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Abstract

Federated Distillation enables distributed learn-
ing for clients with heterogeneous model archi-
tectures. In this paradigm, the server and clients
exchange predictions on a shared unlabeled pub-
lic dataset, rather than model parameters or gra-
dients. However, under data heterogeneity (e.g.,
class mismatch), clients produce unreliable pre-
dictions for instances from unfamiliar classes. An
equally weighted combination of such predictions
corrupts the teacher signal used for distillation.
In this paper, we theoretically analyze Federated
Distillation and show that aggregating client pre-
dictions on a shared public dataset converges to
a neighborhood of the optimum, with the neigh-
borhood size controlled by the aggregation qual-
ity. We propose two uncertainty-aware aggregation
methods, UWA and sUWA, that use density-based
estimates to down-weight unreliable client predic-
tions. Experiments on image and text classification
datasets confirm that our methods are most effec-
tive under high data heterogeneity, while match-
ing standard averaging when heterogeneity is low.
Code is available at https://github.com/
kovalchuk026/fd_aggregators.

1 INTRODUCTION

Federated Learning (FL) is a distributed learning paradigm
that allows multiple clients to collaboratively train their
models without sharing private data [McMahan et al., 2017,
Konečnỳ et al., 2016, Kairouz et al., 2021, Wang et al.,
2021]. However, most FL algorithms require sharing model
parameters or gradients, which can be prohibitively expen-
sive for modern deep networks.

To reduce communication costs, several works explore an
alternative paradigm called Federated Distillation (FD; Li

and Wang, 2019, Shao et al., 2024, Wei and Li, 2022). In
FD, clients share model outputs (e.g., logits or predicted
probabilities) on a public dataset, rather than model pa-
rameters. This setup allows for a significant reduction in
communication and naturally supports heterogeneous client
architectures, since FD only requires the output spaces of
client models to match. As a result, the core algorithmic
challenge shifts from parameter aggregation to logits or
probabilities aggregation, which are used for distillation.

However, standard FD approaches [Li and Wang, 2019, Lin
et al., 2020] treat all client predictions as equally reliable,
which becomes problematic when the data are heteroge-
neous. In this work, we focus on a practically important
form of such heterogeneity, a label shift that leads to class
mismatch. In this setting, each client observes only a subset
of the global label space, while the public dataset contains
samples from all classes. Consequently, some public sam-
ples belong to classes absent from a given client’s training
data. For such samples, the client effectively predicts out-
of-distribution (OoD) inputs, and the resulting predictions
can be misleading. Naive averaging of those predictions,
therefore, may severely degrade the quality of the teacher
signal and hinder knowledge transfer.

In this paper, we theoretically analyze the benefits of aggre-
gation in FD and propose a particular method that improves
model training under data heterogeneity. Our contributions
are summarized below.

1. We introduce a family of uncertainty-aware approaches
to aggregating predictions from different clients; see
Section 3.

2. Under mild assumptions, we provide convergence guar-
antees for the two-stage training procedure: a non-
convex stationarity rate and a linear rate to a neigh-
borhood determined by teacher quality; see Section 4.

3. We validate the proposed methods and baselines [Li
and Wang, 2019, Lin et al., 2020] on image and textual
data under distributed heterogeneous scenarios; see
Section 5.

Proceedings of the 42nd Conference on Uncertainty in Artificial Intelligence (UAI 2026), PMLR 337:3162–3181.

https://github.com/kovalchuk026/fd_aggregators
https://github.com/kovalchuk026/fd_aggregators


2 RELATED WORK

In this section, we discuss two major paradigms of dis-
tributed learning, Federated Learning and Federated Distil-
lation, and then review uncertainty quantification methods
that motivate our approach.

Federated Learning. Federated Learning (FL) was in-
troduced by McMahan et al. [2017] with the FedAvg al-
gorithm. In FL, distributed clients aim to train a global
(shared) model collaboratively, but they are restricted from
sharing their data. Instead, the clients are allowed to share
gradients or model parameters with a server, which aggre-
gates them across communication rounds. While FedAvg
performs well when client data are homogeneous, its perfor-
mance degrades significantly under data heterogeneity [Li
et al., 2020, Karimireddy et al., 2020]. Several methods
address this through variance reduction, such as SCAF-
FOLD [Karimireddy et al., 2020] and S-Local-SVRG [Gor-
bunov et al., 2021], or through personalization [Collins et al.,
2021, Kotelevskii et al., 2022b, Li et al., 2021] and partial
personalization [Raghu et al., 2020, Pillutla et al., 2022,
Mishchenko et al., 2025]. However, standard FL techniques
require all clients to share the same model architecture,
which can be restrictive in practice and creates significant
communication overhead for large models.

Federated Distillation. Federated Distillation (FD) was
proposed to reduce communication costs and relax the
shared-architecture constraint [Li and Wang, 2019, Seo
et al., 2022, Li et al., 2024, Sattler et al., 2022]. FD draws
on knowledge distillation [Hinton et al., 2015, Gou et al.,
2021], in which a student model learns to match the teacher’s
predictions. In the federated setting, the teacher signal is
formed by aggregating predictions from multiple clients
on a shared public dataset. The change from exchanging
weights to predictions reduces communication overhead and
naturally supports heterogeneous client architectures, and
led to different methods [Shao et al., 2024, Wei and Li, 2022,
Lin et al., 2020].

However, constructing a high-quality teacher signal from
heterogeneous client data remains a key challenge for FD.
Under class mismatch, an aggregation that averages predic-
tions of different clients [Li and Wang, 2019, Lin et al.,
2020] treats all client predictions equally, regardless of
whether a given client has seen the relevant classes during
training. This can result in out-of-distribution predictions
being weighted equally with informed ones, leading to an
unreliable teacher signal.

Uncertainty Quantification. Uncertainty quantification
provides tools for assessing the reliability of model predic-
tions [Hüllermeier and Waegeman, 2021, Gawlikowski et al.,
2023]. A variety of approaches exist to quantify predictive
uncertainty and improve the reliability of outputs. These

include ensemble-based methods [Lakshminarayanan et al.,
2017], Bayesian approaches [Blundell et al., 2015], and post-
hoc calibration techniques [Guo et al., 2017]. In our setting,
density-based methods are particularly relevant [Van Amers-
foort et al., 2020, Mukhoti et al., 2023, Kotelevskii et al.,
2022a], as they can estimate epistemic uncertainty, which
reflects a model’s awareness of the data it predicts on, for a
single deterministic model without requiring an ensemble.

We build on these density-based methods and incorporate
each client’s uncertainty estimate into the server-side aggre-
gation step. This allows the server to down-weight unreliable
client predictions when constructing the teacher signal.

3 SETTING AND METHOD

We start this section by formalizing our setup and intro-
ducing the necessary notation. A glossary of the notation
used throughout the paper is provided in Appendix C.1.
We consider M distributed clients, collaboratively solv-
ing a classification problem with C classes. Each client
i ∈ S = {1, . . . ,M} holds a private labeled dataset
Di ∼ Pi, where labels come from a subset of all possi-
ble classes Ci ⊆ {1, . . . , C}.

Following standard restrictions of the federated setup, we
assume that clients cannot share their private data. We also
assume that all clients have access to a shared public unla-
beled dataset Dpub ∼ PX

pub, containing covariates from all
classes, where PX

pub is a marginal distribution of Ppub w.r.t.
the input x without label. Below, all guarantees are stated
with respect to x ∼ PX

pub.

We assume that client i has a local model parameterized by
θ(i) ∈ Rd and aims to minimize its expected loss over Pi:

Fi(θ) := Eζ∼Pi [L(θ, ζ)],

where ζ = (x, y) ∼ Pi is a labeled example, with covariate
x and label y ∈ {1, . . . , C}, and L(θ, ζ) = ℓ

(
f(x, θ), y

)
is a proper point-wise loss. For the cross-entropy in-
stance used throughout, L(θ, (x, y)) = − log f(x, θ)y =
CE
(
ey ∥ f(x, θ)

)
, where ey denotes the one-hot encoding

of y. The global objective is to minimize the average loss
over clients:

min
θ∈Rd

F (θ) :=
1

M

M∑
i=1

Fi(θ), θ∗ ∈ arg min
θ∈Rd

F (θ).

Let f(x, θ) ∈ ∆C−1 denote the predicted probability vector
over C classes and let p∗(x) := f(x, θ∗) be the reference
predictor.

In what follows, our theoretical analysis assumes all clients
share the same model architecture, i.e., a common param-
eter space Rd, so that the averaged objective F (θ) and its
minimizer θ∗ ∈ Rd are well-defined over a single param-
eter vector. In practice, however, clients can use different
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Figure 1: Our two-stage training loop works as follows.
Stage one. (1) Clients train on their private labeled data. (2)
Clients compute predictions on the public unlabeled dataset.
(3) Clients send predictions to the server.
Stage two. (4) The server aggregates predictions into soft
labels. (5) The soft labels are sent to clients for refinement.

architectures, since logit-based methods only exchange pre-
dictions rather than model parameters. We do not cover this
heterogeneous-architecture case in the theory, but we study
it empirically in Section 5.4.

3.1 TWO-STAGE TRAINING

A single training round consists of two stages (see Figure 1).

In Stage 1, each client trains on its local data. It then com-
putes predictions qi(x) = softmax(fi(x; θi)) ∈ ∆C−1 for
every x ∈ Dpub and sends them to the server.

In Stage 2, the server forms a teacher pagg(x) ∈ ∆C−1

by aggregating the received predictions. It then sends the
aggregated vectors back to the clients, which refine their
models on Dpub.

Definition 3.1. We say that the aggregation rule is
probability mixing if there exist weights wi(x) ≥ 0,∑

i∈S wi(x) = 1 such that

pagg(x) =
∑
i∈S

wi(x)qi(x).

In practice, one may aggregate logits and then apply softmax.
Our analysis is aggregation-agnostic at the level of pagg(x).
All rates depend on the teacher error Ex∥pagg(x)−p∗(x)∥2.
Definition 3.1 is used only when we want explicit M -
dependence (e.g. 1/M ) from moment assumptions. In the
following sections, we discuss different aggregation strate-
gies for the server to combine client predictions. We illus-
trate the setup in Figure 1 and summarize the procedure in
Algorithm 1.

Algorithm 1 Uncertainty-Aware Federated Distillation

Input: Private datasets {Di}Mi=1, public dataset Dpub,
rounds R, learning rates η, ηpub, private epochs Epriv,
public epochs Epub, aggregation rule Agg, calibration
datasets {Dcal

i }Mi=1

Output: Client models {fi(·; θi)}Mi=1

1: Initialize {θ0i }Mi=1

2: for round r = 1 to R do
3: for each client i ∈ [M ] in parallel do
4: Private training: update θi on Di for Epriv

epochs using cross-entropy
5: Public inference:

qi(x)← softmax(fi(x; θi)) for all x ∈ Dpub
6: Fit GMM Gi on Dcal

i

7: Upload Gi and {qi(x)}x∈Dpub to the server
8: end for
9: for each x ∈ Dpub do

10: Soft targets pagg(x)← Agg
(
{(qi(x), Gi)}Mi=1

)
11: end for
12: Broadcast {pagg(x)}x∈Dpub to all clients
13: for each client i ∈ [M ] in parallel do
14: Public refinement: update θi on Dpub for Epub

epochs using CE
(
pagg(x)∥softmax(fi(x; θi))

)
15: end for
16: end for

4 THEORETICAL ANALYSIS

We provide a theoretical analysis of logit aggregation that
justifies why averaging client predictions on a public dataset
can recover an optimal predictor, and how aggregation of
logits followed by finetuning on public data yields a prov-
able improvement in the supervised objective.

4.1 TEACHER AGGREGATION DECOMPOSITION

Assumption 4.1 (Bias-variance-correlation for weighted
aggregation). Fix x ∼ PX

pub and let p∗(x) = f(x, θ∗).
Define client prediction errors

ξi(x) := qi(x)− p∗(x), i ∈ S.

Let w(x) = (wi(x))i∈S be the (possibly data-dependent)
aggregation weights with wi(x) ≥ 0 and

∑
i∈S wi(x) = 1.

Define the aggregated error ξ̄(x) :=
∑

i∈S wi(x)ξi(x).

(Bias term.) Define the squared bias functional

B2
w := Ex

[∥∥E[ξ̄(x) | x,w(x)]∥∥2
2

]
.

(Variance and correlation terms.) Define centered errors
ξ̃i(x) := ξi(x)− E[ξi(x) | x,w(x)] and assume there exist
constants σ ≥ 0 and ρc ∈ [0, 1] such that uniformly in
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(x,w(x)):

E
[
∥ξ̃i(x)∥22 | x,w(x)

]
≤ σ2, (1)∣∣E[⟨ξ̃i(x), ξ̃j(x)⟩ | x,w(x)]∣∣ ≤ ρcσ

2, i ̸= j. (2)

Assumption 4.1 is a bias-variance-correlation control for
the weighted teacher error ξ̄(x) =

∑
i∈S wi(x)ξi(x). The

term B2
w is the (squared) weighted bias of the aggregated

teacher error on public inputs, and is the main place where
a data-dependent rule (e.g. UWA) can improve over uni-
form averaging by down-weighting systematically unreli-
able clients. The parameters σ2 and ρc bound conditional
second moments and correlations of centered client errors;
ρc = 0 corresponds to conditionally uncorrelated client er-
rors (maximal averaging benefit), while ρc = 1 yields no
variance reduction. Finally, the quantity χ(x) =

∑
i wi(x)

2

measures weight concentration.

Lemma 4.2 (Teacher MSE under bias-variance-correla-
tion). Consider probability-mixing aggregation pagg(x) =∑

i∈S wi(x)qi(x) and assume the boundedness of its bias
by Bw as well as the boundedness of variance and corre-
lation of qi(x) − p∗(x) by σ2 and ρcσ

2 respectively (see
Assumption 4.1). Let

χ(x) :=
∑
i∈S

wi(x)
2, χ := Ex[χ(x)].

Then, the teacher MSE satisfies:

εteach := Ex∥pagg(x)− p∗(x)∥22
≤ B2

w + σ2
(
ρc + (1− ρc)χ

)
. (3)

Lemma 4.2 decomposes the teacher MSE into a weighted
bias term B2

w and a variance/correlation term controlled by
the weight concentration χ = Ex

∑
i wi(x)

2. This makes
the effect of the aggregation rule explicit.

4.2 AVERAGING AGGREGATION

The simplest existing approach is to average predictions
across clients [Li and Wang, 2019, Lin et al., 2020]:

pAVG
agg (x) =

1

M

M∑
i=1

qi(x).

Lemma 4.2 implies that wi(x) ≡ 1/M for all i ∈ S and
all x, hence χAVG = 1/M . Thus, averaging yields the
strongest possible variance reduction among all convex
weights (it minimizes χ subject to

∑
i wi = 1).

Recall that the client prediction error is

ξi(x) := qi(x)− p∗(x),

so that pagg(x)− p∗(x) =
∑

i∈S wi(x)ξi(x).

Then, the bias term becomes the bias of an unconditional
mixture of client predictors:

B2
w,AVG = Ex

∥∥E[ 1
M

∑
i∈S

ξi(x) | x,w]
∥∥2,

so clients that are systematically unreliable on a given x still
contribute equally to the teacher.

While straightforward, this treats all clients equally in-
formed and reliable, regardless of how informative they
are. A client that is simply guessing will have the same
weight as one producing meaningful predictions. Under the
class-mismatch setup we consider, some clients have never
seen covariates from certain classes in the public dataset, so
their predictions on these objects can be misleading.

4.3 CONVERGENCE RATES

LetPX
pub denote the input marginal of the public distribution.

The public distillation objective for any model parameters θ
is:

Jagg(θ) := Ex∼PX
pub

[
KL
(
pagg(x)∥f(x, θ)

)]
.

Stage 2 runs SGD on Jagg. At iteration t, client i draws

{xtj}bj=1
i.i.d.∼ PX

pub and sets:

g
(i)
t :=

1

b

b∑
j=1

∇θKL
(
pagg(xtj)∥f(xtj , θ

(i)
t )
)
,

θ
(i)
t+1 = θ

(i)
t − γg

(i)
t , E[g(i)t | θ

(i)
t ] = ∇Jagg(θ(i)t ). (4)

Since our analysis of Stage 2 applies to any client i, we omit
the superscript (i) in the formulas and results that follow.

Assumption 4.3 (SGD noise for Stage 2). There exists
ν2 ≥ 0 such that for all t:

E[gt | θt] = ∇Jagg(θt), (5)

E
[
∥gt −∇Jagg(θt)∥22

∣∣θt] ≤ ν2. (6)

Assumption 4.3 is a standard unbiasedness and bounded
variance condition for stochastic gradient estimators used in
stochastic approximation / SGD analyses [Nemirovski et al.,
2009, Ghadimi et al., 2016].

Assumption 4.4 (Smoothness (and optionally PL later)).
F is LF -smooth:

∥∇F (θ)−∇F (θ′)∥2 ≤ LF ∥θ−θ′∥2, ∀θ, θ′ ∈ Rd. (7)

Optionally, for a stronger result, we assume Polyak-
Łojasiewicz condition [Polyak, 1963, Lojasiewicz, 1963]:

∥∇F (θ)∥22 ≥ 2µF

(
F (θ)− F ∗), ∀θ ∈ Rd,

F ∗ := F (θ∗). (8)
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Assumption 4.4 uses LF -smoothness, a standard regularity
condition for first-order optimization methods [Nesterov,
2018]. When we additionally invoke the Polyak-Łojasiewicz
(PL) inequality (second line of Assumption 4.4), we follow
the classical condition analyzed by Polyak [1963].

Assumption 4.5 (Gradient alignment between F and ideal
KD). Define the ideal-teacher objective

J∗(θ) := Ex∼Dpub,x

[
KL(p∗(x)∥f(x, θ))

]
. (9)

There exist constants c ∈ (0, 1) and b ≥ 0 such that the
following inequality holds for all t:

E
[
∥∇F (θt)−∇J∗(θt)∥2

]
≤ cE

[
∥∇F (θt)∥2

]
+b2 (10)

Remark 4.6. By the definition of p∗(x) and θ∗, we have
∇J∗(θ∗) = 0 and∇F (θ∗) = 0. Hence, the above assump-
tion is natural near θ∗. In practice, as training approaches
its final phase, we expect θt to be close to θ∗, implying
that b decreases toward the end of Stage 2. For the sake of
analytical simplicity, however, we treat the constants c and
b as fixed.

Assumption 4.7 (Score-energy bound). There exists a con-
stant Gsc ≥ 0 such that for all t:

E
[
Ex∼Dpub,x

[ C∑
c=1

∥∇θ log fc(x, θt)∥22
]]
≤ G2

sc. (11)

Assumption 4.7 upper bounds the Frobenius norm of the
score matrix S(x, θ) ∈ RC×d with rows ∇θ log fc(x, θ)

⊤.
In softmax models, S(x, θ) is controlled by the Jacobian
of logits (and feature norms), so empirically G2

sc can be
supported by measuring average score/Jacobian norms along
training. In many softmax models, ∥S(x, θ)∥2F can scale
like O(C) times a feature-norm term; thus S2 may grow
with C unless features/parameters are controlled (e.g., by
regularization or by operating in a bounded region).

Biased gradient oracle model. Although Stage 2 opti-
mizes Jagg, we evaluate progress in terms of the objective
function F . Therefore, if we define

β(θ) := ∇Jagg(θ)−∇F (θ), nt := gt −∇Jagg(θt),

then we can interpret the procedure described in (4) as bi-
ased SGD θt+1 = θt − γgt applied to the minimization of
function F with biased stochastic gradient:

gt = ∇F (θt) + β(θt) + nt, E[nt | θt] = 0.

Under our aggregation and regularity assumptions, we
show in Proposition 4.8 that this bias satisfies an ex-
pected biased-oracle inequality of the form E∥β(θt)∥2 ≤
mE∥∇F (θt)∥2 + ζ2. This is a weaker version of the point-
wise oracle used by Ajalloeian and Stich [2021], and we
therefore provide an expected-oracle adaptation of their de-
scent argument in Appendix C.6.

Proposition 4.8 (Expected-oracle conditions adaptation).
Assume the boundedness of aggregation bias by Bw as
well as the boundedness of variance and correlation of
qi(x) − p∗(x) by σ2 and ρcσ

2 respectively (see Assump-
tion 4.1); c ∈ (0, 1) and b ≥ 0 quantify the alignment be-
tween∇F (θt) and the ideal distillation objective∇J∗(θt)
(Assumption 4.5); G2

sc bounds the expected squared Frobe-
nius norm of the score matrix (Assumption 4.7); and ν2

bounds the variance of the stochastic gradient gt (Assump-
tion 4.3). Fix α > c

1−c and define

m :=
(
1 +

1

α

)
c,

ζ2 := (1 + α)G2
sc εteach +

(
1 +

1

α

)
b2. (12)

Then the bias satisfies

E
[
∥β(θt)∥22

]
≤ mE

[
∥∇F (θt)∥22

]
+ ζ2, (13)

and the noise satisfies

E
[
∥nt∥22 | θt

]
≤ ν2. (14)

Therefore, the Stage 2 update (4) fits the biased SGD oracle
model of [Ajalloeian and Stich, 2021] (with MAj = 0 and
σ2

Aj = ν2 in their Assumption 3).

Below, we state the resulting non-convex stationarity and
PL convergence bounds, highlighting how the constants
(m, ζ2, ν2) depend on the aggregation quality through εteach
(and, via Lemma 4.2, on the weight concentration χ and
weighted bias B2

w). We also translate these bounds into
iteration complexities.

Corollary 4.9 (Big-O complexity for non-convex station-
arity). Assume F is LF -smooth and let the conditions of
Proposition 4.8 hold. Define m, ζ, ν2 as in that proposition.
Let ϵmin := ζ2/(1−m) and fix any ϵ > ϵmin. Define ϵ̄ :=
ϵ− ϵmin. Choosing γ := min{1/LF , ϵ̄(1−m)/(2LF ν

2)},
it suffices to take1

T = O
(
LF ν

2 (F (θ0)− Finf)

(1−m)2 ϵ̄2

)
to ensure E∥∇F (θout)∥2 ≤ ϵ.

Corollary 4.10 (Big-O complexity under PL). Assume F
is LF -smooth and satisfies the Polyak–Łojasiewicz (PL)
condition:∥∇F (θ)∥2 ≥ 2µF (F (θ)−F ∗), µF > 0. Let the
conditions of Proposition 4.8 hold and define m, ζ, ν2 as
in that proposition. Define the floor

ϵfloor(γ) :=
ζ2 + LF γν

2

2µF (1−m)
.

1We neglect 1/ϵ̄ term since it is dominated by the 1/ϵ̄2 term
for sufficiently small ϵ̄.
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For any ϵ > ϵfloor(γ), γ ≤ 1/LF , it suffices to take

T = O
(

1

γµF (1−m)
log

F (θ0)− F ∗

ϵ− ϵfloor(γ)

)
to ensure E[F (θT )− F ∗] ≤ ϵ.

Proof sketch (non-convex stationarity). Stage 2 updates
satisfy the biased-gradient decomposition gt = ∇F (θt) +
β(θt) + nt. Proposition 4.8 (Appendix) bounds the bias in
expected-oracle form E∥β(θt)∥2 ≤ mE∥∇F (θt)∥2 + ζ2

and controls the noise by E[∥nt∥2 | θt] ≤ ν2. Applying
LF -smoothness to one SGD step and taking the condi-
tional expectation yields a descent inequality with a negative
E∥∇F (θt)∥2 term plus bias/noise corrections. Summing
over t and sampling θout uniformly from {θ0, . . . , θT−1}
gives the stated stationarity bound. Full details are in Ap-
pendix C.

Proof sketch (PL linear rate). Starting from the same
one-step descent inequality, the PL condition converts the
gradient-norm term into a contraction in E[F (θt) − F ∗],
yielding a linear recursion with rate 1−γµF (1−m) and an
additive floor proportional to (ζ2 + LF γν

2)/(µF (1−m)).
Unrolling the recursion gives the claimed linear convergence
to a neighborhood. Full details are in Appendix C.

On the error floor. Both results establish convergence
only up to an irreducible optimization error. In the general
non-convex setting, this error is given by ϵmin := ζ2/(1−
m), which is consistent with existing results for biased SGD
[Ajalloeian and Stich, 2021]. However, as shown in Propo-
sition 4.8, the error floor can be reduced through improved
aggregation. Specifically, the first term in the definition of ζ2

in (12) is proportional to εteach := Ex∥pagg(x)− p∗(x)∥22,
which quantifies the quality of the aggregation rule. In the
case of (near-)ideal aggregation, we have εteach ≈ 0, and
consequently ζ ∼ b, where b (together with c) characterizes
the alignment between ∇F (θt) and the ideal distillation
objective ∇J∗(θt) (Assumption 4.5). As discussed in the
appendix (see Remark 4.6), it is natural to expect b to be
small toward the end of training. Therefore, our results imply
convergence to a small and practically meaningful optimiza-
tion error, provided that the aggregation rule is sufficiently
accurate.

Regarding single-round scope. Theorems in Section 4.3
analyze a single Stage 2 distillation phase with a fixed
teacher pagg (computed once from Stage 1 predictors). This
isolates the effect of aggregation quality through εteach
(and χ) on the optimization floor.

In a multi-round procedure, each round recomputes a teacher
p
(r)
agg and runs Stage 2 for T2 steps. The single-round analysis

applies within each round with round-dependent quantities
εteach,r, χr, and the induced oracle parameters (mr, ζ

2
r ).

Without additional restrictions on Stage 1, monotone im-
provement across rounds cannot be guaranteed in the worst
case. However, if teacher-quality proxies (e.g., εteach,r
or χr) improve over rounds, the theory predicts a shrinking
neighborhood floor accordingly.

Proofs and further details. All missing technical details
and complete proofs are provided in Appendix C.

4.4 UWA: UNCERTAINTY-WEIGHTED
AVERAGING

To address issues raised in Section 4.2, we propose weight-
ing each client’s prediction by its confidence. We use a
density-based approach that links predictive uncertainty to
how typical the model’s outputs look [Van Amersfoort et al.,
2020, Mukhoti et al., 2023, Kotelevskii et al., 2022a].

For each client i, we keep a separate labeled calibration
split Dcal

i (20% of private data in our experiments) that
is not used for training, but is used to fit a density model.
There are multiple options for selecting a density model,
depending on the level of flexibility required. One of the
reasonable choices is a Gaussian Mixture Model (GMM)
with |Ci| components (one per class k ∈ Ci), equal mixture
weights, and diagonal covariance. For simplicity, we fit the
GMM in a gaussian-per-class manner, to the logits produced
on the calibration set Dcal

i : zi(x) = fi(x; θi) ∈ RC . We
refit it after each training phase on a local (private) dataset.

Let us now describe how we use it for objects coming from
the shared public dataset. Denote by µi,k,d and σi,k,d the
mean and standard deviation of the d-th logit component for
class k on client i. To evaluate the reliability of a client, we
compute the log-likelihood under the fitted GMM for each
x from the shared public dataset:

ℓi(x) := log p(x | i)

= log
( 1

|Ci|
∑
k∈Ci

N
(
zi(x);µi,k, σ

2
i,k

))
,

where N (·;µ,Σ) denotes a Gaussian with mean µ and co-
variance Σ. The fully expanded per-component expression
for ℓi(x) is given in Appendix A.4.

The value of ℓi(x) tells us how reliable the prediction of
client i is for input x. When ℓi(x) is large, the logits that the
client predicts look similar to what it saw during training, so
it is likely producing informed predictions. When ℓi(x) is
small, the logits are unusual for this client, which typically
happens for classes outside Ci. Therefore, the predictions
are likely not well-informed, and the client is instead guess-
ing. We empirically confirm that these per-client GMMs
separate a client’s own-class inputs from out-of-class inputs
in Appendix B.7.

We then produce weights from these log-likelihood values
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by applying a softmax over all clients for a fixed input x:

wi(x) =
exp(ℓi

(
x)
)∑M

j=1 exp
(
ℓj(x)

) =
p(x | i)∑
j p(x | j)

.

Note that if p(i) = p(j) for all i, j, Bayes’ theorem gives
wi(x) = p(i | x).

The soft target labels are then a weighted average of client
predictions:

pUWA
agg (x) =

M∑
i=1

wi(x)qi(x) ≈ Ewi(x)qi(x). (15)

For UWA, the weights wi(x) depend on the input x, so χ(x)
is generally larger than 1/M when the weights concentrate
on a subset of clients (less averaging):

χUWA = Ex

∑
i∈S

wi(x)
2 ∈

[ 1

M
, 1
]
.

This increases the variance term in Lemma 4.2 relative to
AVG whenever weights are concentrated. However, a data-
dependent rule, such as UWA, may reduce B2

w by down-
weighting clients whose conditional mean error is large, i.e.,
those that are out-of-distribution for the given input. While
logit-density scores have been used for out-of-distribution
detection [Mukhoti et al., 2023], we adapt them here to
federated aggregation under client heterogeneity.

More explicitly, let µi(x,w) := E[ξi(x) | x,w(x)]. Then

E[ξ̄(x) | x,w] =
∑
i∈S

wi(x)µi(x,w),∥∥E[ξ̄(x) | x,w]∥∥2
2
≤
∑
i∈S

wi(x) ∥µi(x,w)∥22,

so the bias contribution can decrease when weights are
concentrated on clients with smaller ∥µi(x,w)∥2.

Hence, UWA trades off less variance reduction (larger χ)
for potentially smaller bias (smaller B2

w). In regimes with
strong client heterogeneity (large systematic bias), UWA
can reduce B2

w substantially and outperform averaging. In
more homogeneous regimes (small bias), uniform averaging
tends to be preferable because it minimizes χ.

Smoothed UWA. In our experiments, we observed that
UWA can produce highly peaked weight distributions, espe-
cially in early rounds of training. We hypothesize that this
is due to unreliable logits learned by clients, which result in
flawed density models fitted on them. This effect can arise
from overfitting of clients’ models to their local data.

In what follows, we present a practical modification of UWA
that empirically improves performance. We refer to it as
smoothed UWA (sUWA).

The idea is to scale the log-likelihoods produced by local
density models in a temperature scaling-like manner [Guo

et al., 2017]. Specifically, we introduce a scalar temperature
τ > 0 and produce sUWA weights as follows:

wsUWA
i (x) =

exp(τℓi(x))∑
j∈S exp(τℓj(x))

.

The method interpolates between three extremes:

• τ = 1 recovers UWA;

• τ →∞ selects the most confident model;

• τ = 0 recovers AVG.

In our experiments, we set τ < 1 to reduce the concentration
of aggregation weight. Specifically, we fix τ = 0.25 across
all experiments.

From the perspective of Lemma 4.2, the temperature con-
trols the bias-variance tradeoff: lower τ decreases weight
concentration χ (better variance reduction) at the cost of
higher bias B2

w.

5 EXPERIMENTS

In this section, we empirically study different aggregation
approaches. We consider classification in two domains:
(i) image classification on CIFAR-10 [Krizhevsky, 2009]
trained from scratch, (ii) image classification on CIFAR-
100 using transfer learning [Krizhevsky, 2009], and (iii)
text classification on Yahoo Answers [Chang et al., 2008]
with transfer learning. In all settings, we use 20 clients and
vary the degree of heterogeneity by changing the number of
classes k assigned to each client.

We compare three aggregation methods, namely AVG (uni-
form averaging, baseline), UWA (uncertainty-weighted av-
eraging), and sUWA (smoothed UWA with temperature
τ = 0.25); their precise definitions are collected in Ap-
pendix A.3.

5.1 EXPERIMENTAL SETUP

Depending on the dataset, we consider different schemes of
class distributions over clients:

• For CIFAR-10, each client has k ∈ {2, 3, 4, 5, 7, 9}
classes. For the classification, we use ResNet-18 [He
et al., 2016] trained from scratch.

• For CIFAR-100, k ∈ {20, 30, 40, 50, 70, 90} classes
per client, and as a model we use ResNet-18, pretrained
on ImageNet [Deng et al., 2009].

• For Yahoo Answers [Zhang et al., 2015], a topic clas-
sification benchmark with 10 classes, each client is
assigned k ∈ {2, 3, 4, 5, 7, 9} classes. We use BERT-
tiny [Turc et al., 2019], pretrained on Wikipedia and
BookCorpus, as the client model.
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Figure 2: Best test accuracy vs. classes per client (k). Dashed line: fully-informed reference model trained on all-classes
dataset with size |Dpub|+ |Di|.

Full dataset statistics and preprocessing details are provided
in Appendix A.2, and we analyze how the public and private
dataset sizes affect performance in Appendix B.5.

5.2 HOMOGENEOUS SETTING

Before studying heterogeneous settings, we verify our theo-
retical analysis in the homogeneous case. We train M = 20
clients on CIFAR-10, each observing all 10 classes with 100
samples per class (1,000 private training samples per client).
The shared public dataset contains 500 samples per class
(5,000 total).

We observe that communication between clients helps sig-
nificantly. Without it, local training achieves only 42.40%±
0.4% test accuracy. A single round of distillation already
raises accuracy to 58.04%± 0.06%. This confirms that ag-
gregating clients’ predictions improves convergence (see
Section 4), and unlabeled public data provides an effective
channel for knowledge transfer.

5.3 HETEROGENEOUS SETTING

In this section, we consider a practical scenario of dis-
tributed heterogeneous clients.

We present average client test accuracy across all methods
and heterogeneity levels. The results are summarized in
Table 2. The density-weighted methods provide the most
significant improvement at low k (i.e., high heterogene-
ity), where most public samples are out-of-distribution
for a given client. As heterogeneity decreases, clients be-
come equally aware of all classes, and therefore UWA and
sUWA converge to AVG. Without heterogeneity, all meth-
ods achieve nearly the same test accuracy. Smoothed UWA
consistently outperforms UWA, especially at moderate het-
erogeneity.

In Figure 2, we display the same results visually. We see
that uncertainty-aware approaches (both UWA and sUWA)
are most effective in high-data-heterogeneity settings. On

CIFAR-10, these approaches reach almost 40% accuracy
when clients observe only 20% of classes. As k increases,
client predictions become more reliable, the weights in
uncertainty-aware methods approach uniformity, reducing
these methods to simple averaging. Full per-round train-
ing curves (global and local test accuracy) for CIFAR-10
across all heterogeneity levels are shown in Figure 5 in the
appendix.

Smoothed UWA tends to outperform both AVG and UWA
across a broad range of k. We have the following explanation
for this observation. Early in training, local models can
overfit to their private data, leading to unreliable density
estimates. This issue makes the uncertainty weights flawed
and overly concentrated on a few clients. The temperature
parameter flattens the weight distribution, preventing any
single client from dominating the aggregation (in practice,
τ = 0.25). In section B.6 we present an ablation study on
the temperature parameter.

5.4 HETEROGENEOUS CLIENT
ARCHITECTURES

Section 3 noted that federated distillation supports clients
with different model architectures, a case our theory does not
cover. We verify it empirically on CIFAR-10 by assigning
the 20 clients four distinct backbones in round-robin (five
clients each): ResNet-18, a VGG-style CNN, DenseNet-121,
and ResNet-34 (ranging from∼0.6M to∼21M parameters).
Each client still observes only k of the 10 classes, and all
clients share the same C-dimensional output space, so the
aggregation step is unchanged. Figure 4 shows test accu-
racy over rounds for uniform averaging (AVG) and sUWA.
Density-based weighting remains effective with mixed ar-
chitectures: sUWA improves over AVG at every tested k,
by roughly 3 to 10 percentage points. This indicates that
the benefit of down-weighting unreliable clients does not
depend on a shared architecture.
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Figure 3: Mean accuracy on local classes over communica-
tion rounds.

5.5 COMMUNICATION COST

We compare the cost of our logit-based methods against
SCAFFOLD [Karimireddy et al., 2020], a gradient-based
federated learning method that uses control variates to cor-
rect client drift.

The two paradigms use a comparable number of communica-
tion rounds to converge, so we compare the bytes transferred
per round, which are far lower for logit-based approaches.
Each SCAFFOLD round transmits the full model together
with its control variate, whereas a distillation round trans-
mits only soft labels on the public set. On Yahoo Answers
(BERT-tiny, ∼4.3M parameters), this is about 34MB per
client per round for SCAFFOLD, versus about 0.08MB for
AVG and UWA (2,000 public samples × 10 classes × 4
bytes), a ∼430× reduction. On CIFAR-100 (ResNet-18,
∼11.7M parameters, C = 100, 5,000 public samples), it is
about 94MB per round for SCAFFOLD versus 2MB for the
logit methods, a ∼47× reduction.

5.6 COMPARISON TO GRADIENT-BASED
BASELINES

We also compare accuracy directly against gradient-based
federated methods on CIFAR-10: FedAvg [McMahan et al.,
2017], SCAFFOLD [Karimireddy et al., 2020], and a private-
data adaptation of FedAux [Sattler et al., 2022]. All meth-
ods share the same federation setup (20 clients, 50 rounds,
3 seeds). The gradient-based baselines train on private data
only, whereas the aggregation methods additionally use the
unlabeled public set for distillation; SCAFFOLD uses SGD
with a tuned learning rate (see Appendix A.1). Figure 6
reports the best test accuracy over the 50 rounds. The out-
come is heterogeneity-dependent. At the most severe class
mismatch (k = 2), SCAFFOLD’s drift correction makes it
competitive with the uncertainty-aware aggregators, with
UWA, sUWA, and SCAFFOLD all within a standard devia-
tion of one another. At moderate heterogeneity (k = 3), the
uncertainty-aware aggregators lead (sUWA ahead of UWA);

SCAFFOLD is the strongest gradient baseline but trails them,
while FedAvg and FedAux fall well behind. At k = 4,
sUWA is best, while SCAFFOLD, FedAvg, FedAux, and
UWA cluster closely below it. FedAvg and FedAux lag
under strong heterogeneity and only catch up as k grows.
Crucially, the distillation methods reach this accuracy while
transmitting orders of magnitude less data (Section 5.5).

5.7 LOCAL CLASS IMPROVEMENT

Over communication rounds, the test accuracy on local
classes (measured after the local stage) improves signifi-
cantly compared to training without communication (see
Figure 3). The overlap between local class sets across clients
can explain this improvement. Our methods perform signifi-
cantly better in this scenario as well.

5.8 LIMITATIONS

Our approach relies on a shared, unlabeled public dataset
accessible to all clients and the server. While such data is
available in many practical settings (e.g., publicly crawled
text or images), it may not always be available in specialized
domains, such as medical or financial data. Additionally,
the communication advantage over gradient-based methods
decreases as the number of classes grows. Each client sends
a (C − 1)-dimensional probability vector per public sample,
so for datasets with many classes and large public sets,
the per-round cost increases accordingly, though it remains
below gradient-based costs.

6 CONCLUSION

In this paper, we studied the problem of aggregating client
predictions in Federated Distillation under data heterogene-
ity. We provided a theoretical analysis showing that aggre-
gating predictions from different clients on a shared public
dataset converges to a neighborhood of the optimum, with
the neighborhood size controlled by the quality of the ag-
gregating strategy.

As specific aggregation strategies, we proposed UWA and
sUWA, uncertainty-aware methods that down-weight unreli-
able client predictions using the density of predicted logits.
In our experiments on image (CIFAR-10, CIFAR-100) and
text (Yahoo Answers) datasets, we demonstrated that these
methods are most effective in high-data-heterogeneity sce-
narios. At the same time, they match the standard averaging
procedure in low- or no-heterogeneity settings.
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Martin Takáč1 Eduard Gorbunov1 Nikita Kotelevskii1

1Mohamed bin Zayed University of Artificial Intelligence (MBZUAI), Abu Dhabi, UAE
2Independent Researcher

A EXPERIMENTAL DETAILS

A.1 HYPERPARAMETERS

Table 1 summarizes the hyperparameters used across all experiments.

Table 1: Hyperparameters for all experiments. All experiments use M=20 clients, 3 random seeds, and sUWA temperature
τ=0.25. For UWA and sUWA GMMs are fitted locally using the same private dataset, but augmented.

Parameter Yahoo Answers CIFAR-10 CIFAR-100

Federation Setup
Classes per client (k) {2,3,4,5,7,9} {2,3,4,5,7,9} {20,30,40,50,70,90}
Private samples/client 1,500 5,000 5,000
Public dataset size 2,000 5,000 5,000
Communication rounds 50 50 50

Model Architecture
Backbone BERT-tiny ResNet-18 ResNet-18
Pretrained Yes (Wikipedia + BookCorpus) No Yes (ImageNet-1K)

Training
Optimizer AdamW Adam Adam
Learning rate 2×10−5 1×10−3 1×10−4

Batch size 32 128 128
First round epochs 3 20 1
Subsequent epochs 1 2 1

A.2 DATASET DETAILS

Yahoo Answers. Yahoo Answers [Zhang et al., 2015] is a topic classification dataset with 10 classes (e.g., Science &
Mathematics, Sports, Health). It contains 1,400,000 training samples and 60,000 test samples. Each sample consists of a
question title, question content, and best answer concatenated together.

CIFAR-10 and CIFAR-100. CIFAR-10 contains 60,000 32× 32 color images across 10 classes (50,000 train, 10,000
test). CIFAR-100 contains the same number of images but with 100 fine-grained classes grouped into 20 superclasses.
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A.3 AGGREGATION METHOD DETAILS

Simple Averaging (AVG). Computes the element-wise mean of client softmax probabilities:

q̄(x) =
1

M

M∑
i=1

qi(x), qi(x) = softmax(fi(x)).

UWA (Uncertainty-Weighted Averaging). Each client fits a Gaussian mixture model over its logit distribution using
private training data (one component per local class). At aggregation time, the confidence score for client i on input x is:

ℓi(x) = log pGMMi(fi(x)), wi(x) =
exp(ℓi(x))∑
j exp(ℓj(x))

.

sUWA (Smoothed UWA). Uses a temperature parameter τ = 0.25 to smooth the UWA weights:

wsUWA
i (x) =

exp(τ · ℓi(x))∑
j exp(τ · ℓj(x))

.

As τ → 0, this reduces to uniform averaging (AVG).

A.4 UWA CONFIDENCE SCORE FORMULA

For the Uncertainty-Weighted Averaging (UWA) method, the confidence score for client i on input x is computed as:

ℓi(x) := log

(
1

|Ci|
∑
k∈Ci

(2π)−C/2
C∏

d=1

σ−1
i,k,d exp

[
− 1

2

C∑
d=1

(
fi,d(x)− µi,k,d

)2
σ2
i,k,d

])
, (16)

where we assume a mean-field approximation to each component and uniform component weights. The parameters µi,k,d

and σi,k,d are the mean and standard deviation of the d-th logit dimension for the k-th class component in client i’s Gaussian
mixture model.

B ADDITIONAL RESULTS

B.1 EXPERIMENTAL RESULTS

Table 2: Best test accuracy (%) across datasets and heterogeneity levels (k classes per client). Mean ± std over 3 seeds. Best
result per column in bold. Ref. is fully informed reference trained on all-classes dataset with size |Dpub|+ |Di|

Dataset Method k=2 k=3 k=4 k=5 k=7 k=9 Ref.

CIFAR-10
AVG 21.70±2.15 41.88±1.73 56.79±0.61 65.33±2.65 72.55±0.96 75.42±0.05

80.84UWA 39.51±2.69 59.37±1.57 64.71±0.49 68.96±0.40 71.23±0.15 73.16±0.13

sUWA 38.33±0.63 60.96±1.42 67.45±1.17 71.38±0.27 73.94±0.21 74.98±0.21

Yahoo
AVG 49.61±3.63 55.78±1.76 56.39±2.45 58.94±1.48 61.17±0.23 61.92±0.40

63.80UWA 56.46±1.06 57.90±0.77 58.51±0.16 59.69±0.27 61.20±0.45 61.97±0.47

sUWA 56.66±1.71 59.61±1.91 58.81±0.80 60.03±0.81 61.55±0.27 62.08±0.41

k=20 k=30 k=40 k=50 k=70 k=90

CIFAR-100
AVG 52.73±1.08 59.89±0.34 64.02±0.59 66.79±0.59 69.07±0.40 69.43±0.18

69.95UWA 59.82±0.33 62.09±0.60 63.43±0.62 64.91±0.79 66.76±0.53 67.67±0.09

sUWA 60.85±0.31 63.29±0.39 64.81±0.50 66.20±0.60 67.90±0.39 68.35±0.03

B.2 HETEROGENEOUS MODEL ARCHITECTURES

Figure 4 empirically shows that it is possible to use different architectures during federated distillation.
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Figure 4: CIFAR-10 with heterogeneous client architectures: test accuracy across communication rounds for AVG and
sUWA at k ∈ {2, 3, 4}. The 20 clients are split across ResNet-18, a VGG-style CNN, DenseNet-121, and ResNet-34.

B.3 ACCURACY CURVES

Figure 5 shows the global and local test accuracy across communication rounds for all datasets and heterogeneity levels.
The top row shows global test accuracy (evaluated on all classes) and the bottom row shows local test accuracy (evaluated
only on each client’s assigned classes). Lines show the mean over 3 seeds; shaded regions indicate ±1 standard deviation.
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Figure 5: CIFAR-10: global (top) and local (bottom) test accuracy across communication rounds for k ∈ {2, 3, 4, 5, 7, 9}.

B.4 FEDERATED LEARNING BASELINES COMPARISON
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Figure 6: CIFAR-10: best test accuracy (mean over 3 seeds, error bars show ±1 std) of the aggregation methods (AVG,
UWA, sUWA) and gradient-based baselines (FedAvg, SCAFFOLD, FedAux) at three heterogeneity levels. Bars are sorted
in increasing order within each panel.
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B.5 ABLATION: PUBLIC VS. PRIVATE DATASET SIZE

To understand how the sizes of the public and private datasets affect
performance, we run an ablation study on Yahoo Answers using
sUWA with k=3 and 30 communication rounds. We vary the public
dataset size over {500, 1,000, 2,000, 5,000} and private samples per
client over {500, 1,000, 1,500, 3,000}.
Figure 7 shows the results as a heatmap. Increasing the public dataset
size has the largest impact on accuracy: moving from 500 to 2,000
public samples yields a ∼17 percentage-point improvement regard-
less of private data size. Beyond 2,000 public samples, gains saturate
unless private data also increases. Private data size has a smaller
but consistent effect, especially when public data is abundant. This
suggests that under a fixed data budget, prioritizing the collection
of shared public data yields larger returns than expanding per-client
private data, since the public set mediates all inter-client knowledge
transfer in the distillation framework.
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Figure 7: Ablation on Yahoo Answers (sUWA,
k=3): best test accuracy (%) as a function
of public dataset size and private samples per
client.

B.6 SENSITIVITY TO THE TEMPERATURE τ

We fix the sUWA temperature to τ = 0.25 in all main experiments. Figure 8 examines sensitivity to this choice on CIFAR-10
(seed 0) for τ ∈ {0.125, 0.25, 0.5, 0.75}. For k ≥ 3, τ = 0.25 gives the best accuracy, and performance changes gradually
on either side, so the method is not sensitive to the exact value within this range. At the most extreme heterogeneity (k = 2),
a larger temperature (τ = 0.75) is marginally better: when almost all clients are uninformed for a given input, concentrating
weight less aggressively helps. We keep τ = 0.25 throughout, as it is the best or near-best choice across the range of k.
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Figure 8: CIFAR-10 (seed 0): best test accuracy of sUWA for temperatures τ ∈ {0.125, 0.25, 0.5, 0.75} at four heterogeneity
levels.

B.7 GMM SEPARATION QUALITY

We evaluate how well each client-specific GMM, fitted on local logits and used for UWA/sUWA weighting, separates inputs
from the client’s own classes from inputs belonging to other classes. We report the average client AUROC on CIFAR-10 in
Table 3.
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Table 3: Average client AUROC on CIFAR-10 for GMM-based separation of own-class inputs from other-class inputs.

k AUROC
2 0.6878
3 0.7418
4 0.7727
5 0.7808

C THEORETICAL ANALYSIS (LEMMAS AND PROOFS)

In this section, we provide the missing details on the theoretical convergence analysis sketched in Section 4.

C.1 NOTATION TABLE

Symbol Meaning

S,M participating client set and its size (|S| = M )
C number of classes
θ ∈ Rd model parameters
f(x, θ) ∈ ∆C−1 model predictive probability vector
F (θ) = 1

M

∑
i Fi(θ) global supervised objective

F ∗ = infθ F (θ) optimal value of F
θ∗ a minimizer of F
p∗(x) = f(x, θ∗) reference predictor at optimum
Dpub,x public input distribution
qi(x) = f(x, θi) client predictor after Stage 1
pagg(x) aggregated teacher distribution
wi(x) aggregation weights (wi ≥ 0,

∑
i wi = 1)

Jagg(θ) Stage 2 distillation objective w.r.t. pagg
J∗(θ) ideal KD objective w.r.t. p∗

gt stochastic gradient estimator for ∇Jagg(θt)
ν2 bound on Stage 2 gradient noise variance (Assumption 4.3)
(B, σ, ρc) aggregation bias/variance/correlation constants (Assumption 4.1)
c, b alignment constants (Assumption 4.5)
G2

sc score-energy bound (Assumption 4.7)
εteach teacher MSE Ex∥pagg(x)− p∗(x)∥2
β(θ) Stage 2 bias ∇Jagg(θ)−∇F (θ)
nt zero-mean noise gt −∇Jagg(θt)
m, ζ2 biased-oracle constants (Prop. 4.8)

C.2 A HILBERT-SPACE IDENTITY USED IN AGGREGATION MSE PROOFS

Lemma C.1 (Conditional identity). Let Z ∈ Rk be square-integrable and X any random variable. Then

E∥Z∥22 = E∥E[Z | X]∥22 + E∥Z − E[Z | X]∥22. (17)

Proof. Write
Z = E[Z | X] +

(
Z − E[Z | X]

)
.

Then
∥Z∥2 = ∥E[Z | X]∥2 + ∥Z − E[Z | X]∥2 + 2⟨E[Z | X], Z − E[Z | X]⟩.

Taking expectation, the cross term vanishes because

E [⟨E[Z | X], Z − E[Z | X]⟩] = E [E [⟨E[Z | X], Z − E[Z | X]⟩ | X]] = E [⟨E[Z | X],E[Z − E[Z | X] | X]⟩] = 0.

Thus (17) holds.
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C.3 PROOF OF LEMMA 4.2 (TEACHER MSE)

Proof. By definition, pagg(x)− p∗(x) = ξ̄(x). Fix x and condition on (x,w(x)). Using the conditional variance identity,

E
[
∥ξ̄(x)∥22 | x,w

]
=
∥∥E[ξ̄(x) | x,w]∥∥2

2
+ E

[
∥ξ̄(x)− E[ξ̄(x) | x,w]∥22 | x,w

]
.

By definition of ξ̃i(x) := ξi(x)− E[ξi(x) | x,w], we have

ξ̄(x)− E[ξ̄(x) | x,w] =
∑
i∈S

wi(x)ξ̃i(x).

Expanding the quadratic form gives

E
[∥∥∥∑

i∈S
wiξ̃i

∥∥∥2
2

∣∣∣x,w] =∑
i

w2
iE[∥ξ̃i∥22 | x,w] + 2

∑
i<j

wiwjE[⟨ξ̃i, ξ̃j⟩ | x,w]

≤ σ2
∑
i

w2
i + 2ρcσ

2
∑
i<j

wiwj ,

where we used (1)-(2). Since
∑

i wi = 1, we have 2
∑

i<j wiwj = 1−
∑

i w
2
i = 1− χ(x), hence

E
[∥∥∥∑

i

wiξ̃i

∥∥∥2
2

∣∣∣x,w] ≤ σ2χ(x) + ρcσ
2(1− χ(x)) = σ2

(
ρc + (1− ρc)χ(x)

)
.

Therefore,
E
[
∥ξ̄(x)∥22 | x,w

]
≤
∥∥E[ξ̄(x) | x,w]∥∥2

2
+ σ2

(
ρc + (1− ρc)χ(x)

)
.

Taking expectation over x (and any randomness in w) yields

εteach ≤ Ex

∥∥E[ξ̄(x) | x,w(x)]∥∥2
2
+ σ2

(
ρc + (1− ρc)Exχ(x)

)
= B2

w + σ2
(
ρc + (1− ρc)χ

)
,

which is (3).

C.4 GRADIENT DISCREPANCY BOUND (AGGREGATION ERROR⇒ GRADIENT ERROR)

Define the score matrix S(x, θ) ∈ RC×d with rows [S(x, θ)]c,: = ∇θ log fc(x, θ)
⊤.

Lemma C.2 (Aggregation-induced gradient discrepancy). Let

∆agg(θ) := ∇Jagg(θ)−∇J∗(θ).

Under Assumption 4.7 and for Stage 2 iterates θt,

E∥∆agg(θ)∥22 ≤ G2
sc · Ex∼Dpub,x

∥pagg(x)− p∗(x)∥22 = G2
scεteach. (18)

Proof. Fix θ. For any p(x) ∈ ∆C−1,

∇θKL(p(x)∥f(x, θ)) = −
C∑

c=1

pc(x)∇θ log fc(x, θ).

Hence

∆agg(θ) = ∇Jagg(θ)−∇J∗(θ)

= Ex

[
C∑

c=1

(
p∗c(x)− paggc(x)

)
∇θ log fc(x, θ)

]
= −Ex

[
S(x, θ)⊤ξ̄(x)

]
.
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Now bound step-by-step:

∥∆agg(θ)∥ =
∥∥Ex

[
S(x, θ)⊤ξ̄(x)

]∥∥ ≤ Ex

∥∥S(x, θ)⊤ξ̄(x)∥∥ (Jensen’s inequality)

≤ Ex

[
∥S(x, θ)∥F ∥ξ̄(x)∥

]
(since ∥A⊤v∥ ≤ ∥A∥F ∥v∥)

≤
√
Ex∥S(x, θ)∥2F ·

√
Ex∥ξ̄(x)∥2 (Cauchy-Schwarz).

Square both sides:
∥∆agg(θ)∥2 ≤

(
Ex∥S(x, θ)∥2F

) (
Ex∥ξ̄(x)∥2

)
.

Take expectation over Stage 2 randomness (if θ is random) and use Assumption 4.7:

E∥∆agg(θt)∥2 ≤ G2
sc · Ex∥ξ̄(x)∥2 = G2

scεteach.

C.5 PROOF OF PROPOSITION 4.8

Proof of Proposition 4.8. We must show the two inequalities in (13)-(14).

Noise. By definition nt = gt −∇Jagg(θt). Assumption 4.3 yields E[∥nt∥2 | θt] ≤ ν2, proving (14).

Bias. Write
β(θt) = ∇Jagg(θt)−∇F (θt) =

(
∇Jagg(θt)−∇J∗(θt)

)︸ ︷︷ ︸
∆agg(θt)

+
(
∇J∗(θt)−∇F (θt)

)︸ ︷︷ ︸
e(θt)

.

Use the inequality ∥u+ v∥2 ≤ (1 + α)∥u∥2 + (1 + 1/α)∥v∥2:

∥β(θt)∥2 ≤ (1 + α)∥∆agg(θt)∥2 +
(
1 +

1

α

)
∥e(θt)∥2. (19)

Take expectation.

Step 1: bound E∥∆agg(θt)∥2. By Lemma C.2,

E∥∆agg(θt)∥2 ≤ G2
scεteach.

Step 2: bound E∥e(θt)∥2 using alignment. Take expectation and apply Assumption 4.5:

E∥e(θt)∥2 = E
[
∥∇J∗(θt)−∇F (θt)∥2

]
≤ cE∥∇F (θt)∥2 + b2.

Step 3: combine. Insert the bounds into (19) and group terms:

E∥β(θt)∥2 ≤
(
1 +

1

α

)
cE∥∇F (θt)∥2 + (1 + α)G2

scεteach +
(
1 +

1

α

)
b2.

This matches (13) with m, ζ2 as in (12).

C.6 CONVERGENCE RATES

Theorem C.3 (Nonconvex stationarity under an expected biased oracle). Assume F is LF -smooth and Stage 2 updates
satisfy gt = ∇F (θt) + β(θt) + nt with E[nt | θt] = 0 and E[∥nt∥2 | θt] ≤ ν2. Assume there exist m ∈ [0, 1) and ζ ≥ 0
such that for all t,

E∥β(θt)∥2 ≤ mE∥∇F (θt)∥2 + ζ2.

If γ ≤ 1/LF and θout is chosen uniformly at random from {θ0, . . . , θT−1}, then

E∥∇F (θout)∥2 ≤
2(F (θ0)− Finf)

Tγ(1−m)
+

LF γν
2

1−m
+

ζ2

1−m
, (20)

where Finf := infθ F (θ).
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Proof. The proof follows the descent template of Ajalloeian and Stich [2021] (with expectations moved outside). By
LF -smoothness,

F (θt+1) ≤ F (θt)− γ⟨∇F (θt), gt⟩+
LF γ

2

2
∥gt∥2.

Condition on θt. Since E[nt | θt] = 0,

E[⟨∇F (θt), gt⟩ | θt] = ⟨∇F (θt),∇F (θt) + β(θt)⟩.

Also expanding the square and using E[nt | θt] = 0 gives

E[∥gt∥2 | θt] = ∥∇F (θt) + β(θt)∥2 + E[∥nt∥2 | θt].

Using γ ≤ 1/LF and combining the inner-product and squared-norm terms yields

E[F (θt+1)] ≤ E[F (θt)]−
γ

2
E∥∇F (θt)∥2 +

γ

2
E∥β(θt)∥2 +

LF γ
2

2
ν2.

Plug E∥β(θt)∥2 ≤ mE∥∇F (θt)∥2 + ζ2 and rearrange:

γ

2
(1−m)E∥∇F (θt)∥2 ≤ E[F (θt)]− E[F (θt+1)] +

γ

2
ζ2 +

LF γ
2

2
ν2.

Sum over t = 0, . . . , T − 1 (telescoping) and use E[F (θT )] ≥ Finf . Dividing by T and using the random uniformly
distributed output iterate identity yields (20).

Theorem C.4 (PL linear rate under an expected biased oracle). Assume the conditions of Theorem C.3 and additionally PL:
∥∇F (θ)∥2 ≥ 2µF (F (θ)− F ∗). Then for any γ ≤ 1/LF ,

E[F (θT )− F ∗] ≤
(
1− γµF (1−m)

)T
(F (θ0)− F ∗) +

ζ2 + LF γν
2

2µF (1−m)
. (21)

Proof. From the one-step inequality inside the proof of Theorem C.3,

E[F (θt+1)− F ∗] ≤ E[F (θt)− F ∗]− γ

2
(1−m)E∥∇F (θt)∥2 +

γ

2
ζ2 +

LF γ
2

2
ν2.

Apply PL: E∥∇F (θt)∥2 ≥ 2µFE[F (θt)− F ∗], yielding a linear recursion. Unrolling it gives (21).

C.7 ITERATION COMPLEXITIES

Proof of Corollary 4.9. Start from the exact nonconvex stationarity bound (20):

E∥∇F (θout)∥2 ≤
2(F (θ0)− Finf)

Tγ(1−m)
+

LF γν
2

1−m
+

ζ2

1−m
.

By definition, ϵmin = ζ2/(1−m), so it suffices to enforce

2(F (θ0)− Finf)

Tγ(1−m)
+

LF γν
2

1−m
≤ ϵ̄. (22)

We choose γ so that the variance term is at most ϵ̄/2:

LF γν
2

1−m
≤ ϵ̄

2
⇐⇒ γ ≤ ϵ̄(1−m)

2LF ν2
.

Together with the stepsize restriction γ ≤ 1/LF from C.3, this yields the choice

γ := min

{
1

LF
,
ϵ̄(1−m)

2LF ν2

}
.
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Under this choice, (22) is implied by requiring the remaining term to be at most ϵ̄/2:

2(F (θ0)− Finf)

Tγ(1−m)
≤ ϵ̄

2
⇐⇒ T ≥ 4(F (θ0)− Finf)

γ(1−m)ϵ̄
.

Now substitute the concrete upper bound γ ≤ ϵ̄(1−m)
2LF ν2 (which holds whenever that branch is active):

T ≥ 4(F (θ0)− Finf)

(1−m)ϵ̄
· 2LF ν

2

ϵ̄(1−m)
=

8LF ν
2(F (θ0)− Finf)

(1−m)2ϵ̄2
.

Thus it suffices to take

T = O
(
LF ν

2(F (θ0)− Finf)

(1−m)2ϵ̄2

)
,

which proves the claim.

Proof of Corollary 4.10. Start from the PL bound (21):

E[F (θT )− F ∗] ≤
(
1− γµF (1−m)

)T
(F (θ0)− F ∗) + ϵfloor(γ).

Fix a target ϵ > ϵfloor(γ) and define ϵ̄ := ϵ− ϵfloor(γ) > 0. It suffices to ensure(
1− γµF (1−m)

)T
(F (θ0)− F ∗) ≤ ϵ̄. (23)

Since γ ≤ 1/LF and µF (1−m) > 0, we have γµF (1−m) ∈ (0, 1) for any standard stepsize choice. Using the inequality
1− x ≤ e−x for x ∈ (0, 1) gives (

1− γµF (1−m)
)T ≤ exp

(
− γµF (1−m)T

)
.

Therefore, (23) is implied by
exp

(
− γµF (1−m)T

)
(F (θ0)− F ∗) ≤ ϵ̄,

which is equivalent (taking logarithms) to

T ≥ 1

γµF (1−m)
log

(
F (θ0)− F ∗

ϵ̄

)
=

1

γµF (1−m)
log

(
F (θ0)− F ∗

ϵ− ϵfloor(γ)

)
.

This yields the stated Big-O complexity.

3181


	Introduction
	Related Work
	Setting and Method
	Two-stage training

	Theoretical Analysis
	Teacher aggregation decomposition
	Averaging Aggregation
	Convergence rates
	UWA: Uncertainty-Weighted Averaging

	Experiments
	Experimental setup
	Homogeneous setting
	Heterogeneous setting
	Heterogeneous client architectures
	Communication cost
	Comparison to gradient-based baselines
	Local class improvement
	Limitations

	Conclusion
	Experimental Details
	Hyperparameters
	Dataset Details
	Aggregation Method Details
	UWA Confidence Score Formula

	Additional Results
	Experimental Results
	Heterogeneous model architectures
	Accuracy Curves
	Federated Learning baselines comparison
	Ablation: Public vs. Private Dataset Size
	Sensitivity to the Temperature tau
	GMM separation quality

	Theoretical Analysis (Lemmas and Proofs)
	Notation Table
	A Hilbert-space identity used in aggregation MSE proofs
	Proof of Lemma 4.2 (teacher MSE)
	Gradient discrepancy bound (aggregation error ⇒ gradient error)
	Proof of Proposition 4.8
	Convergence rates
	Iteration complexities


