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Abstract

Causal effect estimation from observational data
typically assumes a single fixed observational dis-
tribution. We study the setting in which the dis-
tribution is known only to belong to a credal set,
a convex set of plausible observational laws. Our
results characterize how this observational ambi-
guity is transformed by causal identification for-
mulas. First, using standard two-point information-
theoretic tools after composition with the inter-
ventional map, we derive lower bounds for causal
effect estimation. The key message is a causal
amplification phenomenon: observational discrep-
ancies in low-propensity treatment strata can be
hard to detect while producing separated interven-
tional effects. Consequently, in the binary hard-
pair constructions, sample complexity scales as
Q(1/(moe?)) or Q(1/(Boe?)), and the average
treatment effect need not incur an additional depen-
dence on the number of strata. Second, we prove
Lipschitz bounds for the interventional mapping,
with amplification factor (1 + 1/aunin ), showing
how positivity controls robust identification width.
Third, we study minimax regret for causal deci-
sions under credal uncertainty and show that ran-
domization can halve worst-case regret in a sym-
metric action-separation construction. We also give
matching upper bounds in special cases and an NP-
hardness result for computing robust identification
width. The experiments are diagnostic checks of
the tight hard-instance scaling laws rather than
broad empirical benchmarks.

Keywords: credal sets, causal inference, sample complex-
ity, information-theoretic lower bounds, minimax regret,
imprecise probabilities
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1 INTRODUCTION

Causal inference asks what would happen to an outcome
Y if we intervened and set a treatment X to a value z.
Under standard structural assumptions, the interventional
distribution can be identified from a single observational
distribution P by formulas such as adjustment [Pearl,2000].
In many applications, however, the observational law is
not known exactly: it is estimated from finite samples, may
vary across domains, or may only be partially constrained by
substantive knowledge. We model this ambiguity by a credal
set P, a convex set of plausible observational distributions
[Walleyl, (1991} [Augustin et al., 2014].

In causal workflows, credal sets may arise from several
sources: finite-sample confidence regions around an esti-
mated observational distribution; multi-domain estimation
where the target population is assumed to lie in the convex
hull or neighborhood of observed domains; covariate-shift
uncertainty over P(Z); interval or moment constraints on
mechanisms such as P(X | Z) or P(Y | X,Z); missing-
data constraints; and sensitivity-analysis constraints. We
take P as given and study the information-theoretic conse-
quences of this uncertainty. Learning or estimating P from
data is an important complementary problem, but it is not
the focus of this paper.

A first intuition is that larger credal sets should make causal
estimation harder. Our results show that this intuition is in-
complete. The diameter of P is a feasibility condition: to
prove a nontrivial lower bound, P must contain distributions
with separated causal effects. The statistical rate, however,
is governed by how the causal map weights observational
discrepancies. In particular, low treatment propensity can
attenuate the observational divergence between two worlds
while leaving their interventional distributions separated.
Thus positivity, not only credal diameter, controls the diffi-
culty of causal estimation and decision-making under credal
uncertainty.

The technical ingredients used for lower bounds, such as
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Le Cam’s method, KL inequalities, and elementary total-
variation facts, are standard. The contribution is to apply
these tools after composition with the causal interventional
map and to make explicit the resulting causal amplifica-
tion factors. This organization also clarifies which results
are statistical templates and which statements are causal
consequences of identification through adjustment.

We make three main contributions. First, we prove two-
point lower bounds for causal effect estimation under credal
uncertainty. Proposition [2] is a warm-up no-confounding
binary construction; Corollary [5] states the general adjust-
ment lower-bound template for arbitrary hard pairs; and
Corollary [6] gives an explicit least-favorable construction
where the bound scales as (1/(8pe?) log(1/6)). Matching
plug-in and IPW upper bounds are given in Theorems [26]
and Second, we quantify how observational uncertainty
propagates to interventional uncertainty via the robust iden-
tification width W (P, x), proving the Lipschitz bound in
Theorem [I5]and showing that computing W is NP-hard in
Theorem [T9] Third, we study causal decision-making under
credal ambiguity: Theorem [23| gives a pure-action lower
bound and Theorem 24] shows that randomization achieves
a factor-two improvement in a symmetric least-favorable
construction.

2 RELATED WORK

Causal identifiability under a fixed distribution. Classi-
cal causal inference asks when interventional quantities are
identifiable from a single observational distribution. Founda-
tional results by [Pearl| [2000]], Shpitser and Pearl|[2006], and
Bareinboim and Pearl|[2016] characterize graphical condi-
tions for identifying P(Y | do(X = z)), with extensions
to partial observability, constrained model classes, selection
bias, and broader structural assumptions [Zhang et al., 2016,
Lee and Bareinboim, [2020, Bodik and Chavez-Demoulin,
2025]]. Our work instead allows the observational distri-
bution to belong to a credal set and studies estimation and
decision-making when only a set of compatible distributions
is known.

Imprecise probabilities and credal models. Credal sets
and imprecise probability theory formalize partially spec-
ified distributions [Walleyl, [1991], |Augustin et al., 2014].
Credal networks [[Cozman, 2000] extend Bayesian networks
to sets of distributions, while minimax testing under capac-
ities [Huber and Strassenl, [1973|] gives early principles for
inference under ambiguity. Recent work studies credal se-
mantics in probabilistic logic programming, higher-order
credal models, uncertain reasoning, and argumentation [|Az{
zolini and Riguzzi, 2024} Morveli-Espinoza et al., 2019,
Hibshman and Weninger, [2021]]. We integrate these ideas
with causal inference by analyzing how credal uncertainty
propagates through interventional maps.

Learning and robustness under distributional uncer-
tainty. Credal learning theory [Caprio et al.l 2024]] gives
generalization bounds when training data are drawn from a
credal set, and distributionally robust optimization [Duchi
and Namkoong} 2021] studies optimization over uncertainty
sets. Our results connect these perspectives to causal infer-
ence through sample-complexity lower bounds, Lipschitz
sensitivity bounds, and regret guarantees for causal deci-
sions under credal ambiguity.

Partial identification and sensitivity analysis. Partial
identification [Manskil, 2003]] characterizes sets of plausible
parameter values under weak assumptions, while sensitivity
analysis [[Rosenbaum), 2002} [Zhao et al., |2019] studies ro-
bustness to unobserved confounding. Modern extensions ad-
dress measurement error and continuous treatments [[Finkel!
stein et al.| [2021} |Dalal and Tchetgenl [2025]]. Our robust
identification width complements this work by quantify-
ing how TV uncertainty in the observational distribution is
amplified by intervention through explicit Lipschitz bounds.

Information-theoretic and decision-theoretic perspec-
tives. Information-theoretic tools have been used for
causal discovery and graph identifiability [Kocaoglu et al.}
2020l |Compton et al., [2022]]; we use them to derive minimax
sample-complexity bounds under credal uncertainty. On the
decision side, prior work on imprecise probabilities [Trof{
faes, 2007, Huntley et al.l [2014] studies general decision
criteria, whereas we give explicit minimax regret bounds
for causal interventions.

3 PRELIMINARIES

We briefly fix notation; standard background is deferred to
Appendix [A]

Scope and variables. The main non-asymptotic results
are stated for finite discrete variables. The treatment X is
discrete, and interventions are of the form do(X = z) for a
treatment level x in a finite action set. The sharp hard-pair
constructions use binary outcomes Y € {0, 1}; extensions
to multi-valued or continuous outcomes require additional
regularity and are discussed as future work.

Causal estimand. We consider variables (X,Y, Z) gen-
erated by an SCM with a valid backdoor adjustment set Z.
The causal effect of interest is

0(P) =Ep[Y | do(X = z)]
=N EplY | X=20,Z=4P(Z=2). D

For binary Y, this is equivalently > P(Y =1 | X =
x,Z =2)P(Z = z).
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Credal set. The observational distribution is unknown
and assumed to lie in a closed convex credal set P over
(X,Y, Z). Its total-variation diameter is

diaII’lTV(P) = Ssup dTV(P7 Q)a
P,QeP

2
dry(P,Q) = 1> |P(w) — Qw)|.
We use P as an uncertainty model over observational laws,
not as a replacement for causal structure: all causal function-
als below are assumed identifiable for each P € P under
the stated graph or adjustment assumptions.

Information-theoretic quantities. We use KL divergence
D1, and the Bretagnolle-Huber inequality:

drv(P",Q™)? <1—exp(—nDkr(P|Q)). (3)

Minimax estimation. An estimator 6, is (e, §)-correct
over P if

sup P (|0, —0(P)| >¢) <6 (@)
P*cP

4 SAMPLE COMPLEXITY LOWER
BOUNDS UNDER CREDAL
UNCERTAINTY

We first study the minimax sample complexity of estimating
an identifiable causal functional when the observational
distribution lies in P. The lower-bound logic is standard:
if P contains two observationally close distributions with
separated causal effects, no estimator can distinguish them
reliably with too few samples. The causal content is in how
such pairs are constructed. Low treatment propensity makes
differences in P(Y | X = x, Z) rare observationally, hence
small in KL, while the same differences remain fully visible
after the intervention do(X = x).

4.1 TWO-POINT LOWER BOUND VIA LE CAM’S
METHOD

We first record the standard two-point testing step used
throughout the lower-bound arguments. The causal content
in later results is not the Le Cam inequality itself, but the
construction of observationally close worlds whose inter-
ventional functionals are separated.

Lemma 1 (Two-Point Lower Bound Template). Let 6 :
P — R be a target functional. Suppose there exist Py, P, €
P such that |0(P1) — 6(FPo)| > 2e. Then, for any 6 €
(0,1/2), every (e, d)-correct estimator satisfies

10g(45(1175))
~ Dk (Bl Py)

For 6 > 1/2, the bound is vacuous.

n

Proof sketch. By Le Cam’s method [LeCam, [1973} |Cam,
1986, (&, 0)-correctness requires dry (PJ', Pl*) > 1 — 2.
The Bretagnolle-Huber inequality gives drv (Py, Pf*) <
\/1 —exp(—nDxkr,(Py||P1)). Solving for n yields the
claim. O

4.2 EXPLICIT BOUND FOR BINARY OUTCOMES

The following proposition is a warm-up construction. In the
graph X — Y without confounding, P(Y | do(X = z)) =
P(Y | X = x), so the causal functional is a conditional pro-
jection of the observational distribution. We keep this result
to expose the basic propensity mechanism; the adjustment
results below are the main causal lower bounds.

Proposition 2 (Explicit Bound for Binary Outcomes). As-
sume & € (0, 3). Consider the case where §(P) = P(Y =
1| X = x) with binary Y and no confounding. Suppose P
contains distributions Py, Py such that: (i) Py(X = z) =
Py (X = z) = mg for some my > 0; (ii) Po(Y =1 | X =
x)=poand P,(Y = 1| X = x) = py with |p1 —po| > 2¢;
(iii) Py and Py are identical except on P(Y | X = x). Then

log(r(f—a))
7o - Dicr,(Bern(po)||Bern(py))

n> 5)
If additionally P contains the symmetric hard pair with
Po = % —candp; = % + ¢, then

log<746 1 )
(1-9)
S Y B E LR ©)

1—-2¢

1 1
n= Q<7T0€2 log<5>> . 7

Proof sketch. Since Py and P; are identical except on
P(Y | X = z), the KL divergence localizes to the treated
slice: D1, (Pol|P1) = moDk . (Bern(pg)||Bern(py)). The
symmetric-pair expression follows by direct calculation, and
Lemmal [T completes the proof. The full derivation appears
in Appendix [F2] O

~ mp - 2¢log

For small ¢,

A matching upper bound is established by Theorem [26]
in Appendix [C.I} the plug-in conditional mean achieves
n = O(1/(mmine?)log(1/6)), confirming that the lower
bound is tight up to constants.

Remark 3 (Least-favorable pairs). The hard pairs above and
below are least-favorable submodels, not assumptions that
realistic credal sets vary only in one conditional. The lower
bound follows by restriction: if estimation is hard on a two-
point subset of P, it is also hard on the full credal set. These
constructions isolate the causal direction in which observa-
tional discrepancies are attenuated by treatment propensity
while interventional discrepancies are not.
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4.3 ADJUSTMENT SETTINGS: GENERAL
TEMPLATE AND EXPLICIT PROPENSITY
SCALING

For the adjustment case with §(P) => > P(Y =1 | X =
x,Z = z)P(Z = z), the relevant hardness is driven by
treatment propensity, not by the joint probability of each
stratum alone.

Definition 4 (Positivity Constants for Adjustment). For
credal set P with adjustment set Z, the conditional positivity
or propensity is

Bunin(P) = fnf min P(X = 2| Z = 2), (8)

and the effective overlap is

1
)= Eleag) O

Corollary 5 (Adjustment lower bound for arbitrary hard
pairs). Let(P)=> PY =1|X=2,Z=2)P(Z=
2) be identifiable by adjustment. Suppose P contains Py, P
such that |0(Py1) — 0(Py)| > 2e. If § € (0,1/2), then any
(e, d)-correct estimator requires

1
10g(45(1—5))
n >

_ 7 10
Z Drer(Po P1) (10

In particular, whenever a least-favorable pair has observa-
tional KL attenuated by the propensity of observing X =
the resulting lower bound inherits the corresponding propen-
sity dependence.

Proof. This is Lemmal[T]applied to the adjustment functional
0. The statement is intentionally pairwise: any two obser-
vationally close but interventionally separated distributions
inside P certify hardness for the full credal set. O

Corollary 6 (Adjusted case, Propensity-Driven Bound).
Let G be a causal graph where the effect of X on'Y is
identifiable via adjustment set Z. Assume 'Y € {0,1} and
0 € (0, %) Suppose P contains distributions Py, Py satis-
fying the uniform-shift construction: (i) Po(Z) = Py (Z);
(i) Po(X =z | Z=2) = PI(X =2 | Z=2) = e(z) forall
z, with min, e(z) = By, (iii) Po(Y =1 | X =2,Z=2) =
L —cforall z; (iv) PI(Y=1|X=2,Z=2) = 1 +¢ for
all z; and (v) all other conditionals are identical. Then

log(m)

> . 11

"= Py(X =x) - 2elog 122 (b
If additionally Py(X =x) = [y, then
1 1

=Q(=—=log=-]). 12

n=9( 5 05) (12

Proof sketch. Under the uniform shift construction,
0(Py) = 1/2 — ¢ and (P1) = 1/2 + . The KL
divergence localizes to observations with X = =z, so
Dir(Po||P1) = Po(X = x) - 2clog 1155, Applying
Corollary [ yields the bound. The full proof is in

Appendix O

Example 7 (Adjustment hard pair with nonuniform propen-
sity). Let Z € {0,1} with P(Z = 0) = P(Z = 1) = 1/2,
andlet P(X =1|Z=0)=0land P(X =1| Z =
1) = 0.3,s0 P(X = 1) = 0.2. Suppose Py and P; share
P(Z) and P(X | Z), and differ only in the treated outcome
conditional: Pp(Y = 1| X =1,Z=2) =1/2—¢ and
P(Y=1|X=1,Z=2z2)=1/2+¢forboth z =0, 1.
Then, for the adjustment estimand (P) =, P(Y =1
X =1,Z=2)P(Z = z),wehave |0(P) — 6(Fo)| = 2.
However, Let by = Bern(1/2 + ¢). Then

Dxv(Pol[Pr) = P(X = 1) Dk (b-|b4)
=0.2{8% + O(e")}.

Thus the two worlds are observationally close because the
distinguishing conditional is observed only among treated
units, while their interventional laws under do(X = 1)
remain separated. This illustrates the propensity-dependent
amplification behind the lower bound.

The positivity condition is satisfied, for example, by any
credal set P for which there exist constants cz,cx > 0
such that, for all P € P and all relevant z, P(Z = z) > ¢y
and P(X =x | Z = z) > cx. Then

amin(P) = IyelgijmP(X =ux,7 =2z)>czex > 0.
Thus apmin(P) > 0 is an overlap condition over the
whole credal set, not an automatic property. The critical
observation is that the sample complexity for the ATE
depends on the marginal treatment probability P(X =
x) = Y. e(z)P(z), not on the joint positivity aumin =
min, P(X = z,Z = z). In the canonical equal-mass,
constant-propensity design, amin, = /K scales with K,
but P(X =x) = (3 is independent of K. A matching upper
bound via IPW [Horvitz and Thompson, [1952] (Theorem[27]
Appendix confirms this: the IPW estimator achieves
n = O(k(P)e2log(1/6)), where k < 1/Bumin.

This absence of K -scaling is specific to averaged effects. If
the goal is to estimate P(Y | X = z,Z = z) uniformly
for every z, then each stratum must be estimated separately,
requiring 2(K) samples. The distinction is practically im-
portant: ATE estimation averages over strata, while uniform
conditional estimation requires adequate samples in every
stratum.

Remark 8 (Role of credal diameter). The credal diameter
A = diamyy (P) enters the lower bounds only as a feasi-
bility condition: P must contain distributions whose causal
effects differ by at least 2¢. Conditional on such a hard pair,
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the sample complexity is governed by observational KL,
and the constructions show that this KL can be controlled
by positivity/propensity rather than by A alone.

5 ROBUST IDENTIFICATION WIDTH
UNDER CREDAL UNCERTAINTY

We next characterize how observational uncertainty prop-
agates to interventional uncertainty. With infinitely many
samples from a single fixed P* € P, an identifiable causal
effect is point-identified for that P*. A different question
remains: if the true observational law is only known to lie
somewhere in P, how much can the intervention law vary
across plausible worlds? This is relevant for multi-domain
data, distribution shift, finite-sample uncertainty sets, and
partial mechanism knowledge.

5.1 DEFINITIONS

Definition 9 (Interventional Mapping). For a causal graph
G and intervention do(X = z), define the interventional
mapping &, : P — A(Y), P — P(Y | do(X = x)),
where A()) is the simplex of distributions over outcome
Y.

Definition 10 (Robust Identification Width). The robust
identification width of the causal effect over credal set P is

W(P,x) = sup dpy(®.(P),®.(Q)). (13)
P,QeP

Definition 11 (Robust Identifiability). The causal effect
P(Y | do(X = =z)) is robustly point-identified over
P if W(P,z) = 0, robustly partially identified if 0 <
W (P, z) < 1, and robustly non-identified if W (P, x) = 1.

The quantity W (P, z) can exceed diampy (P) because
adjustment involves conditioning on treatment strata. The
threshold for robust non-identification is therefore W =1,
the maximum possible TV distance between outcome distri-
butions, not W = diampy (P).

5.2 LIPSCHITZ BOUND ON THE
INTERVENTIONAL MAPPING

Definition 12 (Joint Positivity). For the Lipschitz analysis,
define

Omin(P) = inf min P(X =2,Z=z).  (14)

The bounds below assume ai, (P) > 0.

Example 13 (When joint positivity holds). If every P € P
satisfies P(Z = z) > (pand P(X =2 | Z = z) > [y for
all relevant cells, then P(X = x,Z = z) > (pfo, hence
amin(P) > (oPo- This condition is an overlap assumption;
it is not automatic.

Lemma 14 (Standard TV bound under conditioning). Let
P, Q be distributions on a finite space ) and let B C ()
with P(B),Q(B) > 0. Then

drv(P,Q)

dry(P(-| B),Q(- | B)) < min{P(B),Q(B)}

Proof sketch. This is the standard TV conditioning inequal-
ity: restrict both measures to B, normalize, and bound
the resulting ¢; difference by the unconditional ¢; differ-
ence divided by the smaller conditioning mass. See Ap-

pendix [F4] O

Theorem 15 (Lipschitz Bound for the Adjustment Map).
Let the effect of X on'Y be identifiable by a finite adjust-
ment set Z, and let ®,(P) denote the interventional law
obtained from the adjustment formula. Assume joint positiv-

ity Qmin(P) > 0. Then, for any P,Q € P,

A1y (B2(P), 02(Q)) < (1 i ) dry(P,Q).

Omin (P)

Consequently,
W(P,x) < min{l, <1 + Oémli(P)> diaInTv(P)} .

Proof sketch. Apply the adjustment formula and split the
difference into the change in adjustment weights and the
change in conditionals P(Y | X = x,Z = z). The for-
mer is bounded by drv (P, @), while the latter is bounded
by Lemma [14]and positivity by drv (P, Q)/cmin(P). This
yields the Lipschitz bound; taking the supremum over
P, @ € P gives the width bound. O

Proof sketch. By adjustment, ®,(P) = > P(- | X =
x,Z = z)P(Z = z). The TV distance between the two mix-
tures is bounded by the difference in stratum weights plus
the weighted difference between conditionals. The stratum-
weight term is at most dry (P, Q)), while each conditional
term is bounded by Lemma[T4]and joint positivity. The full
proof is in Appendix [F3] O

Theorem [T3]is the causal robustness statement; Lemma[I4]
is only the standard TV ingredient. The theorem shows that
the adjustment map can amplify observational uncertainty
by a factor controlled by joint positivity. The bound is worst-
case: for benign credal sets, such as small balls around
well-conditioned distributions, the empirical width may be
far below the Lipschitz upper bound.

Corollary 16 (Bounded Robust Width under Strong Positiv-
ity). If amin(P) > ag > 0, then W(P,x) < min{1, (1 +
1/ag)diampy (P)}. If the credal diameter A is small com-
pared to ag /(1 + ay), the robust identification width is also
small.
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Corollary 17 (Near-Positivity Allows Maximal Width).
For every n > 0, there exists a closed, convex credal
set Py, such that diamry (P,) < 1 and amin(Py) = 1,
yet W(P,,x) = 1. Consequently, no bound of the form
W(P,x) < Cdiampy (P) can hold uniformly over classes
with arbitrarily small iy, and the factor 1/aniy, in Theo-
rem[I3]is unavoidable.

Proof. Take Z degenerate, X € {0,1} with P(X =
1) = n,and Y € {0,1}. Let Py and P, agree ex-
cepton {X = l}rset Pp(Y =1 | X =1) =0
and /(Y = 1 | X = 1) = 1, with both having
P(Y =1 | X = O) = 0. Then dTv(Po,P1> = 7 but
dTV((I)I(PO)7q)1 (Pl)) = 1.Let73,, = COHV{Po,Pl}.Then
diampy (Py) =1, amin(Py) = n,and W(P,,1) =1. O

5.3 COMPUTATIONAL COMPLEXITY

Proposition 18 (Bilinear Program for W). If P is specified
by linear constraints on conditional probability table (CPT)
blocks, then computing W is a bilinear program. If P is
specified by constraints on the joint distribution, the problem
involves a nonconvex sum-of-fractions optimization; see

Appendices[D.I|and[D.2)]

Theorem 19 (NP-hardness of W; see Appendix [D.3). De-
ciding whether W (P, x) > T for a rational threshold T is
NP-hard, even for binary Y, trivial X, and K > 2 strata.
The proof proceeds by a polynomial-time reduction from
maximum clique using the Motzkin—Straus theorem.

This intractability clarifies why exact robust identification
widths are not merely a matter of evaluating a closed-form
formula. It is consistent with the broader literature on credal
network inference, where exact bounding tasks are NP-hard
even for restricted graph classes [Maua et al., [2013]].

6 MINIMAX REGRET FOR CAUSAL
DECISIONS

We now establish decision-theoretic consequences of credal
uncertainty. The estimation and regret results use the same
principle: two observationally plausible worlds can have
separated interventional or decision-relevant quantities.

6.1 SETUP

Definition 20 (Causal Decision Problem). A causal decision
problem consists of an action space A of possible interven-
tions, an outcome space ), a utility function u : AxY — R,
and an unknown true distribution P* € P. The expected util-
ity of action a under P is Up(a) = Ep(y|do(a)) [u(a, )],
and an optimal action is a* (P) € argmax,ec 4 Up(a).

Definition 21 (Regret). The regret of action a under distri-
bution P is

R(a,P) = Up(a*(P)) — Up(a). 15)

For a randomized decision rule 7 € A(A), define Up () =
Eur|Up(a)] and R(w, P) = Up(a*(P)) — Up(r).

For meaningful regret lower bounds, we require a non-
degeneracy condition ensuring that no single action hedges
well across the least-favorable worlds.

Definition 22 (Strongly Action-Separating Credal Set). For
P € P, let a}, € argmaxgea V(a; P) and R(a, P) =
V(ap; P)—V(a; P). A credal set P is (g, Py, Py)-strongly
action-separating if there exist two worlds Py, P; € P such
that, for every pure action a € A,

max{R(a, Py), R(a,P1)} > g.

Here Py, P, are distributions, not actions.

This condition is stronger than merely requiring different op-
timal actions under P, and P;. A weaker condition would
not suffice because a third action might achieve low re-
gret under both worlds. The condition is therefore a least-
favorable decision construction, not a claim that all credal
decision problems are strongly separated.

6.2 PURE MINIMAX REGRET

Theorem 23 (Minimax Regret Lower Bound, Pure Actions).
Let P be a (g, Py, P1)-strongly action-separating credal set.
Then

i P)>g. 1
e e P 2 0 o

Proof. By strong action-separation, for every a € A,
max{R(a, Py),R(a,P1)} > g¢. Since Py,,P, € P,
maxpep R(a, P) > g for all a, and minimizing over a
preserves the bound. O

6.3 RANDOMIZED MINIMAX REGRET

When randomized decisions are allowed, the minimax regret
can be reduced in the symmetric least-favorable construc-
tion. The factor two is a hedging effect: if action a is better
by g in world P and action a; is better by ¢ in world Py,
any deterministic rule commits to one action and suffers re-
gret g in the opposite world. A randomized rule that chooses
each action with probability 1/2 suffers regret g/2 in both
worlds. This does not mean arbitrary randomization always
halves regret; the statement relies on the symmetric action-
separation assumptions below.
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Theorem 24 (Minimax Regret with Randomization). Let P
contain Py, Py such that: (i) ag = a*(Py) # a*(P1) = ay;
(ii) Up, (ao) — Up,(a1) = g and Up, (a1) — Up, (ao) = g;
and (iii) for all a ¢ {ag, a1}, R(a, Py) > gand R(a, Py) >

g. Then

min max R(w, P) = g

17
rEA(A) PEP 2’ a7

achieved by 7 = 164, + 104,

Proof sketch. For any , let pg = 7(ag) and p1 = 7w(a1).
Under Py, not playing aq incurs regret at least g, so
R(m,Py) > (1 — pg)g. Under Py, R(mw, P1) > (1 — p1)g.
Hence the worst-case regret is at least max{(1 — pg)g, (1 —
p1)g}, which is minimized at py = p; = 1/2. The pol-
icy 7* attains g/2 in both worlds. The full proof is in Ap-
pendix [F.6] O

Corollary 25 (Pure vs. Randomized Gap). Under the con-
ditions of Theorems[23|and[24} the pure minimax regret is
g and the randomized minimax regret is g/2. If no strongly
action-separating pair exists, for example when all distri-
butions in ‘P share the same optimal action, minimax regret
can be small even for large credal diameter.

7 PRACTICAL PROCEDURES

The optimization problems introduced in Sections|[5]and [6]
directly yield practical procedures for (i) constructing credal-
robust causal effect intervals and (ii) selecting actions under
distributional ambiguity.

We consider two estimation settings. When the credal set is
specified a priori, causal effects are obtained by optimizing
the causal functional over the admissible distribution set.
When the credal set is constructed from data, finite-sample
guarantees follow from total-variation concentration. For de-
cision making, we implement a conservative minimax-regret
rule based on lower and upper bounds on interventional util-
ities.

For completeness, detailed pseudocode for all procedures is
provided in Appendix

8 EXPERIMENTS

All experiments are diagnostic checks of the main scaling
laws using synthetic discrete SCMs. They are not intended
as broad empirical benchmarks or as evidence that the hard
pairs arise automatically in realistic causal workflows. In-
stead, we instantiate the least-favorable constructions from
the proofs, where the bounds are expected to be tight, and
verify the predicted dependence on positivity, accuracy,
strata count, robust width, and regret. We define the em-
pirical sample complexity n* as the smallest n such that
the worst-case error probability over the evaluated distribu-
tions is at most 6. Monte Carlo quantities are averaged over

(@)n" «1/mp (slope =-0.97) (b)n" «1/e? (slope =—2.10)

-~ Empiricaln®
4 Theory lower bound
Slope ~2

-8 Empiricaln®
48 Theory lower bound
Slope -1

Sample complexity n*
"
Sample complexity n*

Marginal positivity o = P(X=1) Accuracy tolerance £
Figure 1: Sample complexity validates Proposition
(a) Log-log plot of empirical n* vs. marginal positivity mo;
fitted slope —0.97 matches theory (—1). (b) Log-log plot of
n* vs. accuracy c; fitted slope —2.10 matches theory (—2).
Dashed lines show theoretical lower bounds; dotted lines
show reference slopes.

repeated trials; deterministic computations, such as exact
minimax regret, are reported without uncertainty bands.

8.1 EXPERIMENT 1: SAMPLE COMPLEXITY
SCALING (PROPOSITION]2)

We validate the sample complexity scaling n* =
Q(1/(moe?)) using the symmetric Bernoulli hard pair from
Proposition [2| The design uses binary (X, Y") with no con-
founding: P(X = ) = mp, Po(Y =1 | X = z) =
1/2—¢, P (Y =1| X =) =1/24¢, and Py, P; identi-
cal elsewhere. We sweep 7o € {0.05,0.1,0.2,0.4} at fixed
e = 0.05 and 6 = 0.05, and sweep ¢ € {0.02,0.05,0.1} at
fixed mp = 0.1 and § = 0.05, using the plug-in estimator
p=P(Y =1]| X = z) over 500 trials per configuration.
Figure[T]shows log-log plots of empirical sample complexity
against marginal positivity and accuracy. The fitted slopes
(—0.97 and —2.10) closely match the theoretical predictions
(—1 and —2), confirming the propensity-driven scaling. The
empirical n* exceeds the lower bound by a constant factor,
as expected for a Le Cam lower bound.

8.2 EXPERIMENT 2: ATE VS. UNIFORM
ESTIMATION (COROLLARY @)

A natural question is whether sample complexity scales
with the number of strata K. Figure [2] resolves this in the
least-favorable adjustment construction: for ATE estimation,
the fitted slope is approximately 0.11, while for uniform
conditional estimation, the fitted slope is approximately
1.26. The design uses a fork graph (Z — X, Z — Y,
X = Y) with K € {2,4,8,16,32} strata, equal-mass
constant-propensity P(Z = z) = 1/K and P(X = x |
Z =2z) =0.2,and ¢ = 6 = 0.05 over 200 trials per K;
see Table[T] This validates the distinction in Corollary [6} the
ATE averages over strata, so rare strata receive small weight,
whereas uniform estimation requires adequate samples in
every stratum.
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Table 1: Sample complexity for ATE vs. uniform conditional
estimation as a function of strata count K. ATE remains
approximately constant, while uniform estimation scales
nearly linearly with K.

K n:‘k\TE n%niform Ratio
2 1,837 4,867 2.6
4 1,460 9,324 6.4
8 1,536 26,202 17.1

16 1,779 57,710 324

32 2443 151,590 62.1

ATE: O(1) vs Uniform: O(K)

-@ ATE (slope ~0.11)
4l Uniform (slope = 1.26)

Sample complexity n*
2
.

o\.___,//.(‘

10% 4 ATE averages
over stratg

10
Number of strata K
Figure 2: ATE sample complexity does not scale with K
in the constant-propensity adjustment construction. ATE
averages over strata, so rare strata contribute less; uniform
conditional estimation requires adequate samples in every
stratum.

8.3 EXPERIMENT 3: ROBUST IDENTIFICATION
WIDTH (THEOREM

We validate the Lipschitz bound W (P, z) < min{1, (1 +
1/amin)A} in two positivity regimes. The design uses a
fork graph with adjustment, KX = 4 strata, and a TV-ball
credal set of radius 7 = A/2 = 0.05 around a base distribu-
tion Py (so A = 0.10). Positivity is controlled by choosing
min, Py(X = x,Z = z) = aumin + r. We approximate W
by sampling 500 pairs (P, Q) € P with dry (P,Q) = A
and computing dpy (P, (P), ®,(Q)). Under strong positiv-
ity (aunin = 0.15), the theoretical bound is 0.77 and the em-
pirical width is 0.07. Under weak positivity (omin = 0.02),
the theoretical bound saturates at 1.0 and the empirical width
is 0.22. The gap is expected: Theorem [I5]is a worst-case up-
per bound, and random search need not find adversarial pairs
that achieve it. In implementations with random search, this
step can be repeated over multiple seeds to report variability
of the approximation to W.

8.4 EXPERIMENT 4: MINIMAX REGRET GAP

(THEOREMS

We verify the pure vs. randomized regret gap under strong
action separation using exact computation rather than Monte
Carlo. We construct two actions {ag, a; } with binary out-
come and utility u(a,y) = W[y = 1], with Up,(ag) = 1,
Upy(a1) =1—g,Up,(a1) = 1,Up, (ag) = 1 — g, and vary
g € {0.1,0.2,0.3,0.4,0.5}. For all g, the pure minimax
regret equals g, while the randomized minimax regret at
7 = (1/2,1/2) equals g/2, yielding a constant ratio of 2.
This confirms that randomization halves worst-case regret
in the symmetric least-favorable construction; it is not a
universal claim about arbitrary credal decision problems.

8.5 SUMMARY

Table 2] summarizes the diagnostic validation. The exper-
iments test the theory at its tightest points rather than on
arbitrary real-data instances. All predicted scalings are ob-
served: sample complexity follows 1/(mpe?), ATE has no
K -dependence while uniform estimation scales with K, the
Lipschitz bound holds with the predicted positivity ampli-
fication, and randomized policies achieve the factor-two
regret improvement under strong action-separation.

9 DISCUSSION

Tightness and upper bounds. Empirical sample com-
plexity exceeds the lower bound by a constant factor, as
expected for Le Cam-type lower bounds. The matching
upper bounds in Appendix [C| show that the rates are tight
in the main special cases: the plug-in estimator achieves
O(1/(mming?)log(1/8)) without confounding, and IPW
achieves O(r(P)e~2log(1/6)) with known propensity.

What is standard, and what is causal. The information-
theoretic tools used in the lower bounds are standard. The
causal contribution is the identification of how these tools
behave after the observational distribution is mapped to an
interventional quantity. The same observational TV or KL
diameter can lead to different causal difficulty depending
on treatment propensity and adjustment weights.

Computation. Exact computation of W (P, x) is NP-hard
(Theorem [T9). Practical approximations include convex re-
laxations, alternating maximization, and mixed-integer for-
mulations for small instances. This computational result
explains why robust identification width is nontrivial to
compute even in discrete settings.

Scope and extensions. The main concrete results are for
finite discrete variables, with binary outcomes in the sharp
hard-pair constructions and simple adjustment structures.
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Table 2: Experimental validation of the theoretical predictions. Slopes are fitted by log-log regression. Sampling-based
quantities are computed from repeated trials; exact regret calculations are deterministic.

Result Prediction Empirical Status
Prop. |2 n* o< 1/mg slope = —0.97 v
Prop. |2 n* o 1/e2 slope = —2.10 v
Cor.|6 ATE: O(1) in K slope = 0.11 v
Cor. |6 Uniform: O(K) slope = 1.26 v
Thm.[15] W < (141 /amn)A  0.07<0.77,022<1.0 V
Thm. 23124] Pure/Randomized = 2  ratio = 2.00 v

For outcomes with more than two categories, the binary
construction can be embedded into two categories. Continu-
ous outcomes, continuous confounders, and general DAGs
require additional assumptions such as density-ratio control,
smoothness, or kernel-based uncertainty sets.

Credal set learning. We assume the credal set is given.
This abstraction is appropriate for studying information-
theoretic limits, but practical causal workflows must esti-
mate or elicit P. Credal sets may come from finite-sample
confidence regions, multi-domain data, covariate-shift neigh-
borhoods, partial mechanism constraints, missing-data as-
sumptions, or sensitivity-analysis models. Developing statis-
tically valid methods for learning such sets is an important
direction for future work.

10 CONCLUSION

We have studied causal inference when the observational
distribution is known only through a credal set. The central
message is that causal uncertainty is not governed by credal
diameter alone: identification formulas can amplify or at-
tenuate observational uncertainty depending on positivity.
In the discrete hard-pair constructions, sample complexity
scales as Q(1/(moe?)log(1/4)) or Q(1/(Boe?)log(1/6)),
and ATE estimation avoids the additional K -scaling that
appears in uniform conditional estimation. Robust identifica-
tion width is controlled by a Lipschitz factor (1 4+ 1/cumin),
while causal decision-making under strongly separated
credal ambiguity admits a factor-two improvement from
randomization. Together, these results provide information-
theoretic and decision-theoretic foundations for studying
how observational credal uncertainty propagates through
causal maps.
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A  BACKGROUND DEFINITIONS

A.1 STRUCTURAL CAUSAL MODELS
A structural causal model (SCM) is a tuple M = (U, V, F, P(U)) with endogenous variables V, exogenous variables U,
and structural equations V; = f;(Pa,;, U;) defining a causal graph.

An intervention do(X = z) replaces the structural equation of X by the constant z, producing a modified model M, with
interventional distribution P .

If a backdoor adjustment set Z exists,

P(Y |do(X =2)) =Y P(Y|X =2,Z=2)P(Z=2). (18)

A.2 CREDAL SETS

A credal set P over a finite sample space €2 is a nonempty closed convex set of probability distributions.

Lower and upper probabilities are

P(A) = inf P(A),  P(A4) = sup P(A).
A.3 INFORMATION THEORY
The KL divergence is
w
Drr(P|Q) = ZP (w;

We use the Bretagnolle-Huber inequality
dry (P", Q™) < 1 — exp(—nDk(P||Q)).

B ALGORITHMS AND PRACTICAL PROCEDURES

We present algorithms for estimating causal effects and making decisions under credal uncertainty. These procedures
implement the optimization problems introduced in the main text and provide deterministic or finite-sample guarantees
depending on how the credal set is specified.

*Correspondence: khanh.nguyenquoc @phenikaa-uni.edu.vn
*Correspondence: khanh.nguyenquoc @phenikaa-uni.edu.vn
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B.1 CREDAL-ROBUST CAUSAL EFFECT ESTIMATION

We consider two settings depending on whether the credal set is fixed a priori or constructed from data.

Algorithm 1 Robust Interval under Fixed Credal Set

Require: Credal set P (fixed and known a priori), treatment value x, adjustment set Z
Ensure: Interval [0, 0] for E[Y | do(X = x)]

1: Compute § = inf pep 0(P)

2: Compute 6 = sup pep 0(P)

3: return [0, 0]

If the true distribution P* belongs to P, then the resulting interval contains the true causal effect deterministically:
o(P*) € [0,0).
When P is specified by constraints on joint probabilities and adjustment is required, the optimization involves a sum-of-

fractions objective (Appendix [D.2)). Practical approaches include bilinearization using auxiliary conditional variables or
mixed-integer reformulations.

Algorithm 2 Statistical Credal Interval

Require: Dataset D = {(z;,v;, z;) }7_,, confidence 1 — ¢, treatment value z, adjustment set Z, sample space size m = |{}]|
Ensure: (1 — §) confidence interval [6,,, 0,,]
1: Compute empirical distribution P from D
Set 7o (8) = /log((2" — 2)/3)/(2n)
Construct P, (8) = {P : dpy (P, P) < r,(6)}
Compute 0,, = infpep, (5) 0(P)

Compute 0,, = suppep, () 0(P)

AN AN S

return [0,,,6,,]

By the finite-alphabet total-variation concentration bound of Weissman et al.,
Pr(dTV(Pn, Py < rn(a)) >1-6.

Conditioned on this event, P* € P, (§) and therefore §(P*) € [0,,,0,]. Algorithm [2| assumes a finite sample space;
continuous settings require Wasserstein balls or kernel-based uncertainty sets.

B.2 CONSERVATIVE MINIMAX REGRET DECISION RULE

Algorithm 3 Conservative Minimax Regret Upper Bound Rule

Require: Action space A, credal set P, utility u
Ensure: Action adygn
: for eacha € Ado
Compute U7, ((L) = infpep EP(Y\do(a)) [u(a, Y)]
Compute Uy (a) = suppep Ep(yido(a))[u(a, Y)]
Compute R(a) = max, e 4 Uy (a') — Ur(a)
end for
return af,g = arg minge 4 R(a)

AN A A e

This rule is conservative because the supremum and infimum may be attained at different distributions. For all actions a,

< R(a).
max R(a,P) < R(a)

When the credal set is polytopic over interventional distributions, exact minimax regret can be computed by solving |.A|
linear programs (Appendix [F7)).
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C MATCHING UPPER BOUNDS FOR SAMPLE COMPLEXITY

The main text establishes information-theoretic lower bounds of order n = Q(1/(positivity - £2) log(1/4)) in the binary
hard-pair setting (for § < 1/2). Here we prove matching achievability upper bounds up to constants.

C.1 NO-CONFOUNDING CASE

Setting. Assume (X,Y") are observed i.i.d. from some unknown P € P. The causal estimand is identifiable without
adjustment: (P) = Ep[Y | do(X =z)] = Ep[Y | X =z]. Assume Y € [0, 1] and a uniform positivity lower bound
Tmin = Inf pep P(X =2) > 0. Define the plug-in conditional mean estimator:

n

~ L 5" vi1{X, = N, >0
0= {é\jr 2im1 { v} Nx : 0 where N, 1= ; 1{X; ==} (19)

Theorem 26 (Achievability; no confounding). Forany e € (0,1] and § € (0, 1),

sup P”(|§f o(P)| > 5> <5 (20)
pPecP
whenever
8 2 1 4
> - - =
n > max{ p— log FA— log 5} 21

In particular, n = O (%52 log %)

Proof. Fixany P € P.Letw := P(X =2) > Tmin.
Step 1: Ensure enough treated samples. N, ~ Bin(n, 7). By the multiplicative Chernoff bound (with deviation 1/2),
o< ) <onl 1)

Since ™ > Tpin, we have { N, < nmmin/2} C {N, < nw/2}. Therefore

Step 2: Conditional concentration given N,. Conditional on N, = m > 0, the m observed outcomes with X; = x are i.i.d.
from P(Y | X =), bounded in [0, 1], with mean 6(P), and @ is their sample mean. By Hoeffding’s inequality [Hoeffding,
1963]|:

P(|§— O(P)| > ¢ ’ N, = m) < 2exp(—2me?) (24)
On the event N, > nmyin/2, we have m > nmmin /2, hence

2 exp(—2me?) < 2exp(—nTmine?) (25)

Step 3: Combine by the law of total probability.

P(\é— 9(P)| > e) < P(Nl. < %) +P(|§— o(P)| > ¢, N, > %) (26)
< exp( =22 )+ 2exp(—nmine?) @7)
Choose n so that each term is < §/2. Since the bound depends only on iy, taking sup pcp preserves it. L

In the symmetric hard-pair construction (Proposition , the KL scales as moe?, giving n = Q(1/(me?) log(1/4)). Theo-
rem [26]shows a matching upper bound when 7, plays the role of 7.
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C.2 ADJUSTMENT CASE WITH IPW

Setting. Assume back-door adjustment is valid with covariates Z, and there exists a known function e : Z — (0, 1] such
that for every P € P, P(X =z | Z=2) = e(z) for all z. Assume Y € [0, 1], and define By := inf, e(z) > 0 and
k(P) :=suppep Ep[l/e(Z)]. Use the IPW estimator:

Orpw _E;W (28)

Theorem 27 (Achievability; adjustment via IPW). Under the known-propensity assumption, for any € > 0 and 6 € (0,1),

sup P" (|§IPW —9(P)| > s) <6 (29)
PeP

whenever

2k(P) 2 1 1 2
> z - z
n > < =2 + 35 5) log 5 30)

For the usual accuracy regime € < 1, the 1/c? term dominates, giving n = O(k(P)/e? - log(1/6)).

Proof. Fix P € P.Define W; := 1{X; = z}Y;/e(Z;). Then é\IPW = % > Wi

Step 1: Unbiasedness. Conditioning on Z = z, since 1{X = 2} is Bernoulli with mean e(z):

Ep[W; | Z=2z2] = % ce(z) EplY | X=u,Z=2=EplY | X=1,Z=2] 31

Taking expectation over Z yields Ep[W;] = 0(P).
Step 2: Almost-sure bound. Since Y € [0,1] and e(Z) > Bmin, 0 < W; < 1/Bmin =: B.

Step 3: Variance bound reveals k. Because 0 <Y <1,

Ep[W? | Z] < = (32)

So Varp(W;) < Ep[W?] < Ep[l/e(Z2)] < k(P) =: o2
Step 4: Apply Bernstein’s inequality. Let X; := W; — E[W;]. Then \)~Q| <Band})_, E[)?f] < no?. Bernstein’s inequality

gives:
1 &= ne?
Pl |- X;| > <2 - 33
(nz 5)_ exp( 202+§B€) (33)

i=1
Setting the RHS < ¢ and solving for n gives the theorem. U

In the equal-mass constant-propensity example from Remark 3.3 of the main text, e(Z) = (3, hence k = 1/, independent
of K.

Remark (Unknown propensity). If the propensity ep(-) varies across P € P and is unknown, the IPW estimator above

is not implementable. Achievability in the minimax sense with unknown propensity would require analyzing doubly-robust
or cross-fitted estimators; we defer this to future work.

C.3 STANDARD INEQUALITIES

Two key ingredients used in the lower-bound machinery (Section ) are standard:

The inequality d7v (P, Q) < \/1 — exp(—Dk,(P||Q)) is the Bretagnolle-Huber inequality, commonly used for Le Cam
testing lower bounds.

The finite-alphabet concentration used in Algorithm Pr(||]3n — P||1 > ) < (2™ — 2) exp(—ne?/2), is (up to constants)
the Weissman-Ordentlich-Seroussi-Verdu-Weinberger bound for the ¢; deviation of the empirical distribution.
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D COMPUTATIONAL COMPLEXITY OF W (P, x)

D.1 BILINEAR PROGRAM UNDER CPT-BLOCK CONSTRAINTS

Assume Y and Z are finite and the causal effect is identifiable via back-door adjustment. Suppose P is specified by linear
constraints on the CPT blocks p, := P(Z=z) and m,, := P(Y =y | X =z, Z =z), together with simplex constraints.
We identify each P € P with its admissible CPT blocks (p, m), so P denotes the feasible polytope in block space.

Proposition 28 (Bilinear program for W). Under the CPT-block specification,

W(P, ZL') = ! szmyz - Z qzMyz (34)
y z z

max -
(p,m)€P, (¢,n)EP 2

This is a nonconvex (piecewise bilinear) program because the expressions p,m,,, and g.n,. multiply decision variables, and
the objective involves absolute values of these bilinear expressions. Since P is compact and the objective is continuous, the
supremum is attained. The absolute values can be encoded exactly using binary variables: let a, 1= > p.my. — Y. ¢.Nyz,
with a, € [—1, 1]. The standard big-M encoding of ¢, = |a, | requires M = 2 and binary variables b, € {0,1}:

ty > ay, ty>—ay, ty<ay,+2(1-2by), t,<—a,+2b, (35)

Maximizing % Zy ty yields a mixed-integer bilinear program.

Proof. Start from the definition W (P, ) = supp gep drv (P, (P), ®.(Q)). Using the adjustment formula, ®,.(P)(y) —
@,.(Q)(y)=>,Ply|z,2)P(z) = >, Qy | z,2)Q(z). Renaming variables yields the stated expression. O

Because the objective is nonconvex in (p, m), the optimum need not occur at extreme points of the CPT-block polytope. For
small instances, exact solutions can be obtained via the mixed-integer reformulation above or global nonconvex solvers;
these are exponential in the worst case.

D.2 SUM-OF-FRACTIONS UNDER JOINT DISTRIBUTION CONSTRAINTS

When P is specified by linear constraints on the joint distribution r,, .+ ., = P(Y =y, X =1', Z = z), the interventional
mapping involves ratios P(y | z,2) = ry . ./s. Where s, = Zy/ Ty z,-. We assume uniform conditional positivity: there
exists Bmin > 0 such that P(X =2, Z=2) > fminP(Z=2) for all P € P and all z. In joint-mass variables, this is the
linear inequality s, > SBminp, where p, = P(Z=z2).

Plugging into ®,(P)(y) =Y, P(y | =, z) P(z) yields

e, (P)(y) = Y Ly, (36)

z:p, >0 z

a sum-of-fractions in the joint-mass variables. A standard bilinearization introduces conditional variables m,,, := P(y |
x,2) =Ty z/5, and constraints 7y , » = My, - S,, S, = Zy, Tyl 2,2 Zy, My, = 1,my, > 0,and s, > Bminp-, together
with the joint-simplex constraints r, 5 » > 0, Zy,x/,z Tya .= 1,andp, = Zy,’x, Ty’ 2 . This recovers the CPT-block
bilinear form of Proposition 28] The bilinear constraints r,, ;. . = m,,. - 5. are themselves nonconvex.

D.3 NP-HARDNESS OF COMPUTING W

Theorem 29 (NP-hardness of W). Given a rational threshold T € Q, deciding whether W (P, z) > 7 is NP-hard, even in
a very restricted discrete setting (binary Y, trivial X, K > 2 strata, and a credal set given by linear constraints on CPT
blocks).

Proof. We reduce from the maximum clique problem, which is NP-hard. By the Motzkin-Straus theorem [Motzkin and
Straus, |1965], the clique number w(G) of a graph G satisfies w(G) = 1/(1 — max,ea, p' Ap), where A is the adjacency
matrix with zeros on the diagonal and A is the K-simplex.
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Step 1: Construct a causal/credal instance. Given an undirected graph G with K > 2 vertices and adjacency matrix
A € {0,1}%E with zeros on the diagonal, define variables Z € {1,...,K}, X € {z} (degenerate), and Y € {0,1}.
Define a credal set P over CPT blocks (p, m) with p; := P(Z=4) and m; := P(Y =1 | X =, Z=1), where p lies in
the simplex and m; = ﬁ ZJK=1 A;jp;. Since A;; > 0 and row sums satisfy Zj Aij <K —1,wehave 0 <m; < 1,50
these constraints define a valid credal set.

Step 2: Compute the causal estimand. Since X is fixed to , the adjustment formula gives §(P) = S>5 | m;p; = =p' Ap.

Step 3: Relate W to the quadratic program. Because Y is binary, dry (9, (P), ®,(Q)) = [0(P) — 6(Q)|, so W (P, z) =
maxp 6(P) — minp 6(P). Since choosing p = e; (a vertex) gives § = 0 (because A;; = 0), minp (P) = 0, hence
W(P,z) = 25 maxyea, p' Ap.

The set of joint distributions induced by admissible CPT blocks need not be convex. As is standard in credal networks,

define the credal set over joint distributions to be the convex hull (strong extension). Since (P) = P(Y =1) is linear in the
joint, the maximum and minimum over the convex hull equal those over the original set, so W is unchanged.

Step 4: Conclude NP-hardness. By the Motzkin-Straus theorem, max,eca, p' Ap = 1 — 1/w(G). Therefore w(G) > k if
and only if W(P,z) > 15 (1 — 1/k). Given any clique instance (&, k), we construct the above credal set in polynomial

time and check whether W(P,z) > 7 with 7 = 2 (1 — 1/k). Since the clique problem is NP-complete, deciding
W (P, z) > 7 is NP-hard. O

E ADDITIONAL COROLLARIES

Corollary 30 (Conditional Positivity with Stratum Mass). If we have conditional positivity i, = inf p min, P(X =z |
Z =2z) > 0 and stratum mass (min = inf p min, P(Z=2) > 0, then aumin > Cmin * Bmin and:

1

W(P,z) <minq 1, {1+ ———
( ) { ( Cmin'ﬂmin

) -diamTV(P)} (37)

F FULL PROOFS
F.1 PROOF OF LEMMA

By Le Cam’s lemma, for any estimator O,:

R 1 P pn
max Pin(‘en —0(P)| > e’:‘) > drv (P, Py')

38
i€{0,1} - 2 (38)

For (g, §)-correctness, we need dry (P}, P*) > 1 — 26. Since § < 1/2, the RHS is positive and squaring preserves the
inequality.

Using the Bretagnolle-Huber inequality:
dryv (PJ, P")? <1 —exp(—n - D (Pl P1)) (39)

Requiring drv (Py, Pi*) > 1 — 28 > 0, we have d2, > (1 —26)? = 1 — 45(1 — §). Thus:

1 —exp(—n-Dgr(H|lP1)) =21 —46(1 - 0) (40)
Solving:
log %
n> M O (41)
Dy (Pol| 1)
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F2 PROOF OF PROPOSITION

Step 1: KL divergence computation. Since Py and P; are identical except on P(Y | X = x) (by assumption (iii)), the KL
divergence localizes to the X = z slice:

DKL(P0||P1) = To - DKL(BGI'D(po)HBeI‘H(pl)) (42)

Step 2: Symmetric case. For the symmetric pairpy = 3 — &, p1 = 3 + ¢

1 1
_ (1 32— °¢ 3te 1+2
DKL(Bern( HBern +6)> = (575) log%+€+( +€) log % 5 :2slog1_25 (43)
Step 3: Apply Lemma[l] By Lemma[T}
log(ié — )
i —" S GV 0 (44)
mo - 2¢log 1555
F3 PROOF OF COROLLARY/f|
Step 1: Verify ATE separation. Under the uniform shift construction:
(P, ZPOY 1]z,2)Py(2) = (3 —¢ ZPO =1-¢ (45)
(P, ZPlY 1] a,2)Pi(z) = (3 +¢ ZPl =1+e (46)
So |0(P1) — 0(Py)| = 2¢ as required.
Step 2: Compute KL divergence. Since Py and P differ only in P(Y | X =z, Z):
142
Dir(Po|P1) =Y Po(X=2,Z=2) Diy (Bern(% —¢) HBern(% n 5)) = Py(X =) -2¢log 7 + 26 @7
— 2
Step 3: Apply Lemmall)
1og<746 1 )
(1-9)
> 48
"= Py(X=x)-2elog }fgi (48)
If Py(X =z) = By, thenn = Q(1/(Boe?) log(1/9)). O

F.4 PROOF OF LEMMA

Assume without loss of generality that P(B) < Q(B). Define r := P(B)/Q(B) € (0,1].

For any atom w € B:

Pw|B)-Q(w|B) = - )= (P(w) =1 Qw)) (49)
Therefore:

2d7v(P(-| B),Q( | B) = 3 [P B) = Q| B)l = 5 37 [P(e) — 7 Q)| (50)
weB weB
Since ) p(P(w) —7-Q(w)) = P(B) —r-Q(B) = 0, the £, norm equals twice the negative part:
DIPW -r-Qwl=2 Y  (r-Qw)-PW)) (D

weB weB:
P(w)<r-Q(w)
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Since r < 1, we have P(w) < r - Q(w) = P(w) < Q(w). Therefore:

Y QW -P@)< Y Qw-Pw)< Y (Qw) - PW) =dr(PQ) (52

weB: weEB: we:
P(w)<rQ(w) P(w)<Q(w) P(w)<Q(w)
Combining:
2. dTV(Pa Q)
2dry(P(- | B | B) < ———— == 53
Since P(B) = min{P(B), Q(B)} under our assumption, dividing by 2 gives the result. O
F.5 PROOF OF THEOREM
Step 1: Express interventional distributions via adjustment. By the adjustment formula:
O, (P)=> P(|X=2Z=2)P(Z=2z) (54)

Step 2: Apply triangle inequality for TV distance of mixtures. For mixtures pn = Y a.pu. and v = ) f.v, with
Yoa=> B.=1
dTV(Ma V) < dTV(avﬁ)_'_Zﬂz 'dTV(/JzaVZ) (55)
Applying with a, = P(Z=z2), 8, = Q(Z=2%), p. = P(- | x,2), v, = Q(- | z, 2):
dry (®,(P), 2,(Q)) < drv(Pz,Qz) + > Q(Z=2) - drv(P(- | 2,2),Q(- | z,2)) (56)

Step 3: Bound each term. Term 1: drv (Pz, Qz) < drv (P, Q) (marginals have smaller TV distance). Term 2: By Lemma
with B={X=z,Z==z}:

drv (P, dpv (P,
P72 Q0 09 € ey < 67
Step 4: Combine.
d dTV (P7 Q) _
v (P2 (P), 22(Q)) < drv(P,Q) + ) _Q(2) — % = 1+ — ) drv(P.Q) (58)
Taking min with 1:
W(P,z) < min{l7 (1 + o ) diamTV(P)} O (59)

F.6 PROOF OF THEOREM

Lower bound. Consider any m € A(A). Define pg = 7(ap) and p; = 7(aq).

Under Py: R(m, Py) = Up,(ag) —Up,(m) > (1—po)g (since not playing ag with probability 1 — pg incurs at least (1 —po)g
regret).

Under Pll R(Tr, Pl) = va1 (al) — []p1 (71') > (1 — pl)g.
For actions a # ag, a1: their contribution to regret is at least g under both distributions (by condition (iii)).

Therefore: max{R(w, Py), R(m, P1)} > max{(1 — po)g, (1 — p1)g}. This is minimized when py = p; = 1/2 (and no
mass on other actions), giving max{ R(rw, Py), R(m, P1)} > g/2.

Upper bound (achievability). The strategy n* = %6% + %6a1 achieves:

Under Py: R(m*, Py) = Up, (a0) — 3Un,(a0) — Up,(a1) = 5(Upr,(a0) — Up,(a1)) = g/2.

Under Pi: R(7*, P) = ¢g/2 (symmetric).

So maxp R(7m*, P) = g/2, matching the lower bound. O
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F.7 EXACT MINIMAX REGRET COMPUTATION

Proposition 31 (Exact Minimax Regret Computation). Let A be finite. Suppose the credal set P is specified directly over
interventional distributions {P(Y | do(a))}aec.4 and is polytopic. For any fixed action a € A, define

= Up(d)—-U 60
)= e ey Ur () — Urle) (©0
Then r(a) = maxgecat(a,a’) where t(a,a’) := maxpep(Up(a’) — Up(a)). For each fixed pair (a,d’), t(a,a’) is the
optimal value of a linear program (linear objective over the polytope P). Hence r(a) is computable by solving | A| LPs, and
the pure minimax-regret action is a* = argmingec 4 r(a).

If instead the credal set is over observational distributions and utilities require adjustment (ratios), then Up(a) becomes
nonlinear in joint-probability decision variables and this LP reduction does not apply directly.

G NOTATION SUMMARY

Symbol Definition First Use
P Credal set (convex set of distributions)

A Credal set diameter: diamry (P)

pP* True (unknown) distribution, P* € P

g Causal graph

do(X=x) Intervention setting X to =

Z Adjustment set

0(P) Causal effect functional: Ep[Y | do(X =x)]

0 Marginal positivity of hard pair

Qmin Joint positivity: inf p min, P(X =z, Z=2)

Brnin Conditional positivity (propensity): inf p min, P(X =12 | Z=2)
k(P) Effective overlap: supp Ep[l/P(X =1z | Z)]

W(P,x)  Robustidentification width

D, Interventional mapping: P — P(Y | do(X =x))

R(a, P) Regret of action a under distribution P

g Action-separation gap

Key distinctions: 7 (Proposition [2)) denotes the marginal treatment probability of a specific hard pair; oy, (Theorem
is the joint positivity used for Lipschitz bounds; i, (Definition[d) is conditional positivity (propensity) for the adjustment
case. These are different positivity notions serving different purposes.
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