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Abstract

Supervised graph prediction addresses regression
problems where the outputs are structured graphs.
Although several approaches exist for graph-
valued prediction, principled uncertainty quantifi-
cation remains limited. We propose a conformal
prediction framework for graph-valued outputs,
providing distribution-free coverage guarantees
in structured output spaces. Our method defines
nonconformity via the Z-Gromov-Wasserstein
distance, instantiated in practice through Fused
Gromov-Wasserstein (FGW), enabling permuta-
tion invariant comparison between predicted and
candidate graphs. To obtain adaptive prediction
sets, we introduce Score Conformalized Quantile
Regression (SCQR), an extension of Conformal-
ized Quantile Regression (CQR) to handle complex
output spaces such as graph-valued outputs. We
evaluate the proposed approach on a synthetic task
and a real problem of molecule identification.

1 INTRODUCTION

Motivated by various applications such as molecular identi-
fication [Nguyen et al.,[2019] in chemistry or scene under-
standing in computer vision [Shit et al.| 2022]], Supervised
Graph Prediction (SGP) has recently attracted a growing
interest in Machine Learning. This task consists in learning
a predictive model that maps an input variable of any modal-
ity (text, image, tabular or distributional) to a target graph
of arbitrary size. Approaches in the literature leverage sur-
rogate regression in graph representation spaces [Brouard
et al.,[2016] or end-to-end learning [Shit et al., [2022} |Yang
et al.} 2024, |[Krzakala et al.,|2024] that boils down to graph-
valued regression [Calissano et al., [2022]]. However, none
of these provides confidence sets, posing risks for discovery
or identification when experimental validation is costly.
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Figure 1: Conformal metabolite prediction set at 90%
marginal coverage for molecule identification. The green
check-mark denotes the ground-truth.

Uncertainty quantification for graph-valued data aims to
produce a set of plausible graphs rather than a single pre-
diction. Although random graph models are well studied
[Frieze and Karonski, [2015]], parametric approaches are of-
ten unrealistic in practice, especially for attributed graphs.
Non-parametric methods therefore provide a more flexible
alternative.

In this paper, we adopt Conformal Prediction (CP), an ag-
nostic, distribution free, and post-training frameworkﬂ CP
[Shafer and Vovk! 2008}, Fontana et al.,[2023]] provides finite-
sample coverage guarantees under minimal assumptions, re-
quiring only exchangeability of the data, and can be applied
on top of any pre-trained predictor without modifying train-
ing. Extending CP to graph-valued outputs raises several
fundamental challenges. Even in the multivariate Euclidean
setting, constructing informative conformal sets is known to
be difficult due to the curse of dimensionality and the lack
of natural orderings [Dheur et al., [2025| Kondratyev et al.|
2025/ |Thurin et al.| [2025]]. These challenges are amplified in
the graph setting, where outputs live in a highly structured,
non-Euclidean, and combinatorial space.

'The code is available at |https://github.com/

gabrielmelo00/GraphConf,
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For a graph with attributes on nodes and edges, uncertainty
can revolve around the uncertainty at the global level, pro-
viding a conformal set made of a set of graphs with more or
less different structure, or at a local level, measuring uncer-
tainty at the level of the nodes and edges attribute. In this
paper, we opt for a global framework. This choice is also
supported by a specific focus on molecular identification
tasks, where only a specific amount of configurations are
possible.

A central challenge is therefore the choice of a suitable non-
conformity score, which determines the structure and in-
formativeness of the resulting conformal sets. Since graphs
are defined up to node permutation, one must either work
in the quotient space or use a permutation-invariant dis-
crepancy. We adopt Optimal Transport distances, namely
Gromov—Wasserstein and its variants, to define permutation-
invariant scores and extend Conformal Prediction to graph-
valued outputs with validity in the quotiented graph space.

We focus on Supervised Graph Prediction settings where
each input is associated with a finite, input-dependent can-
didate set of graphs, as commonly assumed in structured
output prediction and molecular identification.

Standard conformal prediction relies on a single global
threshold, implicitly assuming homogeneous uncertainty
across inputs. To account for input-dependent variability,
we introduce Score Conformalized Quantile Regression
(SCQR), which calibrates conditional quantiles of the non-
conformity score instead of a global cutoff. SCQR yields
locally adaptive conformal sets while preserving marginal
coverage guarantees.

Finally we empirically test our novel framework on a syn-
thetic image-to-graph task and metabolite identification
from mass spectra, assessed on Spectraverse, a recent bench-
mark in metabolomics [Gupta et al., [2026]].

In short, our contributions include:

* a framework for Conformal Graph Prediction based on
Z-Gromov-Wasserstein non-conformity scores and the
proof of its validity in quotiented graph spaces;

* alocally adaptive variant, Score Conformalized Quan-
tile Regression (SCQR), with proven marginal cover-
age;

* a set of numerical experiments showing the effective-
ness and the versatility of the framework on a synthetic
image-to-graph task and real molecule prediction prob-
lem.

2 RELATED WORK

Prediction Models for Graphs. We consider supervised
models whose outputs are graphs, including barycenter-
based methods [Brogat-Motte et al., 2022} |Yang et al., 2024,

graph regression [Calissano et al.,|2022], deep end-to-end
predictors [Krzakala et al.| 2024, |Shit et al. [2022]], and
graph-level autoencoders [Krzakala et al.| 2025]. In molecu-
lar applications, graphs may also be predicted indirectly via
SMILES representations [Zhang et al., 2025]]. Our frame-
work is model-agnostic and applies to both direct graph
predictors and SMILES-based pipelines. Unlike works that
use graphs as input structures for node-, edge-, or graph-
level prediction, our focus is on prediction problems whose
outputs are themselves graphs.

Conformal Prediction for Graphs. Recent efforts have
extended CP to non-Euclidean domains. For node-level
tasks, Huang et al.| [2023]] introduced conformalized GNNSs,
establishing the importance of permutation invariance in
base predictors, while [Lunde et al.,[2025]] defined a node
based CP sets. Related approaches construct conformal pre-
diction sets for graph neural networks, including node clas-
sification and link prediction on fixed input graphs [Zargar{
bashi et al., |2023| [H Zargarbashi and Bojchevskil, 2024]).
Zhang et al.|[2024] proposed a general framework for con-
formal structured prediction, constructing structured predic-
tion sets via implicit representations, e.g., directed acyclic
graphs for hierarchical labels. CP has also been studied for
knowledge graph (KG) embeddings, turning its raw plausi-
bility scores into entity or predicate answer sets that prov-
ably cover the true answer at a user-specified confidence
level [Zhu et al., 2025blalc]].

Closer to our setting, (Calissano et al.|[2024] developed
CP sets for populations of unlabeled graphs, utilizing quo-
tient spaces to handle the lack of node correspondence.
Our work extends these concepts to graphs with categor-
ical attributes on nodes. In addition, by adopting the Z-
Gromov-Wassertein distance, we work in a permutation in-
variant setting. Thus, whereas prior graph-related CP meth-
ods mainly use graphs as inputs or define sets over discrete
entity/predicate completions of a KG, our setting requires
calibrated sets in an unordered, attributed graph-valued out-
put space.

3 BACKGROUND

We begin by reviewing the two central components of
our framework: conformal prediction and the Z-Gromov—
Wasserstein (Z£-GW) distance, a metric on metric measure
spaces, under which graphs naturally appear as an example
of discrete metric measure spaces.

Notation Let ¥, := {a € R} : Y1 | a; = 1} denote
the probability simplex, and let o, := {P € {0,1}"*" :
Pl,=1,, P'1, = 1, } be the set of permutation matri-
ces, where 1,, € R™ denotes the all-ones vector. For finite
sets X = {z1,...,z,} and Y = {y1,...,Ym}, any dis-
crete probability measures ;1 € P(X) and v € P(Y) can
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be written as 1 = >, a;0,, and v = Y77 | b;d,, with
a € ¥, and b € 3,,. We identify admissible couplings
7 € II(p, v) with nonnegative matrices 7 € R’ "™ satisfy-
ing7l,, = a, 711, = b. When both measures are uniform,
ie. p({zi}) = v({y;}) = L forall i, j and n = m, the set

IT(p, 1) coincides with the Birkhoff polytope.

3.1 CONFORMAL PREDICTION

Definition 3.1 (Exchangeability). A sequence of random
variables (Z1, ..., Z,+1) taking values in a measurable
space Z is said to be exchangeable if, for any permuta-

tion o of {1,...,n + 1} and for any (z1,...,2p41) €
Zn+1, IP(Z]_ = Zl,...7Zn+1 = Zn+l) = ]P)(Za(l) =
Rlyeees Za(n+1) = Zn—i—l)-

Conformal Prediction (CP) provides finite-sample,
distribution-free guarantees on the coverage of prediction
sets. In the regression setting, we observe exchangeable
pairs (X;,Y;) and have a pre-trained base predictor
fo : X — Y. The framework relies on a nonconformity
score function s : X x Y — R that measures the discrep-
ancy between the target y and the prediction fy(z). For
standard real-valued regression, a typical choice is the
absolute residual:

s(x,y) = |y — fo()l. )

Given a held-out calibration set Doy = {(X;,Y;)},
we compute the scores R = {Rj,...,R,} where R;, =
s(X;,Y;). We then compute the adjusted empirical quan-
tile:

41—« = Quantile ({Ri}?_l,
n

-l g

For a new input X, 1, the conformal prediction set is de-
fined as:

C(Xn-‘rl) = {y S y : S(Xn—‘rl»y) S (jl—a}- (3)

By exchangeability of the calibration and test samples, the
nonconformity scores { R; }/1}' with R; = s(X;,Y;) form
an exchangeable sequence. Consequently, the rank of R,, 11
among { R; }71]' is uniformly distributed, which implies the
marginal coverage guarantee [Vovk et al.| 2005]

P(Yn_;,_l S C(Xn+1)) >1—aq,

without any assumptions on the data distribution or the accu-
racy of the predictor. We refer to/Angelopoulos et al.|[2023]],
Shafer and Vovk| [2008]] for more details on conformal pre-
diction.

Conformalized Quantile Regression To extend standard
conformal prediction to better handle heteroscedasticity,
Conformalized Quantile Regression (CQR) [Romano et al.,

2019] improves the conformal framework by leveraging
quantile regression [Koenker and Bassett, 1978] to construct
input-adaptive prediction intervals. Instead of relying on a
fixed, globally calibrated residual, CQR employs two base
models, z@a/g(x) and il,a/g(a:), trained to estimate the
lower and upper (a/2, 1 — «/2) quantiles of the conditional
distribution Y'|X = z. The nonconformity score is then
defined as S(l‘, y) = max{wa/Z(x) -9y —- 1/}17@/2($)},
which measures the signed distance of the target to the
boundaries of the predicted interval. By computing the
(1 — «)-th quantile of these scores, 14, on a calibration
set, the resulting prediction intervals C(z) = [1), s2(x) —
q1—a) /(;1—04 /2(x) + G1—o] achieve valid marginal coverage
while dynamically adjusting their width to account for local
uncertainty in the data.

3.2 Z-GROMOYV WASSERSTEIN DISTANCE

To measure discrepancies between structured outputs such
as graphs, which will later serve as the basis for conformal
scoring, we work in the space of Z-networks equipped with
the Z-Gromov-Wasserstein distance.

Definition 3.2 (Metric Measure Spaces). A metric measure
space (mm-space) is defined as triple (X ,dx, px ), where
(X, dx) is a compact metric space and px is a Borel prob-
ability measure on X with pxy(X) = 1 and full support,
supp(px) = X.

Gromov—Wasserstein (GW) distances were introduced to
compare mm-spaces via optimal transport [Mémoli, [2011]].
Subsequent work in the machine learning literature proposed
several variants to handle structured and attributed data,
most notably Fused GW (FGW) [Vayer et al.,2019]. The Z-
Gromov-Wasserstein (Z-GW) distance [Bauer et al.,[2025]]
unifies these approaches by replacing the metric-valued
distance function in classical GW with a general measurable
pairwise relation taking values in a metric space (Z,dz),
so that classical GW, FGW and other formulations arise as
particular instances of this construction.

Definition 3.3 (Z-networks). Let (£, dz) be a metric space.
A Z-network is a triple (X, wx, ux), where X is a mea-
surable space, px is a probability measure on X, and
wy : X X X — Z is a measurable function encoding
pairwise relational information. Unlike mm-spaces, wx is
not required to be a metric.

Z-Gromov—Wasserstein distance. Given two Z-
networks (X, wy, px) and (YV,wy, ny), the Z-Gromov—
Wasserstein p-distance (p > 1) is defined as

1
GW/ (X, V) =5 _ inf //
2 rell(px,py) (XxY)?

1/p
dz(wx(x,ar’),wy(y,y’))pdﬂ(x,y)dW(w’,y’)> .
4)
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When Z = R and wy is the usual metric distance (wy =
dy), GWf reduces to the classical GW distance.

Definition 3.4 (Weak isomorphism [Bauer et al., [2025])).
Two Z-networks (X,wx, px) and (Y, wy, py) are said to
be weakly isomorphic, written X ~ Y, if there exists a

Z-network (W, ww, tyy) and measure-preserving maps
ox W = X and ¢y : W — Y such that

ww(w, w') = wx (dx (W), px (W) = wy(dy(w), by (w’))

Jor uyw ® pyy for almost every pair (w,w").

Weak isomorphism and metricity. The distance ng
defines a pseudometric on the space of Z-networks. To
obtain a genuine metric, one considers equivalence classes
under weak isomorphism. We denote by 971 the collection
of all Z-networks (X, wx, uy), and by M := M/ ~ the
corresponding quotient space under weak isomorphism.

Theorem 3.5 ([Bauer et al., 2025, Thm. 29]). For any sepa-
rable metric space (Z,dz) and p > 1, the distance GWf
induces a genuine metric on M.

Remark 3.6 (Working with representatives in practice). Al-
though the quotient space M := 9/ ~ is the natural
mathematical domain on which GWf is well defined, it is
not directly accessible in practice. Each element of M cor-
responds to an equivalence class of isomorphic realizations,
and any concrete representative in N is inherently arbitrary.
In practical settings, observed data are therefore provided
as explicit Z-networks in M (e.g., graphs, attributed graphs,
or meshes), and learning algorithms operate on these rep-
resentations. Consequently, both empirical datasets and
prediction tasks are formulated at the level of M, while
permutation-invariant losses such as GWf ensure consis-
tency with the underlying quotient structure.

4 CONFORMAL GRAPH PREDICTION

4.1 PROBLEM SETUP

Graphs as Z-networks. Graphs can be naturally viewed
as finite Z-networks. Let G = (V, E, F') be a graph, where
V is the node set with |[V| = n € N, E C V x V is
the edge set, and ¥ : V — R? is a node feature map,
with U () denoting the feature associated to node i € V.
We associate to G a Z-network (V, wq, 1a), where pug €
P(V) is a probability measure on V (assumed uniform
in this case), and wg : V x V — Z encodes pairwise
relational information between nodes. This representation
provides a unified way to encode both graph structure and
node attributes, enabling the comparison of graphs within
the general Z-GW distance.

Example 4.1 (Fused Network Gromov-Wasserstein Dis-
tance). Choosing the pairwise structure wg such that it

(Untys Wiy, i)
Uz

(Var, @iy, pa,)

U1

v

T

Wi, ¢ @ ¢ (Z2,dz)
A (v1,02) = 1 A (ug,uz) = 0
dZ( , (v1,v2) , (U1, u2) )
we, we,
Ag (vi,v9) =1 Ag, (u1,u2) =0
dz( Vo,)=H | (\m(m )
A
I
Vo, wa,, wa,)

U2
Ul °

Figure 2: Z-GW distance

combines structural and node-level information allows to
retrieve the so-called Fused Network Gromov-Wasserstein
Distance introduced by|Yang et al.| [2024)]:

wa(i, k) = (A(i, k), X(i, k), ¥(i)) € Z := QxR™xR?,

where the matrix A 1V x V. — Q defined from the set of
edges E encodes graph connectivity (e.g. Adjacency, Short-
est Path, Laplacian, etc), X : V x V. — R™ represents
edge features, and V(i) € R? denotes the feature asso-
ciated to node i. For instance, when A is the adjacency
matrix, Q = {0, 1}. The product space Z is equipped with
a weighted {, metric

dz((a,2,), (a2 1)) = (Bdaa, a')"
/q
g (2,2) + (1= = D)daa (6, 8)) 5 6)

for~y,B€[0,1], ¢ > L

Example 4.2 (Fused Gromov-Wassertein Distance [Vayer|
et al.,2020]). Setting v = 0 and 3 € [0, 1], we recover the
Fused Gromov-Wasserstein (no more edge features).

Example 4.3 (Gromov-Wasserstein Distance [Mémoli,
2011])). To retrieve Gromov-Wasserstein distance between
unlabeled graphs (no more feature nodes), we set v = 0

and 3 = 1.

Discrete Z-Gromov—Wasserstein for graphs. Let G; =
(Vi,w1,p1) and Gy = (Va,ws, po) be finite graphs with
|Vi| = n and |V2| = m and uniform measures. The discrete
Z-GW distance between G1 and GG is defined as

1/p

min
mEM(p1,12)

Z Z dz(wl(i, k), wa (g, l))p Tij Tkl

i,kEVL jlEV,
(6)
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In the finite graph setting with uniform measures, weak iso-
morphisms admit a simple characterization (see Proposition
below). As a consequence, GWf defines a permutation-
invariant distance on graphs.

Proposition 4.4 (Weak isomorphism and permutation in-
variance). Let (Vi,w1, 1) and (Va,wa, po) be finite Z-
networks associated to G1 and G, respectively, with |V | =
|Va| = n and uniform measures p1 = po. Then G1 ~,, Gs
if and only if there exists a permutation matrix P € o, such
that wy, = PTws P.

From now on, we specialize the spaces 9t and M to graphs.
We denote by 91 the collection of all graphs with at most
N nodes, i.e. M = |_|g:1 Gn, in which G,, are the space of
all graphs with n nodes represented in a labeled form, and
by M := Ur]:/:1 (Gn/ ~n), the union of the quotient graph
spaces of size n, where graphs are identified up to node
permutation. For simplicity, we note M = 0/ ~.

Graph-valued prediction.
prediction model

We consider a graph-valued

fg:X—>9:n

that maps inputs z € X (e.g., spectra, images, or other de-
scriptors) to graph-valued outputs y € 9)1. In the remainder,
we assume that fp has been trained on a separate dataset
Dirain by minimizing a loss measuring discrepancy between
predicted and ground-truth graphs. This training set is in-
dependent of the calibration data Dyy = {(X;,Y:) ;.
Crucially, such losses must be invariant to node relabel-
ing; the GWf distance, for instance, satisfies this require-
ment by construction. In the experimental part, we con-
sider three off-the-shelves graph prediction models fy:
ANY2GRAPH|[Krzakala et al., 2024]], a general-purpose end-
to-end graph predictor restricted to small-size graphs, and
EMBCos[De Waele et al., [ 2026]] and MSALIGN[Krzakala
et al.,|2026], models specialized on molecule identification
from mass spectra.

4.2 GENERAL FRAMEWORK FOR CONFORMAL
GRAPH PREDICTION

Given the previous set up, for a given input x, we get a
concrete graph § = fp(x) € 9. Uncertainty guarantees,
however, must be invariant to node relabeling and are there-
fore stated on the quotient space M.

Assumption 4.5 (Exchangeable data). The observed data
(X3, Y;) ! are exchangeable and take values in X x .

Definition 4.6 (Canonical projection). The canonical pro-
Jection h : M — M := M/ ~ maps a graph y € M 1o its
equivalence class

hy) ==yl ={y e M|y ~y},

corresponding to all node relabelings of the same underly-
ing graph.

Given a graph predictor fy and representative-valued data
in 91, we define the nonconformity score

s: X x M — Ry, s(z,y) == GWf(fg(:v),y).

Since GW? is invariant under node permutation, the score
s is invariant under the equivalence relation ~. As a con-
sequence, s factors through the canonical projection h and
induces a well-defined score

§: XXM — R+,
which depends only § € M.

Lemma 4.7 (Exchangeability is preserved under quotient
maps). Let (X;,Y;)", be an exchangeable sequence of
random variables taking values in X x M. Let h : I —
M := I/ ~ be the canonical projection onto equivalence
classes, and define Y; := h(Y;). Then the induced sequence
(X, f’i)?:l taking values in X x M is exchangeable.

Lemma4.7|ensures that the exchangeability of the observed
data is preserved when passing from representative-valued
outputs in 91 to their equivalence classes in the quotient
space M.

We now establish conformal validity for Z-GW-based con-
formal sets. Let R; = s(X;,Y;) be the calibration scores
and let ¢ —,, denote their empirical (1 — «)-quantile. For a
new input X,, 1, define

CM(Xpy1) = {Z/ €M : GWZ (fo(Xns1),y) < (il—a}
(7

Proposition 4.8 (Conformal validity on 9t and M). Let
(X;, ;)] be exchangeable random variables taking val-
uesin X x M, and let fo : X — M be a predictor. Define
the nonconformity score

s(z,y) == GW(fo(x), v),

and construct the conformal prediction set C7* (z) C M at
level « € (0,1) using s. Then the following hold:

1. (Marginal coverage)
P(Y,41 € CH(Xpg1)) > 1— o
2. (Well-defined on Quotient) C¥*(z) is a union of equiv-
alence classes and therefore induces a well-defined
prediction set on the quotient space, CM(z) =
h(CT(z)) € M, which satisfies
P(h(Ypt1) € CoN(Xpt1)) > 1—a.

All proofs are deferred to Appendix [A]
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4.3 PRACTICAL RESTRICTIONS

The conformal set defined in Eq[7]is an implicit subset of the
graph space 9, specified through a membership predicate
rather than explicit enumeration. For any candidate graph
y € I, membership is determined by evaluating the non-
conformity score s(x, y) and comparing it to the calibrated
threshold. In many graph domains such as molecular data,
however, 9 is combinatorially large, making the explicit
materialization of C(z) computationally infeasible.

To obtain a finite and tractable prediction set, we intersect
the implicit conformal set with an input-dependent candidate
library £L(x) C 2 (e.g., a metabolite database determined
by a mass spectrum):

Cel) = Ca) N L(z) = {y € L(x) : s(2,9) < di—a}-

®)
In retrieval tasks, the candidate library is typically con-
structed to be complete, in the sense that the ground-
truth output is contained almost surely, i.e., P(Y,+1 €
L(Xpn+1)) = 1. Under this assumption, C.(x) coincides
with the exact conformal prediction set restricted to the re-
duced output space £(x) and therefore inherits the marginal
coverage guarantee.

Remark 4.9. If the ground-truth output Y, 11 may lie out-
side L(X), the coverage degrades according to the proba-
bility of library incompleteness: P(Yp41 € Ce(Xny1)) >
(1= 0) = P(Var1 ¢ £(Xns1).

S LOCALLY ADAPTIVE GRAPH
CONFORMAL PREDICTION

Previously, we extended conformal prediction to graph-
valued outputs using a single global threshold on a noncon-
formity score. However, a global cutoff implicitly assumes
homogeneous uncertainty across inputs. In practice, this as-
sumption is rarely satisfied: some instances are intrinsically
easy, while others are highly ambiguous. A single threshold
therefore tends to produce overly conservative sets for easy
inputs and risks undercoverage for difficult ones.

In complex, high-dimensional, or structured output spaces
(e.g. graphs, manifolds, or functional data), applying stan-
dard CQR directly in the output space 91 is often com-
putationally or conceptually intractable, since conditional
quantiles are not naturally defined for structured objects.
To provide distribution-free locally adaptive guarantees in
these settings, we introduce Score Conformalized Quantile
Regression (SCQR).

Score Conformalized Quantile Regression Given a
point predictor fp : X — 91 and a nonconformity score
s(z,y) € R, withz € X and y € M. SCQR relaxes the
Graph conformal prediction one-size-fits-all assumption by

allowing the threshold to depend on input-dependent at-
tributes w(z) € €2, which capture heteroscedasticity. These
attributes may be the input itself (identity map) or derived
quantities reflecting its complexity, e.g. size of candidate set
or some model embeddings.

Concretely, we first train a quantile regression model 1) :
) — R using the pinball loss to estimate (1 —a)-conditional
quantile of s(z, y) on a training set. We again compute the
adaptive residuals F; = s(X;,Y;) — ¥ (w(X;)). We then
compute the empirical quantile of the residuals: ¢1_, =
Quantile ({Ei}?:p W) For a new input X, 1,
the conformal prediction set is:

C(Xn41) ={y € M: s(Xn41,y) < Y(W(Xnt1))+di-alt-
®

The residuals E; may take both negative and positive val-
ues. Since s(z,y) > 0 and s(z,y) = 0 indicates perfect
conformity, negative residuals correspond to examples that
are easier than predicted given w(z), while positive residu-
als indicate an underestimation of difficulty. Retaining both
is essential for adaptive and non-conservative conformal
calibration.

Proposition 5.1 (Marginal Coverage Guarantee of SCQR).
Let {(X;,Y;)} ! be exchangeable random variables, and
let w : X — Q be a deterministic feature map. Assume that
the nonconformity score s : X x M — R and the quan-
tile regression function v : 0 — R are fixed measurable
functions, independent of the calibration sample. Then the
SCOR prediction set expressed in Eq.|9|satisfies

P(Yoy1 € C(Xny1)) 21— a. (10

Remark 5.2 (One-Sided Nature of SCQR). Unlike the orig-
inal CQOR for real-valued regression which often produces
two-sided intervals [qiow, qhign), SCOR is inherently one-
sided. This is because nonconformity scores are typically
designed to be non-negative, where smaller values represent
better fits.

6 NUMERICAL EXPERIMENTS

To illustrate the general applicability of our approach, we
consider both a synthetic graph prediction benchmark and a
real-world metabolite retrieval task. We refer to Appendix
[C] for more details on implementations and extra results.

6.1 SYNTHETIC DATASET

We use the synthetic Coloring dataset [Krzakala et al.|[2024]],
consisting of pairs (X;,Y;) where X is an image encoding
a graph-coloring instance and Yj is its ground-truth graph.
Nodes take one of four discrete colors (blue, green, yellow,
red) and edges indicate spatial neighboring. The task is to
recover the underlying graph from the image, providing a
controlled benchmark for image-to-graph prediction.
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Candidate sets. For each test instance (X;,Y;), we con-
struct the candidate set £(x) by selecting all graphs in the
test split that share the same node-type configuration as
Y, i.e., the same number of blue, green, yellow, and red
nodes. This yields a controlled identification problem where
structurally distinct graphs share identical node statistics.

fg(z) eMm
Any2Graph
LITE
i n
zeX

Image Prediction
Candidate Set
s(z,y1) = 0.412 s(z =0. s(z,y3) = 0.935
=
S
<
v
=
E E
v
y3 €M

Conformal Set

Figure 3: Example of the retrieval on the Coloring dataset.
The green check-mark denotes the ground-truth.

Figure [3]illustrates the conformal prediction mechanism on
a single Coloring instance. ANY2GRAPH predicts a graph
that does not exactly match the ground truth, yet the confor-
mal set, constructed by thresholding FGW distances to all
candidates, correctly contains it. The threshold, calibrated
on held-out data, automatically adjusts to the predictor’s
error level. Candidates with FGW distance above the thresh-
old are excluded, while the ground truth, being structurally
close enough, remains inside the conformal set.

Model and protocol. We use ANY2GRAPH [Krzakala
et al.l [2024]] as graph predictor fy (82% test accuracy),
trained with the PMFGW loss. We use 100k samples for
training and 10k each for calibration and testing.

6.2 MOLECULE RETRIEVAL

In many scientific applications, researchers aim to identify
which molecules (also referred as metabolites) are present
in a biological or chemical sample. A standard experimental
tool for this task is mass spectrometry, which measures ion-
ized molecules according to their mass-to-charge ratio. In
tandem mass spectrometry (MS/MS), a molecule is further
fragmented, producing a spectrum whose peaks provide in-
formation about its underlying structure. The computational
goal is then to retrieve, from a set of candidate molecules,
the molecular structure that most likely generated the ob-
served spectrum.

We evaluate our framework on MS/MS-based molecule iden-
tification using the benchmark Spectraverse [|Gupta et al.,
2026]. Each input X; € X is an MS/MS spectrum and

Y; € 9 is the corresponding molecular graph. Spectra-
verse contains spectra acquired under different adduct types,
corresponding to different ionized forms of a molecule, for
example after gaining or losing a small charged group. Since
adducts can change the observed spectrum, each adduct type
defines a distinct dataset for evaluating our method. For this
paper, each adduct type can simply be understood as a sepa-
rate dataset of paired mass spectra and molecules, together
with the associated candidate molecules used for retrieval.

From spectra to graphs. We consider two existing meth-
ods for mapping spectra to molecular structures. EMB-
Cos [De Waele et al. 2026] learns a shared embed-
ding space for spectra and molecules from scratch, while
MSALIGN [Krzakala et al., 2026] leverages frozen pre-
trained encoders DREAMS [Bushuiev et al., 2025]] and
CHEMBERTA [Ahmad et al., 2022, |Chithrananda et al.}
2020] for greater expressivity. Both output predicted
SMILES strings (a standard text-based encoding of molec-
ular structure), which are deterministically converted to
molecular graphs via RDKit [Landrum et al., 2013]], where
nodes correspond to atom types. This yields the two-step
pipeline MS/MS — SMILES — Graph, which we treat as
a graph-valued predictor fy : X — 9.

Remark 6.1. Our focus is uncertainty quantification in a
graph-valued output space, not improving MS/MS-to-graph
prediction. We rely on the two-step pipeline above because
direct MS/MS-to-graph approaches were not sufficiently
accurate on this task.

Candidate sets. For each spectrum x, we follow the same
candidate library pipeline as MassSpecGym [Bushuiev et al.|
2024, which retrieves all molecules whose mass matches
the observed spectrum x and caps the set at |£(z)| < 256.
All candidates are then converted to graphs via the same
deterministic mapping, yielding a finite set £(z) C 9.

Remark 6.2. By construction of the candidates, the ground-
truth molecule is always contained in L(x), so the complete-
ness assumption P(Y,, 41 € L(Xp41)) = 1 is satisfied.

6.3 EXPERIMENTAL PROTOCOL

Distance and nonconformity score. Our nonconformity
score is based on the Z-GW, instantiated in practice as
FGW with task-specific cost matrices. For Coloring, we use
FGW with adjacency cost (A) and Feature Diffusion (FD)
initialization of the solver. For Molecule Retrieval, we use
FGW with Laplacian cost (L) and identity initialization (Id).

Calibration. Standard conformal prediction (CP) esti-
mates a single global (1 — ) quantile from the calibration
set, regardless of the input. Score Conformalized Quantile
Regression (SCQR) instead conditions the threshold on an
input-dependent attribute w(z), allowing the prediction set
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Table 1: Comparison of conformal prediction (CP) and score conformalized quantile regression (SCQR) on graph-valued
outputs with finite candidate sets. Acc denotes the base predictor retrieval accuracy. We report the metrics on non-empty
predicted conformal sets, hence the changes in candidate set sizes.

Conformal Set Size |

Candidate Set Size Reduction % 1

Dataset Model fo Method CE?‘I?% ) Mean Median Mean Median Mean Median ral;::an(lf;z zl 1

Coverage 1 — a = 90%

Colors ANY2GRAPH CP 90.2 4 1 205 223 95.8%  98.9% 8.9%

Acc: 82% SCQR |L(z)| 90.3 4 1 201 223 95.6%  98.9% 8.8%

SCQR ResNet (z) 93.0 4 1 205 218 96.2%  98.9% 5.7%

CP 90.0 59 56 152 159 60.4%  61.0% 0.0%

Spectraverse | MSALIGN SCQR |£()]| 90.0 a7 48 147 159 64.5% 64.5%  0.0%

uct: [M+CHg COOH-H] e 71.8% SCQR DREAMS(z)  89.7 29 19 151 159 79.4%  86.7% 0.7%
Coverage 1 — a = 80%

Spectraverse EMBCOS CP 84.7 51.9 53 144.3 133 64.1%  63.5% 0.0%

Ai’d R SCQR |L(z)| 84.7 52.1 54 144.3 133 63.9%  63.5% 0.0%

uet: [MCHg Hl M SCQR DREAMS () 79.7 27.8 18 144.1 159 80.0%  84.3% 0.0%

size to adapt to properties of x. For the synthetic Coloring
task, we consider two choices of w(z): (i) the candidate set
cardinality w(z) = |£(z)|, and (ii) an image embedding
obtained from a ResNet(z) variant [He et al.l 2016|. For
the molecule retrieval task, we similarly consider two vari-
ants: (i) the candidate set cardinality w(z) = |£(z)|, and
(ii) the learned spectral embedding w(xz) = DREAMS(x)
of the input spectrum z, projected via Random Fourier Fea-
tures [Rahimi and Recht, 2007]. Because the DREAMS ()
embedding space is high-dimensional and only on the or-
der of a thousand adduct-specific calibration points were
available, directly regressing the conformal score in this
space led to overfitting. We therefore apply random Fourier
features (RFF), which regularizes the SCQR fit and enabled
stable training despite the limited calibration data.

Evaluation metrics. All results are reported at nominal
level 1 — o = 0.9. We measure empirical coverage, confor-
mal set size (mean and median), reduction relative to the
full candidate library, and empty-set rate.

6.4 RESULTS

Coverage Validity and Efficiency. Across both tasks, em-
pirical coverage remains close to the nominal levels, con-
firming validity under Z-GW scoring, as reported in Tabled]
and Fig.[5] We evaluate efficiency through conformal set size
and reduction relative to the candidate library. On Coloring,
SCQR conditioned on |£(z)| performs similarly to CP: the
median set size is 1 for both, with over 95% average reduc-
tion, and conditioning on the ResNet embedding brings only
marginal further gains in mean reduction. On Molecule Re-
trieval, conditioning matters more. SCQR based on |L(z)|
offers only a modest improvement over CP, while condition-
ing on the spectral embedding DREAMS () yields a much
sharper reduction in conformal set size, roughly halving it
relative to CP while keeping coverage close to nominal. The

same pattern holds at the lower 80% target with the weaker
EMBCOS base predictor: | £(x)|-conditioned SCQR tracks
CP closely, whereas DREAMS (z)-conditioned SCQR again
produces markedly smaller sets.

Choice of conditioning attribute. Table 2] compares con-
ditioning choices for SCQR on the Coloring dataset. While
marginal coverage is achieved by all variants, the choice
of w(z) has a significant impact on conditional coverage.
SCQR with image embeddings yields the most robust worst-
slab coverage, outperforming candidate set size condition-
ing, suggesting that richer input representations better cap-
ture heteroscedasticity across instances.

Table 2: Marginal and worst-slab coverage for different
SCQR conditioning attributes on the Coloring dataset. Slabs
group inputs by number of candidates.

Method Marginal Coverage ~ Worst-Slab Coverage
CpP 90.2% 64.7%
SCQR |L(x)| 90.3% 67.6%
SCQR ResNet(x) 90.2% 73.5%
= *  Experimental Coverage
~ 08 7
T —— Lower Bound
=< 0.6 | ]
Q
© ggql ]
Ny 0.
102 :
S
& 0.0 ]
0.0 0.2 0.4 0.6 0.8 1.0

P(Y, 11 & £(Xpp1))
Figure 4: Empirical coverage as a function of the proba-
bility of ground-truth absence from the candidate library

P(Y,41 ¢ L£(X,+1)), evaluated on the Coloring dataset.
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Candidate set incompleteness. When the assumption that
the ground-truth output is always contained in the candidate
library fails, Remark 4.9 provides a theoretical lower bound
on coverage as a function of the incompleteness probability
P(Yn41 ¢ L(Xn+1)). Figure [d empirically validates this
bound on the Coloring dataset by artificially removing the
ground truth from the candidate library with increasing prob-
ability. Empirical coverage degrades gracefully and remains
above the theoretical lower bound throughout.

Coverage Rate by Candidate Set Size

» 0.8
g
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---- Target: 90%

Coverage Rate by Candidate Set Size
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Figure 5: Empirical coverage versus candidate set size, for
CP (left) and SCQR (right). For SCQR, the attribute function
w(x) is task-dependent: w(z) = |L(x)| (candidate set size)
for Coloring, and w(xz) = DREAMS(xz) (mass-spectrum
embedding) for Molecule Retrieval.

7 CONCLUSION

We introduced a conformal prediction framework for graph-
valued outputs grounded in the Z-Gromov—Wasserstein
geometry. By defining nonconformity through Z-GW, the
method provides distribution-free coverage guarantees while
respecting the permutation-invariant structure of graphs. We
further proposed Score Conformalized Quantile Regression
(SCQR), which yields adaptive prediction sets by condi-
tioning on input-dependent signals, improving efficiency
without compromising validity. More broadly, the frame-
work extends naturally to other metric for graph data and to
other structured output spaces representable as Z-networks,
such as meshes, point clouds, and distributions, suggesting
a general geometry-aware approach to uncertainty quantifi-
cation in structured prediction.
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A MORE ON THEORETICAL RESULTS

A.1 PROOF OF PROPOSITION
Proof. Fix orderings Vi = {vy,...,v,} and Vo = {wy, ..., w,} and identify w;, wy with their matrix representations.

(=) Assume G; ~ G5. By Deﬁnition there exist a finite Z-network W = (Viy, ww, uw ) and measure-preserving
maps ¢1 : Viy — Vi and ¢5 : Viy — V5 such that

* *
ww = Qw1 = Prwe  pw & pw-a.e.
Since p1 is uniform and measure preserving,

W@ ) =me) = - e,

hence ¢, is surjective; similarly for ¢5. Writing iy = Zgzl 0y, With ¢ > 0, the above implies
1
Z Cp = — Yv e Vi,
n
up: p1(ug)=v
and analogously for ¢,.

Since Vyy is finite with full-support measure, the pullback identity holds everywhere:

ww (u,u') = wi(d1(u), ¢1(u')) = wa(d2(u), P2(u')) Vu,u' € Viy.
Choose a section s : Vi — Vyr with ¢; o s = idy, and define ¢ := ¢9 0 s : V1 — Va. Then

wi(vi, v5) = walp(vi), p(v;)) Vi, 5,

SO w1 = *ws. Since 11 and ji2 are uniform atomic measures and ¢ is measure-preserving, each fiber ¢ ~!({w}) has mass
1/n. As [V1| = |V2| = n, this implies that all fibers are singletons and hence ¢ is bijective. Let P = (P;;) € o, be the
permutation matrix defined by

Pij = Tw=pwi)

so that w; = PTwyP.

(<) If w; = PTwyP for some P € o, let  be the associated bijection and set W := G1, ¢1 := id, ¢2 := ¢. Both maps
are measure-preserving and the pullback identity holds everywhere, hence G1 ~ Go. O

A.2 EXTRA RESULTS FOR SECTIONEI

Lemma A.1 (Measurable maps preserve equality in distribution). Let (0, F,P) be a probability space. Let Z and Z' be
random variables taking values in a measurable space (Z,%z), and let g : Z — ) be a measurable map into another
measurable space (V,Xy). If

Z

then }
9(Z) =

Proof. Let B € %y be arbitrary. Since g is measurable, g~ 1(B) € Xz, and therefore
P(g(Z) e B) =P(Z e g *(B)) =P(2' € g "(B)) =P(g9(2Z') € B).

Since this holds for all measurable sets B C ), we conclude that g(Z) and g(Z’) have the same distribution. O
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A.3 PROOF OF LEMMA [4.7]
Proof. Exchangeability of (X;, Y;)"_, means that for any permutation o of {1,...,n},
d
(X1, Y1, X0, Y0) = (Xoa), Yo1)s o Xo(n) Yo(n))-

Define the measurable map g : X x M — X x M, g(x,y) := (z,h(y)). Since h is measurable, so is g. Applying g
componentwise and invoking Lemma[A.T] we obtain

~ ~ d ~ ~
(Xla Yi,..., Xn7Yn) = (XO'(l)?YO'(l)? s aXa(n)7YU(n))a

where Y; = h(Y;). Since this holds for all permutations o, the sequence (X, Y;)_, is exchangeable. O

A.4 PROOF OF PROPOSITION

Proof. By invariance of s under ~, it factors through the canonical projection h and induces a score on M. By LemmalA.1]
the score sequence {s(X, Yi)}?jll is exchangeable. Standard conformal prediction theory |Angelopoulos et al.[[2023] then
yields

P(Y,41 € CH(Xpp1)) > 1 — .

By construction, membership in C2* () is characterized by the inequality s(z,y) < §1_q. Since s(x,y) = 3(x, h(y)), this
criterion depends on y only through its equivalence class h(y): for any y,y’ € 9 with h(y) = h(y'),

yeCM(z) <= oy eC(x).
In other words, C2* (=) is a union of equivalence classes, containing either all node relabelings of a given graph or none of
them. In particular, denoting by h = (B) := {y € M : h(y) € B} the preimage of a set B C M,
ey (z) = C (), where C}'(z) := h(C2(2)) .

Let 17”+1 := h(Y,,+1); its law is the pushforward measure Pf’n+1 = hy Py, ,, which is well defined since M is equipped
with the quotient o-algebra, under which h is measurable by construction. Then

P(Ynﬂ € CQ/‘(X,IH)) — P (Y1 € b (CM(X11)))
= P(Yn-i-l € C?(Xn-i-l)) )

Combining with the coverage guarantee in 91 yields P(Yn_i'_l ecM (Xn+1)) >1—a. O

A.5 PROOF OF PROPOSITION

Proof. Define the residuals E; = s(X;,Y;) — ¥(w(X;)) fori = 1,...,n + 1. Since (X, Yi)?jll are exchangeable and the
functions s, w, and v are measurable and independent of the calibration data, the sequence (E1, ..., E,11) is exchangeable.

For 8 € (0,1), let gg(V1, ..., Vi) denote the [5k]-th smallest value of (V1, ..., Vy), so that the threshold reads ¢;_,, =
¢1—-a(En, ..., Ey, +00). First note that
En+1 S (I1—a(E17 ey Ena +OO) — En+1 S qlfa(Ela sy Ena En+1)u

since replacing 400 by E,, 1 leaves the [(n 4 1)(1 — «)]-th smallest value unchanged whenever E,, ;1 lies above it, and
both events hold whenever E,, 1 lies below it. By exchangeability of (F1, ..., F,11), the event that E,, 1 is among the
[(n+1)(1 — a)] smallest of the n + 1 residuals has probability at least [(n + 1)(1 — a)]/(n + 1), hence

[(n+ 1)1 = a)]

P(F < Gi_gy) >
(n+1_q1 (x)— n+1

>1—-a.

Since V41 € C(Xpn41) <= Ent1 < §1—a, the marginal coverage guarantee follows. O
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B EVALUATION METRICS

This appendix details the metrics reported in Table ] for comparing conformal prediction (CP) and score-conditional quantile
regression (SCQR) on graph-valued outputs with finite candidate sets.

Setup. For each test input z, let £(z) denote the associated candidate set of graphs, and let C, (x) C L(z) be the conformal
prediction set constructed at nominal coverage level 1 — .. Let y denote the ground-truth graph.

Empirical Coverage. Empirical coverage is computed as

Cov(1l — o) ! Y Hyelal@)}

I
| test| (x,y) EDyest

Both CP and SCQR are evaluated at the same nominal level 1 — a.

Prediction Set Size. The prediction set size for an input x is given by |C, (x)|. We report both the mean and the median of
this quantity across the test set to account for potential skewness in the distribution of set sizes.

Relative Reduction. To quantify efficiency relative to the original candidate set, we define the relative reduction for each

input as
[£(@)| = |Ca()]

x 100%.
£(2)] !

Reduction(z) =
We report the mean and median reduction over the test set.

Empty Set Rate. The empty set rate is defined as

s T Ham =0}
(

2,Y) €Dsest

This quantity reflects how often the conformal procedure returns no candidate graph and is reported as a sanity check in
finite-candidate settings.

Remark B.1. Reporting both mean and median statistics is crucial due to the typically heavy-tailed distribution of candidate
set sizes. While both CP and SCQR are guaranteed to satisfy marginal coverage, differences in set size and reduction reflect
their relative efficiency, with SCOR expected to yield more adaptive prediction sets.

Remark B.2. We distinguish between validity, defined as marginal coverage, and efficiency, defined as the size of the
conformal prediction set. Since prediction set size is meaningful only when the ground truth is contained in the conformal
set, we report mean and median prediction set size and relative reduction conditioned on coverage, i.e., over the subset

{2 | (x,y) € Diests y € Calx)}.

As a consequence, the reported candidate set statistics in Table @l may differ across methods, since they are computed only
over the subset of inputs for which the conformal set contains the ground truth. Because each method achieves coverage on
slightly different instances, the corresponding candidate set averages are evaluated on different subsets. Coverage itself is
always reported over the full test set.
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C EXPERIMENTAL DETAILS

C.1 DATASETS
We describe here the datasets and evaluation protocols used for the Coloring.
Coloring (Synthetic). For the Coloring task, we use the synthetic dataset introduced in[Krzakala et al|[2024]. The dataset

already provides predefined test and validation splits, in which we used 10k for each. We use the test split for conformal
calibration and report all evaluation metrics on the validation split.

Input Image Ground Truth Graph Predicted Graph
fg :I}) cMm

T P
V7
L L

Figure 6: Coloring dataset examples using ANY2GRAPH as graph predictor.

C.2 TRAINING

For the Coloring task, we use ANY2GRAPH [Krzakala et al.,[2024]]. Both models were trained using the default configurations
provided in their respective official repositories, without additional hyperparameter tuning.

Training was performed on NVIDIA A100 GPU. Conformal calibration and evaluation were conducted on CPU.

SCQR calibration based on candidate set size |£(z)| was done by fitting a|linear quantile regressor to predict calibration set
non-conformity scores from |£(x)|.

SCQR calibration based on DREAMS embeddings was done by training a 2-layer neural network to predict non-conformity
scores from them.

The architecture is as follows:

e Linear (768, 384)
e ReLU
e Linear (384, 1)
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The network was trained with the following parameters:

Table 3: embedding-based SCQR neural network training parameters

Parameter

Value

Optimizer
Learning rate
Batch size

Early stopping patience
Early stopping minimum loss improvement

Adam
0.001
32

3
0.0001

Complete training on the 10 000 samples of the calibration set takes a few seconds.

C.3 EXECUTION TIME

Execution time is a concern when working with graphs, especially in conformal prediction where a single prediction may be
compared to thousands of candidates. We report here the effects of various FGW hyperparameters on computation time on

the Coloring dataset.

The following results were obtained using a Lenovo P16s Gen 4 with an intel ultra 7 chip.
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Figure 7: Time taken to compute a FGW distance between a pair of Coloring dataset graphs with various amounts of nodes.
Notice how the performance of uniform initialization is offset from the others, given that it is the default initialization of the
FGW algorithm, not requiring prior computations. The adjacency cost matrix scales very badly with the amount of nodes.
At 10 nodes per graph, it is already 20 times slower than the other options.



A Runtime for each cost matrix with FD prior
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Figure 8: Computation time of the FGW distance between a pair of coloring dataset graphs with the FD prior. Although the
adjacency cost matrix yields good conformal performance, it is not recommended when working with large graphs.

C.4 EXTRA RESULTS

Table 4: Comparison of conformal prediction (CP) and score conformalized quantile regression (SCQR) on graph-valued
outputs with finite candidate sets. Acc denotes the base predictor retrieval accuracy.

Conformal Set Size | Candidate Set Size Reduction % 1

Dataset Model fo Method CE‘TF% ) Mean Median Mean Median Mean Median ra];::l(%ltwg, 1
Coverage 1 — a = 90%
Colors ANY2GRAPH cp 90.2 4 1 205 223 95.8%  98.9% 8.9%
‘ Ace: 82% SCQR | £(z)| 90.3 4 1 201 223 95.6%  98.9% 8.8%
SCQR ResNet (x) 93.0 4 1 205 218 96.2%  98.9% 5.7%
cp 90.0 59 56 152 159 60.4%  61.0% 0.0%
iij"cfraféff oo~ II:AS;?ESN SCQR | £(z)] 90.0 a7 48 147 159 64.5%  64.5% 0.0%
uct: [M+CH3 COOH-H] ce: T1.8% SCQR DREAMS(z)  89.7 29 19 151 159 79.4%  86.7% 0.7%
, cP 90.0 166 184 250 256 33.4%  25.8% 0.0%
fg’dec_frage;ZZOH . MSALIGN SCQR |£()]| 90.9 165 184 252 256 34.4% 25.8%  0.9%
uct: [MHCOOH-H] e 31.1% SCQR DREAMS(z)  90.2 143 154 250 256 42.6%  36.3% 0.2%
Coverage 1 — a = 80%
Soectraverse EMBCOS cp 84.7 51.9 53 144.3 133 64.1%  63.5% 0.0%
D oo g SCQR | £(z)] 84.7 52.1 54 144.3 133 63.9%  63.5% 0.0%
uct: [M+CH3 COOH-H] ce: 39.9% SCQR DREAMS(z)  79.7 27.8 18 144.1 159 80.0%  84.3% 0.0%
Soectraverse EMBCOS cp 87.2 1200 95 255.8 256 53.1%  62.9% 0.0%
Spectraverse P SCQR | £(z)] 86.4  119.0 93 255.8 256 53.5%  63.7% 0.0%
uct: [M#K] ce: 25.0% SCQR DREAMS(z)  83.4  112.8 85 255.8 256 55.9%  66.8% 0.0%
Spectraverse EMBCOS CP 80.2 124.8 146 250.0 256 49.7%  43.0% 0.0%
Spectver R SCQR | £(z)] 88.8  165.0 151 250.6 256 34.4%  40.6% 0.0%
et [M] ce: 37.9% SCQR DREAMS (z) 79.3  108.0 144 250.0 256 56.2%  43.8% 2.6%

C.5 RESULTS BY HYPERPARAMETER

The choices of the Gy FGW prior transport and of the cost matrix both influence the speed of convergence and the
performance of the produced distances for conformal set prediction.
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Table 5: Summary of acronyms used in the experiments.

Category Acronym  Description
A Adjacency
. L Laplacian
Cost Matrix ¢ Lsvm Laplacian (symmetrically normalized)
SP Shortest Paths

Feature Diffusion:
FD Solution to the Earth Mover’s Distance
problem for given nodes of feature augmented vector (F, AF')

Initial Transport Plan Laplacian Feature Diffusion:

Go LFD Same as Feature Diffusion but with features (F, LF’)

LFD-sym Sym-Norm Laplacian Feature Diffusion:
Same as Feature Diffusion but with features (F, L°Y™F)
Identity matrix:

Id when the two graphs have the same amount of nodes,
else use the solver’s default initialization.

. Uniform:
Uniform

FGW solver default initialization (uniform transport).

Table 6: Cost matrix impact on different tasks. The colors task uses the feature diffusion G prior.

Empirical Mean Median Mean Median Empty

Task Cost Matrix Coverage setsize| setsize] reduction (%) 1T reduction (%) T rate (%) |

A 90.2% 4 1 95.8% 98.9% 9.0%
Colors Lsvm 90.4% 4 1 95.8% 98.9% 8.5%
L 90.8% 4 1 95.5% 98.7% 8.3%
SP 90.1% 205 223 2.2% 0.0% 2.6%

Table 7: G prior impact on different tasks. The colors task uses the adjacency cost matrix. Note that uniform G prior often
converges very slowly.

Task Go Empirical Mean Median Mean Median Empty
Coverage setsize| setsize] reduction (%) 1T reduction (%) T rate (%) |

LFD 90.4% 4 1 95.8% 98.9% 8.7%

FD 90.2% 4 1 95.8% 98.9% 9.0%

Colors  Uniform 90.1% 4 1 95.8% 98.9% 8.7%

LFD-sym 90.0% 4 1 95.8% 98.9% 8.8%

Id 90.4% 6 2 94.4% 97.9% 5.1%

4496



	Introduction
	Related Work
	Background
	Conformal Prediction
	Z-Gromov Wasserstein Distance

	Conformal Graph Prediction
	Problem Setup
	General Framework for Conformal Graph prediction
	Practical Restrictions

	Locally Adaptive Graph Conformal Prediction
	Numerical Experiments
	Synthetic Dataset
	Molecule Retrieval
	Experimental Protocol
	Results

	Conclusion
	More on Theoretical Results
	Proof of Proposition 4.4
	Extra results for Section 4
	Proof of Lemma 4.7
	Proof of Proposition 4.8
	Proof of Proposition 5.1

	Evaluation Metrics
	Experimental Details
	Datasets
	Training
	Execution time
	Extra Results
	Results by hyperparameter


