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Abstract

We study feature selection (support recovery) in
sparse linear models, including linear and logis-
tic regression, under a strong adversarial contam-
ination model where an adversary can arbitrarily
corrupt a constant fraction of samples in the high-
dimensional regime. Most of the existing meth-
ods target one or two aspects of this interesting
problem: (1) achieving robustness against strong
adversaries, (2) handling adversarial corruption in
both features and labels, and (3) performing fea-
ture selection in high dimensions. Our approach
tackles all three issues simultaneously. We propose
a trimmed maximum likelihood estimator with ¢ -
regularization, leading to a non-convex relaxation
of an NP-hard combinatorial optimization prob-
lem. We prove that any locally optimal solution to
this non-convex problem achieves near-minimax
optimal statistical rates, up to logarithmic factors.
Critically, our method recovers the true support
in a computationally efficient manner despite the
intractability of the exact formulation. The result-
ing sample complexity scales only logarithmically
with the ambient dimension, making it well-suited
for high-dimensional settings. Furthermore, our
framework accommodates heavy-tailed noise dis-
tributions under mild moment assumptions, requir-
ing only that the fourth moment be bounded. We
also validate our theoretical findings empirically.

1 INTRODUCTION

High-dimensional linear regression is a fundamental learn-
ing problem, with applications in genomics, neuroscience,
and econometrics. In essence, the goal in this problem is
to estimate a sparse regression coefficient vector from ob-
served predictor-response data. In high-dimensional learn-

ing problems, the ambient dimension p is much larger than
the sample size n, making the sparsity of the model impor-
tant for statistical efficiency and interpretability.

At the same time, real-world datasets are frequently contam-
inated by outliers, heavy-tailed noise, or adversarial corrup-
tions, arising from data poisoning or system failures. These
challenges motivate the learning of robust sparse regression
in high dimensions (p > n and n = Q(log(p))).

In this work, we propose a practical polynomial-time algo-
rithm for robust feature selection of linear models in high-
dimensional setting under strong adversarial contamination
model. Our main contributions are twofold:

1. Robustness (Near-Optimal Error Rate): Our estimator
achieves a near-minimax optimal error rate, differing from
the information-theoretic minimax rate by only a logarith-
mic factor. Achieving the exact minimax rate of O(e)
error (where ¢ is the fraction of contaminated samples) is
NP-hard in general [Gao, 2020]. Our polynomial-time al-
gorithm attains an error of O(elog(1/¢)), which is close
to the minimax optimum up to a log-factor. This is a prac-
tically desirable trade-off between statistical optimality
and computational tractability.

2. High-Dimensional Efficiency: Our sample complexity is

also logarithmic in the number of variables, meaning n =
Q(log(p)). This is critical for high-dimensional problem
as p > n and is known to be minimax optimal even for the
classical case of no adversary [Wainwright, 2009]. Thus,
our method matches the optimal sample size dependence
on p despite the presence of strong adversarial corruption.

Next, we briefly discuss the challenging aspects of problem,
our algorithmic and theoretical contributions, and clarify
the generalized assumptions of our setting in comparison to
prior work.

Challenges: There are two primary challenges in our prob-
lem: (i) Feature selection in high dimensions, and (ii) Ro-
bustness to adversarial outliers. Even in the absence of an
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Table 1: Our work focuses on the most challenging combination of assumptions: (1) an adaptive (strong) adversary, which
can design corruptions after observing the clean data (more challenging than the Huber or oblivious models); (2) corruption
in both the features x and responses y (harder than corruption in labels alone); and (3) the high-dimensional regime (p > n),
which is more challenging than the low-dimensional setting. As shown, only a few prior works address the same difficult
setting as ours, and we handle strictly more general conditions (adaptive adversary, label and feature corruption, high p) than
most of the existing literature. In particular for linear regression, while Chen et al. [2013] and Liu et al. [2020] also consider
the strong adversary with feature and label corruption in high dimensions, we provide a more comprehensive comparison in

Table 2.

Paper (Linear Regression)

Adversarial Model

Outliersin (y, X) HD Paper (Logit Models)

Dalalyan and Thompson [2019] Huber W, X) v Cantoni and Ronchetti [2001]
Diakonikolas et al. [2023a] Huber W, V) X -

Balakrishnan et al. [2017], Gao [2020] Huber W, V) v -

McWilliams et al. [2014], Bhatia et al. [2017] Oblivious/Weak W, X X Diakonikolas et al. [2023b]
Wright and Ma [2010], Nasrabadi et al. [2011], Oblivious/Weak W, X v Yang et al. [2013]

Dalalyan and Chen [2012], Nguyen and Tran

[2013], Suggala et al. [2019], d’Orsi et al. [2021]

Bhatia et al. [2015] Adaptive/Strong W, X) X Zarifis et al. [2025]
Karmalkar and Price [2018], Minsker et al. Adaptive/Strong W, X v -

[2024]

Klivans et al. [2018], Jambulapati et al. [2021], Adaptive/Strong W, V) X Feng et al. [2014], Awasthi et al.
Awasthi et al. [2022], Pensia et al. [2025] [2022], Mukhoty et al. [2023]
Chen et al. [2013], Liu et al. [2020] and Ours* Adaptive/Strong W, V) v Ours*

adversary, identifying the correct support of a sparse linear
model is an NP-hard problem (often referred to as best-
subset selection). Likewise, detecting and removing outliers
is NP-hard even in low-dimensional regression. Combin-
ing these, it is clear that robust feature selection in high
dimensions (with adversarially corrupted data) is extremely
challenging. This double difficulty motivates our focus on
approximation algorithms and relaxations that can provably
succeed in this setting.

Our Algorithmic Contribution: To tackle the aforemen-
tioned challenges, we introduce an estimator based on trim-
ming outliers and L1-regularization. In particular, our algo-
rithm can be viewed as solving a trimmed (outlier-pruned)
likelihood maximization with an /; penalty. While finding
the global optimum of this formulation is combinatorially
hard, we show that even any local optimum of our non-
convex relaxation enjoys the near-optimal error guarantees
mentioned above. In other words, we obtain a nearly opti-
mal solution in a computationally efficient manner, despite
the underlying problem being NP-hard in its exact form.

Near-Optimality of Our Results: Notably, our theoreti-
cal guarantees nearly reach the information-theoretic limits
of the problem. Gao [2020] established a minimax-optimal
error rate of O(e) by using a multivariate depth-based esti-
mator for the easier case of the Huber adversarial model, but
that approach is computationally intractable in high dimen-
sions. In contrast, our estimator achieves an error bound of

O(elog(1/¢)), which is near-optimal up to the logarithmic
factor. This result is derived by analyzing a local optimum
of a nonconvex relaxation of the NP-hard trimmed sparse
regression problem. Thus, we attain essentially near-optimal
qualitative robustness guarantee running in polynomial time,
as compared to the optimal method which is NP-hard.

1.1 RELATED WORKS

A plethora of existing research on robust linear regres-
sion makes various assumptions to tackle this problem. We
briefly survey the most relevant literature, using the three
aspects: adversarial model, contamination in both labels and
features, and high-dimensionality to differentiate them, as
summarized in Table 1.

Adversarial contamination models: We consider the
most challenging adversarial model among the three major
adversarial models studied in ML literature. In the e-Huber
contamination model, each sample is drawn independently
from a mixture (1 — ) P + €, where P is the true (clean)
distribution and @ is an arbitrary outlier distribution. A
stronger model is the oblivious/weak adversary, which can
corrupt an e-fraction of the samples, but does so without
knowledge of the dataset (i.e. the corruptions are fixed or
random, independent of the actual data). The most challeng-
ing setting is an adaptive/strong adversary, who can inspect
the entire clean dataset (or even the underlying model) and
then arbitrarily replace ¢ fraction of the samples with worst-
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Table 2: We present a detailed comparison with Chen et al. [2013], Liu et al. [2020], who also address robust regression
under strong (adaptive) adversarial corruption in both features and labels in high-dimensional settings. Our work is novel and
an improvement in terms of generality of assumptions, sample complexity, and tighter estimation guarantees. Generalized
Assumptions: Chen et al. [2013] assume sub-Gaussian features with a variance proxy of %02, which is more restrictive
than the standard o2 sub-Gaussian assumption used in Liu et al. [2020] and our work. Liu et al. [2020] additionally assume
Gaussian features and an r-sparse covariance matrix. In contrast, our method only assumes sub-Gaussian features and does
not require covariance sparsity; our mutual incoherence (MI) condition applies more generally. Sample Complexity: In
high-dimensional regimes (p > n), achieving n = (log p) is crucial. While Liu et al. [2020] achieve this under sparsity
assumptions on the covariance, their sample complexity becomes Q(p? log p) when these assumptions are relaxed. Our
method maintains the logarithmic sample complexity without requiring covariance sparsity. Asymptotic Error Bounds: We
derive sharp ¢, bounds for feature selection, while Chen et al. [2013] and Liu et al. [2020] report ¢ error bounds. Our £
bounds are particularly well suited to the feature selection, enabling precise control over coordinate-wise errors. Here, n
denotes the number of samples, p the number of features, k the number of nonzero entries in the true parameter vector, and
¢ denotes the fraction of samples corrupted by the adversary.

Paper Assumptions Sample Asymptotic Error Bound
(Linear Regression) Features(x) Covariance Matrix(x) Complexity A=w-—-w*
Chen et al. [2013] | sub-Gaussian(15?) Cov(x) = 1I Q(logp) v | |1A], < O(||w* ||, VElog(p)e)
sub-Gaussian(+0?) Cov(x) = 1 iy Q(logp) v | |1A]l, < O(|w*|, klog(p)e)
Liu et al. [2020] Gaussian(0?)  Cov(x) = E ¥ is r-sparse | Q(log(p)) v/ A, < (’:)(ﬁ)
Gaussian(0?)  Cov(x) = O(p? log(p)) X lal, < O(v7)
Ours* | sub-Gaussian(c?) Cov(x) = X, MI | Qog(p)) v | Al < O(elog(1/e))

case corruptions. Our work operates under this strongest
adversarial model, which strictly generalizes the other two
models.

both features and labels. Our work fills this gap.

For linear regression, the closest prior works to our setting
are those of Chen et al. [2013] and Liu et al. [2020], which
also consider a strong adversary corrupting both features
and labels in a high-dimensions. Hence, we present a careful
deeper comparison with Chen et al. [2013] and Liu et al.
[2020] in Table 2 and briefly discuss it below.

Feature & label corruption: Another challenging aspect
of our work is that we consider adversarial contamination
in both features and labels instead of just labels. This is
very critical as it increases the complexity of the problem
significantly. For example, consistent robust regression may
be possible in case of the contamination in labels only Bha-
tia et al. [2017] but may not be possible if both labels and
features are corrupted Gao [2020]. Our setting allows cor-
ruption in both labels and features, which is more realistic
and challenging than the label-only case considered in some
of the literature.

1.1.1 Comparison of our results with Chen et al.
[2013], Liu et al. [2020]

Our method improves upon these works along several key
dimensions:

Generalized Assumptions: Chen et al. [2013] assume

. . . . . . ) sub-Gaussian features with variance proxy parameter as
High-dimensional setting: Finally, methods differ in 1 9

hother fhov address the hish.di ’ nal rei 1o? and covariance matrix of form . This is signifi-
whether they address the high- tmensiona’ regime (p com- cantly smaller due to 1/n factor as compared to standard o2
parable to or much larger than n). Techniques that work . . . . .
in low di . h ften break d h sub-Gaussian and covariance matrix 3 assumption used in
in low dimensions (where n > p) often break down when 7. o 41 12020] and our work. Also, Liu et al. [2020] as-
p > n because key matrices become singular and stan-

. . ; . sumes Gaussian features and an r-sparse covariance matrix,
dard linear algebra tools fail. In this work, we consider the . .
‘ . . ; whereas our method allows general sub-Gaussian covariates
high-dimensional setting.

without requiring sparsity in the covariance. Our mutual
incoherence (MI) condition is broadly applicable and does
not require sparsity in covariance matrix.

As seen from Table 1, by addressing the most general and
challenging setting, our work subsumes many of the special
cases studied previously. To the best of our knowledge,

existing results for high-dimensional logistic regression and Sample Complexity: In high-dimensional settings (p >

Logit family models in general do not address adaptive
(strong) adversarial corruptions simultaneously affecting

n), it is critical to achieve sample complexity that scales log-
arithmically with p. While Liu et al. [2020] achieve this rate
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under sparsity assumptions on the covariance, their required
sample size becomes quadratic in p for non-sparse covari-
ance matrix. In contrast, our method maintains 2(log p)
sample complexity under mutual incoherence condition
which allows for a non-sparse covariance matrix. This is
critical in robustness as the covariance matrix is not known
a priori to be sparse due to adversarial contamination.

Sharper Estimation Guarantees: Finally, we derive /,
error bounds for support recovery, in contrast to the /o
bounds reported in Chen et al. [2013], Liu et al. [2020].
The ¢, guarantee offers finer control over coordinate-wise
estimation error, making it especially well-suited for the
feature selection task. Using norm inequalities such as
|All. < ||All, may lead to weaker bounds as [|A[|,
bounds the entire vector instead of the maximum absolute
entry like || A||  directly. For example, as presented in Ta-
ble 2, the presence of terms like ||w*||, makes the error
bound by Chen et al. [2013] weaker.

Notation: We represent sets using calligraphic symbols,
such as P. Furthermore, [n| denotes the set {1,2,...,n}.
For a vector, a; represents the i element of vector a. A
superscript of (i) like a¥) denotes i™ sample of vector a.
In the case of a matrix A € RP*9, we denote the sub-
matrix with rows in P C [p] and columns in Q C [q] as
Apg € RIPIXIQI We denote the induced /., norm using
lAll, = max > |A;;| for a matrix A € R™*¥. Simi-
1 m je[k]

larly, | A |, denotes the spectral norm and || A ||, denotes
the entrywise /., norm of a matrix. The minimum and max-
imum eigenvalues are denoted using A, (+) and Apax(+).
For a vector w € RP, S(w) = {i € [p] | w; # 0} repre-
sents the support of w. Likewise, S¢(w) = [p] \ S(w)
denotes the non-support.

2 DATA GENERATION PROCESS

We start by formally defining the data generating process
for a generalized linear model.

Definition 2.1. (Generalized Linear Model) The probability
density function of the labels y for given feature x € RP
and parameter w € RP? is

flylw™x) = c(y) exp (ywTx = b(w'x)), (1)

where b : R +— R is the cumulant function and ¢ : R +—
R is used for normalization. The first and second order
derivatives of the function b(-) are called mean and vari-
ance function respectively, as E [y|wTx] = b’ (wTx) and
var [y|wTx] = b” (wTx). Table 3 lists distribution like
Gaussian which leads to linear regression and logit family,
which covers logistic, binomial, categorical, and multino-
mial regression.

Algorithm 1 Robust MoM Filtering

1: Input: {x(17 | C RP, 6, ¢
2: Output: Remaining index set R

3: Set B = 0O (log(p/9)), T =0 ( log(p/s)), R+ 0

4: Partition [n] into blocks G, ... G(P)
5. for j =1topdo

~ . 1 ()
6: /~L1j<—n})eec[1]13?n GO Z X;

ieG®)

. : 1 ()2

n ey e median| 1 3 ()
ieG )

Gj < y/lizj — [ii;
9: end for
10: R+ {ien]||xD - ) @3“00 <T}

We assume covariates x(*) € RP for all clean samples to be
a zero mean sub-Gaussian random vector [Hsu et al., 2012]
with covariance 3. Further, labels y are generated using
the GLM model specified in Definition 2.1. We assume n
independent and identically distributed (i.i.d.) samples are
generated.

Adaptive/Strong Contamination Model: Further, an ad-
versary inspects these n clean samples and replaces € pro-
portion of the samples arbitrarily.

Problem of Interest: We are given a data set of n i.i.d
samples which constitutes of at least m < n clean samples
following GLM specified in Definition 2.1 and en arbitrary
samples introduced by adversary. We are interested in esti-
mating a sparse GLM with ||w||, < k specified in Definition
2.1 from these n samples.

Formally speaking, we derive the sample complexity for
feature selection based on the true parameter vector w in
Definition 2.1.

3 OUR NOVEL FILTERING

In this section, we start by discussing our novel median-of-
means based pre-filtering step. As we know that the clean
samples are generated from a sub-Gaussian distribution, we
use this information to remove extreme outliers or heavy-
tailed noise introduced by adversary.

Algorithm 1 is discussed as follows. Also note that the
symbol @ in definition of set R denotes coordinate-wise
division.

We use a median-of-means (MoM)-based filtering proce-

dure to robustly pre-process the feature vectors in the pres-
ence of heavy-tailed noise and adversarial outliers. The
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Table 3: Cumulant function, its derivatives, and loss functions in GLMs

Model | ey) | bO) [V(O) ] v"(0) | flo) | —log(f(ylo = wix())
Gaussian ‘ \/% exp (—g) ‘ % ‘ 0 ‘ ‘ \/% exp ( (yfe)z) c (y _ WTX(i))2
Logit ‘ 1 ‘ log(1 + €?) ‘ 1_{69 L 1‘f29 ‘ log (1 + ewa(i)) — ywTx(®

samples are first partitioned into multiple disjoint blocks,
and coordinate-wise robust estimates of the mean and sec-
ond moment are computed via medians over block averages.
These estimates are used to construct a robust scale estimate
for each feature. A sample is retained if its coordinate-wise
normalized deviation, measured relative to the robust mean
and scale, is uniformly bounded by a threshold. This fil-
tering step removes samples exhibiting anomalously large
deviations in any coordinate while preserving the bulk of
the uncontaminated data.

Algorithm 1 provides a robust filtering mechanism under
adversarial contamination, assuming that at least (1 — ¢)
fraction of the samples follow sub-Gaussian distribution.
The median of means based estimator is a computation-
ally efficient way of robustly estimating mean and vari-
ance. We just require B = O(log(p/9)) disjoint blocks to
obtain ¢,.-bounds. The standardized residuals behave like
normalized sub-Gaussian random variables. The threshold
T=0 (w /logg) is chosen to ensure that approximately no
clean sample is removed. The log(p) factor in both num-
ber of blocks, B and threshold, T appears due to the union
bound over p variables. At the end, we can guarantee with
high probability that the algorithm discards most corrupted
samples while preserving the majority of the clean samples.

We formalize the preceding intuition through rigorous the-
oretical guarantees for the proposed filtering procedure. In
particular, the following theoretical claims are presented in
Appendix 9:

1. We derive high-probability bounds on the accuracy of
the robust estimators for the first-order moment ji; and
the second-order moment fi5 in Theorem 9.1 and Corol-
lary 9.2, respectively.

2. We show that the resulting coordinate-wise variance esti-
mator is accurate with high probability in Lemma 9.3.

3. We prove that the filtering procedure preserves all uncon-
taminated samples with high probability in Lemma 9.4.

Note that we do not use the pre-processed samples further.
We use Algorithm 1 to obtain the set of well behaved sam-
ples which are used without any pre-processing further.

4 OUR PROPOSED ALGORITHM

In this section, we present the /1 -regularized trimmed maxi-
mum likelihood estimator.

4.1 OUR REGULARIZED TRIMMED MLE

The trimmed MLE problem with ¢; regularization is defined
below.

Definition 4.1. (Regularized Trimmed MLE) The optimiza-
tion problem is presented below:

(W,t) =argmin I(w,t) + A [|w];,
t

w)

suchthat 1Tt =m, 0 <t; <1, Vi€ [n],

l(w,t) :=— %zn:ti log (f (y(i)|wa(i))) )
i=1

where f(-) is defined in Eq. (1) and A is the regularization
parameter.

Further, we claim Eq. (2) is non-convex in (w, t). Hence,
achieving global optima is not guaranteed.

Lemma 4.2. If 3i, x = 0 fori € [n], then [(w,t) in Eq.
(2) is non-convex in (w, t).

Hence attaining a global optimal solution is generally not
possible. Consequently, our focus shifts to identifying local
optimal solutions, often referred to as Karush-Kuhn-Tucker
(KKT) points.

S OUR MAIN THEOREM

Before stating our main theorem, we state the standard mu-
tual incoherence assumption prevalent in support recovery
literature [Wainwright, 2009, Ravikumar et al., 2010, 2011,
Daneshmand et al., 2014].

Assumption 5.1 (Mutual Incoherence). For somey € (0, 1]
with v = w (elog(1/e)), [|EsesEgslc < 1 — 7, where
Il || oo is the norm matrix induced co-norm.

Assumption 5.1 requires that the non-support features are
not too strongly correlated with the support features, relative
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to the correlations among the support features themselves.
Intuitively, if some j € S€ is nearly a linear combination
of the support features, then coordinate j is statistically
indistinguishable from a true-support coordinate even with
infinite clean data.

Next, we present the informal version of our main theorem
for Gaussian model (linear regression) and Logit model
(example: logistic regression).

Theorem 5.2 (Informal). Let (t,W) be a KKT point
of the problem (2). Under assumption 5.1, if X =

log(p) = Elo =
Q (ﬁ—kelog(l/f)) andn = (ﬁ)’ then

with probability of at least 1 — O (%)

1. Support of w matches exactly with support of w*.
2. The error bound for Gaussian model (linear regression):

log(p) +€log(1/e)> .

n

W —we <O (

3. The error bound for Logit model (logistic regression):

@ +elog(1/e) + \/M> ’

W — W'l <O <

where g(0?, €, p) is bounded as

O (02 log(1/e)) x$ ~ sub-Gaussian(c )
O (0®log(p/e)) x$ ~ heavy-tailed with
bounded 4™-moment

g(c”,e,p) =

Here, x((f) denotes the sample contaminated by the adver-

sary.

Proof Sketch: For linear regression, please refer to
Lemma 12.1 and Lemma 12.2 in Appendix 12. For logit
models, please refer to Lemma 13.1 and Lemma 13.2 in
Appendix 13. Lemma 12.1 and Lemma 13.1 prove the first
claim: support of w matches exactly with support of w*.
The upper bound on the ¢, norm of the parameter vector
is proved in Lemma 12.2 and Lemma 13.2. The proof also
relies on going from any non-integral KKT point to integral
point, which can be done easily as shown in Lemma 11.1.

Before diving into the mathematical details of the proof, we
briefly discuss our main theorem.

Interpretation of Theorem 5.2. The error bound decom-
poses into two regimes. The term /log(p)/n is the stan-
dard statistical price of high-dimensional estimation, while
elog(1/e) is injected by the strong adversary, which is un-
avoidable up to the logarithmic factor. The additional term
g(02, €, p) arises only for logit models and is defined case-
wise according to the tail behaviour of the covariates: un-
der sub-Gaussian covariates g = O(c2 log(1/¢)), whereas

under heavy-tailed covariates with only a bounded fourth
moment g = O(c? log(p/e)). The extra log(p) factor in the
heavy-tailed case is a consequence of the median-of-means
filter (Algorithm 1), which must threshold uniformly over
all p coordinates. For linear regression, V2 (v, /") is in-
dependent of v, which is precisely why no analogue of g
appears in this case.

6 PROOF SKETCH

The Lagrangian can be written as:

L(w,t0,8,1) = l(w,t) +aT(=t)+ 67 (t - 1,)
+pu(=1Tt+m),

where (w,t) are primal variables and (o, 3, i) are dual
variables.

6.1 STATIONARITY CONDITION

First, we define the sets:

Jee — {”tj =1,t;=1,i¢ [n]},

Jo={i|t; =1, =0,i€[n]},

Joo={i|t; =0,t; =1,i€[n]},

T = {i |t =0,& =0,i € [n]},
]

Je={i|ti=1i€n]} =JCUJ™
JC={i|t: =1,i€n]}=JCUJo.

Note that J*¢ denote the set of n clean samples before any
corruption. So, J¢ = J*¢\ J.

The first order stationary condition with respect to w, stated
in Eq. (6) can be re-stated for (v~v, t) and sub-differential
z € d||wlas

Vi (#.87) + 22 = 0,00,
where
- 1 . . . .
Vi (v”v,tj) = Z (b/(VNVTX(l))X(l) _ y(Z)X(z))
M
and the decision variable 5;7 = 1if ¢ € J and O otherwise.

Using mean value theorem and after some algebraic manip-
ulations which are detailed in Section 11.1, we arrive at the

following
3 S5 (] i8]
Qécs Qécso 0 8sec rse
hg" zZs | _
+5 |:1A1g‘ic:| +)\ |:ZSC — Op><17
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where we use T to denote 5 (12, W, t) for the ease of nota-
tion, and g and Q are defined as follows:

g7 = Vol (w",t7), Q7 = V%I (w,t7), @)
h? =Vl (w,t7),

and where the remainder r(v, W, t’") is defined as:

P, w, 8= (val (ui"“) Vi (th)) (W—w").

Here v = aw + bw*, wherea > 0,b > Oand a + b = 1.
Note that # = 0 for linear regression as V2,1 (1/7 f"cc) =1
and V2,1 (w*, t/ Cc) = 1 for linear regression. After some
algebraic manipulations, we obtain:

we —ws = —Qls ! (88" +47 + B+ das) @)
— il - BSZC)

1. A . 7CC . 7Cce ~ joC

1 . jee
zs = 1 (€&

Further, we use norm inequalities and the triangle inequality
on the RHS and bound the individual terms as shown in Eq.
(18) and Eq. (19). Ensuring ||zs<|| ., < 1 helps to show that
support of w matches exactly with support of w*. Please
refer to Appendix 12 and Appendix 13 for more details.

7 EMPIRICAL VALIDATION

We present empirical analysis to validate the theoretical
claims of the paper on sparse linear and logistic regression
under adversarial contamination on synthetic datasets and
also test our proposed method on real-world cancer datasets.
A detailed description of the experimental setup, data gener-
ation process, and hyperparameter settings for all methods
is provided in Appendix 14 and Appendix 15.

Baselines and Metrics. For linear regression, the directly
comparable baselines as per Table 2 are Robust LASSO
[Chen et al., 2013] and RSGE [Liu et al., 2020]. We ad-
ditionally include LASSO [Tibshirani, 1996] to study the
effect of trimming, and methods suited for non-sparse mod-
els in low dimensions: Trimmed MLE [Awasthi et al., 2022]
and SVAM [Mukhoty et al., 2023].

For logistic regression, there are no directly comparable
existing methods. We therefore compare against LASSO
GLM [Friedman et al., 2010] and methods suited for non-
sparse, low-dimensional settings: Robust Logistic Regres-
sion (RoLR) [Feng et al., 2014], Trimmed MLE [Awasthi
et al., 2022], and SVAM [Mukhoty et al., 2023].

We evaluate all methods using two complementary metrics:

1. Support recovery rate: It is defined as the fraction of trials
achieving exact support recovery.

2. F1 score: It captures partial support recovery enabling
finer-grained comparison when exact recovery is rare.

7.1 LINEAR REGRESSION

Low-Dimensional Regime. We begin with a low-
dimensional setting (n = 200, p = 30, k = 5) under ran-
dom adversarial corruption. As shown in Tables 6 and 7 in
Appendix 14.3.1, our proposed method achieves consistently
strong support recovery rates and F1 scores across all cor-
ruption levels, comparing favorably with existing baselines.
We note that RSGE [Liu et al., 2020] delivers competitive re-
covery quality but relies on solving a semidefinite program
(SDP) at each iteration, resulting in runtimes on the order
of 10°-10% milliseconds per run (Table 8, Appendix 14.3.2),
which limits its scalability. Hence, for high-dimensional
setting, we compare against other methods.

High-Dimensional Regime. We set n = 200, p = 400,
k = 5 and evaluate across ¢ € {0.05,0.1,0.15,0.2} under
three corruption models.

1. Random adversarial corruption. The adversary corrupts
data randomly, without knowledge of the clean dataset.
Our method achieves high support recovery and F1 scores
across all € (Tables 11 and 12 in Appendix 14.3.3).

2. Adaptive/strong adversarial corruption [Chen et al.,
2013]. The adversary has full knowledge of the clean
data and true support, deliberately targeting support re-
covery failure. We note that our experiments use constant
per-sample variance rather than the variance decaying
as O(1/n) assumed in Chen et al. [2013], which makes
the corruption model more challenging. Table 4 shows
that our method achieves high F1 scores across all €. A
detailed discussion is presented in Appendix 14.4.

3. Heavy-tailed corruption. We validate our theoretical
robustness to heavy-tailed noise (bounded fourth moment)
using log-normal and Student’s ¢ distribution. Our method
achieves high support recovery and F1 scores under both
distributions (Tables 13—16 in Appendix 14.5).

Remark. In Table 4, LASSO and Robust LASSO achieve
higher F1 scores than Trimmed MLE and SVAM, which is
consistent due to ¢ -regularization. The stronger F1 scores
of our method relative to Robust LASSO are consistent with
our more general assumption of x(*) ~ sub-Gaussian(o?),
compared to the more restrictive sub-Gaussian(%aQ) in
Chen et al. [2013] (see Table 2).

7.2 LOGISTIC REGRESSION

Low-Dimensional Regime. Forn = 200,p=30,k=5
under random adversarial corruption, our method achieves
high support recovery rates and F1 scores (Appendix 15.3.1).
We note that methods without ¢;-regularization (RoLR,
Trimmed MLE, SVAM) may attain non-zero F1 scores even
when the support recovery rate is zero, since F1 accounts
for partial overlap with the true support.
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Table 4: Linear Regression: F1 scores (mean + standard deviation over 100 runs) across varying corruption proportions ()
for the high-dimensional regime (n = 200, p = 400, £ = 5) under the adaptive/strong adversarial contamination model
of Chen et al. [2013] (Appendix 14.4). Methods with ¢, -regularization (LASSO, Robust LASSO, Ours) tend to perform
well on sparse models. Our method and LASSO outperform Robust LASSO as the later restrictively assumes x(?) ~
sub-Gaussian(£o?) instead of just sub-Gaussian(c?) as discussed in Table 2. Numbers smaller than 10~* are reported as 0.

e | LASSO Robust LASSO  Trimmed MLE SVAM | Ours
0.05 | 0.543 £0.132 0.182+0.024  0.02+0.011 0.025+0 140
0.1 | 0.535+£0.132 0.103 £ 0.044 0.02 £+ 0.01 0.025+0 | 0.998 +0.013
0.15 | 0.549 +£0.116 0.043 +£0.036 0.018 £0.011 0.025+0 | 0.975 + 0.069
02 | 0.542+£0.128 0.063 £0.039 0.0154+0.012 0.025+0 | 0.831+0.16

Table 5: Logistic Regression: F1 scores (mean =+ standard deviation over 100 runs) across varying corruption proportions
(e) for the high-dimensional regime (n = 600, p = 800, k£ = 5) under the adaptive/strong adversarial corruption model
(Appendix 15.4). The strong performance of LASSO GLM highlights the importance of ¢;-regularization for sparse models
in high dimensions. Our method combines ¢;-regularization with robust trimming, achieving high F1 scores across all
corruption levels. Methods without regularization (RoLR, Trimmed MLE, SVAM) are better suited to the low-dimensional
setting (Table 18). Numbers smaller than 10~ are reported as 0.

e | LASSOGLM RoLR Trimmed MLE ~ SVAM |  Ours

0.05 | 0.996 £0.018 0=£0 0.023+0 0.018 =0 | 0.998 +0.013

0.1 0.962+0.052 0=+0 0.024 £ 0 0.018 £ 0 | 0.992 4+ 0.026

0.15 | 0.932£0.066 0=£0 0.026 £ 0 0.018 £ 0 | 0.994 +0.024

0.2 0.816 £0.101 0+0 0.027£0.001 0.018 0 | 0.929 + 0.081
High-Dimensional Regime: We set n = 600, p = 800,
k = 5 and follow the same progression of corruption mod-
els as above. Under random adversarial corruption (Ap-
pendix 15.3), strong adversarial corruption (Table 5 and
Appendix 15.4), and heavy-tailed corruption from both log-
normal and Student’s ¢-distributions (Appendix 15.5), our
proposed method consistently achieves high support recov- 1 Support Recovery va nlog(p) for Qur Fiopoged gthod | Suppart Recovery vs nog(p)for Our Method
ery rates and F1 scores across all corruption proportions. ” 7/ o
This demonstrates that the strong empirical performance éov / éw /
observed for linear regression carries over to the logistic mzz ) msz / Tt
regression model. g / <vu B / ’
Remark. The F1 scores of RoLR, Trimmed MLE, and LA L

SVAM are higher in the low-dimensional case (Table 18)
than in the high-dimensional case (Table 20), which is con-
sistent with the fact that these methods do not incorporate
{1 -regularization and are therefore better suited to low-
dimensional settings. The strong performance of LASSO
GLM in Table 5 further highlights the importance of regular-
ization for sparse models in high dimensions. Our method
combines ¢;-regularization with robust trimming, which to-
gether contribute to its strong support recovery performance.

7.3 LOGARITHMIC SAMPLE COMPLEXITY

Finally, we empirically validate our theoretical claim that the
required sample size scales as n = §2(log p). For both linear
and logistic regression, we fix € = 0.1 for adaptive/strong
adversary. We vary n and p jointly such that n/ log(p) takes

5 10 15 30 35 40 20 40 100 120

20 25 60 80
n/log(p) n/log(p)

(a) Linear regression (b) Logistic regression
Figure 1: Support recovery probability versus n/log(p) un-
der strong contamination model for linear regression (Ap-
pendix 14.6) and logistic regression (Appendix 15.6). The
overlap of support recovery curves for different p provides
concrete empirical evidence that the sample complexity
scales proportionally with log(p), in agreement with our
theoretical claims.
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identical values across p € {400, 800, 1600} (linear regres-
sion) and p € {800, 1600, 3200} (logistic regression). As
shown in Figure 1, the support recovery curves for different
values of p largely overlap when plotted against n/ log(p).
This overlap of support recovery curves across different
ambient dimensions provides concrete empirical evidence
that the required sample size for reliable support recovery
scales proportionally with log(p), in agreement with our
theoretical claims. The same behavior is observed under
random and heavy-tailed corruption, as shown in Figures 5
and 6 (Appendix 14.6 and 15.6).

7.4 REAL-WORLD EXPERIMENTS

We evaluated our proposed method on two public cancer
datasets: TCGA and NCI-60.

TCGA: The Cancer Genome Atlas (TCGA) is a public
cancer genomics resource from NCI/NHGRI. We used a
gene-expression matrix with dimension 2360 samples x
187 genes, and the response was the clinical stage variable.
Our proposed method identified the support as FAM107A
and FOXP1. These genes provide a compact cancer-stage
association signature as verified by independent biology
literature:

1. FAM107A: Zhang et al. [2023] reported that
FAMI107A acts as a tumor suppressor in esophageal
squamous cell carcinoma, with reduced expression as-
sociated with poorer prognosis and more aggressive
clinicopathological features.

2. FOXP1: Wlodarska et al. [2005] reported that FOXP1
is highly expressed in a subset of diffuse large B-cell
lymphoma and is recurrently targeted by genomic aber-
rations. Xiao et al. [2016] further evaluated decreased
FOXP1 protein expression across multiple tumor types
in a systematic review and meta-analysis.

NCI-60: It is a public cancer cell-line pharmacogenomics
panel from the U.S. National Cancer Institute Developmen-
tal Therapeutics Program. We used a gene-expression ma-
trix with dimension 60 cell lines x 2000 genes, and the
response was the Methotrexate drug activity z-score [Luna
et al., 2016].

Our proposed method identified the support as TRAP1,
HNRNPA1L2, CCT7, PLK1, E2F4, RPSA, EIF4A1l, and
NOP 2. These genes form a compact pharmacogenomic sig-
nature for drug-response modeling and biomarker hypothe-
sis generation, as discussed below:

e TRAP1: Matassa et al. [2018] reviewed the role of
TRAPI1 in cancer metabolism, including its context-
dependent role as an oncogene or tumor Suppressor.

e HNRNPA1L2: Lee et al. [2024] reported that H3.3-
G34W in giant cell tumor of bone functionally aligns

with the exon choice repressor hnRNPA1L2, support-
ing a cancer-relevant RNA-processing role.

CCT7: Huang et al. [2022] reported that overexpres-
sion of CCT7 has diagnostic and prognostic value in
hepatocellular carcinoma.

e PLKI1: Liu et al. [2017] reviewed PLK1 as a potential
therapeutic target in cancer.

E2F4: Zheng et al. [2021] reported that E2F4 is an
indicator of poor prognosis and is related to immune
infiltration in hepatocellular carcinoma.

e RPSA: Limone et al. [2023] reviewed the role of the
PrPC-RPSA interaction in cancer biology; RPSA is
also known as the 37/67 kDa laminin receptor.
EIF4A1l: Zhao et al. [2019] reported that aberrant
PDCD4/eIF4A1 signaling predicts postoperative recur-
rence in early-stage oral squamous cell carcinoma.
NOP2: Yang et al. [2023] reported a functional role of

the m5C RNA methyltransferase NOP2 in high-grade
serous ovarian cancer.

8 CONCLUSION & FUTURE WORK

We studied robust feature selection in sparse generalized
linear models under the strongest adversarial contamination
setting, where an adaptive adversary corrupts both features
and labels in the high-dimensional regime. Our method com-
bines ¢; -regularization with trimmed maximum likelihood
estimation, yielding a non-convex relaxation of an NP-hard
problem. We show that any KKT point achieves exact sup-
port recovery under mutual incoherence and satisfies sharp
{, error bounds tailored to feature selection. Empirically,
we validate robustness under random, strong adaptive, and
heavy-tailed contamination, and observe support recovery
behavior consistent with the predicted logarithmic scaling
and also verify our proposed method on real-world datasets.

Our estimator attains near-minimax robustness while pre-
serving logarithmic sample complexity in the ambient di-
mension, matching the optimal dependence on dimensional-
ity even in the absence of adversarial corruption. The frame-
work applies to both linear and logit models and extends
to heavy-tailed covariates under bounded fourth-moment
assumptions.

The residual log(1/e€) factor in the rate O(elog(1/¢€)) ap-
pears intrinsic to computationally efficient estimators un-
der the strong adversary. Statistical-query lower bounds
for robust Gaussian mean estimation exhibit an analogous
Q(ey/log(1/e)) barrier [Diakonikolas et al., 2017], giving
evidence that the gap to the optimal O(e) rate of the (NP-
hard) estimator of Gao [2020] may be unavoidable without
further assumptions, which remains an open problem. Fu-
ture work includes extending these guarantees to broader
nonlinear models and further tightening the robustness—
computation trade-offs.
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9 PROOFS RELATED TO MEDIAN-OF-MEANS BASED FILTERING ALGORITHM

Theorem 9.1 (Robust /., Mean Estimation via Median-of-Means). Let x(), x(?) ... x(™ e RP be i.i.d. with coordinate
population means [i; and finite coordinate population variances 0.72- <ooforj=1,...,p. Fix§ € (0,1/3) and choose
the number of blocks B > 12log (%Tp) ,q = Ln/BJ Partition {1, ...,n} into B disjoint blocks G, .. ..GPB) of size q,

}’”I Yica® xgz), and define the coordinate-wise Median-of-Means (MoM)

form block means coordinate-wise X j(b) =G

estimator
fy = median{XJ(-l),...,Xj(-B)}, ji=1,...,p.

Then there exists an absolute constant C > 0 such that, with probability at least 1 — § /2

—~ log(2p/d
||/J’1 - Ml”oo < Camax g(n / >> Omax -— mja‘XUj'

Proof. We start by applying the Chebyshev inequality for coordinate j for general block b:

_ Var( X (.b)) o2
b
Pr [‘X](-)*u1j|>tj] <7t2] = 752 =r
J qty

Further, we define a “bad” block as
B
b (b b
I]() = 1{\Xj()—u1j|>tj}7 Sj = ZIJ()
b=1

The median of means estimate fi; should be a good estimate if at least B /2 blocks estimate the population mean approxi-
mately. This can be formalized as

N B
Pr|ti; — paj| > t5] < Pr {Sj > 2} :

The indicator variable 1", 1(?) ... T are independent Bernoulli random variables with mean at most r = o2 /(qt2).
Hence, E[S] = Br. We use the multiplicative version of Chernoff bound

Pr(S > (11 O)E[S]] < exp (—QT 51@[5})

We substitute 6 = % — 1 in the above equation to arrive at:

Pr [s > f] =Pr[S > (1+0)E[S]] < exp (—25;5 'E[5]> < exp (‘;, ' f) o <_g>
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In this last step, we have assumed § > 1 and hence m > 3 L. We ensure § > 1 by controlling r < 1 7 through block size g as
shown later. We can claim:

~ B B
Pr{|fii; — paj| > t;] < Pr {Sj > 2] < exp (—12>

Further taking union bound along p variables, we can claim:

. B
Pr{llfn — pllo > t] < exp (—12 + log(p)>

Further, we choose B = 12 log(%p)

—~ 2p )
Prllfn — il > ] < exp (10w (2) +1080)) = 3

Finally the condition r < % leads to

21 /B /121og (22)
% f:>t>——2a —20 g 5

Hence, with high probability of at least 1 — §/2, we claim

>~

R 121og (22
I — < 20y 22 ()

n
which completes the proof.

O

Corollary 9.2 (Robust £, Second Order Moment Estimation via Median-of-Means). Ler x(!) x(2) ... x(") ¢ RP be i.i.d.
with coordinate-wise second order moment as piz; and finite coordinate-wise fourth-order moment j14; < ocoforj =1,...,p.

. N2
Fix ¢ € (0,1/3) and choose the number of blocks B > 12 log (%) ,q:= |n/B]. Let zy) = (X;Z)) . Partition {1,... ,n}

into B disjoint blocks GV, ..., G'B) of size q, form block means coordinate-wise ZJ(-b) = \G}b>| Yica® z;-i), and define
the coordinate-wise Median-of-Means (MoM) estimator

foj = median{Zj(l),...,Z;B)}, j=1,...,p.

Then there exists an absolute constant C > 0 such that, with probability at least 1 — § /2

~ log(2p/d
H/’[’Q _,UQHOO > O\/,u4max Ma M4 max ‘= mJaX//M]
Proof. The proof is very similar to the proof of Theorem 9.1. Substitute x() with z(*) in the proof of Theorem 9.1. O

Lemma 9.3 (Robust /., Variance Estimation via Median-of-Means). Let the variance estimate, o2 = fiz — fi3, where i
and [io are the estimates of first order and second order moment as defined in Theorem 9.1 and Corollary 9.2. Then we
claim the following with high probability of 1 — ¢

|- <0<c log(2p/5)>

n

where C'is a constant that depends on the maximum value of aj, o; and |p;| for j € {1,2,...,p}.
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Proof. As per the definition of variance estimate, we have o2 = fia — ji, where Jio and fi; are defined in Corollary 9.2 and
Theorem 9.1 respectively.

By using the definition of variance we know,
Ao =ra-e ()] (- @)
=2 —E [(xgi)>2] B ([uj _ (]E [ng)])> (ﬂu i (E {xgz)}))

Using norm inequalities, we can claim:

o2 () | (o0 2 )G+ (7))
2o (=) o o PR <] 214
2 0 2 10 (o BB (4 0 220
<o (o/22220)

where C; is a constant that depends on (45, 0; and |p;|. In step (¢), we have used Corollary 9.2 for the first term and
Theorem 9.1 for second term. In step (i¢), we use Theorem 9.1 again.

02 — o] <

Further, we can claim the following with probability at least 1 — §:

|- S(’)<C 1og(2p/5)>

n

where C' is a constant that depends on the maximum value of 45, 0; and |u;| across all j € {1,2,...,p}.
O

Lemma 9.4 (Clean-sample preservation under MoM-standardized filtering). Let an unknown set G C [n] with |G| = (1—¢)n
exist such that {x(i) Yieq are i.i.d. with mean (1 € RP follow sub-Gaussian distribution with variances 0']2- > 0 and bounded
(@)

fourth moments E[(x;" — i)t < 040?. The remaining en samples are arbitrary.

Let [11; and G be the coordinate-wise median-of-means estimators constructed using B = O(log(p/0)) blocks, and define

(@ _ =
. X\’ — .
UJ@ = j,\iﬂlj, T:zO(,/logp>.
[oF] 9

Assume that, with probability at least 1 — 0, the estimators satisfy
max [y — pgl <oy (1=mjo; <55 <(I+n)oj, ¥, )

for constants a,n € (0,1/2). Then there exist universal constants cy,c1 > 0 such that, with probability at least 1 — § —
exp(—cien), the filtering criteria of pruning sample i if ||U(’) lloo > T removes at most cy en clean samples.

Proof. Let £ denote the event on which (5) holds, implying mean and variance are close to true value. This is already proved
in Theorem 9.1 and Lemma 9.3. Hence, Pr[€] > 1 — 4.

Fix a clean index i € GG and a coordinate j € [p]. Under the event £,

(%) o~ (%)
@) = i I O Bl % <|Xj _“j|+ @
’ 0j o |7 (I=mo; 1-7
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We know the first term Z J(.i) = xjg%m is standard sub-Gaussian. Therefore, for any ¢ > a/(1 — 7),
A i 1—n)t— 2
P(lUf > t|€) <P(120)> (1 - )t —a) < zexp(w> .

Applying a union bound over j € [p] yields

IE”(HU(“HC>O >t ‘ 5) < 2pexp(—((1_n;t_a)2> .

Settingt =17 = O ( log(p/ 5)) and choosing a, 7 sufficiently small, we obtain

p(nzﬂ”nw ST ‘ 5) <ce
for a universal constant ¢ € (0, 1). Let the pruned samples be defined as:
R :=1{|U"|>T},  Rg:=) R
ied
Conditioned on event &, the variables { R; };c¢ are independent with E[R¢ | £] < cg|G| = ce(1 — e)n < cen.

We use multiplicative Chernoff bound:

2
Pr[Re > (1 +0)E[R¢g] | €] < exp <—2i_ 5E[RG | 5])

We select § = 1 for simplicity to arrive at:
Pr[Rg > 2ce|G| |€] < exp(—c1£]G]) < exp(—cien).
Unconditioning completes the proof:

Pr[Rg > 2c£|G|] < Pr[€°] + Pr[Rg > 2¢e|G| €] < 0 + exp(—cien).

10 FORMAL PROOFS AND THEOREM STATEMENTS
10.1 PROOF OF LEMMA 4.2 TO CLAIM NON-CONVEXITY OF TRIMMED MLE OBJECTIVE FUNCTION
Lemma 4.2: If 3i, x(¥) = 0 for i € [n], then [(w, t) in Eq. (2) is non-convex in (w, t).

Proof. We derive the Hessian matrix for the loss function in Eq. (2) with respect to (w, t):

— Ow?2_ Bw 3
H oi(wt)  o%(w, t) MT B
otow ot2

PUwi)  oUw, ) _ [A M},

where the matrices A € RP*P, M € RP*", and B € R"*" is given by:

Zt b (W X )X( )XES)T, B=0,x,, M. ;= (b’ (wa(i)) — y(i)) x®,

where M. ; denotes the i column. Also note that Ml # 0, as 3i, x(?) 5 0 for i € [n] as stated in the lemma. This is very
mild and reasonable assumption because if x() =0,V € [n], then the model is unidentifiable even if there are no outliers.

Using Lemma 12.12, we can claim that A > 0. Further, we use Schur Complement (page 34 of Zhang [2006]) to claim that
H can be positive definite if and only if:

B-MTA'M=0,4, — MTA™'M > 0,

which is not possible as A > 0. Hence, H is not positive definite. O

4396



11 KKT CONDITIONS

The Lagrangian can be stated as:
where (w, t) are primal variables and («, 3, i) are dual variables. The KKT conditions are given below:

1. The stationarity conditions with respect to w and t lead to:

1 n , _ . _ _

— ) T (D)) (1) _ ()5 (9) —

m;tl (b (W X )x yx )+/\Z—Op><1, 6)
th(wat)_a+ﬁ_ﬂln :Onxla (7)

where b'(-) denotes the derative of function b(-) of GLM defined in Eq. (2), V¢l(w, t) denotes the partial derivative of
the likelihood function with respect to t, and z denotes the sub-differential of || w||,, whose entries are given by:

sign(w;) if w; # 0,
zZ;, =
el-1,1 ifw;=0.

It should be noted that V¢/(w, t) is n—dimensional column vector, whose i term is given by likelihood at sample
( (@) (i))-
x\ y):

Vi l(w,t) = —log (f(y(i)|WTx(i))) =b (wa(i)) —yDwTx® —log (c (y(i))) .
2. Complementary slackness conditions are as follows:
a®(-t)=0,, BoO(t—-1,)=0,, u(-tTl,+m)=0. ®)
3. Dual feasibility conditions can be stated as:
a0, B0, |z <1. ©)
4. Primal feasibility condition can be expressed as:
0<t;<1Vie[n], 1Tt =m. (10)

Let a non-integer KKT point where any t; is not an integer. We claim that for any non-integer KKT point, there exist a KKT
integer point.

Lemma 11.1. Let (t, W) be a non-integral KKT point of problem (4.1). Then there exists a primal feasible point (t, W)
satisfying the primal constraints such that t; € {0,1} for all i € [n] and

zn:fi ti(w) = zn:fzéz(‘x/) (1D
i=1 i=1

Proof. Define P := {i € [n] | 0 < t; < 1}. From complementary slackness for 0 < t; < 1, we have
a; =0, B,=0, VieP.
The stationarity condition with respect to ¢; yields
(W) =—p, VYieP, (12)
where . is the multiplier associated with 1"t = m. Hence all indices in P have identical loss values.
Since 37, t; = m, and t; € {0,1} fori ¢ P, it follows that 3, _, t; € Z.

Construct t by selecting exactly Yicp t, indices in P and setting them to 1, assigning 0 to the remaining indices in P, and
keeping t; = t; fori ¢ P. Then Y ", t; = m, so (t, W) is primal feasible. Using (12), the total weighted loss over P is
preserved, which implies (11). O
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11.1 STATIONARITY CONDITION

First, we re-define

. . 1 e Je
w:=argminl (w,t) + A||w||,, where t; = o 13
oo (w8) A lhwly {0 ieIem, (13)
We define the sets:
Je={i|bj =1t =1i€n]}, JO={i|bj=1,t;=0,i€ [n]},
J={i|b;=0,t;=1,i€n]}, Jo° ={i|b; =0,t;=0,i€[n]},
Je={ilti=1ien]}=JCUJ® JC={i|bj=1,i¢€[n]}=JCUJo.

Note that J*¢ denote the set of n clean samples before any corruption. So, J¢ = J*¢\ J¢°.

The first order stationary condition with respect to w, stated in Eq. (6) can be re-stated for (v~v, ‘E) and sub-differential
z € 0|w| as

Vi (vvij“) +AE = 01,
where Vi, (\7&/7 EQ) = @ Yico (b’(\?VTx(i))x(i) - y(i)x(i)) and the decision variable E? = 1if4 € @ and O otherwise.
Adding and subtracting V! (w*, ‘E) from the above equation, we arrive at:
Yl (W, 87) = Val (w87 ) 4 Tl (w87 ) + Wl (w,8°7) + 02 = 01, (14)
Further, we use mean value theorem to simplify Vi, (\7\/, t/ CC) — Vwl (w*, t/ CC) as shown below:
Vil (W, 87) = Tl (W, #77) + V31w, F7) (W = w),

where v is some point between w and w*. More formally, v = w* + s (W —w*) for some s € [0, 1]. Also note that
support(v) = S. Adding and subtracting V2,/(w*, t) from the above equation leads to:

Vil (W,EJ”“) VUl (w*,EJ“) = V2 (w*,EJ“) (W — w*) + r(v, w, 87, (15)
where the remainder r(v, W, t’") is defined as:
i, w,t7") = <V2 (wf‘]cc) —- Vil (W*,EJCC>> (W—w").
Note that £ = 0 for linear regression as V2,1 (v,t7"") = L and V21 (w*,t”/"") = 1 for linear regression.

Substituting Eq. (15) in Eq. (14), we arrive at:
V2 (w*,EJ“') (W — W*) + Vgl (w*,EJ“) (v, W, t7) + Vil (W,EJ”C) + 27 =0y1.
Further, we separate the above p equations in § and §¢, and set wse = w5 = 0 as per definition in Eq. (13) to obtain
Ja Jee Ja Jgee - * Jgee Jee Jec¢
e[ ] [ el ] -
~ ce ~ ce + cc + cc + 13 oc + )\ — O 1,
ar Q[ o™ [ e B o ] o

where we use T to denote T's(v, W ,t) for the ease of notation, and & and Q are defined as follows:

* % _ 1 * % i %
= Vol (w*,17) = Uthj(b’ wTx()x® — yx “)—EZ(b’(wa“)fy“)x“,

Q7 = V2] (w t‘7) Z t‘7b" *TX(Z))X(Z)X(Z — Z ' ( wTx( ))x( )x (T (16)
‘jl SV ‘jl 1657
b = V1 (w,17) = UI Ztﬂ (b, (WTx@)x® — i)y ) 7 Z (b/ (WTx(®) =y )) <)
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After some algebraic manipulations, we obtain:
Jee—1 Jee . JCC Jjee
WS - WS = _Q (gs + rs + hs + )\ZS) s (17)
1 A Jcc . Jcc ~ joc A A A Jcc A JCC ~ joc
zs- = 5 (88 14" — B + QsQs (87 +14" + B +zs)).

Using ||zs|| ., < 1 and applying triangle inequality with other basic norm inequality, we arrive at:
s = wile < [|Q2s | (e +
oo oo

< flass@z]|_+ 5 (+ assazf] )

r's

’AJCC

[
oo

N +)\) (18)

~Jce
g

||Z5c s —+

S

). a9
Definition 11.2 (Integral KKT point). A KKT point (t, W) of problem in Eq. (4.1), i.e., a point satisfying the stationarity
conditions in Eq. (6), Eq. (7), the complementary slackness conditions Eq. (8)~, the dual feasibility conditiorls Eq. (9), and
the primal feasibility conditions Eq. (10), is called an integral KKT point if t; € {0,1} for all ¢ € [n]. If t; € (0,1) for
some i € [n], it is called a non-integral KKT point.

For brevity, we denote the per-sample loss by £;(w) := Vi, l(w,t) = —L log (f (y | wTx(?)), so that the trimmed
objective can be written as [(w,t) = > I, t; {;(w). We further let t* € {0, 1}" denote the ground-truth clean-sample
indicator, with t = 1 if sample 7 is uncorrupted and t; = 0 otherwise; equivalently J*¢ = {i € [n] | t} = 1} is the set of
clean samples, so that 17t* = (1 — e)n > m.

Lemma 11.3 (Local optimality of integral KKT points). Let (t, W) be an integral KKT point of the problem in Eq. (4.1).
Then

if,» (W) Zt*é
=1

Equivalently, since l(W,t) = Y"1 | t; £;(W), we have [(W, t) < I(W,t*).

Proof. Since (t, W) is integral, let P := {i € [n]|t; =1} and P. := {i € [n][t; =0} = [n] \ P. The stationarity
condition with respect to t in Eq. (7) reads, component-wise, ¢; (W) =p+o; — B Multlplylng by summing over
i € [n], and using the complementary slackness c;t; = 0 together with the primal feasibility S ti=m,
i=1 i€P
Similarly, multiplying by t}, summing, and using y ;" , t¥ = m,
Y otrh(W) =pm =Y Biti + Y it @1
i=1 i€P i€P,

where we used o; = 0 for ¢ € P (from a;t; = 0) and B; = 0 for i € P, (from ﬁi(fi — 1) = 0). Since tf € {0,1},
Bi > O and «; > 0, we have Ziepﬁitf < YiepBiand Y p a;t] > 0. Combining with Eq. (20)—(21) gives

Dlimy i li(W) < 3T 67 (W) B

12 CONSTRUCTION OF PRIMAL VARIABLES AND VERIFYING STRICT DUAL
FEASIBILITY

Lemma 12.1 (Strict Dual Feasibility for Linear Regression to show wge = 0). If A = () <Caoe ( log( ) ¢ 10g(1/5))>

k2 log(p)
elog(1/e)’

andn = then with probability at least 1 — O (%) we claim ||zs<|| ., < 1 and hence ws- = 0.
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Proof. We start from Eq. (19) and use t+ = 0 for linear regression

ol < [|@ses@a]|_ + 5 (1+ [|@s-s@sd]] ) (

o oo i
o0

)

Further, applying Lemma 12.8 to bound ’”Qsc S Qgé ‘H , wWe arrive at:

ol < [|Qss @3]+ 5 (1+ J@ses@sd]| ) (

<1-74+0(l0g(1/0) + 5 (1- 1+ 0 (los(1/2)) (

05

~Jce flJoc

)

oo

Further, we use Lemma 12.3 to bound HgJ“ HOO :

log(p)

Zse|l, <1— % + O (elog(1/e)) + % (1 - % +0 (5log(1/s))) (O (oae + ooeelog(l/e) ) + Hh‘]oc

y

Next, we use Lemma 12.4 to bound Hl:r’nc H

zse|l, <1— % + O (elog(1/e)) + g +0 (alog(l/a))) O (Coae @ + Caaeslog(1/€)>

4

Further using \ — (=20 18/2) o (g ( log(e) 4 510g(1/8)>) —Q (C""ﬁ ( lo(p) Elog(1/5)>>- Here,
<1-1<

we have used 1 — 3 + O (elog(1/e)) 1 for v = Q(elog(1/¢)). Finally, we arrive at:

v
HZSCHOO S 1-— Z < 1.
By using dual norm properties, we can ensure wse = 0. O
Lemma 12.2 (Parameter Vector Bound for Linear Regression). If A = Q (oae log(p) +oocelog(l/ 5)) and n =

Q(%), then with probability of at least 1 — O (%) :

[Ws —ws|l <O (Caae log( ) + Cooeelog(l/e) )

Proof. We start by applying triangle inequality in Eq. (17):

Iws - will. < [|@ds ™| (
o0

g ror )
o0 (o)

where we have used = 0 for linear regression and ||zs||,, < 1. Next, we use Lemma 12.7 to bound H‘QJ _1H‘

as O(H|Q*SSH|OO) = O(({). The terms
respectively to arrive at:

gg“ HOO and ‘

hs H can be bounded using Lemma 12.3 and Lemma 12.4

s — will.. <O <<me OB | Cooeton(1/2) + <A> .

Further using the choice of the regularization parameter A = © <aae log(p ) ooeelog(l/ 5)) leads to the desired result.

O
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Lemma 12.3 (Gradient bound over selected clean samples for Linear regression). If A > 8oo, % and n =

Q (Ekfolg?(gl"(/i )) ) then for the case of linear regression:

~ Jce
g

<0 (006 logn(p) +o0ce log(l/a)>

with probability at least 1 — O (%)

Proof. We use the standard approach in Lemma 4.3 of Diakonikolas et al. [2019] or Lemma 8 of Jambulapati et al. [2020]
to express gj“ as:

A Jee 1 L J*e 9 A Jco

J _1—5gj _1—5gj

Further we use triangle inequality to arrive at:

~Jce

g <

el

HOO

For linear regression, we have b/ (w*Tx(*)) = w*Tx(?)

gl = 1 3 <b’(W*TX(i))X(i) 7y(i>x<i>) 1 3 (W*Tx(i) fy(“) <) :% 3 eOxd

7] i€ Jre 7] i€J*e i€Jre

As x() and e(?) are sub-Gaussian variables, their product is sub-exponential. We use sub-exponential tail bounds to claim

|

We select 1 = 81/ 22 ||1 57 e@Ox(|, < 800,/ 62 with probability 1 — O(2).
’LEJ*C

(@) 5 2

1
S D

igJxe

1 <t <
64>’ Osti<8

nt
> tll < 2pexp (

Similarly, focusing on the second term, we can claim using sub-exponential tail bounds:
1 neto

P — >t <2 - .

rlnez - 21_ pexp( 64)

igJgeo
Let M represent the set of all samples. Let 7¢¢ = {J° | J°* C M, |J°| = n(1 — &) }. Further, taking a union bound over

all the sets of size n(1 — €)
>ty <2p " nets
exp | ——— | .
=2 =P ne P 64

() x(0)

O O

() 5

1
) D

ieJeo

Pr [EIJCC c Je,

Further, we use log (,,," .)) = O(nelog(1/¢))
o) 50

1
) D

ieJeo

Pr lflJCC c Je,

¢
> tg] < 2pexp <—"g42 + ne 1og(1/5)) . 22)

Further we take to = 128log(1/¢) > 8 and n = Q(k?log(p)/(clog(1/¢)).

p

Pr lﬂJcc c J,

> t2] < 2pexp(—nelog(l/e)) < O (1> . (23)

Further, we use the triangle inequality to arrive at:

. Jee
g

< (A +12800.clog(1/¢)) = O (A + gaeelog(1/e)) .

HOO

which gives the desired result.
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k log(p)

Lemma 12.4 (Gradient bound over selected corrupted samples for linear regression). Ifn > - Tog(1/2)’ then with probability
atleast 1 — O (%) for the particular case of linear regression, we claim
\ oc 1
HhJ <0 ((aae ogn(p) + (Uaeslog(1/€)> )

where

O (02, log(1/e if x9 ~ sub-Gaussian(o,), 0y, = max(o, o,

(0%, 2,p) = 4 O (7 08(1/2) sox wian(7) (2 0a) (24)
O (02 log(p/e)) if x\" ~ heavy-tailed with bounded 4™-moment

Proof. We want to bound
A roc ~ joc 1 . . N 1 . ) )
Jee ~ 7] _ /(& % 1) (D)) — & ~ (¢) @ (¢
h'" =Vl <w7t ) = e .Z (b (FTxD)xD _ o >X<>) - 42 (WTX y<>>x )
ieJoe icJoc
For any j" entry, we can apply Cauchy-Schwarz inequality

1/2 1/2
£ 2 ()| (3 (o)) (32 )

ieJoe ieJoc ieJoe

To bound the first term in the RHS, we use the optimality of the solution in Lemma 12.6. The second term can be bounded
using Lemma 12.5. The overall bound can be simplified as:

|87 < VRET a0 /le1/D) x Val@em) 15 - w'lL,

<0 <<aae 8(P) | ¢, log(1 /5)> .

n

where g(0?, £, p) is defined in Eq. (29) and we have used /k(c + 0.)O(y/log(1/¢)) x \/g(02,£,p) < & for sufficiently

small value of . The term |[W — w*|| _ is bounded using Lemma 12.2.

Further, we can take union bound across p variables to derive the bound for Hfl‘] o H
o0

Lemma 12.5. Ifn > E’f;g’?l(’/)i), then with probability at least 1 — O (%), we claim

ZGJOC
where
(0% &.p) O (021og(1/e)) if x% ~ sub-Gaussian(o,)
g ) ) = 3
g P @) (02 log(p/ 5)) if x9 ~ heavy-tailed with bounded 4™-moment

Proof. First, we consider if the features are x(*) are drawn from sub-Gaussian distribution, in which the median of means
based filtering is not required. This may happen if the adversary does not corrupt features or if the adversary is inserting

sub-Gaussian corruption with variance proxy parameter o,,.
(@) ; . . . . . 1 ()2 420, 40m
As x'") is sub-Gaussian, its square will be sub-exponential. Formally speaking, = >, /.. x; " ~SE (7\/% , =), where

SE denotes sub-exponential distribution and o,,, = max(o, 0, ). Further, using sub-exponential tail bounds, we claim:

1 (4)2 (4)2 —ned
P[ns Z X; —E(xj ) >§| <2exp 6102, )

i€Joc
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Further, we take union bound across all subsets of size en and use log (n(ln—e)) = O(nelog(1/¢)) like done in Eq.
(22). Hence, we claim -1 Zzer % = O (02,1log(1/e)) with high probability by choosing § = o2, + log(1/e) if
n > Clog(p)

= elog(1l/e)"

If the features (in corrupted samples), meaning x(*) do not follow sub-Gaussian distribution, then we can use Algorithm 1 to
filtering samples with /., based threshold. The direct bound will be O (0’%1 log(p/ 6)) Note that this results holds for any
heavy tailed distribution with only 4"-bounded moment.

Lemma 12.6 (Objective function bound over selected corrupted samples for linear regression). If n = €2 (%),

then with probability at least 1 — O ( %), we claim the following for the particular case of linear regression:
1 wTx(® _ @) 5 — w2
=3 (5 =) < k(o + 0)Ollog(1/0)) I — w2,
i€ Joe

Proof. By using the optimality of the solution, we can claim:

nT-; 3 (WT (0 _ (z)) < Z (wrxm_y(i))z

GJUL G.]CO
Note that J°° denotes the set of clean samples. Hence we substitute (W*Tx(i) — y(i))2 =
(WTX(i) _ yu))

We analyze the sum for each term:

%Z(mrw W))QS

ieJeo

2 _ 2 _
= (x(Z)T (W — W*)) + €2 + 2e,xIT (W — w*)

1 . .
LS Xl
ne

icJeo

~ 2 2
W —wlly <k W = w5

1 DT
- > x

icJeo

2 2

The first term can be easily bounded to O(log(1/¢)) with probability 1 — O(1/p) using Lemma 8 of Jambulapati et al.

. klog(p)
[2020] ifn Z ﬁ.

We proceed in a similar manner for the last term:

1 .
— Z exIT (W —w*) <k
ne

ieJeo

1 )
— > x| W —wr,
ne

igJeo

o0

The first term of the above equation can be bound using Eq. (22) as O(o0. log(1/¢)). As e; is assumed to be sub-Gaussian,

e? is sub-exponential, and we use sub-exponential concentration inequalities for ¢ > o2

1 ot t
P . Z e —E[e?]| > ;| < 2exp (—cns min (arlg’ 0%)) = 2exp (—cnsalz) .

e
(Xi,yi)eJee ¢

Let M represent the set of all samples. Let J°° = {J° | J°® C M, |J°| = n(1 — ¢)}. Further, taking a union bound over
all the sets of size n(1 — ¢) and using log (,,(," .,) = O(nelog(1/¢))

cc cc 1 —cty
P |3Jc Cc T . Z e —E[ef]| > t1| < 2exp <ns( - (1/5)))

(Xi,yi)eJee

Further, we take t; = &5(1/5) and n > % Using the above bounds, we can claim:
1 B . 2 2 _ 12
" (wam _ ym) < k(o 4 0.)O(log(1/2)) |[W — w*||% .

n
ieJeo
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Lemma 12.7. Ifm > Cklog(p)

then with probability at least 1 — O (%) the induced o, norm of the inverse restricted Hessian over the clean-selected

» b”()| < Y2 < 00, ando < Omin < Amiﬂ (Q:;'S)’

samples J°° satisfies

lazs~] < odlassilly) = 0.

where ( = ‘H Qggl H’OO denotes the induced L, norm of the inverse population Hessian on the support.

Proof. We decompose Qésc into two terms with summation over set J*¢ and J“:
1 9 -t = 1 1
Agee_q A pre A jeo QL e I
S8S _(l—sQSS_l—ers) (I—-¢) Z( 88 st) 5
=0

which is valid whenever ¢ H‘QJ -1 ‘H H)QJW

Neumann series is dominated by a geometric series:

< 1. Taking the induced /., norm and using its sub-multiplicativity, the
o0

- H‘ !J 71”’
AJ 1 AJ* 1

S8 € SS

oo

c )1
o H\Q” I, Nlass ],

s < a9

Further, we use Lemma 12.11 to bound H‘Q‘]*c ! H‘ as 3 || Q' [| . with high probability of 1 — O (%) The other term

of ’H QZs ”‘ can be bounded using ideas similar to Lemma 12.10. Hence, for sufficiently small € the denominator equals

1 — O(e), and we arrive at the desired result. O

12.1 PROOFS RELATED TO MUTUAL INCOHERENCE WHICH HELP TO SHOW STRICT DUAL
FEASIBILITY

Lemma 12.8. [f Assumption 5.1 holds and n = Eklolgo(gi /pa )), then
at least 1 — O(1/p).

QSSQ&§4H < 1-240 (elog(1/)) with probability

Proof. We start by applying the Woodbury matrix identity for Q Se SQJ -~ to bound HQ%Z; ; S:_l H

o e 1 e e\ ! 1 p preml rem1 A
5s = <1—5st - 16_5st) “ -9 (Qés —Z (EQés st) ) :

i=1
Hence, the overall term simplifies to:
oo
A Jee Ava71 Q Agre=l J*c 1 A jeo
SeS = 303 € 5r S8 Qss S8
i=1

= QSCSQJ - 5QSCSQJ*C ' (Qés —EQZéZ;) i (€Q£9€ 1st) :

<.
—

We apply the triangle inequality to bound the ¢, norm.

Jee AJee_q A gre A gre—1
HQ sQss H < HQScs ss

A JCO
+e HQscs
oo o0

DS )

+(asd efas

oo
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We can bound the first term in the RHS using Lemma 12.9 as 1 — 7. We can use ideas similar to Lemma 12.3 to bound

Jal *c—1 _ . . e .
Ls . <3 HZSi‘Hoo with high probability of 1 — (’)(%), if n = Q(k%log(p)).

Similarly, H Qgi} H can be bounded as O(log(1/¢)) using arguments similar to Lemma 12.3. We apply sub-exponential
tail bounds and algebraic details are similar to Eq. (23).

The last term involves a geometric series and can be bounded if the common ratio term,

A gre—1
SS

| =0 (eopt1/e)£5)L) <1

The overall term can be simplified as follows for sufficiently small ¢:

A rcc A

Q&chICC 1H <1- % + O (elog(1/e)),

with high probability of 1 — O(1/p) if n = Q (%(gl(ﬁ))). O

Cv3%k? log(p)
2

Lemma 12.9. (Mutual Incoherence) If m > , then the sample version of mutual incoherence can be upper

bounded as shown below with probability at least 1 — O (%) :

A THC A _ o
agak <11
oo

Proof. Let Q* := 3 (w*) be the population covariance matrix. Further, by some algebraic manipulation and use of triangle
inequality, we can easily state:

’HQZ‘S . _IH’ <q+ g2+ g3+ q4,
o0

— Qses

Je—1 —1 AT
N R
oo

s 0= [|Q3-sQ53 ..

| sl

33 = [|Q5esll

By using population mutual incoherence specified in Assumption 5.1, we can directly claim ¢4 < 1 — 7.

2 212
To upper bound ¢, we substitute § = f in Lemma 12.10 and Lemma 12.11 and claim that ¢; < & if m > M

for a sufficiently large constant C' > 0. Similarly, we substitute appropriate value of § in Lemma 12. 10 and Lemma 12 11to
obtain g2 < ¢ and g3 < . Finally, this helps to verify strict dual fesability:

I*C A < T, 1l—vy=1- 1_
S5csRss ”’ Q1+Q2+QB+Q4_6+6+6+ 9
O
Lemma 12.10. Forany § € (O, 8k(1 + 4v20?) mz[x)f ij), we claim:
1€[p
*C _m62
IP’[ Qs . H <5}>1—4k —k
QS o = f (p )eXp 128k2(1 + 4,),20—2)2 max 2‘;2

i€lp]

Proof. We start by basic norm properties and union bound:

Pl||Qds - Qs

. ) A 1)
2o <P | o Q- Qi 7] < - oip flas - Qil= 7).

i€Se,jeS ”| —k

Further, we note Q defined in Eq. (16) consists of summation across clean samples only. Also note that Q can be interpreted
as the mean of m covariance matrices computed from m clean samples. Further note that the ™ sample used to generate
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such covariance matrix, denoted by 2z = /b (w*Tx()x()_ As b’(-) is assumed to be bounded with constant v, < oo,
we can claim is zero-mean sub- Gaussmn random variable with variance proxy parameter k02 This helps us to invoke

/72*
Lemma 1 from Rav1kumar et al. [2010] to claim:
ve —md?
]P[ Qles H >5}<4 —k)k m ,
- Qses S AP = PRSP | 0 T 02 ma 512
i€[p]
forall § € (O7 8k(1 + 4v202) mfﬁ( E;f) . O
1€|p

Lemma 12.11. [fm > X980 117 ()| < 4y < 00, and 0 < Crnin < Ain (Ql), then
— *—1 1
Pt o] <d]21-0(2).

Proof. Using some basic algebraic manipulations and sub-multiplicative property of norms, we obtain:

s Qs < vE||ads | [ @ss - ass|, sl

Further, we bound each of the terms in the RHS of the above equation. Starting from the third term, we can directly claim
|||ijS 51 |||2 oo as Cinin < Apmin (QX% 5 3) To upper bound the first term, we use the Courant-Fischer formula along with
basic infimum propertles to claim:

o (05) 2 o @300 055 -] 2o o0,

Note that the sample covariance matrix Q é; is constructed from sub-Gaussian vectors as discussed in the proof of Lemma

12.10. Hence, to upper bound H‘Qé: - Q%s
|

for any € > 0 and some constant ¢ > 0. We can claim A,y (Qésc) > % by substituting € =

, we use Proposition 2.1 from Vershynin [2012]:
2

) ngS‘H > e] < 2exp (fce2m+k), (28)
2

Fwin in the above equation,

if m > Cklog(p) for a sufficiently large constant C' > 0. Hence, we can claim:

*C ]-
J Q*—l

- Qs
2 CVmin

rmn

Further, we substitute € = LSHIE Eq. (28) to bound H‘Qé; - Q%s ‘H and claim that it holds with high probability if
2vk 2

m > %f(p) for a sufficiently large constant C' > 0. This completes the proof for the claimed result. O

12.2 PROOFS RELATED TO MINIMUM AND MAXIMUM EIGENVALUE

Lemma 12.12. For n > Cklog(p)/(clog(1/¢)), the minimum eigenvalue of sample covariance can be lower bounded as

shown below with probability at least 1 — O (%) .
mln < Z t b// (W*TXS)) X(Z)Xg)T> Z %
ZEJ{‘(‘

Proof. First, for the ease of the notation, we define:

aZs = UIZbN( W <>) OOy

ieJ
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The proof is very similar to the proof of Lemma 12.11. Basically, we use the Courant-Fischer formula to arrive at Eq. (27).

.

To bound the second term, we decompose the sum over samples in J¢ to all clean samples minus the sum over clean
samples treated as outliers:

Min (Q25 ) 2 Awin (Qis) — || Qs — Qis|), = Cun — || Q5 — Qis

A Jee A e A Jeo
SS§ T =SS T =SS

Further, subtracting both sides from Q% and using triangle inequality, we claim:

- - -
s Qs = flads - aadf, +<flass - asd],

The first term in the RHS can be upper bounded by using Proposition 2.1 of Vershynin [2012]. For the second term involving
J°, we use the lighter tail of sub-exponential distribution as there are fewer terms in the set J°°. We also take a union

bound across all the sets of size en as done in Lemma 12.3 to arrive at the bound of O(log(1/¢)) if n = %@55’3.

Hence, we claim:

C'min

Apin (Q5;> > Cpin — ( + slog(l/z—:)C’min) =0 (; - slog(l/e)) Chin

Lemma 12.13. If m > Cklog(p), then Qss = 0, with probability at least 1 — O (%)

Proof. To prove that the minimum eigenvalue of Hessian is strictly positive. Note that after Eq. (28), we show
Anin <Q53) > % Note that C\,;,, > 0. Hence we arrive at A i, (st) > 0, which leads to Qgs = 0. O

13 LOGIT MODELS PROOFS

Lemma 13.1 (Strict Dual Feasibility for Logit Family Models to show wge = 0). If A\ =
Q (CUUe( % +610g(1/€))> and n = %fé%, then with probability at least 1 — O (%) we claim

l|lzse |, < 1andhence wse = 0.

Proof. We start from Eq. (19)

~ rOC

d + (| h

oo

+

)

Further, we use the bound for individual terms || gl Hoo and Hfl] - H from Lemma 13.3 and Lemma 13.4 respectively:

o = Qs+ 1+ Jasea) (Js" |+

125 ]lo <

H’Qschg‘é‘Hw + % (1 + “‘QSchgé“’w) (O (aae loi(p) + eralog(1/5)> +

/" H ++/Cyg(o?, a,p))

We can bound Hf“JCc HOO using Lemma 13.5 to arrive at:

sl < [|QersQst]|+ 2 (14 [ass@st]| ) ( o500

+ ooeelog(l/e) + C’g(az,e,p)>
Further, we apply Lemma 12.8 to bound H’QSFSQEEH‘ as 1 — 3 + O (elog(1/e)).
(oo}

4407



4

Further, using regularization parameter A = (1_%+O(2log(1/8))) Q (003 (\/ % +e 10g(1/€)> + v/ Cyg(o?, 5»]3)) =

Q| e (\/logn(”) +510g(1/5)> + Cg(oQ,a,p)) Here, we have used 1 — 7 + O (elog(1/e)) < 1 -7 < 1 for

v = Q(elog(1/e)). Finally, we arrive at:

s Oogl—%<1.

By using dual norm properties, we can ensure wge = 0. O

Lemma 13.2 (Parameter Vector Bound for Logit Family Models). If regularization parameter \ =
@) (oae @ + ooeelog(l/e) + \/5\/9(02,5,]3)), n=yN (%), then with probability at least 1 — O (%)

1
s — w3l <O (caae P8 | ooz lon(1/e) + <@\/g<az,e,p>> .
Proof. We start by applying Eq. (18)

~ A jcc . JCcC
Iws —wll <[] Q25| _ (||ed

+

oo

W B +)

Further, we use the bound for individual terms H gl Hoo and

'fl‘] - H from Lemma 13.3 and Lemma 13.4 respectively. We

also use Lemma 12.7 to bound ’”Qé;_l ‘H as O (|||Q*§é |||Oo) = O(¢). We finally arrive at:
1 cc
[Ws — w5 < O) ((’) (aaey/ 7Ogn(p) +aoeelog(1/s)> +VC x \/g(c2,e,p) + Hf‘] H + /\>
(oo}

We further bound ||f"‘]m ||Oo using Lemma 13.5 as O (Caae % + Cooeelog(l/e) 4+ ¢V C/g(o2, 5,p)>. We arrive

at:

s - whll. < 00) (o (aoe OB 4 e log<1/s>> VO X Vgl + A)

Further, using our regularization parameter as A = O (crae\/ % + ooeelog(1/e) + vV C/g(o?, 5,p)> , we arrive at

the desired result.
O

Lemma 13.3 (Gradient bound over selected clean samples for logit family models). If A > 80R 80) gpg p =

0 ( skfolgo(gl(/i)) ) then for the case of logit models:

. Jee
g

1
<O (006 los(p) + erelog(l/s)>
o'} n
with probability at least 1 — O (%)

. exp(w*Tx(®) . .
Proof. For logit family models, we have b/ (w*Tx()) = o )) and y() < R, where R is a constant. For example,

1+exp(w*Tx(i)
in logistic regression we have (") € {0, 1} < 1. We revisit

xe 1 . . .
57" — H(wrTx(@) — (D) (@
— S (Hw )
g 7 2 ( (wTx") — ¢y ) x
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As both random variables 0 < b (w*Tx(¥) < 1 and y(¥) < R are bounded. Hence, we can consider them sub-Gaussian.
Hence, —R < ¥/ (w*Tx(®) — 4() < 1 — R is also bounded and hence sub-Gaussian.

For the ease of notation let (V) := o' (w*Tx(") — 5. As x(*) and e(?) are sub-Gaussian variables, their product is
sub-exponential. The rest of the proof is similar to the proof of Lemma 12.3. O

Lemma 13.4 (Gradient bound over selected corrupted samples for logit family models). If n > E’f;g%g’;), then with

probability at least 1 — O < ) for the particular case of logit family models with y; < C, we claim

1
P
<VC x \/g(o2,e,p)

BJOC

where C'is a constant and

5 - {(’) (cZlog(1/e)) if x9 ~ sub-Gaussian(c,) 29)

b E? .
gl ep O (0 log(p/e)) if x% ~ heavy-tailed with bounded 4™-moment

Proof. For the particular case of logit family models, we want to bound

\ roc ~ joc 1 . ) N 1 1 ) )
h :le(~,tJ ): (b, 7 Tx ()5 (D) _ (@) (z)) _ - ) x®
w [Joc] ig]:oc (WwTx'")x yUx e i§6 1+ exp (_WTX@)) Y X

where denotes the sigmoid function For any j™ entry, we can apply Cauchy-Schwarz inequality

2
1 1 . ; 1 1 )
il @) <@ <« | (@)
ne Z <1+exp (—wTx®) Y )XJ ~ \ ne Z <1+exp (—wTx(®) y >

i€ Joe icJoe

1/2

1/2
e 21
ne J

icJoe

We know that ) € [0, 1] for all samples irrespective of them being corrupted. We also know that y@ is

1
l+cxp(—v"vTx(i)
bounded for logit models by some constant C'. Hence the first term can be bounded as C'. For the second term, we use
Lemma 12.5.

O
Lemma 13.5. Ifn > %%1(’/2), then with probability at least 1 — O (%) for the particular case of logit family models
o =gee log(p) 5
r(v,w,t’ )| <O|oo. + 00.elog(1/e) + VOV g(02,¢e,p)
00 n
Proof. Recall that
v, w, 1) = (v%vl (u, EJ“) — V2 (w*, EJ“)) (W — w*).
By the triangle inequality,
Hf'(u,vV,E'I*C)H < vavz (v 8 ) w—w)|_+ Hv%vl (W 8) (% = w") (30)

We bound the first term; the second follows identically.

For logit models,

Vil (V7EJ*C) _! Z V' (vTx@) x(Ox O, 0<b'(-) <
n

i€ J*e

e~ =
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Let A := w — w* and hence Agc = 0. Then

V21 (v.E) A = {955(”)} As,
v
where

QSS Z b// vTx ) ()T c kak QS" . Z b// UTx (z ()T c R(—k)xk,
ZEJ*C ZEJ*C

Coordinatesin S: For j € S,

Qss)as| < ||Qss@)]| _I1asl, < Vi ||Qss®)]|, 18] GD)
oo o0
where we have used basic matrix norm inequalities. Since QSS(V) =0and b'() < %,

A | EEN— o e

Qss(v) = 1 sls, where XZg := — Z Xs Xs

ZG J*e

ThereforerSS(u)m <1 H‘igsm . Substituting into (31),
2 2

. e VE |laee
st < % [55], vasl < 57, 1ol
Coordinates in S¢:  For j € §¢,
vas| < |Qss0]|1asl. < VE [[Qssw, 1as... G3)

where we have used matrix norm inequalities. Let

) — | Q@) Qsse) ] _ 1§ im0y i r
Qv {QSCS(V) QSCSC(V)} PO DRACIESD > 0.

icJre

For a PSD block matrix,

EJ*C

las-s@ll, < flas-s-wfl, sl < 3 12851, 7 |

where we have again used b”(-) < 1 and as per our notation defined earlier X 5. :== 2 3. .. Szxng Hence

N 1 (|| g*e
o4, [l = 3l
0, <3yl Issal, < 31571,
Combining with Eq. (33),
. VE ||aye
Qss)as| < 27| 1asl.. - (34)

Applying Eq. (32) and Eq. (34) to both terms in Eq. (30) yields the following bound for Hf(u, w,t) Hoc

L=

e, %, 8)

lasll

We actually want to bound the sum of terms in the set .J°“. Hence, we express the sum over J“ as the difference between
sums over the set J*“ and J°. Further, we apply triangle inequality to arrive at:

f‘(u,v~v7f:‘]uc) f‘(u,w,f‘]m)

(v, w, EJ*C)H +e

‘OO ‘OO
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Using the similar arguments for the set .J°°, we can arrive at:

<7 (=

e, w,8)

reflE ) nas
2 2

‘ oo

Further, we can bound the spectral norm to arrive at:

Vk
2

e, %, 8)

< = Cmax (1 +elog(1/¢)) |As|l

’ oo

Further, we use Y& Clyax (1 +elog(1/e)) < 4 for sufficiently small £ and Lemma 13.2 to bound || A, and arrive at the
desired result.

2

O
14 EXPERIMENTS: LINEAR REGRESSION
In this section, we provide experimental settings in a detailed manner.
14.1 EXPERIMENTAL SETUP: DATA GENERATION PROCESS
We describe the data generation process first for linear regression in a detailed manner as follows:
1. Support Generation: A support set S of size k = 5 is generated uniformly at random from {1, 2, ..., p}, where p

denotes the number of features. The nonzero entries of the parameter vector w are generated by sampling uniformly
from [—1.2, —0.1] U [0.1, 1.2] to avoid values close to zero. For the non-support coordinates, we set w4. = 0.

Clean Data: We next describe the generation of clean samples (x(i), y(i)). Each feature vector x() € RP is generated
independently from N (0, ,,). The response variable is generated according to the linear model

Y@ = wrTx(®) 4 )

where the noise term e ~ N(0,02) with o, = 0.1.

. Adversarial Corruption: Next, we generate samples corrupted by an adversary. The number of corrupted samples

depends on the corruption proportion, while their construction depends on the adversarial corruption model. We
consider the following corruption models:

(a) Random adversarial corruption,

(b) Strong adversarial corruption model of Chen et al. [2013],

(c) Heavy-tailed adversarial corruption.
The specific details for each corruption model are described in the later sections.

Estimation: The resulting dataset, consisting of both clean and adversarially corrupted samples, is provided to all
algorithms for support estimation. We compare classical LASSO [Tibshirani, 1996], Robust LASSO [Chen et al.,
2013], RSGE [Liu et al., 2020], Trimmed MLE [Awasthi et al., 2022], SVAM [Mukhoty et al., 2023], and our proposed
method.

Evaluation Metrics: We consider two metrics to evaluate the performance of all estimation methods:

(a) Support recovery probability: Steps 1-4 are repeated multiple times to estimate the probability of exact support
recovery, defined as the event S(w) = S(w*). The support recovery probability is computed as the fraction of
successful recoveries over the total number of repetitions.

(b) F1 score: We additionally evaluate partial support recovery using the F1 score between the estimated support
S(W) and the true support S(w*). Let

[S(W) NS(w?)
S(w)]

The F1 score is defined as the harmonic mean of precision and recall:

[S(W) N S(wH)]
|S(w*)]

Precision = , Recall =

Fl — 2 - Precision - Recall

Precision + Recall

The reported F1 score corresponds to the average across all repetitions.

4411



14.2 ESTIMATION ALGORITHMS AND HYPERPARAMETERS

In this section, we describe the hyperparameter settings of the proposed and existing methods used in the evaluation to
ensure reproducibility.

1. LASSO [Tibshirani, 1996]: This corresponds to the classical LASSO estimator, which utilizes all available samples
during estimation. The method requires a regularization parameter, which we set to 0.1 in all experiments.

2. Robust LASSO [Chen et al., 2013]: We implement Algorithm 4 (Robust LASSO) from Chen et al. [2013]. We assume
that the algorithm has access to the true hyperparameters n, and R = ||3*||;, which favors this baseline. Here, n,
denotes the number of corrupted samples and R denotes the /1 norm of the true parameter vector.

3. RSGE [Liu et al., 2020]: This method is based on the Robust Sparse Gradient Estimator (RSGE). We use Algorithm 1
from Liu et al. [2020], which requires the hard-thresholding parameter k. In our experiments, we provide k = k, where
k is the true sparsity level, which again favors this method. The maximum number of iterations is set to 7" = 40.

4. Trimmed MLE [Awasthi et al., 2022]: This approach performs estimation by trimming potentially corrupted samples.
Accordingly, we provide the true corruption proportion € to the algorithm. Following Theorem 5.1 of Awasthi et al.
[2022], we set the convergence parameter 17 = £2 and R = 10000. Algorithm 2 in Awasthi et al. [2022] additionally
requires an estimate of the covariance matrix. We use the sample covariance matrix so that the setting remains
comparable with other estimation methods. The algorithm also has a preprocessing step (Algorithm 4 of Dong et al.
[2019]), which involves the hyperparameters 71, 2, and C. In our experiments, we set y; = 0.1, v = 0.1, and
C = 20.

5. SVAM [Mukhoty et al., 2023]: We implement Algorithm 1 from Mukhoty et al. [2023], termed as Sequential Variance-
Altered MLE (SVAM). The hyperparameters are selected following the publicly available implementation provided by
the authors. Specifically, we use o = 0.15, step size 7 = 1, and initialize the regression vector wip;; with a random
vector. The maximum number of iterations is set to 40. The parameter 3 is selected from the set [2,1,0.5,0.1,0.01] as
done in Mukhoty et al. [2023].

6. Our Proposed Algorithm: Our algorithm requires the corruption proportion like Chen et al. [2013], Awasthi et al.
[2022] and hence we supply the true corruption proportion. For the medians of means based pre-processing step, we
use the number of batches as B = (log(p/6)), T = 6+/log(p/e), where § = 103 is a constant and & denotes the
corruption proportion.. We chose the regularization parameter A = 0.1. We used maximum number of iterations as 40.

(i+1) _ (D)
. . . . w -—W —
We also had a convergence criteria to stop earlier if H B < 107S.

W,

14.3 RANDOM ADVERSARIAL CONTAMINATION IN BOTH FEATURES AND LABELS

In this section, we briefly describe the random adversarial contamination model and explain how corruption is introduced
in both features and labels. Under this model, the corrupted feature vectors x(*) € R? are generated independently from
N(0,5I,), while the corresponding corrupted responses y®) are generated independently from N(0, 5), independent of

o)

14.3.1 Low-dimensional Regime

We start with the simple case of n = 200, p = 30, k = 5, 0 = 1, and 0. = 0.1 for data generation. For We consider five
values of corruption proportions, € € {0.05,0.1,0.15,0.2}.

Further, the data with contamination is passed to all the methods for support estimation. We repeat 30 trials of this procedure
to compute the empirical support recovery. The results for support recovery are shown in Figure 2. We also show the mean
and the standard deviation from 30 runs. As multiple lines in Figure 2 are overlapping for support recovery metric, we also
present the F1 score in Figure 3.

As the lines in Figure 3 largely overlap, we report the mean and standard deviation of the support recovery rate and F1 score
in Tables 6 and 7, respectively.
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Support Recovery Rate vs Corruption Proportion (¢) (mean + std)

11
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Figure 2: Support Recovery Rate vs Corruption Proportion Figure 3: F1 score vs Corruption Proportion

Figure 4: Support Recovery Rate and F1 score vs corruption proportion shows that our method performs better than existing
methods. It also shows that the support recovery rate or F1 score decreases as the corruption proportion is increased.

Table 6: Support recovery rates (mean =+ standard deviation over 30 runs) of competing methods across varying corruption
proportions (¢), with n = 200, p = 30, k = 5, ¢ = 1, and 0. = 0.1. Our method consistently achieves high support
recovery across all corruption levels, demonstrating its robustness to increasing data corruption.

15 ‘ LASSO Robust LASSO Trimmed MLE SVAM RSGE ‘ Ours

0.05 0+0 0+0 0+0 0+0 0.867+0.346 | 0.933 +0.254
0.1 0+0 0+0 0+0 0+0 0.5 + 0.509 0.865 4+ 0.321
0.15 0+0 0+0 0+0 0+0 0.3 + 0.466 0.933 4+ 0.254
0.2 0+0 0+0 0+0 0+0 0.167£0.379 | 0.863 & 0.346

Table 7: F1 scores (mean =+ standard deviation over 30 runs) of competing methods across varying corruption proportions
(e), withn = 200, p = 30, k = 5, 0 = 1, and 0. = 0.1. Our method consistently maintains high F1 scores across all
corruption levels, demonstrating its robustness to increasing data corruption.

€ LASSO Robust LASSO  Trimmed MLE SVAM RSGE Ours

0.05 | 0.652+0.124 0.313 £ 0.055 0.286 =0 0.286 =0 0.973 £0.069 | 0.993 + 0.028
0.1 0.472 +£0.081 0.309 £ 0.039 0.286 =0 0.286 20 0.873 £0.153 | 0.985 + 0.038
0.15 | 0.468 +£0.096 0.305 £+ 0.022 0.286 £ 0 0286 £0 0.807 &=0.153 | 0.993 + 0.028
0.2 0.421 £0.067 0.317 +0.047 0.286 =0 0.286 =0 0.767 ==0.149 | 0.985 + 0.038

We make the following observations from Tables 6 and 7:

1. As shown in Table 6, support recovery is a binary metric. It is 1 if the true support is exactly recovered and 0 otherwise.
This makes it a stringent metric. We therefore additionally report the F1 score to enable a more comprehensive
comparison across all methods.

2. Table 7 provides a more discriminative comparison among estimation methods. Notably, our proposed method achieves
the higher F1 scores across all corruption proportion. This demonstrates its strong ability to recover the true support
under varying levels of corruption.

3. As expected, both the support recovery rate and F1 score decrease as the corruption proportion increases, reflecting the
increasing difficulty of the estimation problem under heavier contamination. Notably, our proposed method maintains
relatively better performance even at higher corruption levels.

In this section, we demonstrated the strong empirical performance of the proposed algorithm in the low-dimensional regime,
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whereas all theoretical guarantees in this work are established for the high-dimensional setting. In the next section, we
compare the computational runtime of existing methods and demonstrate why RSGE Liu et al. [2020] does not scale well to
high-dimensional regimes. We then continue the empirical evaluation in the high-dimensional setting by comparing our
method with all existing approaches except RSGE.

14.3.2 Comparison of Time Taken By Each Method

We compare the time taken by each method in the estimation process. The mean and standard deviation from the time
consumed from 30 runs is presented in Table 8.

Table 8: Comparison of time consumed by each algorithm in milliseconds for increasing dimension. We present the mean
and standard deviation from 30 runs. The results show that our approach takes significantly less time as compared to our
closest baseline of RGSE.

P ‘ LASSO Robust LASSO Trimmed MLE SVAM RSGE Ours

10 | 0.2877 £1.0289 0.4459 +0.2152 0.1502 £ 0.1521 0.3127 + 0.1473 17770 £ 31650 | 0.6223 £ 1.0552
20 | 0.0778 £0.0112  1.2749 £0.1691 0.1527 £0.0860 0.4747 £ 0.0635 77790 £ 47490 | 0.5805 £ 0.2096
30 | 0.0969 £0.0344 2.4420 +£0.0747 0.2312 £0.0309 0.6805 £ 0.0152 177260 + 92140 | 0.6702 + 0.2097
40 | 0.1131 £0.0124 4.1777 £0.1609 0.4304 £ 0.0481 0.9270 £ 0.0210 526280 £ 179540 | 0.8243 £ 0.2283

14.3.3 High-dimensional Regime

In this section, we increase the ambient dimension p = 400 with other parameters same as n = 200, k = 5, 0 = 1, and
o, = 0.1.

In Section 14.3.2, we discussed that RSGE [Liu et al., 2020] takes significantly more time due to the computationally
expensive semi-definite dual program (SDP) solved in each iteration. Hence, in this section, we only consider other existing
methods of LASSO, Robust LASSO [Chen et al., 2013], Trimmed MLE [Awasthi et al., 2022], SVAM [Mukhoty et al.,
2023]. We also increased the number of runs to 100 as these methods much better runtime.

Further, we compute support recovery rate and F1 scores by these methods and report them in Table 9 and Table 10
respectively. From Table 9, we observe that the support recovery rate of existing methods is 0. Hence, we also compare the
F1 scores in Table 10. For both metrics, we observe that our method consistently performs impressively across increasing
corruption proportions.

Table 9: Support recovery rates (mean + standard deviation over 100 runs) of competing methods across varying corruption
proportions (¢), for high dimensional regime with n = 200, p = 400, and k£ = 5 under random adversarial corruption. Our
method consistently achieves high support recovery across all corruption levels, demonstrating its robustness to increasing
data corruption.

€ ‘ LASSO Robust LASSO Trimmed MLE SVAM ‘ Ours
0.05 | 0.01 £0.1 0+0 0+0 0+0 1+0
0.1 0+0 0+0 0+0 0+0 | 0.94 +0.239
0.15 0+0 0+0 00 0+0 | 0.58 +0.496
0.2 0+0 0+0 0+0 0+0 | 0.08 +£0.273
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Table 10: F1 scores (mean =+ standard deviation over 100 runs) of competing methods across varying corruption proportions
(e) for high-dimensional regime with n = 200, p = 400, and k£ = 5 under random adversarial corruption. Our method
consistently maintains high F1 scores across all corruption levels, demonstrating its robustness to increasing data corruption.

€ LASSO Robust LASSO  Trimmed MLE SVAM Ours

0.05 | 0.402 £ 0.147 0.2 +£0.038 0.025+£0.011 0.025+0 1+0

0.1 | 0.302+£0.058 0.175+£0.037 0.024 £0.011 0.025+0 | 0.988 £ 0.05
0.15 | 0.251 £0.047 0.145£0.035 0.026 £0.011 0.025+0 | 0.853 £0.218
02 | 0242+£0.048 0.12+0.042 0.022+£0.014 0.025+0 | 0.539 £0.216

In this section, we verify that our theoretical guarantees hold in the high-dimensional regime under random adversarial
corruption, which does not correspond to adaptive or strong adversarial contamination. One of the key contributions of our
work, in addition to handling the high-dimensional setting, is robustness against adaptive/strong adversarial contamination.
Therefore, in the next section, we evaluate the performance of our proposed method and existing approaches under the
adaptive/strong adversarial contamination model introduced by Chen et al. [2013].

14.4 ADAPTIVE/STRONG ADVERSARIAL CONTAMINATION MODEL FROM Chen et al. [2013]

In this section, we consider the adaptive/strong adversarial contamination model proposed by Chen et al. [2013] to avoid
providing any unintended advantage to our proposed method due to the random adversarial corruption considered in the
previous experiments. The adversarial contamination in Chen et al. [2013] is constructed using knowledge of the true support
and the clean data, thereby explicitly targeting the support recovery task and making it significantly more challenging. We
briefly describe their adversarial contamination model below.

They compute optimal 8* with respect from clean data in the true non-support using:

0 — arg min HyA — X,‘\‘CGH2 .
0cRP—F:||0]1<||1B* |1

Here, A¢ denotes the complement of the support set and superscript A in y*, X4 denotes the actual (clean) samples in the
notation from Chen et al. [2013]. Further, the outliers in features for support are chosen as X§{ = % A, where A is a
random =+1 matrix of dimension n; X k. Here n; denotes the number of outliers.

Note that Chen et al. [2013] considers X§ = % A instead of X9 = A like us because Section 6.1.1 of Chen et al. [2013]

considers the per sample variance in O (%) We consider this assumption of per sample variance decaying with respect to
number of samples instead of constant quite restrictive. Hence, we intentionally select a more challenging adversarial model
with X{ = A.
Next Chen et al. [2013] select the label outliers using y© = X ¢ (—/3*). Further, the outlier features for non-support are
o)
Yi

chosen as follows. For¢ = 1,...,nq, set XiOAC = B o B,T where B; is a (p — k)-vector with i.i.d. standard Gaussian
i

entries.

We provide this adversarially contaminated data to the estimation algorithms. The mean and standard deviation are reported
in Table 11. As multiple methods lead to zero support recovery, we also compute the F1 scores, which is presented in Table
12.
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Table 11: Support recovery rates (mean = standard deviation over 100 runs) of competing methods across varying corruption
proportions (¢) from strong contamination model by Chen et al. [2013] discussed in Section 14.4. Our method consistently
achieves high support recovery across all corruption levels, demonstrating its robustness to increasing data corruption.

€ LASSO Robust LASSO Trimmed MLE SVAM Ours
0.05 0+0 0+0 0+0 0+0 1+0
0.1 0+0 0+0 0+0 0+0 | 0.98 +0.141
0.15 0+0 0+0 0+0 04+0 | 0.86 £0.349
0.2 0.01 +0.1 0+0 0+0 0+0 | 0.37£0.485

Table 12: F1 scores (mean = standard deviation over 100 runs) of competing methods across varying corruption proportions
(¢) from strong contamination model by Chen et al. [2013] discussed in Section 14.4. Our method consistently maintains
high F1 scores across all corruption levels, demonstrating its robustness to increasing data corruption.

15 LASSO Robust LASSO  Trimmed MLE SVAM Ours

0.05 | 0543 £0.132  0.182 £0.024 0.02£0.011 0.025+0 1+0

0.1 0.535+£0.132  0.103 £ 0.044 0.02 £0.01 0.025+£0 | 0.998 £ 0.013
0.15 | 0.549 £0.116 0.043 £0.036 0.018 £0.011 0.025+0 | 0.975 £ 0.069
0.2 | 0542+0.128 0.063 £0.039 0.015+£0.012 0.025+0 | 0.831 £0.16

We make the following inferences from Table 11 and Table 12:

1. As compared to the random adversarial attack in Table 9 and Table 10, the reported support recovery rate and F1 scores
in Table 11 and Table 12 are smaller in general. This makes sense because we consider the strong adversarial model by
Chen et al. [2013] in Table 11 and Table 12, and hence the performance is supposed to drop.

2. From Table 11 and Table 12, we can easily infer from that our proposed method performs well across all the corruption
proportion even for the strong adversarial attack considered by Chen et al. [2013].

3. From Table 11 and Table 12, We also observe that our method performs better than Robust LASSO proposed by Chen
et al. [2013] on the adversarial corruption model considered by Chen et al. [2013]. This happens because we considered
the more practical and challenging adversary with constant per sample variance instead of decay per sample variance

like O (1) considered by Chen et al. [2013].

In this section, we verified our theoretical guarantees under the adaptive/strong adversarial contamination model in the
high-dimensional regime. Another key contribution of our work is robustness to heavy-tailed distributions, which was
not considered either in the previous section or in the experiments based on the adversarial model of Chen et al. [2013].
Therefore, in the next section, we evaluate our method to further validate the theoretical claims under heavy-tailed data
distributions.

14.5 OUR PROPOSED METHOD CAN HANDLE HEAVY-TAILED DISTRIBUTIONS

One of the key contributions of our work is robustness to heavy-tailed distributions requiring only bounded fourth-order
moments. Therefore, in this section, we evaluate the performance of our proposed method and existing approaches when both
the features and labels are adversarially contaminated using heavy-tailed distributions, such as the log-normal distribution
and the Student’s ¢-distribution.

14.5.1 Corruption based on Log-Normal distribution

We first briefly describe the data generating process. In the adversarial corruption setting, the corrupted samples are generated
from a log-normal distribution, whose logarithm follows a normal distribution. Specifically, for any corrupted sample ¢, we
generate

log (x(i)) ~ N(0,5I), log (y(i)> ~ N(0,5).
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Consequently, the corrupted samples follow a heavy-tailed distribution with all moments finite.

Next, we generate both clean and corrupted datasets under varying corruption proportions. The support recovery rate and F1
score achieved by existing methods and our proposed method are reported in Table 13 and Table 14, respectively.

Table 13: Support recovery rates (mean =+ standard deviation over 100 runs) of competing methods across varying corruption
proportions (¢) from Log-Normal distribution. Our method consistently achieves high support recovery across all corruption

levels, demonstrating its robustness to increasing data corruption.

€ LASSO Robust LASSO Trimmed MLE SVAM Ours
0.05 | 0.02 £0.141 0+0 0+0 0+0 1+0
0.1 0+0 0+0 040 0+0 0.99 + 0.1
0.15 0+0 0+0 0+0 0+0 | 0.96 +0.197
0.2 0+0 0+0 0+0 04+0 | 0.64£0.482

Table 14: F1 scores (mean =+ standard deviation over 100 runs) of competing methods across varying corruption propor-
tions (¢) from Log-Normal distribution. Our method consistently maintains high F1 scores across all corruption levels,
demonstrating its robustness to increasing data corruption.

€ LASSO Robust LASSO  Trimmed MLE SVAM Ours
0.05 | 0486 +0.216 0.219=+0.046 0.024 £0.011 0.025+0 1+0
0.1 0.371 £0.124  0.178 =0.039  0.023 +0.012 0.025 £ 0 | 0.999 + 0.009
0.15 | 0.327 £0.119 0.148 +£0.039 0.024 £0.013 0.0254+0 | 0.996 + 0.019
0.2 0311 4+0.102 0.112+£0.046  0.025+£0.012 0.0254+0 | 0.953 £ 0.071

From Table 13 and Table 14, we observe that our method consistently achieves high support recovery rates and F1 scores
across varying corruption levels. This demonstrates the robustness of the proposed approach to adversarial corruption arising
from heavy-tailed distributions in the high-dimensional regime.

In the next subsection, we consider another corruption setting based on a different heavy-tailed distribution.

14.5.2 Corruption based on student’s t-distribution

First, we briefly describe the adversarial contamination model. Any corrupted sample x(*) is generated using the random
variable z(*) described as follows:

2()

\/ U; / df '
where x3; denotes the chi-square distribution with degrees of freedom = df. We chose df = 5 in our experiments. Hence,
the fourth moment is bounded. The corrupted samples for the labels 3/(*) are also generated in a similar manner.

Z(Z) ~ N(Ovld)v U(Z) ~ X(2lf’ X(Z) =

We provide this adversarially corrupted dataset to all estimation methods and report the corresponding support recovery
rates and F1 scores in Table 15 and Table 16, respectively.

Table 15: Support recovery rates (mean =+ standard deviation over 100 runs) of competing methods across varying corruption
proportions (¢) from student’s t-distribution with degree of freedom = 3. Our method consistently achieves high support
recovery across all corruption levels, demonstrating its robustness to increasing data corruption.

€ ‘ LASSO Robust LASSO Trimmed MLE SVAM ‘ Ours
005 | 04+0.492 0+0 0+0 0+0 1+0
0.1 0.06 £+ 0.239 0+0 0+0 0+0 1+0
0.15 0+0 0+0 0+0 0+0 | 0.97 £0.171
0.2 0+0 0+0 0+£0 0+0 0.8 +0.402
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Table 16: F1 scores (mean =+ standard deviation over 100 runs) of competing methods across varying corruption proportions
(¢) from student’s t-distribution with degree of freedom = 3. Our method consistently maintains high F1 scores across all
corruption levels, demonstrating its robustness to increasing data corruption.

€ LASSO Robust LASSO  Trimmed MLE SVAM Ours
0.05 | 0.843 £0.181 0.208 £+ 0.04 0.025 +£0.012 0.025+0 1+0
0.1 0.578 £ 0.19 0.184 +£0.033  0.023 £0.011 0.025+0 14+0

0.15 | 0425 £0.139  0.15+0.036  0.022£0.011 0.025+0 | 0.997 £ 0.016
0.2 0.35 £ 0.108 0.121 £0.05 0.023 £0.013  0.025+0 | 0.971 £ 0.068

From Table 15 and Table 16, we observe that our method achieves high support recovery rates and F1 scores across
all corruption proportions in the high-dimensional setting under heavy-tailed corruption generated using the Student’s
t-distribution. This further demonstrates the robustness of the proposed approach to adversarial contamination arising from
heavy-tailed distributions such as the Student’s ¢-distribution.

In the next section, we verify one of the main claims of our work about logarithmic sample complexity with respect
to ambient dimension under adaptive/strong adversarial corruption, which is particularly important in high-dimensional
settings.

14.6 EMPIRICAL VALIDATION OF OUR SAMPLE COMPLEXITY BEING LOGARITHMIC IN AMBIENT
DIMENSION, MEANING n = Q(log(p))

We first describe the experimental setup used to empirically verify the logarithmic sample complexity with respect to the
ambient dimension under the three adversarial contamination models considered in the previous sections. In this experiment,
we fix the corruption proportion to ¢ = 0.1 and consider three values of p € {400,800, 1600}. For each value of p, the
experiment is repeated across multiple sample sizes n.

The sample sizes are chosen such that the quantity n/ log(p) remains approximately constant across different values of p.
Specifically, we consider:

1. For p = 400, n = {40, 60, 80, 100, 120, 140, 160, 180, 200, 220}.
2. For p = 800, n = {45, 67,89, 112, 134, 156, 179, 201, 223, 245}.
3. For p = 1600, n = {49, 74,99, 123, 148, 172, 197, 222, 246, 271}.

Note that all settings correspond to the challenging high-dimensional regime since n < p in all cases. For the above
configurations, the corresponding values of n/log(p) are approximately {6.6, 10, 13.3, 16.6, 20, 23.3, 26.7, 30, 33.3, 36.7}.

Each experiment is repeated 100 times to estimate the support recovery probability. The objective of this experiment is to
examine whether the support recovery probability remains similar for identical values of n/ log(p) across different values
of dimension p. Such behavior would empirically validate that successful support recovery depends logarithmically on
the dimension p, rather than exhibiting any other dependence, like polynomial or exponential. This is very critical for
high-dimension.

We perform this evaluation under the different adversarial contamination models introduced earlier. The resulting support
recovery plots are shown in Figure 5. In particular:

1. Random adversarial corruption (Figure 5a),
2. Strong adversarial contamination model of Chen et al. [2013] (Figure 5b),

3. Heavy-tailed corruption using the log-normal distribution (Figure 5c) and the Student’s ¢-distribution (Figure 5d).
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Figure 5: Support recovery probability versus n/ log(p) under different adversarial corruption models for linear regression.

Across all settings, the curves corresponding to different values of p € {400,800, 1600} largely overlap when plotted
against n/ log(p). This overlap of support recovery curves across different ambient dimensions provides strong empirical
evidence that the required sample size for reliable support recovery scales proportionally with log(p), in agreement with our
theoretical claims.

Having validated the theoretical claims for linear regression, we next examine whether similar behavior holds for logistic
regression.

15 EXPERIMENTS: LOGISTIC REGRESSION
15.1 EXPERIMENTAL SETUP: DATA GENERATION PROCESS

We describe the data generation process first for logistic regression in a detailed manner as follows:

1. Support Generation: A support set S of size k = 5 is generated uniformly at random from {1, 2,...,p}, where p
denotes the number of features. The nonzero entries of the parameter vector w are generated by sampling uniformly
from [—1.5, —1] U [1, 1.5] to avoid values close to zero. For the non-support coordinates, we set wg. = 0.

2. Clean Data: We next describe the generation of clean samples (x(i), y(i)). Each feature vector x() € R is generated
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independently from N (0, I,,). The response variable is generated according to the logistic regression model

) ) 1
Pr(y® =1 | x®) = '
I'(y | X ) 1+ exp(_W*TX(z)) ’

and y® € {0,1} is sampled from the corresponding Bernoulli distribution.

3. Adversarial Corruption: Next, we generate samples corrupted by an adversary. The number of corrupted samples
depends on the corruption proportion, while their construction depends on the adversarial corruption model. We
consider the following corruption models:

(a) Random adversarial corruption,
(b) Strong adversarial corruption model,
(c) Heavy-tailed adversarial corruption.

The specific details for each corruption model are described in the later sections.

4. Estimation: The resulting dataset, consisting of both clean and adversarially corrupted samples, is provided to all
algorithms for support estimation. We compare classical LASSO GLM [Friedman et al., 2010], Robust Logistic
Regression (RoLR) [Feng et al., 2014], Trimmed MLE [Awasthi et al., 2022], SVAM [Mukhoty et al., 2023], and our
proposed method.

5. Evaluation Metrics: We consider two metrics to evaluate the performance of all estimation methods:

(a) Support recovery probability: Steps 1-4 are repeated multiple times to estimate the probability of exact support
recovery, defined as the event S(w) = S(w™*). The support recovery probability is computed as the fraction of
successful recoveries over the total number of repetitions.

(b) F1 score: We additionally evaluate partial support recovery using the F1 score between the estimated support
S(W) and the true support S(w*). Let
[S(w) N S(w)|
[S(w)]

[S(W) N S(wH)]
|S(w*)]

Precision = , Recall =

The F1 score is defined as the harmonic mean of precision and recall:

Fl — 2 - Precision - Recall

Precision + Recall

The reported F1 score corresponds to the average across all repetitions.

15.2 ESTIMATION ALGORITHMS AND HYPERPARAMETERS

In this section, we describe the hyperparameter settings of the proposed and existing methods used in the evaluation to
ensure reproducibility.

1. LASSO GLM [Friedman et al., 2010]: This corresponds to the classical LASSO estimator for generalized linear
models. The algorithm utilizes all available samples during estimation. The method requires a regularization parameter,
which we set to 0.05 in all experiments.

2. Robust Logistic Regression (RoLR) [Feng et al., 2014]: We implement Algorithm 1 from Feng et al. [2014]. We
assume that the algorithm has access to the true hyperparameters n;. Here, n; denotes the number of corrupted samples.

Another threshold parameter 7" is chosen as 44/ % + % as suggested in Algorithm 1 of Feng et al. [2014].

3. Trimmed MLE [Awasthi et al., 2022]: This approach performs estimation by trimming potentially corrupted samples.
Accordingly, we provide the true corruption proportion ¢ to the algorithm. Following Theorem 5.3 of Awasthi et al.
[2022], we set the convergence parameter 1 = 2 and R = 2 ||3*||. Algorithm 2 in Awasthi et al. [2022] additionally
requires an estimate of the covariance matrix. We use the sample covariance matrix so that the setting remains
comparable with other estimation methods. The algorithm also has a preprocessing step (Algorithm 4 of Dong et al.
[2019]), which involves the hyperparameters 1, 72, and C. In our experiments, we set v; = 0.1, 72 = 0.1, and
C = 20.
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4. SVAM [Mukhoty et al., 2023]: We implement Algorithm 1 from Mukhoty et al. [2023], termed as Sequential Variance-
Altered MLE (SVAM). The hyperparameters are selected following the publicly available implementation provided by
the authors. Specifically, we use a = 0.3, step size = 1.1, and initialize the regression vector wi,; With a random
vector. The maximum number of iterations is set to 2500 as suggested by Mukhoty et al. [2023]. The parameter [ is
selected from the set [0.01, 1, 10] as done in Mukhoty et al. [2023].

5. Our Proposed Algorithm: Our algorithm requires the corruption proportion like Feng et al. [2014], Awasthi et al.
[2022] and hence we supply the true corruption proportion. For the medians of means based pre-processing step, we
use the number of batches as B = (log(p/d)), T = 6+/log(p/e), where § = 1073 is a constant and ¢ denotes the
corruption proportion. We chose the regularization parameter A = 0.05. We used maximum number of iterations as 40.

(1) _ (D)
. . . . w -—wW —
We also had a convergence criteria to stop earlier if H [ L <1076,

2

15.3 RANDOM ADVERSARIAL CONTAMINATION IN BOTH FEATURES AND LABELS

In this section, we briefly describe the random adversarial contamination model and explain how corruption is introduced in
both features and labels for logistic regression. Under this model, the corrupted feature vectors x(*) € R? are generated
independently from N(0, 5L,), while the corresponding corrupted responses y®) are generated independently from a
Bernoulli distribution with parameter 1/2, i.e., y¥ ~ Bernoulli(1/2), independently of x(.

15.3.1 Low-Dimensional Regime

We focus on the low-dimensional regime with n = 200, p = 30, and sparsity level k¥ = 5. We generate both clean and
adversarially contaminated samples and use them as input to the estimation algorithms. The experiment is repeated 100 times
to compute the empirical support recovery rate and F1 score. The results are reported in Table 17 and Table 18, respectively.

Table 17: Support recovery rates (mean =+ standard deviation over 100 runs) of competing methods across varying corruption
proportions (¢), for low dimensional regime with n = 200, p = 30, and k£ = 5 under random adversarial corruption in
Section 15.3.1. Our method delivers high support recovery across all corruption levels, demonstrating its robustness to
increasing data corruption.

€ Lasso GLM RoLR Trimmed MLE SVAM Ours

0.05 | 052+£0505 0&£0 0+0 0£+0 | 072 +0.454
0.1 0360485 0=+0 0+0 0+0 | 0.54 +£0.503
0.15 | 0.22+0418 0=+0 0+0 0+0 | 0.32+0.471
0.2 006024 0=+0 0+0 0+0 0.16 = 0.37

Table 18: F1 scores (mean =+ standard deviation over 100 runs) of competing methods across varying corruption proportions
(¢), for low dimensional regime with n = 200, p = 30, and £ = 5 under random adversarial corruption in Section 15.3.1.
Our method delivers high F1 scores across all corruption levels, demonstrating its robustness to increasing data corruption.

15 Lasso GLM RoLR Trimmed MLE SVAM Ours

0.05 | 0947 £0.062 0.313+£0.015 0.313£0.021 0.338 £0.028 | 0.971 £ 0.05
0.1 0.901 £0.093 0.343 £0.023 0.312£0.017 0.36 £0.031 | 0.95 £ 0.057
0.15 | 0.853 £0.127 0.37£0.027 0.307£0.015  0.37 £0.044 | 0.909 £ 0.077
0.2 | 0.772+£0.136 0381 +£0.035 0.311 £0.017 0.37 £0.046 | 0.834 £ 0.108

Form Table 17 and Table 18, we note that the F1 scores may be non-zero even when the support recovery rate is zero for
methods like RoLR, Trimmed MLE, and SVAM.

Next, we proceed to the high-dimensional regime.
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15.3.2 High-Dimensional Regime

We focus on the high-dimensional regime with n = 600, p = 800, and sparsity level £ = 5. We generate both clean and
adversarially contaminated samples and use them as input to the estimation algorithms. The experiment is repeated 100
times to compute the empirical support recovery rate and F1 score. The results are reported in Table 19 and Table 20,
respectively. For both metrics, we observe that our method performs impressively across increasing corruption proportions,
demonstrating its robustness.

Table 19: Support recovery rates (mean =+ standard deviation over 100 runs) of competing methods across varying corruption
proportions (g), for high dimensional regime with n = 600, p = 800, and & = 5 under random adversarial corruption in
Section 15.3.2. Our method delivers high support recovery across all corruption levels, demonstrating its robustness to
increasing data corruption.

€ ‘ LASSOGLM RoLR Trimmed MLE SVAM ‘ Ours

005]| 09+0303 0+£0 0£0 0+0 | 0.96 +0.198
0.1 076 £0431 0=£0 0+0 0+0 | 0.86 +0.351
0.15 ] 056 £0501 0+0 0+0 0+0 | 092+0.274
0.2 048£0505 0=£0 0+0 0+0 | 0.74 £ 0.443

Table 20: F1 scores (mean =+ standard deviation over 100 runs) of competing methods across varying corruption proportions
(&), for high dimensional regime with n = 600, p = 800, and £ = 5 under random adversarial corruption in Section 15.3.2.
Our method delivers high F1 scores across all corruption levels, demonstrating its robustness to increasing data corruption.

€ LASSOGLM RoLR Trimmed MLE SVAM \ Ours

0.05 | 0991 £0.028 0+0 0.023+0 0.018 £0 | 0.996 £ 0.018
0.1 0976 £0.044 0+0 0.024 £0 0.018 £ 0 | 0.987 £ 0.032
0.15 |1 0951 +£0.061 0=£0 0.026+£0.001 0.018+0 | 0.99 £+ 0.035
02 ]0926+0.088 0=£0 0.028+0.001 0.017+£0 | 0.973 £0.046

In this section, we verify our theoretical guarantees for logistic regression in the high-dimensional regime. We considered
the random adversarial contamination model, which does not correspond to adaptive or strong adversarial corruption.

Beyond handling high-dimensional settings, a key contribution of our work is robustness to adaptive/strong adversarial
contamination. Accordingly, in the next section, we evaluate the performance of our proposed method and competing
approaches under the adaptive/strong adversarial contamination model.

154 ADAPTIVE/STRONG ADVERSARIAL CONTAMINATION

In this section, we consider the adaptive/strong adversarial contamination model motivated from Chen et al. [2013] to avoid
providing any unintended advantage to our proposed method due to the random adversarial corruption considered in the
previous experiments. The adversarial contamination in Chen et al. [2013] proposed for linear regression is constructed
using knowledge of the true support and the clean data, thereby explicitly targeting the support recovery task and making it
significantly more challenging. We extend this adversarial contamination model for logistic regression.

Since the adversary is adaptive (strong), we assume it has knowledge of the true support and non-support. Let the support
size be k. The adversary selects a set S,q4,, by choosing k& coordinates uniformly at random from the true non-support.

Let the adversarial regression vector be denoted by w??. The non-zero entries ngfgv are sampled independently and
uniformly from [—1.5, —1] U [1, 1.5], ensuring that the magnitudes are bounded away from zero. For the remaining
coordinates, we set wg‘iz/ =0.

Under this model, the corrupted feature vectors x(*) € RP are generated independently from A/(0, 5I,). The response
variable follows the logistic regression model using y(¥) = sign (x(i)TWad“). Hence, the adversary has designed the

4422



contamination by using a similar logistic model on different support. This may confuse the learning algorithm in selecting
the original support.

We generate clean and adversarially contaminated samples under varying corruption proportions and use them as input to
the estimation methods. The experiments are repeated 100 times to compute the empirical support recovery rate and F1
score. The results are reported in Table 21 and Table 22, respectively.

Across both metrics, our proposed method achieves consistently higher scores, highlighting its robustness to adversarial
contamination.

Table 21: Support recovery rates (mean =+ standard deviation over 100 runs) of competing methods across varying corruption
proportions (¢), for high dimensional regime with n = 600, p = 800, and £ = 5 under the adaptive/strong adversarial
corruption model in Section 15.4. Our method delivers high support recovery across all corruption levels, demonstrating its
robustness to increasing data corruption.

€ LASSOGLM RoLR Trimmed MLE SVAM Ours

0.05 | 0964+0.198 0+0 0+0 0+0 | 098 £0.141
0.1 0.62 £+ 0.49 0+0 0+0 0+0 | 0.92+0.274
0.15 | 042+0499 040 0+0 0+0 0.94 + 0.24
0.2 0.02+0.141 0=+0 0+0 04+0 | 046 +0.503

Table 22: F1 scores (mean =+ standard deviation over 100 runs) of competing methods across varying corruption proportions
(), for high dimensional regime with n = 600, p = 800, and k = 5 under the adaptive/strong adversarial corruption model
in Section 15.4. Our method delivers high F1 scores across all corruption levels, demonstrating its robustness to increasing
data corruption.

¢ | LASSOGLM RoLR Trimmed MLE SVAM |  Ours

0.05 | 0996 £0.018 0=£0 0.023£0 0.018 £0 | 0.998 £0.013
0.1 0962 £0.052 0+0 0.024 £0 0.018 £0 | 0.992 + 0.026
0.15 |1 0932+ 0.066 0=£0 0.026 £0 0.018 £0 | 0.994 + 0.024
02 |0816+0.101 0£0 0.027+0.001 0.018£0 | 0.929 £ 0.081

In this section, we verified our theoretical guarantees under the adaptive/strong adversarial contamination model in the high-
dimensional regime for logistic regression. Another key contribution of our work is robustness to heavy-tailed distributions,
which was not considered either in the previous section or in the experiments based on the adaptive/strong adversarial model
considered in this section. Therefore, in the next section, we evaluate our method to further validate the theoretical claims
under heavy-tailed data distributions.

15.5 OUR METHOD CAN HANDLE HEAVY-TAILED NOISE

One of the key contributions of our work is robustness to heavy-tailed distributions requiring only bounded fourth-order
moments. Therefore, in this section, we evaluate the performance of our proposed method and existing approaches when both
the features and labels are adversarially contaminated using heavy-tailed distributions, such as the log-normal distribution
and the Student’s ¢-distribution.

15.5.1 Corruption based on Log-Normal distribution

We first briefly describe the data generating process. In the adversarial corruption setting, the corrupted samples are generated
from a log-normal distribution, whose logarithm follows a normal distribution. Specifically, for any corrupted sample ,
we generate using log (x(i)) ~ N (0, 5I). Consequently, the corrupted samples follow a heavy-tailed distribution with all
moments finite. For labels, we use y(?) ~ sign (fw*Tx(i)). Hence, the adversary is using logistic regression model with
parameter vector —w™. This may confuse the learning algorithm in selecting the original support. This strong contamination
model motivated from Feng et al. [2014].

4423



Next, we generate both clean and corrupted datasets under varying corruption proportions and provide that as an input to the
estimation methods. The support recovery rate and F1 score achieved by existing methods and our proposed method are
reported in Table 23 and Table 24, respectively.

Table 23: Support recovery rates (mean =+ standard deviation over 100 runs) of competing methods across varying corruption
proportions (¢), for high dimensional regime with n = 600, p = 800, and k¥ = 5 under the heavy-tailed corruption model
in Section 15.5.1. Our method delivers high support recovery across all corruption levels, demonstrating its robustness to
increasing data corruption.

€ LASSOGLM RoLR Trimmed MLE SVAM Ours
0.05 | 0464+0503 040 0+0 0+0 1+0
0.1 032+0471 0=x0 040 0+0 | 098 £0.141
0.15 | 0.14+0351 0=+0 0+0 0+0 | 0.92+0.274
0.2 04+0 0+0 0+0 04+0 | 046 +0.503

Table 24: F1 scores (mean =+ standard deviation over 100 runs) of competing methods across varying corruption proportions
(e), for high dimensional regime with n = 600, p = 800, and k = 5 under the heavy-tailed corruption model in Section
15.5.1. Our method delivers high F1 scores across all corruption levels, demonstrating its robustness to increasing data
corruption.

€ LASSOGLM RoLR Trimmed MLE SVAM Ours

005 | 0933+£008 0=£0 0.023 £0 0.018 £0 1+0

0.1 0.895£0.102 04+0 0.024£0.001 0.018+0 | 0.998 £+ 0.016
0.15 ]| 081£0.129 0£0 0.026£0.002 0.017+0 | 0.991 + 0.03
0.2 060802 0£0 0.027+0.003 0.017£0 | 0.923 £0.083

From Table 23 and Table 24, we observe that our method consistently achieves high support recovery rates and F1 scores
across varying corruption levels for logistic regression. This demonstrates the robustness of the proposed approach to
adversarial corruption arising from heavy-tailed distributions in the high-dimensional regime for logistic regression.

In the next subsection, we consider another corruption setting based on a different heavy-tailed distribution.

15.5.2 Corruption based on student t-student distribution

First, we briefly describe the adversarial contamination model. Any corrupted sample x(*) is generated using the random
variable z(*) described as follows:

2()

N

where x2; denotes the chi-square distribution with degrees of freedom = df. We chose df = 5 in our experiments. Hence,
the fourth moment is bounded.

Z(Z) ~ N(07Id)> U(l) ~ X?:lf’ X(l) =

For labels, we use y(*) ~ sign (—W*Tx(i)). Hence, the adversary is using logistic regression model with parameter vector
—w™*. This may confuse the learning algorithm in selecting the original support. This strong contamination model motivated
from Feng et al. [2014].

Next, we generate both clean and corrupted datasets under varying corruption proportions and provide that as an input to the
estimation methods. The support recovery rate and F1 score achieved by existing methods and our proposed method are
reported in Table 25 and Table 26, respectively.
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Table 25: Support recovery rates (mean = standard deviation over 100 runs) of competing methods across varying corruption
proportions (¢), for high dimensional regime with n = 600, p = 800, and k = 5 under the heavy-tailed corruption model
in Section 15.5.2. Our method delivers high support recovery across all corruption levels, demonstrating its robustness to
increasing data corruption.

€ LASSOGLM RoLR Trimmed MLE SVAM \ Ours

005 ] 098+0.141 040 0+0 0+0 | 0.98+0.141
0.1 088+0328 0+0 0+0 0+0 | 0.96+0.198
0.15] 052+0505 040 0+0 0+0 | 0.8240.388
02 | 0.04+0.198 040 0+0 0+0 | 0.36+0.485

Table 26: F1 scores (mean =+ standard deviation over 100 runs) of competing methods across varying corruption proportions
(e), for high dimensional regime with n = 600, p = 800, and k = 5 under the heavy-tailed corruption model in Section
15.5.2. Our method delivers high F1 scores across all corruption levels, demonstrating its robustness to increasing data
corruption.

€ LASSOGLM RoLR Trimmed MLE SVAM Ours

0.05 0998 +£0.013 0=£0 0.022£0 0.017£0 | 0.998 £0.013
0.1 0989+003 O0+£0 0.022+0 0.017 0 | 0.996 + 0.018
0.15 | 0943 £0.066 0=£0 0.023+0 0.017£0 | 0.973 £ 0.068
02 |0794+£0.122 0%£0 0.023£0 0.016 £0 | 0.879 £ 0.127

From Table 25 and Table 26, we observe that our method achieves high support recovery rates and F1 scores across
all corruption proportions in the high-dimensional setting under heavy-tailed corruption generated using the Student’s
t-distribution. This further demonstrates the robustness of the proposed approach to adversarial contamination arising from
heavy-tailed distributions such as the Student’s ¢-distribution.

In the next section, we verify one of the main claims of our work about logarithmic sample complexity with respect
to ambient dimension under adaptive/strong adversarial corruption, which is particularly important in high-dimensional
settings.

15.6 EMPIRICAL VALIDATION OF OUR SAMPLE COMPLEXITY BEING LOGARITHMIC IN AMBIENT
DIMENSION, MEANING n = Q(log(p))

The experimental setup is very similar to the case of linear regression discussed in Section 15.6 but we describe it here in
detail for completeness and reproducibility.

We empirically verify the logarithmic sample complexity with respect to the ambient dimension under the three adversarial
contamination models considered in the previous sections. In this experiment, we fix the corruption proportion to € = 0.1

and consider three values of p € {800, 1600, 3200}. For each value of p, the experiment is repeated across multiple sample
sizes n.

The sample sizes are chosen such that the quantity n/ log(p) remains approximately constant across different values of p.
Specifically, we consider:

1. For p = 800, we n = {160, 240, 320, 400, 480, 600, 720, 790}.

2. For p = 1600, n = {177,265, 353, 441, 530, 662, 795, 883}.

3. For p = 3200, n = {193, 290, 386, 483, 580, 724, 869, 966 }.
Note that all settings correspond to the challenging high-dimensional regime since n < p in all cases. For the above configura-
tions, the corresponding values of n/log(p) are approximately {26.70,40.05, 53.41, 66.76,80.11, 100.14, 120.17,133.52}.

Each experiment is repeated 100 times to estimate the support recovery probability. The objective of this experiment is to
examine whether the support recovery probability remains similar for identical values of n/ log(p) across different values
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Support Recovery vs n/log(p) for Our Method Support Recovery vs n/log(p) for Our Method
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Figure 6: Support recovery probability versus n/ log(p) under different adversarial corruption models for logistic regression.

of dimension p. Such behavior would empirically validate that successful support recovery depends logarithmically on
the dimension p, rather than exhibiting any other dependence, like polynomial or exponential. This is very critical for
high-dimension.

We perform this evaluation under the different adversarial contamination models introduced earlier. The resulting support
recovery plots are shown in Figure 5. In particular:
1. Support recovery plots under random adversarial corruption are presented in Figure 6a.
2. Support recovery plots for strong adversarial contamination model discussed in Section 15.4 is presented in Figure 6b.
3. Support recovery plots for heavy-tailed corruption using the log-normal distribution and the Student’s ¢-distribution are

presented in Figure 6¢ and Figure 6d respectively.

Across all settings, the curves corresponding to different values of p € {800, 1600, 3200} largely overlap when plotted
against n/ log(p). This overlap of support recovery curves across different ambient dimensions provides concrete empirical
evidence that the required sample size for reliable support recovery scales proportionally with log(p), in agreement with our
theoretical claims.

Hence, we have verified all the theoretical claims empirically for linear regression and logistic regression.

All the experiments were run on a machine with a 2.2 GHz Quad-Core Intel Core i7 processor with RAM of 16 GB.
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