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Abstract

Computing mixed-strategy Nash equilibria
(MSNE) in graphical games being PPAD-
complete, special types of graphical games have
received a lot of attention over the years. We
present a number of new results using a geometric
approach to computing exact MSNE. We consider
graphical games of several structures, such as
paths, stars, and caterpillars. We also consider
graphical polymatrix games on these structures.
We provide a new tight upper bounding result
for path-structured graphical games and a new
quadratic-time algorithm for representing all
MSNE and computing one for path-structured
polymatrix games. For star graphical games, our
algorithm is logarithmic time for non-degenerate
cases (i.e., without symmetric players) and linear
time for general cases with symmetric players.
Interestingly, having more symmetric players
makes the computation more expensive. For star
polymatrix games, our algorithm is linear in the
input size. For the open problems on caterpillar
polymatrix and graphical games, our algorithms
are polynomial time in the input size.

1 INTRODUCTION

Since Kearns et al.|[2001] introduced graphical games in this
conference, these games have been widely studied because
of their natural ability to capture strategic interactions over
networks. The inspiration came from Bayesian networks. In
a graphical game, given the strategies of the neighbors of a
node, the node’s payoff is independent of the other nodes of
the underlying network. This led to numerous applications,
such as studying trades on networks [Kakade et al., |2004],
modeling interdependent security games [Kearns and Or{
tiz, [2003]], studying strategic influence in networks [Irfan

and Ortiz, [2014]], and even analyzing deep RL [Yan et al.,
2025]], just to name a few. Notably, the TreeNash algorithm
proposed in [Kearns et al.| [2001]] has become a standard
algorithmic framework in computational game theory.

Another attractive feature of graphical games is their com-
pact representation size. Whereas a 2-action n-player game
in normal form has a representation size of O(n2"), a graph-
ical game with n nodes and maximum degree d has a rep-
resentation size of O(n2F), where typically k& < n. Al-
though compact representation is attractive in practice, it
makes algorithm design challenging because the running
time of an algorithm is measured with respect to the in-
put size. In fact, graphical games played a key role in the
PPAD-completeness results in game theory [Goldberg} [2011}
Daskalakis et al.,|2009, (Chen and Deng, |2005|, Rubinstein|,
2015[. More recently, it has been shown that even tree poly-
matrix games, which are special types of graphical games,
are PPAD-complete [Deligkas et al.,[2020].

With all the hardness results, it is not surprising that a lot of
attention has been given to computing approximate mixed-
strategy Nash equilibria (MSNE) [Deligkas et al., 2014,
Ortiz and Irfanl 2017} [Tsaknakis and Spirakis}, [2008]]. An-
other direction in the literature is solving graphical games
of special structures, such as paths and cycles, as well as
solving special types of graphical games such as polymatrix
games. This paper takes the latter direction. In fact, this
paper is inspired by [Elkind et al.|[2006]’s seminal work on
exact MSNE computation on paths, cycles, and other types
of graphs. We present a geometric approach that opens up
a new way of looking at graphical games of special struc-
tures. Our approach leads to the first known tight upper
bounds for path-structured graphical games. For star graphi-
cal games without strategic symmetry we give a logarithmic
time algorithm. For caterpillar graphs, which are listed as
an open problem in [Elkind et al.| [2006], we give polyno-
mial time algorithms. The PPAD-completeness results given
in |Elkind et al.| [2006] and later bolstered in |Deligkas et al.
[2020] suggest that even slight extensions to simple caterpil-
lar structures considered in this paper may be provably hard.
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Moreover, our approach is visual and easy to implement.
As a result, it holds promise for future applications, such
as yielding approximation or heuristic algorithms for more
complex structures like trees and cyclic graphs.

2 PRELIMINARIES

We first define two classes of games studied in this paper.

Definition 1 (Graphical Games [Kearns et al.,|[2001]]). An
n-player graphical game GG is defined by the following:

Structure: An n-node undirected graph G = (N, E), where
each node i € N = [n] represents a player of the game and
each edge (i,7) € E signifies the interdependence between
its endpoints i and j. We define N; = {i} U{j | (i,7) € E}
to be the neighborhood of player i.

Actions: A set of actions A; for each player i. We define
An, = ><j N Aj to be the set of neighborhood action

profiles of i and An = X, Ai to be the set of action
profiles.

Payoffs: A payoff function M; for each player i, which
directly depends only on the neighborhood action profile of
i (which includes i’s own action). That is, M, : Ay, = R.

Definition 2 (Graphical Polymatrix Games [Janovskaja,
1968])). A graphical polymatrix game is a special type of
graphical game with an additively decomposable payoff
function. For each player i and any of its neighbors j, we
are given a local payoff function for i, M, j : A; x A; — R
(which may be different from M; ;). Player i’s payoff func-
tion M; : An, — R is defined as the sum of its local
payoffs. That is, given a neighborhood action profile ay;,,

Mi(an,) =3 en, Mij(ai, aj).

It is important to note how the payoff functions are repre-
sented for the above games because the running time of
algorithms hinges on it. There are two predominant repre-
sentations in the literature: normal form [Kearns et al.,[2001]]
and parametric or functional form [Gottlob et al.,[2005]]. We
use the normal form representation in this paper. That is, for
graphical games, each player’s payoff function will be repre-
sented in a tabular or matrix form. For graphical polymatrix
games, the local payoff functions will be represented in a
tabular form. This implies that the representation size (or in-
put size) of a graphical game with n players, a maximum of
m actions, and maximum neighborhood size k is O(nm").
In contrast, graphical polymatrix games have a representa-
tion size of O(nm?k). Both of these classes of games have
compact representation because k£ < n in practice and a
player’s payoff directly depends on the neighborhood action
profile only and not on everyone’s actions.

We next consider expected payoffs under mixed strategies.
First, a mixed strategy p; of player ¢ is a probability distri-
bution over the set of actions A;. We use py, = (p;)jen,

to denote player ¢’s neighborhood mixed-strategy profile
(which includes p;) and py = (p;) en to denote a mixed-
strategy profile of everyone. Using these terms, the ex-
pected payoff of i under py, is defined as M;(py,) =

EaNiEANi M;(an;,) HjeNi pjlaj).

Using the notation S — ¢ = S — {i} for any set
S C [n] and ¢ € [n], player i’s expected payoff
for playing action a; € A; while i’s neighbors play
mixed strategies py,_; is given by M;(a;,pn,—;) =
Dian, ieay,_ Milan) [Tjen, —i Pila;).

We next define a mixed-strategy Nash equilibrium (MSNE).

Definition 3 (Mixed-Strategy Nash Equilibrium (MSNE)).
An MSNE is given by a mixed strategy profile py; such that
for each player i and for any action a; € A;, M;(py,) >
M;(ai, py, _;)-

Although the above definitions are for any number of ac-
tions, we study 2-action games in this paper, as in [Elkind
et al.[[2006]. We use several well-known undirected graph
structures, such as trees, paths, stars, and caterpillars. A tree
is a connected acyclic graph. A path graph, also known as a
line graph, is a tree with maximum degree 2. A star graph
with n nodes is a tree where there is a hub node of degree
n — 1, and each of the other nodes, called a spoke node, is
connected to the hub node by an edge. A caterpillar graph
is a tree with a path structure as its spine and every other
node, called a spoke, connected to the spine by an edge.
That is, the spokes are one hop away from the spine.

THE TREENASH FRAMEWORK

Devised by [Kearns et al.| [2001] in their UAI 2001 paper,
TreeNash is a dynamic programming algorithm for comput-
ing Nash equilibria in a 2-action tree-structured graphical
game. The algorithm operates in two passes, referred to as
the upstream and downstream passes. The upstream pass
goes from the leaves to the root. Each node V' sends a mes-
sage called the best response policy (defined below) to its
parent W The message essentially conveys the best mixed
strategy of V' in response to any mixed strategy of W, given
the messages V' has received from its children. Here, for
2-action games with actions {0, 1}, we represent a mixed
strategy by the probability of playing 1.

Definition 4 (Best Response Policy). The best response
policy Bw.v : [0,1]2 — {0,1} represents the messages
from'V to its parent W, where Byy,y (w,v) = 1 (or simply
B(w,v) = 1 when clear from context) iff there exists a
witness vector of mixed strategies (uy,...,ux) for Vs
children Uy, . .., Uy, respectively, such that:

'Our definition (as a function) is different from [Elkind et al.
[2006] (as a set) and is more aligned with |Kearns et al.| [2001].
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1. B(v,u;) =1, for1 <i <k, and
2. vis Vs best response to py,, constituted of v, w, and

(u1,...,ug); e, My(pn,) > My(av,pn, —v) for
any ay € Ay.

For the special case of a leaf node V, By, represents Vs
best responses to W without requiring any witness vector.

In the above definition, B(w, v) = 1 basically means that V'
is “happy” to play v in response to the parent W playing w
iff two conditions are satisfied. First, each child U; of V told
V' that they are happy to play some strategy u; in response
to v, and second, v is V’s best response in this scenario.
Note that B(w, v) does not consider W’s best response.

Another perspective on the best response policy By, is
that it represents MSNE in the subgame comprised of the
subtree rooted at V' and conditioned on the strategy of W.
This is used by the downstream pass described next.

The downstream pass starts at the root and goes down to
the leaves. Reusing symbols, the root node V' uses the mes-
sages it received from its children Uy, . . ., U to determine
a strategy v for itself and a witness vector (uy, ..., ug) such
that v is a best response to (u1, ..., uy) and B(v,u;) = 1
for 1 < i < k. V then instructs each child U; to play u;. In
turn, each node U; instructs its children to play according to
a witness vector for B(v, u;) = 1. This process is repeated
until all the leaves are assigned strategies. The assignments
made in the downstream pass constitute an MSNE.

As we will soon visualize in the context of a path graph,
B(w,v) = 1 consists of a set of axis-aligned rectangles
within [0, 1]? [Kearns et al., 2001]. Therefore, the running
time of TreeNash for computing an MSNE depends on how
the number of rectangles grows in the upstream pass. Kearns
et al.| [2001]] showed that this growth is exponential in n.
This result, along with several hardness results [Elkind et al.,
2006, |Deligkas et al.l [2020], leads us to consider special
types of graphs. We begin with paths in the next section, but
we first highlight two points about our usage of TreeNash.

First, we treat TreeNash as a framework because we use the
two-pass message passing scheme proposed in the original
TreeNash paper [Kearns et al., 2001]], but the construction
of our messages and the analysis are different from theirs.
Second, the running time statements in this paper are for
computing a representation of all MSNE, from which one
MSNE can be computed in the same worst-case running
time. Appendix [D|addresses computing an MSNE without
representing all MSNE.

3 REVISITING PATHS THROUGH A
GEOMETRIC LENS

It is well understood how to compute an MSNE in path
graphical games in polynomial time [Elkind et al., 2006].

We present a new geometric approach to this problem. Al-
though our geometric approach does not improve prior re-
sults on paths in terms of worst-case running time for MSNE
computation, it tightens them and opens up a new way of
thinking about more complex structures. Additionally, the
geometric approach is easy to visualize, understand, and
implement.

Consider a 2-action graphical game on an n-node path
U, V,W,....Thatis, Ay (v) = My(1,v) — My (0,v). We
now make a connection between Ay (v) and U’s best re-
sponse to v. For that, we first express U’s expected payoff
for playing a mixed strategy v when V plays v (see Ap-
pendix [A.T] for details).

My (u,v) = uMy(1,v) + (1 — u)My (0, v)
=u(My(1,v) — My (0,v)) + My (0,v)
= ulAy(v) + My (0,v) .

Observe that U has no control over My (0,v) (because it
does not depend on u). Therefore, when Ay (v) > 0, U
maximizes its payoff by setting v = 1. Similarly, when
Ay (v) < 0,U sets u = 0. When Ay (v) = 0, U gets the
same payoff of My (0, v) for any u € [0, 1] and is therefore
able to play mixed strategies. Assuming strategic interdepen-
dence, since Ay (v) is a linear function of UEI Ay(v) =0
for at most one value of v, which we denote by v*. This is
illustrated in Figure E} U’s best response policy By, con-
tains a maximum of three segments only when v* € (0, 1):
one horizontal segment at each pure strategy of U and a ver-
tical segment at the indifference point v* connecting them.
If v* < 0orv* > 1, By,y contains one horizontal segment
only. In the degenerate case of U’s payoff not depending on
V, Ay (v) = 0 for all v, which makes By the [0, 1]? box.
We make the following assumption, which is not restrictive
because as shown in Appendix [C] interdependence can only
lead to more segments than its absence. [

Assumption 1. We assume strategic interdependence be-
tween any two nodes connected by an edge and as a result,
do not consider rectangles in best response policies.

Once V receives By, from U, itis V’s turn to send its best
response policy By, to W. Similar to the case of U, let
Ay (u,w) = My (u,1,w) — My (u,0,w). The expected
payoff of V' can be expressed in terms of Ay as follows.

Mv(u,’U,’lU) = UMV(“a 1, ’LU) + (1 - U)MV(u7 O,U])
=v (My(u,1,w) — My (u,0,w)) + My (u,0,w)
= vAy (u, w) + My (u,0,w) .

As before, V’s best response policy By, is dictated by
Ay (u,w). Of particular interest is the indifference case of

ZAU(U) = MU(I,U) — MU(O,'U) = MU(I,I)U +
MU(L 0)(1 — U) - ]WU(O7 1)11 - ]WU(O7 0)(1 — 11).

3By the standard (Borel) measure over real-valued payoffs,
almost all games satisfy this assumption measure-theoretically.
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Figure 1: An example of Ay (left) and the resulting best
response policy By iy (right), which contains a horizontal
segment at w = 0 over v € [0, v*], another horizontal
segment at u = 1 over v € [v*, 1], and a vertical segment at
v = v* over u € [0, 1] denoting U’s indifference.

Ay (u,w) = 0. For some constants a, b, ¢, and d, we can
derive the following (details are in Appendix [A.2).

Ay (u,w) = cuw —au+dw —b .
au+b
cu+d’

Ay(u,w) =0 = w=

Here, w is a linear rational function of u. In non-degenerate
casesﬁ its geometric shape is hyperbolic with two distinct
curves separated by a vertical asymptote at u = —% and a
horizontal asymptote at w = £ (see Figure EI and Appendix
[A3). Since u, w € [0,1], we are only interested in the hy-
perbola curves within the region [0, 1]> which we refer to as
the (hyperbolic) indifference curves because Ay (u, w) =0
along the curves. To our knowledge, the geometry of hyper-
bolas was not directly exploited by prior literature.

w
1 ;
a i
— @ -memeemeemesbooooTTT
c :
0 ¢ £ u
e
Figure 2: An example of w = f}jis Two distinct hyperbolic

curves are separated by vertical and horizontal asymptotes
(dotted). The curves may also appear in the other quadrants.

To construct Byy,y, we combine the information from By, i/
(Figure [T)) with the indifference curves (Figure [2). There
are three cases: Ay (u,w) = 0 (signifying indifference),
Ay (u,w) > 0 (implying v = 1), and Ay (u,w) < 0 (im-
plying v = 0). While we leave a full treatment of these
cases in Appendix [A:4] we sketch the most impactful case
of Ay (u,w) = 0 here. See Figure [3| for an illustration.
We map each segment of By, to segment(s) in By as
follows. Consider the vertical segment of By at v = v*,

“Please see Appendix |C|for a treatment of degenerate cases.

where u € [0, 1]. Using the indifference curves, we identify
the intervals of w values (blue dashes in Figure [3) such that
(u, w) is on the curves. These intervals of w values lead to
two horizontal segments (blue lines) in By at v = v*.

w w Uy v
| Ik‘ |
........... - T
w, \:
v :
0 v ) L] wo w1

Figure 3: (Left) By ; with the vertical segment highlighted
in blue: u € [0, 1] at v = v*. (Center) Indifference curves
with highlighted intervals of w values [0, wo] and [wq, 1]
such that (u,w) is on the curve for v € [0,1]. (Right)
By, with the highlighted horizontal segments that result
from the vertical segment of By, ;7. The segments represent
w € [0,wp] and w € [wy, 1] at v = v*. Other segments of
Byy,v result from various other cases.

Not surprisingly, the number of segments in best response
policies grow as we go along a path. The construction of
Byw,v shows that the number of segments is maximized
when both curves of the hyperbola are present within [0, 1]2.
Therefore, for upper bounding the number of segments, we
will assume such hyperbolas. Figure[d} generated using an
implementation of our algorithm presented in Section [}
illustrates segment growth in a worst-case tight example.
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Figure 4: A worst-case tight example of segment growth as
we go along a path. This is generated using an implemen-
tation of our geometric approach and is proved to be worst
case in Section[d] The segments are evenly spaced for clarity.
The blue and red colors signify how vertical segments lead
to horizontal segments (and vice versa) in successive plots.

Having seen examples of horizontal and vertical segments,
the following definition of indifference points arises natu-
rally and helps us with technical results.
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Definition 5 (Indifference Point). Given By, any point
w1 on the w-axis is considered a w-indifference point or a
vertical indifference point if there is at least one vertical seg-
ment at w = wy; Le., formally, if {w;} X {v | B(wy,v) =
1} contains a segment.

Similarly, any point v, on the v-axis is considered a v-
indifference point or a horizontal indifference point if there
is at least one horizontal segment at v = v1, i.e., formally,
if {w | B(w,v1) = 1} x {v1} contains a segment.

Although the meaning of a segment should be clear in the
above definition, we make it explicit below.

Definition 6 (Segments and Floating Status). Given y; €
[0, 1], we say that a set S C [0, 1)? is a horizontal segment
aty = y1) if S = [x1,22] X {y1} for some z-interval
[1, 22] with 1 < x2. A horizontal segment is floating if
0 < x1 < 22 < 1; otherwise, we say it is non-floating. A
vertical segment is similarly defined (except rotated 90°).

We define a pure-strategy segment of Byyy as a horizontal
segment at either v = 0 or v = 1.

4 GRAPHICAL GAMES ON PATHS: A
TIGHT UPPER BOUND

We present the first known tight upper bound on the number
of segments needed to represent best response policies on
paths. This is significant because the number of segments is
the dominating factor in the running time of TreeNash. The
result also gives an insight into the type of path-structured
games that are tight examples. We first analyze the worst-
case growth of the number of segments and then create
instances with that growth rate.

Although our geometric approach is easy to visualize, as we
just saw in the previous section, formalizing our statements
requires phrasing in words what is more naturally visualized.
Hence, we would like to sketch the key properties leading
to our results at a high level. These properties, which we
exploit algorithmically, follow from the problem’s geom-
etry. We have the following in the worst-case. (1) Every
horizontal segment leads to exactly one vertical segment
in the next message. (2) For any point v1, exactly one ver-
tical segment at v; may lead to exactly two non-floating
horizontal segments at v; in the next message; and if such
vertical segment exists at vy, then any other vertical segment
at vy leads to exactly one horizontal segment at vy. (3) The
number of horizontal-axis indifference points is one for the
first message and increases by exactly one for each subse-
quent message. (4) The number of pure-strategy segments
is exactly two (one at each pure strategy) in the first two
messages and exactly three (one at a pure strategy and two
at the other) in subsequent messages.

4.1 WORST CASE ANALYSIS OF GROWTH RATE

The maximum number of segments in all future best re-
sponse policies can be determined inductively with the help
of the following lemmas. Assume 7', U, V', and W are the
nodes on a path with node number j — 2, j — 1, j,and j + 1,
respectively. Let By - contain R; horizontal segments and
C; vertical segments, with the sum S; = R; + Cj.

Here is our formal plan. We first show how horizontal seg-
ments in By ;7 lead to vertical segments in Byy, . We then
show the other case: vertical to horizontal, followed by pure-
strategy considerations and the final accounting. Complete
proofs are in Appendix [B]

4.1.1 Horizontal Segments to Vertical Segments

Lemma 1. All horizontal segments at the same u-
indifference point in By result in vertical segments at
the same w-indifference point in Byy,y. In the worst case,
each of these horizontal segments results in a distinct verti-
cal segment.

Proof Sketch. Consider the u-indifference point of a hori-
zontal segment in By ;. There is at most one w value on
the hyperbolic indifference curves corresponding to it. That
w value becomes the w-indifference point in By v for all
horizontal segments having the same u-indifference point.
Additionally, a horizontal segment cannot lead to multiple
vertical segments because of the same range of v values. [

The next lemma follows from Lemmal[ll

Lemma2. C; < R;_;.
4.1.2 Vertical Segments to Horizontal Segments

Lemma 3. A vertical segment from By can result in at
most two horizontal segments in Byy,v, and if it results in
two horizontal segments, they will both be non-floating.

Proof Sketch. The u-range of a vertical segment of By,;; can
intersect V’s hyperbolic indifference curves at at most two
w-intervals, leading to two horizontal segments in By yy.
They are non-floating because the w-intervals are cut off at
w = 0 and w = 1 (see Figure[3). O

Lemma 4. If the u-interval of a vertical segment at v = vy
of By does not overlap with both of V'’s hyperbolic indif-
ference curves, then it will result in at most one horizontal
segment s in By, v. Furthermore, if s is non-floating, then
no other u-interval at v = vy of By, can overlap with both
of V'’s indifference curves.

Proof Sketch. The proof follows from the geometry of hyper-
bolas and the property that two vertical segments at v = v;
cannot overlap (otherwise, they become one segment). [
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Lemma 5. All vertical segments at v = vy in By, y result
in horizontal segments at v = vy in By y.

Proof Sketch. For any vertical segment at v = vy in By, its
u-interval, together with Vs indifference curves, determines
the w-interval(s) of the corresponding horizontal segment(s)
in By, which also occur at v = v;. O

4.1.3 Pure-Strategy Segments

The following holds for any graphical game.

Proposition 1. [|[Kearns et al.l 2001|] Every pure-strategy
segment of Byy,v is non-floating.

Proof. Because Ay is linear when viewed as a function of
w only, for all u, the set {w | Ay (u,w) > 0} N[0,1] is
either empty, or an interval of the form [0, w1] or [wy, 1] for
some w; € [0, 1]; similarly for the case of Ay < 0. O

Lemma 6. By, can have < 3 pure-strategy segments.

Proof. If the interiors of V’s two hyperbolic indifference
curves are positive (supporting v = 1), then the region
between them is negative (supporting v = 0), and vice
versa. This leads to three possible w-intervals. O

Using the lemmas above, we get the following result.

Lemma 7. In the worst case, the j-th message By has j
w-indifference points and j + 1 v-indifference points.

4.1.4 Final Accounting

Recall that j is the node number for V. Interestingly, we get
a pattern of different behaviors depending on whether j is
odd or even.

Lemma 8. If j is odd, in the worst case, a horizontal line
at some v = v* crosses the interior of one vertical segment
at each w-indifference point of Byy,y .

Proof Sketch. Assuming inductively that this holds for an
odd j represented by By 7, compute the ¢-interval of the
intersection among the vertical segments in question. Us-
ing Lemmas E] and@ in the worst case, this ¢-interval can
cross the vertical asymptote of U’s indifference curves
and result in two non-floating horizontal segments at each
mixed-strategy u-indifference point of By ;. Additionally,
by Lemma[6and Proposition|[I] there are at most three non-
floating pure-strategy segments of U in By . Using the
geometric properties of U’s hyperbolic indifference curves,
there is a v value in By iy that overlaps with a horizontal seg-
ment at each u-indifference point. Use Lemmal|I]to convert
these horizontal segments to vertical in By, (which rep-
resents the next odd number after 7). The v-intervals of the

horizontal segments of By, are the same as the v-intervals
of the corresponding vertical segments of By, 1. Therefore,
the statement holds. O

Lemma 9. If j is even, in the worst case, a horizontal line
at some v = v* crosses the interior of a vertical segment at
all but one w-indifference point of By, and no horizontal
line crosses a vertical segment at each w-indifference point.

Proof Sketch. We present the intuition here. The base case
is the second message, as shown in Figure [3] The interiors
of the two vertical segments do not overlap. In the worst
case, one of the two will lead to two non-floating horizontal
segments in the next message and the other to a floating
horizontal segment. The interiors of the three resulting hor-
izontal segments do not overlap (see Figures [I4]and [I3]in
the Appendix). Next, these horizontal segments will lead to
vertical segments whose interiors do not overlap either. In
fact, as shown in red in Figure 4 none of their respective
descendant segments will ever have overlapping interiors in
future messages. Therefore, for any even j, no horizontal
line can cross the interior of a vertical segment from each
of the two descendant sets. O

Lemma 10. R; < Cj_1 +j+2 — j%2.

Proof Sketch. Cj;_; vertical segments of By y lead to
<Cji+j—-1- j%2 horizontal segments in By, by
Lemmas [7] [8] and 0] There are at most three additional
pure-strategy horizontal segments by Lemma [6] L

The above lemmas lead to the following upper bound.

Theorem 1. S; < 3, S2 < 6, and for any j > 3, S; =
i1+ +2-%2= 35"+ 5§j - | ).

Proof. We use induction. Base Case: The upper bounds of
3 and 6 for the first and second policies, respectively, are
shown in Section [3] Induction Step: For j > 3, assume
By, v,_, contains S;—1 total segments, R;_; horizontal
segments and C';_; vertical segments. By, , v, has at most
R;_ vertical segments by Lemma and at most C;_1 +
j + 2 — 7%2 horizontal segments by Lemma Therefore,
the total number of segments in By, , v, is S; = R;_1 +
Cj—1+j + 2 — j%2. Using the definition of S;_1, §; =
Sj—1+j+2— j%2. In closed form, S; = 5% + 2j —
4. .

We get the following runtime result from Theorem [T which
matches the result of [Elkind et al.| [2006]], but importantly,
our geometric analysis leads to the first known tight exam-
ples presented next. Also, recall that our runtime results are
for representing all MSNE and computing one of them.

Theorem 2. The TreeNash algorithm runs in O(n?) time
on n-player graphical games on paths.
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4.2 TIGHT EXAMPLES

We devise an algorithm to construct worst-case examples
where the number of segments matches the theoretical upper
bound given by Theorem [} Figure ] shows a worst-case
instance generated by an implementation of our algorithm.

Given the current policy, the algorithm generates the worst-
case next policy. The idea is to sweep a horizontal line
across the current policy to find a location that maximizes
the number of vertical segments intersected. For this, we
sort the endpoints of the vertical segments and position
the horizontal line at each midpoint between successive
endpoints in the sorted list.

We then construct a function for the hyperbolic indifference
curves with the following properties: (1) the vertical asymp-
tote is at the chosen midpoint, and (2) the two endpoints
closest to the chosen midpoint on either side of it are in
opposite regions of the hyperbola. These guarantee that the
maximum number of splits occur and no segment is lost due
to lying entirely between the two curves. The algorithm then
constructs the next best response policy using the hyperbola.
Notably, we can instantiate the payoff functions accordingly.
We leave further details and pseudocode to Appendix [B.2}

S POLYMATRIX GAMES ON PATHS

We apply our geometric approach to polymatrix games on
paths and present some new results. Consider a player V'
who has received the policy from U and is sending its policy
to W. Vs expected payoff is the sum of the expected pay-
offs from U and W. This leads to the following A function
(derivation is in Appendix [E).

Ay (u,w) = cow+ cru+¢o =0

_ (zeu+(=c)

=au-+b

Observe that the polymatrix indifference curve takes the
form of a linear function. Figure [5] gives an example. The
linear indifference curve gives us a simpler version of two of
the key properties of segments in the worst-case presented
earlier for general games, but now for the polymatrix case,
and leads to our result. (2°) Every vertical segment at v,
always leads to exactly 1 horizontal segment at v; in the
next message. (4’) The number of pure-strategy segments is
always exactly 2 (one at each pure strategy).

Theorem 3. In polymatrix games on paths, the jth best

response policy contains at most 25 + 1 segments.

Proof Sketch. We prove it by induction. Each segment in
By, leads to at most one segment in Byy,y,. The additional
two segments of By, come from Vs pure strategies. [

This leads to the following result.

Wo w1

Figure 5: Polymatrix game on a path: By v (left), Vs linear
indifference function used to map this message (center), the
resulting message By, (right).

Theorem 4. The TreeNash algorithm runs in O(n?) time
on n-player polymatrix games on paths.

As we discuss in Appendices [D]and [E]in detail, the proof of
this result gives us something a bit more interesting. |[Elkind!
et al.| [2006] showed how to reduce the By, messages
for graphical games on path to compute a single MSNE.
They call the reduced message a "breakpoint policy" (see
AppendixD]). That reduction leads to a quadratic time al-
gorithm for general graphical games on paths. Our proof
shows that we cannot reduce By, further when the game
is polynatrix. Hence, our results yield a lower bound on the
minimum number of segments required to compute a single
MSNE for graphical games on paths and imply as a corol-
lary that we attain the worst case using a strictly smaller
game class, mathematically speaking: i.e., we do not need
to construct a general graphical games on paths to attain
the lower bound; polymatrix versions are sufficient. (See

Appendix [E])

6 STAR-STRUCTURED GAMES

We present several new results on star-structured games of
graphical and polymatrix variants. We first give a general
treatment of the best response policies. Consider a star with
the hub node V' and spokes Uy, ..., U,_1. For TreeNash,
we consider the hub as the root and spokes as the leaves.
Each leaf sends a message to the root in the same manner as
the first node does in a path, as illustrated in Figure[I] We
assume Uj is indifferent at v = v;".

Let V* = {vy,...,v5_1}. Forany v € V*, every leaf U;
has a pure-strategy best response, and therefore V' has a
singular payoff determined by a fixed value of Ay . At each
v € V*, one or more leaf is indifferent, implying a range of
Ay values. Figure []illustrates these two cases by plotting
Ay against v. For every continuous non-v; interval, Ay is
fixed, with transitions between these fixed outputs at v; . For
an MSNE, it must be the case that v = 0 and Ay < 0, or
v=1and Ay > 0,0orv € (0,1) and Ay = 0.

We now investigate graphical and polymatrix games on
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Figure 6: Ay of the hub node V' of a star as a function of v.
v = v} makes leaf U; indifferent, leading to a range of Ay .

stars. These results have important implications because few
classes of non-trivial games afford linear or sublinear time
computation. In generic scenarios (analogous to Assump-
tion[T), they also imply that we can characterize the set of all
MSNE exactly, that it is finite, and that we can compute it in
the same asymptotic worst-case time that we can compute
just one. Please see Appendix [F]for details.

6.1 GRAPHICAL GAMES ON STARS

The input size (or representation size) of a graphical game
on a star is O(2™) due to the size of the root player’s pay-
off matrix. This plays a role in running time analysis. We
consider the following cases.

Case 1. The leaves have distinct indifference points.

We compute an MSNE in three steps, each taking O(n)
time. First, we compute each leaf U;’s indifference point v},
which is a rational number. Second, we compute the Ay, vs.
v plot. For this, we radix sort the indifference points into
v¥, ..., v5_1 (wlog) in O(n) time. We then find the range of
Ay at v} in O(n) time by computing the pure-strategy best
responses of Us,...,U,_; and considering u; € {0,1}.
After this, the range of Ay at v3 is computed in O(1) time
because we only need to compute the pure-strategy best
response of U; while reusing those of Us,...,U,_1. We
repeat this for v3 onward. Between successive indifference
points, the Ay value is constant, as mentioned above.

Third, we compute an MSNE in O(n) time. For the pure-
strategy cases of v € {0, 1}, we look up the plot and check
the sign of Ay . Failing that, we next examine each v} in
any order. If the range of Ay, values cross 0, we have found
an MSNE. This is because V' will only play v} € (0,1)
if Ay = 0. Recall that only U; is indifferent at v; and
other leaves have pure-strategy best responses that we have
already computed. This makes Ay a linear function of u,;.
Solving Ay = 0 for u; completes the MSNE computation.
Since we do O(1) work at each v}, this step takes O(n).

Therefore, MSNE computation is in this case is O(n), which
is logarithmic in the input size.

Case 2. Multiple leaves have the same indifference point.

We may first think that having m > 1 leaves share the same
indifference point adds to the flexibility of computing an
MSNE. However, in this case, Ay depends on a 2m+1_sized
submatrix of V’s payoff matrix, leading to a running time
of O(2™), which is still linear in the input size. The idea is
to first compute AP* and AP at the indifference point.
This takes O(2"™) time because the extrema must occur at
pure-strategy assignments for those m leaves. An MSNE
consistent with the indifferences exists iff AP* and AT"
have different signs or either is 0. In the case of different
signs, we can perform binary search over the [0, 1]™ space
to compute an MSNE. Each step of the search takes O(2™),
and the total number of steps required is bounded by the
precision of the MSNE. We summarize the results below.

Theorem S. In the absence of strategic symmetry among the
spokes, we can compute an MSNE in star graphical games
in time logarithmic in the input size. When m spokes share
the same indifference point, we can compute an MSNE in
time exponential in m, which is still linear in the input size.

6.2 POLYMATRIX GAMES ON STARS

The input size of a polymatrix game on a star is O(n). The
case of distinct indifference points for the leaves is the same
as that for graphical games on stars, leading to O(n) MSNE
computation. We turn to the more challenging case where
multiple leaves have the same indifference point and give a
local-search algorithm for MSNE computation.

Due to the additive decomposition of payoff functions in
polymatrix games, the Ay function has a separate linear
term for each ;. The pure-strategy cases of v € {0, 1}
are simple. Given a v-indifference point v* € (0, 1) shared
by leaves Uy, ..., U,, (wlog), the other leaves have pure-
strategy best responses to v*. Therefore, Ay at v* takes
the form ¢, u,, + ... + c1uy + cg, Where cg, ..., c,, are
constants. Using the signs of ¢y, ..., ¢y, we choose the
pure-strategy for each leaf U; that achieves the minimum
Ay denoted by A", Here, A" > ( means there is no
MSNE at v*, and A™ = 0 means we have found an MSNE.
If Ain < 0, we keep changing the pure strategies of the
indifferent nodes one at a time until either Ay, > 0 or all the
changes are made. The former case indicates an MSNE at
v*. In particular, if Ay, flips from negative to positive once
we change the pure strategy of U, we compute the MSNE
by expressing Ay as a function of u; (all other leaves have
fixed pure strategies) and solving Ay = 0 for w;. This
algorithm gives us the following result.

Theorem 6. We can compute an MSNE in polymatrix stars
in time linear in the input size.

Beyond the broader significance stated earlier, an important
corollary of this result is that unlike graphical stars in gen-
eral, every MSNE of a generic polymatrix star is rational.
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7 CATERPILLAR GAMES

An s-spoke caterpillar is a path-like graph where each node
along the path, also called the spine, is connected by edges
to at most s nodes of degree 1, termed spoke nodes. We
call a 1-spoke caterpillar graph a simple caterpillar, where
Vi,...,V, are the nodes on the spine, and each V} is con-
nected to a spoke U;.

It is known that TreeNash runs in exponential time in the
worst case on general trees. For this reason, it is of interest to
identify tree structures that can be solved in sub-exponential
time. Caterpillars are one such structure. Here we will sketch
the argument for the polynomial running time of TreeNash
on both polymatrix and graphical caterpillar games. Full
analysis is in Appendix[G] To simplify the presentation here,
all of the following analysis assumes the generic scenario,
meaning no player will ever receive multiple messages with
shared indifference points.

7.1 POLYMATRIX CATERPILLAR GAMES

We present the key idea in the context of a simple caterpillar
polymatrix game. Here, Ay, depends on v;_1, v;11, and
u; and Ay = 0 gives us the following.

CLUJ',1 + b’U,j —+ d

- =avj_1+ Bu; + .

Uj+1 = —
Conditioned on u; = 0, we get a linear indifference curve
Vj4+1 = owj_1 -+ similar to the path case shown in Figure@
We use it to map By, y,_, to By, v,. Conditioned on
u; = 1, the linear indifference curve v; 11 = av;_1 + 5+
is parallel to that for u; = 0. We redo the above mapping
with respect to it. Suppose v} is the indifference point of U,
meaning U;’s best response is 0 or 1 on either side of v7.

We now slice each of the above two By, v, messages us-
ing a horizontal line at v;. We take one slice from each as
described next and paste them into a collage. From By, _, v,
conditioned on u; = 0, we choose the slice where the v;
values correspond to U;’s best response of 0 and likewise
for By,_, v, conditioned on u; = 1. We will see gaps in the
collage due to a shifting effect at v} (or due to two indiffer-
ence lines used for mapping). These gaps are connected by
horizontal segments corresponding to the intersection points
between a vertical line at v} and the horizontal segments in

By, v,_,. The end resultis By, , v;.

Mapping By, v,_, to By, v;, each vertical segment leads
to a horizontal segment, and each horizontal segment leads
to either one or three vertical segments. We get the latter
when the horizontal segment in By, v,_, is split by the verti-
cal line at v}, resulting in two vertical segments in By, , v,
that are shifted, plus one horizontal segment connecting
the gap due to shifting. Using this property, we show that
the number of segments in the j-th message By, v, is
m; = m;_1 + 4j. Therefore, the number of segments in

the j-th message is quadratic in j, and the total number of
segments across the downstream pass is cubic in the number
of players. Generalizing the above reasoning to the s-spoke
case gives us the following result.

Theorem 7. The TreeNash algorithm runs in O(n3s?) time
on polymatrix caterpillar games on length n, s-spoke cater-
pillars, whose input size is O(ns).

7.2 GRAPHICAL CATERPILLAR GAMES

The indifference curve in this case resembles that of the
graphical path problem, but with additional terms for each
spoke player. For example, an indifference curve in a 1-
spoke caterpillar would take the following form.

S ~ (bvj—1 + fuj + (evj—1 + h)
a (avj—1 + d)u;j + (cvj—1 +9)

Similarly to the polymatrix case, u; = 0 when v; < v} and
u; = 1 when v; > vj, or vice versa. Also, similarly to the
polymatrix case, when v; = v}, U; is indifferent while v;_q
must take on one of a fixed number of values. But unlike the
polymatrix case, the indifference curve is hyperbolic like the
case shown in Figure@ As a result, there are two cases to
be considered for the horizontal segments of By, , v,. For
a given v;_1, if it is the case that v;; is on the same side of
the vertical asymptote for u; = 0 and u; = 1, By,_, v, has
a horizontal segment joining the collage halves where they
shifted at v}. If instead u; = 0 and u; = 1 map to v;41
values on opposite sides of the vertical asymptote, By, , v,
has two segments at v} from each half of the collage to pure
strategies of V1. This leads to the following result.

Theorem 8. On an s-spoke caterpillar with a spine of n
nodes, the TreeNash algorithm runs in O(n?2° + n3s?)
time on graphical games. Since the input size is O(n2%), the
algorithm is polynomial time.

8 CONCLUSION

In this paper, we have introduced a new geometric approach
to computing exact MSNE in special types of graphical
games and polymatrix games. Revisiting the literature us-
ing this approach has led to the discovery of a tight upper
bound for path-structured graphical games. In addition, we
have given new computational results for path-structured
polymatrix games, star-structured graphical and polymatrix
games, and caterpillar-structured graphical and polymatrix
games. The existing PPAD-completeness results suggest
that slight extensions to the caterpillar structures that we
considered in this paper may be provably hard. Despite that,
the new geometric approach holds future promise for vari-
ous other special types of graphical games. In particular, the
counter-intuitive property of the negative effect of strategic
symmetry demands further attention. Designing practically
fast heuristics beyond those for star and caterpillar graphs
could be another interesting future direction.
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A REVISITING PATHS THROUGH A GEOMETRIC LENS

A.1 DERIVATION OF EXPECTED PAYOFF

We show that for any arbitrary payoff function M, player U’s expected payoff for playing a mixed strategy «w when V' plays
vis: My (u,v) = uMy(1,v) + (1 — uw)My(0,v), where v = py (1) and v = py (1).

Basically, U’s expected payoff when U plays a mixed strategy u (defined by the probability of playing 1) and V' plays a
mixed strategy v is the sum of two terms:

1. U’s prob. of playing 1 x U’s exp. payoff when U plays 1 and V" plays v.

2. U’s prob. of playing 0 x U’s exp. payoff when U plays 0 and V' plays v.

Using the definition of expected payoffs given in Section 2] we get the following.

]V[U(u, U) = ZaUG{O,l},aVG{O,l} MU(aU7 aV) pU(aU) pV(aV)
= ZaVE{O,l} [AIU(l,CLv) pu(1) pv(ay) + My (0,ay) py(0) pv(av)}

= Suvetony [Mo(Lav) upy(av) + My (0,av) (1= w) py (av)]
= uzave{o,l} My (L,av) pv(av) + (1 —u) Zave{o,l} My (0,av) py(ay)
=uMy(1,v) 4+ (1 —u)My(0,v).

The last line uses the definition of expected payoff given in Section [2] when player ¢ plays an action a; € A; while i’s
neighbors play mixed strategies py, —;.

A.2 DERIVATION OF LINEAR RATIONAL FUNCTION

In Section 3] we have shown that My (u, v, w) = vAy (u,w) + My (u,0,w). Observe that V’s mixed strategy v is not
present in My (u, 0, w). Therefore Vs decision to pick a strategy of 0, 1, or a mixed strategy follows logically from the
value of Ay alone.
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If we expand Ay, we find that it can be expressed in the following form.
Ay (u,w) =vw (My(1,1,1) — My(1,0,1) + My (0,1,0) — My (0,0,0)+

_MV(07 1, 1) + MV(O>07 1) - MV(17 1, 0) + MV(L 0, O)) +
u (MV(]-a 1, O) - MV(la 070) - MV(Ov 170) + MV(0,0, 0)) +
w (MV(Oa 17 1) - MV(Oa 07 1) - MV(O7 170) + MV(07 Oa O)) +
(MV(O7 170> - MV(O?O7O))
= c3uw + cou + crw + ¢y

where the constants ¢y, ..., cs are determined by V’s payoffs for combinations of pure strategies:

Co EMV(Oa 170) - MV(07070)

—Mv(o, 1, 1) — ]\4‘/(0,07 1) — Cp
co =My (1,1,0) — My (1,0,0) — ¢
fM\/(l, 1, 1) - Mv(l,o, 1) —Cy —C1L —Cp,

or equivalently,
My (0,1,0) — My (0,0,0) =cq
My (0,1,1) — My (0,0,1) =c1 + ¢
My (1,1,0) — My (1,0,0) =ca + ¢
My (1,1,1) = My (1,0,1) =c3 +¢a +¢1 + o -
From this we can see that there are an uncountably infinite number of payoff functions, hence also games, consistent with

any fixed values for cg, c1, 2, c3 € R.

If we set the Ay = 0, we can determine the values of w for which V' is indifferent as a function of .

Ay (u,w) = csuw + cou + cqyw +¢g =0
~ (~e2)u+(—cp) au+b

c3u + ¢1 cu+d

A.3 GEOMETRIC PROPERTIES OF LINEAR RATIONAL FUNCTION

Although in this paper, our illustrations show the hyperbolic indifference curves in the top-right and bottom-left quadrants,
we explore the alternative scenario next. Notably, our results are preserved in the alternative scenario.

We assume ¢ # 0; otherwise, the function is linear. As noted in Figure 2] the hyperbolic curves of a linear rational function

w = ZZIZ can appear in either of the two diagonal quadrants. Here, the quadrants are defined by the vertical asymptote at
u = —g and the horizontal asymptote at w = 2. It is well known how we can determine in which quadrants the curves

appear. For this, we re-express the function as follows.

au—+b
cu+d
Sleutd)— 2+
cu+d
ad

a bi?

-+
[ cu +
bc—ad

(;2

C u+d

C

From the above expression, we see that whether w increases or decreases with increasing v depends on the sign of the

expression bc;ad, which has the same the sign as bc — ad. Note that u appears in the denominator. Therefore, we obtain the

following property.
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Proposition 2. Assuming ¢ # 0, when bc — ad > 0, the hyperbolic curves of w = ‘Z;‘Ig appear in the top-right and

bottom-left quadrants. When bc — ad < 0, these curves appear in top-left and bottom-right quadrants.

We next consider the signs of the three regions in [0, 1]? split by the two hyperbolic curves. This is used for deriving
pure-strategy segments in Lemma |6| As described in Section , Vs indifference function w = (C“u‘—jrrg is derived from
Ay (u,w) = w(cu + d) — (au + b) = 0. Therefore, for any (u, w) on the hyperbolic curves, Ay (u, w) = 0. On the other
hand, outside of the curves, the signs of the two outer regions and the central region between the curves correspond to the
sign of Ay . Since the curves (where Ay = 0) separate the outer regions from the central one, the two outer regions must

have the same sign and the central region the opposite sign.

Although it is possible to precisely determine the signs of the outside and central regions for different quadrant configurations
(using Proposition[2)), the following question is more important for us.

Given a point (u*, w*) on the hyperbolic indifference curves, find the range of w values such that Ay (u*,w) > 0.

We can ask a similar question for Ay (u*, w) < 0, but for simplicity, let us focus on Ay (u*, w) > 0. Since Ay (u*, w*) = 0,
increasing and decreasing w* while keeping u* the same will lead to opposite signs for Ay. From the definition of
Ay (u*, w*) = w*(cu* + d) — (au* 4+ b), we see that changing w* only impacts the term w*(cu* + d). Therefore, we get
the following property.

Proposition 3. Given a point (u*, w*) on the hyperbolic indifference curves, if cu* + d > 0, then Ay (u*,w) > 0 for
w € (w*,1]. On the other hand, if cu* 4+ d < 0, then Ay (u*,w) > 0 for w € [0, w*).

Although we omit it here, we can derive a similar property for Ay (u*, w) < 0.

A.4 DERIVATION OF BEST RESPONSE POLICY

Horizontal segment at u = 0: {0} x [0,v*]. Figure[7]illustrates the generation process involving this segment, which
indicates an interval of strategies of V' for which U could play the fixed strategy of 0 as a best response. Player V' can only
play v € (0,v*] if Ay = 0. As u = 0 for this segment, we consult the indifference curve to determine the corresponding
w, call it wy, so that the point (0, wy) lies on the indifference curve. This coordinate pair’s position on the curve indicates
that Ay = 0 when U plays 0 and W plays wq. Because V' can play 0 if Ay < 0, V could also play v = 0 given this
combination of U and W strategies. It is therefore possible that V' could play any v € [0, v*] if W plays wq based on this
segment and the indifference curve. This results in the vertical segment {wg} % [0,v*] in By v .

0 v 0 %o wy Wi

Figure 7: (Left) By, with the segment I = {0} x [0, v*] highlighted (in blue). (Center) The indifference curve with (0, wp)
marked. (Right) By, with the segment resulting from I highlighted. (In this, and all subsequent diagrams illustrating the
mapping of a segment of By, to its descendant(s) in Byy,y, we are including all the segments in the graph of By, for
context, even though the source of some of the segments has yet to be explained.)

Horizontal segment at u = 1: (u,v) € {1} x [v*,1]. Figure[8]illustrates the generation process involving this segment,
which indicates an interval of strategies of V' for which U could play the fixed strategy of 1 as a best response. Player
V can only play v € [v*,1) if Ay = 0. As u = 1 for this segment, we consult the indifference curve to determine the
corresponding w, call it wy, so that the point (1, w,) lies on the indifference curve. This coordinate pair’s position on the
curve indicates that that Ay, = 0 when U plays 1 and W plays w;. Because V' can play 1 if Ay > 1, V could also play
v = 1 given this combination of U and W strategies. It is therefore possible that V' could play any v € [v*, 1] if W plays w
based on this segment and the indifference curve. This results in the vertical segment {w;} x [v*, 1] in By, y.
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Figure 8: (Left) By, with the segment I = {w;} x [v*, 1] highlighted (in blue). (Center) The indifference curve with
(1,w;) marked. (Right) By, with the segment resulting from I highlighted.

Vertical segment at v = v*: (u,v) € [0,1] x {v*}. Figure @illustrates the generation process involving this segment,
which indicates a strategy of V, call it v*, for which U can play any u € [0, 1] as a best response. Because v* € (0, 1), i.e., it
is a fully mixed strategy, we use the indifference curve to determine the w value for every u value so that the coordinate pair
lies on the indifference curve. Player U can play any u € [0, 1], covering the full v range of the indifference curve, but the
indifference curve is discontinuous in w, resulting in a discontinuous range of w values on the curve. Let ug and u; be the
values of v where the indifference curve reaches w = 0 and w = 1, respectively, as it is approaching the vertical asymptote.
(see Figure[9). For any u € [0, u], there is a corresponding w € [0, wo] on the indifference curve. For u € (ug, u1), there
is no value of w which lies on the indifference curve. For any u € [uq, 1], there is a corresponding w € [w1, 1] on the
indifference curve. As such, By, has two horizontal segments at v*, one over w € [0, ug] and the other over w € [wyo, 1].
In what follows, we also refer to the event just described in this case as the splitting of a segment, and call such a vertical
segment a split segment, because it was the fact that the interval of u values in that vertical segment in By ;; "crossed" the
vertical asymptote of the indifference curve of V' that led to two (non-floating) horizontal segments in By y .

u w Uy v

i :K !
1 w1y

w H
| \ | u “U

0 v U 0 wo wy

Figure 9: (Left) By y with the segment I = [0, 1] x {v*} highlighted (in blue). (Center) The indifference curve with the
u € |0, 1] indicated by the solid highlight and the w € [0, wo] and w € [wy, 1] indicated by the dashes highlights. (Right)
By, with the two split segments resulting from I highlighted.

Lastly, consider V’s responses when Ay # 0.

Case: v = 0. In this case, (u,v) = (0,0). Figureillustrates the generation process involving this point, which indicates
the best response of U when V plays a strategy of 0. Player V' can only play v = 0 if Ay < 0. As w = 0 at this point, we
consult the indifference curve to determine the range of w values where (0, w) is on the indifference curve or on the side of
the indifference curve where Ay (u, w) < 0.

We see in Figure [I0] that U’s only response to V' playing 0 is to play 0 as well. The structure of the indifference curve
function is such that for any indifference curve, either Ay, < 0 for all combinations of v and w located in the region between
the two curves and Ay > 0 for all combinations of u and w located in one of the two outer regions, or vice versa. The
respective signs can be determined by evaluating Ay at the intersection of the asymptotes, as this point will always be in the
middle region. For the purpose of this example, we assume the central region of the indifference curve to be positive and
the outer regions to be negative. We thus see that at u = 0, the negative and indifferent regions of the indifference curve
correspond to w € [0, wp]. This results in the horizontal segment [0, wg] x {0} in By, y.

Case: v = 1. In this case, (u,v) = (1,1). Figure[I]illustrates the generation process involving this point, which indicates

the best response of U when V' plays a strategy of 1. Player V' can only play v = 0 if Ay < 0. As u = 1 at this point, we
consult the indifference curve to determine the range of w values where (1, w) is on the indifference curve or on the side of
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Figure 10: (Left) By, ¢y with (0, 0) marked. (Center) The indifference curve with the w € [0, wy] indicated by the highlight.
(Right) By, with the resulting pure strategy segment at v = 0 highlighted.

the indifference curve where Ay (u, w) < 0.

We see in Figure[TT|that U’s only response to V' playing 1 is to play 1 as well. Following the same sign assumptions as the
previous case, the central region of the indifference curve is positive. We thus see that at u = 1, the positive and indifferent
regions of the indifference curve correspond to w € [0, w]. This results in the horizontal segment [0, w1] x {0} in By, y.

v

0 oM 0 “ 0 wo w1

Figure 11: (Left) By, with (1, 1) marked. (Center) The indifference curve with w € [0, w;] indicated by the highlight.
(Right) By, with the resulting pure strategy segments at v = 1 highlighted.

We thus see that the completed worst-case second best response policy contains 6 segments, 2 w-indifference points at
wp and wi, and 3 v-indifference points at 0, v*, and 1. Observe that this is true regardless of the specific worst-case
configuration.

B GRAPHICAL GAMES ON PATHS

B.1 WORST CASE ANALYSIS

Lemma 1. All horizontal segments at the same u-indifference point in By, result in vertical segments at the same
w-indifference point in By, . In the worst case, each of these horizontal segments results in a distinct vertical segment.

Proof. See Figure for an illustration of the proof. To obtain the segment(sﬂ in Byy,y resulting from a horizontal segment
in By y, first find the w value on the hyperbolic indifference curves corresponding to the u-indifference point of the
horizontal segment. Here, we use the indifference curves to find w because the range of v values for the horizontal segment
implies that V' is indifferent. That w value is the w-indifference point for the resulting vertical segment in Byy,y,. Because the
hyperbolic indifference curves do not overlap themselves at any u value, there will be at most one w value on the curve for
any u value. This implies that multiple horizontal segments at the same u-indifference point must result in vertical segments
at the same w-indifference point.

Additionally, the range of v values for a vertical segment corresponds to the range of v values for the horizontal segment.
This implies that a horizontal segment cannot result in more than one vertical segment. This is shown in Figure [I2] using two
segments colored pink and cyan. O

'We show in the next paragraph that there can be at most one segment.
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Figure 12: (Left) By, with two horizontal segments at the u = u*. (Center) The indifference curve with «* and the
corresponding w,,« which lies on the curve. (Right) Byyy with the two resulting vertical segments at w = w™.

Lemma 2. The number of vertical segments C; in By, v is at most R;_;.

Proof. The graph of By ;7 has R;_; horizontal segments, each with a fixed u value corresponding to its u-indifference
point. So, it will result in at most one segment at a fixed w-indifference point if there is a corresponding w value on the
indifference curve. By Lemmam in the worst case, every segment in a u-indifference point of By,;y is mapped to another
segment in the same w-indifference point of Byy,y . So, each horizontal segment of By, ;; is mapped to one vertical segment
of By, in the worst case. See Figure E]for an illustration. O

w v
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Figure 13: (Left) By yy with the 3 horizontal indifference point values are highlighted with different colors. (Center) The
indifference curves with the w value each u-indifference point maps to are highlighted using the same colors as before.
(Right) By, with the mapped vertical indifference points.

Lemma 3. A vertical segment from By, can result in at most two horizontal segments in By v, and if it results in two
horizontal segments, they will both be non-floating.

Proof. Consider the range of u values for a vertical segment at a v-indifference point v; in By . The splitting of the
corresponding segment in By, must be the result of the u range of the vertical segment crossing the vertical asymptote of
the indifference curves and overlapping both curves. Assuming the non-degenerate worst case, one of these curves goes to
w — 00 as it approaches that asymptote, being cut off at w = 1, while the other goes to w — —o0, being cut off at w = 0.
The two ranges of w values lead to two horizontal segments at v in By, both of which are non-floating (because they
end at w = 0 and w = 1). See Figure [[4]for visualization. O

Lemma 4. [fthe u-interval of a vertical segment at v = v1 of By, does not overlap with both of V'’s hyperbolic indifference
curves, then it will result in at most one horizontal segment s in By . Furthermore, if s is non-floating, then no other
vertical segment at v = v of By iy can overlap with both curves of Vs indifference hyperbola.

Proof. First, the splitting of the horizontal segment in By, cannot happen if the u-interval of the corresponding vertical
segment in By, ; does not overlap with both of V’s hyperbolic indifference curves. Consider a vertical segment in By, ;s
that results in a horizontal segment s in Byy,y . In order for s to be non-floating, one of its end points must have a w value
of 0 or 1. This requires the u-interval of the corresponding vertical segment in By, ;; overlapping with either of the two
indifference curves at the u point closest to the vertical asymptote. This prevents any other vertical u-interval at v = v in
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Figure 14: (Left) By, with the vertical segment that will be split highlighted. (Center) The indifference curve with that
vertical segment’s u interval highlighted on the u axis and the corresponding w intervals indicated by the two highlighted
dashed lines. (Right) By, with the resulting two horizontal segments highlighted.

By to overlap with both indifference curves because vertical segments at the same v-indifference point cannot overlap one
another (otherwise, they would merge together into one vertical segment). See Figure [I5]for an illustration. O

- ol]

Figure 15: (Left) The vertical segment in By ;7 that will not be split is highlighted in blue. (Center) The indifference curve
with that vertical segment’s v interval is highlighted on the u axis and the corresponding w interval is indicated by the
dashed line. (Right) The resulting horizontal segment in Byy,y, is shown in blue.

Lemma 5. All vertical segments at v = vy in By,y result in horizontal segments at v = vy in By,y.

Proof. For any vertical segment at v = v; in By y, its u-interval and Vs indifference curves determine the w-interval(s) of
the corresponding horizontal segment(s) in Byy,-. Notably, the w-interval(s) remain at the same v = v; in Byy,y . Therefore,
all vertical segments at a certain v = v; in By lead to horizontal segments in By, at the same v-indifference point

v = v1. See Figure[16|for an illustration. O
u v
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Figure 16: (Left) Two vertical segments at v = vy and v = v; in By, are highlighted in different colors. (Right) The
horizontal segments resulting from the vertical segments are highlighted in the same color. See Figures [[4]and[I5] for the
indifference curves used to determine the resultant segments.

Lemma 6. By can have at most three pure-strategy segments.
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Proof. As explained in Appendix the middle region and the two outer regions separated by V’s hyperbolic indifference
curves each indicate combinations of u and w which allow a pure strategy of either 0 or 1. For any worst-case construction
in terms of the number of segments, each of the two pure strategies will correspond to one of the following two cases.

Case 1. The pure strategy considered corresponds to the two outer regions of the indifference curve.

For each best response of u to this pure strategy of v, if a corresponding w-interval exists, it must be within one of the two
outer regions of the indifference curve. Since one of the outer regions contains w = 0 and the other w = 1, the w-interval
must have either w = 0 or w = 1 as an endpoint. Multiple w-intervals having the same endpoint of w = 0 or 1 will merge
into one horizontal pure-strategy segment in By, . Since the two outer regions do not overlap, there can be at most two
horizontal pure-strategy segments in By, for this pure strategy. See Figure|17|for visualization.

Case 2. The pure strategy considered corresponds to the central region between the indifference curves.
For each best response of U to this pure strategy, the corresponding w-interval will cross the horizontal asymptote and will

have either w = 0 or w = 1 as an endpoint due to the geometric shape of the central region. Therefore, all corresponding
w-intervals in this region will overlap at the horizontal asymptote, resulting in a single segment for this pure strategy. See

Figure [T8] for visualization. O
1t 17
u
0 Vo U1 v 0 w

Figure 17: (Left) By, with all of U’s best responses to V’s pure strategy v = 0 marked with different colors. (Center) Vs
indifference curves split the [0, 1]? region into — and +, where the — regions represent Ay (u,w) < 0 and are the outer
regions in this example. The w-intervals corresponding to U’s best responses to v = 0 are drawn using the same color as
in By,y. (Right) By, shows these w-intervals for v = 0. We call these V’s pure strategy segments. There is no red pure
strategy segment on the account that the w-interval of © = u* is a sub-interval of the w interval corresponding to u = 0,
which is shown in dark blue.

ol

Figure 18: (Left) By, with U’s best response to v = 1 marked in blue. (Center) The central region between the indifference
curves represent Ay (u, w) > 0. The w-interval corresponding to U’s best response to v = 1 is shown with a blue dashed
line. (Right) By, with the v = 1 pure-strategy segment drawn in blue.

Lemma 7. In the worst case, the j-th message By v has j w-indifference points and j + 1 v-indifference points.

Proof. The proof is by induction. As shown for the base case (j = 1), the first message contains one horizontal axis
indifference point and two vertical axis indifference points, so the base case of the lemma is true. For the induction step,
assume that By,y has j u-indifference points and j — 1 v-indifference points. By Lemma By, will have j w-indifference
points. By Lemma@, Byw v will have j — 1 v-indifference points, resulting from the indifference points of By ;7. Additionally,
there will be a v-indifference point in By, at each of the two pure strategies of v as shown in Lemma([6} The total number
of v indifference points will therefore be j + 1. See Figure [19]for visualization. O
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Figure 19: (Left) By, with the v-indifference points marked in blue and the u-indifference points marked in red. (Right)
By, with the w- and v-indifference points in the same color as the indifference points from which they are derived. The
pure strategy indifference points are shown in cyan.

Lemma 8. If j is odd, in the worst case, a horizontal line at some v = v* crosses the interior of one vertical segment at
each w-indifference point of By .

Proof. The proof is by induction. For the base case (j = 1), as shown in Figure[I] there is only one indifference point with a
vertical segment incident on it. Therefore, the base case of this lemma is trivially true.

For the induction step, assume that at an odd j, By, 7 has a horizontal line at some ¢ that crosses the interior of one vertical
segment at each u-indifference point. We show that the lemma holds for j + 2 represented by Byy,y . First, derive the
t-interval of the intersection of all these vertical segments in By 7. Using Lemma@ in the worst case, this ¢-interval can
cross the vertical asymptote of U’s indifference curves, thereby resulting in a split of the horizontal segments at each
u-indifference point in By, ;7. By Lemmas[3|and [5} there will be two non-floating horizontal segments at each mixed-strategy
u-indifference point of By 1.

Additionally, by Lemma@ and Proposition there are at most three non-floating pure-strategy segments of U in By, ;. The
proof of Lemma [6] shows that U’s pure-strategy segments arise from the two outer regions and the central region created by
U’s hyperbolic indifference curves. Therefore, in the worst case, one of these pure-strategy segments (either at u = 0 or
u = 1) will have the following properties:

1. Ifitis at w = 0, it has an overlapping v-value with a pure-strategy segment at v = 1, and vice versa.

2. It must overlap with the whole v-interval of one of U’s two hyperbolic indifference curves (see Figures[I7]and [I8]but
note that those figures are in the context of V’s indifference curves, not U’s).

Combining the above two properties with the splitting of horizontal segments in By ;; described above, in the worst case,
there is a v value in By, that overlaps with a horizontal segment at each u-indifference point. See Figure [20| for an
illustration.

By Lemmal[l} in the worst case, horizontal segments at different u-indifference points in By,; result in vertical segments at
different w-indifference points in Byy,y (recall that Byy,y represents the next odd number after j). As the proof of Lemmam
lays out, the v-intervals of the horizontal segments of By i are the same as the v-intervals of the corresponding vertical
segments of By, . Therefore, the statement holds. ]

Lemma 9. If j is even, in the worst case, a horizontal line at some v = v* crosses the interior of a vertical segment at all
but one w-indifference point of Bw,y, and no horizontal line crosses a vertical segment at each w-indifference point.

Proof. The proof is by induction, the base case being the second message, where the first message is S-shaped. As shown in
Figure 3] there are two indifference points on the horizontal axis. Each has a vertical segment, and the interiors of these two
vertical segments do not have any common vertical-axis points. Therefore, the base case is trivially true.

Before working on the induction step, we present the intuition here. In the worst case, one of the two vertical segments of
the base case will be split into two non-floating horizontal segments in the next message, and the other will lead to a floating
horizontal segment. The interiors of the three resulting horizontal segments do not overlap (see Figures[I4]and[T5)). Next,
these horizontal segments will lead to vertical segments whose interiors do not overlap either. In fact, as shown in red in
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Figure 20: (Left) By, 7 with a vertical line that intersects with a horizontal segment at each u-indifference point. (Right)
By, with the mapping of the line and the corresponding vertical segments.

Figure[d] none of their respective descendant segments will have overlapping interiors in future messages. Therefore, for any
even j, no horizontal line can cross the interior of a vertical segment from each of the two descendant sets.

For the induction step, assume that at an even j, By, 7 satisfies the statement. Consider the vertical segments (at all but one
u-indifference points) whose interiors are crossed by a horizontal line at some ¢. Compute the ¢-interval ¢; as the intersection
of these vertical segments. Let uo denote that special u-indifference point not represented by these vertical segments. In
the worst case, U’s indifference curves are such that the vertical asymptote lies on ¢; and each segment that crosses the
asymptote overlaps with the curve on either side of it. By, ;; will therefore contain two non-floating horizontal segments at
each u-indifference point other than ug. Segments at both pure strategies of U in By, will again be non-floating.

For the next even-numbered messages By, we will prove the following claims:

1. There is no horizontal line in By, that crosses the interior of a vertical segment at each w-indifference point.

2. There is a horizontal line that crosses the interior of a vertical segment at all but one w-indifference point in Byy,y .

For the first claim, if there is a horizontal line at v = v’ in By, v that crosses the interior of a vertical segment at each
w-indifference point, then there is a vertical line at v = v’ in By, that crosses the interior of a horizontal segment at each
u-indifference point, including v = 0 and u = 1. This is because by Lemmal[l] the v-range of a vertical segment in By, v
is the same as the v-range of the corresponding horizontal segment in By,;;. Now, consider the previous message By 1.
Since there is a one-to-one mapping between ¢ and v values on U’s hyperbolic indifference curves, suppose (¢',v') is on U’s
indifference curve. Then, there is a horizontal line at t = ¢’ in By, that crosses a vertical segment at each u-indifference
point. This contradicts our assumption about u = ug in By 7.

We prove the second claim by construction. We start with By 1. We have a horizontal line at ¢ = ¢’ that intersects a vertical
segment at each u-indifference point except ug. Let s = {ug} X ¢ be any vertical segment at ug in By, with its vertical
range being ¢. First, there is no overlap between the interiors of 5 and ¢; (which is the ¢-interval computed earlier as the
intersection of the vertical segments in question). Otherwise, our assumption about uy would be violated. Therefore, s can
only lead to a floating horizontal segment in By ;. Using the geometry of U’s indifference curves, there is a one-to-one
mapping between ¢ and v values on U’s indifference curves. Therefore, the v-intervals for ¢, and ¢; do not have overlapping
interiors. Using the same mapping reasoning, there is a vertical line at v = v’ in By y that crosses the interior of a horizontal
segment at each u-indifference point except ug (see Figure 21). Using Lemmal[] these horizontal segments lead to vertical
segments in By keeping their v-ranges the same. Therefore, the horizontal line at v = v’ in By, crosses a vertical
segment at each w-indifference point except one that corresponds to ug in By,y. As in the proof of Lemma[8] we can
incorporate pure-strategy segments in the above reasoning. O

Lemma 10. For j > 2, the maximum number of horizontal segments in By, is Cj_1 +j +2 — 7%2.

Proof. We divide the induction into two cases.
Case 1. jis odd.
At the even j — 1 step, we have By 7. By Lemma@], in the worst case, there is a horizontal line at some wu that crosses a

vertical segment at all but one v-indifference points. As in the proof of Lemma[J] each of these vertical segments is split
into two horizontal segments in Byy,y . Therefore, in the worst case, the number of such vertical segments of By iy that are
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Figure 21: (Left) By, with a vertical line crossing a horizontal segments at each u-indifference point except ug. (Right)
By, with the mapping of the line and the vertical segments corresponding to those horizontal segments.

split into two horizontal segments in Byy 1 will be the number of v indifference points in By, ;; minus one, which is 7 — 2
according to Lemma([7} Each remaining vertical segment of By, leads to a horizontal segment in Byy,y . Since there are a
total of C'j_; vertical segments in By, ; by definition, By, contains Cj_1 + j — 2 mixed-strategy horizontal segments.

Case 2. j is even.

Now, By iy corresponds to an odd j — 1. By Lernma[?_?], in the worst case, there is a horizontal line that crosses the interior of
a vertical segment at each v-indifference point. The total number of v-indifference points in By,y is j — 1 by Lemmal(J7]
and the total number of vertical segments in By, is C;j_;. Using the same reasoning as the previous case, we atrive at
C;-1 + j — 1 mixed-strategy horizontal segments in Byy,y .

These two cases can be combined in the general statement that the number of mixed-strategy horizontal segments in By, v
is Cj_1 +j — 1 — j%2. There will be at most three pure-strategy horizontal segments by Lemma@, resulting in a total of
Cj—1 + j + 2 — j%2 horizontal segments in the worst case. O

B.2 TIGHT EXAMPLES

Following the main idea presented in Section @], given By y, we first build a set E of the endpoints of the vertical
segments in it. We then sort E with respect to the u-coordinates. We find two successive endpoints £} and E3 in E such
that a horizontal line at their midpoint intersects with the maximum number of vertical segments. We use the midpoint’s
u-coordinate m* as the location of the vertical asymptote for V’s hyperbolic indifference curves. The intention is to
maximize the number of splits when we convert the vertical segments in By,;; to horizontal segments in Byy,y,. For that, we
also make sure that the u-coordinates of I and E3 are on the hyperbola so that no vertical segment of By, iy is unmapped.

Next, we iterate through all the segments (horizontal and vertical) of By,;y to map the u values of their endpoints to w values
using the generated indifference curves. If the endpoints are on opposite sides of the vertical asymptote, we create two
non-floating segments from these endpoints using Lemma 3] If the endpoints are on the same side of the vertical asymptote,
we create a single segment connecting these endpoints in accordance with Lemmas 4] and [5] We then check for pure-strategy
segments in the exact manner described in Lemma|[6] For dealing with the signs of the outer and central regions, we use
Proposition[3] The list containing all of the newly-generated segments constitutes the next best-response policy.

We present the detailed pseudocode in Algorithm T}

C DEGENERATE CASES OF INDIFFERENCE FUNCTION

Recall that the delta function of a player on a path takes the form:

Ay (u,w) = cguw + cou + crw + ¢o. (1)

The above results on bounding the growth of segments operate under the generic case that any u-interval in By, y can be
mapped to a potential w-interval in By, using the following linear rational function.
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Algorithm 1 Construct Worst-Case Instance

SR

10:

11:
12:
13:
14:
15:

16:

18:

19:

20:
21:

Input: List S of all segments in current worst case instance By .
Output: List S’ of all segments in next worst case instance Byy,y .

(Hyperbola Generation)

: Iterate through the elements of .S, adding the endpoints of each vertical segment to new list E.

Sort E with respect to u-coordinates.

Iterate through E. Find the adjacent elements E7, E5 for which the average u-value m* lies on the maximum number
of vertical segments.

Choose a, b, ¢, and d for the indifference curve hyperbola so that (1) the vertical asymptote —d/c occurs at m* and (2)
the indifference curve is present at the u-coordinates of E} and E3.

(Mapped Segment Generation)
Initialize S’ = 0.
for each segment s € S do
Input the u-coordinates of s into the indifference curve hyperbola to get the corresponding w-coordinates in Byy,y .
If the w-coordinates are on opposite sides of —d/¢, create two segments with w-intervals from those coordinates to
the nearest pure-strategy of w at the same v-coordinate as s. Add these segments to S’.
If the w-coordinates are on the same side of —d/c, create a single segment with these two coordinates as the
endpoints of its w-interval over the same v-interval as the originating segment. Add this segment to S’.
end for

(Pure-Strategy Segment Generation)
Create an empty list L.
for s € S with an endpoint at v = 1 do

If cu + d > 0 at this endpoint, create a segment at v = 1 with w-endpoints at the indifference curve output and 1
(using Proposition [3). Add this segment to L.

If cu + d < 0 at this endpoint, create a segment at v = 1 with w-endpoints at the indifference curve output and 0.
Add this segment to L.
end for

for s € S with an endpoint at v = 0 do

If cu + d < 0 at this endpoint, create a segment at v = 0 with w-endpoints at the indifference output and 1. Add
this segment to L.

If cu + d > 0 at this endpoint, create a segment at v = 0 with w-endpoints at the indifference output and 0. Add
this segment to L.
end for

Combine any overlapping segments in L, then add all elements of L to S’.
return S’
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Figure 22: (Left) By iy with the vertical asymptote of the indifference curve superimposed. (Right) the resulting By, if
cs = ¢; = 0 in the indifference curve Ay (u, w) = 0.
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We next address the cases in which V' is no longer interdependent on one or both of its neighbors, thereby preventing the use
of the hyperbolic indifference curves.

Casel. c3=c1 =0

In this case, V' is indifferent to the strategy of W when choosing its own strategy. The delta function of V' is a linear function
only in terms of u, and Ay = 0 at u** = —2—2. As a result, Byy,y will have a horizontal segments over all w € [0, 1]
at every {v; | Bv,u(v;,u™) = 1}. The size of this set of v;, and by extension the number of mixed strategy horizontal
segments in By, is bounded by the number of vertical indifference points in By ;.

To account for the best response of V' playing a pure strategy of 1, check each best response u; of player U to player V'
playing 1 from By, in A,. If there is any best response u; such that A, (u;) > 0, then it is possible for V' to play the pure
strategy of 1, so By, contains a segment over [0, 1] x {1}. The presence of a pure-strategy segment at v = 0 is derived in
the same manner.

An example of this case is shown in Figure[22]

Case 2. E—gzi—g:a,cl#o,andc;g;é()

In this case, we can re-express Ay, as follows.

Ay (u,w) = (w+ a)(csu+cq) .
Av(u,w):0<:>w:—aoru:u**z—c—lz—c—o. 3)
c3 €2
Ay (u,w) >0 <= (w>—-aandu >u"")or (w< —aand u < ™). 4)
Using Condition , V' becomes indifferent with respect to any strategy of W at u*™* = —z’—; = —z—g. This leads to a similar
analysis as Case I. As shown in Figure 23] for each v; such that By, (vs, u**) = 1, we have a [0, 1] horizontal segment at
the v;-indifference point in Byy,y .

Condition 3] further states that V' becomes indifferent with respect to both of its neighbors U and W when w = —a. This
leads to a vertical [0, 1] segment at w = —« in Byy,y,. Note that this vertical segment is consistent with By, 7 because U has
some best response to any v. This is shown in Figure[23]

Next, for V’s pure-strategy segments in Byy,/, Condition 4| states that these segments depend on both u and w. Following
are the two possibilities (not mutually exclusive) of V’s pure-strategy segments at v = 1.

1. For some u > u**, By, (u, 1) = 1: This leads to a (—a, 1] horizontal-strategy segment at v = 1 in By, y .

2. For some u < u**, By, (u,1) = 1: This leads to a [0, —«) horizontal segment at v = 1 in By, .
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Both of the above segments are present in the example shown in Figure [23] The pure-strategy segments at v = 0 can be
derived in the same fashion.

The above analysis shows that the degenerate cases do not allow splitting a vertical segment into two horizontal segments
which the hyperbolic indifference curves allow. This leads to the following property about degenerate cases.

Proposition 4. For path graphical games with n > 3, considering the worst-case segment growth, the degenerate cases
lead to strictly fewer segments than the generic case of hyperbolic indifference curves.

D BREAKPOINT POLICIES

A breakpoint policy is a reduction of a best response policy which only contains a single connected component with
endpoints at (0, ug) and (1, u1). It can be shown that if the upstream pass is performed with breakpoint policies in, the jth
message will contain no more than 2j + 1 segments by induction.

The base case is the same as that for generic best response policies.

The induction step is trivial for the indifference cases explained in the previous section; it should be clear from the
explanations and Figures[22)and 23| that a breakpoint policy will contain at most 1 segment in the case of total w-indifference
and 3 segments in the case of conditional indifference.

For the induction step on the generic case, assume that the jth breakpoint policy B Py 7 has 25 + 1 segments. We divide the
mapping of the j + 1th breakpoint policy B Py, into three cases based on the relation of the connected component to the
indifference curve’s vertical asymptote at u*.

Case 1. The connected component of B Py iy does not cross the vertical asymptote.

As the connected component does not cross the vertical asymptote, none of the segments of B Py iy are split. This means that
in the worst case, every segment of B Py, results in 1 segment in B Pyy,y,. As the v values and intervals are not changed in
this segment mapping, the mapped component in B Pyy 1, will cover the entire [0, 1] vertical interval. The endpoints of the
mapped component will therefore be located at the pure strategies of V.

Because player U’s responses to both pure strategies of V' are on the same side of the indifference curve with respect to the
vertical asymptote, the segments will be non-floating at opposite pure strategies of w, ensuring that the message contains a
response of V' to every possible strategy of W.

B Py, will therefore have at most 2j + 1 segments directly mapped from B Py, ;; as well as 2 pure strategy segments for a
total of 2(j + 1) 4 1 segments.

An example mapping of a breakpoint policy through a player with this case can be found in Figure [24]

Case 2. The connected component of BPy iy crosses the vertical asymptote, with ug and uy on the same side of the vertical
asymptote.

To generate a breakpoint policy in this case, one only needs to consider two subcomponent of B Py ;7: the component traced
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Figure 24: By iy which does not cross the vertical asymptote in « (left), the indifference curve from By iy to By, (center),
and the resulting message Byy,y (right).
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Figure 25: By, ; which crosses the vertical asymptote in « an even number of times (left), the indifference curve from By ¢y
to Byy,v (center), and the resulting message Byy, v (right).

from (0, ug) forward to the first intersection with u = u* and the component traced from (1, ) to the last intersection with
u=u".

Every segment or partial segment in each subcomponent would be mapped to at most one segment in B Py, since the
subcomponents do not cross the vertical asymptote. The mapping of the subcomponent with an endpoint at v = 0 in BPy iy
would have an endpoint at v = 0, and the mapping of the subcomponent with an endpoint at v = 1 in B Py, ;; would have an
endpoint at v = 1 in B Py v . Since both components approach v = u* from the same side, their other endpoints will either
both be located at w = 0 or both be located at w = 1.

To determine which subcomponent we need for B Py, we check the pure strategy segment of each. The mapping of
each subcomponent from B Py ;; extends to a different pure strategy of V. As we observed in the previous case, as both
components are on the same side of u*, the pure strategy segments would be non-floating and extend to opposite pure
strategies of w. As both subcomponent mappings already extend to one pure strategy of w, the union of one of the mappings
and its pure strategy segment will be a complete breakpoint policy.

A subcomponent of By ;; can contain at most 2j segments, as there must be at least one horizontal segment exclusive to
each subcomponent in the generic case. With the additional pure strategy segment, B Py, can contain at most 25 + 1
segments.

An example mapping of a breakpoint policy through a player with this case can be found in Figure 23]

Case 3. The connected component of By iy crosses the vertical asymptote, with ug and w, on opposite sides of the vertical
asymptote.

In this case, one only needs to consider the same two subcomponents of B Py iy described in the previous case to generate
B Py v. Once again, the mapping each traced component from B Py, ;; will result in a mapped component in B Py, with
an endpoint at an opposite pure strategy of V. Since the subcomponents approach u* from opposite sides, the mappings of
the two subcomponents into B Py, have their other endpoint at opposite pure strategies of W.

Again like the previous case, the subcomponent whose mapping will be included in B Py, is determined by checked the
pure strategy segments. Because the mappings each include opposite pure strategies of V' on opposite sides of the vertical
asymptote, both would include non-floating pure strategy segments which extend to the same pure strategy of W. This
ensures that the union of one subcomponent mapping and its pure strategy segment is constitutes a breakpoint policy.
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Figure 26: By,;; which crosses the vertical asymptote in % an odd number of times (left), the indifference curve from By, ;s
to By, (center), and the resulting message By, (right).
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Figure 27: An example worst case indifference curve for a player in a polymatrix path game.

The segment bound of B Py, is 2j + 1 by the same argument as in the previous case.

An example mapping of a breakpoint policy through a player with this case can be found in Figure

E POLYMATRIX GAMES ON PATHS
E.1 SEGMENT GROWTH

For polymatrix games on a path, we show that the j-th best response policy contains at most 2j + 1 segments by induction.

Since a player in a polymatrix game has a 2 x 2 matrix for each player it shares an edge with and a graphical game player
has a single size 29! matrix, where d is its number of neighbors, the base case is the same as the base case for graphical
games. Note that in the worst case, the base case message contains one horizontal segment at each pure strategy of U.

For the induction step, consider a player V' who has received a message from player U and is sending a message to player
W. Player V'’s expected payoff is the sum of the expected payoffs from its combinations of strategies with players U and W'
The expected payoff can be rearranged to extract the delta function similarly to the graphical case, yielding:

Ay (u,w) =cow+cru+c¢o=0.
_ (=eu+ (=)

C2

=au+b.

The full derivation of this result is detailed in the next subsection.

Observe that the polymatrix indifference curve takes the form of a linear function. Figure [27|is an example of such a linear
indifference curve in the worst-case configuration.

To perform the induction step, assume that the j-th message By, y contains 25 + 1 segments, including at most one horizontal
segment at each pure strategy of U. As the indifference curve does not have a vertical asymptote, each segment of By, ;7 can
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Figure 28: A worst-case tight example of segment growth along a polymatrix path.

be mapped to at most one segment of Byy 7. Despite the absence of hyperbolic indifference curves, the mapping procedure
is the same as shown in Appendix Eﬂ Since By, contains horizontal segments at both © = 0 and « = 1 and we assume
the generic case, a worst-case indifference must have a w € (0, 1) for every u € [0, 1], as shown in Figure 27} Otherwise,
the positive or negative side of the indifference curve (i.e., a region of Ay (u, w) # 0), may not have any w-interval at a
particular u value, thereby reducing the number of pure-strategy segments.

To generate the horizontal segments at a pure strategy of v = 1, By, is checked to determine every possible best response
of U at v = 1. Each one of these U strategies can be referred to Vs indifference curve to determine a corresponding interval
of W strategies for which A, > 0. Because of the linear construction of the indifference curve, the region where Ay > 0
is continuous and extends to at least one pure strategy w € {0, 1} in the worst case. As a result, the union the w intervals
corresponding to every U response to v = 1 will be one continuous segment. The same argument can be made to show that
there will be at most one horizontal segment in By, at v = 0, leading to a total of two horizontal pure-strategy segments
in By, . Therefore, in the generic case, By, has at most (25 + 1) + 2 = 2(j + 1) + 1 segments. An example mapping
from By,y to By, in the worst case is shown in Figure El A tight example of the upper bound can be found in Figure@

E.2 POLYMATRIX INDIFFERENCE CURVE DERIVATION

Following Deﬁnition let My, (v, u) denote Vs expected local payoff from a neighbor U. In a polymatrix game, Vs
total payoff is the sum of local payoffs from its neighbors. We use the term My, ), (1), or simply My, (1) when clear
from context, to denote V’s expected local payoff from U when V plays v = 1 and U adopts a mixed strategy u. That
is, My, (1) = uMy,y(1,1) + (1 — u) My, (1,0). Likewise, My, (0) = uMy,y(0,1) + (1 — u) My,(0,0) means Vs
expected local payoff from U for v = 0 under U’s mixed strategy u. We get the following.

My (u,v,w) =My,y(v,u) + My,w (v, w)
=uwwMyu(1,1) +u(l —v)Myy(0,1) + (1 —u)vMy,u(1,0) + (1 —u)(1 —v)My,y(0,0)
+vwMyw(1,1) + v(1 — w)Myw(1,0) + (1 — v)wMyw(0,1) + (1 — v)(1 — w)My,w(0,0)
=0[My (1) + My (1)] + (1 = 0)[My},(0) + My, (0)]
=v[My (1) + My (1) = My u(0) = My, (0)] + My 1 (0) + My, (0)
=vAy + My, (0) + My, (0) .

As in the graphical case, player V' has no control over the second and third terms. So, Vs best strategy to maximize the
expected payoff depends solely on the Ay function.
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Figure 29: (Left) By with u = u** = —g—(l’ where Ay (u**, w) = 0, irrespective of w due to co = 0. (Right) The resulting
next message By, in this degenerate case.

Let us expand Ay and rearrange it into the following form.

Ay (u,w) = My, (1) + My, (1) — My, (0) — My, (0)
=u[Myy(1,1) — My,y(1,0) — My,p(0,1) + My,;(0,0)]
+ w[Myw(1,1) — Myw(1,0) — My,w(0,1) + My,w(0,0)]
+ My,u(1,0) + My,w(1,0) — My,y(0,0) — My,w(0,0)

= Cow + c1u+cq .
Here, the constants cg, c¢1, and co are appropriately defined as follows.

co = My,u(1,0) + My,w(1,0) = My,p(0,0) — My,w(0,0) .
c1 = MV,U(L 1) - MV,U(L O) - MV,U(O7 1) + MV,U(Ov 0) .
Cy = Mv7w(1, 1) — MV,W(L 0) — MV,W(O, 1) + Mv7w(070) .

As in the graphical case, we can set Ay = 0 and solve for w in terms of u in order to generate V’s indifference curve.

Ay (u,w) = cow + cru+cog =0

_ (Fa)ut (=) _

u—+b

where a and b are appropriately defined.

E.3 DEGENERATE CASES IN POLYMATRIX GAMES

In the case of co = 0, Ay has no dependence on the strategy of W, similar to the case of c3 = ¢; = 0 for graphical games.
We treat this case analogously. By, will have a horizontal segment over all w € [0, 1] at each v-indifference point from the
co

set {v; | Bv,u(v;, — E) = 1}. The size of this set of v;, and by extension the number of mixed-strategy horizontal segments

in By, , is bounded by the number of vertical indifference points in the j-th message By 7, which is j.

By the same process as in the analogous graphical case, every U response to each pure strategy of V' is checked until one is
found for which Ay, returns an output with the sign that permits the corresponding pure strategy of V. This results in at
most 2 additional segments of the form [0, 1] x {0} and [0, 1] x {1}. This results in a maximum of j + 2 segments in Byy,y.
An example mapping for this case can be found in Figure 29

Observe that the upper bound for segments in the best response policies of polymatrix path games is the same as the upper
bound for segments in breakpoint policies on graphical games. There are two interesting conclusions that we can draw from
this. The first is that a worst-case polymatrix path game is irreducile under the breakpoint policy scheme. The second is that
in the same O(n?) time for which a single Nash equilibrium can be guaranteed for a path graphical game, a representation
of all Nash equilibria can be found for a path polymatrix game.
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Figure 30: An n-player star, where V' is the hub node and each Uj is a spoke node.

F STAR-STRUCTURED GAMES

In this section, we will apply the TreeNash framework of message passing to find a Nash equilibrium in a star-structured
game. Although the TreeNash algorithm could be applied to a star rooted at any of its nodes, we treat the hub node as the
root. This will help us extend the analysis to caterpillar graphs in the next section.

Every leaf player has a 2 x 2 payoff matrix and no preceding messages to receive, which is the same situation as the leaf
player of a path game. Therefore, every leaf generates and sends a message to the root player in the same manner described
in Section [3]and Appendix [A.4] and illustrated in in Figure [T} As each message can be generated in constant time, the
message propagation process is O(n), linear in the number of players.

Every leaf player U; thus has 3 distinct responses to a given strategy of V. If v = v}, then player U; can respond with any
u; € [0,1]. If v € [0, v}), U; must respond with a singular pure strategy « € {0, 1} which is determined by its payoff matrix.
If v € (v}, 1], then U; must respond with the other pure strategy.

Let V* be set of all strategies v in response to which one or more players are indifferent. For any continuous interval of
strategies v € V¥, every player U; has a single pure-strategy best response, and therefore, V' has a singular payoff and
Ay . Ateach v € V*, one or more Uj is indifferent, creating a segment in the best response policy which connects the
pure strategy responses. This is reflected in a Ay, function with fixed outputs over every continuous non-v; interval, with
transitions between these discrete outputs at the v; strategies, as shown in Figure[6] For a Nash equilibrium to occur, it must
be the case thatv = 1 and Ay > 0,orv =0and Ay <0,orv € (0,1) and Ay = 0. Any possible value of Ay can be
found by at some v € V*. Therefore, to find a Nash equilibrium we only need to consider the leaf players’ responses to V'
playing any v or a pure strategy.

To treat the root player’s processing of these strategies in order to compute a Nash equilibrium, we will consider two cases:
the leaves have distinct indifference points v}, and two or more leaves have the same indifference point. For example, the
former case can be found in almost all randomly generated payoff matrices, while the latter can occur in games where there
are symmetric players having the same best response function. As with games on paths, we will consider graphical games
and polymatrix games on stars.

F.1 GRAPHICAL GAMES ON STARS

In the case of a graphical game on a star, every leaf player will have a 2 x 2 payoff matrix, and the root player will have a
payoff matrix of size 2", making the game’s input or representation size exponential in the number of players.

Case 1. The leaves have distinct indifference points.

In this case, we compute an MSNE in O(n) time, which is logarithmic in input size, by carrying out the following three
steps. Each step requires O(n) computation.

Step 1: Compute each leaf’s indifference point

Similar to the first node U of the path case described in Section[3] we can derive each leaf node U;’s indifference point with
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respect to the root note V' as follows.

AU’i(v) = MU«;(LU) - MUi(()?U)

= UMUq',(L 1) + (1 - U)MUi(]‘? O) - UMU;, (07 1) - (1 - U)MUl (Oa O)
=v(My,(1,1) = My,(1,0) — My, (0,1) + My, (0,0)) + My, (1,0) — My, (0,0) .

Setting Ay, (v}) = 0, we get the following.

vF = 7MU7:(17 0) + MUi(()? 0)
' My, (1,1) = My,(1,0) — My, (0,1) + My, (0,0)

For each leaf node 4, we can compute the above in constant time, leading to O(n) time for all leaves. Furthermore, v} is a
rational number and will be amenable to radix sorting in the next step.

Step 2: Compute the Ay vs. v map

First, a straightforward computation of the Ay vs. v plot shown in Figure@will cost O(n?) because at each v} indifference
point we will have to calculate the pure-strategy best responses of all leaves except U; to V playing v;. We can avoid
repeated computation and achieve an O(n) time as follows.

We begin by sorting the v} indifference points for all U; in increasing order (recall that each v} is distinct). Since the v}
values are rational, we can apply the standard radix sorting by denominators followed by numerators to achieve O(n)-time

sorting. Without loss of generality, suppose the sorted indifference points are v}, v3, ..., v _;.

We now consider v}, where U; becomes indifferent. We compute the pure-strategy best responses of Us, ..., U,_; to V
playing v{ in a total of O(n) time. We then compute the lowest and highest values of Ay by considering u; € {0, 1},
together with the pure-strategy best responses of Us, ..., U,_1. This gives us the range of Ay values at v}.

We next compute the range of Ay values at v3. For this, we only compute Uy ’s pure-strategy best response to v3 in O(1)
and reuse the previously computed pure-strategy best responses of Us, ..., U,_1 because v3 (just like v}) is below their
indifference points. We therefore obtain the range of Ay values at v3 in O(1) time by considering us € {0, 1} in conjunction
with the pure-strategy best responses of other leaves.

In this fashion, we compute the range of Ay at v, ..., v} _4, each in O(1) time. We also compute Ay at v € {0,1} in
O(n) time. The special cases of v = 0 and v};_; = 1 can be handled appropriately. In between any successive indifference
points, Ay is fixed due to each leaf node playing a pure strategy.

The total computation time for Step 2 is, therefore, O(n).
Step 3: Compute an MSNE

We first examine the cases of v € {0,1}. When V plays 0, we can look up the Ay vs. v plot at v = 0 to check if Ay <0,
in which case we have found a Nash equilibrium. Similar is the case of v = 1.

Failing the above, we next examine each v} in any order. If the range of Ay, values cross 0, we have found an MSNE. This
is because V' will only play v} € (0,1) if Ay = 0 at that point. We also know the pure-strategy best responses of all leaf
nodes other than Uj; at v;. To complete the computation of an MSNE, we need to compute u,; for which Ay = 0. In this
scenario, Ay becomes a function of u; alone because the best responses of the other leaf nodes are fixed. Therefore, we
obtain an equation au; + b = 0 for some constants a and b, which can be solved for u;.

Since we do O(1) work at each v}, Step 3 takes O(n).

Case 2. Two or more leaves have the same indifference point.

If m leaf players are indifferent in response to the same strategy v;" of V, then the sub-matrix containing the payoffs needed
to generate the Ay function will be of size 21, Accessing these matrix entries to generate Ay will therefore take O(2™),
exponential in the number of indifferent leaf players, which is still linear in the game size.

The worst case Ay, equation will have terms dependent on every possible selection of strategies. For example, a v-indifference
point shared by three leaf players would have an equation of the form:
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Ay = CTU UKLUL + CeU; UL + C5U UL + CaUKUL + C3U; + CoUug + C1ug + Cp -

Finding an MSNE can be done by exploiting the monotonicity and continuity of the equation. We will divide this process
into two cases, based on the location of v}.

First, suppose v; is located at a pure strategy of V. Because Ay is monotonic, its most extreme outputs will occur at
pure-strategy combinations of the leaf players. The Ay, function can be checked for each pure-strategy combination of the
indifferent players until one outputs a value which enables V’s pure strategy. If there is no combination with a satisfactory
output, then there is no Nash equilibrium where V' plays the given pure strategy. In the worst case, all 2" pure-strategy
combinations are checked.

Second, suppose v; € (0,1). In this case, we need a more precise combination of strategies to satisfy the equality Ay = 0.
Start by checking the pure-strategy combinations. In the event any pure strategy combination outputs 0 it will be a Nash
equilibrium. If there is no such pure-strategy combination, a Nash equilibrium can still be found if there are two pure-strategy
combinations @y, and @yax With oppositely signed outputs. Failing that, there is no Nash equilibrium at v} by monotonicity.
Assuming these two oppositely-signed pure-strategy combinations are found, we find an MSNE by exploiting the continuity
of the Ay function. Let i,,,;,, be the selected vector of leaf player strategies such that Ay (@min) < 0 and let @5 be
the selected vector of leaf player strategies such that Ay (imax) > 0. By continuity, there is guaranteed to be a vector of
strategies @ such that Ay (dg) = 0 “between” Upin and U ax.-

We use binary search to locate this MSNE in sub-exponential time once pure-strategy combinations on opposite sides of
Ay = 0 have been located. The search time becomes negligible in the overall runtime because the process of generating
Ay from Vs payoff matrix in the first place and iterating through all possible pure-strategy combinations takes O(2™) time.
Thus, the worst case would be when all leaves are indifferent in response to a singular strategy of V, in which case finding
an MSNE would take O(2"), which is exponential in the number of players but linear in the size of the game.

F.2 POLYMATRIX GAMES ON STARS
In the case of a polymatrix game on a star, every leaf player will have one 2 x 2 payoff matrix, and the root player will have
a 2 x 2 payoff matrix on each of its n — 1 edges, making the game size linear in the number of players. We consider two

cases.

Case 1. The leaves have distinct indifference points.

As we show below, solving the case of distinct indifference points is similar to solving that for a graphical star. The
computation is also linear in the number of players, which makes it linear in the size of the game.

The additive decomposition of payoffs in a graphical polymatrix game means that Ay (@) for a vector « of the mixed
strategies of the leaves can be expressed in terms of A‘[i (u;), the difference in Vs local payoffs between v = 1 and v = 0
on each edge (V, U;).

Ay (1) = My (1) — My (0)
= Myy, (1,u1) + Myy,(Luz) + ...+ Myu,_, (1, up-1)
— My, (0,u1) — My,y,(0,u2) — ... — My, _, (0, up—1)

n—1
=Y (M, (1, u;) = My,y,(0,u,))
i=1
n—1
= AV (w) .
=1

Consider U;’s indifference point v}. Every player U;.; has a single pure-strategy best response a; to v;. Therefore, Ag (a;)
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becomes a constant for any 7 # j. We get the following at v = v} for appropriately defined constants ¢, ¢o, and c;.

Avps () = AV (u) + Y AY ()
i#£]
= Agj (uj) +c
= My, (1,uj) — My,y,(0,u;) + ¢
= ujnyyj(l, 1)+ (1- uj)MV,Uj(la 0) — uiMy,u, (0,1) — (1 — uj)Mv,Uj (0,0) + ¢

=ciu; +¢co -

Calculating Ay only requires accessing the two payoff-matrix entries where each U;; plays its pure-strategy best response
to v}. All four entries of the payoff matrix associated with U; are used because of U;’s strategic indifference. This means
that 2(n — 2) + 4 = 2n entries are accessed to calculate Ay . Similar to the graphical star case, if v} € (0,1), then V will
play v} only if Ay = 0. Solving it for u;, we get the following.

Us = ——
J c

If —£¢ € [0, 1], then an MSNE is found. Otherwise, no MSNE exists at v = v;.
If v} € {0, 1}, both pure strategies of u; can be tested in the equation to see if either produces Ay (u;) > 0 for v; = 1 or
Ay (u;) < 0forvi =0.

Similar to the graphical star case, it takes time linear in the number of players to perform each of the following three steps:

computing the indifference points of the leaves, computing the Ay, vs. v map, and finally, computing an MSNE. Therefore,
the whole algorithm runs in O(n).

Case 2. Two or more leaves have the same indifference point.

We now consider the more challenging case where two or more leaves can have the same indifference point. Suppose
Uy, ..., U, (wWlog) have the same indifference point. In this case, Ay is still computed by summing over the contributions
from each leaf player. For each of the m leaf players having the same indifference point, all 2 x 2 entries in the associated
payoff matrix must be accessed to generate Ay . Below is the form of Ay at the given indifference point as function of
u1, ..., Un, Which are the mixed strategies of the indifferent players. Here, other players with fixed pure-strategy best
responses will have two payoff entries which reduce into a constant term ¢’

AV =U1MV,U1(1, 1) + (1 — ul)MV7U1(1, 0) + ...+ umMMUm(l, 1) + (1 — um)MV,Um(la O)
— 1L1]\4\/’{]1 (0, 1) — (1 — ’LL1)]\4V’U1 (0, O) — . — UmMV,Um (0, 1) — (1 — um)MV,Um(O, 0)
+d

=CpUm + ... +C1u1 +Co -

The strategy of each u; which maximizes or minimizes Ay can be determined by the sign of ¢;. Let AT and AT** denote
the minimum and maximum possible Ay, respectively. In the event that the indifference point v} = 0 or v} = 1, it can be
determined if a Nash equilibrium exists by checking if A" < 0 or Aa* > (), respectively.

If v} € (0,1), an MSNE can be computed by exploiting continuity as was done for graphical games. If A‘{}i“ > 0 or
AY™ < 0, there is no MSNE at v} because V' will only play v} € (0,1) if Ay = 0. Otherwise, start with the pure-strategy

combination for A", Let A{'/ be the output of Ay, when first j players in an arbitrary ordering have been switched from
their minimizing to maximizing pure strategies. Iterate through the leaf players and keep switching their strategies until
A{, >0.If A{, =0, thenv = v} and the combination of the leaf players’ pure strategies is an MSNE. If A{, > 0 instead,
turn u; into a variable while leaving all other leaf players playing their pure strategies from A?, set Ay = 0, and solve for
u;. There is guaranteed to be a u; € (0, 1) that solves the equation. This gives us an MSNE.

This process of checking for an MSNE with m simultaneously indifferent leaf players is O(m). As such, the running time
remains linear in the number of players and therefore, linear in the input size even for shared indifference points.

4058



Figure 31: A diagram of a length n 1-spoke caterpillar.

G CATERPILLAR GAMES

Caterpillar graphs, as defined in the main body of the paper, combine the features of paths and stars. An example of a
simple caterpillar graph is shown in in Figure [31] The following sections demonstrate the polynomial running time of both
polymatrix and graphical caterpillar games.

G.1 POLYMATRIX CATERPILLAR GAMES

We start by considering a simple caterpillar in the form of Figure 31| which we root at V,,. The worst-case message sent from
a U, player will contain 3 segments in the S-shaped form shown in the left message in Figure[5] The growing complexity of
messages will be reflected in the messages By, ,,v; along the spine of the caterpillar.

For the first message along the spine, By, v, , player V; is only receiving an S-shaped messages from U;. As such, the worst
case message will look the same as the worst case message along a polymatrix path, of the same form as the right message
in Figure E} The Ay, function of each subsequent player V; will have a separate linear term for the strategy of each of its
three neighbors. Similar to polymatrix paths, one can then set Ay, = 0 and rearrange to find an indifference for v;,1 as a
function of v;_; and u; for appropriately defined constants:

(M)j_l + ij + d

c =awj1 + fu; +7.

Vj+1 =

Because of the limited set of strategies of U;, the indifference curve will always take one of three more restricted forms
depending on the strategy of V.

The cases where U; has a pure-strategy best response is as follows.

Case 1. U;’s best response to the given v; is u; = 0.

U;’s strategy will always be 0, meaning that the u; term can be removed from the the indifference curve formula to yield:

Vjy1 = QU1 + Yy

This is a linear equation of the same form as an indifferent curve in a polymatrix game on path.

Case 2. U;’s best response to the given v; is u; = 1

U;’s strategy will always be 1, meaning that the u; term can be combined with the constant term to yield:

Viy1 = avj_1 + B+

This is the same as the indifference curve from the previous case with a vertical translation of 3.

This leaves one case of interest.
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Figure 32: Example messages which the second spine node V5 could receive during the downstream pass: An S-shaped
message from its spoke node Uz (left) and message from the previous spine node V;, with Us’s indifference strategy
superimposed (right).
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Figure 33: By, v, with V;’s best responses when U, plays 0 highlighted in blue (left), a worst-case polymatrix indifference
curve with a fixed strategy of up = 0 (center), and the resulting message By, y, with the mappings of the blue segments
also highlighted (right).

Case 3. U; is indifferent in response to the given v;

From By, v,_,, we can identify the best responses of V;;_; at v; by computing the intersections of the vertical line at v;
with the horizontal segments of By, v, ,. For each of these best-response strategies, v;_1 is fixed to some v;_; and the
indifference curve becomes:

Vi1 = avj-fl + Buj +.

To demonstrate the process of mapping the messages player V; receives to the message it sends to V; 1, the following
section will go through the process of generating the message from V5 to V3 using the example worst case messages shown

in Figure [32]

Observe that the dashed line on By, v, indicates the strategy of V5 for which player Us is indifferent. All segments and
partial segments of By, v, to the left of the dashed line are mapped into By v, using the indifference curve with us = 0 as
shown in Figure 33} The vertical indifference points of By, v, mapped using this indifference curve are those which are not
primed.

All segments and partial segments of By, v, to the right of the dashed line are mapped into By, v, using the indifference
curve with uo = 1 as shown in Figure@ The vertical indifference points of By, v, mapped using this indifference curve
are indicated with a prime.

The intersections of segments of By, y, with the dashed line at V5" indicate where Uz can play any us € [0, 1]. Each V3
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Figure 34: By, v, with V;’s best responses when Uy plays 1 highlighted in red (left), a worst case polymatrix indifference
curve with a fixed strategy of up = 1 (center), and the resulting message By, y, with the mappings of the red segments also
highlighted (right).
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Figure 35: By, v, with Vs best responses when Us is indifferent highlighted in cyan (left) and the resulting By, v, with
resulting horizontal segments also highlighted (right). Each V; strategy (cyan point) where an intersection occurs is mapped
to By,.v, as a horizontal segment at v over the v interval [v}, vi']. Here, the endpoints v} and v}’ are the mappings for
ue = 0 and ug = 1, respectively.

strategy v} where an intersection occurs will be mapped to By, v, as a horizontal segment at v} over the v3 interval [v5, vél],
as these endpoints are the mappings for us = 0 and us = 1 and the indifference curves are all continuous. A visualization
can be found in Figure[35] Note that each of these segments will have a length of 3 for reasons previously explained.

Lastly, the pure strategy segments of By, v, will be determined by checking the sign above and below the indifference curve
like in a path game, as shown in Figure [36] Observe that the relative location of the positive and negative regions will be the
same in both the uy = 0 and uy = 1 indifference curves.

We will now analyze the mapping process to place a bound on the rate of segment growth along the spine. Every segment in
By, ,,v; which does not cross the vertical indifference point of U; 11 is mapped with the same principles as a polymatrix
path game. The growth rate from pure strategies is also the same. The only difference in segment growth comes from the
horizontal segments of By, , v, which cross the indifference point of U; 1. As was previously explained and can be seen
in Figures [33[i35] each of these segments can map to at most 3 segments in By,_, v, ,. The partial segments on each side
of the intersection each map to a vertical segment which extends to v} ;, and the intersection itself maps to a horizontal
segment at v7, ; connecting them.

Let my; be the total number of segments in the j-th message along the spine, By, v,. Let k; be the maximum number of
possible intersections between the segments of By, ,,v; and a vertical line at some v} ;. each vertical segment leads to a
horizontal segment, and each horizontal segment leads to either one or three vertical segments. We get the latter when the
horizontal segment in By, v, is split by the vertical line at v}, resulting in two vertical segments in By, ,, v;,, that are
shifted, plus one horizontal segment connecting the gap due to shifting. Therefore, in the worst case, the maximum number
of segments in the j + 1-st message By, ., v,,, is the following:
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Figure 36: By, y, with V;’s pure strategy responses highlighted in cyan (left), the indifference curves for each pure strategy
of uy with the intervals enabling each pure strategy superimposed using their corresponding indifference curves (center),
and By, vy, with the resulting pure strategy segments highlighted in cyan (right).

mj+1:(mj—kj)+3/€j+2:mj+2kj+2.

Thus, all that remains to find a tight upper bound is to bound the maximum number of intersections k;.

Lemma 11. Let k; be the maximum number of horizontal segments whose interiors can be intersected by a vertical line in
the j-th message in a simple caterpillar polymatrix game. In the worst case, k; = 2j + 1.

Proof. For the base case of j = 1, the statement clearly holds.

For any j > 1, we first relate k; to [;, defined as the maximum number of intersections with a horizontal line. The vertical
intervals of segments in the j 4 1-st message are the same as the horizontal intervals of the j-th message, yielding:

lj+1 = kj .

In the worst case, all vertical segments in the j-th message will map to horizontal segments in the j + 1-st message. In the
J + 1-st message, there are three sources of intersections, which can all be observed in the right plot of Figure [37] There
are the two horizontal pure strategy segments, which are capable of both overlapping the same horizontal interval as the
maximum number of intersections. These can be seen as the dark blue segments in the right plot of Figure[37} Additionally,
it is possible for one of the horizontal segments at the indifference point v} of U; to also lie on this overlapping interval. An
example of this can be seen in the middle cyan segment of Figure

Lastly, it is possible for an additional intersection to occur as a result of the relative displacement of the messages on either
side of the aforementioned indifference point v;. Consider that the previously explained method of mapping one message to
the next along the spine can be thought of in geometric terms as mapping the previous message By, , v; as if it was along a
path, then shifting the part of the message By, v;,, located on one side of the horizontal line at v} ; (the indifference
point of U; 1) and then adding horizontal segments at the location of the shift to maintain continuity. Through this process,
it is possible for vertical segments that did not overlap (or only overlapped at a point) in the previous message to be mapped
to horizontal segments that overlap over an interval. An example of this process can be seen in the mapping of the two red
segments in Figure

The reason that this geometric shifting can create at most one additional intersection in the worst case is as follows. We
assume that in the worst case, we have generated a construction where the biggest increase in the number of segments occurs
between messages. As has been previously explained, this results from the vertical line indicating U;’s indifference point
intersecting the largest number of horizontal segments. In the first message, this means placing the vertical line between the
two horizontal indifference points. As shown in the second plot of Figure [37)in cyan color, the two sides of the first message
are shifted in such a way that two vertical segments, which previously overlapped at a point, now overlap over an interval.
Picking the next indifference point to be in this interval maximizes the number of overlapping horizontal segments in the
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Figure 37: By, y, with the maximally intersecting indifference strategy of Us superimposed (left) and By, y, with the
maximally intersecting indifference strategy of Us superimposed (right).

next message, which is 5 rather than 3. The result of this process is that the interval in the next message with the maximum
number of intersections is produced by the middle horizontal segment at the strategy v of the previous message where
U; is indifferent. Notice that there is an odd number of these horizontal segments. Because these segments result from a
segment whose two regions were shifted relative to each other, the vertical segments connected on the same side all extend
in one direction, while those on the other side extend in the opposite direction.

Now, for the induction step, assume that we are starting with a message that has the previously described configuration. After
this message has been mapped as if along a path, each of the horizontal segments at v are mapped to a vertical segment
at some v} o, the mapping of v} through one of the indifference curves with a fixed pure-strategy of U, (because the
message is being mapped as if along a path). The connecting vertical segments above them in the j-th message are mapped
to segments either all to the left or all to the right of them in the j 4+ 1-st message. The vertical segments below them in
the j-the message are all mapped on the opposite side. The shifting of the two sides of v}, in the j + 1-st message can
take place in one of two possible directions. In one direction, which is illustrated in Figure [37] the shift will result in an
interval over which the horizontal segments above v’ ; and extending to v}, from the left will overlap with the horizontal
segments below v7, ; and extending to v}, from the right. In the other direction, the shift will result in an interval over
which the horizontal segments above v, ; and extending to v;}, from the right will overlap with the horizontal segments
below v7,, and extending to v}, from the left. If we were to perform the latter direction in Figure no vertical line
would have intersected both red segments because they would have shifted apart from each other.

Because of the odd number of horizontal segments at v}, and the already explained configuration of horizontal segments,
there will either be one more horizontal segment extending to v, from the right above V1 than there is below Vj11 and
one more horizontal segment extending to v}, from the left below V1 than above Vj 11, or vice versa. This means that
there is one direction where the shift can occur where there is a net gain of one intersection compared to no shifting. This is
the direction that the shift will occur in the worst case.

By construction of the shifting process, this interval over which one new interval is created will also contain one of the
new horizontal segments at v7,; (cyan segment in Figure . This means that the previous odd number of maximum
intersections must increase by two on account of shifting in the worst case and remain an odd number. Additionally, as the
previous message had an odd number of intersections at v} ;, this message will have an odd number of horizontal segments
atv;,, in the worst case.

These factors combined lead to an addition of at most 4 intersections of horizontal segments relative to those of vertical
segments in the previous message. We can therefore make the following statement about the maximum number of horizontal
segments whose interiors can be intersected by a vertical line:

Using substitution, we can find independent equations for k; and /;:

lj+1 = lj_l +4.
]ﬂj+1 == k]'71 + 4 .
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Figure 38: By, v, of a 3-spoke caterpillar with the the indifference strategies of the spokes superimposed and the best
responses of V; when each spoke player is indifference highlighted (left) and By, v, with the resulting horizontal segments
from these strategies highlighted in corresponding colors (right).

Additionally, we see from the base cases presented above that k1 = 3 and k2 = 5 in the worst case. Therefore, we can then
express the above relation with the following closed form equation:

kj=2j+1.

Making this substitution back into the first formula for the total number of segments gives us the following:

My =my 4225+ 1) +2=m; +4j+4.

Therefore, the growth of segments is linear, meaning that the number of segments in the j-th message is quadratic in j, and
the total number of segments across the downstream pass is cubic in the number of players. This gives us the following
result.

The TreeNash algorithm runs in O(n?®) time on simple caterpillar polymatrix games.

We now generalize this result to caterpillar games with a maximum number s of spoke players. An example mapping of the
first message along the spine of a 3-spoke caterpillar can be found in Figure 3§

In this case, each spoke sends a message which adds a strategy of V; for which that spoke is indifferent and a shift occurs.
For our purposes, we assume the generic case in which no two spokes become indifferent simultaneously.

Each spoke behaves in the worst case in the same way as the single spoke in the simple caterpillar case described above.
Furthermore, as shown in Figure[38] the compounding effect is linear in the number of spokes in the worst case. In particular,
for each spoke, we get two additional horizontal segments whose interiors are crossed by a vertical line in the worst case
(compared to the path case). So, whereas we had k; 1 = I; + 2 for the path case, we now have k; 1 = [; + 2s + 2, where s
is the maximum number of spokes connected to a spine node. As before, the +2 term comes from pure-strategy segments.
We get the following relationships.

mjp1 =m; + 2sk; +2.
liv1=kj.
kjt1=1;+2s+2.
kjyi1=Fkj—1+2s+2 = k; =2sj+0(1).

We see that for a maximum number of spoke players s on each spine player, k; still grows linearly in j, meaning that the
growth in my; is still linear, and so our bounds are the same as those for the simple caterpillar. This leads to Theorem 7]in the
main body of the paper.
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G.2 GRAPHICAL CATERPILLAR GAMES

Having already analyzed the polymatrix caterpillar, determining the worst case for a graphical caterpillar is considerably
simpler. The spoke players will each still have a 2 x 2 payoff matrix and send an S-shaped message to the associated spine
player with at most a single strategy for which the spoke player is indifferent.

We again start by considering the simple caterpillar. For messages sent along the spine of a simple caterpillar, the delta
function of a spine player receiving a message from the preceding spine and from its spoke player to send a message to the
next player along the spine is as follows:

Ay = av;_1u;0i41 + bvi_1u; + cv;_ V41 + duvipr + evi—y + fug + guig +h

which when isolated for v;,; becomes:

s = (bvi—1 + flu; + (evi—1 + h)
it (avi—1 + d)u; + (cvi—1 + g)

where constant a, .., h are derived from the payoffs of combinations of pure strategies.

Let v be the strategy of player V; for which spoke player U, is indifferent. For all strategies on one side of v}, U; will only
have a best response of 0, yielding the indifference curve:

evi_1+h

Vi+1 =
o cvi—1+g

Whereas on the other side of v; U; will have a fixed response of 1, yielding the indifference curve:

", _ (bteuii+(f+R)
T (@t i+ (d+g)

When V; plays the strategy v, u; is free to mix from 0 to 1 while V;_; has a fixed strategy in the generic case. While the
notion of shifting one section of the message relative to another does not carry over from the polymatrix case, mapping one
message to the next can be thought of as taking the section of the jth message on either side of v, mapping each half with
its corresponding indifference curve, and then using the u;-varying indifference curve to connect them.

The behavior which differentiates the messages propagated by graphical games from those of polymatrix games is splitting,
which increases the total number of segments, but not the number of segments which can be intersected in the worst case.
Therefore the worst case recursive relationship between the number of vertical and horizontal intersections is the same as in
the polymatrix case:

liv1 =k;

kjo1 =1, +4
i =1j-1+4
kjp1 =kj1+4

When it comes to segment growth itself, there are three differences from the polymatrix case.

First, the indifference curve when w; ranges over (0, 1) takes the form of an indifference curve for a graphical game on a
path. This means that the mappings of a horizontal segment which crosses v could either be connected by a horizontal line
segment between them, or that segment could be split, and each vertical segment could be connected to a separate horizontal
segment extending to the nearest pure strategy, effectively splitting.
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Second, it is possible for vertical segments on either side of v to be split if they happen to cross the vertical asymptote of
the corresponding indifference curve. Since each side of v; has its own indifference curve with a different vertical asymptote
in the generic case, the worst possible number of splits would be twice the maximum number of vertical segments which
can be intersected with a horizontal line.

Third, recall from the discussion of graphical games on paths that in the worst case an indifference curve can yield two
horizontal segments at one pure strategy and one at the other. Since our message combines two different indifference curves,
it is possible in the worst case that each allows 2 segments at the pure strategy it maps to for a total of 4 pure strategy
segments.

We then formulate these observations into the following equation:

mjy1 =My +3kj +2lj +4

This relation may be slightly loose since we have not produced a tight example, but it still shows that the graphical case
grows by the same order as the polymatrix case.

To generalize to a maximum-degree s graphical caterpillar, we assume like in the polymatrix case that the indifference value
of every spoke player can contribute the same segment and intersection growth. The result is the following:

kj+1 :lj+28+2
lit1 = F;
mj+1 = mj + 38/€j + (S + 1)lj + 4

Again, this result has the potential for being loose since we do not have a tight example.

The interesting result here is that maximum-degree s caterpillar games, despite having a higher degree than path games and
being a combination of the path and star games structures, are still on the same order of time and space efficiency as path
graphical games for finding a complete representation of all possible equilibria. This makes sense upon further reflection.
The splitting process of graphical games on a path depends on the number of vertical segments which can be intersected.
The segment growth caused by spoke players is based on the number of horizontal segments which can be intersected. It is
therefore logical that the combination of these processes would be additive rather than compounding.

This analysis leads to Theorem §]in the main body of the paper.
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