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Abstract

Counterfactual fairness is a rigorous criterion for
algorithmic decision-making but remains funda-
mentally unidentifiable from observational data
alone. Existing partial identification methods ad-
dress this by deriving bounds for fairness measures;
however, these intervals are often wide, limiting
their practical utility. To address this limitation, we
propose a framework that quantifies the probability
that a black-box model satisfies counterfactual fair-
ness, under a stated prior over the structural causal
models compatible with the observed data. By ex-
ploiting conditional independencies to reduce the
parameter space, we demonstrate that the set of
causal parameters compatible with the observed
data forms a convex polytope. We further show
that, given domain-specific priors on exogenous
distributions, this prior-dependent probability can
be estimated via Hit-and-Run Monte Carlo inte-
gration. Our approach provides a practical tool
that complements worst-case bounds, offering a
prior-dependent probabilistic summary for audit-
ing model fairness.

1 INTRODUCTION

Machine learning techniques are increasingly applied in
decision-making processes. Their widespread adoption has
spurred a growing interest in ensuring that these systems
make fair and transparent decisions [[Caton and Haas|, 2024].
Poorly designed models may inadvertently learn biases
present in the training dataset, leading to unintended dis-
crimination. These concerns about fairness in machine learn-
ing have prompted extensive research into defining [Dworkl
et al.,[2012, Hardt et al., 2016, Kilbertus et al., 2017, [Kus+
ner et al., 2017], evaluating [|Chouldechoval, 2017} |Speicher
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et al.,[2018,Wu et al.,|2019b},2023|], and ensuring fairness
[Kamishima et al., |2012| [Kleinberg et al.l 2017} |Corbett}
Davies et al., [2023| Zemel et al., |[2013| [Zafar et al.,[2017] in
machine learning models.

Counterfactual fairness, introduced by Kusner et al.| [2017]],
is a fairness criterion that formalizes discrimination within
a causal framework. Unlike group-based metrics, it is an
individual-level criterion [Silva, [2024] that compares the
decision outcome of an individual’s hypothetical ‘what-if”
situation with the observed factual outcome. Formally, a
decision process is considered counterfactually fair if the
outcome remains unchanged even when the sensitive at-
tribute (such as gender, age, or race) of an individual has
been hypothetically altered. For instance, a hiring decision
made by an Al model is considered counterfactually fair
with respect to the gender attribute if the outcome for a hired
applicant would remain unchanged if the applicant’s gender
were different.

However, certifying the counterfactual fairness of opaque
black-box models presents fundamental challenges because
of the difficulty in inferring counterfactual quantities that
are fundamentally unobservable. Indeed, Pearl’s Causal
Hierarchy |Pearl, 2009] establishes that many critical coun-
terfactual distributions are theoretically unidentifiable, even
with complete knowledge of observational and experimental
distributions. In such cases, the counterfactual distribution
is not uniquely determined. Consequently, establishing a
single ground truth for fairness evaluation is generally not
possible without further assumptions.

To address this unidentifiability, recent works have focused
on partial counterfactual identification, which bounds coun-
terfactual probabilities within a finite interval across all
compatible Structural Causal Models (SCMs). Balke and
Pearl| [1994a] introduced a method for partial identification
based on the discretization of exogenous variables in Instru-
mental Variable (IV) settings, which was later generalized
to canonical SCMs by [Zhang et al.|[2022]. Building on this,
Wau et al.|[2019alb] adopted discretization to derive bounds
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for counterfactual predictions, proposing these bounds as a
measure for assessing counterfactual fairness. Related nu-
merical, symbolic, and credal approaches to counterfactual
bounding include Duarte et al.|[[2024]], [Sachs et al.|[2023],
and |Zaffalon et al.| [2024].

While these interval-based approaches provide theoretical
bounds, they often yield ambiguous practical interpretations.
Wide bounds can render the fairness assessment inconclu-
sive, leaving decision-makers without a clear verdict. Moti-
vated by this limitation, we propose a systematic framework
to quantify the probability that a black-box model satisfies
counterfactual fairness as a post-hoc auditing metric for
a fixed predictor. Adopting the standard assumption of a
known causal graph while allowing for arbitrary unobserved
confounders [Wu et al.| 2019b]], we first parameterize the
causal model using the canonical Structural Causal Model
framework [Zhang et al, |2022]] and identify the set of pa-
rameters that satisfies the fairness criterion. We show that
the target probability can be estimated by Monte Carlo inte-
gration, incorporating domain-specific priors on the exoge-
nous distribution. Our work complements interval-based ap-
proaches from prior studies by estimating a prior-dependent
probability that a model is counterfactually fair.

Related Work |Kusner et al.| [2017]] introduced the con-
cept of counterfactual fairness and showed that the variables
that are causally affected by the sensitive attribute are the pri-
mary factors hindering counterfactual fairness. Subsequent
research has expanded on this work by decomposing coun-
terfactual fairness into path-specific components [Zhang and
Bareinboim, 2018|], removing unfairness from data [Nabi
and Shpitser} 2018]], defining path-specific variations [Chi{
appa, 2019}, or proposing new fairness notions based on
counterfactuals [[Coston et al.,[2020, Mishler et al., 2021]].

Additionally, several studies have focused on adapting data
or generating counterfactual samples to train counterfac-
tually fair models [Plecko and Meinshausen), 2020, Both{
mann et al.} 2023} [Ma et al.} 2022|2023 |Garg et al.,[2019,
Mostatazadeh Davani et al.,[2021] [Dinan et al., 2020, Maud{
slay et al.l 2019, |[Cheong et al., [2023| [Zuo et al.| 2023],
including path-specific probability-valued unfairness mea-
sures [Chikahara et al.| 2021]]. Our work is closely related
to studies on the partial identification of counterfactual pre-
dictions. [Wu et al.|[2019al] pointed out that the unprotected
attributes that causally affect the prediction cause unidentifi-
ability of counterfactual quantities and proposed the coun-
terfactual prediction bounds in cases without unobserved
confounders. Later,|[Wu et al.|[2019b] applied the response-
variable framework from Balke and Pearll [|[1994al] to derive
bounds for path-specific counterfactual predictions. Recent
bounding frameworks further develop numerical, symbolic,
and approximate bound computation for discrete counter-
factual queries [Duarte et al. 2024} Sachs et al.| |2023| |Zaf}
falon et al., 2024]. Recently, Rho et al.|[2025]] proposed a

Bayesian approach to bound counterfactual fairness mea-
sures. In contrast to training-time or posterior-bound ap-
proaches, our framework reports a prior-dependent proba-
bility of counterfactual fairness over observationally com-
patible SCMs for a fixed predictor.

Crucially, while these prior works concentrate on delineat-
ing the range of possible counterfactual outcomes, they do
not quantify the likelihood of fairness within those bounds.
Our research complements this line of work by estimating a
prior-dependent probability that a model satisfies counter-
factual fairness, providing an additional summary beyond
intervals alone.

Relation to partial-identification bounds Our frame-
work differs from partial-identification methods in the type
of object it returns. Numerical, symbolic, and credal bound-
ing methods—Duarte et al.|[2024]] via polynomial programs,
Sachs et al.|[2023]] via symbolic bounds reducible to lin-
ear programs, and Zaffalon et al.[[2024] via credal-network
inference—all return an interval of possible values for a
counterfactual quantity, answering “what are the smallest
and largest counterfactual values consistent with the data?”.
In contrast, we place a prior over the polytope of compati-
ble SCMs and integrate (Lemmad), returning a probability
measure that answers “how likely is the predictor counter-
factually fair under the stated prior?”. The two views are
complementary: when a worst-case bound is wide, a prior-
dependent probability measure quantifies how the risk of
counterfactual unfairness varies across the values within
that bound under the stated prior, and therefore provides an
additional, complementary summary.

Contributions In summary, our main contributions are
threefold. First, we introduce a novel metric that quantifies
the probability of a black-box model satisfying counterfac-
tual fairness, moving beyond worst-case intervals. Second,
we demonstrate that the feasible parameter space of compat-
ible canonical SCMs forms a convex polytope, and by ex-
ploiting conditional independencies via C-parameterization,
we reduce the dimensionality of the inference problem.
Third, we translate these findings into an executable au-
diting scheme, showing that standard Hit-and-Run MCMC
can evaluate the fairness probability over this polytope.

2 PRELIMINARIES

In this section, we review fundamental concepts and nota-
tions used throughout the paper.

Notation We denote random variables by uppercase letters
(e.g., X) and their realizations by lowercase letters (e.g., x).
Sets of variables are denoted by boldface uppercase letters
(e.g., X), and their cardinality by |X|. The domain of a vari-
able X is denoted by Qx and its cardinality by |Q2x|. For
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finite domains, we enumerate values as {z(1), ..., z(19xD},
We use standard graph-theoretic terminology (parents, an-
cestors, descendants). The indicator function |(E) equals 1
if E is true, and O otherwise.

Structural Causal Models (SCMs) We adopt the SCM
framework [Pearl, 2009]. An SCM is a tuple M =
(U, V,F, P(U)), where U is a set of variables exogenous
to the model, and V is a set of endogenous variables whose
values are determined by other variables in the model. F
is a set of deterministic functions {fy }vev, where each
value v = fy (pay,uy) is determined by values of its en-
dogenous parents Pay C V \ {V'} and exogenous parents
Uy C U. For a set of variables W C V, we denote the
set Uy cw Pav and Uy, o Uy as Paw and Uw respec-
tively. The distribution P(U) defines the stochasticity of
the model. Each SCM induces an acyclic directed mixed
graph G where a directed edge V; — Vj exists if V; € Pay,,
and a bidirected edge V; <> V; exists if Uy, and Uy, are sta-
tistically dependent, i.e., share a common exogenous source
(unobserved confounding). Throughout, we do not restrict G
to be simple: bidirected edges between any pair of endoge-
nous variables, including between an observed covariate and
the deployed predictor, are allowed and are central to the
auditing setting (see Figure|I)).

Interventions and Counterfactuals The SCM frame-
work provides systematic methods for inferring interven-
tional and counterfactual distributions. An intervention on a
subset of variables X, denoted by do(x), is defined as replac-
ing the original causal mechanisms X = fx(Pax,Ux)
for X € X with fixed values = € x. This transforms the
original causal model M into a modified submodel M.
Graphically, the submodel M induces subgraph G, where
all incoming edges onto X € X are deleted and X is fixed
to the value x. For a specific context (or “unit”) u, the po-
tential response of Y under intervention do(x) is denoted
as Yx(u). The counterfactual variable Yy is the random
variable Y generated in M. The event Yx = y (simply
Vx) can be interpreted as "Y being y had X been x". For
Y, X, Z C V, the counterfactual probability P(yx,x’,) is
defined as below:

P(yx,x'z) = /Q I(Yx(u) =y)1(Xz(u) = x') dP(u).

For a comprehensive treatment of SCMs, see [Pearl, 2009].

Bidirected edges in G partition V into disjoint sets called
C-components [Tian and Pearl, 2002].

Definition 1 (C-component). For an arbitrary causal graph
G, a C-component C is the set of endogenous variables
C C V such that for any pair of variables V;,V; € C, V;
and V;; are connected by a bidirected path. A C-component
C is maximal if there exists no other C-component that
includes C.

Tian and Pearl [2002] introduced a factorization of proba-
bilities based on C-components.

Definition 2 (Q)-factor). For a given causal graph G, obser-
vational distribution P(V) and a set of endogenous vari-
ables W, a Q-factor QW] (w, payy ) is defined as follows:

Q[W](W7paW) =
> Pluw) [] Wt (pay, uy,) = ).
uw V,eW

In this paper, we will shorten Q[W](w, pay ) to Q[W]
for readability. Note that QW] = P(w | do(paw)) by
definition. Tian and Pearl [2002]] showed that the observa-
tional distribution P(V) can be decomposed into products
of Q-factors of C-components, and those ()-factors can also
be expressed as a product of conditional probabilities.

Lemma 1 (Q-factorization). Let {Cy,...C,,} be the set
of all maximal C-components and let a topological order
over Vbe Vi < ... < V,. Let VU=D denote the set of
variables preceding V; in the topological order. Then,

P(v) = HQ[Cz‘L
QCi= [ P |vU=Y).

V;eC;

Canonical SCM and Partial Identification Counterfac-
tual queries are often non-identifiable from observational
data. Balke and Pearl|[[1994a] addressed this by discretizing
exogenous variables according to their functional impact
on endogenous variables, thereby bounding counterfactual
probabilities. |Zhang et al.| [2022] generalized this approach
to arbitrary causal graphs with discrete endogenous vari-
ables, introducing the Canonical SCM.

Definition 3 (Canonical Structural Causal Model). An
SCM (U, V,F, P(U)) is said to be a canonical SCM if

1. For every endogenous V. € 'V, its values are con-
tained in a discrete finite domain )y, . For every exoge-
nous Uy, € U, its values are contained in the domain
Qu, = {ug,l), ... ,u&}w)} where my = |QV\|QPav‘

2. For every endogenous V. € 'V, its value is given as

v = gg“’)(pav) where gg/"‘/) € (Qpay, — Q).

Zhang et al.|[2022] proved that Canonical SCMs can rep-
resent all counterfactual distributions in discrete settings.
Consequently, computing the tightest bounds for any coun-
terfactual probability can be formulated as a polynomial op-
timization problem over the finite parameters of the Canoni-
cal SCM.
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Counterfactual Fairness One prominent application of
such counterfactual reasoning lies in algorithmic fairness.
Kusner et al.| [2017] first proposed the concept of a coun-
terfactually fair predictor. This notion requires that the pre-
dictor’s outcome Y remains unchanged in a counterfactual
scenario where the sensitive attribute S is altered, given the
observed features. For simplicity, throughout this paper, we
assume S to be binary. Let X := V \ {S, Y} denote the
observed non-sensitive covariates used in the fairness query.
The realization x in Definitiondlis the full individual-level
feature vector, not a strict subset.

Definition 4 (Counterfactually fair predictor). Given a fac-
tual observation X = x and S = s with P(x,s) > 0, the
counterfactual effect of an intervention S = —s on the
predictor Y = 1 is defined as follows:

CE(Sa -8 | X;?j) = P(@ﬁs | X, 5) - P(:g | X, 5)

The predictor Y is said to be counterfactually fair if
CE(s,—s | x;9) = 0 for all §,x, s with P(x,s) > 0.

Achieving exact counterfactual fairness requires the factual
prediction probability P(§ | x,s) to be identical to the
counterfactual probability P(g-s | x,s), which is often
practically unachievable. To address this, |Wu et al.|[2019b]
introduced T-counterfactual fairness, a relaxed version that
allows the probability of the prediction outcome Y to deviate
from perfect counterfactual fairness by at most 7.

Definition 5 (7-Counterfactually fair predictor). A predictor
Y is said to be T-counterfactually fair if for all x, 3, s with
P(x,s) > 0:

|CE(s,—s | x;9)| < .

Positivity Throughout, we adopt a strict positivity as-
sumption on the observed covariates and sensitive attribute:
P(x,s) > 0 forevery x € Qx and s € Qg. This ensures
that the conditional distributions appearing in our observa-
tional constraints are well defined and that every counterfac-
tual query conditions on an event of positive probability. The
assumption places no restriction on the predictor mechanism
Y, which may be randomized or deterministic.

In our setting, we allow bidirected edges involving the pre-
dictor Y. Such edges arise from unobserved dependence be-
tween the deployed predictor and observed variables, such
as unmeasured shared features or training-sample selection.

Example 1. Consider the data-generating process in Fig-
ure[lal where a deployed model predicts the employment
success (V) of an applicant. Suppose the deployed model
is trained on a richer profile of the applicant, while the
auditor observes only a coarser set of variables, namely job-
fitness (X ) and education level (S). Unobserved residual

9-0
® G-

(b) Extended IV

F-O—0

(a) Frontdoor

F—-O—-0—-0—0
(c) Doubly-confounded chain

Figure 1: Causal diagrams of structural causal models of
predictor Y. Dashed bidirected edges encode unobserved
confounding, including unobserved dependence involving
the deployed predictor.

factors (e.g., age, sex) may then influence both S and Y, so
P(ug,uy) # P(us) P(uy ). This unobserved dependence
is represented by the bidirected edge S < Y.The X <+ Y
patterns in Figure[Ibland Figure[Idarise analogously.

In this paper, we mainly focus on the fairness concepts in
Definition @] and Definition [} but our proposed framework
can be expanded to path-specific variations of counterfac-
tual fairness [Wu et al., [2019b, |Chiappa, [2019, [Zhang and
Bareinboim, [2018]].

3 COUNTERFACTUAL PREDICTION
PROBABILITY

In this section, we present a systematic framework to quan-
tify the probability that a black-box model satisfies counter-
factual fairness. Since the true causal mechanism is uniden-
tifiable, relying solely on worst-case bounds ignores the
relative plausibility of different causal models. To overcome
this, we must rigorously define the space of all causal models
compatible with the observed data and integrate domain-
specific prior beliefs over this space.

This approach entails two main challenges: representational
efficiency and geometric characterization. To address these
challenges, we introduce a C-parameterization method
in Section to efficiently represent canonical SCMs by
exploiting conditional independencies in the causal graph.
Next, in Section [3.2] we investigate the geometry of the
feasible model space. We demonstrate that this space forms
a convex polytope, transforming the inference problem into
an integration over a bounded linear constraint set.

3.1 PARAMETERIZATION OF CANONICAL SCM

A primary advantage of the canonical SCM framework is
that it unifies the specification of structural functions F
and the exogenous distribution P(U). In this framework,
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a function fiy € F is no longer treated as an unknown
deterministic mechanism; rather, each value uy € Qp,
indexes one possible mapping from {2pa,, to Q. Therefore,
the uncertainty regarding the functional form of fy is fully
subsumed by the exogenous distribution P(Uy/). Since any
two canonical SCMs compatible with the same causal graph
and observational distribution differ only in their exogenous
distributions, parameterizing a canonical SCM effectively
reduces to characterizing P(U).

Often, P(U) is expressed as an |Qy|-dimensional joint
probability vector lying on an (|Qy| — 1)-dimensional sim-
plex [Wu et al., 2019b|]. While this parameterization sim-
plifies observational and counterfactual probabilities into
linear combinations of P(U = u), it fails to exploit the
independence structure. Furthermore, it becomes computa-
tionally intractable as |V| and |Q0y| increase. To address
these limitations, we employ a parameterization method that
utilizes the factorization properties of the model.

Definition 6 (C-parameterization of a canonical SCM).
Let M be a canonical SCM, and let G denote the causal
graph induced by M. Let C(G) = {C4y,...,C,,} denote
the set of all maximal C-components in G, ordered by
I ={1,...,m}. Let {u837...,ugi)} be the set of all
possible values of the exogenous Ug, = UVeCi Uy or-
dered by 1; = {1,...,n;} where n; = [[ycc, |Quy |- Let
Ppr(U) denote the distribution of exogenous variable U
of the model M. The canonical SCM M is said to be in
C-parameterized form if it is represented as follows:

Om = [Pm(Uc, = u(éb?"-aPM(UCm = u(cn,;"f))ﬁ-

We define the C-parameterized vector 6 as the concatena-
tion of probability vectors corresponding to each maximal
C-component. By decomposing the joint distribution, this
method reduces the number of probability coordinates from
dy = [[iX; n; tod = I, n;, while encoding the inde-
pendence between components.

As a concrete example, consider a canonical SCM M, in
which all variables {5, X, Y} are binary variables in {0, 1},
inducing the causal graph in Figure[Ta] The C-parameterized
vector 0y has d = |Qug | % [Qu,, |[+|Quy | = 12 probability
coordinates:

 Pr(u§),ull),

Py, ... Puui))T.

Oam = [Pra(ul’ ul)), ..

3.2 EXPRESSING PROBABILITIES OF
COUNTERFACTUAL PREDICTION
INTERVALS

Building upon the C-parameterization, we formulate the
probabilities of counterfactual prediction intervals. We sys-
tematically characterize the geometry of the feasible model

space, integrate counterfactual constraints, and introduce
a dimensionality reduction technique to improve computa-
tional feasibility.

Canonical hull and feasible parameter space To formu-
late the counterfactual prediction probability P(§-s | X, s),
we first characterize the parameter set of all canonical SCMs
compatible with the observational distribution P(V') and
causal graph G.

Definition 7 (Canonical Hull over (P(V), G)). For a given
causal graph G and observational distribution P(V), let
M{PNV)9) be the set of all canonical SCMs compatible with
(P(V),G). A canonical hull © over (P(V),G) is defined
as follows:

0= {0m | M e MFV)9)L

A canonical hull is the set of C-parameterized vectors cor-
responding to observationally compatible canonical SCMs,
which are mapped into R% where d = >c, vec, Quy |-
Note that these models are observationally equivalent. This
observational equivalence implies that the set © possesses
the following property:

Lemma 2. For any causal graph G and observational dis-
tribution P(V), the canonical hull © over (P(V),G) is a
convex polytope within an affine subspace of R%.

Linear constraint representation of the canonical hull
Lemma 2] establishes a canonical hull © can be represented
as the solution set of linear constraints. To illustrate this,
consider the causal graph shown in Figure [Tb| where all
endogenous variables are binary. By Lemma [I} P(v) is
factorized into:

P(v) = Q[X1] - QIS]- Q[Xo] - Q[X5, Y],

where Q[X1] = P(a1), Q[S] = P(s | 21). Q[Xs] =
P(JZQ | S), and Q[Xg,Y] = P(l‘g | QTQ)P(Z) ‘ xs3, 1‘2). This
expression follows from the topological-order factorization
in Lemma [I] after applying the graph-implied conditional
independencies for Figure [Tb]

We define © as the set of parameter vectors 6p; =
[PM(ugg), oo, P (ug?g,ugf))] € R? that satisfy the
following linear constraints for all relevant endogenous
value assignments and parent configurations. For brevity,
following |Wu et al.| [2019b]], we abbreviate the indica-
tor function I(v = gg,u")(pav)) as I(v;pay,uy). Then,

VUc € {{le }7 {U5}7 {UX2}7 {UX37 UY}}’
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Figure 2: Twin network graph of the causal model in Fig-

ure @]

M_,

Y Pluc)=1, 0<P(uc) (1)
N P(a1) =3 (w130, ux,) - Plux,) @)
P(s|z1) = Z | (51, us) - Plus) 3)
P(xzq | s)uzsl(xg;s,uXQ)~P(uX2) ()]

P(y | w3,22) - P(x3 | x2)

= Y 1(Gas,ug) 1 (ws; 0, ux,)
Uy UXs 'P(UY,UX3).

®)

Eqgs. (2)—() are derived from Definition[2} Since the system
of linear equations above is underdetermined, the solution
set © forms a convex polytope in R%.

Counterfactual interval constraints in parameter space
Having defined the observational constraints, we now con-
sider the subset of M(P(V):9) where the counterfactual pre-
diction P(§-s | x, s) falls within a target interval [I, r]. Let
O(9,x, s,1,r) denote the set of parameters 6,4 associated
with the subset. With slight notational abuse, we use terms
like Pr(9s), CEam(s, s | x;9) to denote the counter-
factual quantity under a fixed causal model M. The set
O(4,x,s,l,r) C O is formally defined as:

Oy, x,8,L,r) ={0pm €O | I <CEMm(s,7s | x;0) <7}
(6)

Unlike the convex polytope ©, the subset O(y,x, s,l,r)
need not be convex, since it is the solution set of polyno-
mial constraints. Returning to the extended IV example
in Figure[1b] the set ©(y,x, s,,7) corresponds to the set
of vectors 04 satisfying the observational constraints Eqgs.
(I)-(@) and the counterfactual constraint Eq. (6).

The counterfactual distribution Prq(§-s | X, $) is the proba-
bility of the event Y = 7 in the counterfactual model M _
given factual observations x, s in model M, where the fac-
tual and counterfactual worlds share the same exogenous
context U. To describe the process, we adopt the twin net-
work framework [Balke and Pearl, |1994b] to integrate the
SCMs M, M_,, in a single causal graph. The twin network

graph shown in Figure[2|implies that counterfactual quantity
Ppri(g=s | x,8) in CEpq(s, s | x;4) can be expressed as
follows:

Zm’

N / /
bl PM(y_‘S7x2_\S7:L.3_\S7x1’ T2, T3, S)

P s 3 =
./\/l(y |X S) P(.’ﬂl,l’g,l’g,s)

QM[Yﬁ&X?)’Xéﬁs] “QMm [XQvXéﬁs}
- Q[X4] - Q[S]
P(.’El,l'g,l'g,s)
_ Zwéwé QM[Yﬁ&X?”XéﬁS] QM [X27Xéﬁs}
P(anx?) | .131,5) (7)

E ’ ’
Loy

The terms QM[}AQS, X3, X5 ] and Q m[ X2, X5 ] in Eq.
can be expanded as follows:

QM[Y/—\saX?nXéﬁs]
_ 3 (k) e )

Up UXy '|($5;$/27UX3> 'PM(U?,U}Q),
Qm[X2, X5.,]
=3 Wwzss,ux,) - H(zh; -s,ux,) - Pm(ux,).  (8)

UXq

Thus, P(§-s | X, s) involves the product of Pp(ux,) and
Pp(ux,,uy ). Consequently, the counterfactual condition
in Eq. (6) imposes a polynomial constraint on 6 .

Probabilistic formulation over the model space To
quantify the probability of fairness, we establish a prob-
abilistic formulation over this parameter space. Given only
the observational distribution P(V) and the causal graph G,
any 6 € O is a valid candidate for the true SCM parameters.
To account for uncertainty regarding the true mechanism,
one can formally define a probability space (0, Feo,Po),
where O is the parameter space, Fg is a o-algebra on O,
and Pg is a probability measure defined on (0, Fg). The
probability that the counterfactual effect CE(s, —s | x; )
lies within [[, 7] is formulated as follows:

Po (l < CE(s,ms|x;9) < 7‘) = / dPg.

O(9,x,s,L,7)

In the case of T-counterfactual fairness, the set of all 64
such that Y is a T-counterfactually fair predictor, denoted as
Ocr(7), is expressed as the intersection of O(g, x, s, —7, T)
for all (7,x,s) € Qp x Qx x Qg with P(x,s) > 0. The
probability of Y being a 7-counterfactually fair predictor is
formulated as follows:

P@( max |CE(s,—s|x;9)] < 7—) :/ dPe,
P(Sx’?;’)y>0 Ocr(T)
where Ocrp(7) = ﬂ 0(i),x, 5, -7, 7).
(9,%,8)EQy xQx XN

P(x,s)>0
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Dimension reduction via reduced C-parameterization
Finally, to make the integration computationally feasible,
we address the dimensionality of the parameter space. Al-
though the constraint in Eq. (6) imposes a limitation on
6, it does not constrain the full dimensionality of ©. In
the previous example Figure[Ib] as shown in Eqs. [7)—(8),
the counterfactual constraint specifically restricts P(ux, )
and P(ux,,uy ), while leaving P(ux,) and P(ug) uncon-
strained. This implies that computing the counterfactual
effect does not require considering the dimensions of all
uy components. Let dey denote the set of endogenous
descendants of variable V, excluding V itself.

Definition 8 (Reduced C-parameterization). Considering
the settings in Definition|6] let C* C C(G) denote the set
of all maximal C-components C; such that C; Ndeg # ().
For a canonical SCM M € MPWV)9) the reduced C-
parameter ¢ g is defined as the truncated vector of 0
such that for all C; € CT,

dm = [PM<U01 = ugz)w"aPM(UCk = u(él:))]T

The parameter ¢, is the reduced parameter vector of M,
which is the projection of 6, onto the counterfactually
relevant coordinates R%, dy = 3 ccov [Quel.

Proposition 3. Let CT C C(G) be the set of maximal C-
components defined in Definition |8 and let m : © — @
denote the coordinate projection onto the parameter blocks
indexed by CT. Then for every fixed (1), x, s) with P(x, s) >
0, there exists a measurable map gy x s : ® — R such that

CEM(57 -Ss | X3 y) = gi],x7s<¢M)

where ¢ = m(0r)
Proposition[3|shows that the reduced C-parameter ¢ is suf-
ficient for calculating the counterfactual effect of a canonical
SCM, and thus the dimension can be reduced. For example,
consider a canonical SCM M in which all endogenous vari-
ables are binary, inducing the causal graph in Figure[Ic| The
components [P(u%i,ug)), e P(ug?g)] € R!2 are not in-
cluded in the reduced C-parameter ¢ ¢, thus the coordinate
count d = 28 reduces to d = 16. By adopting the reduced C-
parameter, we can define the dimension-reduced parameter
sets @, B(g,x, 5,1, 1), Por(7) as follows:

B = {om | M e MIVID),
(I)(Q,X,S,l,’f’) - {¢M €d | l < CEM(‘S)_'S | X;g) < T}a

(I)CF(T) = m

(Q,X,S)EQY XQx XNg
P(x,s)>0

@(Q,x,s, -, 7').

Since the counterfactual effect depends solely on the re-
duced parameter ¢, the target event can be evaluated on the
reduced space. We write P4 for the probability measure
used on ®; when a full-space prior Pg is specified, P may

be taken as the pushforward 74 Pg. We suggest modeling
P(¢) as a uniform distribution over @, if no prior knowl-
edge is provided, while noting that uniform prior on ® is
not necessarily induced by a uniform prior on ©.

Lemma 4. Given a causal graph G, observational distri-
bution P(V), and a probability measure Py on ®, for any
(9,x,s) with P(x,s) > 0, the probability that CE(s, —s |
x;4) lies within [I, r] is expressed as:

Ps (z < CE(s, - | x;9) < 7“) :/ dP.

@(9,%,5,L,r)

The probability that Yisa T-counterfactually fair predictor
is also expressed accordingly:

Pq)(

Lemma [d] demonstrates that the constraints on ¢ are suffi-
cient to obtain the probability of the model’s counterfac-
tual prediction while the resulting probability remains prior-
dependent. Detailed proofs of Lemma 2} Proposition 3]and
Lemma 4] are provided in Appendix

max
5,X,Y

|CE(s, s | x;9)| < T) :/ dPgs.
P(x,s)>0 ®or(7)

4 ALGORITHMIC FRAMEWORK

Building upon these geometric insights, we now present
the algorithmic formulation of our findings. In general, an-
alytically computing these probabilities is infeasible, as
it requires integrating a probability density over a high-
dimensional polytope for which no closed-form solution
exists. Therefore, we adopt an MCMC method for estimat-
ing the probabilities of counterfactual prediction intervals.
The algorithm is intended as a post-hoc audit for a fixed
black-box predictor Y —which may be randomized (out-
putting a probability P(Y'=j | -) from which the label is
drawn, as in our synthetic studies) or deterministic (as in
the LSAC study of Appendix [D)—not as a training-time
fairness objective.

Algorithm [I] outlines the procedure for estimating the prob-
abilities of counterfactual prediction intervals using the
Hit-and-Run algorithm [Smith||1984] [Lovasz and Vempala,
2006|. Here, ®* denotes the subset of parameters satisfying
the target counterfactual prediction interval: ®(¢,x, s,,7)
or o (7). We initialize the sampling process at a feasible
point $(9) € ®. At each iteration ¢, we generate a ran-
dom line passing through ¢(*) and identify the line segment
formed by the intersection of this line and the polytope ®.
The direction d is sampled uniformly from the unit sphere
lying within the affine subspace containing ®. More specifi-
cally, d is obtained by projecting a standard normal vector
v ~ N(0, I9(®)) onto the null space of the matrix A4; (the
coefficient matrix of the equality constraints) and normaliz-
ing it. The next state ¢(**1) is then drawn from the density
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Algorithm 1 Hit-and-Run Estimator

1: Input:
Constraintson ® : A1¢ = by, Axpp < by
Constraints on ®* : h(¢) < b3
density function f(¢)
Number of iterations 7'

2: Output: A point estimate of P(¢ € ®*)

3: Initialize: () € &, K < 0

4: fort =0toT — 1 do

5: Sample random vector v ~ N (0, )

6: Project v to nullspace of A; to get d

7: Normalize d + d/||d||2

8:  Find [Amin, Amax] such that Ay(¢® + \d) < by

9:  Define g(\) = f(¢™® + Ad) - I(X € [Amins Amax))

10: Sample \* ~ P(X) x g(A)

11: Update ¢+ « o) 4 \*d

12 if h(¢p(*+D) < b3 then

13: K+ K+1

14: return K/T

function f(¢) o P(¢) restricted to this line segment. Fi-
nally, we check whether the new sample ¢(**+1) falls within
the target region ®*.

Sampling ¢(*+1) from the density function f(¢) restricted to
the line segment can be performed by adopting an auxiliary
MCMC method, such as the Metropolis-Hastings algorithm
[Metropolis et al.l [1953| [Hastings}, |1970] or slice sampling
[Neal, [2003]], depending on the characteristics of f(¢).

The output of Algorithm|l|is the ratio of K, the number of
iterations in which the sample ¢(**1) is included in ®*, to T,
the total number of iterations. Under the standard stationar-
ity and ergodicity conditions for the resulting Markov chain,
the output K /T is a consistent estimator of the probability.
We report this quantity as a prior-dependent audit statistic
rather than prescribing a universal practitioner threshold.

Auditor protocol Because the audit statistic is prior-
dependent, we suggest a pre-registered protocol that guards
against prior-gaming. The auditor pre-declares (i) a prior
family, (ii) the fairness threshold 7, and (iii) a swing tol-
erance A. The audit then reports the probability of 7-
counterfactual fairness under the declared prior. If the es-
timate swings by more than A across the declared prior
family (e.g., Dirichlet priors with « € {1, 5, 10}), or if the
Hit-and-Run chains fail to converge (e.g., Gelman—Rubin
R> 2), the audit is declared inconclusive and falls back to
the prior-free worst-case bound (e.g., the partial identifica-
tion method from [Zhang et al.| [2022]]). Consequently, an
adversary who selects “the prior that helps” obtains a refusal
rather than a favorable verdict, whereas genuinely conclu-
sive cases are unaffected. This pre-registration is analogous
to fixing a significance level before seeing the data.

GG MG MGG ENG
(a) (b)

Figure 3: Causal diagrams of structural causal models of (a)
dataset D¢ and (b) dataset D5.

S SIMULATION STUDIES

In this section, we present synthetic simulationsﬂillustrat—
ing both the consistency of our probabilistic metric with
known ground truth and its behavior relative to existing
bound-based methods.

Datasets To evaluate the validity of our proposed method,
we generated two synthetic datasets, D; and Ds, based
on distinct causal graphs in Figure [3] The datasets were
generated under synthetic SCMs, where all endogenous
variables V' € 'V are binary and all exogenous variables
U € U take values in R. We constructed D; and D, by
sampling 10¢ observations from each SCM. Ground truth
counterfactuals were obtained by intervening to set S = 1 —
s while holding the same exogenous context fixed. Detailed
specifications of the SCMs used for data generation are
provided in Appendix[C]

Hit-and-Run estimator details We implemented the Hit-
and-Run sampling procedure outlined in Algorithm [T|using
the Python hopsy package [Paul et al., [2024]]. In both sim-
ulations, we drew a total of 10° valid samples from the re-
duced feasible polytope. For the starting point ¢(©), we used
Chebyshev center of ®—the center of the largest Euclidean
ball inscribed in ®—computed via hopsy. To mitigate au-
tocorrelation among the generated samples, we discarded
the first 10* iterations as a burn-in period and applied a thin-
ning factor of 103. For the priors used in our simulations,
f () is either uniform over ® or induced by a joint Dirichlet
distribution over the relevant exogenous-variable blocks. For
Do, the empirical equality-constraint right-hand sides were
projected to a consistent right-hand side before sampling;
this finite-sample correction is detailed in Appendix [C]

Simulation 1 We empirically examined whether the prob-
ability estimated by Algorithm (1| is consistent with the
ground truth SCM. Using 10° valid samples drawn by the
Hit-and-Run sampler, we estimated the probability that an
SCM compatible with D; satisfies 7-counterfactual fairness,
varying the threshold 7 from O to 1. For the prior distribution
of ¢, we compared a uniform prior against joint Dirichlet pri-
ors. To establish a baseline, we evaluated our results against

!Code and result data for reproducing the simulations are avail-
able at https://github.com/snu-causality-lab/
measuring-counterfactual-fairness.
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Uniform prior

Dirichlet prior a=(2.5, ...)

Dirichlet prior a=(0.5, ...

)

Ib* ub* Ib* ub* Ib* ub*
1.0 ; 1.0 i : 1.0 i
0.8 ! 0.8 i 5 08 !
0.6 0.6 ! ! 0.6
0.4 0.4 0.4
0 0.129 0.2 0.090 0.2 0.146
0 0.0969 0.3233 0.7290 0 0.0969 0.3233 0.7290 0 0.0969 0.3233 0.7290
T T T
(a) Simulation 1 Results
Uniform prior Dirichlet prior a=(2.5, ...) Dirichlet prior a=(0.5, ...)
Ib* ub* Ib* ub* Ib* ub*
1.0 1.0 : 1.0
0.8 0.8 5 0.8
0.6 0.6 ! 0.6
0.4 0.4 0.260 0.4
0.171
0.2 0.2 0.2 0.131
0.5117 0.8731 0.5117 0.8731 0 0.5117 0.8731
T T T

(b) Simulation 2 Results

Figure 4: Estimated probability of 7-counterfactual fairness for predictor Y on D; and D,. Results are shown for Uniform,
Dirichlet (o« = 2.5), and Dirichlet (o« = 0.5) priors. Dashed vertical lines indicate the bounds from [Zhang et al.|[2022] for
D; and the LP-based bounds from Wu et al.| [2019b] for Ds; red lines indicate the ground-truth max |CE| values, 0.3233

and 0.5117, respectively.

the tightest bound [Ib*, ub*] of max |CE|, derived by the
partial identification method of [Zhang et al.| [2022]. Theoret-
ically, the probability of the SCM being 7-counterfactually
fair must be exactly 0 when 7 < [b* and exactly 1 when
7 > ub*. As illustrated in Figure[4a] the ground truth value
of max |CE]| falls within the region where our estimated
probability is strictly between 0 and 1. Furthermore, our es-
timates are consistent with the tight bounds [0.0969, 0.7290)
computed using the same partial-identification baseline, cor-
roborating our proposed framework.

Simulation 2 To validate our estimator as a practical
evaluation metric, we compared our probability measure
against existing bound-based intervals on dataset Ds. Sim-
ilar to Simulation 1, we estimated the probability of 7-
counterfactual fairness by drawing 10° samples under uni-
form and joint Dirichlet priors, and compared it with the
bounds [Ib*, ub*] of max |CE|. Unlike for Dy, applying the
method of Zhang et al.| [2022] to D5 yields a polynomial op-
timization problem. Thus, we adopted [Wu et al.|[2019b] as
a computationally feasible baseline, in which the bounds are
derived via linear programming by assuming all endogenous
variables form a single maximal C-component. This LP in-
terval should be interpreted as a feasible loose baseline for
Do, rather than as a tight-bound comparison. As illustrated
in Figure [4b] the baseline LP interval [0, 0.8731] is broad,
limiting its usefulness as a practical metric. In contrast, our
estimated distribution is concentrated around the ground
truth value of 0.5117 under the selected priors. This high-
lights that worst-case bounds are overly conservative as they
are optimized over worst-case configurations. Consequently,
when the chosen prior is defensible, our probabilistic metric

offers a more informative, prior-dependent summary.

Our simulation studies are intended to validate our method
under known ground truth, rather than to establish its gen-
eral applicability. In Appendix [D} we provide an auditing
case study on the law school success example [Wightman|
1998, [Kusner et al., 2017], where our proposed Hit-and-Run
estimator is applied to a given predictor.

6 CONCLUSION

In this work, we introduced a novel probabilistic framework
for auditing the counterfactual fairness of black-box models.
Recognizing the practical limitations of interval-based par-
tial identification, we shift the evaluation focus from worst-
case bounds to quantifying the probability of fairness. We
geometrically characterized the space of compatible canoni-
cal SCMs as a convex polytope and leveraged conditional
independencies via C-parameterization to systematically
reduce the dimensionality of the inference problem (Lem-
mas[2and[d)). This enabled a Hit-and-Run MCMC estimator
for tractable probability estimation (Algorithm|T)).

While our approach provides a rigorous metric for auditing
fairness, it currently assumes discrete endogenous variables.
Promising next steps include extending the geometric frame-
work to continuous variables (e.g., via quantile discretiza-
tion) and to path-specific fairness criteria, and scaling the
integration to larger and denser causal graphs via more ad-
vanced sampling, building on the known polynomial mixing-
time results for Hit-and-Run in suitably rounded convex
bodies [Lovasz and Vempala, [20006].
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A DISCUSSION AND LIMITATIONS

While our proposed framework provides a novel paradigm for auditing counterfactual fairness through a probabilistic lens, it
is important to contextualize our methodological choices and discuss open challenges.

Computational Scalability and Baseline Comparisons A core theoretical contribution of this work is the geometric
characterization of the parameter space and its subsequent dimensionality reduction via reduced C-parameterization. This
structural reduction is precisely what makes the Hit-and-Run MCMC integration computationally viable. However, exploring
high-dimensional convex polytopes intrinsically poses scalability challenges as the density of the causal graph and variable
cardinalities grow.

In our evaluations, we contrast our probabilistic integration with existing partial identification bounds to highlight these
pragmatic trade-offs. For relatively simple causal graphs, state-of-the-art bounding methods [Zhang et al.| 2022]| can provide
tight intervals by solving polynomial optimization problems. Yet, as graph complexity increases, these optimizations quickly
become theoretically and computationally intractable. In such regimes, relying on looser LP-based bounds or utilizing
our proposed MCMC sampling—which yields a rich distributional understanding rather than mere worst-case endpoints—
becomes a more practical alternative for fairness auditors. Hit-and-Run has polynomial mixing-time guarantees for suitably
rounded convex bodies [Lovasz and Vempala, |2006]], but practical performance still depends on dimension, geometry, and
the target density. Our empirical evaluation on fundamental synthetic structures aims to validate the correctness of our
sampling geometry against known ground truths in a controlled setting. Scaling our integration approach to large-scale,
real-world graphs via advanced sampling techniques or variational inference remains an important direction for future work.

The Role of Priors in Fairness Auditing Our probabilistic formulation computes the likelihood of counterfactual fairness
conditioned on a prior distribution over the unidentifiable parameter space ®. In our current implementation, we employ
uniform and Dirichlet priors to model a state of minimal structural assumptions. We emphasize that this reliance on a prior
is both a modeling choice and a source of sensitivity. In real-world applications (e.g., healthcare or criminal justice), domain
experts often possess partial, substantive knowledge regarding plausible causal mechanisms. Our framework is explicitly
designed to accommodate these domain-specific priors. By injecting expert knowledge, auditors can effectively narrow the
canonical polytope to compute more contextually grounded and refined fairness probabilities. Because priors can also be
misspecified or strategically chosen, practical audits should disclose the prior and report sensitivity across plausible prior
classes. This capacity to translate qualitative expert intuition into quantitative fairness audits offers a practical complement
to worst-case bounding methodologies.

Path-Specific Fairness and Granular Audits The present work focuses on quantifying global T-counterfactual fairness
to establish a foundational metric for overall black-box model behavior. Methodologically, because our convex polytope

construction completely characterizes the ambiguity of all underlying structural equations, the framework naturally extends

*Corresponding author: sanghack@snu.ac.kr.
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to more granular fairness concepts. For example, auditing for path-specific fairness (to disentangle direct versus indirect
discrimination) ultimately queries the same unidentifiable mechanisms. Adapting our integration constraints to accommodate
path-specific counterfactual queries represents a promising mathematical extension of the current pipeline, allowing for
more nuanced legal and ethical auditing.

B PROOFS

In this section, we restate and prove Lemma 2] Proposition[3] and Lemma [ from Section 3]

B.1 PROOF OF LEMMA

Lemma 2. For any causal graph G and observational distribution P(V), the canonical hull © over (P(V),G) is a convex
polytope within an affine subspace of R%.

Proof. We prove the lemma by showing that © is a bounded solution set of linear constraints.
For a causal graph G, let C(G) = {Cjy,...C,,} denote the set of all maximal C-components in G. Let n;, m;, l; denote,
respectively, the cardinalities .| of a canonical SCM corresponding to (P(V),G).Let I, denote the se-

lection matrix such that for a C-parameterized vector § = [P(ugf)7 ..., P(ug (l"‘ )] €0,Ig,-0 =[P(u 83), . P(ugi))]T
Let 1™ denote the vector [1,...,1]T € R™.

By Definition [6] for every C; € C(G), 6 satisfies the following constraints.

I, -0 €0, %) Ic -6=1 )

By Definition [2|and Lemma for all C,; € C(G), 6 satisfies the following constraints.

1
HUEC(I) I( ’pa§/)’u(c)) HUEC(I) I( 7pa§/1)’ué‘)) Q[C ]( (1)7Pa(1))
: : g, -0 = : (10)

1 m; l; i
Hvecgnﬁ |( pag;n ), E})) Hvecgni) |( pa§/i )7U(Ci)) Q[Ci](c; (ns) paé ))

Let ¥ denote the solution set of constraints (9) and (T0). Then, ® C . Since the set ¥ is bounded and defined by finitely
many linear equality and inequality constraints, it is a convex polytope.

We now prove ¥ C ©. Take any ¢ € ¥. Construct a canonical SCM on the same graph by using the canonical response-
function domains and assigning the C-component exogenous distributions according to the corresponding blocks I, . The
constraint (9) makes each block a valid probability distribution, and independence across maximal C-components is exactly
the C-parameterized exogenous factorization. Let Py (v), Qy[C](c, pac) denote the observed probability and ()-factor of
the canonical SCM respectively. Applying Lemmal[T| gives

= J[ @ulCllci,pac,) = ][] @QICi(ci pac,) = P(v)

C;eC(9) C;€eC(9)

for all v. The constructed canonical SCM is compatible with (P(V),G), so ¥ C ©. Therefore © is a convex polytope. [J

B.2 PROOF OF PROPOSITION
Proposition 3. Let Ct C C(G) be the set of maximal C-components defined in Deﬁnition and let T : © — ® denote the
coordinate projection onto the parameter blocks indexed by CT. Then for every fixed (1),%, s) with P(x, s) > 0, there exists
a measurable map gy x s : ® — R such that

CEM(s, s | x:9) = gg.x,5 ()

where ¢ = m(0p)

3007



Proof. Recall from Definition 4] that, for a canonical SCM M and fixed values (g, x, s) with P(x, s) > 0,
CEMm(s, 78 | x19) = Pr(-s | x,8) = Pa(3 | x,5).

The factual term P (9 | x, s) equals the observational probability P (7 | x, s) for every ¢ € ©. It is therefore enough to
prove that P (§-s | X, s) depends only on 7(6 ).

LetC~ = C(G)\C*. Write O = (6},,0,), where 05, = m(6.r) contains exactly the probability blocks for C-components
in CT. By the C-parameterization, the exogenous distribution factorizes over maximal C-components:

H PMuC

CeC(G)

By the twin-network representation, the numerator of the counterfactual term can be written as the following finite sum:

Pt (§-s,%, 5) Z| =x,5u) =s)I(Vos(w) =9) [ Pm(uc).

CeC(9)

Fix a topological order compatible with G and sum out the exogenous blocks component by component. For any C € C™,
no variable in C \ {S} is affected by the intervention do(S = —s). If S € C, its counterfactual value is fixed to —s, while
uc enters through the factual event S(u) = s. On the support of the factual indicator I(X(u) = x, S(u) = s), the factual
variables in C N X are fixed to their observed values. If Y € C, then Yﬁé( ) = Y( ), and thus the counterfactual indicator
also fixes ¥ = 9. Conditional on the relevant parent values, the factors involving uc in the above finite sum have the form

Z Pu(uc) [] Nevipay, uv) = Qu(Cl(c, pag).
veC
Since G4 € O, this factor equals the observational Q[C](c, pac) determined by P(V') and therefore does not depend on
0’y Iterating this summation over all components in C™~ leaves a finite expression whose only nonconstant probability
weights are the blocks { Pr((uc) : C € C*}. Hence Pu(§-s, X, s) depends only on 6, = m(6,), with all remaining
terms fixed independently of ¢ ,. Since all domains are finite, this dependence is through a finite sum of products of
coordinate projections of 7(6 ) and fixed constants, and is therefore measurable. The denominator Pyq(x, s) = P(x, s) is
observationally fixed and positive, and the factual term Ppq(§ | x, ) = P(¢ | %, s) is also observationally fixed. Therefore
CEm(s, s | x;9) is a measurable function of (6 ,). This induces the required measurable map gy x,s : & — R. O

B.3 PROOF OF LEMMA @

Lemma 4. Given a causal graph G, observational distribution P(V), and a probability measure Pg on ®, for any (i, %, s)
with P(x, s) > 0, the probability that CE(s, s | x; ) lies within [l, ] is expressed as:

Po (l < CE(s, s | x;9) < r) :/ dPg.
@(1,%,s,0,r)
The probability that Yisa T-counterfactually fair predictor is also expressed accordingly:
P@( max |CE(s, s | x;9)| < 7') :/ dPs.

5%, &
P(x,5)>0 or ()

Proof. Let Agx sir ={¢ € ®: 1< gyxs(¢) <r}. This set is measurable because g; x, s is measurable. By Proposition 3]
the corresponding full-space event is 7~ (Ag x s,1,»). If a full-space prior Pg is specified and Pg is taken as the pushforward
m4Pg, then

P@ (7T_1(Ag7x,s,l,’f‘)) = P@(AQQ(,S,[,T) = A( 1 )qu}
Y,X,S,L,7r

When Py is specified directly on the reduced space, as in the simulation priors, the right-hand side is the reduced-space
audit probability under that chosen prior. For 7-counterfactual fairness, define

A, = ﬂ {pe®:—7 < gyxs(o) <7}
(@7X=S)GQ}7XQXXQS
P(x,s)>0

The domains are finite, so A, is a measurable finite intersection and equals ®cr (7). Integrating over A, gives the stated
reduced-space expression for the probability of T-counterfactual fairness. O
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C SYNTHETIC DATASET SPECIFICATIONS

In this section, we provide detailed specifications of the synthetic datasets D1, Dy used in our simulation studies. Both
datasets were generated in Python, with the underlying SCMs explicitly designed such that the counterfactual intervention
on S induces a heterogeneous effect on the predictor Y. The equality-constraint matrices used by the sampler are constructed
programmatically from the corresponding Q-factor constraints, and the initial feasible point ¢(%) is set to the Chebyshev
center computed by hopsy.

Leto(t) = 1/(1 + exp(—t)).

Data Generating Process for D; The SCM used to generate D; is parameterized as follows:

S ~ Binomial(1, 0.5) Uyy ~ Normal(0,1)
X ~ Binomial(1, px) px =0(=0.54+1.0Uyy +1.0S 4+ 0.55 - Uyy-)
Y ~ Binomial(1, p;.) py = 0(—1.0 = 1.0U g + 15X + 055 + 1.0S - X — 058 - Uyp)

Data Generating Process for D> The SCM used to generate Ds is parameterized as follows:

S ~ Binomial(1, 0.5) Uy 3, Ux, ~ Normal(0, 1)

X, ~ Binomial(1, px, ) px; = 0(=05+ 15Uy y — 255 Uy ¢ +9)

X, ~ Binomial(1, px,) px, =0(—=1.0+0.5Ux, +2.05 — 1.5X; + 35 - X1)
Y ~ Binomial(1, py) py = 0(=0.5— L5Uy ¢ + 35Uy 3 - Xz + 2.0X;)

The exogenous variables Uy - and Ux, are sampled independently. For D5, empirical right-hand sides of the equality
constraints are projected by least squares to a consistent right-hand side before sampling to avoid finite-sample infeasibility.
Specifically, for each reduced C-component block with empirical constraint vector b; and constraint matrix A;, we solve

~, 3 . PR— 7 . 2 ~. _— . ~,
¢j € arg %20?111%;5]':1 ||AJ¢)J b]HQv bj = Aj¢;,

and use l~)j as the right-hand side for that block. This projection only corrects sampling noise in the empirical constraints; it
does not change the causal graph or the target counterfactual query.

Explicit reduced constraint systems For concreteness, we give the explicit reduced equality and nonnegativity systems
(A1 = by, Az < by in Lemma|2)) used by the sampler. All endogenous variables are binary.

For D; (edges S — X, S — Y, X — Y, X + Y), the maximal C-components are {S} and {X,Y}. By the reduced
C-parameterization (Definition|8) the block for {S} is dropped, leaving the reduced parameter ¢ € R%* (4 response maps
for X given S times 16 maps for Y given S, X). The system A;¢ = b; has 9 rows: one observational constraint for each
(s,z,7) € {0,1}3, plus one simplex-normalization row 17¢ =1,s0 A; € R?%%4; nonnegativity is Ay = —Ig4, by = 0.

For Dy (edges S — X1, 8 — Xa, X1 — Xo, Xo — Y, X; & V), the C-components are {S}, {Xl,f/}, and {Xs}.
Dropping {S} leaves ¢ = (¢ v, ¢x,) € R* with ¢ y € R'0 and ¢, € R'®. The matrix A, is block-diagonal of
size 26 x 32: the {X, Y} block contributes 17 x 16 rows (16 observational constraints over (s, 1, z2,79) € {0,1}*
plus one normalization), and the { X5} block contributes 9 x 16 rows (8 constraints over (s, 1, z2) € {0,1}? plus one

normalization); again A, = — I35, bo = 0. The indexing maps and the matrices A1, b; for both datasets are produced by the
constraint-construction routines in the released simulationl.py and simulation2.py.

D REAL-WORLD LSAC CASE STUDY

This section reports an additional real-world case study on the Law School Admissions Council (LSAC) data, following
the law-school example studied by Kusner et al.|[2017]]. This case study illustrates how the same auditing pipeline can be
applied to a fixed predictor on a real dataset and a causal graph.
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Figure 5: Audit graph for the LSAC case study. The variable Y is the output of the deterministic predictor h(R, L, G).

Variables and preprocessing We use five binary variables for preprocessing and predictor training. Race is encoded as
R =1 for White and R = 0 for non-White; unlike the White/Black-only filter used in some LSAC analyses, the non-White
group here pools the remaining recorded race categories after filtering. Sex is encoded as S = 1 for male and S = 0
for female. LSAT L, undergraduate GPA G, and first-year average Y are median-split, with L = 1,G =1,and Y =1
indicating values above the corresponding thresholds. The outcome Y is used only to train the predictor; the audit query
below evaluates the fixed classifier Y = h(R, L,G) and conditions on (R, S, L, G). The resulting filtered dataset contains
21,791 observations. The median thresholds used by the run are LSAT > 37.000, UGPA > 3.300, and FYA > 0.090.

Audit graph and predictor We consider a hypothetical post-hoc auditing scenario in which Sex is treated as the sensitive
attribute and the deployed model is trained under a fairness-through-unawareness design with respect to Sex. The purpose of
the audit is to examine whether this predictor is nevertheless counterfactually fair with respect to Sex, since Sex may still
affect the prediction indirectly through the measured covariates L and G.

The audit graph is described in Figure [5] In this graph, Sex is not a direct parent of the predictor, but it can affect the
prediction through the measured covariates L and G. We train a logistic regression classifier to predict the binarized outcome
Y from (R, L,G) only, and set Y = h(R, L, G) to be the hard binary prediction. The learned deterministic predictor is
shown in Table

Table 1: Learned deterministic predictor for the LSAC case study.

R L G hRLG)
0 0 0 0
0 0 1 0
0 1 0 0
0 1 1 0
1 0 0 0
1 0 1 1
1 1 0 1
111 1

This predictor achieves training accuracy 0.607 and prediction rate P(Y = 1) = 0.578 on the binarized data. For R = 0,
the learned deterministic predictor is identically zero over all (L, G) values; hence the Sex-flip counterfactual effect is
structurally zero in the non-White cells under this fixed classifier. The nonzero violations reported below are therefore driven
by the R =1 cells.

Reduced C-parameterization The maximal C-components of the audit graph are { R}, {S}, {L, G}, and {Y'}. Since the
only bidirected edge is L <+ G, the only non-degenerate reduced C-parameter block that must be sampled is the block for
{L, G}. The predictor Y is a fixed deterministic function h(R, L, G), so the {Y} block is known and degenerate rather than
sampled.

For the component {L, G}, we have Pa;, = Pag = {R, S}. Since all variables are binary, |2y, | = |Qy,| = 16 and thus
QU ¢, | = 256. We enumerate the values of Uy, ¢} as follows:

_ J,,@ (256)
Quipe = {u{L7G}’ - "u{L,G}}'

For each k, write u(Lk) € Qy, and ug ) e Qy,, for the Uy, and Ug elements of ugz) Gy respectively. The sampled reduced
C-parameter is

1 256 T 5
o = [Pr(uly o)), Pra(uF9)] " e RPS.
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The sampled reduced space ® consists of vectors of this form satisfying the following constraints:

256
> I (), uf ) I (g: (7, 5),uS ) Pra(u) ) = PLg | 7, 9), (r,5,1,9) € {0, 1},
k=1
256 A
S Puy o) =1,
k=1
PM(ugz)’G}) >0, k=1,...,256.

On the LSAC data all (R, S) strata have support; the resulting equality-constraint matrix has 17 rows and rank 13.

Sex-flip counterfactual query For a supported factual cell (r, s, [, g), the audit intervenes on Sex by setting S = —s = 1—s
while holding Race fixed at R = r. For notational brevity, write

(ui) (ug)
Lk(rvs):gLL (rys), Gk(rvs):gGG (r,s),

where uf{kL) G = (u(Lk), u(g )) indexes a response-function pair for the C-component {L, G}. Let ¢4 1 be the kth coordinate

of the reduced parameter ¢, defined above. The sex-flip counterfactual prediction probability for the event Y =1 can be
expressed as

Py (Yo, = (s (ry8), u) (g3 (r,5), ul) )R (r, Li(r, 5), Gr(r, =)tk
m(Yos =1 7,8,1,9) = P(l,g|r,s) |

Because the factual predictor is deterministic, PM(Y =11rs,l,9) = h(r,l, g). Therefore, the counterfactual effect is

CEM(Sa s | (T7 [ g)a 1) = PM(}A/;S =1 ‘ T, 8,1, g) - h(’l“7 [ g)
Since Y is binary, the counterfactual effect for Y = 0is the negative of the effect for Y = 1. Hence the fixed predictor is
T-counterfactually fair in this audit if
HlalJX |CEM(53 S | (7’,179),1)‘ <T
P(rslg)>0

Sampling and diagnostics We ran Hit-and-Run on the 256-coordinate C-parameter polytope, whose affine dimension
is 243 after the rank-13 equality constraints, for two priors: a uniform prior over the polytope and a Dirichlet prior with
concentration parameter cv = 2.5. Each run used four chains, 50,000 retained samples per chain, burn-in 5,000, and thinning
1,000. We report split Gelman—Rubin R and effective sample size (ESS) diagnostics for the sampled coordinates, not direct
diagnostics for the threshold events. The event probabilities in Table [2]are Monte Carlo estimates under the stated priors;
in particular, a zero estimate means that no retained sample satisfied the threshold, not that infeasibility was certified by
optimization.

Table 2: LSAC Sex-flip audit for a fixed deterministic predictor. Here P, (1) denotes the Monte Carlo estimate, under prior
7, of Pr(max |CE| < 7). The table also reports prior-conditional summaries of max |CE| and coordinate-wise MCMC
diagnostics. The “Sample max” column is the largest value observed among retained MCMC samples, not an LP-certified
upper bound.

Prior ﬁﬂ(O.IO) ]3,r(0.25) ]37r(0.50) Mean max |CE| Sample max Roax / ESSmin
Uniform 0.0000 0.0000 0.0085 0.7110 0.9446 1.052 /149
Dirichlet (o = 2.5) 0.0000 0.0000 0.0008 0.7100 0.9083 1.046/ 154

The largest witnessed counterfactual effects under both priors occurred in the cell (R, S, L, G, }A/) = (1,0,0,0,0), that
is, White, female, below-median LSAT, below-median UGPA, and predicted negative. This cell has empirical support
3519. The maximum witnessed values of |CE| were 0.9446 under the uniform prior and 0.9083 under the Dirichlet prior.
A prior-free LP bound for the same cell gives 0.1562 < |CE,(1,0,0,0)| < 1.0000 over the compatible polytope. Thus
T-counterfactual fairness is LP-certified to fail for 7 < 0.1562, while the upper bound remains too loose to summarize the
typical compatible SCM. Under this audit graph, binarization, deterministic classifier, and pair of stated priors, these results
illustrate that removing Sex from the predictor input does not, by itself, certify counterfactual fairness: Sex may still affect
the prediction through the covariates L and G.

3011



	Introduction
	Preliminaries
	Counterfactual prediction probability
	Parameterization of Canonical SCM
	Expressing Probabilities of Counterfactual Prediction Intervals

	Algorithmic framework
	Simulation studies
	Conclusion
	Discussion and Limitations
	Proofs
	Proof of Lemma 2
	Proof of Proposition 3
	Proof of Lemma 4

	Synthetic dataset specifications
	Real-world LSAC case study

