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Abstract

Explainable artificial intelligence promises to yield
insights into relevant features, thereby enabling
humans to examine and scrutinize machine learn-
ing models or even facilitating scientific discovery.
Considering the widespread technique of Shapley
values, we find that purely data-driven operational-
ization of multivariate feature importance is unsuit-
able for such purposes. Even for simple problems
with two features, spurious associations due to col-
lider bias and suppression arise from considering
one feature only in the observational context of the
other, which can lead to misinterpretations. Causal
knowledge about the data-generating process is
required to identify and correct such misleading
feature attributions. We propose cc-Shapley (causal
context Shapley), an interventional modification of
conventional observational Shapley values lever-
aging knowledge of the data’s causal structure,
thereby analyzing the relevance of a feature in the
causal context of the remaining features. We show
theoretically that this eradicates spurious associ-
ation induced by collider bias. We compare the
behavior of Shapley and cc-Shapley values on vari-
ous, synthetic, and real-world datasets. We observe
nullification or reversal of associations when mov-
ing from observational to cc-Shapley.

1 INTRODUCTION

Feature attribution is a common paradigm in the field of Ex-
plainable Artificial Intelligence (XAI). Its goal is to quantify
the importance of each feature by attributing a score to it.
It is often assumed that using such techniques allows us to
check whether a certain model is “correct”, i.e., whether it
misbehaves on certain data points or whether it uses unex-
pected, possibly unfavorable, structures for its prediction

[Ribeiro et al., 2016, |[Lapuschkin et al., 2019} |/Anders et al.,
2022]]. Likewise, XAl is hoped to boost scientific discovery
by unveiling hidden multivariate patterns in the data that are
associated with prediction targets of interest [Jiménez-Luna
et al.} 2020, |Wong et al., 2024} Samek and Miiller, 2019]].
All of these promises are based on the assumption that the
attributions gained with such methods do not show spurious
patterns and can be interpreted unambiguously.

This work aims to show that this assumption is an illusion
unless we include causal knowledge into our considerations.
We observe that a purely observational approach to XAl
produces spurious relevance patterns that can easily lead to
false conclusions. As these patterns are rooted in the causal
relationship of the involved variables, causal knowledge is
required to correct them.

Our analysis focuses on Shapley values, a concept of game-
theoretical origin that has become a well-established ap-
proach to XAI. When predicting a target variable Y from
features F = { X1, ..., X, } the Shapley value of a feature
X; is defined aq'| [Shapley et al.| [1953]

s SMAIS= o,

o(X;) = ,
SCA{X,} d

where we introduce the notation
Is(X;) = E[Y|X;,S] - E[Y][S] 2)

for the change in prediction when we add observation X
to the observed features S C F. Formula computes the
weighted sum of these changes, where the combinatorial
weights can be interpreted through the probability of ran-
domly drawing S, cf. Appendix [A] For binary Y € {0,1},
as considered in some examples below, () simplifies to a
difference of probabilities.

The computational complexity behind (T)) quickly increases
with |F|. For this reason, several scalable modifications

'There are various versions of D, cf. Appendix
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have been proposed, e.g., by Lundberg and Lee, [2017]] and
Janzing et al.| [2020]]. We show, however, that even with-
out any approximations put on top, ¢ is unsuitable for the
purposes generally targeted by XAl To illustrate this, we
will use the following easy running example throughout this
work.

Example 1.1 (Breakfast and diabetes). Suppose blood glu-
cose G is measured in a patient to assess whether he or she
has diabetes (Y = 1) or not (Y = 0). Unfortunately, the pa-
tient ignores the doctor’s request not to eat breakfast before
the test. We assume that the measured value G follows the
(simplified) relation

G=85+04-C+40-Y +U, 3)

where C' denotes the carbohydrate intake during breakfast
and U denotes independent noise. We assume that Y ~
Bernoulli(0.15), C' ~ N(60; 252) and U ~ N(0; 10?).

The graph in Figure |1a| illustrates the causal structure of
Example[I.T} the value of G is caused by the variables Y’
and C'. The plot on the left of Figure [Tb|shows the Shapley
values (I for data generated from this simple problem. A
red color indicates a high value of a feature, whereas a
blue color indicates a low value. A positive Shapley value
¢(G) = 11y(G) + 31c(G) indicates a positive association
whereas larger G tend to co-occur with larger Y if G is
either considered alone (S = ) or in the context of a fixed
C (8 = {C}). As red points in Figure [l b|are concentrated
on the right for G, we could conclude that high G values
makes diabetes more likely, which matches intuition. We
call this positive relevance in the following.

The Shapley values for C, on the other hand, indicate a
negative relevance: high values of C' are associated with
a lower diabetes probability. Does this imply that a single
high carbohydrate intake makes it less likely that the pa-
tient has diabetes? This seems absurd and rightly so. The
underlying reason is instead something which one might
dub the “explain away effect” but which is typically known
as suppression in the literature [Conger, |1974]: When the
patient consumed many carbohydrates there is no need for
diabetes to explain high values of G. The presence of sup-
pression in our example can be read off the causal graph in
Figure[Ta} the suppressor C' is connected to the target Y via
anode G with two incoming arrows (known as a collider).
Conditioning on a collider leads to a spurious association,
known as collider bias, which makes C' a suppressor of G.
Collider bias and suppression are in this work considered
as two sides of the same coin, cf. Section @} Not every
feature attributed negative relevance by ¢ will automatically
be a suppressor. In other examples a feature can, of course,
be of negative relevance as it really causes the target to de-
crease. Apparently, the “right” interpretation of a chart like
the left one in Figure [Ib|can vary from situation to situation.
This ambiguity can easily lead to wrong conclusions and
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Figure 1: Causal graph for Example|l.1{(top), together with
the according results for conventional Shapley values
(bottom - left) and the cc-Shapley values (6) (bottom - right).
Experimental details are in Appendix @

undermines the usability of XAl for purposes such as model
analysis, let alone for scientific discovery.

Why were we able to tell that a suppression effect rather than
a potential health benefit of one carbohydrate-rich breakfast
is a more likely interpretation for the negative relevance
of C' in Figure[Tb? We had to use something that a purely
data-driven model does not have: an understanding of the
real world, encoded in the causal diagram in Figure[Ia] In
this article we propose to use this understanding for our
treatment of the context variables S in (I)) via techniques
from causal inference [Pearl,|2009]. This causal modifica-
tion of (1)) is called cc-Shapley values, and is introduced in
Definition For Example we depict the cc-Shapley
values on the right side of Figure[Ib] We observe that the
cc-Shapley values do not attribute C' any importance for
diabetes risk, which matches the intuition.

The main contributions of this article are as follows:

* We highlight a fundamental problem underlying non-
causal XAI methods such as @ In causal inference,
this problem is known as collider bias or suppression.

» We propose cc-Shapley values, which modify (T)) to use
causal information. This is, to the best of our knowl-
edge, the first approach designed to avoid collider bias
without the need to restrict oneself to univariate feature
importance.

* We present theoretical and experimental results regard-
ing the computability and behavior of cc-Shapley val-
ues in the presence of collider bias. We use several
synthetic and one real world example.

The article is structured as follows: In Section[2] we recall
some background on causal inference including collider bias
and suppression, which are the central topics of this work.
In Section [3| we introduce cc-Shapley values and give an
algorithm for their estimation. Section [3.3]lists the main
limitations of this work, such as the restriction to tabular
data and the requirement to have a causal graph. In Section
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M we compare the results of Shapley and cc-Shapley values
on various examples.

Comparison With the Literature. There are a plethora
of XAI methods in the literature, cf. for example the re-
views by |Angelov et al.| [2021]], Minh et al.| [2022] and
Mersha et al.|[2024]. While this work focuses entirely on
Shapley values, the criticism raised here goes beyond this
specific method. Typically, non-causal methods use only
observational ingredients: the data and/or the model (which
is also trained from the data). As causal information is not
recoverable from observations alone in general and as col-
lider bias is a causal phenomenon, it is implausible that any
combination of purely observational information can erad-
icate the influence of collider bias. Indeed, [Wilming et al.
[2023]] demonstrate the susceptibility of many popular XAl
methods to suppression.

There is a growing awareness that the current approach to
XAl needs scrutiny or even revision [Freiesleben and Konig)
2023|, |[Haufe et al., 2024, [Wilming et al., [2022]] with some
works discussing the need and possibility for combining
XAI with causal concepts, e.g., [Carloni et al., [2025} Beck-
ers, 2022, |[Karimi, [2025] |Holzinger et al., [2019} |Scholkopf],
2022]]. Various works propose using the underlying causal
structure to produce counterfactual explanations, see, e.g.,
the works by [Karimi et al.|[2021} 2020}, Konig et al.|[2023]].
The focus in these works is mostly to produce counterfactu-
als that are coherent with the actual world, but the topic of
suppression is not discussed in this context.

Janzing et al.|[2020], Budhathoki et al.|[2022], Heskes et al.
[2020], Frye et al.|[2020] and Jung et al.|[2022] also discuss
variants of Shapley values invoking causal concepts. We
discuss the relation of our method to these variants in Sec-
tion[3.1]and, in greater detail, in Appendix [B] Wilming et al.
[2023]] study (conventional) Shapley values for a simple
suppressor problem for which no relevance is attributed to
a suppressor; this statement is however only true for their
considered example and a specific approximation to Eq. (T).
Haufe et al.|[2014] and |Clark et al.|[2025]] discuss the prob-
lem of suppression and observe that a univariate approach to
feature importance avoids these problems. We will discuss
the relation of our work to this idea in Section[2.2]including
a discussion why univariate importance is in general not
sufficient to assess the relevance of a feature.

2 BACKGROUND

2.1 BASICS OF CAUSAL INFERENCE

We here recall core concepts of causal inference needed in
this article and refer to [Pearl| [2009]. In causal inference,
the data genererating process behind a set of variables is
described by a structural causal model (SCM), which is a
triplet M = (V, (fx)xev, (Ux)xev), where

¢ V is the set of variables,

* (Ux)xey is asetof independenﬂ random variables,
representing noise, and

* each variable X € V is related to its parents pay C
V \ {X} and its noise variable Ux via an assignment
function X = fx(pay,Ux).

To avoid inconsistencies, the relations are assumed to be
acyclic: That is, when drawing arrows from pay to X
for each X € V), we arrive at a directed acyclic graph
G = (V, &) with edges £. Given an instance of the noise
variables (Ux )x ey, we can find the values of all X € V
through evaluation of the assignment functions, starting
from the source nodes without parents. The graph G is called
the causal graph and represents the causal functional depen-
dencies underlying the data generating process. Figure[Ta]
depicts the causal graph for Example[T.1]

Statistical association between variables can be assessed by
studying the paths in G. A path between two variables is a
concatenation of adjacent edges from £ (independent of the
direction of the edges) leading from one variable to the other.
If all edges in a path have the same direction, we denote it by
--» or «-- and call it a causal path. If a causal path consists
of only one edge we call it direct, otherwise indirect. A path
between two sets S and S’ is called a backdoor path if it
leaves S with an incoming edge. A path is called blocked,
conditional on a (possibly empty) set Z C V), if it

* contains a Z € Z that acts on this path as a chain
— Z — (or« Z <)orasafork <+ Z —,or

« if it contains a collider — C' < which is neither con-
tained in Z nor in the ancestors an(Z) of Z (the set of
nodes that have a causal path leading to Z).

A path is called unblocked if it is not blocked. If all paths
between two sets of variables S, S’ C V are blocked
conditional on Z, we call them d-separated and write
S 1l g S'|Z. d-separation implies independence: S g
S'|Z = § UL §’|Z. The graph G is called faithful if the
reverse direction is always true.

Intervention with the do-operator is the process of cre-
ating from M = (V,(fx)xev, (Ux)xey) a new SCM
MeX'=2) = (y, (fx)xewixy U {fx}, (Ux)xev)
where the assignment function fx(pay., Ux) is replaced
with the constant function fx(Ux:) = 2’ (with a dummy
Ux-dependency). The distribution in this modified model
is denoted by P(-|do(X’ = z')) or simply P(-|do(X"))
to indicate that X’ is set to a some value 2’ which we do
not need to specify further. Intervention simulates the effect
of a variable when we cut off its usual causes and corre-
sponds to deleting all incoming arrows to X’ in G. Similarly,

>Throughout this work, we assume that the SCM satisfies
the local Markov property, i.e., there are no hidden confounders
outside the set V.
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we can define an intervention do(X’) on a subset of vari-
ables X C V or a stochastic intervention do(X ~ ¢) when
drawing the values & from a distribution ¢ instead of using
constant values |

In supervised machine learning, the typical task is to esti-
mate a target variable from other variables. To account for
this distinction in our setup, we call one variable Y € ) the
target and the remaining variables F = V \ {Y'} features.
The features will be indexed as F = {X; : 1 <1i < n}.

2.2 COLLIDER BIAS

Suppressor Variables and Collider Bias. In Figure[Ib]
we observed that even for simple problems, uninformative
features, i.e., features that are independent of the target, can
be attributed importance by XAl methods. This is because
these features might be useful to remove variance from in-
formative features. In the literature, variables that are useful
in such a secondary sense are known as suppressor vari-
ables, as they can be used to suppress noise [Horst et al.|
1941} |Conger, |1974, Darlington, 1968, Kim, [2019]. These
references all give different definitions of what a suppressor
is, partially contradicting each other or giving definitions
that only make sense in a linear framework. We here follow
Wilming et al.| [2022] and [Haufe et al.| [2024]] and define
suppression through collider bias, the statistical association
that arises due to the unblocking of paths when conditioning
on a collider or its ancestors (cf. Section 2.T). We call a
(possibly informative) feature a suppressor if it is connected
to the target via paths that contain colliders. In this view,
suppression and collider bias are just two sides of the same
coin: suppressors are those variables whose association with
the target might be affected by collider bias when condition-
ing on other variables. Example[I.T] with the causal graph
from Figure[Ta]is a very easy example on how the collider
G makes C' a suppressor. For general setups and a single-
ton S = {X}} the middle column of Table [1] summarizes
how conditioning on X, can lead to collider bias between
a feature X; and the target, making X; a suppressor. The
rows of Table[I]distinguish various types of paths 7 between
X and Y. In cells marked in red, conditioning on X}, will
(potentially) lead to collider bias between X; and Y: 7 was
previously blocked but might become unblocked inducing
or distorting statistical association. As the number of paths
quickly grows with | F|, the consequences of spurious as-
sociation introduced by such effects is likely to become
aggravated even for low-dimensional problems.

3To define stochastic interventions we actually have to allow
in general for dependencies between exogenous variables; for all
cases studied here, this technicality is, however, irrelevant. We
discuss this and stochastic interventions in more detail in Section

[C:4]in the appendix.

Univariate Importance Is Insufficient. The problem of
suppressor variables and the susceptibility of many XAl
methods to them is known in the XAl literature [Wilming
et al., |2022| Haufe et al.| 2024} [Konig et al.| 2025 |Weich{
wald et al.,2015]]. Haufe et al.|[2014]] observed that even the
weights of linear models will highlight suppression variables
as relevant. [Clark et al.| [2025]] and |Gjglbye et al.[[2025] ex-
tended this observation to generalized additive models and
locally linear explanations. These three works also propose
potential remedies for this problem, which could, in a nut-
shell, be summarized as (re-)fitting the considered feature
X to the target Y in a univariate fashiorﬂ In the notation
of (2), we can express such an approach as

Iy(X;) =E[Y|X;] - E[Y], “4)

where we recall that the conditional expectation is the op-
timal fit of X; onto Y, cf. Appendix The object (@)
is not susceptible to collider bias and thus to suppression
as it does not condition on other features. In particular, we
have X; 1L Y = Iy(X;) = 0 so that @) only highlights
features that are statistically associated with Y, a property
called the statistical association property (SAP) by [Clark
et al.| [2025]], [Wilming et al.[[2023]] and |Haufe et al.|[2024].
For Example|[L.1] the SAP guarantees that Iy(C') = 0.

Univariate importance measures such as (@) avoid attribut-
ing importance to statistically irrelevant features which is
necessary to apply XAI for model debugging and scientific
discovery. However, the interplay between variables is vital
to the performance of a ML model and interactions of vari-
ables can create information that is not available by looking
at each variable on its own as shown by

Example 2.1 (Univariate importance is not enough). Let
X, Xy ~ Bernoulli(%) be independent and Y = X1 ®
Xo with @ denoting the XOR operation. Then Iy(X,) =
Iy(X32) = 0 indicate no importance of the features whereas
the “higher order” importance terms Ix,(X1) = X1 @
Xy — %7 Ix, (X2) = X1 ® Xo — % (correctly) indicate
importance.

A more complete XAI method will thus have to consider the
multivariate interplay between variables. As we saw above,
doing this purely based on observational data as done by
mainstream approaches can lead to spurious association that
can easily be misinterpreted. In the following section we
demonstrate that using causal information provides a way
out of this dilemma.

4Haufe et al.| [2014] actually propose a method that, under
the assumption of Gaussianity, is equivalent to a univariate linear
regression from target to feature. The regression coefficient of such
a fit equals, up to standard deviations, a linear univariate regression
from feature to target.
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Paths 7 between X; and YV’ oo | Xk do(X&)
— X —existson T Xor/=X Xor/=X
«— X —existson T Xor/=X Xor/=X
— X < existson 7 X=X or X=X
— C <« exists on 7 and

Xy, ¢ 7,C € an(Xy) X=X or X=X
None of the above no effect no effect

Table 1: Change in the state of being blocked (X) or un-
blocked (v') for paths 7 between feature X; and target Y
when conditioning (middle column) or intervening (right
column) on Xj. "X or v/" means that the path is potentially
unblocked - depending on other path details. Condition-
ing on X}, potentially unblocks previously blocked paths,
which can lead to collider bias (cells marked in red). This is
avoided by causal interventions do(X}).

3 METHODOLOGY

3.1 USING THE CAUSAL CONTEXT

A Causal Version of Shapley Values. We saw in Section
for our running Example[I.T]that, even in this simple case,
objects such as E[Y'|C, G] are susceptible to the problem of
spurious correlations, namely between C and Y conditional
on G. We here propose to solve problems of this kind as
described in the following.

First, abandoning the symmetry between the considered
features, we propose to distinguish in each scenario between

1. The variable whose importance is to be studied.

2. The variable(s) that describe the background within
which the importance of the variable from 1 is studied.
We call these variables the context.

The “paradoxical” behavior for Example [I.1] arose when
studying the importance of the feature C' (carbohydrate in-
take) in the context of a glucose value of GG. The quantity
E[Y|C, G] considers the collider G as an observation, which
leads to the spurious correlation between the suppressor C'
and Y. We here propose to apply interventions on the con-
text variable(s) instead of conditioning on observed values.

Definition 3.1. We define the importance of a feature X; in
the causal context of features S C F \ { X} as

lao(s)(X;) = E[Y[X;, do(S)] — E[Y[do(S)]. (5)

Using () we define causal context Shapley (cc-Shapley)
values as

boe(Xj) = Y

SCA\{X;}

S|II(|F| =S| = 1)!

Intervening on the context allows us to remove collider
bias: For the case of a univariate context S = {X}}, the
rightmost column of Table[T] summarizes the effect of the
intervention do(X) on the blocking of paths between X ;
and Y. In contrast to a mere conditioning on X, (middle
column), the intervention do(X}) does not unblock a path
7 that was previously blocked. In fact, the same holds for
general context variables S: Since intervention removes
incoming arrows to S in G, the operation do(S) does not
lead to a conditioning on colliders.

For the running Example we obtain, from Lemmas
below and Appendix Lio(ey(G) = 1c(G) ~
o(£(G—-0.4C—109))—0.15 and Iyo() (C) = Ip(C) = 0.
Note that the information on the suppressor C' is still used
but now counts towards the importance of the informative
variable G it suppresses. The uninformative suppressor fea-
ture C is assigned no importance. This can be shown to
hold in general for any non-informative feature whenever
the underlying causal graph is faithful. Thus, the cc-Shapley
values as defined in Definition 3.1l fulfill the SAP.

Proposition 3.2 (SAP for Definition 3.I). Given a fea-
ture X; with X 1Lg Y we have I44(s)(X;) = 0 for any
S C F\{X;}. This implies that we have X; 1lg Y =
bee(X;) = 0 for ¢ec as in (©).

Proof. This follows from the fact that an intervention on &
cannot unblock paths between X; and Y, hence X; 1l g
Y| do(S) and thus X; 1L Y| do(S). O

Comparison With Other Methods.
introduce do-Shapley via the formula

Jung et al.| [2022]

$ao(X;) = Y Y(S)(E[Y|do(X;,S)] - E[Y]do(X;)].
SCF\(X;)

This expression appears similar to the one proposed for ¢
above, with the exception that we do not intervene on X
in Definition[3.J] This difference is however crucial for the
aspects studied in this work. Broadly speaking, prediction
problems can often be classified as causal or anti-causal,
depending on whether the target is the effect or the cause
of the features [Scholkopf et al.l 2012]. While the issue of
suppression is not exclusive to the anti-causal setup, it most
naturally occurs in such settings due to its connection to
collider bias. In fact, almost all causal settings studied in
this work (except for Example contain at least some
anti-causal elements. The object ¢4, is not designed for anti-
causal settings and doesn’t attribute relevance to any feature
when used in this context (cf. Appendix [B]). The same is true
for the intrinsic causal contribution approach proposed by
Janzing et al.|[2024]). Heskes et al.|[2020] propose causal
Shapley values that differ from do-Shapley by using the
actual model instead of Y. We find in Appendix [B] that
this leads for Example[I.T]once more to spurious negative
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relevance attributed to C. |[Frye et al.| [2020] also use the
model for their concept of asymmetric Shapley values. We
find in Appendix [B| that their approach can, however, be
modified to a model-agnostic form and that this form is,
similar to cc-Shapley, well-behaved on Example [I.T} In
the presence of mediators this modification shows however
inconsistencies in its behavior on causal and anti-causal
problems in contrast to cc-Shapley. For a more detailed
discussion we refer to Section [B|of the appendix.

3.2 ESTIMATION

Simple Cases. Objects such as E[Y'|S] and E[Y| X, S]
can rather easily be learned from data via training a machine
learning model of choice that predicts ¥ from S or {X; } U
S, cf. Lemma [C.1]in the appendix. Interventional objects
such as E[Y'| X, do(S)] from Definition [3.1] are harder to
obtain and require identification (e.g., via do-calculus) or
access to (an estimate of) the SCM. But in some cases these
objects match simple observational quantities as shown by

the following two lemmas whose proofs are in Appendix
C.2

Lemma 3.3 (Irrelevant context). Consider X; € F,S C
F \ {X;} and assume that there are no causal paths
S --» Y, X;. Then we have E[Y|X;,do(S)] = E[Y|Xj]
and lyo(s)(X;) = Ip(X;).

For the running Example Lemma implies that
Lio()(C) = Ip(C) = 0 as there are no causal paths
G --» Y or G --» C and hence G is irrelevant as causal
context for C.

Lemma 3.4 (Intervention equals observation). Consider
X; € F, 8§ C F\{X,} such that, either

¢ (no backdoor paths) there are no unblocked backdoor
paths from S to X; or from S to'Y, or

* (purely causal setup) there are no causal paths Y --»
X;,S and no confounders H € 'V \ ({Y, Xj} us)
with Xj ¢«-- H --»Y orS«--H --»Y,

then we have the identities E[Y | X ;, do(S)] =
and Ido(S)(Xj) = IS(X])

E[Y]X;, S]

The feature C' in Example [I.1] has no backdoor paths
so that Lemma implies I40(c)(G) = Ic(G). The
same argument implies that for Example [2.1] we have
IdO(Xg)(Xl) = IX2 (Xl) and Ido(X1)<X2) = IXl (Xg) and
thus ¢ce(X1) = ¢(X2) # 0, ¢ee(X2) = ¢(X2) # 0.

Backdoor Adjustment. In Lemmal|C.3in the appendix
we provide a formula for the identification of I44(s5)(X;)
from observational data similar to the backdoor adjustment
from [Pearl| [[2009].

Algorithm 1: Compute I,,(s)(X;) from SCM
Input: SCM M, X; € F,context S C F \ {X;}
Output: I44(s)(X)

# Create modified model

Create sampler of marginal ¢(S) in M;
Construct Mdo(S~a).
# Fit ML models (NN, XGBoost,...)
Sample (X;,S,Y) from Mdo(S~a);
E[Y|do(S)] «+ fitSto Y;
E[Y|X;,do(S)] «+ fit X;,StoY;

# Compute importance

Lao(s)(X;) = E[Y]X}, do(S)] — E[Y[do(S)] ;
return E[Y' | X;, do(S)]. Iaos)(X;)

Using the SCM. Algorithm summarizes how
Iqo(s)(X;) can be computed given an SCM M. This
is the method that we use in Section 4| below. We first
isolate the joint marginal ¢ of the context variables S
within the original model M. We then perform a stochastic
intervention on the SCM to obtain MI°(5~9)  In this
modified model, we can obtain estimates of the functions
E[Y|X;,do(S)] and E[Y|do(S)] via standard multivariate
fitting using data-driven models, cf. Appendix [C.4]

Unless one is working with synthetic examples, the SCM
will naturally not be known, as we also discuss in Section
[3.3] below. However, given a causal graph and a defined
noise structure, the functional relations can be estimated
from observational data by regressing each feature on its
parents [Peters et al.,|2017]]. For instance, for the real world
example in Section |4| we learn each assignment function
via a non-linear logistic regression with the parents as input
variables.

3.3 LIMITATIONS

Neither the original Shapley values (T)) nor our causal ana-
logue (6) are scalable in the way they are formulated here,
cf. Section[D]in the appendix. The number of of context sets
S increases exponentially with | F| and for each feature X;
and context S two data-driven models have to be fitted to
estimate E[Y'| X;, do(S)] and E[Y'|do(S)]. Scalable approx-
imations [Chen et al.| [2023]] could be a way out but were
not studied in the scope of this work. [Parafita et al., 2025]
introduce an estimand-agnostic approach, that builds on the
insight that do-Shapley values (cf. Section [B.)) are directly
estimable from the joint distribution of all variables. The
same statement is true for cc-Shapley, but the application of
this idea to our approach was not studied here. An omission
of redundant terms, as proposed by |Parafita et al.| [2025]],
Witter et al.|[2026] for do-Shapley, would also enhance the
computability of cc-Shapley, but appears to be more com-
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plex due to the presence of conditioning along interventions
in (3). We did not examine this aspect here as the main focus
of this article is rather to highlight a systematic weakness
in the existing approach to XAI and to point out what is
necessary to fix it.

Another limitation, that is shared by many other works on
causality, is the assumption that the causal graph that has
generated the data is known. Once we have obtained this
graph, we can often fit the functions (fx)xey in the SCM
and subsequently apply Algorithm [T} This is the procedure
that we follow for the real world example in Section
below. In specific cases, such as linear SCMs with non-
Gaussian noise, algorithms such as LINGAM [Shimizu et al.|
2011}, [Tashiro et al.,|2014, [Leyder et al.}2025| Zhang et al.,
2025] can be used, cf. Section ] below, to obtain the causal
graph. For more general approaches to causal discovery
compare also, e.g., the works |Zheng et al.| [2018]], Bello
et al.|[2022]], Pam(fil et al.|[2020] and the reviews by |Zanga
et al|[2022], |Glymour et al.| [2019]]. In the general case,
however, obtaining a valid causal graph is typically non-
trivial and often requires expert knowledge. Moreover, in
accordance with many other works in causal inference, we
have to assume that the exogenous variables in our model
are uncorrelated, which is typically an oversimplification.

The use of a causal graph further implies that a variable has a
specific static meaning throughout the dataset, which is typ-
ically not true for other types of data such as images. Here
causal representation learning becomes necessary to apply
causal techniques [Scholkopf et al.l 2021} [Brehmer et al.|
2022, |Ahuja et al., [2023]]. We did not use such techniques
here and only restrict ourselves to static data.

Finally, a recent series of works, e.g. [Fumagalli et al.| 2023}
Muschalik et al.| 2024alb| [Pelegrina et al., 2026, Kolpaczki
et al., 20260], puts a focus on feature interaction, building
on extensions of (I) [Grabisch and Roubens| [1999], rather
than on single feature attribution. Although we believe that
cc-Shapley values could, in principle, be extended to study
interactions, we did not study such aspects in this work.

4 EXPERIMENTAL RESULTS

Linear SCMs. We randomly sample 3,000 linear SCMs
with 8 features, i.e., F = {X1,...,Xs}, V = FU{Y},
and additive non-Gaussian (Laplacian) noise as described
in Appendix For each SCM, the effect of including
univariate context S = {X5>} on the importance of the
variable X is studied. Using linear models for the fitting
of conditional expectations and for Algorithm[I]} we obtain
partial regression coefficients bx,|x,,bx,|do(X,), 0x, for
the X;-dependency of Ix, (X1), ldo(x,)(X1) and Iy(X7).

Figurecompares bx,|x, vs. bx, (left) and bx, |qo(x.) VS-
bx, (right) for all sampled SCMs. Each point represents
a different linear SCM. For the computation of bx,|do(x,)

)
o
Collider impact

10 %% 5 o0 5 10

0.0

Figure 2: Comparison of the regression coefficients bx, |x,
(left) and b, |q0(x,) (right) with bx, for randomly sampled
linear SCMs with 9 variables. The color encodes the extent
to which X5 acts as collider, cf. Appendix@

High

: e — s
c +— — |
’ + »
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Shapley values

10 -1.0 -05 00 05 10
cc-Shapley values

Figure 3: Shapley (left) and cc-Shapley (right) values for
the nonlinear diabetes example considered in Section

we used the DirectLiNGAM algorithm from [Shimizu et al.
[2011] to identify the causal graph, so that no prior knowl-
edge about the causal structure was used. The color of each
point represents how many of the paths between X; and
Y that run through X5 are blocked due to X5 acting as a
collider. This is measured by a heuristic quantity described

in Appendix [E.2]

For yellow points, almost all paths between X; and Y run-
ning through X5 contain X5 as a collider, so that we expect
the collider bias to be most distinct for these points. We
observe that, in the comparison bx, | x, vs. bx, (left), these
points are usually placed far away from the diagonal, indi-
cating that including the observed value of X5 did change
the importance of X;. For the interventional comparison
bx,|do(X2) VS- bx, (right), these points lie on the diagonal
and hence context X, that mostly affects X via collider
bias does not lead to a change in importance attributed to
X;.

Nonlinear Case. Consider again the task of predicting
whether a patient has type 2 diabetes (Y = 1) or not (Y =
0). We assume this time that the patient did obey and not eat
breakfast, but measure in addition to the blood glucose G
also the average blood sugar H and the BMI B of the patient.
The causal graph for this example is shown in Figure[Sa] the
(synthetic) SCM is specified in Appendix

It is widely accepted that a high BMI B is associated with
an increased risk of type 2 diabetes [Chandrasekaran and
Weiskirchen| [2024]]. When looking at the Shapley values (T)
shown on the left in Figure[3] we might come to a different
conclusion: The BMI B is attributed a negative relevance
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Figure 4: Various terms arising in the computation of the
conventional observational Shapley values (1)) and the cc-
Shapley values (6) for the (more complex) diabetes example
introduced in Section[4] The upper row shows (with standard
error) the context-free univariate term that coincides for (T)

and ().
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do(B)
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do(G)
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for diabetes, which one could easily misinterpret as “high
BMI leads to a low diabetes risk”. Using cc-Shapley values
(6) instead leads to the values depicted on the right in Figure
El The importance behavior of B (and the other features)
now matches intuition. This different behavior of Shapley
and cc-Shapley values arises, once more, due to collider
bias.

The Shapley values for B in this example are computed as
6(B) = 11(B) + 116(B) + 11u(B) + 1(c.m (B). As
shown in the first plot in the top row of Figure[4] the context-
free quantity I3(B) alone indicates a positive relevance
for diabetes risk in line with our expectations. The overall
negative relevance of large B must therefore stem from
the terms with context. The left plot in the middle row of
Figure Ié-_l| shows the values of I(B) for various choices
of B and G as a heatmap. For G in a certain range I (B)
indicates a negative relevance of B: I (B) decreases with
increasing B for G roughly between 125 and 135. A similar
behavior can be observed for H, cf. Appendix [E-3] A look
at the causal graph in Figure[Sa|reveals that H and G act as
colliders between B and Y so that conditioning on G, H or
{G, H} will create a spurious (here negative) association
with Y leading to the pattern observed in Figure 3]

(@)
0.8
0.6
0.4
0.2
0.0
-0.2

130

(a) Diabetes and BMI

(b) Protein data

Figure 5: Causal graphs for two datasets used in Sectionlé—_ll
For the diabetes example (left) the meaning of the variables
are: blood glucose G, average sugar H, BMI B and presence
of type 2 diabetes Y (target). For the example from [Sachs|
(right) the variables are various proteins with
known causal graph. The protein PKA is here chosen as
target.

Once we use Iqo(c)(B) instead of I (B), this bias is re-
moved and we observe no negative relevance of B in the
context of G, as shown by the first plot in the third row
of Figure [ Interestingly, when we switch the roles of B
and GG, we obtain a different effect: Lemma@implies that
Lio(p)(G) = Ip(G) as there are no backdoor paths to B.
Both observational and interventional objects now match,
cf. the second column of Figure ] and reveal a positive
relevance of GG. The reason for the context dependency of
I4o(B)(G) is that the relation B — G is causal and knowing
B allows us to remove the variance in G and thus judge the
relation between G and Y with more precision. This behav-
ior resembles the observations of Section[3} The suppression
effect of B on G is now only accounted for in the relevance
of the suppressed variable GG and does not affect the impor-
tance of the suppressor B. In fact, we have ¢..(B) = Iy(B)
as we show in Appendix [E3]

A Real World Example. We consider the dataset from
[Sachs et al.| [2003]], which contains information on the con-
centration of various proteins. We use a preprocessed ver-
sion that discretizes the concentration of each protein in
three categories, which we label as 0,1 and 2. Details on
the dataset and our implementation are contained in Ap-
pendix [E-4] The causal graph, depicted in Figure[5b] shows
the causal relation of the 8 considered proteins. We here
consider the task of predicting the amount of the protein
PKA.

Figure [6a] shows the univariate importance Ijj of the three
proteins Jnk, PKC and P38 depending on their value in the
set {0,1,2}. The results for all features are contained in Ap-
pendix [E.4] As we saw above in Example [2.1] univariate
importance is in general not sufficient to fully explain rele-
vance. However, we also saw above that we have to beware
of collider bias when a fundamental deviation in the rele-
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Figure 6: Some results of the univariate important measure
Iy and the Shapley and cc-Shapley values for the data from
Sachs et al.|[2005]]. Only a subset of the proteins shown in
the causal graph [5b| are depicted here. The results for all
proteins are contained in Appendix Ef}

vance behavior only occurs in the observational context of
other variables.

Figure [6b] shows the Shapley values (left) and cc-Shapley
values (right) for the proteins Juk, PKC and P38. For Jnk
both, Shapley and cc-Shapley values, show a behavior that
is comparable to the univariate importance shown in Figure
[6al For PKC and P38 the Shapley values on the left show a
deviation to the univariate behavior. Various data points with
a high value of P38 are attributed negative Shapley values.
For PKC we see a mixed or even negative relevance in con-
trast to the slight positive relevance in Figure [6a] Inspecting
the causal graph in Figure [5b] we see that PKC (and hence
P38) is connected with the target PKA via various colliders.
Using them as observational context as in (T]) therefore bears
the risk of introducing collider bias. Indeed, once we use
the context only in a causal manner, we find a relevance
attribution that contrasts less with the univariate analysis.
In particular the (slight) positive relevance of PKC is kept
intact by the cc-Shapley values.

S CONCLUSION

In this work, we highlight a blind spot in purely observa-
tional approaches to XAI. When studying the relevance of
a feature in the observational context of the remaining fea-
tures, collider bias can distort the feature attribution and
even flip the positive relevance of a feature to a negative one
and vice versa. This phenomenon can already be observed
for hand-crafted two-dimensional problems but also appears

for more complex and real world data, and adds to further
known biases of XAI methods such as biases towards salient
features [Clark et al.l [2026]]. An incorrect feature attribution
can easily lead to misinterpretations and thereby undermine
the typical goals pursued when employing XAlL

Eradicating collider bias requires intervention and is hence
beyond the reach of the observational rung of Pearl’s ladder
of causation [Pear]l and Mackenzie, 2018|]] on which most
XAI methods fall. Given causal knowledge, we propose cc-
Shapley values as an approach to correct for spurious associ-
ations introduced by collider bias. We observe in theoretical
and experimental results that incorrect and misleading attri-
bution due to collider bias are indeed removed when using
cc-Shapley values.
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A ON THE USED VERSION OF SHAPLEY VALUES

Comparison With The Literature. In the context of game theory, Shapley et al.|[1953] introduced a general expression
of the form

(X)) = D AS)SULX;}) —u(S)), ©)

SCFA\{X;}

where v(S) = w and v : 27 — R is a general set function that satisfies some simple properties and should be

thought of as encoding a game. |Lipovetsky and Conklin|[2001] use R? for v in the context of linear regression to judge
feature importance. [Datta et al|| [2016] consider a more general framework that uses (7) to measure the influence of inputs
with various choices of v. Referring to the works above, |Lundberg and Lee|[2017] formulate a “classic” version of Shapley
values as

dX;) = > ASFSULX;}) - £(S), (8)

SCA\{X;}

here f(S U {X;}) and f(S) denote functions that were trained only on the features S U {X,} and S respectively. The
optimally trained models f have precise mathematical formulations in terms of a conditional expectation, cf. Lemma
below. We can thus identify f(SU{X,}) = E[Y|S, X;] and f(S) = E[Y'|S] and arrive at the expression (I]) used in this
work.

Expression (1)) is model agnostic in the sense that it only uses optimal models and not a specific instance of a trained model.
While [Lundberg and Lee] [2017] refer to classical Shapley values as formulated in (8), their proposed algorithm SHAP
completely builds on the full model f(F).Janzing et al.|[2020]] explicitly use the output of the model, called Y in the
following, for their arguments and their algorithm. The approach presented in this work is also usable for Y instead of Y.
A simplified, pragmatic adaption might be to treat Y as an estimate of Y, which is likely to yield comparable results for
models with high accuracy (or low MSE in the case of regression). A more causal approach would be to add a node Y to
the causal graph and draw arrows from each feature used for training to Y with the corresponding assignment function fy
now just given by the learned machine learning model. Doing so will however not cure the problems inherent to (T)) that we
outlined in the main text: Consider again the example with the causal diagram [5a] First, note that Y can actually not simply
be removed from the diagram as it acts as a mediator (a chain on a causal path) between B and the nodes GG and H. Second,
there is a collider bias between H and B when conditioning on G so that even with Y completely replaced by Y we would
have terms in (1)) that are influenced by collider bias.

Summarizing, we believe that the model-agnostic approach presented in this work is the most suitable and expressive to
highlight feature relevance, as it uses the actual process underlying the data and simplifies matters by ignoring model specific
aspects.

On the Combinatorial Coefficients y(S). We mentioned above that there are various versions of Shapley values. These
versions only differ in their choice of v in (I)) but keep the same coefficients v(S). We here shortly recall the meaning of
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~(8S) [Osborne and Rubinstein, [1994] to motivate why we also use them in the cc-Shapley values from Definition

If we do not want to make any additional assumptions, it is unclear which features S C F \ {X} to use as a context to
judge the relevance of X;. To decide this in a fair manner, imagine that we base our decision on a randomized experiment:
We shuffle the order of features F = {X3, ..., X,,} by uniformly drawing from all permutations on F. We then use all
variables that come before X; in such a ordering as context. The probability that the set S C F is chosen as context in such
an experiment is then just

S|I(|F| = 8] = 1)!
YRGS o

Here, |S|! are the number of ways we can reorder S in front of X, (|]F| — |S| — 1)! are the number of ways we can order
the remaining features after X;, and the denominator |F|! is just the number of permutations in . In particular, we see that
the coefficients in (/) add up to 1.

The same logic can be applied to motivate the usage of v(S) for the cc-Shapley values in Definition We choose a
random subset S C F \ { X} as causal context using the same randomized procedure.

On the Asymmetry of cc-Shapley Values. In Definition [3.1{we introduce the cc-Shapley values as

bee(X5) = Y A(S) (B[Y|X;,do(8)] — E[Y[do(S))) . (10)
SCA\{X;}

We motivated above the usage of the same coefficients +(S). However, in one other fundamental aspect this definition
differs from (7): The objects E[Y'| X, do(S)] and E[Y |do(S)] cannot be understood as set functions as they treat X, and S
differently. cc-Shapley values therefore lack the symmetry in the treatment of all considered features and, in general, will
not have the so-called “efficiency” property

qu(Xj) = o(F) —v(0) (11)

satisfied by (7)) [Shapley et al [T953].. In this aspect, this work differs from other works such as [Lundberg and Lee| 2017,
Tung et al.|[2022] [Heskes et al.,[2020]], which all assign axioms such as (TT)) a central role for motivating their approaches. We
here argue that axioms such as need to be abandoned to provide an XAI method that works in an anti-causal setups and
is free from spurious associations. [Frye et al.| [2020] also consider the classical axioms of Shapley values as too restrictive
for XAI purposes and advocate abandoning the symmetry property (but not (TI))) to allow for the incorporation of causal
knowledge. We compare our work with theirs in Section [B] below.

From a game theoretical viewpoint our asymmetric modification means that we give the “player” X; an advantage that
we don’t grant the other “players” &, namely to use non-causal association. This asymmetric treatment is vital to the
performance of ¢... In fact,

* We need to allow for non-causal association between X; and Y to obtain non-trivial importance in anti-causal setups,
cf. Section

* The context variables S cannot be treated in the same way, as we would otherwise allow X; to be attributed importance
that solely arises from suppressing noise in the variables S as we observe for Example[I.1]

Breaking the symmetric, equal treatment of all features in (7) is therefore precisely what allows (I0) to correct spurious
associations.

B DETAILED COMPARISON WITH OTHER METHODS

We here compare cc-Shapley with different methods from the literature that also consider Shapley values in the light of the
causal structure of the data. Most of the methods listed below are not designed for an anti-causal setting, that is a setting
where Y is a cause and not the effect of its features. Suppression as a phenomenon related to collider bias is, however, more
naturally linked to such a setting. For the anti-causal setting of Example[I.1] we find that the methods listed below do either
not attribute relevance to the informative feature G or also attribute relevance to the suppressor C'. The only exception to this
are (a modification of) asymmetric Shapley values (Section[B.4), where we however observe inconsistent behavior between
causal and anti-causal settings. For better readability and comparability, we will rewrite all methods in a similar notation to
ours.
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Figure 7: Causal Shapley values as proposed by Heskes et al.|[2020] evaluated for the running Example

B.1 do-SHAPLEY
Jung et al.| [2022] propose do-Shapley as a method for measuring causal contributions of each variable, which they define as

o)=Y EHE SR ey iaox;. ) - By ao(x;). 12
SCFA\{X;}

Additional aspects regarding the computation of do-Shapley are provided by |Parafita et al.|[2025]] and Witter et al.|[2026]].
Jung et al.|[2022]] explicitly require Y to be the last element in the topological order of the graph, whereas [Parafita et al.
[2023] simply discard all variables that are not ancestors of Y. In fact, since (I2)) accounts only for causal contributions
every non-causal association is discarded. Accordingly, we obtain for Example|l.1

¢d0(c) = ¢d0(G) =0.
B.2 CAUSAL SHAPLEY VALUES

Heskes et al.|[2020] propose causal Shapley values which are given as

S|N(|F| =S| = 1)!
bema(Xp) = 35 B SR B () o, )] ~ B o), (13)
SCF\{X,} '
with f(F) being the machine learning model under consideration that uses all features 7 = {X3,..., X,,}. The only

difference to do-Shapley from Section is thus the replacement of Y by f(F). For the anti-causal setup of Example
this creates, however, a fundamental difference in behavior, as f(F) is the effect of all features F = {C, G}. Figure[7|shows
the values of ¢causal for f(F) fitted as in Section For the computation of ¢causal, We used the known SCM (28) and
averaged f(C, G) over 1000 samples from each intervened SCM to compute expectations. We observe that, similar to the
behavior of conventional Shapley values, causal Shapley values falsely indicate a negative relevance for the suppressor C.

B.3 INTRINSIC CAUSAL CONTRIBUTION

Janzing et al.| [2024] introduce the intrinsic causal contribution (ICC) of a feature X; via

ISV |V||!S| =~ v |, Us) - (Y |Us)) (o

droo(X;) = Y

SCV\{X;}

where ¢ (Y |Us) either denotes E[Var(Y'|Us)] (for regression) or the conditional entropy H (Y'|Us) (for classification). Note
that, in contrast to all other methods discussed in this section, (I4) really sums over subsets of V = F U {Y'}, i.e. subsets
that might include Y. The reason behind this is that exogenous noise variables are considered instead of the actual features,
an idea that was previously used in|Budhathoki et al.|[2022] for the purpose of detecting root causes behind outliers.

For Example[L.1] we have for any X € {C,G} and Ur C {Uc,Ug, Uy} \ {Ux} that
Y(Y|Ur) —(Y|Ur,Ux) =0, (15)
since Y 1l Ux|Ur. Thus, similar as for do-Shapley from Section we find that the ICC framework does not assign

importance to any feature in Example[T.T}
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Figure 8: Simple cases of causal (left) and anti-causal (right) mediation between X and Y through M on which asymmetric
Shapley values show inconsistent behavior.

B4 ASYMMETRIC SHAPLEY VALUES

Frye et al.| [2020] introduce asymmetric Shapley values, which they define as

Gasym. (X5) = Y wr (E[f (F){Xilw (i) < 7(j)}) = ELF(F){Xalm(i) < 7(5)}]) (16)

Here the sum runs over all permutations 7 on {1, ...,n} and the w, > 0 add up to 1. Frye et al.|[2020] suggest to restrict
wy 1 to only those permutations that are coherent with the topological ordering of the graph. In the form (I6) discussed
by [Frye et al[[2020], asymmetric Shapley values are designed to work in a causal setting as f(F) can be considered as the
effect of all features, cf. Section[B.2] However, if we assume that f(F) is the optimal model E[Y'| F] (cf. Section|[C.1)), we
can actually rephrase (I6) as

Pasym. (X5) = D w(E[Y {Xilm(d) < 7(5)}) - EY { Xiln (i) < 7(5)}]). (17)

where we used the tower property of conditional expectations to replace f(F) = E[Y'|F] with Y within the conditional

expectations of (T6). In the following, we discuss the behavior of in the presence of suppression and in anti-causal

settings.

For Examplethere is only one permutation 7 that respects the topological ordering of 7 = {G, C'} and which yields
Gusym.(C) = EIY|C] ~ EY] =0, )

dasym.(G) = E[Y|G,C] —E[Y|C] = Ic(G) # 0.

Thus, asymmetric Shapley values (T6) correctly indicate relevance of G and no relevance for C'. As can be seen in (T8)), they
can however enforce the usage of context: ¢asym. (G) has no term comparable to I from (I). This can lead to an inconsistent
behavior in anti-causal settings when compared with a causal setting. To see this, consider the two simple cases illustrated in
Figure[§] Figure [8a]show a scenario where X influences Y through a mediator M. The asymmetric Shapley value for X is
given as

Gasym.(X) = E[Y|X] — E[Y] (19)

which will, in general, be different from zero and thus X is marked as relevant. When using the anti-causal meditation
scenario in Figure 8B however, we obtain

Pasym. (X) = E[Y|X, M] - E[Y|M] =0, (20)

since X 1l Y| M. Once more, as for Example we are forced to use context which yields in this case zero relevance of X.
In other words, the impact of mediation on the relevance of a feature fundamentally differs between causal and anti-causal
settings.

In summary, asymmetric Shapley values in the modified form (17) are the only method discussed in this section which is
well-behaved on Example[I.T] However, in contrast to their behavior in a causal setting, and to the cc-Shapley values from
Definition which always possess a no-context term I(X)) , they are sensitive to mediation in an anti-causal setting.

C FURTHER THEORETICAL ASPECTS

C.1 CONDITIONAL EXPECTATION AS OPTIMAL MODEL

The following basic result recalls that the mathematically optimal model for a typical (supervised) machine learning problem
is given by the conditional expectation. In particular, this shows that we can obtain an estimate of conditional expectations
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such as E[Y'|S] with features S C F simply by training a data-driven model with input S and target Y using MSE-loss (for
regression) or cross-entropy loss (for classification).

Lemma C.1 (Conditional expectation as optimally trained model). Consider a set of square-integrable random variables
S and another square integrable and real-valued random variable Y defined on the same probability space. Then the
optimization problem

argminE[|Y — £(S)|?] (21

has (almost surely) a unique solution given by the conditional expectation E[Y|S]. If Y is binary, then E[Y |S] = P(Y =
1|S) is moreover the optimal solution to the problem

arg min/E[Lcg(Y; f(S))], (22)
where Log(Y; f(S5)) = =Y log f(S) — (1 = Y)(1 — log f(S)) is the cross-entropy loss.

Remark C.2. A similar statement holds for the multivariate case or multiclass case (when Y is one-hot-encoded).

Proof. The statement on L2-optimality (21} is a classical result from probability theory [Coeve and Stonel, [2013]]. The
statement based on (22)) can be seen by using the tower property of conditional expectations:

E[Lcr(Y; f(S))] = E[E[Lcr(Y; £(S))IS]]
= —E[pslog f(S) + (1 — ps)(1 — log f(5))],

where ps = P(Y = 1|S). Minimizing the inner expression w.r.t f(S) (setting the derivative to zero), yields f(S) = ps =
P(Y =1|8) =E[Y|S]. O

C.2 PROOFS OF LEMMAS[3.3]AND

We here restate the lemmas from Section together with their proofs.

Lemma C.3 (Irrelevant context). Consider X; € F,S C F\{X;} and assume that there are no causal paths S --+» Y, X ;.
Then we have E[Y'|X;,do(S)] = E[Y|X;] and 14,(s)(X;) = Ip(X}).

Proof. We apply rule 3 of do calculus [Pearl, 2009] to remove do(S) from the conditional expectation, i.e., we have to
verify the following d-separation

Y g . S| Xy, (23)
where Gz denotes the graph where all incoming edges to S were deleted. The actual rule 3 uses QTXJ) instead of Gz, which
denotes the removal of all ancestors of X; from S. By assumption, S contains, however, no ancestors of X ;. Consider,
conditional on X;, a potential unblocked path between S and Y in Gg. Denote by X}, € S the last element within S on the
way to Y and consider, from now on, the unblocked sub-path from X}, to Y. As we removed ingoing edges to S, this path
must have an outgoing edge at X. By assumption, there is no path X; --» Y . The only remaining path with an outgoing
edge at X}, in Gz that is unblocked conditional on X; can be a path on which X; or its ancestors an(X;) serve as colliders
and there are no other colliders on this path. Let C' € an(X;) U {X} denote the first of these colliders. We know that there
is no other collider between X}, and C' and that the path leaves X}, with outgoing edge, we must thus have X --» C (the
arrows cannot flip direction in between). However, this cannot be true as C' € an(X;) U { X} would imply that there is a
path X}, --» X; which violates our assumption. This shows (23)) and hence E[Y'| X, do(S)] = E[Y| Xj].

As we assumed that there are no causal paths S --» Y we have further E[Y|do(S)] = E[Y] from which the identity
Lio(x,)(X;) = Iy(X;) follows. y

Lemma C.4 (Intervention equals observation). Consider X; € F, S C F \ {X,} such that, either

* (no backdoor paths) there are no unblocked backdoor paths from S to X or from S to'Y, or

* (purely causal setup) there are no causal paths Y --+ X;,S and no confounders H € V \ ({Y, X;}US) with
Xj¢-H--»>YorS«-H--»Y,
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then we have the identities E[Y | X, do(S)] = E[Y'| X}, S] and I40(s5)(X;) = Is(X}).

Proof. We will show the identity for the conditional expectation first. For both scenarios, "no backdoor paths" and "purely
causal setup" we will use rule 2 of do calculus [Pearl, |2009] to replace the do-operation by conditioning. We have to show

Y llgs S|X;, (24)

where Gs denotes the graph where all outgoing edges from S were removed. Consider first the “no backdoor paths” scenario:
Any path between S and Y in G that is unblocked conditional on X; will have an incoming edge when leaving S (as it
runs in Gs) and either 1) not contain X; or 2) contain .X; or ancestors of .X; as colliders and no other colliders. In the first
case, we have just an unblocked backdoor path from S to Y and in the second case we can subtract an unblocked subpath
which is a backdoor path between S and X ;. Both violate our assumption and therefore we conclude (24).

For the "purely causal setup” scenario consider again a path between S and Y in G that is unblocked conditional on X;.
Denote by X}, € S the last element of this path within S on the way to Y and consider from now on the unblocked subpath
between X, and Y. Since we removed outgoing edges from X, this path can only have an incoming edge to Xj. Due to our
assumptions this path cannot be of the form X}, «-- Y. The only remaining paths have a fork. This fork cannot be - X; —
as it would be blocked conditional on X ;. We also know, by assumption, that there is no H such that X, «-- H --» Y. The
arrows must thus flip directions before or after the fork, which means that there is a collider. The only way this cannot lead
to a blocked path is that X; or a set of ancestors of X; are these colliders and there are no other colliders. We will write
C C {X,} Uan(Xj) for this set. Call C' € C the last element in C on the way of the considered path to Y. Since C is a
collider, as there is no further collider between C' and Y on the path and as the remaining bit of the path between C and Y is
unblocked we must either have C' «-- H --+ Y for some H or C' «-- Y, depending on the direction of the last edge of the
path. In either case we obtain due to C' € {X;} U an(Xj) that either X; «-- H --» Y or X; «-- Y, which both violate
our assumptions. Hence, there is no unblocked path and (24)) follows.

We still have to show E[Y |do(S)] = E[Y'|S], which follows again from rule 2 of do calculus once we know
Y llgsS.

For the "no backdoor paths" scenario this follows from the assumption that there are no backdoor paths from S to Y. For
the "purely causal setup" scenario we can use that any unconditional unblocked backdoor path is either form S «-- Y or
S «-- H --» Y, which are cases which we both excluded in our assumption. O

C.3 BACKDOOR ADJUSTMENT

The following lemma provides an adaption of the “backdoor adjustment” [Pearl, 2009, Theorem 3.3.2] for the context of
this work.

Lemma C.5 (Version of backdoor adjustment). Consider X; € F, S, W C F\{X,;},S "W = 0 such that

* There are no causal paths S --+» WU {X;}
e Both, W and VWV U {Xj }, block all backdoor paths between S and'Y .
then we have the identity
Lio(s)(Xj) = Ewx, [E[Y|X;, S, W] — Ew[E[Y[S, W]].

Proof. Recall that I4,(s)(X;) = E[Y'|X;,do(S)] — E[Y|do(S)]. By the rules for conditional expectations, we have
E[Y]X;,do(S)] = Ey|x; d0(s)[E[Y X}, do(S), W]] and
E[Y]do(S)] = Ewjao(s)[E[Y |[do(S), W]].

Since the sets W and W U { X} block all backdoor paths between S and Y we can replace the inner do operation by
conditioning (rule 2 of do calculus [Pearl, 2009]) and obtain

E[Y]X;,do(S)] = Eywx; do(s) [E[Y X}, S, W]] and
]E[Y|d0(8)] = EW|do($) [E[Y|S7 WH .

To conclude, we remove the do intervention in the outer expectation using P(X;, W|do(S)) = P(X;, W), which follows
from the fact that there are no causal paths § --» W U {X j} (rule 3 of do calculus [[Pearl, [2009]). O
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Application of Lemmarequires specific conditions on the relation between X ; and S as well as a search for a suitable set
W. Once found, we have to find a reasonable estimate for the conditional probability P(W|X ), which can be a complicated
task, especially for higher dimensional JV. In the experiments in Section[d] we therefore found a it more practical to first
estimate the assignment functions in the SCM followed by the application of Algorithm|[I} Identification via more advanced
techniques as in |Witter et al.| [2026]] or|[Jung et al.|[2022] could be a feasible alternative but were not studied in the scope of
this work.

C.4 FURTHER DETAILS REGARDING ALGORITHM

On Stochastic Interventions. Algorithm [I| uses a stochastic intervention do(S ~ ¢). Such an intervention can be
defined as follows. Starting from the original SCM M = (V, (fx)xev, (Ux)xev) choose a vector of random variables
(Us)ses ~ g that is independent of the exogenous variables in M. Next, define for S € S modified assignment functions
via

The modified SCM M4°(5~4) i then simply given by

MPED = (V, (fx)xems U (fs)ses, (Ux)xews U (Us)ses) -

This SCM does not exactly fit the definition of a structural causal model we gave in Section [2.1] as the exogenous variables
(Us)ses ~ q are, in general, not independent of each other. For the purposes of this article this is irrelevant, as we only use
stochastic interventions in the context of Algorithm [I]and its justification below is still true for dependant S € S.

Reasoning Behind Algorithm [I] Algorithm [I]implicitly claims that fitting data-driven models in the modified model
M35~ yields E[Y |do(S)] and E[Y'| X, do(S)], where we denote by ¢ the joint marginal of S within the original SCM
M.

We already recalled in Lemma|[C.1|the established fact that fitting a data driven model with standard L2-loss (regression) or
cross-entropy-loss (classification) gives an estimate of the conditional expectation. We are thus left with the claim that

E[Y‘Xj, dO(S)] = EMdo(S~q) [Y|)(j7 8] )

25
E[Y[do(S)] = E ypaocso [Y[S] 23)

to motivate Algorithm In the causal graph of M3°(5~9) there are no edges pointing from V' \ S to S (there might still
be confounding within S, cf. the discussion above). In particular, in M3°(5~%) there are no backdoor paths from S to Y,
neither blocked nor unblocked. Hence rule 2 of do calculus [Pearl, 2009]] applies and we have

EMdo(SNq) [Y|Xj, dO(S)] = EMdo(qu) [YlXj, S] s

(26)
EMdU(SNQ) [Y|d0(8)} = EMdu(SNq) [YlS] .

Now, once we intervene on S via do(S) to set it to a fixed value, the actual marginal of ¢ does not influence the distribution
of all non-intervened variables V \ S so that we can perform the transition M4°(S) — Af in the following equations

Epgaocso [Y|X ;. do(S)] = E[Y]X;, do(S)],

E p ot [Y]do(S)] = E[Y|do(S)] 27)

Combing with ([26), we obtain the identity (23)) that underpins Algorithm [T}

The Exact Choice of ¢ Doesn’t Matter. Note, that the arguments above never used the fact that ¢ is the marginal of S
within the original model M. In fact, we can take any distribution ¢ which is supported on all S values which we want to set
as context. This might appear counterintuitive at first glance, but is rooted in the fact that in the modified SCM, intervention
and conditioning on S have the same effect. However, once we intervene via do(S = s) the variable S becomes a constant
and the original distribution ¢ of S in the modified SCM M3°(5~9) is irrelevant.

Another possible choice for ¢ might be to combine the marginals of X, € S in an independent manner. For the experiments
in Section ] we found that such a proceeding gives indeed practically indistinguishable results to the ones presented here.
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On the Implementation of ¢(S). For the experiments in this article the construction of the sampler for ¢(S) was done
be creating for each S a separate copy of the SCM whose sole purpose is to sample from ¢(S). Due to the small size of
the problems studied in this article this created no substantial computational overhead. For larger problems, the invariance
pointed out above could, however, be exploited to simply replace ¢(S) by a more feasible alternative (e.g., a uniform
distribution with suitable boundaries) to save memory and computational time.

D FURTHER DISCUSSION REGARDING LIMITATIONS.

Computational Complexity Is Bounded by (9(2‘:“T | ). As pointed out in Section in the current form, cc-Shapley
values are not feasible for higher dimensions. Training models for cc-Shapley requires, in general, 2 steps:

1. Fitting assignment functions for each variable in the causal graph. This results in a SCM M.
2. Application of Algorithm|[T|for each X; € F and S C F, that is:

(a) Creating a sampler ¢(S).
(b) Sampling of training data.

(c) Fitting a model on the training data.

As both steps require selecting all S C F and then performing steps of at most polynomial order in S this leads to a time
and memory complexity bounded by O(2¢) for some ¢ > 1. cc-Shapley thus scales, similar as classical Shapley values,
exponentially in the number of features.

For the main experiments of this work, the total computational time (without GPU usage) is specified in Table[2]
Experiment ‘ Ex.(Fig. ‘ Linear SCMs (Fig. ‘ Diabetes and BMI (Fig. ‘ Protein (Fig.

time (total) 1m10s 49m40s 3m2l1s 17m58s
time (cc-Shapley) 42s / 2m35s 12m27s

Table 2: Computational time behind the experiments in this work. The last row shows the time needed to produce results
only related to cc-Shapley (i.e. without computing classical Shapley values). For the linear SCM experiment, no Shapley or
cc-Shapley values were computed and hence the time needed to produce Figure [2is reported. All experiments were done on
CPUs only.

On Hidden Confounders. We assumed in Section [Z] that there are no hidden confounders, which is an assumption
quite often made in causal inference but one that is, if at all, only approximately true in practice. Generally speaking, this
assumption is not necessary as long as all objects appearing in (6] are identifiable. However, as we actually loop through all
features and all context sets at the end of the day, full identifiability in a hidden confounder setting will rarely be the case in
interesting scenarios.

However, there is an interesting aspect worth mentioning here. Consider once more the example of diabetes and BMI from
Figure [Sajand suppose that we are not interested in the relevance of all features but only want to study whether the BMI B
has a negative or positive relevance for the presence of diabetes Y. In this case a possible hidden confounder B < H — Y
(such as lifestyle) would not hinder the computation of ¢..(B) as we are not applying the do-Operation on B in (3)). Our
conclusions can therefore be drawn independently of the possible existence of H.

E EXPERIMENTAL DETAILS AND ADDITIONAL RESULTS

Throughout this work, with the exception of the linear SCM experiment, we used XGBoost [Chen and Guestrin, 2016] for
fitting data-driven models. The exact implementation details can be found in the repository https://github.com/
braindatalab/cc_shapleylthat contains the Python source code behind this experimental results in this article.
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E.1 DIABETES AND BREAKFAST EXAMPLE (EXAMPLE

Example[I.T] from Section[I]can be described by an SCM of the following form

C =Uc, Uc ~ N (60;25%),
Y = Uy, Uy ~ Bernoulli(0.15), (28)
G=85+04-C+40-Y +Ug,Ug ~ N(0;10%),

where Bernoulli(p) denotes the Bernoulli distribution with success probability p and N (u; o2) denotes the normal dis-
tribution with mean p and variance o%. For computing the Shapley values (T)) displayed in Figure [1b] (left), we fitted all
conditional expectations via XGBoost on 3 - 10° random samples from (28)), using Lemma above. For the cc-Shapley
values (6), we applied Algorithm [T} For each term in (6)), we first modified the SCM accordingly and then used, once more,
XGBoost on 3 - 10° random samples to fit each conditional expectation. Figurewas then produced by evaluating (1) and
() on 10* (new) data points drawn from (28).

All I objects involved in the computation of the Shapley values are plotted in Figure[9] For cc-Shapley the according objects
are plotted in Figure|10} The univariate terms I(C') and Iy(G), shown on the diagonal in Figures E] and agree for both
approaches by definition.

Derivation of /- (G). In Section[3.1|we gave an explicit expression for I¢(G), which we derive here. By definition we
have, using the independence of Y and C,

I¢(G) = E[Y|G, O] — E[Y|C]

P(Y =1|G,C) — P(Y =1|C)
P(Y =1|G,C) — P(Y =1)
PY

=1|G,C) - 0.15.

Thus, it remains to estimate P(Y = 1|G, C). From the SCM (28)) we obtain the joint distribution
P(Y, G, C) = Bernoulli(Y|0.15) - N(C|60; 25%) - N'(G|0.4C + 85 + 40Y; 10?) .

Writing p = 0.15 we can use this expression to compute

PY =1,G,C)
P(Y =1|G,C) = ) I
( @O P(Y =1,G,C)+ P(Y =0,G,C)
1
= 14 Lop N(C04CTS510°)
p N(G[0.4C+125;102)
1
B 1+ %G*ﬁ[(G70.4cfs5)2,(G,0_407125)2]
_ 1
14 e [B(G-040)—42-log 172]

2 5. 17
=0 (5 (G—0.4C—105— 210g3>>

2
~g (5(G —-0.4C — 109)) )
where o denotes the sigmoid function. In total, we thus have

k«n:a(?aa%71w0015
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Figure 9: Plot of all objects arising in the computation of the conventional Shapley values (T)) for Example
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E.2 LINEAR SCM EXPERIMENT

For the experiment underlying Figure 2] we sampled 3,000 linear SCMs with 9 variables (including the target). To this
end, we applied Algorithm [2]with n = 9 and p = 0.8 to obtain a random adjacency matrix A and then used i.i.d. random
variables Uy, Us, . .., Ug ~ Laplace(0;0.1) (Laplace distribution with mean 0 and scale 0.1) to define the linear SCM

V=AV+U, (29)

where V € R? denotes the variables of the SCM and U = (U;)1<i<g collects the noise variables. For each noise instance
U, equation (29) was solved for Vvia V = (I — A)~'U.

Algorithm 2: Sample adjacency matrix of a linear SCM

Input: Number of variables n, edge probability p € [0, 1]
Output: adjacency matrix A € R™"*"

# Create random binary matrix

Sample ii.d. U; j ~ Uniform(0,1) for1 <i,j <n;
Create A <+ [Ui’j < p]lgingn;

# Turn into binary adjacency matrix
Forall¢ > jset A;; < 0;

Draw a random n-permutation 7 ;

Permute rows and columns of A with 7;

# Fill with random floats
Sample i.i.d. a;; ~ N(0;1) for1 < 4,5 <n;
Replace A;; <+ Ajj - s

return A

From each SCM constructed as above, we sampled 3 - 10* samples of V. Target and features are constructed from V via the
assignment:

Y =W, (30)
X; =V forall <i <8 (€28

The analysis behind Figure [2]then focuses on the relation between Y, X and Xo.

Computation of by, bx,|x,, bx, do(x,)- Since Ip(X1),Ix,(X1) and Igox,)(X1) only differ from
EY|X:],E[Y|X1,X2] and E[Y|X;,do(X2)] via Xj-independent terms we wused the latter to obtain
bx,, bx,|xy»> bx,,do(x,)- For the observational quantities bx,, bx,|x, we fitted linear univariate and bivariate
models with least-squares loss on the 3 - 10* samples described above. For the causal quantity b X, |do(X)» WE made a
stochastic intervention on X in (29) as described in Algorithm [I]and then conducted another least-squares fit of a bivariate
linear model on 3 - 10* samples of the modified model. We used least-squares fitting, instead of maximum likelihood fitting,
due to the optimality of conditional expectation under the L2-norm, cf. Lemma[C.T]above.

Collider Impact. The “Collider impact” indicated in the colorbar of Figure [2]is measured via a heuristic quantity that is
defined as follows:

|C Px,|

Collider impact = ,
P T 1OPx, [+ [UPx,|

(32)

where

CPx, = > T4,

X1,Y paths containing X+ as the only collider

UPx, = > 114

unblocked X1, Y path containing X>
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denote the sum of products of entries of the adjacency matrix along the paths indicated under the summation symbols. In
particular, if all paths between X; and Y that run through X5 and are either unblocked or contain X5 as the only collider, all
fall in the second category, the “Collider impact” will be 1. If they are all unblocked, “Collider Impact” will be 0. Object (32)
is (loosely) motivated by Wright’s path tracing rules [Wright, [1934} [Pearl, 2013]. Note that we ignore in (32)), for simplicity,
collider bias induced by descendants of colliders.

For the analysis of paths between X; and Y, we used the Net workX package from Hagberg et al.| [2007].

E.3 DIABETES AND BMI EXAMPLE

The precise SCM for the nonlinear example outlined in Section |4| was entirely hand-crafted and is given by

B =Ug, Ug ~ N (25;5%)

Y ~ Bernoulli(c(—2 + 0.1 - (B — 25)))
H=5+10-Y +0.01- B>+ Uy, Uy ~ N(0;1)

G=90+20-Y +30-0(=0.5-(H —5))+B+Ug, Ug ~ N(0;5%) ,

(33)

where o denotes the sigmoid function.

The proceeding for coincides with the simpler example of diabetes detection from Section with the only exception
that we now have to consider different and more variables in the computation of (I}) and (6)). All involved observational [
objects with no or univariate context are depicted in Figure[T1] The causal analogues for the cc-Shapley values are shown in

Figure[12]

Derivation of ¢..(B) = Iy(B). Thesets S = {G},S = {H} and S = {G, H} all have no causal paths to Y or B, cf.
Figure Thus, applying Lemmato each of them we obtain I4,(c)(B) = lao(m)(B) = lao({a,my)(B) = Iy(B). The
claimed identity then follows from the fact that the combinatorial coeffiencents add up to 1 (cf. Section[A)), in detail

1

1 1 1
¢(B) = gI@(B) +5 do(@)(B) + 5 do(ar)(B) + gfdo({G,H})(B) = Iy(B). (34)

Robustness Analysis. To study the robustness of cc-Shapley against deviations in the used SCM we introduce
ay s H, B H, 0y ¢ and ay_, to rephrase the assignment functions of H and G in (33) as

H:5+O¢Y_>H'Y+OZB_>H~B2+UH,UHNN(O;I)
G=9+ay g -Y+30-0(—ag_g-(H—5))+B+Ug, Ug ~ N(0;5%) ,

We then choose relative deviations Aerav._,. between —1 and 1 and modify the actual values a.._,. from (33) as
[ a.il? + A1ref05-—>~ : OZFE:? . (35)
Figure|13|then shows the deviation of ¢.. normalized by the sum of original relevances, that is

AIIOrIIl¢C(‘(X) = ICC(X) — QZSCC()()~
‘ >_xeim,B,gy Pec(X) ’

against Ayerv.,., where X € {H, B,G} and where ¢, denotes the cc-Shapley values computed with the modified
coefficients (39).

(36)

We observe that for most studied coefficients cc-Shapley appears to be robust against deviations in the specification of the
SCM. Only for the link Y — G cc-Shapley shows a high sensitivity that effects the importance of all features.
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Figure 11: Plot of all objects with no or univariate context arising in the computation of the conventional Shapley values (T])

for the SCM (33).
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Figure 12: Plot of all objects with no or univariate context arising in the computation of the cc-Shapley values (6) for the
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E.4 PROTEIN DATASET FROM Sachs et al.[[2005]

We used the preprocessed version of the interventional data from [Sachs et al.|[2005]] available on bnlearn| [2022]] that bins
each variable in the categories 0,1 and 2. In addition to the proteins depicted in the causal graph in Figure [5b] the data
contains further information on three proteins PIP2,PIP3 and Plcg. Sachs et al.|[2005] reports their connection to the other
proteins in the dataset with a low confidence. We discarded these three proteins for our analysis and only used the ones
depicted in Figure [5b] In addition, the data contain an indicator that denotes on which of the proteins an experimental
intervention happened. For fitting an SCM, we applied the causal graph from Figure [5b|and fitted an XGBoost classifier for
each feature using the parents of each feature as input discarding in each case the data points that were obtained with an
intervention on the considered feature (if any). Subsequently, these models were used as assignment functions to define an
SCM on the variables from Figure[5b} Since each of the assignment function is a classifier, no assumptions on the underlying
noise had to be made.

Using the SCM as described above, we then computed the Shapley values [T and cc-Shapley values (6), training, once more,
XGBoost classifiers on 10* samples produced via the SCM from above or intervened versions (as described in Algorithm
[). As target Y, we used the binned concentration of the protein PKA. Y can take thus the values 0, 1 and 2 so that the
conditional expectations in (T)) and (€) average these numbers using the probabilities produced by the learned classifiers. We
evaluated (T) and (@) on 10* (new) datapoints obtained with the learned SCM.

In Figure[6b]in Sectiond] we only showed a subset of the Shapley values and cc-Shapley values. The entire set, including all
univariate feature importances, is depicted in Figure[T4]

Sensitivity of cc-Shapley With Respect to the SCM.  Figure[T3|shows cc-Shapley values for data generated by slighly
modified SCMs. Starting from the SCM learned as above, we modified several assignment functions by replacing one
argument by constant 1 (the middle category) and hence removing the according edge in the causal graph. We then used this
SCM to resample data and to compute cc-Shapley values. We considered 7 SCMs arising from deleting the edges PKA —
P38 , PKA — Jnk ,PKA — Mek, Mek — Erk, PKC — P38, PKC — Ink and PKC — Raf respectively (Figures[T5bHT5h)
and plotted the cc-Shapley values for the same features as in Figure [6b] which we redraw in Figure [T5a] for comparison.
We observe that deleting a causal edge between the target and a feature has, rather unsurprisingly, a strong impact on
the relevance on the cc-Shapley values of the feature (cf. Figures [I5b] and [I5c). Deleting an edge that is connected to a
feature but not to the target has, in some cases, an impact on the cc-Shapley values of that feature (cf. Figure [I5g). For the
considered example, edges and features a removal of edges that are not connected to a feature did not lead to substantial
changes in the cc-Shapley values for that feature (cf., e.g., Figure|15¢].

1.01 Akt Fign
Mek Raf e - H -
0-51 PKA Jnk - =t i R | A
° ol . Raf Erk B MatRe

Feature value

. o \ PKC Mek - e .._..*.. s oo -*0
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\ Jnk Akt -“—+- - -.*-
-1.0° : P38 + - + -

-10 -05 00 @5 10 -10 -05 00 05 1O
Shapley values cc-Shapley values

feature value

(a) univariate feature importances Iy (b) Shapley values and cc-Shapley values

Figure 14: Left: univariate importance of all proteins considered in the experiment with the data from Sachs et al.| [2005].
Standard errors (computed from 5 repetitions) are shown by shaded areas but are very small. Right: Shapley values and
cc-Shapley values for all considered proteins.
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Figure 15: Sensitivity of Shapley and cc-Shapley values to the data-generating SCM. Figureis identical to the right hand
side of Figure[6b] Figures show the results of Shapley and cc-Shapley values for data generated from a modified
SCM that arises from deleting the edge specified in the caption by setting the according argument in the assignment function
to 1, cf. Section@for details.
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