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Abstract

The contextual bandit models sequential decision-
making problems in which rewards depend on
both the chosen action and observed context. In
many domains such as medicine, business, and
engineering, prior knowledge provides structural
information about the reward function that can
be exploited to improve optimization efficiency.
This paper studies settings where, for each ob-
servable context, the conditional mean reward is
known to be concave with respect to the action
variable. To leverage this structure, we develop
a contextual bandit algorithm that conditions a
Bayesian Gaussian Process posterior on concav-
ity constraints. We propose a novel reward model
that combines a concavity-preserving regression
spline basis with a constrained GP posterior, yield-
ing a tractable shape-constrained estimator. Build-
ing on this model, we construct a UCB algorithm
and establish new posterior concentration inequali-
ties for the constrained posterior, leading to regret
guarantees that are never worse than applying stan-
dard GP-UCB without concavity information and
can be strictly tighter when concavity is informa-
tive. Experiments on benchmark problems and a
Warfarin dosing test application demonstrate sub-
stantial reductions in cumulative regret relative to
state-of-the-art baselines.

1 INTRODUCTION

The contextual bandit framework is used for sequential opti-
mization in settings where the reward (utility) of any deci-
sion depends on auxiliary context variables [Chu et al., 2011,
Bouneffouf et al., 2020, |Silva et al., 2022]. Any efficient
sequential optimization algorithm makes use of prior knowl-
edge to impose structure on the considered class of reward

models. In the case of contextual bandits, such structure
often comes in the form of assumptions on the conditional
mean reward given context and action. Popular assumptions
include linearity [[Chu et al.|[2011]], samples from a Gaussian
Process (GP) [Srinivas et al., 2009, |[Krause and Ong, 2011]],
smoothness of the function defined by bounds on RKHS
norm [Valko et al., {2013 |Chowdhury and Gopalan, |2017]],
or effective dimensionality as derived from the tangent ker-
nel of a deep network [Zhou et al.l 2020, |Zhang et al., [2021},
Kassraie and Krausel, 2022]].

Within medicine and business applications, the reward func-
tion is often known to be concave with respect to the action
variable at each context value. In biology and pharmacol-
ogy, this recurring pattern in the reward function is widely
known as a U-shaped, bi-phasic dose-response curve [Cal{
abrese and Baldwinl, [2001]]. At low doses, an agent often
provides beneficial function for a biological system. How-
ever, at a certain dosage level, benefits become saturated and
increased dosage causes harmful effects. This phenomenon
results in concave dose-response curves that have been stud-
ied extensively for decision making in cancer treatment
[Portier and Yel|1998, |[Reynolds| | 2010f], environmental man-
agement/public health [Portier and Ye, (1998, Davis and
Svendsgaard, |1990], psychological/behavioral intervention
[Baldi and Bucherelli, [2005], and dose optimization in per-
sonalized medicine [[Chen et al., |2016]]. In business and
economics, concave utility functions are foundational struc-
tural assumptions for decision making and modeling. A
well-known example occurs in bidding and pricing systems
in commerce, where increasing price increases the per-unit
profit but decreases overall sales volume [Meyer and Pratt,
1968}, |Varian, 1982} |Carroll and Kimball, 1996, [Boehm and:
Pandalai-Nayar, [2022].

This paper shows how incorporating this concavity informa-
tion into the GP contextual bandit algorithm can improve
bandit optimization performance. GP contextual bandits
have a key advantage of being effective, yet simple to im-
plement. Therefore they have been successfully applied in a
wide variety of applications such as experimental design in
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biology [Durand et al.,2018]], database routing optimization
[Cereda et al.,|2021]], and industrial design [Zhoul [2025].

Independent of bandit optimization, significant research has
shown the advantages of incorporating convexity/concavity
constraints in function estimation [Hannah and Dunson,
2013, [Wang and Berger, 2016, Mazumder et al.l 2019,
Aubin-Frankowski and Szabd), 2020]. However, it is chal-
lenging to design bandit algorithms with provable sub-linear
regret bounds from these bespoke models.

This paper introduces Concave Spline Gaussian Process
Upper Confidence Bound (CSGP-UCB), a contextual ban-
dit algorithm that leverages known concavity of the mean
reward in the action (for each fixed context) to accelerate
sequential optimization while retaining sub-linear cumula-
tive regret guarantees. By pairing a concavity-preserving
regression-spline GP with an exact translation of concavity
into finite linear inequality constraints on spline coefficients,
the approach induces a truncated (shape-conditioned) GP
posterior that remains computationally and theoretically
tractable. A central technical contribution is a new set of
concentration inequalities for linear functionals of this trun-
cated posterior, enabling UCB confidence bounds that are
never wider than those from unconstrained GP-UCB and
can be substantially tighter when concavity is informative.
These results yield (to the author’s knowledge) the first sub-
linear regret guarantees for a GP contextual bandit that ex-
plicitly conditions on concavity information under Bayesian
assumptions. Empirically, CSGP-UCB achieves markedly
lower regret than a broad set of state-of-the-art baselines
across benchmark functions, simulations, and a Warfarin
dosing test application, highlighting the value of concavity
constraints in the moderate-sample regimes that motivate
many real applications.

2 BACKGROUND

2.1 CONCAVE CONTEXTUAL BANDIT

We consider a sequential decision making problem con-
sisting of 7" rounds. Our goal is to maximize the expected
cumulative reward. In each round, the decision maker re-
ceives a d-dimensional context x; € X and must choose
a; € A C [0,1]. After choosing the action a;, the system
produces a noisy reward

Y = flas, %¢) + €, (D

where €; ~iyiq N(0,02). Thus, f(as,x;) represents the
mean reward given action a; and context x;. We further
assume that f(a, x) is twice continuously differentiable at
every a € A for each x € X. At each time ¢, the deci-
sion maker also receives concavity information such that
for each ¢’ < ¢ the second partial with respect to a satisfies

% <Oforalla € [0,1], i.e., the map a — f(a,xy)

is concave with respect to a at the current and all previ-
ously observed contexts. This assumption is natural when
the decision maker only wants to condition on concavity
conditions for contexts x that are feasible for the system
and the feasible region is not known a priori.

The action selected at time ¢ can be evaluated by the regret
of not choosing the optimal action given the context at time
t:ry 2 supgeq fla,xi) — f(at,x;). After the 7' rounds,
the cumulative regret is R = Zthl r¢. Our goal is to con-
struct an algorithm that effectively makes use of concavity
information to improve performance in small samples while
also ensuring sub-linear regret as 7' grows large.

2.2 GAUSSIAN PROCESSES

A Gaussian Process h(x) is a stochastic process for which its
evaluation on any finite subset of inputs follows a Multivari-
ate Normal distribution [[Rasmussen and Williams,, [2006]]. A
Gaussian process is fully defined by its mean function z(x)
and covariance function k(x,x’). A convenient property
of Gaussian Processes is that upon observing some real-
izations of a Gaussian Process h = {h(x1)...h(x,)}T,
the posterior distribution of unobserved samples h* =
{h(x3),...,h(x%,)}T follows a Multivariate Normal dis-
tribution with mean p* and covariance V* defined by

= ppe + Km,nK;;L(h — ), ()
V= Km,m - Km,nK»r_hlyLKn,ma

where: K, ,, is the covariance matrix of the observed real-
izations h such that (¢, j)th entry is k(x;,X;); Ky, m, 18 the
covariance matrix of the unobserved realizations; K, ,, is
the cross covariance matrix such that the (4, j)th entry is
k(x},x;); and py,, py,- are the mean function evaluated on
the observed and unobserved samples respectively.

2.3 CONCAVE SPLINE REGRESSION

For each context, the mean reward is a concave function of
the action. Thus, it is useful to have a mechanism for model-
ing a one-dimensional function, say g(a), that is expressive
but also easily constrained to be concave. In this section, we
discuss modeling such a function using regression splines;
we omit dependence on the context and show how to make
the overall mean function smooth across contexts in Section
H|.1] We choose regression splines due to their representative
power. Given enough knots, our chosen constrained spline
model can uniformly approximate continuous concave func-
tions defined on a closed interval [De Boor and De Boor,
1978, Meyer, 2008]].

For regression splines of polynomial order k, with [ knots
we can derive the | + k piece-wise polynomial M-Spline
basis functions [Ramsayl |1988] M;(a) ,j = 1,...,l +k
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such that M;(a) > 0. We model ¢g” (a) using these M-Spline
basis functions

A crucial property of the M-Spline basis is that for £ < 4,
¢"(a) < Oifandonly if 3; < Oforj = 1,...,01+k
[Ramsayl [ 1988]]. Integrating each M-Spline basis function
M; (@) twice yields the C-Spline Basis functions introduced
byMeyer|[2008]: Cj(a) = [ [, M;(s)dsdu. We consider
a model for g(a) that uses these C-Spline basis functions
along with the constant and identity functions:

I+k
9(a) =Y Ci(a)B; + Biykrra+ Briksa. (3)

j=1

From the properties of g’ (a), it follows that g(a) is concave
if and only if 3; < O for j = 1,...,0 4+ k. Thus the result-
ing constrained spline function can represent all concave
piecewise polynomials of order k + 2.

3 RELATED WORK

Our work is most closely related to the literature of Gaus-
sian Process Bandits which were originally introduced by
Srinivas et al.|[2009] and extended to the contextual case
in [Krause and Ong| [2011]]. In a similar vein, |Valko et al.
[2013] developed a Kernelized UCB algorithm where they
bound regret using the effective dimension of the kernel.
Chowdhury and Gopalan|[2017]] derived improved bounds
for context-free GP/Kernelized UCB bandits and the first
frequentist regret bounds for GP Thompson sampling.

Previous GP-bandit literature has incorporated complex
structural assumptions into the prior of the reward func-
tion. The strategy has been to directly condition on the event
that a sample from a standard GP satisfies the assumption.
Kandasamy et al.|[2019]] develops an algorithm conditioned
on GP-bandits with a multi-fidelity structure. Scarlett [2018|]
conditions on constraints to derive Bayesian optimization
cumulative regret bounds. The methods presented in these
papers do not translate well to our goal. In their methodol-
ogy, conditioning on the structural constraints inflates the
regret bounds relative to the unconditioned case. In addi-
tion, it is not clear how to practically condition a standard
GP covariance function on infinite dimensional concavity
constraints. Both outcomes are unsatisfactory for our goal
of using concavity information to achieve more efficient
optimization.

Independently of the bandit literature, the problem of
shape-constrained function estimation in the form of mono-
tone/convex GP regression has been extensively studied.
One strategy has been to approximate the assumption by

only conditioning on the constraints within a discrete grid
of the input space [[Da Veiga and Marrel, 2012, [Wang and
Berger, 2016]. These methods quickly become impracti-
cal, as conditioning on higher derivatives is notoriously
numerically unstable [He and Chienl 2018 and the grid size
must grow exponentially with dimension. [Maatouk and Bay
[2017]] propose a more similar approach to ours. They tile
the covariate space with a tensor grid basis of local basis
functions with independent Gaussian priors on the coeffi-
cients. Unfortunately, their tensor grid grows exponentially
with context dimension and does not scale to contexts with
d > 2. Our paper extends their approach for the contextual
bandit setting by allowing the coefficients for each basis
function to vary smoothly with the context variables and
showing that this leads to sub-linear cumulative regret in the
bandit optimization context.

4 CONCAVE SPLINE GP CONTEXTUAL
BANDIT

4.1 REWARD MODEL

Conditional on each context, we assume that the expected
reward function takes the form of a regression spline as
described in equation [3] with the generalization that the
spline regression coefficients vary as smooth functions of x.
We define the CSGP model for the reward as:

J—2
flax) = Cj(a)B;(x) + B,y (x)a+B;(x) @&
j=1

= $(a)" B(x)

where each C;(a) is the C-Spline basis function described in
Section 2.3} B(x) :== {B,(%),...,8,(x)}" and ¢(a) :=
{C1(a),Ca(a), ..., a,1}". We place Gaussian Processes
priors on 3;(x) with mean function p; and covariance
function k;(x,x’). These priors induce a Gaussian Process
on f(a,x).

4.2 INCORPORATING CONCAVITY
INFORMATION

To incorporate concavity information and complete the
CSGP formulation, we assume that at each time step ¢t we
observe the context x; and the information that f(a, x;) is
concave in a at all x; ...x;. This form of concavity con-
straint is natural when the decision maker only wants to
condition on concavity conditions for contexts x that are
feasible for the system and the feasible region is not known
exactly a priori. Under our choice of spline basis (see Sec-
tion this information is exactly equivalent to condi-
tioning on 3;(xy) < Oforj = 1...J —2,¢ <t An
important property of our reward and observation models is
that after conditioning on such information, the posterior for
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the finite realizations of 3(x) is a truncated Gaussian. Let
R, = RU{oo} denote the (positively) extended reals. Given
v € RP, w € RP, and 2 € RP*P, we let N, (w, £2) denote
a multivariate normal distribution with mean w and covari-
ance €2 that has been truncated above by v. The following
result is proved in Appendix

Lemma 1. Suppose that we observe y;1 =

(W1:- > y1)". Define By = {B(x1),....B0x)}"
to be the concatenated vector of coefficients from ev-
ery context up to time t. Let Cy denote the event that
Bj(x¢) <0, forj=1,...,J—2. Then the time t posterior
p (Belyt—1,Nt_,Cv) is the upper truncated Multivariate
Normal distribution Ny (p,, X¢), where (ug, X¢) are the
posterior quantities obtained from the standard GP time t
posterior without truncation, and v; = 0,j < J — 2 and
v; = oo otherwise.

Proving regret bounds under our model requires quantifying
the posterior uncertainty surrounding the expected reward.
The mean reward function can be expressed as f(a,x;) =
ci(a)TB,, where c;(a) € R7! is defined so that the last J
elements of c,(a) equal to ¢»(a) while its remaining entries
are zero. Therefore, our time ¢ CSGP posterior for f(a,x;)
is a Linear Combination of a Truncated Multivariate Normal
(LCTMVN). We refer to this random variable as LCTMVN
throughout the paper.

Without conditioning on concavity information the posterior
distribution of f(a,x;) is Gaussian with variance:

Ugt (a,x¢) = ci(a) Bye(a) = )

ke{(a,x¢), (a, %)} —kyp—1 (K121 + Uzl)ﬂkt,t—l,
where k;; 1 € R>~! and the ith element is
k¢ {(a,x¢),(a;,x;)} and K;_q ;1 is the prior covariance
matrix of the { f(ay,xy )} _;.

The challenge for regret analysis is that the concavity condi-
tioned LCTMVN posterior has no canonical form or theo-
retically amenable quantile function. To derive regret guar-
antees, we will instead rely on novel concentration results.

4.3 LCTMVN CONCENTRATION PROPERTIES

Effective UCB bandit algorithms require confidence bounds
that are narrow as possible while maintaining sufficiently
high coverage probability of the true reward function. In this
section, we derive concentration inequalities for concavity-
conditioned LCTMVN variables that produce a composite
confidence bound with the same coverage guarantees as
the standard un-truncated Gaussian case, but that is never
wider—and is often strictly narrower in practice. To our
knowledge, these concentration results are new and may be
of independent interest for the Bayesian constrained regres-
sion community. Proofs can be found in Appendix 9]

We first prove coverage guarantees for confidence bounds
centered around the LCTMVN posterior mean. The degree
of concentration depends on Bregman divergences that are
sensitive to the geometry of the truncation.

Proposition 1. Assume the concavity conditioned posterior
of our coefficient vector 3 at time t is 3, ~ N, (;, Xt).
Let p; = E(B|yt—1,N%_,Cyr). Then given b > 0:

b2
Pr{|Ct(a)Tﬂt —ci(a) pf| > b} <exp (_WW>
X Pt(a7 b)

Where

b
Pi(ab) = {exp D8 (ot eS|

o2, (a,x;

1120t b
+ exp {—Déct ¢ (Nt _ m&q(a), ptﬂ }

p> . .
DE:27 (-, -) represents the Bregman divergence with respect

to the convex function G(u) = — log {fﬁ<ypu,gt (,B)dﬁ}

Here p,, 5, (1) is the standard multivariate normal density
with mean p and covariance ;.

The resulting inequality differs from the standard Gaus-
sian concentration inequality (without concavity informa-
tion/truncation) in the GP bandit literature by the factor
P! (a,b) [Srinivas et al., 2009]. Interpreting the Bregman
divergences, we can see that P, (a,b) < 1 when the trunca-
tion causes curvature for G(p) in the direction £X;c;(a).
As G(p) represents the probability of truncation region as
a function of the mean parameters, Pgt (a,b) represents the
severity of the truncation effect on the LCTMVN variable.
When the data y; is not sufficient to concentrate the pos-
terior in the truncation region, the LCTMVN bounds will
have higher coverage probability than the standard Gaus-
sian bounds for the same width. In Lemma 2} we show that
P! (a,b) < 1implies the existence of a mean-centered con-
fidence bound with width parameter b’ < b that achieves the
same coverage probability as the standard Gaussian confi-

dence bound with width parameter b.

It is possible that P! (a,b) > 1, in which case the inequality
becomes looser than the standard (unconstrained) Gaussian
inequality. As shown in Appendix this is unavoidable:
LCTMVN variables can exhibit weaker mean-centered con-
centration than a Gaussian. To overcome this issue, our
algorithm will also use confidence bounds centered around
the posterior median that match the coverage guarantees
achieved by the standard Gaussian case. We use tools from
optimal transport [Caffarelli, [2000, | Kim and Milman| |2012]]
and Gaussian isoperimetric inequalities [Ledoux| [2006] to
derive the following result.
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Figure 1: Mean cumulative regret for contextual bandit methods on benchmark functions across 7', with £ 1 standard error

bars.

Proposition 2. Suppose B, ~ N, (u,, ;). Let my(a, x;)
denote the median of ¢ (a)3,. Then

Combining the two concentration inequalities allows us to
create a LCTMVN confidence bound that achieves the same
concentration as the Gaussian case is at least as narrow.
The following lemma designs this confidence bound with
corresponding coverage guarantee:

—b?

20& (a,%¢)

Pr{|c(a)" B, — mi(a,x¢)| > b} < exp (

Lemma 2. Suppose 3, ~ N,(p;,%:) and Let x; be a
predefined constant. Define

Ki(a,x¢) = {

X: (a” Xt)

= iIslf {s : exp (—g) P [a, soc, (a,x¢)] < exp (

Ty,

*
t
)

X:(av xt)a
Xt»

ci(a)

if P a, x¢0c,(a,x¢)] < 1,
mt(aaxt '

else.

lfPt [(1, XtOc, (avxt)] < ]-7

O[t(Cl,Xt) else

t

X;: (a,x¢) exists and we have the following concentration
bound:

Pr{‘f((I:Xt) - K‘(a7xt)‘ > Oét((l, Xt)act (avxt)}

< exp (—&

3)

In practice, we numerically compute x; which we discuss
in Appendix [I3] We investigate the empirical behavior of

ay(a, z¢) in section[5.3]

44 UCB ALGORITHM

We now define our CSGP-UCB algorithm. Recall that
agt (a,x;) is the variance of the unconstrained CSGP poste-
rior defined in equation[5] Let x(a, x¢), a(a, x;) be defined

)}

as in Lemma 2] using 1, X from the time ¢ concavity con-
ditioned CSGP posterior. Given a predefined sequence X,
our CSGP-UCB algorithm selects action a; as

a; = argmax k¢(a, x¢) + az(a, Xt)%act (a,xy)
acA

Our UCB algorithm chooses the narrower of the mean and
median centered confidence bounds for each a € A. If
Py(a,xt) < 1, then we will use the mean bound as it has a
smaller width. Otherwise the median centered bound will
have smaller width. The sequence X is chosen as a gradually
increasing sequence to ensure that the bound covers the true
value of f with high probability. We then select the action a
that has the highest bound.

Computing the bound requires computing the LCTMVN
variable means (p*), medians (m(a, x;)), log orthant prob-
abilities (G()), and optimal confidence parameter x;. We
discuss computation of these quantities in the Appendix I3}

4.5 REGRET ANALYSIS

We present the regret analysis for our UCB algorithm under
the Bayesian assumption that the expected reward function
f(a,x) is a sample from CSGP prior described in Section
This assumption is commonly made and analyzed in
the bandit literature [Srinivas et al.,[2009} Krause and Ong,
2011} |Chen et al.| 2012, Wang et al., 2015, |Bogunovic et al.|
2016, Kathuria et al., 2016, [Kassraie and Krause, [2022].
Proofs are contained in the Appendix.

To our knowledge, we provide the first sub-linear regret
guarantees under the Bayesian assumption and the scenario
that the bandit-algorithm receives concavity information.
Any GP-posterior that is not conditioned on this concav-
ity information will be mis-specified. The authors are not
aware of algorithms that achieve sub-linear regret under the
Bayesian assumption and mis-specified posteriors.

Our regret bound uses the maximum information gain con-
cept first exploited for GP Bandit problems by |Srinivas
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et al. [2009]. We represent the maximal information gain
by 7 and prove in Appendix [L0] that for our CSGP kernel,

vr = 0 {Jlog(T)*+ 11T

To highlight the source of concavity advantage, we note how
the confidence parameter o relates to the time-¢ instanta-
neous regret r;. The following lemma, which follows di-
rectly from Lemma 4.1 of |Krause and Ong|[2011]], provides
the following high probability bound on r; for GP-UCB
algorithms in discrete action spaces.

Lemma 3. Fort > 1, with probability > 1 — 0§, 1y <

204 (ay, Xt)%\/'YT

Thus, lowering the confidence parameter directly lowers
the bound on 7;. Under standard GP-UCB, the confidence
parameter does not depend on posterior quantities or the
action/context. Thus «;(a,x;) = x:. Concavity informa-
tion allows oy (a,x¢) < x: when the truncation is severe.
Intuitively, having an tighter confidence parameter prevents
over-exploration of uncertain regions. This translates to the
following cumulative regret bound.

Proposition 3. Let the expected reward function f be a sam-
ple from a known CSGP prior with noise model N (0, c?).
Also suppose that at each time step t the bandit algorithm
receives noisy reward y; as well as concavity information
that B;(xy) < O0forj=1...J—2,t <t Pickd € (0,1)
and suppose one of the following assumptions holds:

o Ais finite with x; = 2log(]A|t?7?/66)
* A C [0,1] is compact and convex and the CSGP kernel

ky(-,-) satisfies the following bound on the GP sample
paths|’| For some constants 1, ¢

Pr{ sup |0f/dv;|> L} <nexp{—(L/¢)*},
VEAXX

forvj e {l,...,d+ 1}. And we choose
a; = 2log(27%t?/36) + 2 log {tQC\/log (477/5)} .

Define o, = max{ay(as,x;)}1_, so that o’y < xp. Run-
ning CSGP-UCB obtains a regret bound O*(\/Tyrar)

with high probability. Precisely let C; = W then:

E{RﬁgMCﬂh?W+2NT21}21—&

Our choices for y; are the default confidence parameters
used by GP-UCB bandits [Srinivas et al., [2009, [Krause and
Ong, 2011]. As o, < xr, our cumulative regret bounds un-
der concavity conditions are never worse than the bound ob-
tained for the case without concavity information. For mod-
erate time horizons 7', concavity is often highly informative

'See Appendix m for more discussion

The condition on k(- -) is satisfied with a spline order 6
and kernels such as the common Gaussian kernel and the Matern
kernel with v > 2.

and induces substantial posterior concentration, so oy < ¢
and o} < xr. This directly shrinks the confidence bounds
and translates into substantially lower cumulative regret. We
explore the behavior of a. in Figure[3|and Section As
T — oo, the data y; increasingly identifies the function’s
concavity and the posterior mass concentrates within the
feasible (truncated) region. The benefits of concavity infor-
mation fades, and the regret rate is expected to recover the
standard Gaussian-case asymptotic regret. This behavior
is consistent with the literature on convex/constrained re-
gression which has found that the asymptotic learning rates
of constrained methods match the asymptotic rates of their
unconstrained counterparts [|Geyer, |1994, |Tsybakovl, [2008|
Kur et al.| 2020]. We also note that an important line of
future work is to determine whether a sequence of oy can
be developed such that o, < x7.

4.6 ROBUSTNESS TO MILD VIOLATIONS OF
CONCAVITY.

The exact CSGP posterior conditions on the curvature coef-
ficients satisfying 3;(x;) < Oforj =1,...,J — 2, which
enforces action-wise concavity. When domain knowledge
suggests that concavity may hold only approximately, this
hard constraint can be relaxed to

IBj(Xt') S c,

for a small scalar ¢ > 0. The posterior remains an
upper-truncated Gaussian, so the posterior computation and
confidence-bound construction are unchanged after replac-
ing the truncation threshold 0 by c. The choice ¢ = 0 re-
covers the exact concavity model, while ¢ > 0 permits
controlled violations of concavity in the C-spline coefficient
scale. Appendix [T4]provides additional implementation de-
tails and empirical results under non-concave perturbations,
showing that a modest positive value of ¢ can reduce perfor-
mance degradation when the reward is only mildly misspec-
ified.

j=1,...,J -2,

S NUMERICAL EXPERIMENTS

We provide an empirical validation of CSGP-UCB and ex-
amine the evolution of the confidence parameter .. In
section [5.1] we evaluate our method on widely used opti-
mization benchmarks provided by |Surjanovic and Bingham),
Balandat et al. [2020]]. In section we study the behavior
of CSGP-UCB as we vary the dimensions/smoothness of
the underlying reward function. Section [5.3|examines the
evolution of CSGP confidence parameter .. Finally in sec-
tion[5.4] we test our method on a Warfarin dosing function
application provided by (Chen et al.[[2016].

We benchmark our algorithms against state of the art non-
parametric bandit baselines based on GPs and Neural Net-
works. We compare to GP-UCB/TS [Krause and Ong| [2011}
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Figure 2: Cumulative regret for numerical simulation study. The proposed methods, CSGP-Thompson and CSGP-UCB,
obtain markedly lower regret than competing methods across a range of problem dimensions and scalings.

Russo and Van Royl, 2014], neural contextual bandits (NN-
UCB/NN-TS/NN-Bootstrap) [Kassraie and Krause} [2022,
/hang et al., 2021, Riquelme et al., |2018]], our CSGP model
without conditioning on concavity (SGP-UCB), and GP-
UCB/TS where the second derivative of the GP posterior is
conditioned to be negative on a grid as proposed by|/Da Veigal
and Marrel|[2012]],[Wang and Berger{[2016]] (DIP-UCB/TS).
Details for the hyper-parameters and implementations of
the methods can be found in Appendix [15] As|[Zhang et al.
[2021]), Kassraie and Krause|[2022] provide algorithms only
for a finite action space, we test the bandits with .4 defined
as a uniform grid of size 100 on [0, 1].

5.1 BENCHMARK FUNCTIONS

We test CSGP-UCB on popular benchmark functions widely
used in the optimization literature that also satisfy our
concavity assumptions [Surjanovic and Bingham, [Balan{
dat et al., 2020]. We consider the Rosenbrock (d = 5),
Dixon-Price (d = 10), and Trid (d = 15). To adapt these
benchmarks to the contextual bandit application, we sample
context vectors uniformly from the domains of d — 1 vari-
ables and select actions on the held out dimension. For more
details of implementation please see the Appendix [15.2]

Figure[I|shows that CSGP-UCB significantly outperforms
other methods. SGP-UCB performs similarly to its GP-UCB
counterpart which indicates that the performance of CSGP-
UCB can be attributed to conditioning on the concavity
information and not the novel spline model. We also see that
the approximate shape constraints of DIP-UCB/Thompson
outperforms the standard GP methods for smaller 7. How-
ever, we also see that the DIP bandit converges to optimal
actions more slowly than the standard GP methods. This
behavior can be attributed to modeling inaccuracy caused
by the known numerical instability caused by conditioning

on higher derivative information [He and Chien, 2018]|]. We
suspect that this is why Da Veiga and Marrel| [2012],|Wang
and Berger| [2016] do not implement/demonstrate second
order constraints in their works.

5.2 NUMERICAL SIMULATIONS

This section examines the performance of CSGP-UCB
across problem difficulties by varying the context dimen-
sion and underlying smoothness of the reward function. We
simulate functions of the form:

10
f(a7 X) = Z hs(a)ns(x)Q + 7(7")7
s=1

where h(a) is sampled from a Gaussian Process prior con-
ditioned on h!/(a) < 0 on a very fine grid in [0, 1]. This
conditioning produces functions h(a) that are effectively
concave in the interval [Wang and Berger, 2016]. We sam-
ple n5(x) and y(x) from independent Gaussian Processes
equipped with isotropic Gaussian kernels. The concavity
of f(a,x) with respect to a follows as it is a sum of func-
tions concave in a. We sample the contexts uniformly such
that x € [0,1]%. A crucial property of our simulation set
up is that the CSGP model is mis-specified for this sim-
ulation; i.e., f(a,x) does not take the form of piecewise
polynomials for any x;. We sample the noisy rewards from
y = f(a,x) + € where ¢ ~ N(0,0.1). We initialize each
bandit algorithm with n = 25 observations and run each
algorithm for 7" = 500 iterations.

We vary simulation scenarios to control the difficulty of
function estimation and optimization. We vary context di-
mension and the length-scales of the kernels governing the
GPs for 7,(x), 7(x). Smaller length-scales for GPs lead to
reward function samples that vary more quickly and are
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Figure 3: Mean ratio between maximum confidence param-
eter selected by CSGP-UCB up to time T' o, and default
GP-UCB time T confidence parameter x 7.

thus more difficult to learn. We examine the performance of
the various algorithms for d = 5, 25, 50 with length-scales
0 =d/5,d/10,d/25,d/50. Scaling the length-scale by di-
mension ensures the problem does not become intractable
without massive sample sizes.

Figure 2] shows the mean cumulative regret of the various
bandit algorithms across n = 25 replications for each exper-
imental setting along with 1 SE bars. CSGP-UCB increas-
ingly outperforms competing benchmarks as the difficulty
of the optimization task grows with respect to both length-
scale and dimension. SGP-UCB frequently under-performs
GP-UCB which indicates that the superior performance of
CSGP-UCB is due to the concavity information and not
due to the structure of the model/simulation. CSGP-UCB
outperforms the approximately concavity conditioned DIP-
UCB/Thompson, especially as length-scales become small.
We suspect this is due to the fact that DIP-UCB/Thompson
requires an increasingly fine mesh of concavity conditioned
inducing points to be effective depending on the difficulty
of the problem. However, the optimal grid is unknown be-
fore running the algorithm and may be unfeasible due to
numerical instability issues [He and Chien, |[2018]].

5.3 BEHAVIOR OF o7

This section studies the behavior of the ratio o, /X1, which
is the factor by which conditioning on concavity tightens the
CSGP-UCB confidence bound (and hence its regret bound)
relative to standard GP-UCB with no concavity information.
Smaller values indicate that concavity imposes strong trun-
cation on the posterior, leading to a substantial reduction
in uncertainty and improved function estimation. Values
near one indicate a weak truncation effect, so concavity
information provides little additional benefit.

Figure [3| plots the evolution of a./x 7, averaged over 25
replications for the benchmarks and numerical simulations
with d = 25. In both the benchmark and simulated experi-
ments, o/ xr is well below 1 during the exploration phase
when the algorithm is still moving toward the optimum. We

Warfarin Experiment

8000

6000

4000

Cumulative Regret

2000

60, 800 1000 1200 1400
T: Iteration

--- CSGPUCB (Ours) === GP-UCB == NN-UCB SGPUCB  — DIPThompson

— GPThompson  —— NN-Thompson  —:- NN-Bootstrap === DIP-UCB

Figure 4: Cumulative regret for the Warfarin test function
experiment with + 1 SE bars.

see from the regret experiments that this leads to significant
reduction in cumulative regret for finite 7'. After exploration
behavior reduces, the ratio approaches 1, suggesting that
concavity becomes less informative. We see that for the
most difficult simulation setting, § = d/20, o’ /xr < 1
throughout the experiment which reflects how concavity
conditioning significantly contributes to CSGP-UCB’s su-
perior performance relative to all the baseline comparisons.
Overall, these results indicate that concavity constraints can
materially accelerate learning in the moderate-7" regime that
is often most relevant in medical and business settings.

5.4 WARFARIN DOSING TEST FUNCTION

In this section, we examine a test function used by |Chen et al.
[2016] to study optimal strategies for personalized dosing
of Warfarin, an anti-blood clotting medication. Dose opti-
mization is a natural application of concavity assumptions.
Calabrese and Baldwin! [2001]] review the prevalence of the
concavity condition in other medical applications. Patient
response monotonically improves as dosage approaches the
optimal amount from below, and will monotonically deterio-
rate afterwards due to excessive blood thinning [|Consortium)
2009]. Outcomes also depend on patient context variables
such as weight, age, and other patient biometrics. The test
function’s reward measures the difference between the ob-
served value of a patient’s biometric values and the optimal
value. The function has 7 context dimensions representing
patient biometrics/demographics and the action variable is
the dosage. Discussion of the application can be found in

Appendix [15.3]

Figure [d displays the mean cumulative regret after running
the algorithms for 7" = 1500 rounds across 25 replications
along with 1 SE bars. We see that CSGP-UCB performs
best, followed by DIP-Thompson. Again, we see that CSGP
outperforms the unconstrained SGP model.
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6 DISCUSSION

We proposed a contextual bandit algorithm for settings in
which the mean reward is concave in the action given con-
text information. We encoded concavity information into a
novel spline-based GP model via truncation of the posterior
distribution. Novel concentration properties of the resulting
truncated posterior were used to construct the first UCB-
algorithm with regret guarantees under Bayesian assump-
tions and concavity information. In simulation experiments
and an illustrative biomedical application our algorithm sig-
nificantly outperformed state-of-the-art non-linear bandit
algorithms when the concavity conditions hold.

There are interesting directions for future work. It is an open
question whether one can obtain regret guarantees under the
Frequentist assumptions that the function belongs to some
RKHS rather than being a draw from a GP prior. Such a
bound would allow theoretical examination of the advantage
of conditioning on concavity information. It would also be
interesting to scale our algorithm using methods such as
sparse GPs [Titsias, 2009, |Hensman et al., 2013] |Vakili
et al., [2021].
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7 PROOF OF v BOUND

Proof. Recall that the covariance function on the GP induced on our function f(a,x) takes form:
J
kp ((a,%), (@, %)) =Y dj(a)k;(x,x') ¢, (a).
j=1

This is an additive composition of product kernels. The product kernels are product of a Gaussian kernel defined on contexts
with a linear kernel defined on actions. We can use the following identity from Krause and Ong| [2011]] to derive the
maximum information gain yp for the composition of kernels kg, k7 defined on S, Z respectively:

(T, ks @ kz,S x Z) < dy(T, kg, S) + dlog(T)

V(T ks ®kz, 5 x Z) <(T,ks,S) + (T, kz, Z) + 2log(T),
Where Z has at most dimension d. The identities hold with S, Z reversed. [Srinivas et al.| [2009] show that for the d

dimensional Gaussian y7 = O(log(T)?%) and the d dimensional Linear kernel is v = O(d log(T')). Putting these results
together gives us the Lemma and that for a Gaussian Kernel kernel on k; we have that for k:

YT, kyp, xA x X) = O(J log(T)**1),

where X C RY. O

8 PROOF OF POSTERIOR FORM FOR g,

Lemma 1. Suppose that we observe yi_1 = (y1,...,y—1)" . Define B, := {B(x1),...,B8(x;)}" to be the concatenated
vector of coefficients from every context up to time t. Let Cys denote the event that 3; (x¢/) <0, forj=1,...,J—2. Then the
time t posterior p (B,|yt—1, Nt _,Cv) is the upper truncated Multivariate Normal distribution Ny, (p,, 2y), where (pg, )
are the posterior quantities obtained from the standard GP time t posterior without truncation, and v; = 0,7 < J — 2 and
v; = oo otherwise.

Proof. We can write the posterior as

pBlyi-r.p, <v) = LYBIHBIB =)

_ p(yt—118)p(B)1(B, < v)
C1Cy
< p(ye-118)p(By) 1By < v).
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Where C1 = [Y__p(yi-1B)p(BB, < v)dB, and Co = [”_ p(B,)dB,. Given our observational model

p(yi—118,)p(B,) is proportional to Multivariate Normal distribution (Both likelihood and prior are Multivariate Den-
sities), giving us that the posterior in question is a truncated Multivariate Normal. O

9 PROOFS FOR LCTMVN CONCENTRATION PROPERTIES

9.1 KEY RESULTS FROM THE LITERATURE

We state relevant results from the literature.

Proposition 4 (Gaussian isoperimetric inequality [Ledoux, 2006]). Let vy be the standard Gaussian measure on R?. For a
Borel set A C R% and r > 0 define A") to be the Minkowski sum of A and the d-dimensional ball with radius r. If A C R?
is Borel and H is any half-space with v4(A) > ~q4(H), then for all v > 0 we have:

Ya(AT) > ya(H®).
Equivalently, if ® is the standard 1d standard normal CDF and v4(A) > ®(a) then
Ya(AT) > B(a+7).

In particular,
> (1a(A7)) = @7 (a(A)) + 7

Proposition 5 (Generalized Caffarelli Contraction Theorem |Kim and Milman| [2012], |[Fathi et al.| [2020]). Let pu =
exp{—Q(x)}dx and v = exp{—Q(x) — V(x)}dz denote two borel probability measures on Euclidean space (R%,| ),
where Q denotes a quadratic function, i.e.:

Qx) = (Ax,x) + (b,x) + ¢

with A positive-definite, and V is a convex function that can possibly take value +oco. Then the Brenier optimal-transport
map T' = T, pushing forward i onto v is a contraction:

vx,y € Y ||T(x) = T(y)ll < |lx - vl|.
9.2 PROOF OF TRUNCATION-INSENSITIVE CONCENTRATION THEOREM AROUND MEDIAN

Lemma 4. Define z ~ N(0,1;). Define convex region K and random variable z' such that 7! £ z|z € K. There exists a

contraction map T such that T(z) Lq
Proof: The conditional density of z|z € K is proportional to:

p(z]z € K) x eXp(—%ZQ)]l(Z € K)

= exp {— (;z2 + VK(Z)> } )

0, ifzek,
Vi (2) :{

0o, else.

where we define Vi (z) as

)

Note that Vi () is a convex function as K is convex. Let Q(z) o« —3z* and V (z) = Vi (z) be defined above. Then we

can apply Proposition [5]to prove the existence of a contraction map 7" that pushes forward the base Gaussian measure to the
. o . . d
Gaussian measure conditioned on the truncation K. In other words, there exists T such that T'(z) = 2. O
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Lemma 5. Let f(-) be a L-Lipshitz function and z ~ ~q where 7, is a standard Gaussian measure in R?. Let A = {z €
R : f(z) < m} where m is the median of f(z). Fixt > 0 and r = t/L, then we have

A" C{z: f(z) <m+t}

Proof: By definition of A("), for any z € A(") there exists a € A such that ||z — a|| < r. Because f(-) is L-Lipshitz:
f(z) = f(a) < Lllz—al]| = [(z) < f(a) + LIz —a|]| <m+ Lr =m+t,
which implies the inclusion. O

Proposition 2. Suppose 3, ~ N, (u,, ;). Let my(a, x;) denote the median of c* (a)B,. Then

Pr{le(a)"8, = mu(a,x,)| > b} < exp <_b>

202 (a,%;)

Proof: Define A = £ and let z ~ N(0,1,). We can write 3 4 u~+ Az’ where 2’ 2Ly |z <A (v —p)

Define the truncation set K = {z € R% : (u + Az); < v;,i = 1,--- ,d}. K is a convex regions because it is a affine

. . . . . d
transformation of the original half-space truncation region. By Lemma@there exists a transport map 7 such that T'(z) = z’.

Now define function h(z) = ¢? {p + AT (z)}. We can show that for constants z;,z2 € R? that

[1h(z1) = h(z2)|| < [|[A" || ||T(21) — T(22)]] < Ve Se |21 — 2|,
Where we use that 7'(+) is a contraction, ||ATc|| = VT AATc and A = 7. This shows that h(z) has Lipshitz property
L=+vcTX%c.

Define the set A := {z € R? : h(z) < m}. By definition v4(A) > 3. Fix t > 0 and set r = \/ﬁ. By using lemma
and taking complements, we have

{zeR:h(z) >m+1t} C (A — Pr{h(z) >m+b} <1—~4(A")
We can now apply the Isoperimetric inequality from Proposition to yq(AM):
Ya(A) = ©(0) = va(A")) > (0 +7)

Thus we arrive at the one tail inequality

Pr{h(z)>b+m}—Pr{ﬁ—m>t}§1—<I>{\/cgﬁ}

To bound left tail, Pr {3 < m — ¢} note that —m is the median of —(3, and that —h(z) has the same Lipchitz constant as
h(z). Therefore we can apply the same argument above and obtain,

Pr{ﬁﬁm—c}:Pr{—h(ﬂ)Z—m+b}§1—®{\/cgﬁ}.

The union bound gives us the final two tailed bound. O
9.3 PROOFS OF TRUNCATION SENSITIVE CONCENTRATION AROUND MEAN

Lemma 6. Let C be a convex region and p,, 5,(3) be the multivariate normal density with mean p and covariance X. Then
q(p) = [ pp,=(B)dB is log concave in p. Equivalently —log{q(p)} is convex.

Proof: We can rewrite the multivariate normal density as

Pux(B) =poxs(B — n),
which shows that it is log-concave with respect to 3 and p. By Prekopa’s theorem, integration over a convex region preserves
log concavity [Prékopal [1971]]. Therefore ¢(p) is log-concave.
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Lemma 7. Suppose 3 ~ N,(u,X) and let p, 5(B) be the standard multivariate normal density with mean p and
covariance .. Define
W= [ pus(s
K

Where K = {3 € R : B, <w,;,i,--- ,d}. Let u* = E(3), then:
p=p+EVg(p),

where g(p) = log{q(p)}.

Proof: We can differentiate under the integral of () as the density is gaussian:
Vatl) = [ Vunun(B)a8 = [ 5716 - ()6 =27 [Bla1k(8) - pali)].
From this we can divide both of the expression by ¢(gt) to obtain:

Vq(l‘l’ _ —1 *
) = Wow

~—

Noting that V(éfg ) = Vg(p) we arrive at the result:

H=p+EVg(p).
O
Lemma 8. Suppose 3 ~ N, (u,Y) and define u* = E(B). Let c be a vector of constants in R? and define u = c* (38— u*).

Then the moment generating function of u, ¥(k), is:
1 2 2 T *
P(k) :== E{exp(ku)} = exp 51@ o? Jexp{g(p+ kXc) — g(p) — ke’ (u* — )},
where 0% = c¢'Sc and g(p) is defined as in Lemma[?]

Proof:

E {exp(ke? 8)1(8 < v)}
q(p) '

Completing the square we can derive using standard gaussian identities that:

Efexp(ku)} = exp(—ke” ")

exp(ke’ B)pu.s(B) = exp (chu + ;k202> Putises(B).

Therefore )
E {exp(kc” B)L(B < v)} = exp <chu + 2k202) q(p + kXc)

Plugging this into back into the original expression we get our result

E{exp(ku)} = exp (;k202> exp {g(p + k%) — g(p) — ke™ (p* — p)}

O

Proposition 1. Assume the concavity conditioned posterior of our coefficient vector 3 at time t is 3, ~ Ny (p;, 2¢). Let
w; =E(B|yi—1,NL_,Cy). Then given b > 0:

Pr{lci(a)" B, — ci(a) p;| > b} <exp <_b)

202 (a,%;)

X Pt(a,b)
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Where

b
Pi(a,b) = —Dh> -
+(a, b) {exp[ G.ci(a) (“ﬁaﬁt(mxt) tct(a)vut):|

t»zt b
=+ exp |:_Dg,c1, <Ht - mztct(a)a Ht)] }

Dgf&zt (+,+) represents the Bregman divergence with respect to the convex function G(u) = — log {fﬁ<upl»‘7zt (,@)dﬂ}.

Here p,, 5, (1) is the standard multivariate normal density with mean p and covariance %.

Proof: We drop the subscripts for clarity. We first examine the one sided bound, Pr {CT(,B —pr > b}. We apply the
Chernoff bound using the moment generating function derived in Lemma with the optimal k = U—bg:

Pr{c”(8 — p*) 2 b} < infexp(—kb) exp (;kzaz) exp {g(p + kXc) — g(p) — ke (p* — p)}

=ex —i 7q(u+a—l’22c)ex —id
P T2 q(p) P\

We can obtain the other tail by applying the Chernoff bound to ¢’ (3 — p*) and taking the union bound with the above
bound. This gives the first line of the result.

To relate the inequality to Bregman divergences recall from Lemmathat p* = p + XVg(p). Using this we can write:
cf(p* — n) = (Vg(n), Sc)

So that we can rewrite factors in terms of G

+ &%c b b b
g {q(“q(m) exp (= 251) } = Gl 3%0) — Glw) ~ (VC(p), ).

Notice that by Lemma @ G(0) is strictly convex and this value is greater than zero. Therefore it is a valid Bregman
divergence and:

b b b
G (u + 22c> ~G(n) = (VG(n), 5%e) = Dy (H + 2EC’“) :
(o2 g ) g

The left tail follows the exact same argument. Plugging this form into the bound provides the result. O

Lemma 9. Define function
b b
h(b) := exp {—Dgf <u + ﬁEc, u)] + exp {—Dgf (u — ﬁEc, u)]

h(b) is decreasing for b > 0.
Proof: Define v = %Ec and write:
b(6) = DEZ (1 + 250 ) = Gl + ) = Gilw) — bV G ). v)
Differentiating k with respect to b we obtain:
K'(b) = (VG(pn + bv) — VG(p), v).

Given the strict-convexity of G, we know that its gradients are monotone. Therefore:

(VG + bv) — VG(p),bv) > 0 = K (b) > 0.

Therefore we see that k(b) is increasing. The exact same argument applies to Dgf ( — %Ec, u), which shows that it is
increasing. Therefore h(b) is decreasing. O
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9.4 COMBINED BOUND CONCENTRATION PROOF
Lemma 10. If Pi(a, x:) < 1 and x+ > 1 then x; < Xt exists.

Proof: From Lemmalgl we have that P;(a, x) is monotone decreasing with respect to s. Therefore exp (—%) P;(a, soc,) is
monotone decreasing in s. We also have by assumption:

exp (—%) Pi(a, xt0¢, (a,%)) < exp (—%)

All functions are monotone decreasing and continuous. In addition exp (f%) Pi(a,0) =1>exp (f%) Therefore by the

intermediate value theorem, there exists s < x; such that the inequality is fulfilled. O

Lemma 2. Suppose 3, ~ Ny (p,, %) and Let X be a predefined constant. Define

Ht(a Xt) _ ct(a)T,u,f, lfpt [a7Xt0-Ct (Q,Xt)] < 1a
’ me(a,x;), else. '

ila,x¢), if Pla, (a, <1,
ai(a,x;) = {Xt (@xe), f Pila,xioe,(a, %)) .
Xt else.

X: (a7 Xt)
:= inf {5 :exp (fg) P la, soc,(a,x¢)] < exp (7%)} .
S
X; (a, x¢) exists and we have the following concentration bound:

Pr{|f(a,x:) — r(a,x¢)| > ar(a,x¢)oe, (a,x¢)}
Xt
<ew ().

Proof: First note that at time ¢, upon observing information according to our assumptions, f(a,x;) = c;(a)’ 3, where 3, is
distributed according to the upper truncated normal distribution N, (g, X¢).

First consider the case where P;(a, x;:) > 1. Then the confidence region bound is centered around the median using ;.
Applying Propositionand noting from |Srinivas et al.|[2009] that 2 {1 - o (X% / 2) } < exp (—%) the statement holds.

Now consider the case where P;(a, X¢, x;) < 1. By construction and application of Propositionwe can write:

*

Pr{lflaxi) = i (0. x)| = aulax)ae} < exp (<3 ) Praxioontaxn) < o (<3).

10 MAXIMUM INFORMATION GAIN

Following Srinivas et al.|[2009], we will use information theoretical quantities to bound the regret of our algorithm. Therefore
we will be interested in the mutual information I(y 4, f) between the set of observations y 4 and the underlying function f.
I(y 4, f) represents the reduction in uncertainty surrounding the mean reward function f upon observing rewards y 4. Our
regret bounds will take the form O* (/T~yr) where ~r is the maximal information gain defined as

= max 1ya.f).
The maximal information gain, ~7, for our model can be bounded using the results of [Krause and Ong|[2011]]. The GP
induced on f(a,x) by our model has a covariance function composed of J additive components. Each additive component is
the product of a generic d-dimensional covariance function (such as Gaussian or Matérn) and a 1-dimensional linear kernel
derived from the C-Spline features. |Krause and Ong| [2011]] show how to bound ~7 for additive and product compositions.
Thus, we are able to obtain the following asymptotic bounds for the CSGP model.
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Lemma 11. Let the prior for the expected reward function f(a,x) be the CSGP model defined in Equation such that the
maximal information gain of each k; (-, -) at time T' is bounded by ;.. Then the maximal information gain for the CSGP
covariance function satisfies

V1 < T+ 4 log(T).

Vakili et al.| [2021]] provides bounds for v for common kernels. Throughout this paper we select k; (-, -) to be Gaussian
kernels so that the maximum information gain for CSGP satisfies yr = O {J log(T)4+1 }

10.1 PROOF OF LEMMA

Proof. Recall that the covariance function on the GP induced on our function f(a, x) takes form:

J

kf (((L,X) I (a/a X/)) = Z ¢j (a)kj (Xv X/)¢j (a/)‘

Jj=1

This is an additive composition of product kernels. The product kernels are product of a Gaussian kernel defined on contexts
with a linear kernel defined on actions. We can use the following identity from Krause and Ong| [2011]] to derive the
maximum information gain 7 for the composition of kernels kg, kz defined on S, Z respectively:

’Y(T, ks ® kz,S X Z) < d’}/(T, ks,S) +d10g(T)
rY(T7 ks @k275 X Z) S 'Y(T,kS,S) +’Y(T7kZ7Z) +210g(T)7

Where Z has at most dimension d. The identities hold with S, Z reversed. [Srinivas et al.| [2009] show that for the d
dimensional Gaussian yr = O(log(T)¢) and the d dimensional Linear kernel is 7y = O(d log(T')). Putting these results
together gives us the Lemma and that for a Gaussian kernel on k; we have that for ky:

YT kg, x A x X) = O(J log(T) "),

where X C R4,

11 REGRET PROOFS

Our proof for the UCB regret follows the ideas presented by [Srinivas et al.| [2009], Krause and Ong|[2011]]. First we prove
that given our choice of y; the our upper confidence bound holds with high probability over the finite decision set over all ¢
and a € A:

Lemma 12. Pick § € (0,1). Set x; = 2log(|A|t>72/66). Then

Pr {Vt,Va €A, |f(a,x¢) — ke(a,xq)] < Uct(at,xt)at(a,xt)%} >1-94.

Proof. We apply the Union bound over a in the bound obtained in Lemma [2]so that

[N

Pr{¥a € A,|f(a,x:) — rula,x0)| < o, (ar, x)au(a, %)} | = Pr{va € A Jeu(@)"8, — rila, x)| < e, (ar,x0)u(a,%)

1
> 1= Ao (~5u)

Where the inequality follows from the concentration inequality proved in Lemma [2] Taking a Union bound with respect to ¢,

choosing y; such that | A] exp (—%) = W%‘zz , then the statement holds. O

j

We also prove the following concentration results that will used for the continuous case where there are increasingly fine
discretizations A;.

We first state the following lemma that adapts lemma 5.5 from [Srinivas et al.,[2009] for our purposes:
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Lemma 13. Pick ¢ € (0,1) and oy = 2log (/) where 3, m = 1,7 > 0 then

1
|fas, x¢) — k(ag, x¢)| < o¢, (as, x¢)of (ag, x¢) Yt > 1,

holds with probability 1 — 6.

Proof. Fixt > 1and a € A,x € X. Lemma 2] already showed that conditioning on the action/contexts, rewards, and
concavity observed before taking action time ¢ :

L —X
Pr{17(0x0) = 0, x0)| > o, @ x)an(a x0) < oxp ()
We have that exp (— %) = 2 50 we can take the union bound for ¢ € N to prove the statement. O

VT

[N

Lemma 3. Fort > 1, with probability > 1 — 6, ry < 20y (ag, X¢)

Proof Given the inequality proven in lemma|I2] we can directly apply lemma 4.1 from [Krause and Ong|[2011]] which gives

1
2

re < apa,x¢)? o, (a,x¢).

An argument from [Russo and Van Roy| [2014]] shows that that 23:1 o2 (a,x;) < y7. The argument follows. O

t

Proposition 3. Let the expected reward function f be a sample from a known CSGP prior with noise model N (0, c?).
Also suppose that at each time step t the bandit algorithm receives noisy reward y; as well as concavity information that
Bj(x¢) <0forj=1...J =2, <t Pickd € (0,1) and suppose one of the following assumptions holds:

o Ais finite with x; = 2log(| A|t?>72/66)

» A C[0,1] is compact and convex and the CSGP kernel k-, -) satisfies the following bound on the GP sample paths.[]

For some constants 1,

Pr{ sup |0f/dv;|> L} <nexp{—(L/¢)*},
VEAXX

forvj e {l,...,d+ 1}. And we choose
o = 2log(272t?/36) + 2log {tQC\/log (477/6)} .

Define o = max{oy(as, x;)}1_1 so that o < xr. Running CSGP-UCB obtains a regret bound O* (\/T~yraz) with high

probability. Precisely let C; = Toa(to=2) then:

Pr{Rt < /OiTahAr +2,¥T > 1} >1-3,

Proof. First we study the discrete case. Conditional on our high probability bound results proved in Lemmas |12} [T3] the
arguments follow Krause and Ong|[2011]] up to Theorem 5. Given the arguments up to that point we have with probability
> 1 — ¢ that

7”t2 < 4at01£2(aaxt)

However, in our case, the confidence parameter «; is no longer strictly increasing. Therefore o is not necessarily the largest
value. So instead we take o = max{ay }7_;:
2 * 2
ry < 4dajoi(a,x¢)

and the theorem follows from the same arguments as in |Krause and Ong|[2011]. Note that o}, < xr by construction.

The continuous case follows [Krause and Ong| [2011]] similarly conditional on Lemma [T3] We replace the upper bound
confidence parameter vy (a, x;) with o, the maximum over all «;(a,x;) up to time T'.

O
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Simulated Draws

Frequency

0e+00 2e+05 4e+05 6e+05

Figure 5: Example draws of the LCTMVN variable. The distribution is very skewed.

12 EXAMPLE OF LCTMVN TAILS HEAVIER THAN ORIGINAL GAUSSIAN

For exposition, we provide an easily understandable and reproducible LCTMVN produced from a truncated bivariate
normal distribution. Take ¢ = (1, 10)7 and define the truncation parameter to be v = (—2, 10). Define a bivariate normal
distribution with unit variance and correlation parameter p = .995. Simulated draws of the the LCTMVN variable of the
given MVN distribution with truncation parameter v are shown in Figure[5] we see that the distribution has a heavy right tail.
In fact one can calculate analytically/numerically that this distribution has weaker concentration properties than a standard
gaussian. Let 3’ be a draw from the un-truncated MVN distribution defined above. Then we have

Pr{c"B < E(c"B)+1} ~ 501
Pr{c"B < E(c"B')+1} ~ .536

Which shows that the LCTMVN has exceeds standard Gaussian concentration for this width parameter. In addition, this
probability for the LCTMVN violates the standard gaussian bandit bound % exp(—1/02) = .51. Although, the correlation
here is extreme and the confidence tight, we have found empirically that this violation of gaussian concentration can get
much worse in common cases for higher dimensions.

13 UCB COMPUTATION

Computing our bound requires computing the LCTMVN variable means (p*), medians (m(a, X)), orthant probabilities
(Pr{B, < v}), and optimal confidence parameter x;. Luckily there exists a vast literature for truncated multivariate normal
computation. The mean can be calculated with high accuracy using identities from Kan and Robottil [2017]], Manjunath and
Wilhelml [2021]. Orthant probabilities can be computed efficiently using algorithms and integral approximations provided
by [Trinh and Genz| [2015]], |Genz and Trinh| [2016]]. We calculate posterior medians via efficient monte-carlo methods
for generating truncated Multivariate Normals [Wu and Gardner} [2024]]. We make use of these algorithms through their
implementations in the BoTorch library [Balandat et al., 2020]]. We calculate x; (a,x;) efficiently using the bisection
method/binary search that exploits the monotonicity of P;(a,b) w.r.t to b (see Lemma@]in the Supplementary material).
We note that the numerical and monte-carlo methods introduce approximation error. However, we find that these methods
perform well in numerical experiments. We leave regret analysis on approximation error to future work.

"The condition on k (-, -) is satisfied with a spline order 6 and kernels such as the common Gaussian kernel and the Matern kernel
with v > 2.
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Table 1: Final cumulative regret after 7' = 500 rounds under perturbations that violate concavity. Columns denote the
perturbation scale p = sd(g,)/ sd( fo). Parentheses give £1 standard error. Lower is better.

CSGP-UCB with relaxed coefficient upper bound

Perturbation scale p

Coefficient upper bound ¢ 0 0.05 0.10 0.25

0 101 (£7) 124(4+8) 181 (£9) 539 (+42)
0.1 104 (£7) 120(£8) 167 (£8) 479 (+40)
0.2 111 (£8) 115(48) 143 (£8) 424(£37)

Unconstrained GP and spline baselines

Perturbation scale p

Method 0 0.05 0.10 0.25

GP-Thompson 160 (+8) 169 (£8)  178(%£8) 209 (+9)
GP-UCB 268 (+£10) 271 (£10) 283 (£10) 301 (&11)
SGP-UCB 387 (4£21) 400 (+21) 422 (£21) 456 (+22)

14 ROBUSTNESS TO VIOLATIONS OF CONCAVITY

The experiments in the main text focus on settings where the expected reward is concave in the action for every context. We
also examine the behavior of CSGP-UCB when this assumption is mildly violated. Let f((a, x) denote one reward function
generated from the simulation design in Section [5.2 with d = 25 and kernel length-scale § = d/10. We construct perturbed
rewards of the form
fp(av X) = fO(av X) + gp(aa X)7
where g, is sampled from a zero-mean Gaussian process with a Gaussian kernel. The kernel for g, is anisotropic, with
context-space length-scale 6,, = 4 and action-space length-scale 6, = 0.75. The smaller action-space length-scale induces
substantial variation along the action dimension, so f, need not be concave in a. We vary the prior standard deviation of g,
as a proportion
_ sd (gp)

’ 7 sd(fo)

of the prior standard deviation of f; over the input region, with p € {0,0.05,0.10,0.25}.

We also evaluate a simple robustness modification to the CSGP posterior. Exact concavity corresponds to conditioning on
ﬂj(xt’)§07 .7:17>J_2

However, the posterior construction and concentration arguments only require an upper-truncated Gaussian posterior. Thus,
when mild violations of concavity are plausible, we can replace the hard concavity constraint by the relaxed constraint

ﬂj(xt')gca jzla"'7‘]_2a

for some scalar coefficient upper bound ¢ > 0. The choice ¢ = 0 recovers the exact concavity constraint, while ¢ > 0
permits bounded positive curvature coefficients in the C-spline representation. The CSGP-UCB algorithm is otherwise
unchanged; only the truncation vector v is modified so that the entries corresponding to the curvature coefficients are set to
c rather than 0.

Table [1| reports final cumulative regret after 77 = 500 bandit rounds. Parentheses denote +1 standard error. We omit
DIP-UCB/Thompson from this table because the misspecification exacerbated its previously observed numerical stability
issues, leading to substantially worse performance.

The results indicate that CSGP-UCB is robust to minor violations of the concavity condition. For perturbations up to
p = 0.10, CSGP-UCB matches or outperforms the strongest benchmark, GP-Thompson. Relaxing the coefficient upper
bound improves robustness under misspecification: for example, increasing ¢ from 0 to 0.2 reduces regret from 181 to 143
when p = 0.10, and from 539 to 424 when p = 0.25. However, for perturbations as large as p = 0.25, CSGP-UCB performs
poorly relative to GP-Thompson. This is expected, since such a large perturbation removes much of the concave structure of
the reward function. In this regime, one should not expect a method designed to exploit concavity to be advantageous.
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15 EXPERIMENTAL DETAILS

15.1 HYPER-PARAMETER SELECTION AND IMPLEMENTATION

For all algorithms we set the noise parameter to the truth across all experiments. For the NN-UCB algorithm we follow
[Kassraie and Krause, |2022] as set the learning rate for SGD at 7 = .01. Note that the use of the SGD optimizer is
crucial for the theoretical properties of the algorithm. For NN Thompson [Zhang et al., 2021]] we do a grid search on
ve{le—1,1e—2,1e — 3,1e — 4, 1e — 5} and report the best performance. For both NN-UCB and NN-Thompson, we
follow both papers and use a 1-Layer neural network. We set the number of nodes to the layer 512. For NN-Bootstrap as in
[Riquelme et al., 2018} Zhou et al., 2020, |Zhang et al., [2021]], we simultaneously train 5 neural networks with a probability
of data point inclusion p = .8. We train all neural networks for 500 iterations. For CSGP-UCB, use 1000 samples from the
elliptical slice sampler of Wu and Gardner| [2024]] to sample monte-carlo samples to calculate medians.

For the Gaussian process based methods, we learn the kernel hyper- parameters by maximizing the marginal likelihood
on the observed data [Rasmussen and Williams, [2006]]. All GP based methods use Gaussian kernels. For neural network
based methods, we train/update the appropriate network’s parameters at every round. For all UCB algorithms, we follow
Krause and Ong|[2011]], |Srinivas et al.| [2009] and choose the confidence parameter o to satisfy the bounds with probability
0 = 0.1. To compute x; we use a bisection algorithm with a tolerance of .025.

Due to computational considerations we also make simplifications in the implementation of the algorithms. Following Zhou
et al.| [2020], Zhang et al.|[2021]], |Kassraie and Krause|[2022] for the neural network based methods, we only calculate the
posterior variance using the diagonal of the empirical tangent kernel matrix.

For DIP-UCB/Thompson we condition the second derivative to be negative on a uniform grid of 7 points for the current
context x; and the 5 nearest observed contexts. We experimented conditioning on a finer grid, but this led to poorer
performance due to numerical stability issues.

For CSGP-UCB, we use a posterior that is only conditioned on the concavity information of the current round, C; and the 5
nearest observed contexts to the current x;. This simplification guarantees that the posterior functions obey the concave
constraint for the current context. Empirical results below demonstrate that this works well in practice. For all experiments,
CSGP-UCB uses a cubic C-splines model with 5 uniform knots on [0, 1]. Cubic splines are the widely used default due to
their empirically observed balance between function complexity and smoothness of the resulting curve [Hastie et al., 2009].
We also use 1000 samples to compute the posterior median. To compute x; we use a bisection algorithm with a tolerance of
.025.

15.2 SYNTHETIC BENCHMARKS

We initialize all algorithms with n = 25 training points before starting contextual bandit optimization. We use the Rosenbrock
and Dixon-price function as implemented in the BoTorch library [Balandat et al., 2020]. For the Trid function we follow the
specification presented in|Surjanovic and Bingham|and we sample from the hypercube [—d, d]?. For all the functions, we
choose the action from the first variable and sample the contexts from the last d — 1 variables.

15.3 WARFARIN DOSING DETAILS

The primary biometric measured for patients on Warfarin is the International Normalized Ratio (INR), a measure of how
quickly the blood clots. Within the safe Warfarin dosage regime, the INR has a positive, affine relationship with Warfarin
dose |Consortium| [2009]. In addition patient outcomes are best when their post-dose INR matches the optimal INR given
their demographics. Therefore a reasnoble reward function is the absolute difference between the post-dose INR with the
patient’s optimal INR. As the post-dose INR is an affine function of the dosage, the reward function is concave with respect
to the action for every context.

We summarize the test function used by (Chen et al.|[2016] as follows:

f(a,x) = 8 + 4cos(27mxs) — 2x3 — 8x5 — 15|g(x) — 2a/|?
g(x) =0.61(—0.5 < x; <0.5) + 1.21(x; > 0.5)
+1.21(x; < —0.5) +x3 + 0.5log(|x7| + 1) — 0.6,
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where x € [-1,1]7, a € [0, 1]. We define A as a uniform grid in [0, 1] with |.A| = 100. We initialize the data with n = 25
data points with contexts and actions drawn uniformly from the domain. We sample the noisy rewards from y = f(a,x) + ¢
where € ~ N (0,0.1) as in/Chen et al.|[2016].
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