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Abstract

Exact marginalization in deep Gaussian processes
(DGPs) is analytically intractable, typically requir-
ing computationally costly sampling-based approx-
imations. We introduce the Gaussian process neu-
ron, a computational unit built on a novel Wasser-
stein exponential kernel. By defining a compos-
able map between factorized Gaussian measures,
this unit enables analytical uncertainty propaga-
tion; concurrently, optimizing deterministic induc-
ing variables via maximum a posteriori estimation
ensures strict probabilistic rigor. By eliminating
sampling variance and the depth-scaling compu-
tational bottlenecks of Monte Carlo methods, our
approach enables exact probabilistic variants of
diverse architectures, including DGPs, multilayer
perceptrons, and Kolmogorov-Arnold Networks.
Empirically, these networks demonstrate superior
uncertainty calibration relative to state-of-the-art
approximate DGP frameworks, alongside high-
dimensional scalability and robust compositional
expressiveness.

1 INTRODUCTION

Gaussian processes (GPs) [Rasmussen and Williams|, [2005]]
provide a rigorous probabilistic framework for approximat-
ing functions with well-calibrated uncertainty. However, the
shallow architectural priors limit their capacity to represent
highly complex or compositional features. Deep Gaussian
processes (DGPs) [Damianou and Lawrence, |2013]] address
this limitation by hierarchically composing multiple sparse
Gaussian processes (SGPs) [Hensman et al., 2013]]. Nev-
ertheless, the composition of latent stochastic functions in
DGPs renders exact marginalization analytically intractable.

To circumvent this intractability, the standard approach re-
lies on approximate inference, such as Markov chain Monte

Carlo (MCMC) [Havasi et al.,2018|) or variational inference
(VD) combined with Monte Carlo (MC) sampling [Salim{
beni and Deisenroth, 2017, |Yu et al.L 2019, Xu et al.| 2024].
However, these sampling-based techniques introduce sub-
stantial computational cost scaling multiplicatively with the
number of MC samples. Furthermore, as model depth in-
creases, achieving low-variance gradient estimates requires
a correspondingly large sample size.

To avoid the burdens of sampling, recent research has ex-
plored parametric adaptations for deterministic optimization.
Interpretable DGPs [Lu et al.l 2020]], for example, approxi-
mate the DGP posterior by calculating exact moments, but
this is only viable in the low-variance regime and lacks
the scalable sparse approximations utilized by other DGP
models. Another prominent deterministic approach is the
deep sigma point process (DSPP) [Jankowiak et al.,2020b],
which explicitly optimizes a finite Gaussian mixture derived
via a learnable quadrature across the layers. While these
methods successfully circumvent MC sampling, they heav-
ily rely on structural approximations or restrictive assump-
tions that fundamentally limit their topological generality
and expressive capacity.

In this work, we propose a paradigm shift from approxi-
mate stochastic sampling to exact, deterministic uncertainty
propagation. We introduce the Gaussian process neuron,
a probabilistic computational unit that enables exact un-
certainty propagation across factorized Gaussian measures.
By incorporating a novel Wasserstein exponential kernel
(WEK), this unit analytically maps input Gaussian moments
to output moments, thereby defining a composable map
between factorized Gaussians. This fully parametric formu-
lation completely eliminates sampling variance and avoids
scaling issues incurred by MC sampling, remaining compu-
tationally efficient regardless of model depth.

The analytical tractability of this unit allows it to practi-
cally serve as a modular building block for diverse topo-
logical structures. While constructing probabilistic variants
of architectures like multilayer perceptrons (MLPs) and
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Kolmogorov-Arnold Networks (KANs) [Liu et al., [2025] is
theoretically possible with standard DGPs, sampling-based
inference renders them computationally prohibitive. In con-
trast, the proposed unit makes exact probabilistic variants
of these classical topologies computationally feasible. Our
empirical evaluations confirm that these exact formulations
achieve superior uncertainty calibration compared to ex-
isting approximate GP models on regression tasks, scale
efficiently to high-dimensional image classification, and ac-
curately represent symbolic functions. Codes are available
at github.com/Meng-QX/Gaussian-Process-Neuron.

2 BACKGROUND

Gaussian Process. A Gaussian process (GP) [Rasmussen
and Williams| 2005]] represents a distribution denoted by GP
over a real-valued function f : & — R. A GP generalizes
multivariate Gaussian distributions to functions such that the
function values at any finite subset of X are jointly Gaussian
distributed. Formally, a GP is specified by a mean function
m : X — R and a positive definite covariance function
(ak.a . kerne) k: X x X — R,

FC) ~ GP(m(), k(- ), (1)
where m(-) = E[f(-)] and k(-,-") = Cov(f(-), f(-')). The

function values u evaluated at inputs Z = {z,,}M_, c X
follow an M -variate Gaussian distribution

p(u|Z) = N (ujmy, Kuu), 2)

where my, [m] = m(z,,) and Kyu[m, m'] = k(zpm, 2m/).
Sparse Gaussian Process. The uncountably infinite set
of random variables represented by a GP can be partitioned
into a finite subset u = f(Z) given by Equation [2[and its

complement evaluated at X'\ Z,
k(,Z)
b , 3
Kuu } ) ©)

fC) m()| | kC,)

V) ()i

where k(-, Z)[m] = k(-, z,,) and k(Z, ") [m] = k(zpm, ).
Then a sparse Gaussian process (SGP) [Snelson and Ghahrat
mani, 2005/ Titsiasl 2009, Hensman et al., [2013]] can be
obtained by conditioning f(-) on the inducing variables u
evaluated at learnable inducing points Z,

()|uz gP( ()7 (7'/))5
m(-) =m(:) = k(-, Z)K —u), @

k('?'):k('ﬂ') k(- ) (Z7'/)'
Intuitively, by restricting the original GP (prior) to only
those functions consistent with the pseudo observations
{u, Z}, the resulting SGP (posterior) encapsulates more
information than the prior.

Deep Gaussian Process. A deep Gaussian process (DGP)
[Damianou and Lawrencel 2013] is a hierarchical composi-
tion of SGPs in which the outputs of a layer become the in-
puts of the subsequent layer. An L-layered DGP represents a
distribution over a real-valued function g(-) : RPo — RPz,

g() = [(f¥ ", 25 oo (f1 ', Z9)] (), )

where f!(-)|u!, Z!~1 is the I-th multi-output SGP, a collec-
tion of D; independent SGPs sharing the same inputs from
RPi-1. The inherent stochasticity of GPs renders exact in-
ference for DGPs analytically intractable. This difficulty can
be viewed either as the challenge of propagating a random
variable through the non-linear SGP layers, or equivalently,
as the impossibility of analytically integrating out the inter-
mediate latent variables to obtain the marginal likelihood.
Consequently, the intractability necessitates approximate
inference techniques, such as variational inference (VI) and
Monte Carlo (MC) methods [Salimbeni and Deisenroth,
2017, Havasi et al., 2018]].

Wasserstein Metric. The Wasserstein metric, which was
introduced by L. V. Kantorovich [Kantorovich, |1960], de-
scribes the minimal cost to transform one probability mea-
sure to another. Formally, the p-Wasserstein distance be-
tween two probability measures « and 3 on a metric space
(M,d) is

— 3 /g i
Wt = (it [ rennen)’ ©

where I'(a, 3) is the set of joint measures on M x M with
marginals « and 5. When equipped with the Euclidean met-
ric dg(x1,@2) = ||@1 — X2]|2, the squared 2-Wasserstein
(W2) distance between the Gaussian measures induced by
random variables x; ~ N (1, X1) and xo ~ N (9, X5)
admits an analytical expression [Dowson and Landau} |1982,
Olkin and Pukelsheim, |1982],

WQQ,dE(XbX?) = |lpy — Hz”g

1 1 (N

FTE(E) + By — 2B 2e87)2).
Note that the Wasserstein metric given by Equation [6| can
alternatively be defined over random variables as in Equa-
tion[7] and the two notations will be used interchangeably
hereinafter.

3 GAUSSIAN PROCESS NEURONS

In this section, we present the formulation of the Gaussian
process neuron, an SGP-based probabilistic computational
unit that allows for exact uncertainty propagation.

Firstly, we define a novel positive definite Wasserstein expo-
nential kernel on the space of factorized Gaussian measures
(joint Gaussian measures that factorize as a product of their
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marginals). Subsequently, an SGP neuron is constructed
by incorporating the proposed kernel. It takes as inputs
the mean and variance specifying a Gaussian measure and
computes the principled output mean and variance, thereby
defining a composable map between factorized Gaussians.
Finally, we regularize the neuron via maximum a posteriori
(MAP) estimation to prevent overfitting while preserving its
principled uncertainty propagation, and demonstrate that its
computational complexity matches a standard SGP up to a
marginal overhead.

3.1 WASSERSTEIN EXPONENTIAL KERNEL

For factorized Gaussians x ~ N (u, diag(o?)), the W22,dE
distance given by Equation [7|simplifies to

W3 4, (x1,%2) = [y — poll3 + lor — o213 (8)

A similar simplification exists for the W3 distance based on
the weighted Euclidean metric dyy (1, x2) = ||[c ® (z1 —
x2)|l2 with positive weights ¢, as it is equivalent to the
W22 4, distance between linearly transformed Gaussians,

W3 g (X1,%2) = W5 4 (cOx1,¢0%x2). (9

The VV22 4y distance under the factorization assumption is
identical to the squared Euclidean distance between the con-
catenations of the weighted mean and standard deviation
vectors. Consequently, as an application of Schoenberg’s
theorem [Schoenbergl |1938|], any valid radial kernel defined
on a Euclidean space naturally induces a valid, positive
definite kernel on the space G*° of s-variate factorized Gaus-
sians by simply substituting the Euclidean distance with the
W 4y, distance.

Wasserstein Exponential Kernel. Applying this substi-
tution to the canonical squared exponential (SE) kernel
kse(x1,T2) = exp(—|lc ® (£1 — x2)||3), the Wasserstein
exponential kernel (WE kernel) k. : G° x G° — R with
positive weights ¢ can be defined as

kwe (X1,%2) = exp(—W3 4, (c Ox1,€ O x2)).  (10)

A WE kernel can be scaled by a positive parameter 72 to
model covariances greater than 1, which is omitted here for
simplicity.

Since the WE kernel is an extension of the SE kernel to
the space of factorized Gaussians, it inherits the parame-
ter simplicity, infinite smoothness, and separability across
dimensions [Scholkopf and Smolal |2002]]. Moreover, the
computation on the means and standard deviations is also
separable, that is, a WE kernel factorizes as the product
of one SE kernel on the mean space and another on the
standard deviation space,

kwe(xlax2) = kse(ﬂlaﬂQ)kse(Ula02)7 (11

both of which have the same weights c as the WE kernel.

3.2 SPARSE GAUSSIAN PROCESS NEURONS

WEK-SGP. A Wasserstein exponential kernel sparse
Gaussian process (WEK-SGP) is a conditional GP over
the space of real-valued functions f : G° — R. It is formu-
lated by conditioning a prior GP with the WE kernel on a
set of inducing points Z = {z,,}}_; C R?® and inducing
variables u € RM as defined in Equation

Since modeling output correlations is not of primary con-
cern, we can interpret the WEK-SGP as a parametric
function over individual inputs. Specifically, for an input
x ~ N (py,diag(a2)), the output is a univariate Gaussian

f),Z ~ N(ug, 0),
pp = m(x) = kue(x, Z) Ky (my — ), (12)
07 = kwe(%,X) — kwe(x, Z)K i kwe (2, %),

where Kyu[m, m'] = kse(2Zm, 2m/), as the inducing points
are deterministic. By effectively defining a map from G*
to G, the WEK-SGP can serve as the computational unit
(neuron) of an intricate map represented by a neural network
that is obtained by the vectorization and composition of
neurons. Importantly, as the map defined by a WEK-SGP
is analytically tractable, it enables the exact propagation of
uncertainty through neurons, which is represented by the
variances of Gaussians.

@

Figure 1: The structure of a WEK-SGP neuron.

Since the output variance (7]% in Equation entirely de-
pends on the WE kernel, it is reasonable to define the mean
function m(-) on the mean space as m(x) = m(p, ) for sim-
plicity. The uncertainty is thereby propagated exclusively by
the WE kernel, making it easier to quantify. The structure
of the resulting WEK-SGP neuron is shown in Figure [T

3.3 PRINCIPLED UNCERTAINTY PROPAGATION

Following Equation [T} the cross-covariance between the
input x and inducing points Z (degenerate Gaussians with
zero variances) factorizes as kye(X, Z) = Axkse(y, Z),
where A\x = ke (0x,0) = exp(—||c ® ax]|3). Substituting
this representation into Equation[12]yields

Hf = m(“’x) - )‘ste(p’xv Z)K;&(mu - u)v

13
U? =1- Aikse(ﬂxvz)KJ&kse(Zvﬂx)v 1

where we exploit the fact that k.. (x,x) = 1 for any x.

4499



An SGP given by Equation [ can be interpreted as a poste-
rior resulting from updating the GP prior to correspond with
the pseudo observations {Z, u}, where the updates are rep-
resented by the additive terms. For a WEK-SGP rewritten in
Equation the input variance o2 only appears in the term
Ax € (0, 1], which acts as a coefficient for the update terms.
To elucidate the effect of input uncertainty on the outputs,
we express the output mean and variance of a neuron as con-
vex combinations of their prior values and posterior values,
using \x and A2 as the respective weighting coefficients,

By = (]‘ - )\x)m(ﬂx) + )‘Xm(/'l’x)a
2 2 27, (14)
Uf = (1 - )‘x) + )‘xk(u’x)v
where
M) = M (f) = Koe (s Z) Ky (M — 1), (15)

l;(u’x) =1- kse(“’xa Z)K;&kse(zaux)-

This formulation explicitly demonstrates how the model
interpolates between the prior and the posterior based on
input uncertainty. The interpolation coefficient Ay is strictly
decreasing with respect to each dimension of variance 0’37i.
Consequently, as the input variance increases, the coeffi-
cient Ay decreases from 1 toward 0, causing the output

mean /iy and variance O'J% to monotonically revert from the

posteriors 7 (g, ) and k(p,) to the priors m(pu, ) and 1.
Intuitively, as the input becomes more uncertain, the output
loses confidence in the specific posterior and relies more on
the uninformed prior.

As a sanity check, for deterministic inputs with zero vari-
ances 0',2( = 0, the coefficient becomes Ay = 1 and the
WEK-SGP reduces to a standard SGP with the SE kernel.
Conversely, for inputs where some o2 ; — o0, the coeffi-
cient A\x — 0 and the output approaches the prior, indicating
that no information can be extracted from extremely noisy
Inputs.

Notably, the posterior variance I;:(p,x) is strictly bounded
above by the prior variance 1 by the properties of conditional
Gaussians. Therefore, an increment in the input variances
leads to an increment in the output variance, aligning with
the intuition that a more uncertain input should produce a
more uncertain output.

3.4 POSTERIOR REGULARIZATION VIA MAP

In standard DGPs, the intractability of intermediate latent
variables typically requires approximate inference. Varia-
tional inference (VI), for instance, introduces a stochastic
posterior distribution ¢(u) over the inducing variables [Sal{
1mbeni and Deisenrothl 2017, [Yu et al., 2019, Xu et al.,
2024]. Instead, we maintain the inducing variables u as
deterministic point estimates optimized via maximum a pos-
teriori (MAP) estimation, a strategy firstly proposed for

parametric GPs [Jankowiak et al., 2020al]. For our WEK-
SGP architecture, this deterministic approach is necessary
for two reasons.

Firstly, because the WEK-SGP neuron propagates Gaus-
sian distributions, the final output of our model remains a
tractable Gaussian. This enables the direct evaluation and
optimization of the exact marginal likelihood, bypassing
approximate lower bounds entirely. Secondly, introducing
a distribution over u would inject detrimental stochasticity
into the neuron. As derived in Equation [[3] the posterior
variance k(. ) is bounded strictly above by 1 only when
conditioned on deterministic inducing variables. Marginal-
izing over a stochastic ¢(u) would inflate this predictive
variance, potentially violating the bound a? < 1 and de-
stroying the monotonicity of the variance interpolation.

Therefore, maintaining u as a deterministic point estimate is
essential. To prevent overfitting, we regularize this estimate
using the GP prior p(u) = N (umy, Kyu). Let In p(y|X)
denote the log-marginal likelihood (LML) of the observa-
tions {X,y} (detailed in Section ). The MAP objective
can be formulated as

L =Inp(y|X) + Inp(u). (16)

In this objective, the log-prior Inp(u) serves as a struc-
tural regularizer. Crucially, as proved in Appendix [A.T] the
intensity of this regularization on u is equivalent to the
penalty imposed on the mean of the variational posterior
¢(u) in mean-field VI [Hensman et al., 2013] |Salimbeni
and Deisenroth, 2017]]. Thus, our MAP formulation pre-
serves the essential regularization properties of VI without
injecting additional stochasticity that would compromise
our principled uncertainty propagation.

3.5 COMPUTATIONAL COMPLEXITY

The computational complexity of a WEK-SGP matches that
of a standard SGP up to a marginal overhead for the compu-
tation on the input-variance, avoiding the sample-dependent
scaling inherent to Monte Carlo (MC) approximations in
standard DGPs. For a batch of B inputs in R” and M
inducing points, the optimization cost is dominated by form-
ing and inverting the covariance Ky, (O(M?(D + M))),
and computing the input-dependent terms k. (Z, ) and
Kyl ks (Z, py) (O(BM(D + M))). Conventional DGPs
and extensions thereof approximate intractable expectations
using S MC samples per input, which scales the input-
dependent costs to O(SBM (D + M)). Moreover, as model
depth increases, achieving low-variance gradient estimates
requires a correspondingly large S, aggravating the compu-
tational burden. By parametrically propagating distributions,
our WEK-SGP neuron circumvents the sampling method,
enabling deterministic optimization and evaluation that re-
mains efficient regardless of model depth. We empirically
validate this computational advantage over doubly stochas-
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Figure 2: The structures of WEK-DGP (left), WEK-GPLAN (middle), and WEK-GPKAN (right). Black nodes represent
the variables propagated from bottom to top (deterministic inputs, intermediate Gaussian moments, and final predictive
distributions). Transformations applied along the edges are denoted by square blocks, where "GP" signifies a WEK-SGP

neuron and "A" represents an affine transformation.

tic (DS)-DGP [Salimbeni and Deisenrothl 2017, profiling
the runtime across varying network depths, widths, numbers
of inducing points, and MC sample sizes in Appendix [C]

4 PROBABILISTIC NETWORKS WITH
GAUSSIAN PROCESS NEURONS

In this section, we detail the construction and inference
formulation of probabilistic networks built from WEK-SGP
neurons. Firstly, we outline the integration of WEK-SGP
neurons into various network topologies. Subsequently, we
formulate the predictive distribution as a finite Gaussian
mixture to capture non-Gaussian marginals. Finally, we
define the training objective via MAP estimation, yielding
an exact and variance-free optimization framework.

4.1 NETWORK ARCHITECTURES

To formalize the networks architectures, we characterize
the dense representation of a layer by how it computes a
scalar output node from a D-dimensional input (GP — GU).
Deep networks are subsequently constructed by stacking
layers, where each layer concatenates multiple independent
node computations. We highlight three distinct paradigms,
as illustrated in Figure [2]

WEK-DGP. The foundational architecture follows the
standard DGP [Damianou and Lawrencel [2013]]. We define
the WEK-DGP, where the i-th output node is computed by
a single multivariate WEK-SGP neuron f; : GP — G that

processes the entire D-dimensional input,

yi = fi(x). (17)

While highly expressive, this paradigm requires maintaining
inducing points in high-dimensional spaces, which can be
computationally demanding.

To alleviate the dimensionality challenge, we can decou-
ple the dimension mixing from the probabilistic non-linear
mapping. Crucially, the family of Gaussians is closed un-
der affine transformations, that is, if x ~ N (u, ), then
Ax+b~N(Ap+b, AXAT) for any matrix A and vec-
tor b. This property guarantees that a univariate WEK-SGP
can seamlessly substitute a standard point-wise activation
function following any linear operation.

WEK-GPLAN. Following the MLP structure, we define
the WEK-GP learnable activation network (WEK-GPLAN).
The ¢-th output node projects the input to a scalar via an
affine transformation, followed by a univariate WEK-SGP
neuron f; : Gt — G*,

yi = fi({ai,x) + b;). (18)

The baseline mean function of f; is typically set to standard
non-linear activations, such as ReLU and Tanh.

WEK-GPKAN. Alternatively, the Kolmogorov-Arnold
Network (KAN) [Liu et al., 2025]] decouples the mapping by
placing learnable non-linearities on the edges. Because the
sum of independent univariate Gaussians remains Gaussian,
this paradigm also fits the compositional GP model. We
define the WEK-GPKAN, where the i-th output node applies
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an independent univariate WEK-SGP neuron f; ; : G! —

G* to each input dimension and sums the results,
D
vi= _ Jiile)) (19)

While these three paradigms are formulated as dense net-
works without loss of generality, the underlying WEK-SGP
neurons can be adapted immediately to other topological
structures. Provided the architectural dimension-mixing op-
erations remain linear, these dense formulations naturally
extend to spatial and graph-based DGPs, such as Convolu-
tional DGPs [Blomgqvist et al., 2020} [Dutordoir et al., |2020]
and Graph Convolutional DGPs [Opolka and Li6)} 2022].
Furthermore, by substituting standard activation functions
with univariate WEK-SGP neurons, we can construct ex-
act probabilistic variants of classical deterministic topolo-
gies, including CNNs [Lecun et al., [1998]], GCNs [Kipf and
Welling,, 2017, vanilla RNNs [Elman, |1990]], and recent
KAN extensions [Bodner et al., [2025| Kiamari et al., [2024]].

Beyond supervised learning, our WEK-SGP neuron pro-
vides a rigorous foundation for broader probabilistic frame-
works. By circumventing sampling bottlenecks while main-
taining strict tractability, our modular unit is highly suit-
able for integration into probabilistic circuits (PCs) [Choi
et al.l 2020] and generative GP architectures—specifically
GP-LVMs [Lawrencel 2005]] and GP-VAEs [Casale et al.,
2018|]—which we defer to future work.

4.2 PREDICTIVE DISTRIBUTION

The predictive marginal of a standard DGP is intrinsically
non-Gaussian and multi-modal [Lu et al., [2020]. While
conventional VI approximates it via MC sampling, stan-
dard mean-field VI [[Salimbeni and Deisenroth, [2017] funda-
mentally fails to model multi-modal marginals [Salimbeni
et al., 2019]. We formally demonstrate in Appendix
that this limitation stems from the expected log-likelihood
(ELL) in the VI objective, which inherently suppresses
multi-modality.

Various strategies address this limitation, including intro-
ducing latent variables [Salimbeni et al., [2019], employ-
ing MCMC-based inference [Havasi et al., [2018]], or ex-
plicitly optimizing a finite Gaussian mixture [Jankowiak
et al.,2020b]]. Building upon the explicit mixture strategy,
we extend our architecture to output a Gaussian mixture,
thereby circumventing the pitfalls of VI. The final layer em-
ploys parallel heads to generate X components with means
() and variances o7 (x), weighted by parameters 7y,
constrained such that 25:1 7, = 1. Incorporating a Gaus-
sian likelihood with observation noise variance o2, the
predictive distribution is

K
pyle) = ZkzlmN(y\uk(w),ai(w) +0oo.). (20)

While optimizing the LML resolves the multi-modality lim-
itations of standard VI, unconstrained mixture models are
susceptible to capacity misallocation [Makansi et al., 2019,
Jankowiak et al.,[2020b]. When the mapping is single-valued
but highly variable, the objective can improperly favor dis-
tributional complexity over functional complexity. For in-
stance, rather than learning a complex, high-frequency map-
ping, the model may converge to a simplified mean function
compensated by a static, multi-modal predictive distribution
(exemplified in Section @ To mitigate this risk, we restrict
the predictive distribution to a single component (K = 1)
by default for standard regression tasks.

4.3 OPTIMIZATION OBJECTIVE

The proposed networks are trained via MAP estimation,
as formulated in Section 3.4l Given the observations
{Zp, yn }\_,, we maximize the sum of the log-marginal
likelihood of the predictive mixture and the log-priors over
the model parameters. The objective function is defined as

N
L= 27:,:1 Inp(yn|en) + Inp(U) + Inp(@), (21)

where p(y,,|,) is the marginal given by Equation 20} and
U denotes all inducing variables in the model. The term &
encapsulates all remaining learnable parameters, including
the kernel hyperparameters and the affine weights.

S RELATED WORK

The composition of latent functions in DGPs [[Damianou and
Lawrence, |2013|| renders exact marginalization intractable.
The seminal work of DS-VI [Salimbeni and Deisenroth)
2017] effectively approximates the DGP posterior by com-
bining mean-field VI with MC sampling. Subsequent work
introduces techniques such as importance weighting [Sal{
imbeni et al., |2019], adversarially generated implicit pos-
terior [[Yu et al.,|2019]] and denoising diffusion SDEs [Xu
et al.,[2024] within the VI framework to enhance posterior
modeling. Alternative non-VI inference strategies include
expectation propagation [Bui et al.,2016] and Markov chain
Monte Carlo methods [Havasi et al., [2018]].

Distinct from the work dedicated to posterior approxima-
tion for the probabilistic DGP, some research explores the
parametric formulations to enable deterministic optimiza-
tion. Deep sigma point process [Jankowiak et al., 2020b]
explicitly optimizes a finite Gaussian mixture derived by a
learnable quadrature across the layers. Interpretable DGPs
[Lu et al, 2020] approximates DGPs as shallow GPs by
calculating the exact moments in the low variance regime.
Similarly, a recent work [Chenl 2024]] considers the first
moments of univariate SGP outputs to achieve analytical un-
certainty propagation in the Kolmogorov-Arnold Network
architecture [Liu et al., 2025]].
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Figure 3: Predictive distributions on a 1D ‘DGP’ synthetic dataset. Random samples shown in white are drawn from the
marginals of: DS-DGP (left), which exhibits mode collapse; WEK-DGP with K = 1 (middle), which averages across
disjoint clusters; and WEK-DGP with K = 4 (right), which captures the multi-modal structure.

Figure 4: Predictive distributions on a 1D periodic step function denoted by the red lines. Random samples shown in blue are
drawn from the marginals of: DS-DGP (left), which overestimates variance; WEK-DGP with K = 1 (middle), which tightly
fits the mapping; and WEK-DGP with K = 4 (right), which misallocates capacity via spurious bi-modality or placing

density between plateaus.

While the aforementioned methods primarily focus on
feedforward architectures, further research adapts DGPs
to diverse structural topologies. Deep convolutional GP
[Blomgvist et al., 2020} |Dutordoir et al.| [2020] integrates
convolutional operations within the DGP framework to
process spatial data, while deep graph convolutional GP
[Opolka and Li6|[2022] extends these formulations to graph-
structured domains. Exploring other architectural composi-
tions, thin and deep GP [de Souza et al., [2023] utilizes GPs
to successively parameterize linear transformations applied
to the inputs.

In the broader landscape of deep probabilistic modeling,
Bayesian neural networks [Jospin et al., 2022]] place prior
distributions over network weights to capture epistemic un-
certainty. Conversely, deep kernel learning [Wilson et al.|
2016bla] applies a GP over a deterministic network feature
extractor to construct a highly expressive model, despite its
known susceptibility to overfitting [Ober et al.| 2021].

6 EMPIRICAL EVALUATION

In this section, we empirically evaluate the proposed proba-
bilistic networks. We first analyze its inference dynamics on
synthetic tasks, illustrating both its capability to model non-
Gaussian marginals and the risks of capacity misallocation.
We then assess its predictive performance on standard regres-
sion benchmarks, highlighting the stability and efficiency
of the exact optimization objective. Finally, we validate its
topological versatility across proposed network architec-
tures. Experimental settings are detailed in Appendix

6.1 SYNTHETIC TASKS

To evaluate predictive distributions on non-Gaussian data,
we adopt a 1D synthetic dataset that maps the horizontal
coordinates of the letters ‘DGP’ to their vertical coordi-
nates. As shown in Figure 3] the mean-field approximation
of DS-DGP exhibits mode collapse, while the unimodal
WEK-DGP averages across the disjoint data clusters. In
contrast, WEK-DGP with K = 4 components successfully
captures the discontinuous, multi-modal marginals, accu-
rately recovering the structural branches of the glyphs.

To illustrate the potential for capacity misallocation, we
evaluate the models on a 1D periodic step function. As
shown in Figure@ WEK-DGP (K = 4) exhibits two distinct
behaviors: in some regions, it places predictive mass in the
empty space between plateaus, while in others, it models
spurious bi-modal distributions across both 4-0.5. While
both DS-DGP and WEK-DGP (K = 1) recover the step
structure, DS-DGP yields visibly larger predictive variance,
a known issue of its variational objective [Jankowiak et al.,
2020alb]. This empirically justifies restricting WEK-SGP to
K =1 for standard regression.

6.2 BENCHMARK REGRESSION DATASETS

We evaluate the WEK-DGP on 12 UCI regression datasets
[Dua and Graft, 2017]], with the sample size ranging from
N ~ 10*to N ~ 10° and input dimension 3 < D < 380
(detailed in Appendix [B.4). We compare against four strong
GP baselines, including SGP with a recent variational bound
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Table 1: Average ranking of the methods across 12 regression datasets. Results are aggregated across 5 random train-
ing/test/validation splits and reported as mean rank + standard deviation.

SVGP-new SV-DKL  DS-DGP DSPP WEK-DGP
NLL 390+£1.36  3.50+£0.79 3.78+0.92 2.23+1.41 1.58+0.72
RMSE  3.52+1.48 272133 3.18+1.05 2.99+1.49 2.58+1.52
CRPS  3.82+1.49 3.20£1.05 3.78+0.83 2.26+1.44 1.94+1.02
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0.02 022 1.07 1.30 -0.47 -0.16 -0.25 1.61 -2.19 -0.44 0.77 0.87 -1.78 -1.05 -2.59 -1.19 -2.49 -0.70 0.05 0.53 1.09 1.17 -0.14 -0.00
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Figure 5: We depict NLL (top), RMSE (middle), and CRPS (bottom) for 12 regression datasets. Results are averaged over 5
random training/test/validation splits. Uncertainty bars denote standard errors.

(SVGP-new) [2023], stochastic variational DKL
(SV-DKL) [Wilson et all,[2016a]], DS-DGP
[Deisenroth), 2017], and deep sigma point process (DSPP)
[Jankowiak et al.} [20200].

Table T] summarizes the average model rankings across all
12 datasets for negative log-likelihood (NLL), root mean
square error (RMSE), and continuous ranked probability
score (CRPS) [Gneiting and Raftery}, 2007]]. These metrics
capture distinct aspects of model performance: RMSE eval-
uates deterministic point prediction accuracy, NLL assesses
uncertainty calibration, and CRPS measures overall uncer-
tainty quantification. WEK-DGP consistently outperforms
all baselines, achieving the best average rank across all
three metrics. Notably, while SV-DKL exhibits competitive
point-predictive accuracy by closely matching WEK-DGP
in average RMSE rank, its intrinsic defects severely de-
grade uncertainty calibration 2021]]. Conversely,
WEK-DGP maintains accurate point prediction while yield-
ing superior uncertainty quantification. The dataset-specific
performance is detailed in Figure [5]and Appendix [B.4]

To further evaluate optimization dynamics and scalabil-
ity, we analyze convergence on another large-scale dataset,
houseelectric (N ~ 2 x 105, D = 11). Figure@tracks
the validation NLL across varying network depths (L €
{2,3,4}). Throughout the optimization process, the NLL
trajectory of WEK-DGP remains below that of the sampling-
based DS-DGP. This demonstrates that the exact LML ob-
jective provides a highly efficient learning signal across all
iterations, ultimately stabilizing at a lower final optimum
with better-calibrated predictive uncertainty.

6.3 TOPOLOGICAL VERSATILITY

To evaluate the high-dimensional scalability of WEK-
GPLAN, we apply it to flattened image classification tasks
on MNIST (D = 784) and CIFAR-10 (D = 3072). Using
identical network structures of depth L = 4, we compare
WEK-GPLAN with ReLL.U and SiLU mean functions against
deterministic learnable activation networks (LANSs) utiliz-
ing their respective parametric counterparts, PReL.U

[2015]] and Swish [Ramachandran et al., 2018]]. The
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Figure 6: Validation NLL convergence on the houseelectric dataset for model depths L = 2 (left), L = 3 (middle), and

L = 4 (right) in 5000 iterations. The optimization trajectory of WEK-DGP remains below that of DS-DGP across all
iterations, stabilizing at a lower final NLL plateau.

Table 2: Classification error rates (%) on MNIST and CIFAR-10. Results are reported as mean + standard deviation across 5

random training/validation splits.

PReLU GP-ReLU Swish GP-SiLU
MNIST 2.68+£0.07  1.79+0.09 = 2.08+0.06  1.67+0.04
CIFAR-10 = 50.88+0.24 46.08+0.48 46.19+0.46 45.17+0.37

Table 3: Average ranking of RMSE on 10 symbolic function datasets across varying network depths. Results are aggregated
across 5 random training/test/validation splits and reported as mean rank + standard deviation.

L=2

L=3 L=14

KAN

5.22+1.48 4.03+£1.05

3.30+1.22

WEK-GPKAN 4.02+1.49 2.42+1.34 2.02+1.33

LANS allocate independent activations per channel, whereas
WEK-GPLAN applies a single univariate WEK-SGP neu-
ron across all dimensions. Both strategies yield comparable
total parameter counts.

As reported in Table 2] WEK-GPLAN consistently yields
lower error rates than the LAN baselines. Notably, while
the deterministic Swish network significantly outperforms
PReLU, this gap narrows considerably in our probabilistic
framework. This indicates that the expressiveness of the
WEK-GPLAN derives primarily from local adjustments
of WEK-SGP to the baseline function to create complex
segmentations in the feature space rather than depending
solely on the global geometry of the chosen activation.

Finally, to further verify the compositional capabilities
of our method, we evaluate the WEK-GPKAN on 10 2-
dimensional symbolic functions, mirroring the symbolic
regression benchmarks of [Liu et al.|[2025]]. We compare the
standard deterministic KAN against our probabilistic WEK-
GPKAN across varying network depths (L € {2,3,4}).

As detailed in Table [3]and Appendix [B.5] WEK-GPKAN
consistently achieves strictly lower average RMSE ranks
than the spline-based KAN at every equivalent depth. Struc-
turally, the mean of an SGP operates as a weighted sum
of kernel basis functions centered at the inducing points,
making it analogous to the B-splines. Given this structural

equivalence, we conjecture that the exceptional expressive-
ness of our WEK-SGP neuron arises from its probabilistic
nature, which provides a more robust landscape for making
local geometric adjustments to the function space.

7 CONCLUSIONS

We introduce the GP neuron, a probabilistic computational
unit that utilizes a novel Wasserstein exponential kernel
to bypass the computational bottlenecks of Monte Carlo
approximations. By defining a composable map between
factorized Gaussian measures, this framework introduces
a mechanism for exact analytical uncertainty propagation.
Unlike the intractable or approximate marginalization in-
herent to standard DGPs, this exact formulation completely
eliminates sampling variance and drastically reduces mul-
tiplicative computational costs. We demonstrate that this
computational efficiency makes probabilistic variants of
various deep network architectures practically viable. Em-
pirically, these networks achieve highly competitive uncer-
tainty calibration compared to state-of-the-art GP baselines
on regression tasks, scale efficiently to high-dimensional
image classification, and demonstrate remarkable accuracy
on symbolic functions. Ultimately, our approach provides
arigorous and adaptable foundation for deep probabilistic
modeling.
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Exact Uncertainty Propagation via Gaussian Process Neurons
(Supplementary Material)

Qiuxian Meng' Yongyou Zhang'

Xiamen University

A  FURTHER DETAILS ABOUT THE PROPOSED METHOD

A.1 EQUIVALENCE OF VI AND MAP REGULARIZATION

In mean-field VI for GPs [Hensman et al., 2013 |Salimbeni and Deisenroth, 2017|], the method introduces a variational
posterior g(u) = N (u|u, X) on the inducing variables to approximate the prior p(u) = N (u|my, Kyy). The optimization
objective, known as the evidence lower bound (ELBO), regularizes this distribution via the Kullback-Leibler (KL) divergence

Dt (a(w)lp(w) = 5 {TrKGIS) + (i — m) K (1 — ) = M I (K + |5}

During optimization, the regularization specifically applied to the variational mean p is governed entirely by the quadratic
term, as all other terms are independent of w. Thus, the negative gradient with respect to the mean is

~VuDkr(a(w)[p(w)) = K (1 — my).
Our deterministic method directly optimizes the point estimate u via MAP estimation. The regularizer in Equation|16|is the
log-prior
Inp(u) = f% {(u—m,) " Kgi(u—my) — MIn@2r) — In|Kuu|} -
Similarly, isolating the terms dependent on the inducing variables u leaves only the identical quadratic form. The gradient of

this regularization term with respect to the deterministic estimate u is

-1
Vaulnp(u) = —K ,;(u—my).

Comparing the two gradients reveals that they are identical. Therefore, the structural penalty—the intensity with which the

estimate is pulled toward the prior mean m, based on the covariance K,,,—is perfectly preserved when transitioning from

the variational mean g in VI to the deterministic point estimate u in MAP.

A.2 LML VERSUS ELL FOR MIXTURE DISTRIBUTIONS

We provide a comparison between the expected log-likelihood (ELL) objective utilized in standard VI and the log-marginal
likelihood (LML) of a finite mixture, specifically examining how each formulation influences the modeling of multi-modal
distributions.

Assume the predictive marginal is approximated by a K -component mixture, where the latent function f follows a variational
distribution ¢(f) = Zszl 7kqk (f), with each component g, (f) = N (f|uk, 07) and the mixture weights 7 summing to 1.
For an observation y with the standard Gaussian likelihood p(y|f) = N (y|f, 02,,), standard VI maximizes the ELL

Eqn lp@lH] = Y miky o mp(ulf)]

_ 1 K 9 9 1 1 9
= —szszk:l (wk((y — pk)”+ Uk)) - 5111(2”) 3 In(ogy)-
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This linear summation in the first data-fitting term demonstrates that the ELL imposes a simultaneous penalty across all
mixture components. If a component j specializes on a distant mode relative to the current observation y, its expected
squared error grows large, driving its ELL toward —oo. Because the total objective is a weighted linear sum, a single
mismatched component exerts a lethal penalty that drags the entire ELL toward co. To avoid this strong regularization, the
optimization encourages all i (f) to cover the global mean of the data, which inherently restricts the capacity to represent
true multi-modality.

Conversely, explicitly optimizing the exact LML of the finite mixture yields

iy [p17)) =1 (1 mEuncr [o01))

_ K Tk (y — px)? )
In (Zk—l 2r(of + 02,,) P < 207 +02,) ) ’
Due to this log-sum-exp structure, the LML fundamentally alters how failed components are penalized. The squared error
of any distant component is passed through an exponential function, strictly bounding its contribution from below at 0.
Consequently, the LML requires only a single component to adequately explain y. if one component successfully captures
the relevant mode, it provides a strictly positive mass to the inner summation. Crucially, the mismatched components merely
asymptote to 0 and safely drop out of the sum, entirely avoiding the lethal —oo penalty. By placing the logarithm outside
the expectation, the LML inherently facilitates component specialization, enabling the robust modeling of distinct modes
without the zero-forcing penalties induced by the VI expectation.

B FURTHER EXPERIMENTAL DETAILS AND RESULTS

B.1 MODEL INITIALIZATION

We include affine mean functions in WEK-DGP and WEK-GPKAN, with the weights initialized by Kaiming normal
distribution [He et al., 2015]]. The same initialization applies to the linear weights in the affine layers of WEK-GPLAN.
The kernel length-scales are initialized to ¢ = 1. The kernel output-scale is initialized to 72 = 1 in WEK-GPLAN and
WEK-GPKAN, whereas in WEK-DGP we initialize it to 72 = D} to avoid an extremely small weighting coefficient
Ax — 0 in the subsequent layer. The inducing points Z are initialized by k-means clustering on the dataset, utilizing the
k-means++ initialization scheme. The inducing variables are initialized to the prior means as u = m(Z). The observation
noise variance is initialized to 0%, = 1.

The baseline models follow the above initialization strategy. We use the squared exponential kernel with automatic relevance
determination (ARD-SE kernel) for the models that contain GPs.

B.2 OPTIMIZATION DETAILS

For UCI regression, image classification and symbolic function datasets, results are averaged over five independent runs
with random data splits. For the regression datasets, the data are partitioned into training, validation, and test sets with a
ratio of 0.6/0.2/0.2. For the image classification task, we randomly select 10000 samples from the standard training set for
validation.

All models are optimized using the Adam optimizer with the learning rate decayed exponentially from 10~2 to 1073, We
use a minibatch size B = 1024 in all experiments except for the image classification tasks, for which we set B = 256. For
the medium size regression datasets (N < 10°), we train for 5000 epochs. For the remaining large scale regression datasets,
we train for 500 epochs. For the image classification datasets, we train for 100 epochs.

B.3 SYNTHETIC TASKS

For both synthetic datasets, we use 2-layered DS-DGPs and WEK-DGPs with shape [1, 4, 1]. We set M = 16 for DS-DGPs
and single-component WEK-DGPs (K = 1), and M = 8 for multi-component WEK-DGPs (K = 4), ensuring comparable
total parameter counts across models. We perform 1000 optimization iterations on these two datasets without monitoring, as
these experiments are intended solely to evaluate each model’s ability to learn the underlying data modes.
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B.4 BENCHMARK REGRESSION DATASETS

Table 4| summarizes the total number of observations (V) and input feature dimensions (D) for the 12 standard benchmark
datasets utilized in our regression experiments.

Table 4: Summary of the benchmark regression datasets, detailing the number of samples (/V) and input dimensions (D).

kin8nm kin32nm  pumadyn8nm  pumadyn32nm kin40k protein

N 8192 8192 8192 8192 40000 45730
D 8 32 8 32 8 9

keggdirected slice keggundirected 3droad song buzz
N 48827 53500 63608 434874 515345 583250
D 20 380 27 3 90 77

To ensure a fair evaluation across the regression benchmarks, we configure all methods to have comparable total parameter
counts. For the deep architectures (DS-DGP, DSPP and WEK-DGP), we employ 2-layered models with a hidden layer width
of D; = min(D, 16). Each of these deep models utilizes M = 64 inducing points. To match this capacity in the shallow
SVGP-new, we allocate a proportionally larger budget of M = 1024 inducing points. For SV-DKL, the deterministic feature
extractor is structured as a single-hidden-layer perceptron with a width of min(D, 16) x 32, followed by an output SGP
utilizing M = 256 inducing points. Crucially, under these controlled capacity constraints, WEK-DGP strictly maintains the
fewest learnable parameters among all evaluated methods. We configure DS-DGP with S = 16 Monte Carlo samples. To
avoid the capacity misallocation phenomena detailed in Section[d.2] we restrict DSPP to a single quadrature point (S = 1),
and our proposed models to a single Gaussian output component (X = 1) for all subsequent experiments.

Table E] provides the detailed NLL, RMSE and CRPS results across the 12 regression datasets.

B.S TOPOLOGICAL VERSATILITY

To evaluate the scalability and architectural adaptability of the proposed models, we detail the structural configurations used
for the image classification and symbolic regression tasks.

For the image classification benchmarks, the feedforward architecture for MNIST is configured with layer widths of
[784,256, 64, 16, 10]. For the more complex CIFAR-10 dataset, we expand the network capacity to [3072, 1024, 256, 64, 10].
Across both tasks, the univariate GP neurons within the WEK-GPLAN models are consistently parameterized by M = 64
inducing points.

For the symbolic regression tasks mirroring [Liu et al.|[2025]], the networks are constructed to process 2-dimensional inputs
and predict a scalar output. For each target function, the dataset consists of 10000 uniformly sampled data points. Both
standard KAN and WEK-GPKAN maintain a uniform width of 5 across all hidden layers. The spline-based edges in the
standard KAN employ a grid size of G = 128, whereas the probabilistic edges in the WEK-GPKAN utilize M = 64
inducing points. Under this parameterization, WEK-GPKAN requires strictly fewer learnable parameters than standard
KAN at every equivalent depth L.

Table [6] provides the detailed RMSE results across the 10 special functions, corroborating the aggregated rank improvements
discussed in Section

While WEK-GPKAN demonstrates superior expressiveness across the majority of the evaluated functions, Table 6] reveals
a distinct failure mode on the highly oscillatory real spherical harmonic (I = 5,m = 3), where our model suffers
an order-of-magnitude degradation and extreme variance compared to the standard KAN. This failure stems from the
inherent optimization dynamics of sparse GPs in high-frequency regimes. Because the inducing point locations and kernel
lengthscales are jointly optimized, dense oscillations create a severely non-convex objective landscape. If the initial
inducing points fail to align with the function’s local extrema, the gradient-based optimization frequently collapses into
poor local optima—often learning an overly broad lengthscale that oversmooths the target, explaining the massive variance
across random initializations. Consequently, for practitioners, this indicates that WEK-GPKAN may struggle with extreme
high-frequency signals unless the architecture is augmented with specialized, frequency-aware initialization strategies.
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C EMPIRICAL RUNTIME PROFILING

To empirically validate the computational efficiency discussed in the main text, we profile the training runtime of the
proposed WEK-DGP against the sampling-based DS-DGP [Salimbeni and Deisenroth} 2017]]. The evaluations measure the
average computational time per training iteration required to process a fixed batch size B = 256. All profiling experiments
are executed on a single NVIDIA RTX 3090 GPU to ensure hardware consistency.

As illustrated in Figure[7] the deterministic nature of WEK-DGP completely circumvents the sample-dependent scaling factor
inherent to DS-DGP. Across all combinations of network widths (D) and numbers of inducing points (M), the DS-DGP
runtimes scale multiplicatively with the number of MC samples (.S). As the network depth increases along the x-axis of each
subplot, the computational overhead of DS-DGP compounds significantly, represented by the steep slopes. Crucially, we
emphasize that this computational penalty is severely exacerbated in wider models and configurations with more inducing
points. This highlights a fundamental limitation of standard DGPs: attempting to scale to wider, more expressive architectures
using MC sampling incurs a prohibitive computational cost. In contrast, WEK-DGP maintains a consistently flat, highly
efficient trajectory across all depths, widths, and numbers of inducing points, confirming that parametrically propagating
distributions avoids the severe computational bottlenecks associated with sequential MC sampling.
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Figure 7: Training runtime per iteration across varying architectural configurations. The 3 x 3 grid displays varying network
widths D € {4,8,16} (rows) and numbers of inducing points M € {64, 128,256} (columns). Within each subplot, the
x-axis represents the network depths L € {2, 3,4}. Lines correspond to DS-DGP with S = 4 MC samples (blue), DS-DGP
with S = 16 MC samples (green), and WEK-DGP (orange).
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Table 5: NLL, RMSE and CRPS on 12 regression datasets. Results are reported as mean + standard deviation across 5

random training/test/validation splits.

SVGP-new SV-DKL DS-DGP DSPP WEK-DGP
kin8nm 0.145+0.006  0.046+0.015  0.052+0.013  0.194+0.022  -0.007+0.016
kin32nm 1.079+0.008  1.198+0.017  1.244+0.057 1.101+0.011  1.088+0.007
pumadyn8nm  -0.289+0.017 -0.286+0.024 -0.288+0.017 -0.188+0.028 -0.434+0.032
pumadyn32nm @ 0.989+0.626  0.231+0.069  1.297+0.019 -0.189+0.012 -0.221+0.028
kin40k -0.447+0.007 -1.826+0.026 -1.263+0.028 -2.1224+0.072 -2.046+0.037
NLL protein 0.841+0.009  0.825+0.011  0.860+0.013  0.792+0.023  0.789+0.017
keggdirected = -1.062+0.014 -1.083+0.011 -1.077+0.013 -1.500+0.098 -1.691+0.093
slice -1.427+0.005 -1.274+0.079 -2.103+0.048 -2.464+0.127 -2.216+0.084
keggundirected = -0.718+0.015 -0.753+0.010 -0.743+£0.005 -1.734+0.149 -2.330+0.156
3droad 0.348+0.013  0.481+0.016  0.520+0.013  0.104+0.054  0.431+0.091
song 1.170+£0.002  1.165+0.002  1.158+0.002  1.093+0.002  1.098+0.002
buzz -0.003+£0.002  -0.032+0.003  -0.037+0.002  -0.135+0.004 -0.135x+0.003
kin8nm 0.282+0.002  0.252+0.003  0.256+0.003  0.295+0.006  0.249+0.003
kin32nm 0.713£0.005  0.796+0.019  0.840+£0.046  0.728+0.006  0.718+0.005
pumadyn8nm = 0.181£0.003  0.182+0.004  0.181+£0.003  0.200+0.005  0.179+0.004
pumadyn32nm | 0.748+0.281  0.302+0.022  0.884+0.017  0.196+0.003  0.193%0.005
kin40k 0.147+0.002  0.042+0.001  0.064+0.002  0.060£0.004  0.062+0.003
RMSE protein 0.562+0.007  0.553+£0.005 0.576+0.008  0.584+0.012  0.554+0.009
keggdirected 0.085+0.001  0.083+£0.001  0.084+0.001  0.084+0.002  0.087+0.002
slice 0.043+0.001  0.049+0.012  0.033£0.004  0.024+0.009  0.025+0.003
keggundirected = 0.118+0.002  0.114+0.001  0.116+0.000  0.117£0.002  0.121+0.002
3droad 0.339+0.004  0.389+0.007  0.406+£0.005  0.429+0.019  0.509+0.039
song 0.780+£0.001  0.775+0.002  0.771+0.002  0.768+0.002  0.769+0.001
buzz 0.241£0.001  0.234+£0.001  0.233+0.001  0.233+0.000  0.234+0.000
kin8nm 0.157£0.001  0.141+0.002  0.142+0.002  0.164+0.004  0.137%0.002
kin32nm 0.401+0.004  0.448+0.009 0.474+0.026  0.409+0.004  0.404+0.003
pumadyn8nm = 0.100+£0.002  0.100+£0.003  0.100+£0.002  0.111+0.003  0.095+0.002
pumadyn32nm @ 0.422+0.159  0.170+0.012  0.498+0.010  0.111+0.002  0.109+0.003
kin40k 0.081+0.001  0.021£0.001  0.035+0.001  0.022+0.002  0.024+0.001
CRPS protein 0.305+0.003  0.295+0.003  0.311£0.004  0.294+0.009  0.289+0.004
keggdirected 0.037+0.001  0.035+0.001  0.037+£0.001  0.030+0.001  0.031+0.001
slice 0.027+0.000  0.031+0.004  0.016+0.001  0.009+0.001  0.012+0.002
keggundirected = 0.051+£0.001  0.049+0.001  0.049+0.000  0.035+0.001  0.035+0.002
3droad 0.181+0.002  0.209+0.003  0.219+0.002  0.201+0.010  0.252+0.021
song 0.436+0.001  0.432+0.001  0.430+0.001  0.418+0.001  0.420+0.001
buzz 0.129+0.000  0.125+0.000  0.125+0.000  0.121+£0.000  0.121+0.000
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Table 6: RMSE (x10~2) on 10 symbolic functions across varying network depths (L). Results are reported as mean +
standard deviation across 5 random training/test/validation splits.

L=2 L=3 L=4
KAN ours KAN ours KAN ours
Incomplete elliptic int. (Istkind) = 5.63£1.47 2.5740.55 1.60£0.39 0.97:0.32 124£0.10 0.9020.42
Bessel function (Istkind) ~ 0.60£0.36  0.86£0.17 = 0.17£0.13  0.0920.04 0.18£0.05 0.1620.16

Assoc. Laguerre poly. (k = 0)  18.9824.24 0.7940.26 3.74+1.01  0.20:0.05 154£0.55 0.68+0.46
Even Mathieu func. (m = 3) 7232178  0.1420.01 = 2.1240.94 0.07£0.01 233%2.46  0.09£0.05
Chebyshev poly. (Istkind) = 5.94%4.15 147£0.62 2012083 0.46:0.09 0.95:0.37 0.3720.18
Chebyshev poly. 2nd kind) ~  23.3241.72 23.56£0.71 12324605 5.99:0.46 698337 5.05:2.25
Assoc. Legendre func. (m = 0) 541+£2.87 4.61+0.37 4.11£2.41 3.18+0.54 3.21+0.39 2.14+0.44
Assoc. Legendre func. (m = 1) 19.184£5.29 13.58£0.93 11213260 5.1422.44 4.15:1.64 3.23£1.05
Real spherical harm. (I = 3,m = 2) 2.19£1.59  0.04£0.01 2.32:032 0.0520.02 1.16£0.40  0.030.01
Real spherical harm. (I = 5,m = 3)  4.6120.52 5.617.07 3.890.20 17.2748.71 2.20%0.53 16.01£10.49
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