).

Furthermore, the best-case lower bound is tight: there exists a faithful DAG for which DF-PC achieves exact structure

recovery using only the initial (7;) marginal CITs.

Proof. We prove the upper and lower bounds separately.

Worst-case Upper Bound: DF-PC algorithm shares the skeleton discovery framework of the PC-stable algorithm,
generating at most the same number of CI queries, bounded by O(m“+1). For each query, the DEDUCE procedure (Alg. 3)
triggers at most one statistical CIT, strictly as a fallback when the purely logical DEDUCE-HELPER (Alg. 4) returns unknown.
Since DF-PC evaluates no more queries than PC-stable and performs at most one CIT per query, its total number of CITs in
the worst case is strictly bounded by O(m“*1), matching the PC-stable algorithm.

Best-case Lower Bound: By definition of a PC-like algorithm, any PC-like algorithm must perform at least (7;) marginal
independence tests at level £ = 0. To prove this lower bound is tight for DF-PC, it suffices to construct a faithful DAG G of
m nodes for which DF-PC requires zero CITs for all levels ¢ > 1.

Consider a graph G defined as follows: let X be the target node, and let M = V '\ { X'} be the set of remaining m — 1 nodes.
The edges are defined such that every node in M points to X (i.e., ¥; — X for all Y; € M), and there are no edges among
the nodes in M.

Level 0 (Marginal Tests): At level 0, DF-PC performs (g”) statistical CITs. The outcomes are recorded as follows:

1. (Y; 1L Y; | 0) for all distinct Y;,Y; € M.
2. (X LY;|0)forallY; € M.
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Following level 0, all edges between nodes in M are removed. The only remaining edges are X — Y;. Therefore, for levels
¢ > 1, the primary queries generated by the PC skeleton phase will only be of the form CI(X;Y; | Z) where Z C M\ {Y;}.
However, internally, the DEDUCE procedure may recursively query relations among nodes in IMI. We prove by induction on
k = |Z| that all subsequent queries are resolved purely by deduction.

Claim 1: Pure Deduction for Independence in M. For any Y;,Y; € M and Z C M\ {Y;,Y;}, DEDUCE(Y;, Y}, Z) returns
IND without invoking a CIT.

Proof by Induction: The base case |Z| = 0 is given by Level 0 search. As the inductive hypothesis, assume the claim holds
for any valid conditioning set of size k — 1. Let Y;,Y; € Mand Z = Z'U{Z} C M\ {Y;,Y;}. Toevaluate CI(Y;;Y; | Z),
the recursive function of DEDUCE checks CI(Y;;Y; | Z'), C1(Y;; Z | Z'), and C1(Yj; Z | Z'). By the inductive hypothesis,
all three are recursively resolved as IND without CIT. Since (Y; L Y; | Z') and (Y; AL Z | Z') hold, the predicate of Prop. 5
is satisfied, hence the recursive function and its wrapper DEDUCE returns IND.

Claim 2: Pure Deduction for Dependence between X and M. For any Y; € M and Z C M \ {Y;}, DEDUCE(X,Y;, Z)
returns DEP without invoking a CIT.

Proof by Induction: The base case |Z| = 0 is given by Level 0 search. As the inductive hypothesis, assume the claim holds
for any valid conditioning set of size k — 1. LetY; € Mand Z = Z' U {Z} C M\ {Y;}. Then, the recursive function
of DEDUCE checks CI(X;Y; | Z'), CI(X;Z | Z'), and CI(Y;; Z | Z') to resolve input query CI(X;Y; | Z). By the
inductive hypothesis, the first query is resolved as DEP without CIT. By Claim 1, the third query is resolved as IND without
CIT. Since (X M Y; | Z’') and (Y; 1L Z | Z') hold, the predicate of Prop. 1 is satisfied. Therefore, the recursive function
and its wrapper DEDUCE returns DEP.

Conclusion: For the graph G, after the initial (7;) marginal tests, all primary queries (Claim 2) and secondary recursive
queries (Claim 1) are logically resolved by the DEDUCE procedure. Thus, zero additional CITs are performed. Since no
algorithm can bypass the (7;) marginal tests without prior knowledge, this establishes the tight best-case lower bound. []

C APPENDIX FOR EMPIRICAL EVALUATIONS

C.1 EXPERIMENTAL SETUP

To rigorously evaluate the performance and efficiency of the proposed DF-PC algorithm, we conducted comprehensive
experiments using synthetic datasets. We compare our DF-PC variant against the PC-stable algorithm. All experiments were
executed using 48 cores on an Intel(R) Xeon(R) Gold 6342 CPU @ 2.80GHz to fully leverage the parallelizable nature
of the experiments. Plus, all experiments were integrated with the causal-1learn [Zheng et al., 2024] library for CIT
implementations. To avoid intractable memory complexity in discrete Bayesian networks caused by exponentially large
conditional probability tables, we restrict the maximum in-degree of any generated graph to 10. The source code for our
implementation is available at https://github.com/snu-causality-lab/DF-PC.

We structure our evaluation into distinct experimental settings as follows:

Experiment 1: Synthetic Benchmarks (Scalability and Density) To assess the foundational scalability and robustness
of DF-PC across various dimensions, we varied the number of variables, sample sizes, graph topologies, and data types.

* Graph Topology: We generated random DAGs with N € {10, 20, 30} nodes and average degrees D € {2,4}. We
utilized both Erd6s-Rényi (ER) and Scale-Free (SF) models (via Barabdasi-Albert).
¢ Data Generation and CITs:

— Discrete Data: Sampled from discrete Bayesian networks with cardinality ¢ = 3 and a floor p = 0.2. Independence
was tested using the standard x? test.

— Linear SEM Data: Sampled from linear Structural Equation Models (SEMs) with additive Gaussian noise. Edge
weights were sampled uniformly from [—2.0, —0.5]U[0.5, 2.0]. Independence was assessed via Partial Correlation
(Fisher-Z test).

 Sample Sizes (M): M € {1000, 2000, 5000, 10000}.

* Hyperparameters: Significance level « = 0.01. Each configuration was repeated for 30 independent trials.
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Experiment 2: Nonlinear Performance Logical deduction is particularly beneficial when statistical tests are computa-
tionally expensive. We verified this by applying DF-PC to nonlinear environments where kernel-based tests are required.

* Graph Topology: N = 10, average degree D = 2 (ER and SF graphs).

* Data Generation and CITs: We generated data using nonlinear additive noise models. The nonlinear functional
relationships were modeled using 1-hidden-layer Multi-Layer Perceptrons (MLPs) with 100 hidden units, sigmoid
activation functions, and Gaussian noise. Independence was evaluated using the Kernel-based Conditional Independence
(KCI) test [Zhang et al., 2011].

¢ Sample Size (M): M = 1000.

* Hyperparameters: o = 0.01, repeated for 30 independent trials.

Experiment 3: Extreme Structural Cases (Best vs. Failure Points) DF-PC’s efficiency partially relies on local structural
motifs (e.g., v-structures). To identify its theoretical boundary conditions on finite datasets, we designed specific extreme
structures.

¢ Graph Topology: N = 11.
— Collider Hub (Best Case): A star graph where N — 1 periphery nodes have directed edges pointing into a single
central target node.
— Source Hub (Failure Case): A star graph where a single central source node has directed edges pointing out to
N — 1 periphery nodes.

¢ Data Generation and CITs: Linear SEM with Gaussian noise, assessed via Partial Correlation.
e Sample Size (M): M = 2000.
* Hyperparameters: o = 0.01, repeated for 10 independent trials.

Experiment 4: Sensitivity to Significance Level (o) Because deductive logic assumes the absolute correctness of prior
statistical tests, we investigated how varying strictness translates to overall logical stability and accuracy.

* Graph Topology: N = 40, average degree D = 2 (ER graphs).
¢ Data Generation and CITs: Linear SEM, assessed via Partial Correlation.
e Sample Size (M): M = 5000.

» Hyperparameters: We varied the significance level « € {0.05,0.01,0.001,0.0001}. Each configuration was repeated
for 10 independent trials.

Experiment 5: Large-Scale Networks (N = 100) To assess the stability and efficiency of DF-PC in high-dimensional
spaces, we scaled the number of variables to N = 100, where the complexity of the conditioning set search space increases
significantly.

 Graph Topology: N = 100, with both Erd&s-Rényi (ER) and Scale-Free (SF) structures at densities D € {2, 4}.

¢ Data Generation and CITs: Linear SEM, assessed via Partial Correlation.

¢ Sample Size (M): M = 1000.

* Hyperparameters: We applied a conservative significance level o = 0.001, considering massive amounts of tests
required in high-dimensional causal discovery. Each configuration was repeated for 30 independent trials to ensure
statistical significance.

Experiment 6: Stability on Semi-Synthetic Benchmarks To further validate the practical utility of DF-PC across diverse
structural patterns, we evaluated the algorithm on two well-established Bayesian network benchmarks from the agricultural
and biological domains.

* Graph Topology: We utilized the Mildew (35 nodes, 46 edges) and Barley (48 nodes, 84 edges) networks, which
exhibit a higher degree of structural complexity and variable cardinality.

¢ Data Generation and CITs: Categorical data were simulated from the respective pgmpy [Ankan and Textor, 2024]
example models. Conditional independence was assessed via the x? test.

 Sample Size (M): We tested two distinct regimes: M € {2000, 5000}.

¢ Hyperparameters: o = 0.01, repeated for 30 independent trials.
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Experiment 7: Baseline Comparison with PC with DEDUCE-DEP To provide a comprehensive comparison across the
full spectrum of deduction strategies, we evaluated three algorithms: PC-stable, PC with DEDUCE-DEP [Kim et al., 2024],
and DF-PC.

* Graph Topology: N = 20 nodes, average degree D = 4, with both Erdés-Rényi (ER) and Scale-Free (SF) graph
models.

¢ Data Generation and CITs:

— Discrete Data: Bayesian networks with cardinality ¢ = 3 and floor p = 0.2, tested via the x? test.
— Linear SEM Data: Linear SEMs with Gaussian noise and edge weights from [—2.0, —0.5] U [0.5, 2.0], tested via
Partial Correlation (Fisher-Z test).

¢ Sample Size (M): M = 5000.

* Hyperparameters: o = 0.01. Each configuration was repeated for 30 independent trials.

Experiment 8: High-Density Stress Test To evaluate DF-PC’s robustness under extreme graph density conditions where
the conditioning set search space grows significantly, we tested on highly connected graphs.

* Graph Topology: N = 30 nodes, average degree D = 6, with both ER and SF graph models.
¢ Data Generation and CITs:

— Discrete Data: Bayesian networks tested via the x? test.

— Linear SEM Data: Linear SEMs tested via Partial Correlation.
e Sample Size (M): M = 5000.

* Hyperparameters: o = 0.01, repeated for 30 independent trials.

Experiment 9: Runtime Scaling To characterize the computational scaling behavior of DF-PC, we measured execution
time under two complementary scenarios: increasing the number of nodes while fixing density, and increasing density while
fixing the number of nodes.

* Setup A (Node Scaling): N € {10, 20, 30, 40, 50} nodes with a fixed average degree D = 3, using both ER and SF
graph models.

Setup B (Density Scaling): N = 30 nodes with average degree D € {2,3,4,5,6}, using both ER and SF graph
models.

¢ Data Generation and CITs: Linear SEM data, tested via Partial Correlation.

¢ Sample Size (M): M = 5000.

* Hyperparameters: o = 0.01, repeated for 30 independent trials.
Experiment 10: Oracle CIT Skip Analysis by |Z| To precisely quantify how many CITs DF-PC saves at each conditioning
set size without confounding from statistical test errors, we employed an oracle conditional independence tester based on
d-separation.

¢ Setup A (Node Scaling): N € {10, 20, 30, 40} nodes with average degree D = 3, using ER graphs.

* Setup B (Density Scaling): N = 20 nodes with average degree D € {2, 3,4, 5}, using ER graphs.

e CIT Oracle: All CI queries are resolved exactly via d-separation on the true underlying DAG (no statistical error).

* Hyperparameters: Repeated for 30 independent trials.

Experiment 11: Robustness against Low-Order CIT Errors Since DF-PC’s deduction engine propagates outcomes
of lower-order CITs to infer higher-order queries, errors in early tests could cascade through the deduction process. This
experiment assesses the sensitivity of DF-PC to such errors.

* Graph Topology: N = 20 nodes, average degree D = 3, using ER graphs.

e CIT Oracle with Injected Errors: An oracle CIT based on d-separation, with random bit-flip errors injected into
low-order CIT results (|Z] < 1) at rates p € {0.00,0.01,0.05,0.10,0.20}. Error injection is deterministic per query
key (using a hash-based seed) to ensure reproducibility.

¢ Compared Algorithms: PC-stable and DF-PC.

* Hyperparameters: Repeated for 30 independent trials.
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Table 1: Learning Performance for |V| = 10 with 95% confidence interval. M corresponds to sample size, and D
corresponds to average degree.

Graph D Y Method Discrete Linear SEM

F1 Precision Recall SHD F1 Precision Recall SHD
1000 PC-stable 0.47+006 0.93+007 0.33+005 6.87+058  0.92+002 0.98+002 0.88+003 1.43+038
DF-PC 0.58+006 0.91+005 0.44+006 6.03+072 0.92+002 0.96+002 0.88+003 1.53+038
2000 PC-stable 0.64+005 0.99+002 0.49+005 5.13+054  0.94+002 0.98+001 0.90+003 1.20+032
) DF-PC 0.73+005 0.94+003 0.61+006 4.30+065 0.93+002 0.96+002 0.90+003 1.33+034
5000 PC-stable 0.81+003 1.00+000 0.69+005 3.07+046  0.96+002 0.99+001 0.93+003 0.80+034
DF-PC 0.87+004 0.94+003 0.82+005 2.30+061  0.95+002 0.98+002 0.93+003 0.93+035
10000 PC-stable 0.90+003 1.00+000 0.83+004 1.67+044  0.97+002 0.99+001 0.95+003 0.63+032
% DF-PC 0.93+002 0.96+002 0.91+003 1.27+036  0.96+002 0.98+002 0.95+003 0.77+033
1000 PC-stable 0.27+004 0.97+003 0.16+003 16.93+055 0.68+003 0.92+003 0.54+003 10.13+083
DF-PC 0.35+004 0.94+004 0.22+003 15.90+067 0.68+003 0.91+003 0.55+003 10.10+0.33
2000 PC-stable 0.37+003  0.99+001 0.23+002 15.37+040 0.70+003 0.90+003 0.57+003  9.87+0.77
4 DF-PC 0.47+004 0.95+002 0.32+004 14.03+070 0.70+002 0.90+003 0.57+002  9.80+0.77
5000 PC-stable  0.55+003 1.00+000 0.38+003 12.33+055 0.75+002 0.89+002 0.64+003  8.67+0.69
DF-PC 0.64+004 0.98+001 0.48+004 10.57+080 0.75+002 0.89+002 0.64+003  8.67+0.69
10000 PC-stable 0.65+004 1.00+000 0.49+004 10.17+080 0.78+002 0.90+003 0.69+003  7.80+0.82
DF-PC 0.75+003 0.99+001 0.61+005 7.93+t089  0.78+0.02 0.90+003 0.69+003 7.77+0382
1000 PC-stable  0.40+006 0.91+008 0.27+004 6.77+043  0.97+002 0.99+001 0.95+003  0.53+032
DF-PC 0.44+006 0.88+008 0.31+005 6.57+048 0.96+002 0.98+001 0.95+003 0.60+0.29
2000 PC-stable 0.52+006 0.92+008 0.38+006 5.77+059  0.99+001 0.99+001 0.98+002  0.23+0.20
2 DF-PC 0.57+006 0.90+005 0.44+006 5.53+061  0.98+001 0.97+002 0.98+002 0.43+026
5000 PC-stable 0.64+006 0.96+003 0.50+007 4.67+065 1.00+000 1.00+000 1.00+001  0.03+0.07
DF-PC 0.71+006  0.93+003 0.60+007 4.03+064 0.99+001 0.99+001 1.00+001  0.13+0.12
10000 PC-stable 0.75+005 0.98+002 0.63+007 3.43+063 1.00+001 1.00+001 1.00+001  0.07+0.09
5_5 DF-PC 0.80+005 0.95+003 0.73+007 2.90+065 0.99+001 0.99+001 1.00+£001  0.17+0.17
1000 PC-stable 0.25+004 0.96+005 0.15+003 13.70+049 0.77+003 0.92+003 0.67+003  6.30+0385
DF-PC 0.31+005 0.95+005 0.19+004 13.03+068 0.77+003 0.91+004 0.68+004 6.33+0.388
2000 PC-stable 0.36+004 0.97+004 0.224003 12.50+055 0.79+003 0.90+004 0.70+£003  6.10+0.75
4 DF-PC 0.40+005 0.96+004 0.26+004 12.00+071 0.79+003 0.89+003 0.71+003  6.10+0.77
5000 PC-stable 0.44+005 0.98+003 0.29+004 11.40+069 0.83+003 0.91+003 0.76+003 5.10+0.75
DF-PC 0.48+006 0.94+004 0.34+006 10.80+1.02 0.83+003 0.91+003 0.76+003 5.07+0.75
10000 PC-stable  0.54+006 1.00+000 0.39+006 9.83+089  0.85+003 0.91+003 0.79+003 4.57+0.88
DF-PC 0.61+006 0.98+002 0.46+006 8.70+1.04 0.85+003 091+003 0.80+003 4.50+0.88

C.2 EXPERIMENTAL RESULTS

C.2.1 Synthetic Benchmark Results

We provide all experimental results with varying numbers of nodes (|V| = 10, 20, 30) in Tables I to 6.
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Table 2: Computational Efficiency for | V| = 10 with 95% confidence interval. Cond. CIT denotes conditional independence
tests (|Z| > 0). Req. denotes the total number of query requests made by the algorithm. OH Time denotes the overhead time
excluding CIT time. Time metrics are in seconds.

Graph D M Method Discrete Linear SEM
Act. CIT Cond. CIT Req. Tot. Time CIT Time OH Time Act. CIT Cond. CIT Regq. Tot. Time  CIT Time OH Time
1000 PC-stable ~ 52.97+339 7.97+339 98.20+3.51 0.01+000  0.01x000  0.00+000  167.53+2090  122.53+2090  271.90+3252  0.02+000  0.02+000  0.00+0.00
DF-PC 45.30+033 0.30£033  105.43=1246  0.01x000  0.01=000  0.00x000 129.87+2183  84.87+2183 273.73+3272 0.02£000  0.02+000  0.00+0.00
2000 PC-stable ~ 62.27+s.11 17.27+811 108.07+s854  0.01+000  0.01x000  0.00x000  179.53+21.67  134.53+2167  289.97+3421  0.02+000  0.02+000  0.00+000
5 DF-PC 46.00--0.71 1.00-£0.71 115.40+1359  0.01+000  0.01+000  0.00+000  139.57+2275 94.57+2275 292.00+3447  0.02+000  0.02+000  0.00+0.00
5000 PC-stable ~ 78.03+1271  33.03+1271  125.67+1359  0.01+000 0.01x000 0.00+000  186.13+223¢  141.13+2234  297.03+3503  0.02+000  0.02+000  0.00+0.00
DF-PC 49.50+3.14 4.50+3.14 136.67+1683  0.01x000  0.01+000 0.00+000  144.7742386 99.77+23.86 301.23+3558  0.02+000  0.01+000  0.00+0.00
10000 PC-stable  89.40+13.07  44.40+1307 138.03+1400 0.02+001  0.02x001  0.00+000  192.40+2335  147.40+2335  306.10+3635  0.02+000  0.02+000  0.00+0.00
% DF-PC 50.67+3.12 5.67+3.12 144.77+1466  0.01x000  0.01+000  0.00+000  150.10+2443  105.10+2443  307.30+3646  0.02x000  0.02+000  0.00+0.00
1000 PC-stable ~ 52.23+273 7.23+273 97.70+314  0.01+000  0.01x000 0.00x000 479.83+3390  434.83+3390  729.23xs5194  0.07x001  0.06+001  0.00+0.00
DF-PC 45.67+082 0.67+052 99.77+453  0.01x000  0.01z000  0.00x000 399.63+3463  354.63+3463  734.63+s51.87  0.06+001  0.05+000  0.01+000
2000 PC-stable  61.27+4.96 16.27+496  107.33+554  0.01+000  0.01x000  0.00x000  574.27+3608  529.27+3608  869.73+57.88  0.07+001  0.07+001  0.00+000
4 DF-PC 46.37+1.07 137107 117.57+1041  0.01£000  0.01x000  0.00:000  487.80+4048  442.80+4048  873.60+58.49  0.07+001  0.06+001  0.01+000
5000 PC-stable  91.37+11.71 46.37+1171 141.10+1358  0.02+000  0.02+000  0.00+000  718.40+4483  673.40+4483 1058.87+67.83  0.07+001  0.07+001  0.00+0.00
DF-PC 55.10+6.58 10.10+658  174.07+2580  0.01+000  0.01:t000  0.00+000  606.43+4542  561.43+4542  1060.63+6764  0.07+001  0.06:+000  0.01+0.00
10000 PC-stable  135.73x2154  90.73+2154  190.93+2500  0.03+001  0.03x001  0.00+000 871.40+6295  826.40+6295 1271.90+9432  0.09+001  0.09+001  0.00+0.00
DF-PC 77.83+2305  32.83+2305 242.97+s059  0.02+001  0.02+001  0.00+000  746.13+6651  701.13+6651  1276.90+9591  0.09+001  0.07+001  0.02+0.00
1000 PC-stable ~ 47.40+139 2.40+139 92.40-+1.39 0.01+000  0.01+000  0.00+000  162.80+1954  117.80+1954  236.73+1892  0.02+000  0.02+000  0.00+0.00
DF-PC 45.00--0.00 0.00-£0.00 92.40+1.39 0.01+000  0.01:t000 0.00+000  99.03+1158 54.03+11.58 2379741860  0.02+000  0.01:000  0.00+0.00
2000 PC-stable  50.23+1.79 523179 95.33+1.79 0.01+000  0.01x000  0.00+000  171.20+1835  126.20+1835  245.50+1803  0.02+000  0.02+000  0.00+0.00
5 DF-PC 45.10+0.20 0.10-£020 96.40+2.74 0.01+000  0.01:x000 0.00+000 103.97+13.18 58.97+13.8 249.50+1953  0.01+000  0.01x000  0.00+0.00
5000 PC-stable ~ 54.77+277 9.77+271 99.90+277  0.01+000  0.01x000 0.00x000 177.57+1850  132.57+1850  251.57+1802  0.02+000  0.02+000  0.00:0.00
N DF-PC 45.20+027 0.20+027 104.57+s585  0.01x000  0.01x000 0.00+000 104.70+1306  59.70+13.06 252.50+1798  0.01+000  0.01+000  0.00+0.00
10000 PC-stable  63.80+5.19 18.80+5.19  109.20+531  0.01x000  0.01x000  0.00x000 174.43+1824  129.43+1824  248.17+1758  0.02+000  0.02+000  0.00+0.00
5 DF-PC 45.40+047 0.40+047 114.97+773  0.01x000  0.01x000  0.00+000  102.63+1187  57.63+11.87 2553342647 0.01+000  0.01+000  0.00:0.00
1000 PC-stable  48.70+1.65 3.70+1.65 93.87+1.70 0.01+000  0.01x000  0.00+000 346.03+3720  301.03+3720  477.47+4513  0.04x000  0.04+000  0.00+0.00
DF-PC 45.20=+0.27 0.20-+027 95.30+2.57 0.01+000  0.01:t000 0.00+000 211.87+2839  166.87+2839  500.90+47.80  0.03+000  0.02:+000  0.01+0.00
2000 PC-stable ~ 51.43+235 6.43+235 96.80+2.43 0.01+000  0.01x000  0.00+000 471.40+5439  426.40+5439  620.10+6283  0.05+001  0.05+001  0.00+0.00
4 DF-PC 45.40=+0.37 0.40-+037 98.07+3.41 0.01+000  0.01:x000 0.00+000 275.93+3787  230.93+3787  649.47+772.77  0.04=001  0.03+000  0.01+0.00
5000 PC-stable  59.00+5.47 14.00+547  104.87+s588  0.01+000  0.01x000 0.00x000 624.73+8292  579.73+s8292  790.33xs85.19  0.07x001  0.07+001  0.00:0.00
DF-PC 46.37+1.21 1.37+121 111.40+976  0.01x000  0.01x000  0.00+000  332.70+4792  287.70+47.92  799.97+8446  0.05+001  0.04+001  0.01x0.00
10000 PC-stable ~ 70.10+s828  25.10+s828  117.17+923  0.02+000  0.02£000  0.00x000 779.47+13658 734.47+13658 958.37=x13301  0.09x002  0.08+0.02  0.00+0.00
DF-PC 47.90+2.14 290+214  127.00+1262  0.01x000  0.01x000  0.00+000  398.50+s5601  353.50+s5601  978.83+13129  0.06+001  0.04x001  0.02+000
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Table 3: Learning Performance for |V| = 20 with 95% confidence interval. M corresponds to sample size, and D
corresponds to average degree.

Graph D M Method Discrete Linear SEM
F1 Precision Recall SHD F1 Precision Recall SHD

1000 PC-stable 0.47+004 0.98+002 0.32+003 13.83+064 0.93+002 0.97+002 0.89+003 2.67+0.84
DF-PC 0.55+004 0.82+005 0.43+004 13.60+105 0.91+002 0.95+002 0.89+003  3.27+0.90

2000 PC-stable  0.63+0.04 0.96+002 0.47+004 10.87+091 0.95+002 0.98+002 0.92+002  2.10+0.61

) DF-PC 0.71+004 0.86+003 0.61+004 9.83+107 0.93+002 0.95+002 0.92+002 2.63+0.67
5000 PC-stable 0.80+0.04 0.99+001 0.68+005 6.43+095 0.96+002 0.98+002 0.94+002 1.57+067
DF-PC 0.85+003 0.92+002 0.79+004 5.57+089 0.95+002 0.96+002 0.94+002 1.97+072

10000 PC-stable 0.87+003 1.00+001 0.78+004 4.37+085 0.97+001 0.99+001 0.95+002 1.03+044

% DF-PC 0.89+003 0.93+002 0.86+004 4.10+095 0.96+001 0.97+001 0.96+002 1.43+047
1000 PC-stable 0.26+002 0.92+0.04 0.15+002 34.37+077 0.64+002 0.88+003 0.50+002 22.63+1.32
DF-PC 0.35+003 0.84+005 0.22+002 32.73+1.14 0.64+002 0.87+003 0.51+002 22.67+1.33
2000 PC-stable 0.37+003 0.99+001 0.23+002 30.90+080 0.66+002 0.87+003 0.54+003 21.73+138
4 DF-PC 0.48+003 0.90+003 0.33+003 28.13+1.19 0.66+002 0.86+002 0.54+003 21.83+1.39
5000 PC-stable 0.51+0.02 0.99+001 0.35+002 26.23+085 0.69+003 0.87+003 0.58+003 20.37+1.66
DF-PC 0.64+002 0.96+001 0.48+0.02 21.67+1.03 0.69+003 0.87+003 0.58+003 20.33+1.66
10000 PC-stable 0.62+002 1.00+0.00 0.45+002 21.83+076 0.70+003 0.84+003 0.61+003 20.43+1.80
DF-PC 0.73+0.02  0.95+002 0.60+003 17.50+125 0.70+003 0.84+003 0.61+003 20.33+1.80

1000 PC-stable 0.32+005 0.84+006 0.21+004 15.70+073 0.91+003 0.98+001 0.87+005 2.87+0.96
DF-PC 0.34+006 0.67+007 0.24+004 16.50+101 0.91+003 0.95+002 0.88+005 3.10+1.11

2000 PC-stable 0.42+005 0.93+005 0.28+004 14.07+085 0.95+003 0.98+001 0.92+004 1.83+0384

) DF-PC 0.44+005 0.81+006 0.31+004 14.50+1.09 0.93+003 0.95+002 0.92+004  2.40+0.89
5000 PC-stable  0.55+005 0.94+004 0.40+005 11.83+095 0.97+002 0.99+001 0.95+003 1.13+0.60
DF-PC 0.55+005 0.84+004 0.43+005 12.50+091 0.96+002 0.97+002 0.95+003 1.53+067

10000 PC-stable 0.62+005 0.98+002 0.46+005 10.33+090 0.98+001 0.99+001 0.98+002  0.63+0.46

% DFE-PC 0.63+005 0.86+003 0.52+006 10.73+108 0.97+001 0.97+001 0.98+002 0.97+048
1000 PC-stable  0.20+0.03 0.83+009 0.124002 31.60+084 0.66+004 0.87+003 0.54+004 18.90+1.99
DF-PC 0.24+004 0.73+008 0.15+002 31.53+095 0.67+004 0.85+003 0.55+004 19.07+2.04
2000 PC-stable 0.30+003 0.92+004 0.18+002 29.20+078 0.70+003 0.86+003 0.59+004 17.80+1.90

4 DF-PC 0.33+003 0.83+004 0.21+002 29.13+081 0.70+003 0.85+003 0.59+004 17.90+1.91
5000 PC-stable 0.41+003 0.99+001 0.26+002 26.07+081 0.73+003 0.86+003 0.64+004 16.50+2.02
DF-PC 0.44+003 0.87+003 0.30+003 26.20+1.04 0.73+003 0.85+003 0.64+004 16.53+1.99
10000 PC-stable 0.47+003 0.99+001 0.31+003 24.23+091 0.75+004 0.85+003 0.67+004 15.83+223
DF-PC 0.51+003 0.88+003 0.37+003 23.83+123 0.75+004 0.85+003 0.67+004 15.93+223
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Table 4: Computational Efficiency for | V| = 20 with 95% confidence interval. Cond. CIT denotes conditional independence
tests (|Z| > 0). Req. denotes the total number of query requests made by the algorithm. OH Time denotes the overhead time
excluding CIT time. Time metrics are in seconds.

Graph D M Method Discrete Linear SEM
Act. CIT Cond. CIT Req. Tot. Time CIT Time OH Time Act. CIT Cond. CIT Req. Tot. Time  CIT Time OH Time
1000 PC-stable  208.30+4.24 18.30+4.24 398.83+451 0.03+000  0.03x000  0.00+0.00 648.20+63.62 458.20+63.62 1067.30+11924  0.08+001  0.07x001  0.01+0.00
DF-PC 190.67-+0.50 0.67-£0.50 407632876 0.03+000  0.03:+000  0.00+0.00 493.13:+63.45 303.13+63.45 1080.40+11808  0.06:001  0.05+001  0.01:000
2000 PC-stable ~ 222.27+5.15 32274515 413232546 0.03x000  0.03x000  0.000.00 710.57+74.55 520.57+7455 1152.10+13490  0.09+001  0.08+001  0.01x0.00
5 DF-PC 191.10-0.66 1.10+0.66 429.80+970  0.03x000  0.03:000  0.00+0.00 531.53+7337 341.53+7337 1172.03+13574  0.08+001  0.06x001  0.01=0.00
5000 PC-stable ~ 252.67+7.83 62.67+7.83 445.47 834 0.05+000  0.04+000  0.00+0.00 756.67+88.68 566.67+88.68 1216.13+147.01  0.09+001  0.08+001  0.01+0.00
DF-PC 194.13+220 4.13+220 473.57+1574  0.03+£000  0.03+000  0.00+000 560.40-+79.50 370.40+79.50 1223.87+14688  0.07+001  0.06+001  0.01:000
10000 PC-stable ~ 277.07+9.51 87.07+951 472.53+1030  0.06+001  0.06£000  0.00£000  795.13x10183 605.13£101.83 1266.43+16074  0.09+£001  0.08+001  0.01=0.00
ﬁ DF-PC 198.431242 8.431242 505.47+2003  0.04£000  0.04x000  0.01x000 589.07+s5.08 399.07+85.08 1275.07x16174  0.07x001  0.06x001  0.01x0.00
1000 PC-stable  209.90+5.12 19.90+5.12 400.50=540  0.04x000  0.03x000 0.00x000 22892012301 2099.20+12301 35111321225 0.31x002  0.29x002  0.02+0.00
DF-PC 190.70-0.61 0.70-£061 417471529 0.03£000  0.03x000 0.00x000  1831.33:13225  1641.33x13225  3536.07+20867  0.28+002  0.23+002  0.05x0.00
2000 PC-stable 238.10+1020 48.10+1020  430.17+1082  0.04+000  0.04+000 0.00£000 3004.07+18390  2814.07+183.00  4441.23+287.01  0.38+003  0.36+003  0.02+0.00
4 DF-PC 193.43+2.13 3.43+213 485.30+4366  0.03£000  0.03:000 0.01+000 2428.27+18953  2238.27+18053  4463.03+28554 0394004  0.32:005  0.07+0.01
5000 PC-stable 2924742045 1024742045  487.00+2154  0.06+001  0.05£001  0.00x000  4054.10+237.16  3864.10+237.16  5818.97+37136  0.51+004  0.49+004  0.02:000
DF-PC 198.40+4.70 8.40+4.70 585.50+5586  0.04=000  0.03x000 0.01x000  3310.83+26027  3120.83+26027  5829.43+369.69  0.49+005  0.40+004  0.08=+001
10000 PC-stable 388.27+33.73 1982743373  588.60+3496  0.09+001  0.09+001  0.00£0.00 4947.00+299.57  4757.004+29957  6995.67+45383  0.61+005  0.58+005  0.03+0.00
DF-PC 210.03+637 20.03+637  859.30+18620  0.05+001  0.04x000 0.01x000 4080.80+31957  3890.80+31957  7016.90+45046  0.58+005  0.48+005  0.10x001
1000 PC-stable  196.13+188 6.13£188 386.13x188  0.03x000 0.03x000 0.00x000 1274.83+73895  1084.83+73895  1544.73+73453  0.15+008  0.14x007  0.01=0.00
DF-PC 190.00--0.00 0.00--0.00 388.40+325 0.03+000  0.03x000 0.00£000  597.13+393.79 407.13+393.79 1614.53+73842  0.11x009  0.07x005  0.04+004
2000 PC-stable  198.10+240 8.10+2.40 388.20+243  0.03+000  0.03+000 0.00+000  1620.93+79367  1430.93+79367  1895.77+78833  0.19+011  0.18+011  0.01+0.00
5 DF-PC 190.10-£0.20 0.10-£020 39047371 0.03£000  0.03x000  0.00£000  754.20+42096 564.20-+429.96 1918.27+78850  0.14+011  0.08+006  0.06:£005
5000 PC-stable  207.77+4.78 17.77x478 398.07x4s51  0.03x000 0.03x000 0.00x000 2019.80+102208 1829.80x102208 2296.20x101697  0.24x0.41  0.22x011  0.01x0.00
DF-PC 190.30-+033 0.30+033 404.97+8.79 0.03+000  0.03+000 0.00+£000  977.43+564.14 787.43+564.14  2307.20+101836  0.18+011  0.11+006  0.07+0.05
10000 PC-stable  216.47+499  26.47+4.99 40693495 0.04+000 0.04x000 0.00+000 2168.87+1009.04 1978.87+100904 2445.23x100408 0.25+012  0.24+012  0.01000
& DF-PC 190.60-:0.52 0.60-£0.52 415.93x767  0.04x000  0.03x000 0.00x000 1091.77+s58817  901.77+s88.17  2546.80x106403  0.18+0.00  0.11x006  0.07+004
1000 PC-stable  197.80+1.95 7.80+195 387.80+195  0.03x000 0.03x000 0.00+000 167240426050  1482.40+26050  2201.60+25692  0.20+003  0.19+003  0.01+0.00
DF-PC 190.00-:0.00 0.00-:0.00 390.13£326  0.03£000  0.03z000  0.00+0.00 871.43 17454 681.43+7454 2321.50+36725  0.13+001  0.10:001  0.04x001
2000 PC-stable ~ 203.20+295 13.204295 39343308 0.03x000  0.03x000  0.00x000  2549.90+49891  2359.90+49891  3143.47+49005  0.31+009  0.29+008  0.01x0.00
4 DF-PC 190.40-+0.37 0.40-+037 397.93+484  0.03+000  0.03+000 0.00+000 1191.57+11803  1001.57+11803  3410.33+766.15  0.20+004  0.14+002  0.06+003
5000 PC-stable  218.33+520  28.33+520 409.47+548  0.04x000  0.04x000  0.00+000 3642.80+51409  3452.80+51400  4345.53+50931  0.44+006  0.42+006  0.02+0.00
DF-PC 191.20+0.67 1.20+0.67 419.909.18  0.03x000  0.03x000 0.00x000 1755.93+20246  1565.93+20246  4550.67+s55572 031004  0.21x002  0.09+002
10000 PC-stable  234.13+8.59 44.13+8.59 42570900  0.05£000  0.05£000  0.00£000  5090.30+s9859  4900.30+s98.59  5895.37+sss86  0.63+010  0.60x0.10  0.02+0.00
DF-PC 191.80-+0.92 1.80+0.92 448.13+1520  0.04+000  0.04+000 0.01:000 2345.27+33286  2155.27+33286  5992.80+s8481  0.42+007  0.28+004  0.14+004
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Table 5: Learning Performance for |V| = 30 with 95% confidence interval. M corresponds to sample size, and D
corresponds to average degree.

Graph D M Method Discrete Linear SEM
F1 Precision Recall SHD F1 Precision Recall SHD

1000 PC-stable 0.47+004 0.93+004 0.32+003 21.10+1.13  0.93+002 0.97+001 0.89+002  4.03+0.94
DF-PC 0.54+004 0.75+004 0.43+004 21.37+150 0.92+002 0.94+002 0.90+002 4.73+0.99

2000 PC-stable 0.61+004 0.97+002 0.46+004 16.67+122 0.94+001 0.97+001 0.92+002  3.23+082

) DF-PC 0.70+004 0.84+003 0.61+004 15.20+165 0.93+002 0.94+001 0.92+002 4.30+092
5000 PC-stable 0.78+003 0.99+001 0.65+004 10.87+108 0.96+001 0.98+001 0.95+002 2.03+0.33
DF-PC 0.80+0.03 0.86+002 0.76+004 11.10+129 0.95+001 0.96+001 0.95+002 2.70+0.584

10000 PC-stable 0.86+0.02 0.99+001 0.77+003 7.13+100 0.97+001 0.99+001 0.96+002 1.57+072

% DF-PC 0.87+002 0.88+002 0.86+003 7.70+1.17  0.95+001 0.95+002 0.96+002  2.73+0.79
1000 PC-stable 0.24+002 0.94+003 0.14+001 52.20+079 0.65+002 0.87+002 0.52+002 33.57+1.96
DF-PC 0.34+003 0.80+003 0.22+002 50.23+1.18  0.65+002 0.86+002 0.52+002 33.60+2.01

2000 PC-stable 0.35+002 0.97+002 0.21+002 47.63+1.03 0.67+002 0.87+002 0.55+002 32.13+2.01

4 DF-PC 0.47+003 0.85+003 0.33+0.02 43.80+164 0.67+002 0.86+002 0.55+002 32.37+2.01
5000 PC-stable  0.50+0.02 0.99+001 0.33+002 40.23+1.15  0.69+002 0.85+002 0.58+003 30.90+2.08
DF-PC 0.61+002 0.89+002 0.47+003 35.20+164 0.694+002 0.85+002 0.59+003 31.07+2.10

10000 PC-stable 0.59+002 1.00+0.00 0.42+002 34.87+1.17 0.70+002 0.84+002 0.60+0.03 30.90+2.18
DF-PC 0.71+0.02 0.93+001 0.58+002 28.03+166 0.70+002 0.84+002 0.60+003 31.00+2.22

1000 PC-stable 0.28+003 0.78+007 0.17+002 24.80+084 0.90+003 0.98+001 0.84+005 5.07+1.42
DF-PC 0.32+004 0.61+006 0.22+003 26.17+1.19  0.89+003 0.93+002 0.85+005 5.90+1.61

2000 PC-stable 0.40+003 0.87+003 0.26+003 21.90+077 0.93+003 0.97+001 0.89+004 3.87+132

) DF-PC 0.43+004 0.70+005 0.32+003 23.20+106 0.914+003 0.93+002 0.90+004 4.83+147
5000 PC-stable 0.51+005 0.91+004 0.36+004 19.00+124 0.95+003 0.98+001 0.93+004 2.63+1.28
DF-PC 0.51+004 0.72+004 0.40+004 21.40+126 0.93+003 0.95+002 0.93+004  3.50+1.29

10000 PC-stable  0.57+004 0.92+003 0.42+004 17.33+125 0.96+002 0.99+001 0.94+004 1.97+1.11

% DFE-PC 0.56+004 0.75+005 0.45+004 19.73+156 0.94+002 0.95+001 0.94+004 3.20+096
1000 PC-stable 0.24+0.02 0.89+004 0.144001 45.97+1.19 0.69+003 0.90+002 0.56+003 26.03+2.20
DF-PC 0.28+002 0.70+004 0.17+002 47.23+142 0.69+003 0.88+003 0.58+003 26.47+239
2000 PC-stable 0.32+003 0.93+003 0.19+002 43.03+140 0.71+003 0.89+003 0.60+0.03 25.03+2.20
4 DF-PC 0.34+003 0.72+004 0.23+002 44.93+175 0.71+003 0.87+003 0.61+003 25.57+2.25
5000 PC-stable 0.41+003 0.97+002 0.27+003 38.83+1.78 0.75+003 0.88+003 0.65+003 22.93+2.59
DF-PC 0.44+003 0.80+003 0.31+003 40.20+206 0.75+003 0.88+003 0.66+003 22.93+247
10000 PC-stable 0.47+003 0.98+001 0.324003 36.13+164 0.76+003 0.87+003 0.67+003 22.80+2.67
DF-PC 0.51+003 0.85+003 0.37+003 36.37+182 0.75+003 0.86+003 0.67+003 22.93+2.60
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Table 6: Computational Efficiency for |V | = 30 with 95% confidence interval. Cond. CIT denotes conditional independence
tests (|Z| > 0). Req. denotes the total number of query requests made by the algorithm. OH Time denotes the overhead time
excluding CIT time. Time metrics are in seconds.

Graph D M Method Discrete Linear SEM
Act. CIT Cond. CIT Req. Tot. Time CIT Time OH Time Act. CIT Cond. CIT Req. Tot. Time CIT Time OH Time
1000 PC-stable ~ 466.37+437 31.37+437 902.07+4.63 0.08+000  0.07+000  0.01+0.00 1335.50+124.52 900.50+124.52 2221.60+211.63 0.16+002  0.15+002  0.01+0.00
DF-PC 435.90-+0.57 0.90-+057 924.57+13.97 0.07+001  0.06+001  0.01+000  1018.43+11578 583.43+11578 2246.57+209.12  0.14x002  0.11x001  0.03+0.00
2000 PC-stable  492.63+7.71 57.63+7.7m1 929.57+822 0.08+001  0.08+001  0.01+0.00 1492.20+156.33 1057.20+156.33 2424.17+25009  0.18+003  0.17+002  0.01+0.00
5 DF-PC 437.30-+0.96 2.30+096 9924343594 0.07£000  0.06+000 0.01+000  1108.93+14384 67393114384 2455.20+25077  0.15x002  0.12+002  0.03+001
5000 PC-stable  540.97+1476  105.97+1476  980.03+15.43 0.10+001  0.09+001  0.01+0.00 1621.73+169.90 1186.73+169.90 2606.37+27032  0.19+002  0.17+002  0.01+0.00
DF-PC 440.77+1.84 5.77+154 1058.07+3939  0.08+0.01  0.07+000  0.01+000  1209.10+15436 774.10+154.36 2635.23+269.15 0.15+002  0.13+002  0.03+0.00
10000 PC-stable  588.73+24.12  153.73+2412  1031.07+2515  0.13x001  0.12+001  0.01+0.00 1709.10+202.67 1274.10+202.67 2712.70+30938  0.19:002  0.17+002  0.01+0.00
% DF-PC 445.00-+3.22 10.00-+3.22 1135.13+5889 010001 0.08+000  0.01+000  1258.37+179.95 823.37+179.95 2739.33+31455 0.16x002  0.13+002  0.03+0.00
1000 PC-stable  469.90+662  34.90+6.62 905.73+6.80 0.08+001  0.07+000  0.01+000  5076.37+272.66 4641.37+272.66 7826.20+476.07  0.70£008  0.66+007  0.0420.00
DF-PC 436.00--0.65 1.00-065 932.77+1501 0.07+001  0.06:000  0.01+000  3840.13+270.80 3405.13+270.80 7875.17+47043  0.62x007  0.52+006  0.10:0.01
2000 PC-stable  505.83+1097  70.83+10.97 9422741130 0.09+£001  0.08+001  0.01+£000  6533.43+32986 6098.43+329.86 9787.90+547.65 0.90+006  0.86+006  0.05+0.00
4 DF-PC 436.80-+1.08 1.80+1.08 1038.50+4688  0.08+001  0.07+000  0.01+000  5032.63+335.65 4597.63+335.65 9834.03+54427  0.81+£007  0.67+006  0.15+0.01
5000 PC-stable  612.57+3760 177.57+3760  1053.27+3914  0.12+001  O.11+001  0.01+000  8969.40+41559 8534.40+415.59 129348766171 1.18x010  1.12+010  0.06+0.00
DF-PC 445.50-+5.75 10.50+5.75 1401.87+20683  0.09+001  0.07+001  0.02+001 7031.07+443.94 6596.07+443.94 12985.00+66299  1.07+009  0.88+00s  0.19+0.02
10000 PC-stable  754.80+s5297 319.80+s297 1201.43+ssss  0.19+003  0.18+003  0.01+000  11143.53+s52100  10708.53+52100  15691.77+s12.06  1.32+012  1.26+0.11  0.06+0.00
DF-PC 462.87+1779  27.87+17.79  1579.07+18381  0.11x001  0.09+001  0.02+000  8806.87+565.83 8371.87+565.83 15735.40+s81087  1.22x011  1.01+009  0.21+0.02
1000 PC-stable  445.13+247 10.13+247 880.13+247 0.07+001  0.07+001  0.01+000  2556.57+s72.10 2121.57+s72.10 3111.93+86708 030011 0.29+010  0.02+0.00
DF-PC 435.00-£0.00 0.00-+0.00 884.53+4.47 0.07+001  0.06+000 0.01+000  1150.57-+440.04 715.57 +440.04 3693.63+1217.71 026014 0.15+008  0.11+0.06
2000 PC-stable  450.80+3.23 15.80+3.23 885.87+327 0.07+000  0.07+000  0.01+000  3476.93+1079.76  3041.93+1079.76  4045.20+107229  0.40+012  0.38+0.11  0.02+0.00
5 DF-PC 435.10-+0.20 0.10+0.20 895.00+721 0.07+000  0.06+000 0.01+000  1430.67+561.36 995.67+561.36 4476.40+119995  0.30x012  0.16+006  0.14+0.06
5000 PC-stable  464.23+557 29.23+587 899.80-+5.90 0.08+001  0.08+000  0.01+000  4497.67+121221 4062.67+121221 5074.87+1203.44  0.55+015  0.52+0.14  0.02+0.00
DF-PC 435.60-£0.44 0.60=+0.44 921.83+1640  0.08:x000  0.07x000 0.01+000  1919.70+671.22 1484.70+671.22 5334.67+131396  0.42x0.15  0.23+008  0.19+0.07
10000 PC-stable  471.80+6.10  36.80+6.10 908.20-+6.26 0.09+000  0.08+000  0.01+000  4663.20+1193.91  4228.20+119391  5241.93+1183.43  0.53x014  0.51x013  0.02+0.00
& DF-PC 436.60-:0.68 1.60=0.68 922.93+897 0.09+000  0.08+000 0.01+000  2097.53+737.54 1662.53+7375¢ 571847131337 0.41x016 023009  0.18+0.07
1000 PC-stable ~ 453.60+4.06 18.60-£4.06 888.83+4.17 0.07+001  0.07+000  0.01+000  3421.53+759.34 2986.53+75934 4538.50+77031  0.41x010  0.39+009  0.02+0.00
DF-PC 435.30+033 0.30+033 896.97+754 0.08+001  0.07+001  0.01+000  1714.07:£136.20 1279.07+136.20 4973.37+856.83 0.29+005  0.20+002  0.09+0.04
2000 PC-stable  464.33+5.65 29.33+5.65 899.90+5.85 0.08+001  0.07+000  0.01+000  5415.07+1627.60  4980.07+1627.60  6694.00+163352  0.65+019  0.62+018  0.03+001
4 DF-PC 435.57+048 0.57+048 909.83+8.82 0.08+001  0.07+001  0.01+000  2417.70+£194.84 1982.70-+194.54 6994.80+163673  0.43+010  0.28+003  0.15+009
5000 PC-stable  484.37+9.76 49.37+976 920.43+1009  0.09+001  0.08+001  0.01+000  8081.00+126305  7646.00+1263.05  9605.27+129676  1.03+020  0.99+0.19  0.04+0.01
DF-PC 436.50-+0.73 1.50+0.78 952.33+1824  0.08+001  0.07+001  0.01+000  3810.20+452.20 3375.20+452.20 9850.43+133475  0.66+012  0.46+007  0.21+007
10000 PC-stable  505.67+11.16 ~ 70.67+11.16 942.80+11.73 0.11+001  0.10+001  0.01+000 11660.00+2018.18  11225.00+2018.18  13368.53+202336  1.41x025  1.36+024  0.06+001
DF-PC 438.27+181 3.27+151 990.77+2799  0.09+001  0.08+001  0.01+000  5202.20:+691.91 4767.20+691.91 1379193120118 0.92+0.15  0.61+009  0.30+0.08
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C.2.2 Nonlinear Experiments Results

Table 7: Nonlinear Causal Discovery Performance using KCI Test (|V| = 10, M = 1000). Mean with 95% confidence

interval.

Graph Method F1 Precision Recall SHD Cond. CIT  Tot. Time (s)

ER PC-stable 0.85+005 0.97+002 0.77+006 2.50+061 77.33+14.44 66.37+11.70
DF-PC 0.86+005 0.94+002 0.80+006 2.47+061 43.90+11.56 39.00+9.48

SF PC-stable 0.85+005 0.99+001 0.77+007 2.07+059 52.50+10.56 45.26+8.97
DF-PC 0.85+005 0.97+002 0.78+007 2.10+065 15.47+572 12.95+4.20

Efficiency in Computationally Expensive (Nonlinear) Testing Table 7 presents the results for nonlinear additive noise
models using the KCI test. The high computational cost of KCI highlights the practical advantage of DF-PC’s deductive
framework. In these high-latency CIT regimes, the total execution time is predominantly determined by the number of
statistical tests rather than algorithmic complexity. DF-PC reduced the total execution time by up to 71% in Scale-Free
networks (from 45.26s to 12.95s), directly corresponding to a proportional reduction in KCI calls. Notably, the computational
overhead introduced by the recursive logical inference remains negligible compared to the massive efficiency gains achieved
by pruning redundant CITs. This makes DF-PC particularly promising for modern causal discovery tasks where complex
data structures necessitate the use of heavy kernel-based or exact tests, as it maintains structural accuracy while drastically

lowering the computational barrier.
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C.2.3 Best- and Worst- Case Scenario Analysis

&

O O

(a) Collider Hub (Best) (b) Source Hub (Worst)

Figure 5: Structural motifs used for boundary analysis.

Table 8: Performance on Extreme Causal Hubs (|V| = 11, M = 2000).

Structure Method F1  Total CIT Time (s)
. PC-stable 1.00 5165.10 0.60
ColliderHub e pe 100 5530 0.13

PC-stable 1.00  5210.80 0.57

Source-Hub DF-PC 1.00 5210.80 0.87

Performance under Structural Extremes To identify the theoretical and empirical boundary conditions of DF-PC, we
evaluated the algorithm on two extreme topologies (Fig. 5 and Table 8).

Collider Hub (Best Case): As theoretically predicted, DF-PC achieves a near-total reduction in statistical query complexity.
While PC-stable requires 5,165 tests to exhaustively search all conditioning sets in this dense structure, DF-PC identifies the
identical skeleton using only 55.3 tests—a 98.9% reduction.

Source Hub (Failure Case): In environments where the discovered independence relations are structurally insufficient to
trigger deductive inference (i.e., the absence of prerequisite outcomes for our deduction rules), DF-PC’s execution naturally
converges to that of PC-stable. In this Source-Hub scenario, both algorithms perform the same number of statistical tests
(5,210.8). Consequently, as shown in Table 8, DF-PC incurs a marginal increase in total execution time (from 0.57s to 0.87s).
This reflects the inherent logical overhead of evaluating potential deductions before falling back to statistical testing in a
query-exhausted environment. This demonstrates that while DF-PC provides massive gains in deducible environments, it
maintains robust performance by gracefully reverting to standard procedures, albeit with a minor computational cost for the
logic engine.
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C.2.4 Sensitivity to Significance Level

Table 9: Sensitivity Analysis of Significance Level « (|[V| = 40, M = 5000).

« Method F1  Total CIT Time (s)

PC-stable 0.93  3090.00 0.44
DF-PC 0.87 1976.40 0.34

PC-stable 0.95  2674.90 0.42

0.05

001 pppc 094 176940 029
ooy PCstable 096 248560 032

: DF-PC 095 170120 024
0000 PCstable 096 237340 033

DF-PC 0.96 1651.00 0.21

Stability across Significance Levels (o) The sensitivity analysis (Table 9) reveals that DF-PC consistently maintains
its efficiency advantage across all tested levels of a. While both PC-stable and DF-PC are susceptible to False Positive
(FP) errors under finite samples, the impact of FPs can be pronounced in a deductive framework [Faller and Janzing,
2025]. In DF-PC, each individual CIT outcome carries significantly more "weight" as it also serves as a logical premise for
multiple downstream inferences; thus, a single spurious result can potentially "poison" the deductive chain. Consequently,
applying conservative significance levels (e.g., « = 0.001 or 0.0001) is not only reasonable in the context of multiple
testing in structure learning [Li and Wang, 2009, Strobl et al., 2019] but also critical for maintaining logical consistency of
deductive framework. As shown in Table 9, at the most stringent level (o« = 0.0001), DF-PC achieves its peak F1-score
(0.96) while delivering a 30.4% reduction in CIT calls. These observations suggest that the deductive approach of DF-PC
can be effectively paired with strict statistical thresholds to improve both performance and efficiency of discovery tasks in
various settings.
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C.2.5 Scalability Experiments

Table 10: Scalability Benchmark for | V| = 100 (Linear SEM, M = 1000, « = 0.001). Mean with 95% confidence interval

over 30 trials.

Graph D  Method F1 Precision  Recall SHD Act. CIT Cond. CIT Req. Tot. Time
> PC-stable  0.94+001  0.99+000 0.90+002 11.20+1.66 9212.93+377.98 4262.93+377.98 15822.53+571.06  1.18+0.08

ER DF-PC 0.94+001  0.97+001  0.90+001  12.13+1.56 7268.70+272.59 2318.70+272.59 15930.43+571.73  1.11+0.08
4 PC-stable 0.68+001 0.91+001 0.55+002 101.53+382 40839.73+201652  35889.73+2016.52  62272.03+3331.70  5.62+0.51

DF-PC 0.69+001  0.90+001 0.56+002 100.77+387 26069.37+1543.18 21119.37+1543.18  62614.47+3337.61  3.79+0.31

2 PC-stable 0.87+0.02 0.99+000 0.78+0.03  19.87+2.69 9643.13+1311.04 4693.13+1311.04  14941.07+1300.14  1.5240.25

SF DF-PC 0.88+002 0.96+001 0.81+003  19.83+261 5798.17+219.72 848.17+219.72 16401.40+148266  1.28+0.23
4 PC-stable 0.71+002 0.96+001 0.56+002  77.47+444 14566.50+899.23 9616.50+899.23 22448.10+969.26  1.78+0.11

DF-PC 0.72+002  0.94+001 0.58+002  76.67+4.42 9179.07+377.23 4229.07+377.23 23143.07+1058.00  1.31+0.07

As the number of variables increases to N = 100, the search space for conditioning sets grows exponentially, posing a
significant challenge to both the efficiency and accuracy of constraint-based algorithms. Table 10 summarizes the results for
|V| = 100 variables under a strict significance level (ac = 0.001).

Sustained Efficiency Gains in High Dimensions DF-PC demonstrates remarkable scalability, particularly in denser graph
regimes. For Erd6s-Rényi (ER) graphs with D = 4, DF-PC reduced the total number of actual CIT calls from 40, 839 to
26, 069, representing a 36.1% reduction. Similar gains were observed in Scale-Free (SF) networks, with a 37.0% reduction
in CIT calls (14,566 — 9,179) for D = 4. This reduction is primarily driven by the deduction engine’s ability to prune
redundant high-order conditional queries, which are computationally expensive.

Execution Time and Computational Overhead Despite the increased complexity of managing the deduction cache and
logical rules for 100 variables, the total execution time of DF-PC remained consistently lower than that of the baseline. In
the D = 4 ER case, the total wall-clock time was reduced by 32.6% (from 5.62s to 3.79s). The marginal overhead of the
deduction logic is effectively amortized by the significant savings in statistical testing time, showing that DF-PC can be
better suited for large-scale causal discovery.

Structural Accuracy and Stability In terms of structural recovery, DF-PC maintains near-perfect parity with or slightly
outperforms the baseline. For D = 4 ER graphs, DF-PC yielded an F1-score of 0.69 compared to the baseline’s 0.68,
and achieved a similar SHD (100.77 vs 101.53). At the strict significance level of & = 0.001, the deduced-first strategy
successfully avoided the accumulation of statistical errors that typically plague large-scale discovery, demonstrating that
logical consistency remains a reliable constraint even in high-dimensional search spaces.
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C.2.6 Semi-Synthetic Data Experiments

Table 11: Semi-Synthetic Network Benchmarks: Barley (|V| = 48) and Mildew (] V| = 35). Mean with 95% confidence
interval over 30 trials.

Dataset M  Method Fl1 Precision ~ Recall SHD Act. CIT Cond. CIT Req. Tot. Time
2000 PC-stable  0.68+001 0.97+001 0.524001 41.60+077 6675.07+10329  5547.07+10329 10018.27+13785  1.37+0.04

Barley DF-PC 0.674+001  091x001  0.53+001 44.07+100  4904.90+77.78 3776.90+77.78  10669.93+156.13  1.14+0.02
5000 PC-stable  0.76+001 0.97+000 0.62+001 33.27+078 11007.63+173.99 9879.63+173.99 16162.27+236.19  2.63+0.06

DF-PC 0.754+001  0.93+001  0.63+001 35.13+085 8404.03+15142  7276.03+15142 16892.50+266.95  2.17+0.06

2000 PC-stable  0.77+001  0.94+001 0.65+001 17.83+079  2504.03+6544 1909.03+65.44 4248.80+86.13 2.65+0.64

Mildew DF-PC 0.79+001  0.89+002 0.71+001 17.27+109  2105.13+5455 1510.13+54.55 4553.83+98.40 2.2140.55
5000 PC-stable 0.85+001 0.97+001 0.75+001 12.30+053  3521.70+60.58 2926.70+60.58 5670.33+78.76 4.70+0.88

DF-PC 0.85+001  0.93+001  0.79+001  12.37+0.67 2838.97+49.74 2243.97 +49.74 5964.33+94.79 4.10+0.76

We evaluate the practical performance of DF-PC on two well-known benchmarks with complex structural dependencies:
Barley (48 nodes, 84 edges) and Mildew (35 nodes, 46 edges). Table 11 summarizes the performance across different sample
sizes (M € {2000, 5000}).

Efficiency in Semi-Synthetic Environments Across all real-world configurations, DF-PC consistently reduces the
computational burden of causal discovery. In the Barley benchmark, DF-PC achieved a significant reduction in statistical
query complexity, dropping the actual CIT calls by 26.5% for M = 2000 (from 6,675 to 4,904) and 23.6% for M = 5000.
This reduction in statistical overhead translated into a 16—17% improvement in total execution time. Similarly, in the
Mildew dataset, the number of statistical tests was reduced by approximately 16% to 19%. These results confirm that
the "Deduced-First" strategy remains effective in pruning redundant tests even when variable cardinalities and structural
complexities increase.

Structural Accuracy under Realistic Dependencies The structural discovery performance of DF-PC is generally
comparable to that of the baseline PC-stable. In the Mildew dataset (M = 2000), DF-PC showed a marginal improvement in
Fl-score (0.79 vs 0.77) and SHD (17.27 vs 17.83), suggesting that logical consistency constraints can occasionally prevent
premature edge deletions under certain sample distributions. However, in the Barley dataset, DF-PC yielded slightly higher
SHD values compared to the baseline. These observations indicate that while logical deduction efficiently reduces the
test budget, its accuracy is closely tied to the reliability of the initial statistical findings in complex categorical domains.
Importantly, DF-PC maintains a narrow performance gap relative to the baseline across both datasets, demonstrating its
utility as a more efficient alternative that reaches a similar structural maturity with a significantly lower CIT budget.
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C.2.7 Baseline Comparison with PC with deduce-dep Results

The baseline comparison results involving PC-stable, PC with DEDUCE-DEP, and DF-PC are illustrated in Figure 6 (F1
score comparison) and Figure 7 (count of performed CITs).
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Figure 6: F1 Score Comparison. F1 score for various algorithms across ER and SF graph topologies with discrete and linear
Gaussian data. The experiments are conducted with 20 nodes, 5000 samples, and an average degree of 4. Bars represent the
mean across 30 independent trials with unique random seeds, and error bars indicate the 95% confidence interval (CI).

Analysis of Baseline Comparison As shown in Figures 6 and 7, DF-PC significantly outperforms both PC-stable and
PC with DEDUCE-DEP in terms of the number of bypassed CITs. Specifically, for discrete data, DF-PC bypasses 315.15
CITs on average, which is about 70% more than the 185.13 CITs bypassed by PC with DEDUCE-DEP. In linear SEM data,
DF-PC bypasses 2,396.88 CITs, nearly doubling the savings of PC with DEDUCE-DEP (1,286.95). In terms of accuracy
(Figure 6), DF-PC demonstrates a higher F1-score (0.549) on discrete datasets compared to PC-stable (0.455) and PC with
DEDUCE-DEP (0.480), showcasing the robustness of the "Deduced-First" logic against the cascade of statistical errors.
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Figure 7: Count of Performed CITs. The number of Conditional Independence Tests (CITs) executed by each algorithm.
The setup uses 20 nodes, 5000 samples, and an average degree of 4. Error bars indicate the 95% CI calculated over 30 trials.
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C.2.8 High-Density Stress Test Results

To investigate how DF-PC performs under high-density regimes, the F1 score and CIT counts for average degree D = 6 are
visualized in Figure 8 and Figure 9.
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Figure 8: Performance in High-Density Settings (F1). F1 score on graphs with 30 nodes, 5000 samples, and an average
degree of 6. Error bars represent 95% CI across 30 independent trials.

High-Density Performance Analysis Under high graph density (D = 6), DF-PC exhibits a significant advantage in query
complexity (Figure 9). In linear SEM datasets, DF-PC performed 14,891.90 CITs on average, bypassing 9,269.33 tests,
whereas PC-stable performed 16,568.23 CITs, bypassing only 7,546.70. Moreover, in discrete datasets, DF-PC secures a
substantial F1-score improvement (0.416 vs. 0.319) along with a lower SHD (62.617 vs. 66.767), as shown in Figure 8. This
indicates that the logical pruning mechanism scales well and maintains robustness even when the causal graph is dense and

highly connected.
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Figure 9: CIT Counts in High-Density Settings. Total performed CITs for 30 nodes and 5000 samples with an average
degree of 6. Error bars denote 95% CI based on 30 trials.
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C.2.9 Runtime Scaling Results

The execution time scaling across node counts and graph density is plotted in Figure 10 and Figure 11.
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Figure 10: Runtime Scaling across Node Counts. Total execution time in seconds as the number of nodes IV scales from
20 to 50, with an average degree of 3 and 5000 samples across Linear SEM data. Markers indicate the mean, and error bars
represent the 95% CI over 30 trials.
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Figure 11: Runtime Scaling across Graph Density. Execution time as the average degree d scales from 2 to 6 for a 30-node
graph with 5000 samples in Linear SEM data. Error bars indicate 95% CI across 30 independent trials.

Runtime Efficiency and Scalability As shown in Figures 10 and 11, DF-PC consistently achieves lower execution times
compared to PC-stable. Under the node scaling scenario (Setup A), DF-PC reduces the total runtime to 2.082 seconds
on average (a 19.4% speedup) while maintaining a nearly identical F1-score (0.726 vs. 0.729). Under the density scaling
scenario (Setup B), DF-PC scales to 2.982 seconds on average (a 13.6% speedup) while PC-stable requires 3.451 seconds.
The runtime reduction is directly attributed to the larger number of bypassed CITs, showcasing the efficiency of logic-based
causal inference.
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C.2.10 Oracle CIT Skip Analysis Results

To evaluate the theoretical limit of DF-PC’s deduction rules without the interference of statistical errors, we analyzed the
bypass rates across conditioning set sizes (|Z]). The skip analysis results across node scaling and density scaling are plotted
in Figure 12 and Figure 13.
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Figure 12: CIT Skip Analysis across Node Counts. Decomposition of CIT requests categorized by conditioning set size
|Z| for ER graphs with an average degree of 3 using an oracle CIT. Requested CITs denotes total tests requested by the
algorithm, Performed CITs denotes tests actually run by DF-PC, and Bypassed CITs denotes tests skipped via logical
deduction. Error bars indicate 95% CI based on 30 seeds.
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Figure 13: CIT Skip Analysis across Graph Density. Categorized CIT counts as graph density increases from average
degree 2 to 5 for an ER graph with 20 nodes using an oracle CIT. Error bars indicate 95% CI across 30 trials.

Savings across Conditioning Set Sizes Under the node scaling scenario (Setup A with N = 40, D = 3, see Figure 12),
the oracle tracker reveals that out of 10,867.8 requested queries at level |Z| = 1, DF-PC bypasses 6,565.93 tests. At level
|Z| = 2, out of 20,228.77 requested queries, DF-PC bypasses 8,668.03 tests. Under the density scaling scenario (Setup B
with N = 20, D = 5, see Figure 13), DF-PC bypasses 2,664.97 tests at level |Z| = 1 (out of 4,914.73 requested), 9,781.27
tests at level |Z| = 2 (out of 23,403.3 requested), and 15,406.03 tests at level |Z| = 3 (out of 56,552.4 requested). These
findings indicate that the deduction engine’s savings grow exponentially in denser graphs and higher conditioning levels,
verifying the theoretical limits.
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C.2.11 Robustness against Low-Order CIT Errors Results

We evaluate the sensitivity of DF-PC’s logical propagation by injecting artificial errors into low-order oracle CIT results, as
illustrated in Figure 14.
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Figure 14: Robustness against Low-Order CIT Errors. F1 score when random errors with rate p are injected into low-order
oracle CITs (] Z| < 1) for a graph with 20 nodes and an average degree of 3 in an ER topology. Error bars indicate 95% CI
derived from 30 independent trials.

Analysis of Logical Stability Figure 14 highlights a key trade-off of logical deduction propagation. At low error rates
(p < 0.05), DF-PC exhibits superior F1-scores compared to PC-stable. For example, at p = 0.01, DF-PC yields an F1-score
of 0.888 (vs. 0.863) and a lower SHD of 6.933 (vs. 8.133), suggesting that global logical consistency rules can filter out
isolated statistical noise. However, under high error rates (p > 0.10), erroneous low-order results propagate through the
deduction rules, resulting in higher SHD for DF-PC (32.433 vs. 29.500 at p = 0.10). PC-stable, lacking logical propagation,
produces a sparser network under high noise, leading to slightly lower SHD but very low Fl-scores. This demonstrates that
DF-PC is highly robust and beneficial in realistic noise regimes (p < 0.05).
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