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Abstract

This paper addresses the problem of learning
Gaussian graphical models from data contami-
nated by additive measurement error. Applying
traditional procedures to the noisy data may result
in many false discoveries. On the other hand, ex-
isting procedures that explicitly account for mea-
surement error assume that the measurement er-
ror covariance is known or can be estimated pre-
cisely. We provide two practical alternatives for
the common setting where this side information is
not available. The first proposed method follows
a partial identification approach and estimates a
graph with controlled false discovery rate when
given an upper bound on the measurement error
variances. In many settings, the precise variance
of the errors is unknown, but the scientist may still
confidently specify an upper bound. The second
framework is a sensitivity analysis that assesses
the minimum amount of measurement error re-
quired to explain away an estimated edge. This
yields an interpretable measure for practitioners
to assess which estimated edges are robust and
which may be simply due to measurement error.
We derive theoretical guarantees and show good
empirical performance in simulations. We further
illustrate the practical utility of our procedures on
a single-cell mRNA sequencing dataset.

1 INTRODUCTION

Graphical modeling is a popular tool in the natural and
social sciences for representing conditional independence
relationships in multivariate data (Caurifzen, T996; [hled,
P0TR). Specifically, a multivariate system can be repre-
sented by an (undirected) conditional independence graph
(CIG) where each node in the graph corresponds to a

variable, and the absence of an edge between two nodes
indicates that the corresponding variables are condition-
ally independent given all remaining variables. For exam-
ple, graphical models are used in neuroscience to model
brain connectivity patterns (Orfiz_efall, POTS), in systems
biology to represent gene regulatory networks (Marbach
ef_all, P0OT7), and in psychology to model interactions of
symptoms that co-occur in psychological disorders, such
as PTSD (Armonr_ef all, DOT7).

In many applications, however, the variables of interest are
not directly observed, and the sample is contaminated by
measurement error. For instance, in genomics, sequencing
protocols to extract gene expression counts do not capture
all mRNA molecules in a cell. This leads to sampling noise
since only a subset of mRNA transcripts are captured in
each cell (KTein“ef all, POT5). In these settings, the condi-
tional independence relations that hold for the “true” data
generally do not hold for the noisy observations. Specifi-
cally, the population CIG for the noisy data will typically
contain many additional spurious edges that do not exist
in the CIG for the “true” data. As a result, naively apply-
ing standard methods for graph estimation will result in an
unreliable estimated graph with many false discoveries.

There is a vast literature on explicitly correcting for mea-
surement error in general settings (Carrollef-all, P006) and
growing interest in accounting for measurement error when
estimating a graphical model (Zhang et all, PTX; Katiyar
ef_all, 201Y9; Nikolakakis et all, 201Y9; Saeed et all, 20)20a]
Byrd et all, 2ZO21; Shi et all, PO21; Casanellas et all, 2024,
Daief all, 2027). However, virtually all proposed methods
require some form of side information: typically the covari-
ance of the measurement error must be known a priori or
can at least be estimated consistently from replicates. Un-
fortunately, in the typical situation where such side infor-
mation is not readily available, practitioners are left with
no viable alternative aside from simply ignoring the error
and potentially suffering many false discoveries. As an al-
ternative, we propose two complementary frameworks that
require much weaker prior information when estimating a

Proceedings of the 42" Conference on Uncertainty in Artificial Intelligence (UAI 2026), PMLR 337:4528-4542.


mailto:<sm2267@cornell.edu>?Subject=Your UAI 2026 paper

Gaussian graphical model (GGM) from data contaminated
by additive measurement error.

The first approach follows a partial identification frame-
work (KTine_and Tamer, 2023). When the variances of the
measurement errors are unknown, the conditional indepen-
dence graph is not identifiable. However, in most settings,
the scientist may confidently specify a reasonable upper
bound on the proportion of the total observed variance that
is due to measurement error. This upper bound allows the
partial correlations to be partially identified and enables our
proposed edge-wise hypothesis tests across a range of ad-
missible noise levels. We then combine these tests with a
multiple testing correction procedure (Benjamini and Yeku-
fieli, ZO0T) to produce a reliable estimated graph that con-
trols the false discovery rate even in the presence of mea-
surement error.

The second approach is a sensitivity analysis framework. In
the causal inference literature, sensitivity analysis is a com-
mon tool to evaluate how strongly a statistically significant
result depends on untestable assumptions such as “no un-
observed confounding” (Cornfield ef all, T959; Rosenhanm
and_Rubin, T983; Imbend, P0073; Franks ef all, 2020). In
a similar spirit, we propose a sensitivity analysis that al-
lows the practitioner to quantify the minimum amount of
measurement error that could explain away an estimated
edge. This provides a transparent measure of robustness
and allows researchers to reliably distinguish which edges
in the estimated graph are robust to the presence of mea-
surement error and which edges may only appear due to a
small amount of measurement error.

Together, our proposed approaches provide valuable tools
for practitioners who require dependable graphical model
estimates but may not have precise knowledge of the mea-
surement error variability. This complements the existing
literature by providing a novel alternative along the as-
sumption vs guarantee trade-off frontier. Philosophically,
our framework avoids exploiting strong (and potentially
false) assumptions to gain a (potentially false) increase in
precision. Instead, we prioritize robustness by deliberately
relying on weaker assumptions that may result in fewer
but ultimately more reliable discoveries. We derive theo-
retical properties of our proposed approaches and demon-
strate their empirical effectiveness through simulation stud-
ies. We further illustrate the practical utility by applying
our procedures to a single-cell mRNA sequencing dataset,
identifying robust conditional dependencies while account-
ing for measurement errors.

2 PRELIMINARIES

Let X € RP be a random vector with distribution A/(0, X),
and let Q@ = %71 Let G = (V,E) denote the undi-
rected conditional independence graph associated with X,

where V. = {1,...,p} is the set of vertices and F is
the set of undirected edges. For u,v € V, the absence
of an edge between u and v (i.e., u — v ¢ F) encodes
Xu L Xy | X\ fu,0}> Where V' \ {u, v} denotes the set of
all vertices other than » and v. In the multivariate Gaussian,
Xu L Xy | Xy\{u,y is equivalent to €2, , = 0 (Cai3
rifzen, TY96). In the typical setting where X is observed
directly, popular methods for graph estimation include the
graphical lasso (Banerjee et all, Z00X; [Ynan and Tin, P00
Friedman ef all, 0O0X), CLIME (Caiefall, 2OTT), and neigh-
borhood selection (Meinshansen and BiihImann, Z006).

The false discovery rate (FDR) of a graph estimation pro-
cedure is E ((|E \ E|)/ max{|E|, 1}) where E is the esti-

mated set of edges. Several procedures have been proposed
that control the FDR below a user-specified level a (Drfon
and_Perlman, 2007/; L, 2013; lankova and van de (Geer,
ROI13; Ceeef all, POTY; Li—and Maafhd, PO21; Yo_ef all,
P071; Koka“ef-all, 2024)). Our approach is most similar to
that of Drfon"and Perlman (2007), which conducts a hy-
pothesis test for each potential edge and controls the FDR
by adjusting for multiple testing (Benjamini and Yekutieli,
P00T). However, all of the previous approaches for control-
ling FDR assume direct access to data associated with the
graph and are not applicable when the observed samples
are contaminated by measurement error.

We consider the setting where X is corrupted by additive er-
ror so that instead of observing X directly, we only observe
W = X 4 U. The measurement error, U € RP, is indepen-
dent of X and has mean 0 and diagonal covariance D. In
linear regression with measurement error, practitioners are
primarily concerned with the problem of attenuation bias,
whereby estimates of nonzero regression coefficients are bi-
ased toward zero and increase Type II errors (Fulled, 200Y).
Although attenuation bias also arises in graphical models,
a different issue is often more pressing: the population CIG
for the contaminated measurements W typically contains
many spurious edges that are not present in the CIG for X.
Thus, the measurement error may result in increased Type
I errors.

For intuition, consider the example graph in Fig. [d where
X1 L X3 | Xs. Since U is independent of X, W; L
{Wi, Xi} ey | X, but Wj is still dependent with
X; when conditioning on all other nodes. A CIG for W
and X together is shown in Fig. [H, and we can see that
Wi L W3 | Xo. However, since W5 is a noisy version of
X, conditioning on W does not fully remove the depen-
dence between Wy and W5 so W7 £ W3 | Wa. The CIG
when only considering the observed data, W, and marginal-
izing out X, the unobserved process of interest, is given in
Fig. [Id. Notably, there is an extra edge between W7 and
W3 even though there is no edge between X; and X3 in
the true graph given in Fig. [A. Thus, using the observed
data, W to estimate a CIG for X will result in additional
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edges. A numerical example corresponding to this CIG is
provided in Appendix B.

More generally, the edge u — v will only be absent in the
CIG for W if the underlying X, and X, are marginally in-
dependent. Thus if X, and X, are marginally dependent
but conditionally independent given all other nodes (i.e., in
the CIG for X, v and v are connected by a path of edges
but are not directly connected by an edge), then the CIG
for W will contain the spurious edge uw — v that is not
present in the CIG for X. We can also see in Fig. D that
(X 4+ D)~1, which encodes the conditional independence
relations for W, does not typically share the same support
as ¥~ 1, which encodes the conditional independence rela-
tions for X.

W ®m®H W
OO0 ©-O© G

() (b) (©

Figure 1: (a) The CIG for the “true” variables X7, X5, X3,
where X7 1L X5 | Xa. (b) The CIG for “true” and
noisy variables, where each W; is connected to its corre-
sponding X ;. (¢) The CIG for the noisy observed variables
Wi, Wy, Ws.

A recently growing body of work has focused on account-
ing for measurement error in structure learning procedures,
but the proposed methods rely on strong assumptions. Both
Bayesian (Byrd et all, P021; Shi“ef-all, P021)) and frequen-
tist (Saeed ef all, PO?0R) approaches have been developed
to estimate a CIG or sparse precision matrix under mea-
surement error. However, these methods assume that the
covariance of the measurement error is either known or
can be consistently estimated from replicate measurements,
or, similarly, that the partial correlations of the true vari-
ables are a known function of the covariance of the noisy
variables. Alternatively, under the strict assumption that
the true graph is a tree (i.e., a graph with no cycles), the
CIG can be recovered from noisy samples when the vari-
ances of the measurement errors are unknown but “small
enough” (Katiyar et all, 2019; Nikolakakis ef all, D(1T9; Tand
don_ef all, PO2T; Casanellas_ef all, 2074)). Finally, several
methods have been proposed for recovering directed causal
graphs from non-Gaussian linear structural equation mod-
els corrupted by measurement error (Zhang et all, Z0TX; Dai
efall, D027; [Yang et all, 2027; [Zhang et all, P073). These
methods do not require knowledge of the measurement er-
ror covariance, but the non-Gaussian assumption is crucial
for identification and estimation. In contrast to the existing
literature, we do not require that the variances of the errors
are known or can be estimated precisely; instead, we only
require an upper bound. Under these weak assumptions, the
graph is not identifiable. Nonetheless, our proposed proce-
dure delivers a reliable estimate by controlling the FDR and

exhibits strong empirical performance under the weakened
identifiability conditions.

3 PROPOSED METHODOLOGY

In the following section, we first introduce the model as-
sumptions and develop adjusted partial correlation tests
for recovering the “true” conditional independence relation-
ships from noisy observations. We then detail our false dis-
covery control and sensitivity analysis frameworks.

3.1 ASSUMED MODEL

Given n i.i.d noisy observations of W & RP, our goal is to
recover the undirected graph G = (V, E) associated with
the latent X.

Assumption 1. The process of interest is X ~ N(0,X),
and we observe W = X + U. The measurement error U,
is independent of X has mean 0 with diagonal covariance
matrix D so that cov(W) = X + D, which we denote as ©.

Assumption [ notably implies that the measurement er-
rors are independent of the true observations, X, and that
E(U,U,) = 0 for all u,v € V. This is a reasonable as-
sumption in settings such as single-cell mRNA sequenc-
ing, where technical noise is modeled separately for each
gene (Brennecke ef all, P0T3). For notational convenience,
let ©p and Xp denote the diagonal matrices formed by
taking the diagonal entries of © and X and letting all other
elements be 0.

Assumption 2. The measurement error variances satisfy
one of the following conditions.

(a) Forsomel > 6 >0, Dj; =00;; forallj €V, or
(b) For some § >0, D = 1.

Assumption D implies that either (a) the proportion of ob-
served variance that is due to the measurement error is
equal across all variables, or (b) the measurement errors
have equal variance across all variables. For instance, if
each variable is measured by the same type of sensor, it
is reasonable that the variability of the measurement errors
has similar magnitude. Assumption D(b) is also a common
assumption in many causal discovery procedures (Pefers
et_all, 2014; Loh and Biithlmann, 2014; (zhoshal and Hon4
orid, P0T7; Chen_ef all, Z01Y9). When each coordinate of
X has the same variance, then (a) and (b) are equivalent;
however, (a) may be more realistic when the variables have
drastically different scales. For brevity, the remainder of the
paper will work under Assumption B(a); however, the meth-
ods and theory generalize immediately to Assumption Di(b)
in a straightforward way.
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Figure 2: Panels (a) and (b) show a visualization of the covariance and precision matrices of the latent variable X, and
panels (c) and (d) show those of the observed variable W. White cells indicate zero entries, while darker shading denotes
larger magnitudes. Nonzero entries in (b) and (d) correspond to edges in the CIG. The precision matrix of X is sparse, but
the precision matrix of W is dense, leading to many false positives when the graph for X is estimated directly from W.

Assumption O asserts a specific structure for the measure-
ment error covariance. While this structure may initially
seem restrictive, we emphasize that it does not require §
to be known in advance. Furthermore, we emphasize that
all previous work with general graphs essentially assume
that D is either known or that the analyst has access to
replicates so that it may be consistently estimated. In the
many settings where neither are true, our alternative as-
sumption is a drastic relaxation of the only other practical
alternative: assuming no measurement error. Although the
theory extends straightforwardly beyond the assumed co-
variance structure, allowing the error variance proportions
to differ between variables introduces computational chal-
lenges. Nonetheless, we explore the impact of violating As-
sumption @ in Section BT and see that our procedures still
perform well empirically.

For multivariate Gaussians, conditional independence
Xu L Xy | Xv\fu,wy is equivalent to py o\ {uvy = 0
where py .1\ {u,0} 18 the partial correlation of X, and X,
given Xy (y,,} (Cannizen, T996). For the remainder of
the paper, we will drop the additional notation for brevity
and simply use p,,,,,.v. The partial correlation may be com-
puted directly from entries of the precision, ) = X!
where py v = g_zﬂusi . Thus, when X is directly ob-
served, Drfan_and Perlmar (P007) propose including the
potential edge u — v in FE if the following null hypothesis
is rejected after adjusting for multiple testing:

H"" : pywv = 0. (1)

When we only observe W, we cannot directly estimate
or test the empirical partial correlation p,, ,.v. However,
suppose for the moment that d = ¢ is known. We could
then adjust, @ the observed sample covariance matrix of
W, to consistently estimate the covariance of X using
Sy =6 —dOp. We could subsequently estimate the ad-

justed sample partial correlation for X:
— (82 Duw
(87 (S o

We will use Sy and p,, .. (d) to denote the corresponding
population quantities. Although Sy and f,. .. (d) will con-
sistently estimate ¥ and p,, ,.vv When d = 4, they have a
different distribution than the sample covariance and sam-
ple partial correlations calculated directly from the unob-
served X. Theorem [ gives the asymptotic distribution of
Pu,v-v(d) and uses intermediate Lemma [, which describes
the asymptotic distribution of gd_l. Further details can be
found in the proof for Theorem 1 in Appendix A.

Lemma 1. Let Iss(A) denote the p(p+1)/2 x p(p+1)/2
Isserlis matrix associated with a symmetric matrix A €
RPXP, with entries

Iss(A)ijax = AuAjr + AixAji,
for1 <i<j<pand1 <I<k<np.

(@3]

Pup-v(d) =
V

Assume that Sg is positive definite, then

Vi=T(5;t =S5 5 N(0,Vs),
where
Vs = Iss(S; )Iss(I) ™t MIss(©) MTss(I)Iss(S; 1),

I denotes the p X p identity matrix, and M is the diagonal
p(p+1)/2 x p(p + 1)/2 matrix with entries

1,
M;ji5 = {1 4

Theorem 1. Under the null hypothesis that p,, ,,.v = 0, the
test statistic T, ,,(d) when d = § is asymptotically normally
distributed:

i< j
i=j.

Vn—p+1T,.(d) = /’E““'V(d) 4 N(0,1)
Var([)uﬂ»‘/(d))
(3)
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and the corresponding unadjusted p-values are

muo(d) =21 -2 (Vo pt1Tu.@)])] @

where ® is the cdf of the standard normal distribution.

Note in Theorem [Il, the variance is the estimated asymptotic
variance of the adjusted partial correlation. By the contin-
uous mapping theorem, we can replace the unknown true
covariance with the sample covariance to obtain a consis-
tent estimator. Additionally, when calculating the p-value,
we scale the test statistic by y/n — p + 1 as a finite sample
correction for the degrees of freedom, as we condition on
(p — 2) variables (Anderson, P003).

3.2 GRAPH ESTIMATION UNDER PARTIAL
IDENTIFICATION

In most situations, the scientist does not have precise
knowledge of the measurement error variance. Thus, each
partial correlation (and subsequently the CIG) is not iden-
tified and consistent recovery of the graph is impossible.
However, the scientist can typically specify a reasonable
upper bound on the proportion of the observed variance
that may be due to measurement error. In practice, this
bound can be derived from prior knowledge of the preci-
sion of the measurement devices, such as in astronomy (Iin
efall, P025). Alternatively, previous experiments with repli-
cates may provide an upper bound, as seen in systems
biology (Klemn“ef—all, DTY; Griin_ef_all, D0T4). We de-
note this upper bound as .. For example, the scientist
may be confident that the variance of the measurement er-
ror does not exceed the variance of the true process; this
would imply dnmax = 1/2. In other settings, the scien-
tist might be confident that d,,,, may be even smaller. In
order to calculate py, v (dmax), We must also constrain

Omax < sup {t €1[0,1): )\min(St) > O} so that Sy is posi-
tive definite. Under this limited prior knowledge, the partial
correlations (and subsequently the CIG) are now partially

identified. In this section, we propose a robust estimate of
the CIG that controls the FDR.

We outline the procedure in Alg. . Specifically, for each
potential edge u — v, we test the composite null hypothesis:

H{"0) - 30 € [0, Smay] such that py_ v (d) = 0. (5)

Because the partial correlations are only partially identified,
the hypothesis in Eq. (B) that we can test with observed data
is necessary but not sufficient for the hypothesis in Eq. (),
which we cannot directly test. Thus, even with infinite data,
we may fail to reject Eq. (B) when Eq. (D) is false. Crucially,
controlling the Type I error and FDR for Eq. (H) also con-
trols the Type I error and FDR for Eq. (IIl).

To test the hypothesis in Eq. (H), we use the test statistic

T (d)], (6)

*

u — min

d€[0,0max)

which can be compared to the quantiles of a standard nor-
mal to produce a p-value. Under the null, the p-value is
stochastically lower bounded by a uniform distribution and
thus is a “valid” p-value. Because we are testing m =
@ hypotheses, adjusting for multiple testing is essen-
tial to avoid inflated Type I error rates. Since the tests for
each potential edge may be dependent, we apply the Ben-
jamini and Yekutieli (Z001) (BY) procedure to control the
FDR. The procedure adjusts each p-value as follows: The
p-values are ordered in increasing order, and define k =
< L Gy (» Where ¢(m) = 377 1. We reject
the null hypotheses for all indices ¢ < k ensuring that the
proportion of false discoveries is controlled at level av. The-
orem D formally states that our procedure controls the FDR

and follows from Theorem M and Benjamini and Yekuftieli
(POOm).

max; {

Algorithm 1: Hypothesis Testing

Input: Sample covariance @1 level a, dpax € [0, 1)
Output: Estimated edge set £
for each pair u < v do

Tu*,v = minde[O,Smax] |Tu,v(d)|
Tr:v =2 [1*(1)(\/’/1*]’)4‘17_:1,)}

Adjust 77, , according to the BY procedure

Define: £ = {(u,v) : H{""***) rejected at level o'}
return &/

Theorem 2. Suppose Assumptions I and Q(a) hold for
some § < Opax. Then, the set of edges E estimated by
Alg. [ controls the asymptotic FDR below level «; i.e.,

B\ E|

lim E | —————
max{|E|,1}

n—00

<a. )

3.3 SENSITIVITY ANALYSIS

We now propose a sensitivity analysis approach that is
“dual” to the false discovery control perspective. Our ap-
proach adapts ideas from the causal inference literature
where a sensitivity analysis for unobserved confounding
allows the practitioner to “stress test” a statistically sig-
nificant result by asking “What is the minimum amount
of unmeasured confounding that, if properly accounted
for, would overturn the current result?” (Cornfield ef all,
[959; Rosenbanm and Rubin, [T983; VanderWeele and
Ding, P0T77; Cinellirand Hazlef, 20719). In practice, no anal-
ysis can perfectly adjust for all confounding. However, if
the magnitude of unobserved confounding required to over-
turn the finding is small, then the scientist should not be
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confident that the result would hold in an “idealized anal-
ysis” that properly adjusts for all confounding. If the con-
founding required to overturn the result exceeds what the
scientist believes to be plausible, then the finding can be
considered robust.

Analogously, our proposed approach allows a practitioner
to assess the robustness of an estimated edge in E by asking
“What is the smallest amount of measurement error that, if
properly accounted for, would result in removing this esti-
mated edge?” If the size of the measurement error (parame-
terized by the proportion of observed variance due to mea-
surement error) required to remove the edge is much larger
than what the scientist deems plausible, then they may be
confident that the edge would persist in the ideal analysis
which properly accounts for the true measurement error. On
the other hand, if the minimum amount of measurement
error might be plausible for their setting, the practitioner
should be wary that the estimated edge may be removed in
the ideal analysis.

Algorithm 2: Sensitivity Analysis

Input: Sample covariance @, level «
Output: Matrix D,,;, of minimal measurement error
Define: dyax = sup{t € [0,1) : )\min(,é't) >0}

for each n € [0, dpax| do
Define 7, (1) = max;c[o,n{7Tu,(t)} from
Eq. @)
| Adjust 7y, () according to the BY procedure

for each pair u < v do
if HSU’U’O) is rejected at level o then

‘ (Dmin)uy = inf {77 - HS™ s not rejected}
else

L (Dmin)us =0

return D,;,

The procedure is outlined in Alg. . For each pair u,v € V,
we compute the test statistic T, ,,(d) and the correspond-
ing p-values over a grid of d values. To control the FDR,
we focus on edges that are initially significant when ignor-
ing measurement error (d = 0) but may become insignifi-
cant as d increases. For each pair, the procedure outputs the
minimum amount of measurement error that, if properly ac-
counted for, would result in removing the estimated edge.
The scientist can then assess whether the implied level of
measurement error is plausible or whether the edge should
be regarded as robustly estimated.

While the sensitivity analysis does not yield formal guaran-
tees similar to the previously proposed false discovery con-
trol approach, it does yield an intuitive and interpretable
measure of how robust each estimated edge is to measure-
ment error. The procedure can be applied post hoc, com-

plementing standard graphical model analyses that do not
explicitly account for measurement error and helping re-
searchers better understand the robustness of the estimated
graph.

4 NUMERICAL RESULTS

We now evaluate the finite-sample performance of the pro-
posed method in simulations and apply our methods to a
real example of gene expression data.

4.1 SIMULATIONS

We first conduct simulations where the true CIG for X
is a path graph; i.e.,, X; — Xy — ... — X, such that
Xu L Xy | Xy\fu,0y if [u —v| > 1. This model is par-
ticularly challenging in the presence of measurement error,
because all variables are marginally dependent. Thus the
CIG for W is a complete graph although the CIG for X
is sparse. We consider a p-dimensional Gaussian graphical
model with p € {10,20}. For each setting, the precision
matrix 2 has nonzero entries only on the superdiagonal and
subdiagonal, corresponding to adjacent nodes in the path,
with values drawn from U/[—1, 1]. Diagonal entries are set
as Quu =, £u || +0.1, ensuring strict diagonal domi-
nance and hence positive definiteness of (2. The correspond-
ing covariance matrix is given by ¥ = Q~!. Measurement
error is incorporated through an additive diagonal matrix
D = 2% p, where § € {0,0.2,0.4} denotes the propor-
tion of observed variance attributable to measurement error.
Observed data are sampled from a mean-zero Gaussian dis-
tribution with covariance ¥ + D. Sample sizes are taken
from n € {500, 1000, 2500, 5000, 10000}. For a more gen-
eral case, we also consider Erdos-Renyi random graphs
where edges are added between each pair of nodes with
probability ¢ € {0.25,0.5}. Given the graph, we generate
data in the same way as before. The results from the path
graphs are shown in the top panels of Fig B and the results
from the random graphs are shown in the bottom panels.

To examine the performance of the proposed FDR control
procedure from Section B we generate 500 independent
datasets for each combination of (p,d,n). Each dataset
is analyzed under eight methods: (i) a naive approach as-
suming no measurement error (6ymax = 0) and no multi-
ple hypothesis testing adjustment (ii) a naive approach as-
suming no measurement error (d,. = 0), (iii) our pro-
posed procedure with dpax = 0.1, (iv) our proposed pro-
cedure with d,,x = 0.2 (v) our proposed procedure with
Omax = 0.4, (vi) our proposed procedure with a maximal
bound (§(Amin)) based on the minimum eigenvalue con-
straint \,in, (vii) the SINful estimator of Drfon_and Perl
mran (P007), and (viii) Graphical lasso (Friedman_ef all,
PO0R). Glasso was implemented using the huge package
(Zhaa'ef all, POT?) to optimize its tuning parameters, assum-
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Figure 3: Top panels correspond to the path graph setting and bottom panels to the random graph setting. (a) FDR as a
function of the sample size n for different levels of prior knowledge on the measurement error proportion, d,,,x and other
methods (SINful, unadjusted for multiple testing, and Glasso). Rows correspond to the true measurement error proportion
0 € {0,0.2,0.4} and columns to p or (p,q) configurations in the path and random graphs accordingly. The red dashed
line indicates the nominal level o« = 0.05. (b) Power for each of the configurations, defined as the proportion of edges in
the CIG for X that are correctly estimated. (c) Sensitivity analysis for a fixed p = 10 graph: average minimal assumed
measurement error proportion required to remove each edge versus its true magnitude of partial correlation. Color indicates
the estimation frequency under the naive model. The true measurement error proportion, ¢, is 0.25 and 0.3 for the path and

random graphs, respectively.

ing no measurement error and without multiple hypothesis
testing adjustment.

Performance is evaluated in terms of edge recovery. In par-

ticular, we report the empirical average false discovery rate
|E\E]|
max{|E|,1}
the true edge set. We additionally report power, defined as
the proportion of true edges in the CIG for X that are cor-

rectly recovered.

where E denotes the estimated edge set and F

Our procedure with d,,,x = 0 coincides with the SINful
method up to a small difference in the test statistic, as ex-
pected, they exhibit almost identical performance. Thus, for
conciseness, the results from d,,,x = 0 are omitted in Fig-
ure B4. As shown in the top panel of Fig. Bd, the methods
achieve FDR control at the user-specified level o = 0.05
when the true § = 0; i.e., there is no measurement error.
However, when § = 0.2, 0.4, both methods fail to control
the FDR, especially as ¢ and p grow larger. Similarly, the
graphical lasso (Glasso) and the naive approach assuming

no measurement error (d,,x = 0) and no multiple hypothe-
sis testing adjustment (Unadjusted) fail to control the FDR
in the presence of measurement error. For our proposed
procedure, FDR control is maintained provided that the as-
sumed upper bound on the measurement error proportion
is at least as large as the true §. When the assumed bound
is smaller than the true value, the procedure fails to control
FDR, reflecting model misspecification.

As expected, when the specified upper bound is large, the
power to detect “true edges” decreases due to the non-
identifiability. In the extreme case when no prior knowl-
edge is available and the maximal admissible bound is used,
the power deteriorates substantially (Fig. BH, top panel).
However, we see that even specifying a loose upper bound
Omax = -4 results in good power while maintaining FDR
control. One counter-intuitive finding is that FDR is better
controlled in dense graphs; this is likely because there are
fewer non-edges to be falsely discovered.

To demonstrate the sensitivity analysis, we fix a precision
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matrix with p = 10 and true measurement error propor-
tion § = 0.25. For n = 5000 observations, we generate
500 replications. For each edge, we compute the minimal
measurement error proportion that must be assumed for the
edge to disappear from the estimated graph. We would ex-
pect that true edges with a larger magnitude of true par-
tial correlations require large values of ¢ to be eliminated.
The results are displayed in Fig. Bd, where each point corre-
sponds to a potential edge, with color indicating the propor-
tion of replications in which the edge is selected under the
naive model (d;,ax = 0). The horizontal axis shows the ab-
solute value of the true partial correlation, while the vertical
axis represents the average minimal proportion of variance
that must be attributed to measurement error for the edge
to be removed. Again, the top panel corresponds to a path
graph and the bottom panel corresponds to an Erdos-Renyi
graph drawn randomly (with edge inclusion probability of
.3), but fixed across all 500 replications.

As expected, true edges (i.e., those with non-zero par-
tial correlations) are frequently estimated under the naive
model and also require a larger measurement error pro-
portion to be eliminated (always above § = .3). There
are also a number of false edges (i.e, those with zero par-
tial correlations) that are still selected frequently when
measurement error is ignored (indicated by yellow points).
However, these edges are eliminated once a small propor-
tion of measurement error is accounted for (always below
& = .2). Moreover, the minimum error required to remove
true edges is well separated from the error required to re-
move false edges.

4.1.1 Violation of Assumption 2

To empirically explore the impact of violating Assump-
tion [, we generate 500 independent datasets with p = 10,
n = 5,000, and an edge inclusion probability ¢ = 0.3. The
true proportion attributed to the measurement error of each
variable, denoted d; for j € [p], is drawn from U/[0.1, d,,;]
for dy;, € {0.2,0.5}. The datasets were analyzed under two
setups: our proposed procedure utilizing a grid search up to
Omax € {0.1,0.2,0.4}, and the SINful estimator of Drfon
and Perlman (2007). As shown in Table [, even though the
error variance proportions differ across variables (violating
Assumption D), the FDR remains empirically controlled at
the nominal 0.05 level, provided that the user-specified up-
per bound dpax is greater than or equal to dp.

4.2 GENE EXPRESSION DATA

We demonstrate the proposed method on a single-cell RNA
sequencing dataset of 8569 human pancreatic cells (Baron
ef—all, DOTA) generated using the inDrop method (Klemn
efall, POTS). Gene expression data is typically zero-inflated
due to limited mRNA capture efficiency and sampling

Table 1: Empirical FDR under violations of the equal error
variance proportion assumption.

dup Omax FDR
02 01 0017
02 02 0001
02 04  0.000
02 SINful 0.110
05 01 0.118
05 02 0061
05 04 0002
0.5 SINful 0.188

variability inherent in capturing finite mRNA transcript
counts (Klein“ef all, POTY). This introduces multiplicative
noise contributing to the variability observed in the raw
count data. Following the approach in (Baron ef all, ZOTH),
we normalized and log-transformed the count data, thereby
justifying the application of our method, which assumes ad-
ditive noise.

Our analysis focuses on estimating the undirected graph,
i.e., gene co-expression network, for a set of 20 genes
known to be involved in Type II Diabetes (Sharma ef all,
20T8). As shown in Fig. B4, the graph estimated without ac-
counting for measurement error is dense. Since the noise
variance is unknown and no direct estimate is available,
we conduct a sensitivity analysis to account for measure-
ment error up to 50%. Fig. BH visualizes the edges that are
eliminated once measurement error is accounted for. The
color intensity of each edge represents the minimal pro-
portion of measurement error required for that edge to be
removed from the estimated edge set. Lighter edges are
eliminated when only a small amount of measurement er-
ror is assumed. For example, the edge between STO6GAL1
and VEGFA disappears when up to 20% of the observed
variance is allowed to be noise. In contrast, darker edges
require a larger proportion of measurement error to be
removed. The edge between VEGFA and SPP1, for in-
stance, is only removed when the assumed noise propor-
tion reaches approximately 45%. Thus, darker edges corre-
spond to conditional dependencies that are more robust to
measurement error. By aggregating the graphs estimated at
various levels of measurement error, a researcher can fix a
specific threshold (d,,,x) and obtain a single graph at that
level of measurement error. We set 50% as a conservative
upper bound on the error variance proportion since this im-
plies that the variance of the measurement error does not
exceed the variance of the true process. Edges shown in
Fig. B4 but not Fig. BH are robust under noise levels satisfy-
ing § <0.5.
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(a) Full gene co-expression network
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Figure 4: Estimated gene co-expression networks for 20 Type II Diabetes related genes from the human pancreatic single-
cell RNA-seq dataset. (a) An undirected network estimated from the normalized and log-transformed expression data
without accounting for measurement error. (b) Edges removed after incorporating measurement error through sensitivity
analysis. Edge color indicates the minimal noise proportion (¢) required to eliminate the corresponding edge, with darker

shades representing edges that are more robust to noise.

S DISCUSSION

Our proposed methods address the challenge of estimat-
ing a GGM when the sample is contaminated with additive
noise. Traditional graph estimation methods assume access
to clean data and may produce many spurious edges when
measurement error is present. On the other hand, previous
methods that explicitly account for measurement error re-
quire replicates or exact knowledge of the measurement er-
ror covariance. We propose a viable alternative when such
information is not available. Specifically, under a partial
identification approach, we may control the false discov-
ery rate of estimated edges given only an upper bound on
the measurement error variance. Although a natural conse-
quence of the weaker side information is reduced power
to detect true edges, the weak assumptions allow the prac-
titioner to be much more confident in the edges that are
ultimately estimated. We also propose a sensitivity anal-
ysis framework that interpretably quantifies the minimum
noise level needed to invalidate each estimated edge, offer-
ing practitioners a valuable tool to assess robustness.

Several interesting extensions could be addressed in fu-
ture work. While our framework greatly relaxes the typ-
ical assumption that the covariance of the measurement
error is known, it does require a simplifying assumption
that measurement error variance is a fixed (but unknown)
proportion of the observed variance. Generalizing the ap-
proach to allow varying proportions across variables so that
Dj; = 6;0;; and 0; < § is theoretically straightforward,;
however, it presents computational challenges which would
be interesting future work. Accommodating a more flexible
class of measurement error models, including multiplica-
tive measurement errors or dependent measurement errors,

would also be an interesting extension. Another future di-
rection would be extending the framework to accommo-
date high-dimensional settings, which would be valuable
in many applications. Additionally, our current testing ap-
proach assumes the null hypothesis of “no edge.” As noted
by (2024), a “cautious” approach to graph selec-
tion in which the null hypothesis posits an edge may be
preferred in certain contexts. Extending our frameworks to
this approach could be fruitful. Finally, extensions beyond
the Gaussian framework, to accommodate non-Gaussian
settings or discrete distributions, would be valuable and en-
able applicability across a wider range of fields.
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A PROOFS
A.1 PROOF OF LEMMA [

Proof. Let © denote the sample covariance matrix of a random vector W € RP with mean zero and covariance O. Further,
let vech(-) denote the half-vectorization form, an m x (m + 1)/2 column vector obtained by vectorizing only the lower
triangular part of a symmetric m X m matrix, then as shown by (DIkin, T976),

Vi —1(vech(©) — vech(0)) L N(0,1ss(8)).

Define the diagonally adjusted covariance matrix as a function of the noise proportion d € [0, 1),
Sqi=0—-dOp, S4=©—dep,
where ©p and O denote the diagonal parts of © and o, respectively. Then

vech(S4) = M vech(©), vech(Sy) = M vech(©),

1, <
’ ‘] Consequently,

where M is the diagonal p(p + 1)/2 x p(p + 1)/2 matrix with entries M;; ;; = {1 i
—a, 1=]

vn — 1(vech(5’d) — vech(Sq)) 4 N (0, MIss(©)M).

Consider the matrix inversion mapping h(Sq) = vech(S; '), which is continuously differentiable on the space of positive
definite matrices. We constrain the values of d such that .S, is positive definite, and apply the delta method (WVan_der Vaarf,
2000). The Jacobian of h at Sg is a p(p + 1)/2 by p(p + 1)/2 matrix with entries
oS!
9 (Sd)pq

where A, is the symmetric matrix with ones in positions (p, ¢) and (g, p) and zeros elsewhere (Graybill, T96Y). As shown
in Roverafo and Whiffaked (T99R), the Jacobian can be expressed in terms of the Isserlis matrix as

Vh(Sq) = —Iss(S; 1) Iss(I) .

= _Sd_lquSu?la

Applying the delta method yields

Vi = 1(h(84) = h(S2)) S N(0,Vs),
with
Vs = Iss(S; )Iss(1) "  MIss(©) MIss(1)Iss(S; 1),
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A.2 PROOF OF THEOREM I

Proof. We follow similar steps as the derivation of the Fisher’s z— transformation in Anderson (2003). Let Sy denote the
population adjusted covariance matrix and S its sample analogue. By Lemma 1,

Vi —1(87 =571 L N0, Vs)

where Vg is given in Lemma 1. Define, fori < j € V,

(52" (Sq )i
Uij = i N bij = T T
(Sd )ii(Sd )jj (Sd )ii(sd )jj
Since the denominators are deterministic, u;; are asymptotically jointly normal with means p;; = % and
d 11i\Pg )jj
covariances given by cov(u;;, ug;) = L L (Vs)ij, fori < j,k <leV.

VS8 s V(S k(5 D
The true partial correlation between variables ¢ and j given V' \ {,j} is
Dii Vg0 it = Dij
i5-V\{i,5} \/m
Ui

V/Wiil

and the sample partial correlation is

PijV\{ijy =
Define the mapping f : R? — R by
it gy my) = —2—
ity UWgg, Wiy \/W
Applying the delta method to w = (u;i, u;j,u;;) " yields
. d
Vi(pijngigy — pisvigigy) — N(0,0%),

w'herebafj = V£(p)"Vi;Vf(p) and V;; is the covariance matrix of (w;;, u;;,u;;). The gradient of f with respect to u is
given by

8f us
ur 2up Ut
of us3
uy  2upurup
af 1
uz  Jurus
which under the null hypothesis p;;.1\ (5,57 = 0, simplifies to
0
Vilp)= |0
1
since by definition p;; = 1, pj; = 1 and p;;.1\ (5,53 = 0 implies that p;; = 0. Hence
2 (Vs)ijis

(O e S —
! (Sd 1)ii<Sd 1)]‘]‘

Using the degrees-of-freedom correction for the partial correlations n — 1 — n — p + 1 since we condition on (p — 2)
variables (Anderson, 2003), we obtain

\/n—p—I—lpijL\{;’j} 4 N(0,1).
\/ G5
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A.3 PROOF OF THEOREM 2

Proof. By Theorem I, T, ,(d = ) is asymptotically NV(0,1) so that 7, ,(d) is asymptotically 2/(0, 1). Since, 7 ,, is
calculated using mingepo s,.,,..] Tu,v(d), we have that

max]

Ty = Tuw(d).

uv =

Thus, for any ¢ € (0, 1),
lim P(r, , <t) < lim P(m,.(d) <t) <t,

n— oo n—00

so that 77, , is stochastically lower bounded by a uniform distribution. Thus, the Benjamini andYekutielj (200T) applied to

m ,, controls the false discovery rate; see e.g. Blanchard and Roquain (PZ00R).

U,v

O

B EXAMPLE FOR FIGURE [0

Consider the following numerical example corresponding to the CIG in Fig. [, where the true latent variables follow the
path X7 — X5 — X3. Suppose the precision matrix of the latent variables X is given by:

; ®)

where €2, 3 = 0 indicating the absence of an edge between X; and X3. Furthermore, suppose the true measurement
error level is § = .2. If § was known, we could use the population covariance of the measurement errors D to identify
the population covariance of the latent process of interest as > = © — D. Subsequently we could identify the partial
correlations py v = —Quv/ v/ Quuo 0

When D is unknown but constrained to a specific set, different D (with the same fixed ©) will yield different partial
correlations. For instance, if 0 is only known to lie in the interval (0,0.3), meaning prior knowledge provides an upper
bound 0,2 = 0.3, the partial identification set for the partial correlation p; 3.1y is [-0.29,0.1]. Since the presence or
absence of an edge in the graph is equivalent to the partial correlation being non-zero or zero, respectively, an identification
set containing both zero and non-zero values implies that the edge between X; and X3 (and consequently the graph) is
only partially identifiable.
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