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Abstract

We study the problem of allocating indivisible
items to a group of agents as these items arrive
over time. Our focus is on scenarios where the
utility of the items is weighted based on the wait-
ing time since the last item was received, which
is a demand-side time-dependent utility model. To
ensure fairness, we concentrate on two criteria:
temporal envy-freeness (TEF) and temporal pro-
portionality (TProp). These criteria require that
the allocation remains fair after each item is al-
located. When there are two agents, we demon-
strate the sufficient and necessary conditions of
the weight function that ensure the existence of
a TEF1 or TProp1 allocation. Additionally, we
provide two polynomial-time algorithms that out-
put a TEF2 or TProp2 allocation, with some re-
strictions on the weight function. When there are
more than two agents, we show the hardness of
determining the existence of TEF1 allocations.
We also provide polynomial algorithms returning
TEF1/TProp1 allocations with some specific valu-
ation profiles. When there are multiple items per
round, we also provide a polynomial algorithm
returning TEF1/TProp1 allocations.

1 INTRODUCTION

The fair allocation problem, also known as the fair division
problem, is a fundamental task in resource allocation where
a set of indivisible or divisible goods must be distributed
among agents. The goal is to allocate resources under some
fairness notions, such as envy-freeness, proportionality, max-
imin share, and their variations [Amanatidis et al., 2023].
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This problem arises in various real-world scenarios, such as
divorce settlements [Brams and Taylor, 1996], task alloca-
tions [Goldman and Procaccia, 2015], and expense divisions
[Goldman and Procaccia, 2015].

Most previous research focused on the problem in an offline
setting, where agents and items are known and available at
the start of the allocation process. However, many applica-
tions involve situations where items or agents arrive over a
time horizon. For instance, a food bank [Aleksandrov et al.,
2015] may receive food donations and must distribute each
donation to one of the parties requesting it. Each donation
needs to be allocated immediately upon arrival, and the next
donation cannot be predicted. Such applications align with
online fair allocation models, where items or agents appear
over time and must be allocated as they arrive.

We are particularly interested in the online fair allocation
problem with time-dependent utility, where an agent’s util-
ity of an item increases or decreases based on the time
elapsed since the last item he received. This model is partic-
ularly relevant in applications like vaccination scheduling,
where the timing of doses critically impacts efficacy. For
instance, a short interval between vaccinations may reduce
the effectiveness of subsequent doses or cause adverse ef-
fects, while an excessively long interval increases infection
risks. Additionally, a study [Ghosh et al., 2024] indicates
that the costs associated with vaccination, including both
the vaccination and treatment expenses, tend to rise as the
time gap between doses increases (see Fig. 1) during the
COVID-19 pandemic. This underscores the need for alloca-
tion strategies that balance fairness and temporal constraints
in dynamic, time-sensitive environments.

Unfortunately, existing work on fair resource allocation,
such as the study [Mattei et al., 2017, 2018, Banerjee et al.,
2023] on perishable resources and the work [Tan and Zhang,
2015] on utility maximization in wireless networks, is inher-
ently incompatible with our scenario, including the demand-
side time-dependent utility. They primarily address supply-
side perishability where goods spoil stochastically and in-
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Figure 1: The cost related to the gap between two consecu-
tive vaccinations [Ghosh et al., 2024]

dependently over time according to a known distribution
[Mattei et al., 2017, 2018, Banerjee et al., 2023], or static al-
locations incorporating diminishing marginal utility for vary-
ing traffic types with fixed users receiving resources based
on constant channel qualities [Tan and Zhang, 2015]. Their
assumptions—including transient agents with one-time allo-
cations under linear utilities in Banerjee et al. [2023], and a
fixed set of flows with sigmoid or convex utilities dependent
solely on allocated amounts without temporal dependen-
cies in Tan and Zhang [2015]—fail to accommodate persis-
tent agents who receive multiple items sequentially, where
the utility of each subsequent item decays as a function
of the elapsed time since the previous one, as in vaccina-
tion scheduling where inter-dose intervals directly impact
efficacy and risk. Consequently, their algorithms, which
adaptively select guardrail quantities based on pessimistic
forecasts of exogenous spoilage under a static allocation
schedule in Banerjee et al. [2023], or solve the network
utility maximization problem for sufficient/insufficient re-
source cases assuming all users known upfront in Tan and
Zhang [2015], cannot be extended to our scenario, as they
do not account for endogenous utility decay tied to person-
alized timing decisions across rounds, nor do they support
redefined envy notions that span multiple interdependent
allocations per agent; moreover, their lower bounds on in-
efficiency and counterfactual envy [Banerjee et al., 2023],
derived from unavoidable spoilage due to prediction errors
in the static allocation schedule, rely on supply uncertainty
that does not translate to demand-side temporal dependen-
cies in our scenario.

1.1 CONTRIBUTION

In this paper, we investigate the allocation of indivisible
items to a group of agents as these items arrive over time.
We consider a setting where items are allocated over time,
and agents’ utility for an item depends on the item’s orig-

inal value and how long the agents have waited since they
received the previous item, which is a demand-side time-
dependent utility model. The model is reflected by a weight
function f , the multiplier of items’ value relating to the
waiting time. To guarantee fairness, we propose two main
criteria: Temporal Envy-Freeness (TEF) and Temporal Pro-
portionality (TProp), and their “up-to-d” relaxations (TEFd,
TPropd). These ensure that, from the perspective of any
agent, the allocation is fair after every single item is as-
signed. We mainly study the cases where there are two
agents.

• We show that TEF1 allocations exist if and only if the
weight function f is constant.

• We show that TProp1 allocations exist if f(1) is the
minimum among f(t) for all t, while TProp1 alloca-
tions may not exist if f(1) is the maximum among f(t)
for all t.

• We design two polynomial algorithms returning a
TEF2 allocation when f(1) = f(2) = f(3) ≥
f(4), f(5), or a TProp2 allocation when f(1) ≤
f(2), f(3).

We also discuss the cases where there are more than two
agents or there are multiple items per round.

• For more than two agents, when agents are identi-
cal, we provide a polynomial algorithm returning a
TEF1/TProp1 allocation.

• For multi-item per round, we also provide a polynomial
algorithm returning a TEF1/TProp1 allocation.

Outline In Section 2, we present studies most relevant
to our setting. In Section 3, we provide the necessary no-
tations and definitions to define our setting formally. In
Sections 4 and 5, we present our results for TEF and TProp,
respectively. In Section 6, we discuss the cases where there
are more than two agents. In Section 7, we focus on other
cases where multiple items arrive in each round. Finally, we
conclude in Section 8.

2 LITERATURE REVIEW

In 1948, Hugo Steinhaus posed the question of how to equi-
tably distribute a “cake” among a group of agents who may
have varying preferences for the resource [Steinhaus, 1948].
Later, much work appears assuming the agents and items are
all known and fixed at the beginning. However, there exist
many real-world situations spanning a long period and items
and agents arrive in succession [Walsh, 2014, 2015]. In the
following, we explore relevant literature that specifically
pertains to our scenario.

Online Fair Division The online fair division problem
can be characterized by three aspects: types of resources
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(divisibility, homogeneity), online features (items are online,
agents are online or both), and mechanism features (with or
without future information for the mechanism)[Aleksandrov
and Walsh, 2020, Amanatidis et al., 2023]. For example,
Walsh [2010] considers an online cake-cutting problem
where the resource is a single heterogeneous divisible cake
and the agents are online. The paper extends several classical
cake-cutting methods to the online setting and discusses the
fairness. Aleksandrov et al. [2015] study the setting where
indivisible items arrive in an online fashion and analyze
the strategy-proofness, impact of welfare and envy-freeness
of two mechanisms LIKE and BANLANCED_LIKE.
Aleksandrov and Walsh [2017a,b,c] also work on the two
mechanisms and analyze their other performances, such
as the expected outcome, competitive analysis, advice com-
plexity, group strategy-proofness and pure Nash equilibrium.
Kash et al. [2013] focus on dividing multiple homogeneous
and divisible resources, introducing and analyzing two fair-
ness notions: dynamic envy-freeness (DEF) and dynamic
Pareto optimality (DPO). Mattei et al. [2017, 2018] study
the online organ matching problem where items (organs)
and agents (patients) arrive over time. Since each agent can
receive only one item, the allocation is a matching, and they
analyze the matching related to several factors in the on-
line organ matching problem. The above works are all in
a setting where the mechanism has no information about
the future. In addition, Benade et al. [2018] consider the
indivisible setting with items arriving online and the unin-
formed setting where the mechanism has no information of
the future. They provide a randomized algorithm that allo-
cates the new item to an agent chosen uniformly at random,
which gives a tight bound Õ(

√
T/n) for cumulative envy.

Mertzanidis et al. [2024] model the situation of allocating
(indivisible) food donations among food banks, which is
located on a graph. The truck with food starts and ends at
certain vertices. With the food arriving online supported
by known distribution, they provide guarantees of approxi-
mated weighted EF allocation together with approximated
efficiency for drivers. Vardi et al. [2022] work on dividing a
divisible item to agents with arrival and departure. Because
of the unknown future, they aim to limit the ratio of the
smallest piece to the proportional share by disrupting the
historical allocation under some pattern.

Temporal Model Although the works above are on online
fair allocation, they consider the fairness after allocating all
the items at the end of the time horizon. Recently, temporal
models, which require the allocation to be fair over time,
have also been studied in social choice literature. He et al.
[2019] consider the setting where indivisible items arrive
online. For both informed and uninformed settings, they
provide bounded times of adjustment on history allocation
guaranteeing EF1 in each round. Elkind et al. [2024a] work
on the existence of Temporal EF1 in some restricted settings,
together with its efficiency. Cookson et al. [2025] study the

stochastic dominance extension of EF1 and PROP1 in three
online models, per day (the allocation in each day is fair),
up to each day (as in our setting), and overall (the final allo-
cation is fair). Amanatidis et al. [2025] work on cases where
the valuation profile is personalized 2-value (agents’ valu-
ations are of two types) or personalized interval-restricted
(agents’ valuations are in a certain range). They demonstrate
algorithms or impossibility results on the approximation of
temporal EF1/MMS allocations with or without foresight of
the future. Beyond additive valuation, Wang and Wei [2025]
consider submodular binary valuation and provides upper
bounds on the approximation of EF1/MMS/USW (optimal
utilitarian social welfare) under the temporal model. There
are also some other works on temporal models in voting
[Chandak et al., 2024, Elkind et al., 2024b,c, Mackenzie and
Komornik, 2023, Zech et al., 2024] and scheduling [Elkind
et al., 2022, Lackner, 2020].

3 PROBLEM FORMULATION

Define [x] = {1, 2, · · · , x} for any positive integer x. As-
sume that there is a time horizon of T time slots. At the
beginning of each time slot t, an item It arrives, and thus we
have an item set It = {I1, I2, · · · , It} after It’s arrival. Let
N = {a1, a2, · · · , an} be the set of n agents and I = IT be
the set of all T items.

An allocation A = (A1, A2, · · · , An) is a partition of all
items into bundles for the agents so that agent ai receives
bundle Ai satisfying ∪1≤i≤nAi = I and Ai ∩ Aj = ∅ for
any two agents ai, aj .

We consider the allocation problem over the time horizon.
The decision maker allocates the stream of items one at
a time in an irrevocable manner. At each item’s arrival,
the decision maker must choose an agent to allocate the
item immediately. Notice that the irrevocable manner means
that when allocating an item, the historical allocation is
fixed, while our algorithms below are the brainstorm of the
decision maker before allocating items. Thus, the swaps and
reallocations in our algorithms are reasonable. Let At =
(At

1, A
t
2, · · · , At

n) be the allocation after assigning the item
at time slot t and the final allocation A = AT .

Each agent ai has nonnegative valuations vi,t towards each
item It ∈ I. In addition, we consider demand-side time-
dependent utility. When an agent receives an item, he
will gain utility concerning the valuation and the time de-
lay from the last time he received an item. Specifically,
agents have a weight function f : [T ] → [0,∞]. Let
τt,A = maxt′<t,It′∈A t′ be the index of the latest item be-
fore time t (It excluded) in the set of items A. In case t′

does not exist (all items’ indices in A are larger than or
equal to t), τt,A = 0. When the agent ai receives an item
at time t with his previous allocation At−1

i , he will receive
utility of f(t− τt,At−1

i
) ∗ vi,t.
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We define utility that the agent ai receives from any subset
of items I′ as ui(I

′) =
∑

It∈I′ f(t − τt,I′) ∗ vi,t, which
is the sum of the utility that ai receives from each item in
I ′. Notice that the set function ui is usually a non-additive
function (a set function u is additive on I if u(S ∪ S′) =
u(S)+u(S′) for all S, S′ ⊆ I with S∩S′ = ∅). For instance,
assume that there are two items I = {I1, I2} with vi,1 =
vi,2 = 1 and the weight function is f(1) = 0.1, f(2) = 1.
Then ui({I1, I2}) = f(1 − 0)vi,1 + f(2 − 1)vi,2 = 0.2,
while ui({I1}) = f(1 − 0)vi,1 = 0.1 and ui({I2}) =
f(2− 0)vi,2 = 1.

Then we have the following proposition:

Proposition 1. The set function ui is additive if and only if
the weight function f is a constant function.

Proof. Assume that f is constant and f(t) = c for all t ∈
[T ]. Then for any subset S, S′ of I with S ∩ S′ = ∅,

ui(S ∪ S′) =
∑

Ij∈S∪S′

c× vi,j

=
∑
Ij∈S

c× vi,j +
∑
Ij∈S′

c× vi,j

= ui(S) + ui(S
′)

On the other hand, assume that ui is additive. Let S, S′ be
two arbitrary subset of I \ {IT }. Then

ui({IT })
=ui(S ∪ {IT })− ui(S) = f(T − τT,S)× vi,T

=ui(S
′ ∪ {IT })− ui(S

′) = f(T − τT,S′)× vi,T

for any τT,S , τT,S′ ∈ [T ]. Therefore, f is a constant func-
tion.

3.1 FAIRNESS NOTIONS

We are interested in finding a fair allocation after each round.
The main fairness notions that we consider are envy-freeness
(EF) and proportionality (Prop), which are well-studied no-
tions in the problem of allocating indivisible items. Envy-
freeness requires that, in each agent’s point of view, the
other agents’ allocation is at most as good as his own, while
proportionality requires that each agent’s utility is at least 1

n
fraction of what he can get if he receives the whole set of
items.

Definition 1. An allocation A = (A1, A2, · · · , An) is envy-
free (EF) if for all ai, aj ∈ N, ui(Ai) ≥ ui(Aj).

Definition 2. An allocation A = (A1, A2, · · · , An) is Pro-
portional (Prop) if for all ai ∈ N, ui(Ai) ≥ 1

nui(I).

When considering deterministic mechanisms, we study the
“up-to-d” relaxation of the above fairness notion, which is
defined as follows:

Definition 3. An allocation A = (A1, A2, · · · , An) is envy-
free up to d items (EFd) if for ai, aj ∈ N, there exist d
items {It1 , · · · , Itd} ⊆ Aj such that ui(Ai) ≥ ui(Aj \
{It1 , · · · , Itd}).

Definition 4. An allocation A = (A1, A2, · · · , An) is
proportional up to d items (Propd) if for ai ∈ N, there
exist d items {It1 , · · · , Itd} ∈ I \ Ai such that ui(Ai ∪
{It1 , · · · , Itd}) ≥ 1

nui(I).

In this work, we focus on the problem over a time horizon.
Thus, we extend the above fairness notions to temporal envy-
freeness (TEF) and temporal proportionality (TProp) and
their corresponding “up-to-d” relaxation (TEFd, TPropd),
which requires that after allocating the item in each round,
the allocation of items that have arrived satisfies the fairness.

Definition 5. For t ∈ [T ] and a fairness notion X, the
allocation At is temporal X (TX) if for any t′ ≤ t, At′

satisfies X.

Notice that when ui is additive, EFd implies Propd. Thus, it
is not hard to obtain the following proposition:

Proposition 2. When ui is additive for all i ∈ N, TEFd
implies TPropd.

4 TEMPORAL ENVY-FREENESS

In this section, we show our results considering temporal
envy-freeness. We explore the condition of the existence of
TEF1 allocations when there are only two agents.

He et al. [2019] show that TEF1 allocations always exist for
two agents without time-dependent weight. The key idea is
to swap the two agents’ partial allocations when they envy
each other. However, with time-dependent weight, we find
that TEF1 allocations may not exist. Below, we show the
sufficient and necessary conditions of f to guarantee the
existence of TEF1 allocations.

Theorem 1. When there are two agents, TEF1 allocations
always exist if and only if f is a constant function.

Proof. For the sufficient condition, when f(t) = c is a
constant function, for each instance, we can construct a new
valuation profile v′ where for each agent ai and each item
It, v′i,t = c× vi,t, and the problem becomes finding TEF1
allocations without time-dependent weight. By applying the
strategy in He et al. [2019], we can always find a TEF1
allocation.

For the necessary condition, we first show that TEF1 alloca-
tions may not exist when f is not a periodic function with
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period 2 (Lemma 2). Then we show that TEF1 allocations
may not exist when f is a periodic function with period 2 but
f(1) ̸= f(2) (Lemma 3), by two constructed instances, im-
plying f must be a constant function. Recall that a function
f is a periodic function with period k if f(x) = f(x+ k).

Lemma 2. When there are two agents, TEF1 allocations
always exist only if f is a periodic function with period 2.

Proof (Sketch). We begin by proving TEF1 allocations may
not exist when ∃T1, f(1)f(2) ̸= f(T1)f(T1 + 1) through
an example. Then we show that a function satisfying
∀T1, f(1)f(2) = f(T1)f(T1 + 1) is a periodic function
with period 2, which is a necessary condition to guarantee
the existence of TEF1 allocations. The constructed profile
is as shown in Table 1, and the detailed proof is in the
Appendix.

Lemma 3. When there are two agents, TEF1 allocations
always exist only if f is a constant function.

Proof (Sketch). By Lemma 2, we know that TEF1 alloca-
tions always exist only if f is a periodic function with period
2. Below, we show through an example that when f is a
periodic function with period 2 and f(1) ̸= f(2), TEF1
allocations may not exist, meaning that TEF1 allocations
always exist only if f is a constant function. The constructed
profile is as shown in Table 3, and the detailed proof is in
the Appendix.

Next, we try a further relaxed fairness notion, TEF2, and
show the relaxed condition on the weight function under
which TEF2 allocations always exist. We provide an algo-
rithm returning a TEF2 allocation when f(1) = f(2) =
f(3) ≥ f(4), f(5) when n = 2 (See Algorithm 1). Intu-
itively, in every two rounds, the algorithm greedily allocates
the two items that arrive in the two rounds to the two agents
separately, and the one who envies the other agent in the
current (partial) allocation is advantaged (chooses an item
first) (Line 3 - 9). A counter s is used to record the last
round after which As is envy-free (Line 18 - 20), and we
swap agents’ partial allocation in At \As for some t if both
agents envy each other in At \As (Line 14 - 17).

Theorem 4. When there are two agents and f(1) = f(2) =
f(3) ≥ f(4), f(5), Algorithm 1 returns a TEF2 allocation
in O(T ).

Proof. The running time of the algorithm is easy to verify
since there is only one “for” loop in O(T ). Thus, we focus
on the correctness below.

For any t ∈ [T ], let rt < t be the last round before t such
that Art is EF. This implies that if At′ \Art is EFd for any
t′ ∈ {rt + 1, · · · , t}, At is TEFd. Therefore, it suffices to

Algorithm 1 Returns a TEF2 allocation
Input: n = 2 and f with f(1) = f(2) = f(3) ≥ f(4), f(5)
Output: A TEF2 allocation A

1 Initialize s← 0, A0 ←< ∅, ∅ >, B←< ∅, ∅ >
2 for t← 1 to T step 2 do
3 if u1(A

t−1
1 )− u1(A

s
1) < u1(A

t−1
2 )− u1(A

s
2) then

4 Let Ii be a1’s favorite item in {It, It+1} that maximizes
his utility, I−i be the other item.

5 At+1
1 ← At−1

1 ∪ {Ii}, At+1
2 ← At−1

2 ∪ {I−i}
6 else
7 Let Ii be a2’s favorite item in {It, It+1} that maximizes

his utility, I−i be the other item.
8 At+1

2 ← At−1
2 ∪ {Ii}, At+1

1 ← At−1
1 ∪ {I−i}

9 end
10 if a1’s favorite item is different from a2’s favorite item then
11 B1 ← B1 ∪ {a1’s favorite item}
12 B2 ← B2 ∪ {a2’s favorite item}
13 end
14 if u1(A

t+1
1 )− u1(A

s
1) < u1(A

t+1
2 )− u1(A

s
2) and

u2(A
t+1
2 )− u2(A

s
2) < u2(A

t+1
1 )− u2(A

s
1) then

15 At+1
1 ← As

1 ∪B1 ∪ (At+1
2 \As

2 \B2)

16 At+1
2 ← As

2 ∪B2 ∪ (At+1
1 \As

1 \B1)

17 end
18 if u1(A

t+1
1 )− u1(A

s
1) ≥ u1(A

t+1
2 )− u1(A

s
2) and

u2(A
t+1
2 )− u2(A

s
2) ≥ u2(A

t+1
1 )− u2(A

s
1) then

19 s← t+ 1, B←< ∅, ∅ >
20 end
21 end
22 if T is odd then
23 Arbitrarily assign the last item to an agent.
24 end

show that At \Art is EF2 for any t ∈ [T ]. We first prove
that after each round t with an even difference between t
and rt (Lemma 5), At \Art is EF1 by induction. For odd
t− rt, At−1 \Art is EF1, and we can additionally remove
It to eliminate the envy, so that At \Art is EF2. Eventually,
we obtain a TEF2 allocation A.

Lemma 5. The allocation At that Algorithm 1 returns is
EF1 for any even t− rt.

Proof. In Art+2 \Art , each agent receives one item and
is trivially EF1. Assume that At−2 \Art is EF1 for some
t > rt + 2 such that t− rt is even. We show that At \Art

is also EF1. Let r′t be the earliest round after rt such that
Ar′t \ Art is EF. Then we have two cases depending on
whether a swap (as Line 15, 16 of the algorithm) happens at
round rt + 1.

Case 1: r′t does not exist or there is no swap at r′t. Sup-
pose, without loss of generality, that u1(A

t−2
1 )−u1(A

rt
1 ) <

u1(A
t−2
2 ) − u1(A

rt
2 ), meaning that a1 envies a2. Then a2

does not envy a1 since otherwise there is a swap contra-
dicting the definition of rt. Then a1 chooses his favorite
between It−1 and It first. After round t, if a2 envies a1, the
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envy can be eliminated by removing the last item in At
1; if

a1 still envies a2, the envy can be eliminated by removing
the same item as for round t− 2. Notice the weight in the
allocation can be f(1), f(2) or f(3). After removing an
item, the next item’s weight can be f(1), f(2), f(3), f(4)
or f(5). Since f(1) = f(2) = f(3) ≥ f(4), f(5), the util-
ity after removing an item is even smaller than that after
removing the gain of that item, meaning that agents will not
benefit from other items by removing an item. Thus, our
statement on how agents remove the item is correct, and
At \Art is EF1.

Figure 2: Swapping Operation (Only the shadow parts are
swapped)

Case 2: Swap happens at r′t. Fig. 2 shows how we swap
agents’ allocation. Note that the swap operation may change
some items’ weight. However, after swapping, the weight of
each item is still f(1), f(2) or f(3). Thus, the utility does
not change. Let f(1) = f(2) = f(3) = c.

For each i ∈ {t−2, t}, let Ci\Art be the algorithm’s partial
allocation before the bundle swap. Suppose, without loss of
generality, that u1(C

t−2
1 )−u1(A

rt
1 ) < u1(C

t−2
2 )−u1(A

rt
2 ),

meaning that a1 envies a2 before swapping, while a2 does
not envy a1, with u2(C

t−2
2 ) − u2(A

rt
2 ) ≥ u2(C

t−2
1 ) −

u1(A
rt
1 ). Recall that

At−2
1 \Art

1 = Ct−2
2 ∪B1 \Art

2 \B2

At−2
2 \Art

2 = Ct−2
1 ∪B2 \Art

1 \B1

After swapping, the items in B remain unchanged. More-

over, by B’s definition,∑
It∈B1

v1,t ≥
∑

It∈B2

v1,t

⇒ u1(C
t−2
1 )− u1(A

rt
1 )− 2c×

∑
It∈B1

v1,t

< u1(C
t−2
2 )− u1(A

rt
2 )− 2c×

∑
It∈B2

v1,t

⇒ u1(A
t−2
1 )− u1(A

rt
1 )

= u1(C
t−2
2 )− u1(A

rt
2 )− c×

∑
It∈B2

v1,t + c×
∑

It∈B1

v1,t

> u1(C
t−2
1 )− u1(A

rt
1 )− c×

∑
It∈B1

v1,t + c×
∑

It∈B2

v1,t

= u1(A
t−2
2 )− u1(A

rt
2 )

This implies that a1 does not envy a2 after swapping at
round t− 2. Then the envy can only occur from a2 towards
a1. If a1 and a2 have different preference on {It−1, It}, the
two items are in B and remain unchanged. If a1 and a2
prefer the same item in {It−1, It}, the item is assigned to a1
before swapping and is assigned to a2 after swapping. Then
it is still the agent who envies the other getting his favorite.
Thus, it is the same as Case 1, and At \Art is EF1.

Beyond the restriction f(1) = f(2) = f(3), we show the
performance on general time-dependent weights through
experiments in the Appendix.

5 TEMPORAL PROPORTIONALITY

Regarding proportionality, the sufficient and necessary con-
ditions for the existence of TProp1 allocations are differ-
ent from those for TEF1 allocations. Since TEF1 implies
TProp1, TProp1 allocations always exist if f is a constant
function. Based on this observation, we show the sufficient
condition that f(1) is the minimum of f .

Theorem 6. When there are two agents, TProp1 allocations
always exist if mint∈[T ] f(t) = f(1).

Proof. Given an instance where mint∈[T ] f(t) = f(1)
holds, we find a TProp1 allocation by constructing an-
other instance with the same agents, items, and valua-
tion, but a different weight function f ′(t) = f(1) for all
t ∈ [T ]. By applying Theorem 1, we find a TEF1 allo-
cation A, which is also TProp1, for the constructed in-
stance. For each agent i ∈ N at each time slot t, we have
u′
i(A

t
i ∪ {I}) ≥ 1

nu
′
i(I

t) for some item I ̸∈ At
i. Since

mint∈[T ] f(t) = f(1), f(t) ≥ f(1) and thus for each agent
i ∈ N at each time slot t, ui(A

t
i ∪ {I}) ≥ u′

i(A
t
i). Mean-

while, ui(I
t) =

∑t
j=1 f(1)vi,j = u′

i(I
t). Therefore, for
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each agent i ∈ N at each time slot t, ui(A
t
i ∪ {I}) ≥

1
nui(I

t) for some item I ̸∈ At
i, meaning that the allocation

A is also TProp1 for the given instance.

To show the necessary condition that f(1) is not the only
maximum, we construct an instance showing that no TProp1
allocations exist when f(1) > maxt∈[T ],t>1 f(t).

Theorem 7. When there are two agents, TProp1 allocations
always exist only if f(1) ≤ maxt∈[T ],t>1 f(t).

Proof. Assume that T is a large even number, and there
are T items, each of which has a value of 1 towards both
agents. We show by contradiction that each agent must
receive exactly t

2 items in any TProp1 allocation at a large
even time slot t. Suppose that At is TProp1 such that each
agent does not receive exactly t

2 items. Then there must be
one agent ai who receives at most t

2 − 1 items, with utility
ui(A

t
i∪{Ig}) ≤ 1

2 tf(1) even after receiving one more item
Ig ̸∈ At

i, since f(1) > maxt∈[T ],t>1 f(t). Moreover, the
equality does not hold, because after ai receives one more
item, he gets 1

2 t items in total. If he gains 1
2 tf(1) utility,

he must receive items from I1 to I t
2

. At the same time, the
other agent a3−i receives at most 2f(1) utility even after
receiving one more item in the first t

2 items. With large t,
2f(1) is less than 1

4 tf(1), the proportional share at the time
slot t

2 , and hence a3−i is not satisfied, breaking TProp1.

Therefore, for a large even t, each agent receives t
2 items at

time slot t. For t + 2, each agent receives t
2 + 1 items,

meaning that the two new items are assigned to agents
separately. The same happens for t + 4, t + 6, · · · . There-
fore, there exists a certain even time slot t∗ such that in
every two rounds after t∗, the two items are assigned to the
two agents separately. Then for each agent, in every four
rounds after t∗, the agent receives two items among which
at least one item’s coefficient is f(2) or f(3). Assume that
δ = min(f(1) − f(2), f(1) − f(3)). After receiving one
more item, the utility for each agent is at most

(
1

2
t∗ +

1

4
(T − t∗) + 1 + 1)f(1)

+(
1

4
(T − t∗)− 1)max(f(2), f(3))

=(
1

2
T + 1)f(1)− (

1

4
(T − t∗)− 1)δ

assuming the items’ weight before t∗ are all f(1), the extra
item’s weight is f(1) changing the next item’s weight from
f(2) to f(1). Since T is large enough, the utility is less than
the proportional share 1

2Tf(1). Thus, the allocation is not
TProp1.

Similar to envy-freeness, we also study TProp2. We provide
an algorithm returning a TProp2 allocation when f(1) ≤
f(2), f(3) when n = 2. Using a similar greedy approach,
in every two rounds, the algorithm allocates the two items

to the agents separately, and the one who receives less than
the proportional share in the current (partial) allocation is
advantaged (chooses an item first) (Line 3 - 11). A counter s
is used to record the last round after which As is Prop (Line
20 - 22), and we swap agents’ partial allocation in At \As

for some t if both agents’ utility is less than the proportional
share (Line 16 - 19).

Algorithm 2 Returns a TProp2 allocation
Input: n = 2 and f with f(1) ≤ f(2), f(3)
Output: A TEF2 allocation A

1 Initialize s← 0, A0 ←< ∅, ∅ >
2 for t← 1 to T step 2 do
3 if u1(A

t−1
1 )− u1(A

s
1) <

1
2

∑t−1
j=s+1 f(1)v1,j then

4 Let Ii be a1’s favorite item in {It, It+1} that maximizes
his utility, I−i be the other item.

5 At+1
1 ← At−1

1 ∪ {Ii}
6 At+1

2 ← At−1
2 ∪ {I−i}

7 else
8 Let Ii be a2’s favorite item in {It, It+1} that maximizes

his utility, I−i be the other item.
9 At+1

2 ← At−1
2 ∪ {Ii}

10 At+1
1 ← At−1

1 ∪ {I−i}
11 end
12 if a1’s favorite item is different from a2’s favorite item then
13 B1 ← B1 ∪ {a1’s favorite item}
14 B2 ← B2 ∪ {a2’s favorite item}
15 end
16 if u1(A

t+1
1 )− u1(A

s
1) <

1
2

∑t−1
j=s+1 f(1)v1,j and

u2(A
t+1
2 )− u2(A

s
2) <

1
2

∑t−1
j=s+1 f(1)v2,j then

17 At+1
1 ← As

1 ∪B1 ∪ (At+1
2 \As

2 \B2)

18 At+1
2 ← As

2 ∪B2 ∪ (At+1
1 \As

1 \B1)

19 end
20 if u1(A

t+1
1 )− u1(A

s
1) ≥ 1

2

∑t−1
j=s+1 f(1)v1,j and

u2(A
t+1
2 )− u2(A

s
2) ≥ 1

2

∑t−1
j=s+1 f(1)v2,j then

21 s← t+ 1, B←< ∅, ∅ >
22 end
23 end
24 if T is odd then
25 Arbitrarily assign the last item to an agent.
26 end

Theorem 8. When there are two agents and f(1) ≤
f(2), f(3), Algorithm 2 returns a TProp2 allocation in
O(T ).

Proof. When f(1) = f(2) = f(3), most of the proof is sim-
ilar to Theorem 5, except that we can ignore the condition for
f(4), f(5), since the weight function of each item in the al-
location can only be f(1), f(2) or f(3), even after receiving
some more items for relaxation. Moreover, Similar to The-
orem 6, we can extend the condition f(1) = f(2) = f(3)
to f(1) ≤ f(2), f(3), as at each time slot agents’ utility
increase when f(2), f(3) become larger, while the propor-
tional share remains the same.
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Beyond the restriction f(1) ≤ f(2), f(3), we show the
performance on general time-dependent weights through
experiments in the Appendix.

6 MORE THAN TWO AGENTS

In this section, we consider the cases where there are more
than two agents. Without the time-dependent weight, while
TEF1 allocations always exist when there are two agents,
Elkind et al. [2024a] shows that determining the existence
of TEF1 allocations is NP-complete. This directly implies
the hardness of our problem when f is constant.

Corollary 9. Given any instance with n ≥ 3 agents, deter-
mining the existence of TEF1 allocations is NP-complete,
even if f is constant.

Beyond hardness, they also provide some polynomial algo-
rithms that return the TEF1 allocation with special valuation
profiles. These algorithms are also extendable to our prob-
lem. In particular,

Corollary 10. TEF1 allocations always exist when f is
constant and

• there are two types of items

• agents have generalized binary valuations

• agents have single-peaked preferences

As for the general time-dependent weight f , we find that
when the agents are identical, TEF1/TProp1 allocations
always exist. First, we introduce the envy graph

Definition 6. Given an allocation A, the envy graph is a
directed graph G = (N, E), where each vertex represents
an agent, and for each pair of agents i, j with ui(Ai) <
ui(Aj), (i, j) ∈ E.

Next, we show a property of the envy graph that when agents
are identical, any envy graph is acyclic.

Lemma 11. When agents are identical, any envy graph is
acyclic.

Proof. We prove this property by contradiction. Assume
that there is a cycle in the envy graph, referred to as
v1 → v2 → · · · → vk → v1. Then by definition, we
have u(A1) < u(A2) < · · · < u(Ak) < u(A1), leading to
a contradiction.

Then we show our procedure to find a TEF1 allocation.

Theorem 12. When agents are identical, TEF1 allocations
always exist and can be found in O(T log n).

Proof. At time slot t, we build the envy graph for At−1

and find an agent i who has no incoming edges. Then we
allocate It to agent i. By Lemma 11, there is no cycle in the
envy graph, meaning that such agent i always exists. Finally,
the allocation is TEF1.

We show the correctness of this procedure by induction. At
time slot 0, each agent receives nothing, and naturally the
allocation is TEF1. Assume that At−1 is EF1. Since agent i
has no incoming edges, no one envies agent i in allocation
At−1. After allocating It, the envy towards agent i can be
removed when i gives up It, while i receives an item and
will not have additional envy towards others. With other
agents unchanged, At is EF1.

As for implementation, we maintain an ordered sequence of
agents’ utility. The allocation at time slot t is the same as
adding a value to the smallest in the sequence. The main-
tenance can be done in O(log n) by some data structures
such as the balanced tree. Since there are T items, the final
complexity is O(T log n).

Recall that TEF1 always implies TProp1. Thus, the above
procedure also finds a TProp1 allocation.

Corollary 13. When agents are identical, TProp1 alloca-
tions always exist and can be found in O(T log n).

7 MULTI-ITEMS PER ROUND

In this section, we focus on cases where multiple items
arrive in each round. Let It = {It,1, It,2, · · · , It,mt

} be
the set of mt items arriving in time slot t, It = ∪t

t′=1It′

and I = IT . Let m = |I| =
∑

mt be the total number of
items. For allocation, we denote Ap,q as the allocation of
(∪p−1

t=1 It) ∪ {Ip,1, Ip,2, · · · Ip,q}.

Algorithm 3 always returns a TEF1 allocation as long as
mt ≥ 2 for any t, i.e., more than one item arrives in each
round. Basically, we allocate one item to each agent at the
beginning of each round, guaranteeing that each agent re-
ceives something in each round without breaking EF1. This
operation leads to the fact that the weight of each item
is f(1). Thus, we span the remaining items into a virtual
timeline and apply the strategy for two agents without time-
dependent weight in He et al. [2019] to obtain the allocation.

Theorem 14. When there are two agents and mt ≥ 2 for
any t, Algorithm 3 returns a TEF1 allocation in O(m).

Proof. Notice that in Algorithm 3, since we allocate at least
one item to each agent, the time-dependent weights are
always f(1).

To prove the correctness of Algorithm 3. We construct a new
instance with constant time-dependent weight f ′(t) = f(1)
for all t ∈ [m] on a virtual timeline with

∑
t mt time slots

such that It,i arrives earlier than It′,j for all t < t′ or t =
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Algorithm 3 Returns a TEF1 allocation
Input: n = 2 and mt ≥ 2 for any 1 ≤ t ≤ T
Output: A TEF1 allocation A

1 Initialize s← 0, s′ ← 0, A0,0 ←< ∅, ∅ >, B←< ∅, ∅ >
2 for t← 1 to T do
3 if

u1(A
t−1,mt−1
1 )−u1(A

s,s′

1 ) < u1(A
t−1,mt−1
2 )−u1(A

s,s′

2 )
then

4 Let Ii be a1’s favorite item in {It,1, It,2} that maximizes
his utility, I−i be the other item.

5 At,2
1 ← A

t−1,mt−1
1 ∪ {Ii}

6 At,2
2 ← A

t−1,mt−1
2 ∪ {I−i}

7 else
8 Let Ii be a2’s favorite item in {I, I ′} that maximizes his

utility, I−i be the other item.
9 At,2

2 ← A
t−1,mt−1
2 ∪ {Ii}

10 At,2
1 ← A

t−1,mt−1
1 ∪ {I−i}

11 end
12 if a1’s favorite item in {It,1, It,2} is different from a2’s

favorite item then
13 B1 ← B1 ∪ {a1’s favorite item}
14 B2 ← B2 ∪ {a2’s favorite item}
15 end
16 if u1(A

t,2
1 )− u1(A

s,s′

1 ) < u1(A
t,2
2 )− u1(A

s,s′

2 ) and

u2(A
t,2
2 )− u2(A

s,s′

2 ) < u2(A
t,2
1 )− u2(A

s,s′

1 ) then
17 At,2

1 ← As,s′

1 ∪B1 ∪ (At,2
2 \A

s,s′

2 \B2)

18 At,2
2 ← As,s′

2 ∪B2 ∪ (At,2
1 \A

s,s′

1 \B1)

19 end
20 if u1(A

t,2
1 )− u1(A

s,s′

1 ) ≥ u1(A
t,2
2 )− u1(A

s,s′

2 ) and

u2(A
t,2
2 )− u2(A

s,s′

2 ) ≥ u2(A
t,2
1 )− u2(A

s,s′

1 ) then
21 s← t, s′ ← 2, B←< 0, 0 >
22 end
23 for t′ ← 3 to mt do
24 if u1(A

t,t′−1
1 )− u1(A

s,s′

1 ) < u1(A
t,t′−1
2 )− u1(A

s,s′

2 )
then

25 At,t′

1 ← At,t′−1
1 ∪ {It,t′}

26 else
27 At,t′

2 ← At,t′−1
2 ∪ {It,t′}

28 end
29 if u1(A

t,t′

1 )− u1(A
s,s′

1 ) < u1(A
t,t′

2 )− u1(A
s,s′

2 ) and

u2(A
t,t′

2 )− u2(A
s,s′

2 ) < u2(A
t,t′

1 )− u2(A
s,s′

1 ) then
30 At,t′

1 ← As,s′

1 ∪B1 ∪ (At,t′

2 \As,s′

2 \B2)

31 At,t′

2 ← As,s′

2 ∪B2 ∪ (At,t′

1 \As,s′

1 \B1)

32 end
33 if u1(A

t,t′

1 )− u1(A
s,s′

1 ) ≥ u1(A
t,t′

2 )− u1(A
s,s′

2 ) and

u2(A
t,t′

2 )− u2(A
s,s′

2 ) ≥ u2(A
t,t′

1 )− u2(A
s,s′

1 ) then
34 s← t, s′ ← t′, B←< 0, 0 >
35 end
36 end
37 end

t′, i < j. The allocation At that Algorithm 3 returns for the
original instance equals the allocation At,mt that Algorithm
3 returns for the constructed instance. Thus, showing A is
TEF1 is equivalent to showing At,mt is EF1 for all t, and we
apply induction to show that. For convenience, we refer to
(t, i) as the time slot that It,i arrives on the virtual timeline.

A0,0 =< ∅, ∅ > and is trivially EF1. Notice that the strategy
to allocate (It,1, It,2) is the same as in Algorithm 1. With
the same argument in Lemma 5, we have At,2 is EF1 as long
as At−1,mt−1 is EF1. In addition, the strategy to allocate
the rest of the items is the same as that in He et al. [2019].
With the same argument as in their proof, we have At,i is
EF1 as long as At,i−1 is EF1. Finally, we have At,mt is
EF1.

Again, since TEF1 implies TProp1, the allocation is also
TProp1.

Corollary 15. When there are two agents and mt ≥ 2 for
any t, Algorithm 3 returns a TProp1 allocation in O(m).

8 CONCLUSION

We study the online fair allocation problem with demand-
side time-dependent weight, focusing primarily on two fair-
ness concepts: temporal envy-freeness (TEF) and temporal
proportionality (TProp). For two agents, we demonstrate
that a constant function is both sufficient and necessary
to guarantee that TEF1 allocations always exist. Addition-
ally, when f(1) is the minimum among all f(t), TProp1
allocations always exist, while when f(1) is larger than all
other f(t), we find a counter-example showing that TProp1
allocations may not exist. Furthermore, we present two
polynomial-time algorithms: the first one returns a TEF2
allocation when f(1) = f(2) = f(3) ≥ f(4), f(5), and
the second one yields a TProp2 allocation when f(1) ≤
f(2), f(3). For more than two agents, for a constant f , we
show that determining the existence of TEF1 allocations
is NP-complete, while TEF1 allocations always exist with
specific valuation profiles. For a general f , we provide an
O(T log n) algorithm that always returns a TEF1/TProp1 al-
location when agents are identical. For multi-item per round,
we also provide a polynomial algorithm that always returns
a TEF1/TProp1 allocation.

For future directions, while the hardness of finding a TEF1
allocation has been proven, the complexity of finding a
TProp1 allocation remains an open problem. Moreover, it
is also interesting to explore other fairness notions such
that the allocation is always fair, no matter what the time-
dependent weight f is.
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Appendix
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Sciences , Hong Kong, China

PROOF OF LEMMA 2

Proof. We begin by proving TEF1 allocations may not exist when ∃T1, f(1)f(2) ̸= f(T1)f(T1 + 1) through an example.
Then we show that a function satisfying ∀T1, f(1)f(2) = f(T1)f(T1 + 1) is a periodic function with period 2, which is a
necessary condition to guarantee the existence of TEF1 allocations.

Assume that ∃T1 ≥ 2, f(1)f(2) > f(T1)f(T1 + 1). We construct the valuation profile (see Table 1),

Time 1 2 3 · · · T1 T1 + 1 T1 + 2 T1 + 3 T1 + 4 T1 + 5

a1
1

f(1)
δ 1

f(2)
γ1δ

1
f(1)

γ2δ · · · 1
f(1)

γT1−1δ
1

f(T1)
1

f(2)
(1 + λ) ∆

f(1)
∆

f(3)
(1 + λ) w

a2
θ

f(1)
δ 1

f(2)
γ1δ

1
f(1)

γ2δ · · · 1
f(1)

γT1−1δ
1

f(T1)
(1 + λ) 1

f(2)
∆

f(1)
(1 + λ) ∆

f(3)
w

Table 1: The constructed valuation profile for Lemma 2

where δ ≪ 1 ≪ ∆ ≪ w are some positive constants, and θ, γ1, · · · , γT1−1, λ satisfy:

T1−1∑
j=1

γj < 1 (1)

γj > 0, ∀1 ≤ j ≤ T1 − 1 (2)

f(t)

f(1)
>

∑t−2
i=1 γi
γt−1

, ∀3 ≤ t ≤ T1 (3)

T1−2∑
j=1

γj < θ <

T1−1∑
j=1

γj (4)

0 < λ <
f(1)f(2)

f(T1)f(T1 + 1)
− 1 (5)

We first show that the only TEF1 allocation of the first T1 items is (Ai = {I1}, A3−i = {I2, I3, · · · , IT1}) by induction for
some i ∈ {1, 2}. Agent ai receives A2

i = {I1} and agent a3−i receives A2
3−i = {I2} after time slot 2 (It is not hard to find
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that any other allocation of the first two items does not satisfy TEF1). Suppose that agent ai receives At
i = {I1} and agent

a3−i receives At
3−i = {I2, I3, · · · , It} after time slot t for some 2 ≤ t ≤ T1 − 1. For time slot t+ 1, if It+1 is allocated to

agent ai,

• suppose agent ai gives up the item I1. With constraint (3), the following deduction showing a3−i still envies ai.

f(t+ 1)

f(1)
>

∑t−1
j=1 γj

γt

⇒ u3−i(A
t
i ∪ {It+1} \ {I1}) = u3−i({It+1})

= f((t+ 1)− 0)× 1

f(1)
γtδ =

f(t+ 1)

f(1)
γtδ

> (

t−1∑
j=1

γj)δ = u3−i(A
t
3−i)

• suppose agent ai gives up the item It+1. With constraint (4), the following deduction showing a3−i still envies ai.

θ >

T1−2∑
j=1

γj ≥
t−1∑
j=1

γj

⇒ u3−i(A
t
i ∪ {It+1} \ {It+1}) = u3−i(A

t
i) = u3−i({I1})

> f(1− 0)× θ

f(1)
δ = θδ

> (

t−1∑
j=1

γj)δ = u3−i(A
t
3−i)

Therefore, no matter which item ai gives up, a3−i still envies ai, and the allocation (At
i ∪ {It+1}, At

3−i) does not satisfy
TEF1. Hence, It+1 is allocated to agent a3−i.

AT1+2
1 AT1+2

2

a1 f((T1 + 1)− 1)× 1
f(T1)

= 1 f((T1 + 2)− T1)× 1
f(2) (1 + λ) = 1 + λ

a2 f((T1 + 1)− 1)× 1
f(T1)

(1 + λ) = 1 + λ f((T1 + 2)− T1)× 1
f(2) = 1

(a) a1 receives IT1+1 (We ignore the utility of the first T1 items, since δ is too small)

AT1+2
1 AT1+2

2

a1 f((T1 + 2)− 1)× 1
f(2) (1 + λ) = f(T1+1)

f(2) (1 + λ) f((T1 + 1)− T1)× 1
f(T1)

= f(1)
f(T1)

a2 f((T1 + 2)− 1)× 1
f(2) =

f(T1+1)
f(2) f((T1 + 1)− T1)× 1

f(T1)
(1 + λ) = f(1)

f(T1)
(1 + λ)

(b) a2 receives IT1+1 (We ignore the utility of the first T1 items, since δ is too small)

AT1+4
1 AT1+4

2

a1 f((T1 + 3)− (T1 + 2))× ∆
f(1) = ∆ f((T1 + 4)− (T1 + 1))× ∆

f(3) (1 + λ) = ∆(1 + λ)

a2 f((T1 + 3)− (T1 + 2))× ∆
f(1) (1 + λ) = ∆(1 + λ) f((T1 + 4)− (T1 + 1))× ∆

f(3) = ∆

(c) a2 receives IT1+2 (We ignore the utility of the first T1 + 2 items, since ∆ is too large)

Table 2: The agents’ utilities in Lemma 2, Case 1

Case 1: i = 1, i.e., agent a1 receives the first item. After allocating IT1
, the allocation is envy-free (agent a1 receives

f(1 − 0) × 1
f(1)δ = δ thinking that agent a2 only receives f(2 − 0) × 1

f(2)γ1δ +
∑T1

j=3 f(j − (j − 1)) × 1
f(1)γj−1δ =
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(
∑T1−1

j=1 γj)δ < δ; agent a2 receives (
∑T1−1

j=1 γj)δ thinking that agent a1 receives f(1−0)× 1
f(1)θδ = θδ < (

∑T1−1
j=1 γj)δ).

Then who receives the item IT1+1 leads to two subcases.

If agent a1 receives IT1+1, to fulfill TEF1, agent a2 will receive IT1+2. The two agents’ utilities are in Table 2a, showing
that agent a1 and agent a2 envy each other after allocating IT1+2. Assume that it is agent ai′ who receives IT1+3. Then for
agent a3−i′ , he will envy agent ai′ ,

• even if agent ai′ gives up IT1+3, since they envy each other in allocation AT1+2;

• even if agent ai′ gives up an item other than IT1+3, since ∆ is large enough.

Thus, no matter who receives IT1+3, it will break TEF1.

If agent a2 receives IT1+1, to fulfill TEF1, agent a1 will receive IT1+2. The two agents’ utilities are in Table 2b. Since
0 < λ < f(1)f(2)

f(t)f(t+1) − 1, agent a1 will envy agent a2, while agent a2 will not envy agent a1 after allocating IT1+2. Then
IT1+3 will be allocated to agent a1, since ∆ is too large. Again, as ∆ is too large, IT1+4 will be allocated to agent a2. The
two agents’ utilities are in Table 2c. Similar to allocating IT1+1 to agent a1, with w ≫ ∆, it will break TEF1.

Case 2: i = 2, i.e., agent a2 receives the first item. After allocating IT1
, the two agents envy each other (agent a1

receives (
∑T1−1

j=1 γj)δ thinking that agent a2 receives δ > (
∑T1−1

j=1 γj)δ; agent a2 receives θδ thinking that agent a1 receives

(
∑T1−1

j=1 γj)δ > θδ). Similar to Case 1, with δ ≪ 1, it will break TEF1.

In summary, the constructed instance shows that TEF1 allocations may not exist when ∃T1 ≥ 2, f(1)f(2) > f(T1)f(T1+1).
On the other hand, we adapt the instance in Table 1 by changing the valuation of IT1+3, IT1+4 as follows:

Time · · · T1 + 3 T1 + 4 · · ·

a1
∆

f(2)
(1 + λ) ∆

f(2)

a2
∆

f(2)
∆

f(2)
(1 + λ)

We also update constraint (5) for λ as follows:

0 < λ <
f(T1)f(T1 + 1)

f(1)f(2)
− 1,

With similar statements, we show that TEF1 allocations may not exist when ∃T1 ≥ 2, f(1)f(2) < f(T1)f(T1 + 1). Thus,
TEF1 allocations may not exist when ∃T1 ≥ 2, f(1)f(2) ̸= f(T1)f(T1 + 1). In other words, TEF1 allocations always exist
only if ∀T1 ≥ 2, f(1)f(2) = f(T1)f(T1 + 1).

Since f(1)f(2) = f(T1)f(T1 + 1) holds for all T1 ≥ 2, f(1)f(2) = f(T1)f(T1 + 1) = f(T1 + 1)f(T1 + 2) implying
f(T1) = f(T1 + 2), meaning that f is a periodic function with period 2. Then we can conclude that TEF1 allocations
always exist for two agents only if the weight function f is a periodic function with period 2.

PROOF OF LEMMA 3

Proof. By Lemma 2, we know that TEF1 allocations always exist only if f is a periodic function with period 2. Below, we
show through an example that when f is a periodic function with period 2 and f(1) ̸= f(2), TEF1 allocations may not exist,
meaning that TEF1 allocations always exist only if f is a constant function.

Assume that f is a periodic function with period 2 and f(1) > f(2), implying f(2)
f(1) < 1. We construct the valuation profile

(See Table 3),

Time 1 2 3 4 5 6 7 8

a1
1

f(1)
δ θ

f(2)
δ 1

f(1)
1

f(1)
γ1

1
f(1)

γ2
∆

f(1)
∆

f(2)
(1 + λ) w

a2
θ

f(1)
δ 1

f(2)
δ θ

f(1)
1

f(1)
γ1

1
f(1)

γ2
∆

f(1)
(1 + λ) ∆

f(2)
w

Table 3: The constructed valuation profile for Lemma 3

3681



where δ ≪ 1 ≪ ∆ ≪ w, and θ, γ1, γ2, λ satisfy:

γ1 < θ < γ1 + γ2 < 1 (6)
γ2 > γ1 (7)

γ2
1− γ1

>
f(2)

f(1)
(8)

λ > 0 (9)

For the first two items, if they are assigned to the same agent, the allocation is not TEF1. If a1 receives I2 and a2 receives I1,
the two agents envy each other so that TEF1 breaks at time slot 3, since δ ≪ 1. Thus, a1 receives I1 and a2 receives I2.
Then we have two cases for the rest of the items:

Case 1: a1 receives I3 Then a2 receives I4, and a2 envies a1 after allocating the item at time 4. If a1 receives I5, the
allocation is A5 = (A5

1 = {I1, I3, I5}, A5
2 = {I2, I4}), and a2 will envy a1,

• even if a1 gives up I1, since δ is too small;

• even if a1 gives up I3, since f(5− 1) ∗ 1
f(1)γ2 = f(4)

f(1)γ2 = f(2)
f(1)γ2 > f(4− 2) 1

f(1)γ1 = f(2)
f(1)γ1;

• even if a1 gives up I5, since a2 already envies a1 at time 4.

Thus, it must be a2 who receives I5.

A5
1 A5

2

a1
f(2)
f(1)

f(2)
f(1)γ1 + γ2

a2
f(2)
f(1)θ

f(2)
f(1)γ1 + γ2

Table 4: The agents’ utilities in Lemma 3, Case 1 (We ignore the utility of the first two items, since δ is too small)

After time 5, the allocation is A5 = (A5
1 = {I1, I3}), A5

2 = {I2, I4, I5}) and the utilities of the two agents are shown in
Table 4. Then, due to constraint (8), we have

γ2
1− γ1

>
f(2)

f(1)
⇒ f(2)

f(1)
<

f(2)

f(1)
γ1 + γ2,

implying that a1 envies a2. Again, due to constraint (6), we have

f(2)

f(1)
γ1 + γ2 >

f(2)

f(1)
(γ1 + γ2) >

f(2)

f(1)
θ,

implying that a2 does not envy a1. Since ∆ is too large, it must be a1 who receives I6. Then a2 receives I7, and they envy
each other at time 7. Since ∆ ≪ w, it must break TEF1 at time 8, no matter who receives I8.

Case 2: a2 receives I3 Then a1 receives I4, and a1 envies a2 after allocating the item at time 4. If a2 receives I5, the
allocation is A5 = (A5

1 = {I1, I4}, A5
2 = {I2, I3, I5}), and a1 will envy a2,

• even if a2 gives up I2, since δ is too small;

• even if a2 gives up I3, since f(5− 2) 1
f(1)γ2 = f(3)

f(1)γ2 = γ2 > f(4− 1) 1
f(1)γ1 = f(3)

f(1)γ1 = γ1;

• even if a2 gives up I5, since a1 already envies a2 at time 4.

Thus, it must be a1 who receives I5.

After time 5, the allocation is A5 = (A5
1 = {I1, I4, I5}, A5

2 = {I2, I3}) and the utilities of the two agents are shown in
Table 5. Since θ < γ1 + γ2 < 1 and δ is too small, they envy each other. Since ∆ is too large, it must break TEF1 at time 6,
no matter who receives I6.

In summary, the constructed instance shows that TEF1 allocations may not exist when f is a periodic function with period 2
and f(1) > f(2). On the other hand, we adapt the instance in Table 3 by changing the valuation of I6, I7 as follows:
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A5
1 A5

2

a1 γ1 + γ2 1
a2 γ1 + γ2 θ

Table 5: The agents’ utilities in Case 2 (We ignore the utility of the first two items, since δ is too small)

Time · · · 6 7 · · ·

a1
∆

f(1)
(1 + λ) ∆

f(2)

a2
∆

f(1)
∆

f(2)
(1 + λ)

We also update the constraint (8) for γ1, γ2 as follows:

γ2
θ − γ1

<
f(2)

f(1)
,

With similar statements, we show that TEF1 allocations may not exist when f is a periodic function with period 2 and
f(1) < f(2). Thus, TEF1 allocations may not exist when f is a periodic function with period 2 and f(1) ̸= f(2). In other
words, TEF1 allocations always exist only if f is a periodic function with period 2 and f(1) = f(2), which is a constant
function.

EXPERIMENT

We demonstrate the performance of Algorithm 1 and Algorithm 2 through experiments. The implementations were performed
on a computer with an Intel Core i7-8550U processor (4 cores, 8 threads, base frequency 1.80 GHz, turbo boost up to 4.00
GHz), 16.00 GB RAM, and running Windows 10 64-bit operating system.

As for data, we generate 10000 instances for each algorithm. In each instance, we assume 2 agents, 100 items, and the
values of items are randomly generated from [0, 100000]. Moreover, the value of the time-dependent weight function is also
randomly chosen from [0, 100000].

Results For Algorithm 1, Figure 3a shows that we can obtain a TEF2 allocation with high probability, even if
f(1), f(2), f(3) are not equal.

For Algorithm 2, Figure 3b shows that we can always obtain a TProp2 allocation when f(1) ≤ f(2), f(3), which fits
the result of our analysis above. Moreover, the algorithm has a probability of around 87% to return a TProp2 allocation
when f(1) is between f(2), f(3). However, When f(1) ≥ f(2), f(3), there are only around 18% istances that Algorithm 2
returns TProp2 allocations.

The difference in the two algorithms’ performance may be caused by the condition to choose an agent to be advantaged.
When the agents’ utilities are more than the current proportional share, Algorithm 1 will choose the one who envies the other
to be advantaged, while Algorithm 2 will choose agent a2 to be advantaged. These might be the reasons why Algorithm 1
performs much better than Algorithm 2.
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(a) The results of the Algorithm 1

(b) The Results of the Algorithm 2

Figure 3: The Results of Experiments
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