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Abstract

We develop interacting particle algorithms for
learning latent variable models with energy-based
priors. To do so, we leverage recent developments
in particle-based methods for solving maximum
marginal likelihood estimation (MMLE) problems.
Specifically, we provide a continuous-time frame-
work for learning latent energy-based models, by
defining stochastic differential equations (SDEs)
that provably solve the MMLE problem. We ob-
tain a practical algorithm as a discretisation of
these SDEs and provide theoretical guarantees for
the convergence of the proposed algorithm. Fi-
nally, we empirically validate the effectiveness of
our method on synthetic and image datasets and
demonstrate that using a particle based approach
offers significant improvement in computational
efficiency.

1 INTRODUCTION

Energy-Based Models (EBMs) offer a flexible framework
for statistical and generative modelling by learning models
of the form py o< e~U¢ from data. The energy function Uy
can be flexibly parameterised, enabling EBMs to approx-
imate any probability density (Atchadé et al., 2023). Once
the parameters 6 are learned for a given dataset, these mod-
els support sampling and inference, allowing their use in
a wide range of applications, including generation across
modalities (Deng et al., 2021; Gladstone et al., 2026), robust
classification (Grathwohl et al., 2020), anomaly detection
(Zhai et al., 2016), likelihood-based evaluation (Du and
Mordatch, 2019), simulation-based inference (Glaser et al.,
2022), and compositional generation (Du et al., 2020, 2023).

Maximum Likelihood Estimation (MLE) procedures to
learn EBMs remain highly challenging to implement since
common methods require samples from the model py to

perform parameter updates, typically drawn using Markov
chain Monte Carlo (MCMC) methods (Hinton, 2002; Song
and Kingma, 2021). In high dimensional settings, these often
suffer from slow mixing times. Moreover, real-world data
often concentrates on a low-dimensional manifold (Bengio
etal., 2013; Whiteley et al., 2025), meaning that the learning
task might be ill-defined (Loaiza-Ganem et al., 2024).

A natural way to address both challenges within the
EBM framework is to learn a low-dimensional latent rep-
resentation of the data and model the encoded data as an
EBM, giving rise to Latent Energy-Based Model (LEBM)
(Pang et al., 2020). This model comprises of a likelihood
(decoder) and a prior in the (lower-dimensional) latent space,
which is parameterised as an EBM. The latent formulation,
however, introduces new challenges in the MLE-training of
such models. First, the model parameters must be learned
by maximising the marginal likelihood of the observed data,
which involves integrating out the latent variables, a typical
setting known as Maximum Marginal Likelihood Estimation
(MMLE) (Dempster et al., 1977). Second, the normalising
constant of the prior distribution is generally intractable,
resulting in a “doubly-intractable” setting.

A notable method to tackle this problem is built by Pang
et al. (2020), who propose an MCMC-based approach to
tackle both the intractable posterior and the intractable nor-
malising constant of the prior. This procedure can be seen
as an Expectation-Maximization (EM)-like procedure, in
a similar spirit to De Bortoli et al. (2021). Adapted to the
EBM setting, these methods involve (double) MCMC loops
to sample from the posterior and/or the prior at each iteration
of the training, which introduce significant computational
overhead and complicate the non-asymptotic analysis.

In this work, we introduce a novel, diffusion-based approach
to solve the MMLE problem for the EBM prior latent vari-
able model. By leveraging the rich connection between
Langevin dynamics and optimisation (Raginsky et al., 2017,
Zhang et al., 2023), we develop a training algorithm based
on an interacting particle system that simultaneously estim-
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ates the parameters and the posterior distribution through
solving a system of SDEs.

Contributions. Our contributions can be summarised as
follows:

¢ In Section 3, we introduce a continuous-time, SDE-
based framework for training latent EBMs. This in-
teracting particle system is inspired by the Interacting
Particle Langevin Algorithm (IPLA) (Akyildiz et al.,
2025) and adapted to the LEBM setting. By construc-
tion, the #-marginal of the stationary measure of the
proposed system concentrates on the maximisers of the
marginal likelihood with increasing N under very mild
assumptions. We then develop an algorithm by dis-
cretising SDE systems that target the MMLE solution,
termed Energy-Based Interacting Particle Langevin
Algorithm (EBIPLA), given in Algorithm 1.

 Section 4 provides a non-asymptotic analysis for our
method under log-concavity and smoothness assump-
tions. We show that, under these assumptions and for
a suitable discretisation step size, the parameter es-
timates (6x)r>0 generated by EBIPLA approach the
empirical maximiser 6, as the iterations & and number
of particles NV increase. These results constitute the
first convergence bounds for training LEBMs.

* Furthermore, by introducing a novel rescaling, we de-
rive convergence bounds that explicitly depend on the
number of data points M and show that the distance
of the parameter estimates to the empirical maxim-
iser 6, decreases as M increases, which to the best of
our knowledge has not been addressed in the available
IPLA literature. This provides a theoretical justifica-
tion for why particle-based methods remain effective
even when using a relatively small number of particles
on large datasets.

e In Section 6, we empirically validate the effective-
ness of our method on synthetic datasets and image
generation tasks, showing that it achieves competit-
ive performance among relevant baselines. We also
demonstrate that using a particle based approach offers
significant improvement in computational efficiency.

Notation. We use O(-) to denote upper bounds up to con-
stant factors, and O (+) to denote the same while suppressing
polylogarithmic terms. For a random variable X, the nota-
tion £(X) denotes the law (distribution) of X while o (X)
denotes the o-algebra generated by X . For any two probabil-
ity distributions p and v, we define the Wasserstein distance:

AR RS y>) "

where I'(u, v) is the set of all couplings of u and v. The
notation d, denotes the Dirac measure at x. Where ap-
propriate, we use the notation z%M = {xm}M_  and

W, v) = f
= (it

ol M,1:N m,n
= {gmn )M n—1 to denote collections of vari-

ables.

2 BACKGROUND

We start by defining a real-valued latent energy-based prob-
abilistic model (Pang et al., 2020; Yu et al., 2023):

po(x,y) = pa(x)ps(y | ), 1)

where § = (o, 3) € Réatds = R% and pg(ylz) =
N (y; gs(x),02I) is an isotropic Gaussian distribution.
Here, g5 : R% — R% denotes a generator function para-
metrised by [ that maps from the latent space to the ambient
space. The prior p, (z) is modelled as an EBM:

e @

where Z(a) = [e~V«(*)dz is the a-dependent normal-
ising constant and we assume Z(a) < oo for all o € R«
to ensure the model is well defined. When U, (z) is chosen
to be a neural network, the EBM can capture meaningful
latent structure.

2.1 MAXIMUM MARGINAL LIKELIHOOD
ESTIMATION

Given a dataset {9, }M_| ~ pgaa,» We are interested in
learning the parameters 6 of the model by maximising the
marginal likelihood of the observed data. This problem is
termed the MMLE problem. Specifically, we want to solve

OP°P € arg max £(6),
HeRe

= [ pa(®)ps(ylz)da.

Since we do not have access to the true data distribution
Ddata, WE can approximate the expectatlon OVEr Pgaa DY an
empirical measure pl = (1/M) M dy,, (dy) which
yields the empirical loss function

0(0) = Ep,,, [log po(Y)].

where py(y

m=1

Ca (0 Z log pg (ym) 3)

converting the population MMLE problem to the empirical
MMLE problem:

M

0, € arg max — lo m 4
g max o E:l g Do (Ym), )

where M denotes the number of data-points. Our main goal
in this paper is to solve (4) efficiently and to provide theor-
etical guarantees for the obtained solution.
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2.2 OPTIMISATION VIA LANGEVIN DYNAMICS

Following Akyildiz et al. (2025), in order to maximise £(9),
we will exploit stochastic dynamics whose long-run be-
haviour naturally concentrates around the maximisers. A
classical choice is Langevin dynamics, given by the SDE
(Raginsky et al., 2017; Zhang et al., 2023)

dgt = V@E(Gt) dt + \/ 2/77 d.Big7 (5)

where (By)¢>0 is a standard dy-dimensional Brownian mo-
tion and n > 0 is an inverse temperature parameter. Under
standard regularity assumptions, this SDE admits invariant
density m, (0) o exp(n¢(6)). Moreover, 7, () concentrates
on the set of global maximisers of £ as  — oo (Hwang,
1980).

3 THE ALGORITHM

In practice, simulating Langevin dynamics given in (5) re-
quires repeated evaluations of Vy£(6); we therefore turn to
how this gradient can be estimated in the marginal likelihood
setting. We note that, under standard regularity conditions
allowing differentiation under the integral sign, by using
Fisher’s identity (Douc et al., 2014, Proposition D.4) for
Vo log pe(y), we have

ng(@) = ]EpdamEPB('ly) [V 10gpe(~7 Y)] . (6)

Replacing pga, With the empirical distribution pé\fm, we can
estimate the gradient in (6) with

M
1
Volu(0) = 57 > Epy(ym) [V10gPo (- Ym)] -
m=1

This gradient remains intractable as py(+|y.,, ) is a posterior
distribution which is typically not available in closed form.
A typical workaround is to use MCMC to sample from
po(-|ym) (Pang et al., 2020; De Bortoli et al., 2021). We
will instead follow Akyildiz et al. (2025), Kuntz et al. (2023)
and use a particle approach where a set of IV particles will
target the posterior pg(-|y,) for each data point y,,. We

denote these particles as X;"", where m € {1,...,M}
indexes the data point and n € {1,..., N} indexes the
particle.

3.1 AN INTERACTING PARTICLE ALGORITHM

For each fixed y € R, define ¢, : R%® x R% — R
by ¢,(0,x) = —logpg(x,y). For each data point y,,,
we evolve N particles, denoted X" forn = 1,..., N,
according to Langevin dynamics targeting the posterior
o (+|ym)- Simultaneously, we use the particles to estimate
the gradient V£, (6) and evolve 6 according to Langevin
dynamics targeting the maximisers of £;;(6). This can be

ensured by setting the noise scaling in (5) tobe n = M N.
With this choice, as evident in our proof the associated
joint Langevin system has a #-marginal proportional to
exp(M NZ¢y;(0)) which concentrates around the maxim-
isers of £),(#) with increasing number of particles N.

Let us denote the joint empirical measure of the particles and
data points as pM~ = (1/MN) Zi\f:l ZnN:1 Oy, X7
Using this, we propose to use the following SDE system:

2
dby = —E,un [Vody (0, X)] dt + MdBtv Q)
AX™™ = =V, by, (0, X"™")dt + V2dB™™,  (8)

where (By);>¢ is a dp-dimensional Brownian motion and
(B{"")i>0 form € {1,...,M},n € {1,... N} denote a
family of d,-dimensional independent standard Brownian
motions. This is a generalisation of the interacting particle
system introduced in Akyildiz et al. (2025) to the M data
point setting. One can observe that Eq. (7) aligns with the
global optimisation setting given in Eq. (5) with the choice
of = MN.

In order to construct an implementable algorithm, we discret-
ise the SDEs (7)—(8) using an Euler-Maruyama discretisa-
tion. Given a (possibly random) initial value 6 and particles
X, MLN o step size h > 0, the discretised system for

k > 01is given by

2h
Ors1 = O — hEgun [Vody (0, X)] + mwk, ©)
X0 = X — WV gy, (O, XJ0) + V2RW,

(10)

where pMN = (1/MN)SM_ SN O(y,,x7my and
(Wi)k>o0 and (W™ )p>o forall m € {1,..., M}, n €
{1,... N} denote independent standard Gaussian random
variables of appropriate dimension'. Specifically, the drift
coefficient in (9) can be explicitly written as

M N
]‘ m,n
EPQ/IN [ngby(@k,X)] = W E E ngbym (Gk,Xk ’ )

m=1n=1

To connect this to the estimation task for our model given
in (1), let us define the function V(z,y) = —log pg(y|x).
Given the energy function U, : R% — R, the gradient
with respect to § = («, ) is made explicit to clarify the
implementation (for the derivation, see Appendix A). We

'With a slight abuse of notation, we use the same notation for
the continuous time processes (6, X;'™) and their discretisation
(9 k> X ;:,n’n ) .
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can thus rewrite the system in Egs. (9)—(10) as
R oMM
k= v 2 O Valu (X)

n=1m=1
\/ Wk, (11

Qg1 =

+ h]Epa (Jf) [v Uak

Br+1=Br — 7 Z VsV, (X" ym)
n=1m=1
2h
+ M W,f, (12)
XTU = X R Uy (X

— AV Vi, (X" yn) + V2R, (13)
forall k € {0, ..., K—1}, where (W) >0, (W) )k>0, and
(W,::" ’n)kzo denote independent standard Gaussian random
variables of appropriate dimension. Note that the update
for a in (11) involves an expectation with respect to the
prior, i.e. B, (2)[VaUaq, (2)], which originates from the
normalising constant Z,, (see Appendix A for details). As
this expectation is generally intractable, it must also be
approximated.

To approximate the expectation in Eq. (11), we resort to
a short-run MCMC-based approach, as typically done in
training of EBMs (Song and Kingma, 2021) and LEBMs
(Pang et al., 2020). For each data point, we generate approx-
imate prior samples using a short-run Unadjusted Langevin
Algorithm (ULA) chain targeting the prior distribution p,,.
Specifically, for each data point y,, and a fixed parameter
value «y,, we initialise the chain at X}J}O ~ pg, where
po = N (0, I, ), and evolve it for a fixed number of steps .J
with a step-size v > 0:

= AVaUa, (X75) + V/29W,  (14)

where (W}",); k>0 form € {1,..., M} denote independ-
ent standard d,-dimensional Gaussian random variables.
Then for every £ > 0 and for each data point y,,, we run
an MCMC chain for J steps and we obtain the following
system of equations

o-m _vm
X1 = Xij

N M
dk—i—l Ozk — — Z V U(,k )
n=1m=1
- .
+ 37 Z VaUa, (X7) + 1/ 12 Wi, (15)
Bk-i-l k - m Z Z V5V~ ;Zn n’ym)
n=1m=1
+ /2 WY, (16)
X = Xm’” — hV, Udk(f(m’”)

Algorithm 1 Energy-Based Interacting Particle Langevin
Algorithm (Full version)

Require:

{ym}M_,)M 4 Dataset and its size

K # Number of iterations

N # Particles per data
point

J # Prior sampling steps

h>0 # Step-size for
discretisation

v>0 # Step-size for prior
sampling

@)::(do,éo) # Initial parameters
values

{)%ghn}ﬁagll # Initial particles

I: fork=0to K —1do
2: Sample X;"; using J steps of (14) with ¢, for each
me{l,...,M}.

3: Update &4 according to Eq. (15)

4: Update Bk+1 according to Eq. (16)

5: for (m,n) € {1,...,M} x{1,...,N} do
6: Update X 1y according to Eq. (17)

7: end for

8: end for

where (W) 0, (W) )k>0, and (W™")>0 denote inde-
pendent standard Gaussian random variables of appropriate
dimension. The complete algorithm is summarised in Al-
gorithm 1.

3.2 PRACTICAL IMPLEMENTATION DETAILS

In practice, we use several standard techniques to ensure
stable and efficient training (see Appendix C.1 for details).
To optimise the parameters («, 3), we use the Adam op-
timiser (Kingma and Ba, 2015), which uses adaptive step
sizes and momentum and has become a standard choice for
training deep models due to its robustness across different
scales of parameters. To handle large datasets efficiently, we
rely on mini-batching: instead of using the full dataset at
each iteration, we approximate the gradients using randomly
sampled subsets of data (Robbins and Monro, 1951). This
reduces computational cost and gives an unbiased estimator
of the corresponding finite-sum gradient. Finally, since mini-
batching implies that the decoder’s parameters are updated
per batch rather than per full dataset pass, we introduce a
suitable noise addition scheme for the posterior particles to
approximately match the full-data Euler-Maruyama discret-
isation over one epoch. The complete algorithm and further
details are provided in Appendix C.1.
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4 NONASYMPTOTIC ANALYSIS

In this section, we study convergence of EBIPLA to the
global maximisers of the marginal log-likelihood under
strong convexity and L-smoothness assumptions. We fo-
cus on how convergence depends on both the number of
particles N and the number of data points M. We first con-
sider the case where the prior expectation E;,, [V Uaq, ()]
appearing in Eq. (11) is available exactly, and then handle
the inexact setting where it is replaced by a biased MCMC
estimate.

4.1 ASSUMPTIONS

We first assume the negative joint log-likelihood is strongly
convex and L-smooth for every data point.

Al. (Strong convexity) Let v = (0,x) and v' = (¢, 2'). We
assume that there exists 1 > 0 such that

(Voy(v) = Vgy(v'),v —v') > pllv—2'|?
forally € R% and v,v' € R% x R%,

Remark 1 (Log-concavity of the marginal likelihood). Note
that ¢, (6,2) = —log ps(, ym) is the negative joint log-
likelihood, thus A1 is a joint log-concavity assumption
that holds for pg(z, y.,) for every m.Since ¢,,, (0, -) is u-
strongly convex, pg(y,) < oo for all 6, and by Prékopa’s
theorem it can be shown that pg(y.,) is p-strongly log-
concave in . This then implies that £, (6) is also u-strongly
concave and hence has a unique maximiser. o

A2. (L-smoothness) Let v = (0, x). We assume that there
exists L > 0 such that

IVéy(v) = Vi (v')]| < Lilv — |

forally € R% and v,v' € R% x R

4.2 CONVERGENCE WITH EXACT GRADIENT

We first analyse the simplified setting in Eqgs. (9)—(10). In
other words, we assume that, equivalently, in Egs. (11)—
(13)), the expectation W.r.t. p,,, is known. This allows us to
isolate the core convergence behaviour of the particle-based
updates as can be seen below.

Theorem 1. Suppose Al, A2 hold. Let 0, be the parameter
marginal generated by iterates (9)—(10) (equivalently, (11)-
(13)), then given a step size 0 < h < 2/(u + L), the
following holds

Cs

E [10x — 0,]12]" < (1 — ph)*Cy + C1hM? + NI

where Cy is an explicit constant which depends on the initial
law of the system and

L [dg + MNd, [ dg
=165/ 2L —"¢ =2
c 65M1/ T G o

and 0, denotes the unique maximiser of £ .

Proof. A full proof can be found in Appendix B.1. O

Remark 2 (Convergence rate). Theorem | implies that,
for sufficiently large NV and k and sufficiently small h, the
iterates of Eqs. (11)—(13) can be made arbitrarily close to 6,.
More precisely for a fixed number of data points M and a
target accuracy £ > 0 choosing N = O(¢~2M ~'dy) makes
the last term of the bound in Theorem 1 of order O(¢). Next,
setting h = O(g2d; ) makes the middle term of order O(¢).
Finally setting & > O(d,e~2) ensures that the first term is
O(e). With these choices, we obtain E[[|0, — 0,]?]'/? <
O(e). Note that since N = O(M ~*¢~2), for large datasets
the bound can be made small with small V. o

Below, we provide a sketch of the proof. We start by noting
that E[||0 —04|2]'/% = Wa(L(64), d, ) since dg, is a Dirac
measure (Santambrogio, 2015, Section 1.4). Then via an
application of the triangle inequality, we obtain:

1/2
E 100 = 0.1°] " = W2 (£(60) ,60.)
< Wa(me,dg,) + Wa (L (0k), o) -

convergence

concentration

where mg denotes the 6 marginal of the invariant measure
of the analysed system of SDEs. We establish concentra-
tion using Altschuler and Chewi (2024, Lemma A.8) and
convergence by adapting Dalalyan and Karagulyan (2019,
Theorem 1) for our system.

Remark 3 (Non-convex setting). It is important to note that
the #-marginal of the stationary measure of the proposed
SDE system in (7)-(8) concentrates on the maximisers of
the likelihood ¢, (6) with increasing N under Laplace-type
regularity conditions (Hwang, 1980) on ¢, without the need
for the strong-convexity assumption Al. This can be readily
observed in the proof of Theorem 1 (see Appendix B.1),
where the stationary measure of the joint system is shown to
have the desired marginal properties. Thus, while Al is used
to establish the non-asymptotic convergence rates presented
in this section, the algorithm is inherently designed to target
the MMLE solution in more general landscapes. o

4.3 CONVERGENCE WITH INEXACT GRADIENT

Since the expectation with respect to the prior p,, cannot be
computed exactly, the gradient update in Eq. (11) is not dir-
ectly available. To address this, we approximate the expect-
ation using a ULA chain, which yields a biased estimator of
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Ep., () [VaUa, ()] at each iteration. Following Dalalyan
and Karagulyan (2019), we impose the assumptions below
to control the bias introduced by this approximation and the
variance of the deviation from the true quantity.

Let g .= (1/M) Zf\f:l VaUa, ()A(,Z”J) be the estimate of
Ep., (2)[VaUs,(2)] obtained using the ULA samples as
defined in Eq. (15). Let {, = g — Eps, (@) [VaUs, (7))
denote the difference between the estimator and the true
expectation value for all k& > 0. Finally, let 7}, be the o-
algebra generated by the algorithm (Eqgs. (15)—(17)) up to
iteration k.

A3. There exist 6 > 0 and o > 0 such that
E[IEGIFIP) < 6% E[lG-EGIAP] <o

for k > 0, where Wg,,, W7 ., W7 for all m €
{1,....M}, n € {1,...N} in Egs. (15)—(17) are inde-
pendent of (o, . .. ().

Remark 4. Intuitively, the bias (j, arises from a finite run
of ULA. Here ¢ := 6(.J) decreases with the number of ULA
iterations J, and both § and ¢ implicitly depend on d,, as
the gradient error mainly arises in the & component. While
not directly applicable to our setting - which involves in-
exact gradients and averaging across parallel chains - the
decomposition of Durmus and Moulines (2017) under geo-
metric ergodicity offers useful intuition on how ¢ depends
on J: ULA error splits into an irreducible O(+y) discretisa-
tion bias and a decaying initialisation term which decays
geometrically in .J. This motivates choosing -y small enough
to control the bias from inexactly targeting p,. Hence, if the
ULA chain is stable, geometrically ergodic and J is large
enough while v is small enough, A 3 can hold in practice. ¢

In this setting we can get a similar bound as in Theorem |
with additional terms arising from the bias in the expectation
estimate.

Theorem 2. Suppose Al, A2, A3 hold. Let 0}, = (éu, Bi)
be the parameter marginal generated by iterates (15)—(17),
then given a step size 0 < h < 2/(u+ L), the following
holds

o 2 1/2 < o k A~ ~ 1p1/2
E Hek O*H =~ (1 ,uh) Oo+01h

Cy

vVMN

where Cy is a fully explicit constant that only depends on
the initial law of the system, Cy is an explicit constant
that depends on M, N, o, u,dg and d, and stabilises as
M,N — oo, Cy is an explicit constant that depends on p
and dg, and Cs is an explicit constant that depends on |
and 9.

+

+Cs,

Proof. See Appendix B.3 for the proof with full expressions
of constants. O

The proof follows similar steps to that of Theorem 1, adapted
to our setting by applying Theorem 4 from Dalalyan and
Karagulyan (2019). Crucially, the resulting bound includes
an irreducible bias term that does not vanish as M, N — oo.
As discussed above, this term originates directly from the
irreducible bias §(J).

S RELATED WORKS

Training EBMs. Efficient training of EBMs remains a
fundamental challenge in generative modelling. As an ap-
proximation to MLE, Hinton (2002) introduce Contrastive
Divergence (CD) and (Tieleman, 2008) follow up with Per-
sistent CD (PCD) which use short-run chains, though these
introduce uncontrolled bias (Nijkamp et al., 2020a). Re-
cent alternatives include non-equilibrium thermodynamic
approaches (Carbone et al., 2024; Cuin et al., 2026) and
the Energy Discrepancy loss (Schroder et al., 2023, 2024),
which bypasses MCMC by optimising a different objective.
EBIPLA differentiates itself by providing a diffusion-based
alternative in the latent setting of Pang et al. (2020). Based
on a novel SDE framework, our Euler-Maruyama discretisa-
tion replaces sequential posterior MCMC with simultaneous
particle updates. While this resembles a one-step form of
PCD, it arises from a distinct theoretical foundation. To our
knowledge, the only other work providing a diffusion limit
for EBM training is Oliva et al. (2025), though they focus
exclusively on the non-latent setting.

EBMs in the Latent Space. Recently, several works
studying latent EBMs have appeared. Even though they
focus on the study of latent EBMs they are quite different
in spirit to our method. Yu et al. (2023) modify the LEBM
setting and train an additional diffusion model to facilitate
training. Although they obtain superior results, their method
is substantially more expensive than the classic Pang et al.
(2020). Xiao et al. (2021) train an EBM in the latent space of
a pre-trained VAE to motivate the use of an EBM as a prior,
as they show it enhances performance of the VAE. Xiao
and Han (2022) suggest using a multi-stage noise contrast-
ive estimation instead of improving the classical likelihood
training as we do in our work. Finally, Yuan et al. (2025)
propose a variational learning scheme for the generator pos-
terior, which is different from our particle based approach, in
order to extend the training method to a multimodal setting.

Interacting Particle Algorithms for Learning. Kuntz
et al. (2023); Caprio et al. (2025) introduce Particle Gradi-
ent Descent (PGD), a diffusion-based particle algorithm
for MMLE in latent variable models that jointly optimises
model parameters and samples from the posterior distri-
bution of the latent variables. Building on this framework,
Akyildiz et al. (2025) incorporate additive noise in the para-
meter updates and establish associated non-asymptotic con-
vergence guarantees which we build upon and extend to
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Figure 1: Left: Samples generated with EBIPLA and LEBM trained on three synthetic datasets for increasing numbers
of posterior particlesyMCMC steps together with the corresponding exponentiated energy landscapes. Sample quality and
energy accuracy improve with larger particle counts/iterations. The two methods achieve similar performance in terms of
sample quality, however EBIPLA learns a more realistic energy landscape Right: Comparison of runtime for increasing
number of posterior particles (EBIPLA) or MCMC steps (LEBM). EBIPLA consistently achieves comparative qualitative
performance while being substantially faster: its runtime scales sub-linearly with the number of particles, remaining below

LEBM even at the largest particle count.

multiple data-points and inexact gradient setting. Since then,
particle-based learning methods have been taking off in vari-
ous directions. Momentum-enriched variants of IPLA (Lim
et al., 2024; Oliva and Akyildiz, 2024) and extensions to
non-smooth settings following Encinar et al. (2025) offer
natural extensions to EBIPLA. From a geometric viewpoint,
MMLE can be seen as a discretisation of a gradient flow in
Wasserstein-2 space (Kuntz et al., 2023) , which suggests
potential generalisations based on alternative geometries,
as explored by Sharrock et al. (2024) for Stein variational
gradient descent, which could be another potential extension
of our method. We also mention recent sequential Monte
Carlo (SMC)-based approaches for learning (Carbone et al.,
2024; Crucinio, 2025; Cuin et al., 2025, 2026), which can be
used to develop generalisations of our work where particles
have weights.

6 EXPERIMENTS

To evaluate the generative performance of EBIPLA we train
it on three synthetic datasets (Section 6.1) and on three im-
age datasets (Section 6.2). On the synthetic task we bench-
mark against the closest baseline, LEBM (Pang et al., 2020).
Compared to the benchmark across both settings, EBIPLA
attains slightly better generative performance while deliver-
ing substantially lower runtime at matched compute budgets.
For the image datasets, we additionally compare to other
Latent Variable Models (LVMs).

6.1 SYNTHETIC DATASETS

We evaluate EBIPLA on three synthetic datasets: rotated
Swiss roll, rotated Half-moons and rescaled Circle. More
precisely, we generate a Swiss roll/Half-moons/Circle in a 2-
dimensional latent space R? and then map it to the ambient
space through an orthogonal transformation 7" : R? — R?
(for Swiss roll and Half-moons) or linear transformation
T : R? — RR? for the Circle (for details see Appendix D.1).

To contextualise our results, we consider the closest baseline,
LEBM, for comparison. To ensure a fair comparison, we
match the computational budgets of both models so that
they require the same number of gradient evaluations per
training iteration. Specifically, the computational complexity
for both EBIPLA and LEBM is O(B(N + J)), where B is
the batch size and J denotes the number of prior iterations.
To choose an appropriate value of .J we run an empirical
study of the effect of J on the performance of the algorithm
(see Appendix E). We select J = 500 as a practical trade-off
between sample/energy quality and computational cost. By
setting N € {4, 16, 64} to represent the number of posterior
particles for EBIPLA and the number of posterior MCMC
steps for LEBM, we ensure that the same number of gradient
calls for the two methods are needed. We train both models
for 200 epochs and report per training-step runtime for the
Swiss roll dataset averaged over 20 runs (Figure 1).

Sample Quality. In Figure 1, we can see that the sample
quality and the accuracy of the learned energy landscape
improves with increasing number of posterior particles/iter-
ations. EBIPLA performs comparably in terms of sample
quality to LEBM. While EBIPLA learns the energy land-
scape more accurately, LEBM results in distorted energy
landscapes.

Computational Efficiency. Figure 1 shows that even
though EBIPLA achieves comparable qualitative perform-
ance, empirically EBIPLA is significantly faster: its runtime
grows sub-linearly with particle count, whereas LEBM’s
runtime increases faster than linear with iteration count.
This discrepancy stems from the underlying implement-
ation: while LEBM requires sequential posterior updates
(typically implemented via a for-loop), EBIPLA updates
all particles simultaneously. In terms of arithmetic gradient
evaluations, both methods scale as O(B(N + J)) under the
matched-budget setup; however, because the N posterior-
particle updates in EBIPLA are vectorised, the observed
wall-clock time scales as O(B.J) for EBIPLA.
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Model SVHN CIFAR-10 CelebA64

MSE| FIDJ MSE| FIDJ, MSE] FIDJ,
VAE (Kingma and Welling, 2014) 0.019 46.78 0.057 106.37 0.021 65.75
2s-VAE (Dai and Wipf, 2018) 0.019 42.81 0.056 72.90 0.021 44.40
RAE (Ghosh et al., 2019) 0.014 40.02 0.027 74.16 0.018 40.95
SRI (L = 5) (Nijkamp et al., 2020b) 0.011 35.32 - - 0.015 47.95
LEBM (Pang et al., 2020) 0.008 29.44 0.020 70.15 0.013 37.87
SM-LEBM (Schroder et al., 2023) 0.010 34.44 0.026 77.82 0.014 41.21
ED-LEBM (Schrider et al., 2023) 0.006 28.10 0.023 73.58 0.009 36.73
EBIPLA (ours) 0.00444¢6-5 27.5410.42 0.0174+5¢—4a 75.1340.74 0.01349e—5 35.7240.46

Table 1: Comparison of MSE(]) and FID({) on the SVHN, CIFAR-10, and CelebA64 datasets. We use bold font to indicate
the best performance and underline to indicate the second best performance. We report the mean and standard error of the

metrics averaged over 5 runs.

Cele-H Q

Figure 2: Samples generated with EBIPLA trained on CIFAR-10, CelebA64, SVHN, and CelebA-HQ.

Model FID|

No. of Particles FID|
VAE 180.49
ABP 160.21 N=1 31.00+0.51
LEBM 133.07 N=4 27.8310.38
DAMC (Yu et al,, 2023)  85.88 N =16 27.0940.31
EBIPLA (ours) 92.10 N =32 26.74.40.22

Table 2(b) Effect of the number
of posterior particles (N) on the
generation performance of EBI-
PLA trained on SVHN averaged
over 5 runs.

Table 2(a) Comparison of FID
on the CelebA-HQ dataset. We
do not report standard devi-
ation due to computational con-
straints.

6.2 IMAGE MODELLING

To validate the effectiveness of our method on high dimen-
sional data, we train EBIPLA on three standard image data-
sets: CIFAR10 (Krizhevsky and Hinton, 2009), SVHN (Net-
zer et al., 2011), and CelebA64 (Liu et al., 2015). Following
Pang et al. (2020), we use the same architecture for both the
energy-based prior and the generator network. We train all
models for 200 epochs with a batch size of 128; the number
of particles is set to N = 10 to balance performance and
efficiency following Kuntz et al. (2023). We additionally
test our method on high resolution CelebA-HQ 256 x 256
datasets (Liu et al., 2015; Karras et al., 2018) using N = 5
particles to demonstrate its scalability. The complete imple-
mentation details and training hyperparameters are provided
in Appendix D.2.

Generation and Reconstruction. We evaluate the gen-
erative performance of our model quantitatively with the
Fréchet Inception Distance (FID) (Heusel et al., 2017) using

50,000 samples generated by the energy-based prior and
decoded back to the pixel space. Additionally, we meas-
ure the reconstruction quality in terms of mean-squared
error (MSE) on the validation set. We obtain the recon-
structions as the maximum a posteriori estimates of pg(x|y)
(cf. Section 3) following the implementation in Kuntz et al.
(2023); we provide further details of the evaluation proced-
ure in Appendix D.2. In Table 1, we show that our EBIPLA
achieves comparable performance among relevant baselines.
We focus on comparisons with latent EBM baselines, which
allow us to isolate the impact of the introduced training
method on the generative and reconstructive performance
(for comparison with broader model selection see Section E).
On CIFAR-10, our model is least competitive but remains
comparable; we attribute this primarily to the simple Euler-
Maruyama discretisation used in our implementation, rather
than a fundamental limitation of the approach, noting that
stronger baselines such as LEBM use substantially longer
posterior chains (cf. Table 4). We highlight that EBIPLA
has shorter runtimes compared to LEBM (Pang et al., 2020)
across settings due to its efficient formulation (cf. Table 4).
For the high resolution experiments, we additionally bench-
mark against Yu et al. (2023), which is a more complex
model that uses an additional latent diffusion model to aid
training and sampling of LEBM; despite its simplicity, EBI-
PLA approaches the performance of this stronger baseline
while substantially outperforming LEBM.

Furthermore, we show on the SVHN dataset that the per-
formance of EBIPLA improves as we increase the number
of posterior particles used in Table 2(b). These empirical
trends are consistent with the qualitative prediction of our
theory: increasing the number of posterior particles reduces
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the particle approximation error. Although the image exper-
iments do not necessarily satisfy the strong log-concavity
and smoothness assumptions (Al-3) used to obtain the non-
asymptotic bounds in Section 4, this behaviour is still ex-
pected since the underlying particle system is designed to
concentrate around maximisers of the marginal likelihood
beyond the analysed setting.

Latent Representations. To qualitatively assess the
learned representations, we visualise interpolations in the
latent space. We linearly interpolate between the latent vec-
tors xg and x1 as lerp(xg, z1,t) = txg + (1 — t)x1; we
then decode those interpolants back to the pixel space us-
ing the trained generator. For training images, we select
index m and extract one of the posterior particles randomly
from the N particles X """ obtained from training (cf.
Algorithm 1); for validation images, we use the MAP es-
timate as in our reconstruction experiments. Figure 4 shows
the resulting interpolation trajectories, which suggests that
EBIPLA has learned a smooth and semantically meaningful
latent space.

Interpolation in the latent space (Validation)

Figure 4: Latent space interpolation of EBIPLA trained on
CelebA64 on the training (bottom) and validation set (top).

7 CONCLUSION

EBMs have recently demonstrated strong performance
across diverse generative modelling tasks, including im-
age and language modelling (Thornton et al., 2025; Wang
and Du, 2025; Gladstone et al., 2026). They offer distinct-
ive capabilities that are difficult to achieve with compet-
ing approaches — most notably, direct anomaly detection
by thresholding the energy, and compositional generation
(Thornton et al., 2025; Du et al., 2020) by combining mul-
tiple independently trained EBMs at inference time. Despite
these appealing properties, they remain hard to train due to
their double intractable nature.

Motivated by this and the recent advances in particle-based
training methods, we propose an interacting particle method
for learning latent energy-based models (EBIPLA), which
provides a more computationally efficient method to train

LEBMs. By discretising a system of SDEs that is designed
to admit an invariant measure concentrating around the max-
imiser of the marginal log-likelihood, we obtain a practical
algorithm that is both scalable and theoretically grounded
(Section 3). In Section 4, we provide to the best of our
knowledge the first convergence bounds for training latent
energy-based models under the strong log-concavity and
smoothness assumptions. In particular, we show that the
algorithm converges to the maximiser of the empirical mar-
ginal log-likelihood with increasing number of both data
points and particles; this ensures that even with a small num-
ber of particles reliable performance can be achieved on
large datasets. (Theorem 1, Theorem 2). Although the con-
vergence bounds are obtained under the strong log-concavity
we expect those can be further relaxed (Zhang et al., 2023)
and highlight that the particle system is designed to con-
centrate around the empirical maximisers of the marginal
likelihood even in the non log-concave settings.

Lastly, while for fairness of comparison we use a simple
Langevin chain to approximate the prior expectation, the
framework is agnostic to the choice of sampler: advanced
samplers such as Hamiltonian Monte Carlo (HMC) (Duane
et al., 1987) could be employed to improve the generat-
ive performance. In addition, extensions to underdamped
settings offer a promising direction to obtain accelerated
versions of EBIPLA with theoretical guarantees (Oliva and
Akyildiz, 2024).
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Learning Latent Energy-Based Models via Interacting Particle Langevin
Dynamics
Supplementary Material

Joanna Marks" Tim Y. J. Wang” 0. Deniz Akyildiz

Department of Mathematics, Imperial College London

A  PRELIMINARY RESULTS
Recall that for a data point y, we define py(x,y) = pa(x)ps(y | ), and we use the notation ¢, (6, x):

¢y (0, 2) = —logpy(z,y). (18)
We can write the gradient:
Vo logps(z,y) = Vglogpa(x) + Velogps(y | ). (19)
A1 DERIVATION OF V,6,(0, z)
Since pg(ym|x) is independent of « the gradient reads

Vady(0,2) = =Valogps(z,y) = —Valogpa(z). (20)

By definition p (z) = e~ V=) /Z,, so

where Z, = [e” Ua(#)dg is the normalising constant which is unknown. However, provided differentiation under the
integral sign is justified the gradient of log Z, can be rewritten as

VaZa [ Ve Va@dy

Wlog Zo = - 2
Vq log A Z (22)
—/VaUa(x)pa(x)dx = —E,. () [VaUa(z)] (23)
hence
V(xgby(aa'r) = VOéU(X( ) p (m)[v Ua ( )] (24)
and for a set of particles { X" "}:Zjln’z]v and a parameter 0y = (o, Bk)
M N | M N
M— Z Z Vaby, (06 Xi"") = 715 Z Z U (X7™) = Ep, (2)[VaUay (2)] (25)
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A.2 DERIVATION OF V¢, (0, z)
Similarly, given a data point y since p, () is independent of 3 the gradient of ¢, (6, z) with respect to 3 reads

Vsoy(8,2) = —=Vglogpg(x,y) = —Vglogps(y|z) (26)

m=M,n=N
m=1n=1

Let Va(x,y) = —logpg(y | z). Then for a set of particles { X"} and a parameter 0, = (ax, Bk)

1 M N 1 M N
ST EZ: 2:: V0, O X707 = = S S VaVa(X " yn)) @7)

m=1n=1

which, if we assume a standard isotropic Gaussian decoder, that is, p(ym | ©) = N (ym; gs(x),0%I), then Vz(z, ym) =
(1/202)||lym — gs(z)||* + const, where gg denotes the decoder (generator).

A.3 DERIVATION OF V.6, (0, )

Recall Vg(z,y) = —logps(y | ). Then given a data point y, the gradient of ¢, (6, x) with respect to x reads
Vagy(0,2) = =V logpe(z,y) = =V logpa(z) — Vo log ps(ylz) (28)
= V. Ua(x) + Vo, Vs(x,y) (29)

since the normalising constant Z,, is independent of x.

B PROOFS
B.1 PROOF OF THEOREM 1

Proof. Recall the discretised system of SDEs defined in (9)—(10)

m " 2h
Ok = Ok — —— Z Z Vidy,, 0k X{") 1\ 373 Wi (30)
m=1n=1
X0 = X" = hVady,, (0, X;") + V2RW,T, 31)

where ¢y, (0, x) = —log pg(, y,n) and which is equivalent to the SDE system in (11)—(13). In the above display, we use
V1 and V3 to denote the derivatives w.r.t. first and second arguments of ¢,,  , respectively, as this will be important in the
proof.

Consider the function ® : R% x (R%)M*N _3 R defined as

M N
<I>(6’, 1]V[1N Zz(byme\/imn)

m=1n=1

Next, let us define the following probability distribution:
W(& Zl:M,l:N) x exp(—@(&, Zl:M,l:N))'

Our strategy in this proof is to notice that the iterates (30)—(31) can be seen as a discretisation of an SDE, targeting 7. In
order to see this, consider the Langevin SDE targeting m:

M N

by = = Y Vigy, (01, VMNZ{"")dt + v2dB;, (32)
m=1n=1

AZ"" = =M NV, (0, V'MN Z™™)dt +/2dB™". (33)
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Euler-Maruyama discretisation of this SDE with step-size h = h/M N gives us

Ok1 =0k — 71 ZZV@M Ok, VMNZ"™) + \/ Wk, (34)

m=1n=1
Zm n Zm,n _ h v (b (9 mzmm) + 2h Wm ,n (35)
k+1 — k \/m 2PYm ks k MN

Now, if we define X" = VMNZ,"", we recover exactly (9)-(10) (i.e. (30)—(31) above). In other words, up to a simple
rescaling, the systems are identical. Most importantly, -marginals of both scaled algorithms are identical, thus the analysis
of the iterates defined in (34) will give us the convergence of the parameters.

To assess first whether this target distribution is desirable, we consider the #-marginal of 7, denoted by 7. That is, 7g is
obtained by integrating out all latent variables -1~ from the joint distribution 7:

ﬂ@(@) — /7_‘,(9721:M,1:N)d21:1%1:N — /exp(_(b(@,Zl:M,l:N))dzl:M,l:N

/H HeXp (bym /M mn))d 1:M,1:N __ H H/exp (by 9 /M mn)) mn

m=1n=1 m=1n=1

o H (/exp (— ¢y, (0,2) dm) ochgym ,
X exp (N ﬁ/[: logpg(ym)> .

m=1

Thus, for a fixed dataset {y,, }}/_; as N — oo, the distribution g (#) concentrates around the maximisers of the target
loss ¢); and we will aim to quantify this concentration rate. To proceed, we first establish the convexity properties of the
function ®. Under Al and A2, ¢, is p-strongly convex and L-smooth in both arguments for all m € {1,..., M}. By
arguments analogous to those in Oliva and Akyildiz (2024, Lemmas A.4—A.5), it follows that ® is M N pu-strongly convex
and M N L-smooth in both arguments. Since — logmg(f) = —N an\f:l log pg(ym) + const, and each — log pg(y,) is
u-strongly convex in € by Remark | 7g is uM N-strongly log-concave. Hence, to obtain the concentration rate we can
apply Altschuler and Chewi (2024, Lemma A.8), which gives

de
uMN’

W2 (69* ) W@) <

Next, we look at the rate of convergence. Since ® is M N pu-strongly convex and M N L-smooth in both arguments,
an exponential convergence rate will hold by using well-known convergence results of Langevin diffusions. Let v =
E(Gk7 Z1 M,1: N) be the law of the system in (34)—(35). Given that, the target 7 is it = M N pu-strongly log-concave and
L= M NL log-smooth, the discretisation of this system with h = h/M N satisfies (Dalalyan and Karagulyan, 2019,
Theorem 1)

Wa(vg, ) < (1 — h)*Wa(rp, ) + 1.65 ( ) V/dg + MNdh'/?, (36)
where 0 < h < 2/(ji + L). Plugging h = h/M N, i = M Ny, and L = M NL to the above bound, we get
dg + MNd,
Walviam) < (1= ) Wa(onm) + 165 (1 ) /257 e @)

where the step-size restriction can also be simplified to 0 < h < 2/(u + L). Now, let us denote ! = L(6) and
mo(0) = [ w(0, 21 M1N)d1M N [then by the definition of Wasserstein distance, we have

Wa (v, me) < Wa(vg, ),

concluding the convergence part.
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Merging these results, we arrive at

L
B (161~ 0% < (1 b Wa,m) + 105 (5

do + MNdy 1/ | dg

. 38
MN pMN (38)

B.2 PRELIMINARY RESULT FOR THEOREM 2

In this section, we rework Theorem 4 in Dalalyan and Karagulyan (2019) in the same assumption setting as in A3. Let
f :RP — R be a p-strongly convex function with L-Lipschitz gradients. Let ¥, ;, denote the iterates of the noisy LMC
(nLMC) algorithm as defined in Dalalyan and Karagulyan (2019)

Og1,n = O — AV (Opn) + Ak + V2hEry1; k=0,1,2,... (39)

where . > 0 and &1 are a collection of standard Gaussian random variables of appropriate dimension. Suppose for some
0 > 0and o > 0 and for every k € N, A3 holds for ({x)r>0. We then have the following proposition.

Proposition 1 (Theorem 4 in Dalalyan and Karagulyan (2019) adapted). Let ¥k 1, be the K 'th the iterate of the nLMC
algorithm and v be its distribution. If the function [ : RP — R is L-smooth and p-strongly convex and h < 2/(u + L)
then

5 o2p1/2
W < (1= puh)KW. 1.65(L/ ) (hp)/? + =
2 (’UK,T(') > ( H ) 2 (1}0,71') + ( //’L)( p) + L + 1.64Lp1/2 —I-O'\/ﬁ

Proof. Under A3, modified Proposition 2 in Dalalyan and Karagulyan (2019) yields
2
Wa (i1, m)* < {(1 = uh)Wa (v, m) + oL (0%p)/* 4 ha )~ + o202 (40)

Applying Dalalyan and Karagulyan (2019, Lemma 1) with A = ph, B = ch and C = oL (h3p)1/2 + hé, implies that
Ws (vg, ) is less than or equal to

aL(hp)t/? +6 a’h
1 — puh)kW. 41
(L= ph)"We (vo, m) &+ —— —— & 7 T 5+ (ah) %o “h
where o = 7+/2/6 € (1.64,1.65).
O
B.3 PROOF OF THEOREM 2
Proof. Let us define ), = (&, Bk) We can compactly write (15)—(17) as:
_ _ n M XN L
B = 01 — m;;vmym(ak,xw) + h + 1/ 575 Wi, (42)
X0 =X — V¢, 0k, X;0™) + V2R, (43)

where R% 5 ¢t = (G, 04,)T and where (, = gy —E,, (2)[VaUs, (z)] and gi == M~ Y07 Vo Us, (X[7)). Following
the same steps as in the proof of Theorem | we rescale the system with step-size h = ﬁ Note that this results in a
hMN (x term in Equation (42) and that by A3 we have

E[IE[MNGIF]I] < (MN§)?,

E[IMNG ~ EIMNGIFIP] < (MNo)?
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Using h = ﬁ, L= MNp, L=MNL,§=MNg§andG = MNo to Proposition | we obtain the following bound:

~ 1/2 L dg + MNd
_ 2 < _ k ] e 0 x 3 1/2
IE[HGk CA| } < (1—ph) WQ(Vo,W)+165<Iu> N h
2Vh ) d
+ da J\\4/J;d T ]\/;N' (“@4)
1.64L, ) detMNde 4 5 o B Y
We can then identify
C’o == WQ(V077T),
~ L\ /d9+ MNd, o?
Cy =1.65 () + ,
p MN 1.64L [ detMNde o 5 7
~ d
CZ = la
"
~ )
Cs = —
I

C IMPLEMENTATION DETAILS
C.1 A PRACTICAL ALGORITHM

We now provide a few modifications to enable efficient simulation of the gradient flow. We include the pseudocode in
Algorithm 2.

Subsampling The updates in Eqs. (15)-(17) are prohibitively expensive due to the need of averaging over the entire
training set of M data points. Instead, we adopt the mini-batching strategy (Kuntz et al., 2023; Wang et al., 2026) and
compute a subsampled version of the losses. For a minibatch of indices B C [M], we compute the energy loss and generator
loss as:

1

ﬁ Xl:]VI,lzN B) = V(X g™ 45
d( ’ ) N|B| Z ( Y )a ( )
(m,n)EBX[N]
A 1 1 s
»Ce Xl:]ﬂlezM,lzN’B _ U(xmnm) — — U(X™ , 46
(m,n)eBX[N] meB
where X 1M 1:N are the posterior particles, X }:M are particles sampled from the energy prior using J Langevin steps. This

reduces the computational cost for each update to the posterior particles from O(M N) to O(|B|N).

Noise Addition Due to the use of mini-batching, we also adapt the Langevin dynamics to account for the noise added to
the posterior particles X 1*M:1:N For M = BL, where B = |B|, so that one epoch contains L mini-batch updates and each
cloud X™ !V receives one posterior drift update per epoch. We add the Brownian motion scaled by /1/L to all particles
every time the generator is updated, which matches with the amount of noise added in (17). When M is not divisible by B,
we set L = M /B as an effective noise-scaling factor and sample mini-batches according to the implementation described
below. Since the noise addition does not involve gradient computations, it is relatively cheap compared to the posterior
updates.

Adaptive Optimisers To accelerate convergence, we use the Adam optimiser Kingma and Ba (2015) for the network

parameters («, /3), following the practice in Pang et al. (2020); Schroder et al. (2023). We detail the hyperparameters in
Appendix D.1 and Appendix D.2.
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Algorithm 2 A practical version of EBIPLA

Require: Number of training iterations K, number of particles N, number of prior iterations J, initial parameters (ayg, Bo),
observed data {y™ }M_,, batch size , initial particles X0 LN stepsizes h > 0 and v > 0
fork=0to K —1do

Sample batch of indices B C [M]
1:M,1:N 1:M,1:N
X — X

X,CB+11N XB’I:N —h [Vank (XS’I:N) + V. V3, (X,CB’LN, yP) # Update posterior

1:
2:
3
4
1:M,1:N LM LN | = 1:M,1:N
5 Xy = Xy 2h/ LW,

6 SampleXkONJ\/(O I)

7 forj=0toJ —1do # Generate new auxiliary prior samples
8 ij+1<_XkJ YV Uak(X,”)-i-\/ W,f

9: end for

10: Compute energy loss Lo= L. (XEJ, X1 M1 N B) in (46)

11: Compute generator loss Lg= Ed(X,i M LN B) in (45)

12 41 < OptimizerStep(ay, ée)

13: Br+1 < OptimizerStep(Bi, Lg)

14: end for

C.2 EBIPLA WITH WARMUP FOR IMAGE EXPERIMENTS

To quickly traverse through the transient phase for the posterior particles in image experiments (Kuntz et al., 2023), we
adopt a warm-up scheme similar to the predictor-corrector SDE solver in Song et al. (2021), correcting the solution to the
posterior SDE in (8) using Langevin dynamics. We apply the warm-up during the first Syarm tralnlng iterations and run the
Langevin dynamics for 10 steps at each warm-up iteration. After the warm-up, we initialise X post by creating N identical

copies of each XpObt obtained from the persistent chains. The Gaussian noises in the inner warm-up Langevin steps are
sampled independently across inner iterations. We provide the pseudocode in Algorithm 3.

C.3 COMPUTATIONAL RESOURCES

All experiments were conducted on internal HPCs with NVIDIA L40S (48G) GPUs, internal servers with NVIDIA RTX
3090 (24G) GPUs, or rented cloud GPUs.

D EXPERIMENTAL DETAILS

D.1 SYNTHETIC EXPERIMENTS

For implementation of EBIPLA on the synthetic dataset we use the practical algorithm as detailed in Section C.1. For
fairness of comparison we implement LEBM (Pang et al., 2020) without the prior tilting introduced by the authors. We
observed that for our example dataset the tilting which is a form of prior regularisation hindered the performance of both
EBIPLA and LEBM and hence decided to drop it for both methods.

Architecture We set the standard deviation of the Gaussian decoder for both models to o = 0.05. For the prior energy
U, (z) we use a multi-layer perceptron (MLP) with three hidden layers, each with 128 hidden units and SiLU activation for
EBIPLA and ReLU activation for LEBM. We observed that ReL.U worked better for the baseline method. The generator
gp(2) : R% =R is a single linear layer mapping.

Training We train both models for 200 epochs with the batch size of 1000 data points. For the parameter updates («, ()
we use the Adam optimiser with learning rate 1 x 102 for both. The exponential decay rates for the first and second
moment estimates were configured as 81 = 0.5 and 82 = 0.999, respectively. We vary the prior ULA step size - and the
posterior discretisation step size i in EBIPLA, as well as the prior v and posterior h ULA step sizes in LEBM, according to
the number of posterior particles or MCMC steps (see Table 2, Table 3).
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Algorithm 3 A practical version of EBIPLA with warmup

Require: Number of training iterations K, number of prior iterations J, warmup iterations Sy, initial parameters
1:M,1:N’

(v, Bo), observed data {y™ }M_, , batch size |B|, scaling L = M/|B|, initial particles X, with N’, final number
of particles N with N = 0 (mod N’), stepsizes h > 0, hyarm > 0, and v > 0.
I: fork=0to K —1do
2: Sample batch of indices B C [M] # Update posterior samples
3. X;ﬂl],l:N’ (_ X;:k[,l:N’
4: if £ < Syam then
5: Xt x BN
6: for:=1,...,10do
7: X XV — hyarm [VoUa, (XT) + Vo Vs, (XT,45)] + \/2hwarmef~’i
8: end for
9 XY Xt
10: else if £ = Syam then
11: Replicate each particle cloud in X ;L%’LNI to obtain X'
12: Set N' + N
13: else , ) , )
14: XN = XN VU0, (X)) 4 WV (XY 4B
15: X;i\f,l:N’ e X;ﬁ,l:N’ + \/WW;:M’LN/
16: end if
17:  Sample XEO ~ N(0,1)
18: forj=0toJ —1do X # Generate new auxiliary prior samples
19: XP i X2 = Vala, (XE )+ V2y W,
20: end for ,
21: Compute energy loss £, = L, (XEW X;ﬂ[’l:N ,B) in (46)
22: Compute generator loss £, = ﬁd(X;ff’l:N/, B) in (45)
23: 41 < OptimizerStep(ay, ée)

24: Br+1 < OptimizerStep(By, Lq)
25: end for

D.1.1 Dataset creation details

Swiss roll To create the rotated Swiss roll we sample ¢ € [tmin, tmax] Uniformly in arc length to ensure even distribution
of the data points. Latent points are z1(t) = & [t cost, tsint] +e, &~ N(0,0.011). We map to the ambient space via a
fixed linear decoder T' : R? — IR? with orthonormal rows, which results in a rotated Swiss roll (see Figure 5). The dataset
size was set to 10,000 data points.

Half-moons To create the rotated Half-moons dataset, we use the make_moons function from sklearn to sample
N = 10000 points from the standard two-moons distribution in latent space R? with zero intrinsic noise. We then add
isotropic Gaussian perturbations Ty = Tmoon + &, & ~ N(0, 0.011) which corresponds to noise standard deviation 0.1 per
coordinate. To obtain observations in ambient space, we apply a fixed linear decoder Ty : R? — R?, given by a rotation
matrix Tp = [COS 0 —sin 9] with § = 7/3 in our experiments. This yields a rotated version of the noisy half-moons geometry

. . sinf cos 6 )
in the ambient space (see Figure 5).

Circle For the rescaled Circle dataset, we sample N = 10,000 points in latent space R? by drawing angles ¢; ~
Unif (0, 27) and setting Zcircle,; = 7 [COS ¢4, sin ¢;] . We then add isotropic Gaussian perturbations Tiy = Zcircle + €, € ~
N(0,0%1) with ¢ = 0.05 in our default setup. Observations in ambient space are obtained via a fixed linear scaling map
T'(x) = 3x. This yields a rescaled circle in the ambient space (see Figure 5).
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Swiss roll Circle Half-moons

Ambient

Latent

Figure 5: Visualisation of the datasets in latent and ambient space

Table 2: Step sizes used for the prior and posterior updates in EBIPLA across the Swiss roll, Half-moons, and Circle datasets.
N denotes the number of posterior particles.

Swiss roll Half-moons Circle
¥ h ol h 0% h

4 0.006 09 0.004 1.0 0.005 0.7
16 0.007 09 0.004 1.0 0.005 0.7
64 0.009 0.9 0.004 1.0 0.006 0.7

N

D.2 IMAGE EXPERIMENTS

Model and Architecture. We set the standard deviation of the Gaussian decoder to o = 0.3 following Pang et al. (2020).
The architecture of the energy and generator networks for SVHN and CelebA experiments are chosen to be the same as Pang
et al. (2020) to ensure a fair comparison. For CIFAR10, we use the same generator network as our SVHN experiment instead
of the larger version used in Pang et al. (2020) to avoid overfitting. We adopt the same energy and generator networks as Yu
et al. (2023) for the CelebA-HQ experiments.

Training. We train EBIPLA on all datasets for 200 epochs with a batch size of 128. We use the Adam optimiser for both the
energy and generator networks: for the energy network, we use a learning rate of 2 x 10~% and set (31, 32) = (0.5,0.999),
for the generator we use a learning rate of 1 x 1072 and (81, 82) = (0.9,0.999); an exponential learning rate schedule
with rate 0.999 was used for both networks. The warmup is applied during the first 10K iterations of the training with
hwarm = 0.005 (cf. Appendix C.2). For particle updates, we choose v = 0.1 and & = 0.1 with the number of prior steps set
to 60.

Evaluation. For the computation of FID values, we sample 50, 000 from the energy-based prior. To ensure our evaluation
accurately reflects the learned model, we use sampling hyperparameters identical to our training procedure: 60 Langevin
dynamics steps with a step size of 0.1.

For the evaluation of reconstruction error, we use a similar setup to Kuntz et al. (2023) and compute the maximum a
posteriori (MAP) estimate for the latents ™ corresponding to each y™ in the validation set:

1

Tihap = arg maxlogp(zly™) = arg min_—ly"™ — gs(2)[13 + Ua(2).

zERd veRde 202

Then, we recover the image by mapping xyy,, through the generator. To solve the MAP estimation problem above, we use 4
randomly initialised runs of Adam (Kingma and Ba, 2015) of length 50 iterations and set the learning rate using PyTorch’s
ReduceLROnPlateau scheduler with an initial learning rate of 1; all other Adam parameters are set to the defaults.

Runtime Comparison. We additionally provide a comparison of runtime between our method EBIPLA and LEBM (Pang
et al., 2020) under the same settings in our image experiments. The runtime results were averaged over 5 runs.
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Table 3: Step sizes used for the prior and posterior updates in LEBM across the Swiss roll, Half-moons, and Circle datasets.
N denotes the number of MCMC steps.

Swiss roll Half-moons Circle
¥ h v h ¥ h

4 0.003 0.006 0.004 0.01 0.005 0.003
16 0.006 0.005 0.004 0.005 0.005 0.003
64 0.006 0.005 0.004 0.006 0.01 0.003

N

Dataset LEBM (Pang et al., 2020) EBIPLA (ours)
Walltime (s) GFLOPS  Walltime (s) GFLOPS
CIFARI10 2.0640.07 1.50 0.994+0.07 0.80
CelebA64 1.5940.06 0.80 1.4610.06 0.79
SVHN 0.4940.07 0.75 0.3310.07 0.74

Table 4: Per-training-step wall-clock time (]) and Giga Floating-Point Operations Per Second (GFLOPS) across three
dataset configurations, measured on a single NVIDIA RTX3090 GPU.

E ADDITIONAL RESULTS
E.1 IMPACT OF MCMC STEPS

The figure below shows samples generated with EBIPLA for N = 64 trained on rotated Swiss roll and rotated Half
Moons datasets for increasing numbers of prior ULA chain steps .J, together with the corresponding exponentiated energy
landscapes. Both sample quality and the energy landscape improve with increasing J. We select J = 500 as a practical
trade-off between sample/energy quality and computational cost. While performance improves further at J = 1000, the
gains are marginal relative to the additional runtime for this study.

J=50 J= 100 J=250 J=500 J=1000
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E.2 FURTHER COMPARISON WITH GENERATIVE MODELS

The following tables contextualise our results against a broader set of mainstream modern generative models. We report FID
comparisons on CIFAR-10, SVHN, and CelebA across latent-variable models, VAEs, autoregressive models, GANs, score-
based models, flows, EBMs, and extensions thereof. We note that EBIPLA is not intended to compete with state-of-the-art
generative models such as diffusion or flow-based models. Our comparisons focus on latent EBM baselines, which allow us
to assess the impact of the introduced training method on the generative and reconstructive performance.

Table 5: Additional comparison of FID(]) on CIFAR-10.

Family Model FID|
VAE VAE (Kingma and Welling, 2014) 78.41
2s-VAE (Dai and Wipf, 2018) 72.90
RAE (Ghosh et al., 2019) 74.16
Autoregressive PixelCNN (Salimans et al., 2017) 65.93
PixelIQN (Ostrovski et al., 2018) 49.46
GAN WGAN-GP (Gulrajani et al., 2017) 36.40
SN-GAN (Miyato et al., 2018) 21.70
StyleGAN2-ADA (Karras et al., 2020) 2.92
Score-based NCSN (Song and Ermon, 2019) 25.32
NCSN-v2 (Song and Ermon, 2020) 31.75
NCSN++ (Song et al., 2021) 2.20
Flow Glow (Kingma and Dhariwal, 2018) 45.99
Residual Flow (Chen et al., 2019) 46.37
EBM LEBM (Pang et al., 2020) 70.15
EBM-SR (Nijkamp et al., 2019) 44.50
EBM-IG (Du and Mordatch, 2019) 38.20
EBM-CD (Du et al., 2021) 25.10
SM-LEBM (Schroder et al., 2023) 77.82
ED-LEBM (Schrider et al., 2023) 73.58
EBM-+Extensions CoopVAEBM (Xie et al., 2021) 36.20
CoopNets (Xie et al., 2018) 33.61
Divergence Triangle (Han et al., 2019) 30.10
VARA (Grathwohl et al., 2021) 27.50
GEBM (Arbel et al., 2021) 19.31
CF-EBM (Zhao et al., 2021) 16.71
VAEBM (Xiao et al., 2021) 12.16
EBM-Diffusion (Gao et al., 2021) 9.60
CDRL (Zhu et al., 2024) 3.68
DDAEBM (Geng et al., 2024) 4.82
NT-EBM (Nijkamp et al., 2022) 78.12
EBM-FCE (Gao et al., 2020) 37.30
CoopFlow (Xie et al., 2022) 15.80
Ours EBIPLA 75.1 3i0 T4

Table 6: Additional comparison of FID({) on SVHN.

Family Model FID|
Latent variable ABP (Han et al., 2017) 49.71
ABP-SRI (Nijkamp et al., 2020b) 35.23
ABP-OT (An et al., 2021) 19.48
SRI (L = 5) (Nijkamp et al., 2020b) 35.32
VAE VAE (Kingma and Welling, 2014) 46.78
2s-VAE (Dai and Wipf, 2018) 42.81
RAE (Ghosh et al., 2019) 40.02
GAN DCGAN (Radford et al., 2015) 21.40
Flow Glow (Kingma and Dhariwal, 2018) 41.70
EBM LEBM (Pang et al., 2020) 29.44
SM-LEBM (Schroder et al., 2023) 34.44
ED-LEBM (Schroder et al., 2023) 28.10
EBM-+Extensions NT-EBM (Nijkamp et al., 2022) 48.01
EBM-FCE (Gao et al., 2020) 20.19
CoopFlow (Xie et al., 2022) 15.32
Ours EBIPLA 27.5440.42
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Table 7: Additional comparison of FID(]) on CelebA.

Family Model FID|
Latent variable ABP (Han et al., 2017) 51.50
ABP-SRI (Nijkamp et al., 2020b) 36.84
SRI (L = 5) (Nijkamp et al., 2020b) 47.95
VAE VAE (Kingma and Welling, 2014) 38.76
VAE (Kingma and Welling, 2014) 65.75
2s-VAE (Dai and Wipf, 2018) 44.40
RAE (Ghosh et al., 2019) 40.95
GAN DCGAN (Radford et al., 2015) 12.50
Flow Glow (Kingma and Dhariwal, 2018) 23.32
EBM LEBM (Pang et al., 2020) 37.87
SM-LEBM (Schroder et al., 2023) 41.21
ED-LEBM (Schroder et al., 2023) 36.73
EBM+Extensions ~ EBM-FCE (Gao et al., 2020) 12.21
DDAEBM (Geng et al., 2024) 10.29
GEBM (Arbel et al., 2021) 5.21
CoopFlow (Xie et al., 2022) 4.15
Ours EBIPLA 35.7240.46
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