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Abstract

Causal Bayesian networks (CBNs) and structural
causal models (SCMs) are the dominant frame-
works for graphical causal reasoning, but they
cannot adequately represent all real-world causal
systems. In particular, systems at equilibrium—
where feedback mechanisms create cyclic causal
dependencies—can exhibit causal semantics that
are fundamentally incompatible with these frame-
works: different interventions that enforce the same
variable value may have different effects, render-
ing the standard “perfect intervention” do(X =)
ambiguous. We propose bipartite graphical causal
models (BGCMs), in which the structure of a sys-
tem of equations is encoded by a bipartite graph
with variable and equation nodes. In this frame-
work, a hard intervention do(f; : X, =&,) spec-
ifies which equation is replaced, which variable
is targeted, and at what value—resolving the am-
biguity of the standard notion. We demonstrate,
through a detailed case study of a physical system,
that this representation naturally corresponds to
distinct real-world interventions. We formulate a
Markov property in terms of a new graphical sep-
aration criterion (B-separation) that exploits the
functional determinism inherent in the equations,
and we extend it to settings with non-random in-
puts. We show how this gives rise to a do-calculus
for reasoning about domain invariances. BGCMs
strictly generalize CBNs and SCMs while retaining
the ability to perform graphical causal reasoning.

1 INTRODUCTION

In many scientific disciplines—physics, engineering, eco-
nomics, biology—complex systems are naturally described
by systems of equations relating endogenous and ex-

ogenous variables. Each equation represents an indepen-
dent mechanism or physical law; the exogenous variables
represent external inputs or noise. Causal Bayesian net-
works (CBNSs) [Pearl, 2009]] and structural causal models
(SCMs) [Pearl, 2009, Bongers et al., [2021]] can represent
many such systems, but not all. In particular, systems at
equilibrium—where feedback mechanisms create cyclic
causal dependencies—can exhibit causal semantics that are
fundamentally incompatible with these frameworks.

A canonical example, due to|Iwasaki and Simon|[1994], is
a bathtub at equilibrium: the equilibrium relations between
inflow, outflow, pressure, and depth form a system of equa-
tions whose causal interpretation depends on which equation
is changed by an intervention. Different interventions that
set the same variable to the same value can have different
effects on other variables, rendering the standard notion of a
“perfect intervention” do(X = x) ambiguous [Blom et al.,
2021]). Neither CBNs nor SCMs can express this distinction,
since they associate each variable with a unique structural
equation or Markov kernel.

The key observation underlying our approach is that the
structure of a system of equations is naturally encoded by a
bipartite graph, with two types of nodes—variable nodes
and equation nodes—connected by an edge whenever a vari-
able appears in an equation. By retaining both variable and
equation nodes as first-class citizens, the bipartite graph
preserves information that is lost when projecting onto a
directed graph over variables alone. Building on Simon’s
causal ordering algorithm [Simon, |1953]], which derives a
partial causal ordering of variables by analyzing the bipar-
tite graph, we develop a full-fledged causal modeling frame-
work. This approach is closely related to how engineers
already reason about causality, for example in the equation-
based modeling language Modelica, where systems are spec-
ified as sets of “acausal” equations and causality is derived
automatically through symbolic analysis [Bunus and Fritz{
son, 2002].

In particular, the bipartite representation makes it possible
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to represent a hard intervention as do(f; : X, = §,)—
specifying which equation f; is replaced, which variable
X, is targeted, and at what value &,. While this interven-
tion notion was already proposed by Blom et al.|[2021]], it
appeared ad hoc, and it remained unclear to what extent it
provides a proper and natural mathematical abstraction of
real-world interventions.

The contributions of this paper are:

1. We formally define bipartite graphical causal models
(BGCMs) and show how they strictly extend CBNss,
acyclic SCMs, simple SCMs, and general SCMs.

2. We demonstrate, through a complete analysis of all
hard interventions on the bathtub system, that the
BGCM intervention notion do( f; : X, = &,) provides
a natural and physically meaningful representation of
real-world interventions—each corresponding to a dis-
tinct physical procedure with distinct causal effects.

3. We formulate a Markov property for BGCMs using
a graphical separation criterion (B-separation) that
generalizes d-separation to partially oriented bipartite
graphs. By encoding both the causal structure and the
conditional independence structure in a single partially
oriented bipartite graph—rather than in separate graphs
as inBlom et al.| [2021]]—we make the connection be-
tween causal and Markov semantics transparent. Be-
cause B-separation exploits the functional determinism
induced by the equations, the resulting Markov prop-
erty is strictly stronger than the one obtainable from
the Markov ordering graph of Blom et al.| [2021] via
d-separation.

4. We establish an extended Markov property for the case
where some exogenous variables are treated as non-
random inputs, phrased in terms of transitional condi-
tional independence [[Forré, 2021].

5. We develop a do-calculus for BGCMs by exploiting
this connection: the Markov property yields domain
invariances—relationships between observational and
interventional distributions—that go beyond Pearl’s
three rules [Pearl, 2009].

2 BACKGROUND

2.1 MODELING CYCLIC CAUSAL RELATIONS

Feedback mechanisms in dynamical systems may induce
cyclic causal relationships at equilibrium. Fast dynamical
interactions can lead to effectively “instantaneous” causal
cycles. Examples arise across many disciplines: coupled
oscillators in physics, supply—demand—price feedback loops
in economics, gene regulatory networks in biology, and
climate feedback mechanisms. In many such applications,
the ability to model causal cycles is essential, and acyclic
models are insufficient.

We briefly review some existing causal modeling frame-
works and their relationships. A causal Bayesian network
(CBN) consists of a directed acyclic graph (DAG) together
with a collection of Markov kernels, one for each variable
given its parents in the DAG [Pearl, [2009]. An acyclic struc-
tural causal model (acyclic SCM) consists of a set of struc-
tural equations of the form X; := f;(pa(X;),U;), where
pa(X;) denotes the parents of X; and U; is an exogenous
noise variable, together with an acyclic causal graph [Pearl,
2009]. An SCM extends this to allow cyclic causal graphs,
with each equation having a unique “dependent variable”
[Bongers et al.,2021]]. While general SCMs can be compli-
cated to work with, the subclass of simple SCMs allows for
(sufficiently weak) cycles and retains most of the convenient
mathematical properties of acyclic SCMs [Bongers et al.|
2021]).

These frameworks form a hierarchy of increasing generality:

CBNs C acyclic SCMs C simple SCMs
C SCMs C BGCMs C CCMs,

where BGCMs are bipartite graphical causal models (intro-
duced in this paper) and CCMs are causal constraint models
[Blom et al., 2020]. BGCMs occupy a position in this hi-
erarchy that balances model flexibility with the ability to
perform causal reasoning.

Simon| [[1953]] introduced the causal ordering algorithm,
which derives a causal interpretation of a system of equa-
tions from its structural properties. The key idea is that given
a system of equations with designated exogenous variables,
one can determine a partial ordering on the endogenous
variables by analyzing which subsets of equations can be
solved for which subsets of variables, and in what order.
The original version of the algorithm as proposed by [Simon
[1953] required solving NP-hard subproblems. Later, Nayak
[[1995]] proposed a computationally efficient version based
on perfect matchings.

Blom et al.| [2021]] expanded upon Simon’s approach to
causality by using his algorithm to construct two different
graphs out of a set of equations: the causal ordering graph
(a directed cluster graph that represents causal effects of
certain interventions) and the Markov ordering graph (a di-
rected graph on variable nodes, obtained by declustering and
marginalizing out equation nodes, from which conditional
independences can be read off via d-separation).

3 BIPARTITE GRAPHICAL CAUSAL
MODELS

3.1 SYSTEMS OF EQUATIONS AND BIPARTITE
GRAPHS

We consider a system of equations involving a set of vari-
ables Xy = (X,)yev taking values in standard Borel
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Figure 1: The bathtub system (rendered by Google Gemini).

spaces (X, )vev, and partitioned into endogenous variables
Xy\v and exogenous variables Xy, for some U C V. The
equations { f; } e are of the form 0 = ¢;(Xyp(y,)), Where
¢; is a measurable function and nb(f;) € V denotes the
set of variables appearing in equation f;.

Definition 1 (Bipartite graph of a system of equations). The
bipartite graph of a system of equations is the undirected
bipartite graph G = (V, F, E), where V is the set of vari-
able nodes, F is the set of equation nodes, and E C'V X F
contains an edge (v, f) if and only if variable X, appears
in equation f.

We illustrate this with a running example, a simplification
of the bathtub system in [Iwasaki and Simon) |1994].

Example 2 (Bathtub at equilibrium). Consider a bathtub
with constant inflow of water at equilibrium (Figure(l). The
endogenous variables are: X o (water outflow through the
drain), X p (water depth), and X p (pressure at the drain).
The exogenous variables are: X (water inflow from faucet),
X (drain area), and X 4 (gravitational acceleration). The
equilibrium is described by three independent mechanisms:

fl . OZX]—XO (1)
for 0=XgvXp—Xo 2
f3: 0=X,Xp—Xp €))

Equation (1)) states that at equilibrium, outflow equals in-
flow. Equation @) is Torricelli’s law: outflow is proportional
to the drain area and the square root of the pressure. Equa-
tion (B) is Stevin’s law: pressure is proportional to depth
and gravitational acceleration.

The bipartite graph of this system has variable
nodes {Xo,Xp,Xp,X1,Xk,X,} and equation nodes
{f1, f2, f3}, with edges connecting each equation to the
variables appearing in it. We use squares for equation nodes,
circles for endogenous nodes, while exogenous variables
{X1, XK, X} are shown without circles:

3.2 CAUSAL ORDERING AND PARTIAL
ORIENTATION

Given a bipartite graph G = (V,F,E) andasetU C V
of exogenous variables, Simon’s causal ordering algorithm
produces a partial orientation of G that encodes the causal
structure.

The algorithm first finds a perfect matching M of the sub-
graph G(v\pyurs 1.€., a subset of edges such that each en-
dogenous variable node and each equation node is incident
to exactly one edge in M E] This matching associates each
equation with a unique endogenous variable, which can
be thought of as the variable that the equation “solves for.”
Nayak|[[1995]] showed that the perfect matching can be found
efficiently using the Hopcroft-Karp algorithm [Hopcroft and
Karpl [1973]].

We then define an equivalence relation on the nodes of G
that identifies nodes belonging to the same cluster.

Definition 3 (Equivalence relation and clusters). Given a
bipartite graph G = (V, F, E), subset U C V, and per-
fect matching M of G \vyur, define ~ as the equivalence
relation on V U F' generated by the following: a ~ b if
a—0bée M, orifaandb lie on a closed M-alternating
walk (i.e., a walk that alternates between matched and un-
matched edges and returns to its starting node). The equiva-
lence class of a node a is denoted [a], and we refer to this
as a “cluster”.

Lemma 4 (Dulmage and Mendelsohn, [1958). The equiv-
alence relation ~ depends only on the bipartite graph G
and the set of exogenous variables U, not on the choice of
perfect matching M.

Note that each exogenous node forms a singleton cluster.
Using this equivalence relation, we define the partial orien-
tation of the bipartite graph.

Definition 5 (Partial orientation). The partial orientation G
of G is obtained by orienting each edge v — f € E (with
veV, feF)asfollows:

NN CEY I AT
v=f ifv~f.

"For simplicity of exposition, we assume throughout that there
is such a perfect matching. If this is not the case, one can make use
of the Dulmage-Mendelsohn decomposition [Blom et al.,[2021].
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The mapping G +—> G is equivalent to Simon’s causal or-
dering algorithm [Simon, [1953]. Directed edges v — f
indicate that variable v is an input to equation f from a
different (earlier) cluster. Double-undirected edges v = f
indicate that v and f belong to the same cluster. Note that
since matched pairs always satisfy v ~ f, matched edges
are always oriented as v = f E]

Example 6 (Bathtub: causal ordering). For the bathtub sys-
tem (Example[2)), the (unique) perfect matching associates
f1 with Xo, fo with Xp, and f3 with X p. The partially
oriented graph is:

This encodes the causal ordering: first solve fi for
Xo in terms of Xj, yielding Xo = Xy, then solve
fo for Xp in terms of Xo and Xk, yielding Xp =
X2/X2; finally solve fs for Xp in terms of Xp and
X,, yielding Xp = X?/(X%X,). The clusters are
{ X} AXK X {f1, Xob {f2, X} {f3, XD}

We now formally define what we mean by “causal order-
ing”. We define a walk in G as an alternating sequence of
nodes and edges ng, e1,n1, €3, . . ., €, Ny Where each edge
e; connects n;_1 and n;; k = 0 corresponds with a trivial
walk. A path is a walk in which no node repeats.

l_))eﬁnition 7 (Anterior). A node a is anterior to a node b in
G if there is a walk from a to b consisting only of — and =
edges. That is, a walk of the form ng, e1,nq, e, ..
where ng = a, ng, = b, and each edge e; is either n;_1 —
n; or nj—1 = n;. We write antz(B) for the set of all nodes
anterior to some nodein B CV UF.

-5 €, T

Mathematically, the relation “is anterior to” is a partial order
on the clusters (it is reflexive and transitive; it is antisym-
metric because any two mutually anterior nodes lie in the
same cluster). Simon’s insight was that this mathematical
relationship captures what we perceive as causes and their
effects: we consider a a cause of b precisely if a € antz(b).

3.3 SOLUTIONS, DISTRIBUTIONS, AND
MARKOV KERNELS

By solving the system of equations according to the causal
ordering, we obtain solution functions that express all en-

*In Simon’s original formulation, matched edges are directed
as f — v, suggesting that f “solves for” v. We use v = f uni-
formly because solvability is not guaranteed by the graph structure
alone, but is an additional assumption (Assumption ['I;OI)

dogenous variables in terms of the exogenous variables.
When a cluster contains more than one equation, the equa-
tions in the cluster must be solved simultaneously for the
variables in that cluster.

Definition 8 (Solution function). A solution function for
a system of equations with exogenous variables Xy and
endogenous variables Xv\y is a function ® : Xy — Xy
such that @y (xy) = xy, and O(xy) satisfies all equations
forevery zy € Xy.

If we assume that all exogenous variables are mutually inde-
pendent random variables with distributions X, ~ P(X,,)
for u € U, then the joint distribution P(Xy/) of all variables
is obtained as the pushforward of the product distribution
X v P(Xy) through the solution function ®. This corre-
sponds to the distribution of Xy, under the sampling scheme

X, ~P(X,) foruelU, Xy =3o(Xp).

More generally, we can treat some exogenous variables as
random and others as non-random. This yields a Markov
kernel rather than a distribution. If one only assigns inde-
pendent distributions to exogenous variables in subset U \ J
with J C U, one obtains the Markov kernel P(Xy || X ;),
corresponding to the sampling scheme

Xu ~P(Xy) foruc U\ J, Xy =0(Xs,Xins)

where the input variables X ; are left unconstrained
and we make no assumptions about their distribu-
tion. For instance, treating X; as a non-random in-
put and Xg, X, as random yields the Markov kernel
P(Xx,Xg, X0, Xp,Xp || X1), which specifies the joint
distribution of Xy, X4, Xo, Xp, Xp for every possible
value x;.

Definition 9 (Unique solvability of a cluster). A cluster [c]
in the partially oriented graph G is called uniquely solvable
if the equations in F N [c] can be solved for the variables
V N [c] in terms of pagz([c]), and the local solution function
ol Xpaz(d) = Xdnv is unique.

If all local unique solvability assumptions are met, this
guarantees existence and uniqueness of a global solution
function. We collect our assumptions so far:

Assumption 10. For a system of equations
0= ¢;(Xunr))),

with corresponding bipartite graph G = (V, F, E), exoge-
nous variables U C V, standard Borel spaces (X,)yev:

jEF

1. The functions ¢; : Xy (yp;) — R are measurable.
2. The subgraph G \uyur has a perfect matching.

3. The exogenous variables are variation independent:
their joint value space is a Cartesian product

HuGU Xu
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4. The system is clusterwise uniquely solvable: each en-
dogenous cluster [v] (for v € V '\ U) is uniquely solv-
able.

Proposition 11. Under Assumption[I0] there exists a unique
solution function ® : Xy — Xy.

Proof. The local solution functions (<I>[”])U6V\U combine
into a system of equations

Xy =0 Xparu)) vEV

that has an acyclic structure. Recursive substitution of the
local solution functions of each cluster along the causal
ordering then yields the global solution function. O

This unique (global) solution function then induces a
unique joint distribution P(Xy/) and unique Markov ker-
nels P(Xy | X5) for J C U.

4 MARKOV PROPERTY

In this section, we formulate a Markov property for bipartite
graphical causal models that relates the conditional inde-
pendence structure of the joint distribution to the graphical
structure of the partially oriented bipartite graph.

4.1 B-SEPARATION

We define a graphical separation criterion for partially ori-
ented bipartite graphs, called B-separation (for “bipartite”),
an analog of classical d-separation that is appropriate for
our setting. It combines ideas from the segment-based for-
mulation of o-separation [Forré and Mooij, 2017] to deal
with cycles (clusters with more than a single variable), and
from D-separation [Geiger et al.,[1990] to take into account
deterministic relations (each endogenous cluster is a deter-
ministic function of its parents).

Definition 12 (Segments, exits, collider/non-collider seg-
ments). A walk s on G can be partitioned into segments:
consecutive maximal subwalks si,...,S, of the form
Si1 = -+ = S;, (possibly k; = 1), i.e., with all edges
double-undirected (=). We call a boundary node of a seg-
ment an exit if its bounding edge points out of the segment
or it is an end node of the walk. That is, s; 1 is an exit if the
edge on s to the left of it is . .. <— s; 1 or if it is the first node
of s (i = 1), and s; 1, is an exit if the edge on s to the right
of itis s;, — ... orif it is the last node of s (i = m). A
segment with no exit is a collider segment; a segment with
one or two exits is a non-collider segment.

The following notion tracks deterministic relations that are
imposed by the structure of the bipartite graph.

Definition 13 (Functionally _getermined). Let C CV bea
subset of variable nodes in G. Define Cy := C and

Crny1:=Cr,U{veV\U:paz([v]) CCp}.

We define fdetz(C) := ,,~o Cn and refer to those as the
variable nodes that are functionally determined by C.

Note that exogenous variable nodes are only functionally
determined by C'if they are in C.

With these definitions in place, we define:

Definition 14 (B-blocking). For C' C V, the walk is called
B-blocked by C' if it contains:

1. a collider segment that does not intersect antz(C'), or

2. anon-collider segment with an exit in fdetz(C').

Otherwise, the walk is called B-open given C.

Definition 15 (B-separation). Let A, B,C C V be sets of
variable nodes. We say that A and B are B-separated given
C in G, written

B
ALB|C,
G

if every walk from a node in A to a node in B is B-blocked
by Cin G

To build intuition, it is helpful to see how B-separation
adapts d-separation to the two features that distinguish par-
tially oriented bipartite graphs from DAGs: clusters and
determinism.

Clusters. The variables and equations of a cluster are solved
jointly, so segments along a walk behave as a single in-
divisible unit. A walk can enter or leave a segment only
through an exit, and conditioning therefore interacts with a
segment only through its exits. This is the bipartite-graph
counterpart of collapsing a strongly connected component
in o-separation [Forré and Mooij, [2017]: whether a segment
blocks or transmits dependence is decided by the segment
as a whole rather than node by node. As in d-separation, a
non-collider segment (a chain, a fork, or an endpoint of the
walk) transmits dependence unless it is “pinned down” by
the conditioning set, whereas a collider segment (a common
effect, entered by arrows from both sides) blocks association
unless it is “activated” by the conditioning set.

Determinism. Since each endogenous cluster is a determin-
istic function of its parents, conditioning on C' fixes not
only X but every variable that is functionally determined
by it, i.e., deeta(c). This is yvhat “pinned down” means
here: a non-collider segment is already blocked once one

31t is equivalent to require only that every path from A to B
be B-blocked by C (Lemma[d3); the path formulation is usually
more convenient to check by hand.
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of its exits lies in fdet z(C'), even if that exit is not itself in
C. Activation of colliders, on the other hand, is governed
by antz(C): a collider segment transmits dependence only
if the common effect, or one of its descendants, actually
belongs to the conditioning set C. It is precisely this ex-
tra blocking granted by fdetz(C') that makes B-separation
stronger than criteria that ignore determinism. This intuition
is made precise in Appendix[C]

4.2 GLOBAL MARKOV PROPERTY

Theorem 16 (Global Markov property). Suppose that As-
sumption[I0| holds. When assigning independent distribu-
tions to all exogenous variables, the resulting joint distribu-
tion P(Xv) satisfies: forall A, B,C CV,

B
ALB|C = X, 1 XB|X0.
G P(Xv)

The Markov property “propagates” the independence of
the exogenous variables through the equations along the
partial ordering, yielding conditional independences among
endogenous variables.

Example 17 (Bathtub: Markov property). In the partially
oriented bathtub graph (Example[6)), every path from X p
to Xo must pass through Xp (via the equation nodes).
One can verify that Xp J.g» Xo | Xp, which implies the
conditional independence:

Xp 1L Xo| Xp.
This means the joint distribution factorizes as

]P)(XDvXOvXP) = ]P)(XD |XP) & IP)(XOaXP)'

4.3 EXTENDED GLOBAL MARKOV PROPERTY

A more general version of the Markov property allows treat-
ing some exogenous variables as non-random, using an
extended notion of conditional independence [Forré| 2021]].

Theorem 18 (Extended Global Markov property). Suppose
Assumption 10| holds. Treat exogenous variables J C U
as non-random, and assign independent distributions to
exogenous variables in U \ J, yielding Markov kernel
P(Xv || Xs). Then for all A,B,C C V such that J C
BuCtl

B
AJ___B|C — XA A XB|XC-
G P(Xv [| X)
Concretely, the conditional independence
Xadlpx,x,)Xp|Xc for a Markov kernel

*One can replace the assumption A J_g» B|Cby A J.g» BU
J | C to obtain a result that is valid for all choices of A, B, C.

P(Xy || X;) means that there exists a Markov ker-
nel Q(X 4 || X¢) (not depending on X ) such that

P(Xa, X, Xcl|Xs) = Q(Xal|Xc) @ P(Xp, Xcl| X ).

This is the notion of transitional conditional independence
introduced by [Forré| [2021]); it is asymmetric (the roles of A
and B are not interchangeable)[

Example 19 (Bathtub: extended Markov property). In
the bathtub model, treating X1 as non-random Yyields
the Markov kernel P(Xr, Xy, X0, Xp, Xp || X1). Since
Xbp J_g» X1 | Xp, the extended Markov property implies
Xp I X1 | Xp, which means there exists a Markov kernel
IP(XD || Xp) such that:

P(Xp, Xp || X1) =P(Xp | Xp) @ P(Xp || X1).

S INTERVENTIONS IN BIPARTITE
GRAPHICAL CAUSAL MODELS

Causality is fundamentally about change: how does a system
react to externally imposed modifications? In the BGCM
framework, there are two types of elementary interventions:

1. Changing the distribution of an exogenous variable:
replacing P(X,,) by another distribution P(X,,).

2. Replacing an equation: substituting equation f; by a
different equation f;.

A particularly important class of the second type is the hard
intervention do(f; : X, = &,), which replaces equation f;
by the equation 0 = X, — @E]thereby fixing variable X,
to value &, via the intervened mechanism f;. This notion
naturally corresponds to concrete physical procedures: dif-
ferent choices of f; lead to genuinely different real-world
implementations, even when targeting the same variable X,
at the same value &, (see Example [20]and Appendix [E] for
detailed examples).

5.1 AMBIGUITY OF PERFECT INTERVENTIONS

A key insight of the BGCM framework is that the standard
notion do(X, = &,) for a “perfect intervention” can be
ambiguous: different equations can be replaced to achieve
X, = &,, leading to different causal effects on other vari-
ables [Blom et al., 2021]].

Example 20 (Bathtub: ambiguous interventions). Consider
setting the water depth to a fixed value &p in the bathtub
model. There are at least three distinct interventions that

5Our notion of B-separation does not distinguish non-random
and random variables explicitly, which is why the condition J C
B U C is needed here; see Appendix@}

%For X, # IR one can more generally take 0 = 1 (¢, 3 (Xy)—1.
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Table 1: Feasibility of hard interventions do(f; : X, =
&,) for the bathtub. Checkmarks indicate uniquely solvable
systems; () indicates the system is not uniquely solvable.

do(fj : Xy :gv) fl .f2 f3

Xo =¢o v b0
Xp=tp v
Xp=¢&p v v Y

achieve this (the partially oriented bipartite graphs for these
and all other hard interventions are shown in Figure2)in

Appendix|[F):

(i) do(fs : Xp = &p): Replace Stevin’s law (3) by 0 =
Xp — &p. Physically, this can be achieved by sealing the
bathtub at height £p and ensuring it is completely filled.
The causal ordering is preserved: f1 still determines Xo,
fo still determines X p, and fg determines X p. The solution
is XO = X[, Xp = X?/XIZ{, XD = §D~

(ii) do(fy : Xp = &p): Replace Torricelli’s law @) by
0 = Xp — &p. Physically, this could involve disabling
the drain, rerouting the inflow to the outflow, and cutting
the bathtub at height £p. The causal ordering changes: f1
determines X, fg determines X p, and f3 now determines
Xp from Xp. The solution is Xo = X;, Xp = X &p,
Xp =¢p.

(iii) do(f1 : Xp = &p): Replace the equilibrium condi-
tion (T) by 0 = Xp — &p. Physically, this may correspond
to cutting the bathtub at height § p and ensuring it overflows.
The causal ordering reverses: f1 determines X p, then f3
determines X p from Xp and X 4, and finally fo determines
Xo from Xp and Xg. The solution is Xo = X/ XD,
Xp=Xyp, Xp =¢p.

These three interventions all set X p = &p but have different
effects on Xo and X p. Therefore, the notion do(Xp = £p)
is ambiguous and must be refined to do(f; : Xp = {p).

5.2 HARD INTERVENTIONS FOR THE BATHTUB

Table[I] summarizes all possible hard interventions for the
bathtub model. In Appendix [E] we propose possible physi-
cal implementations of all feasible hard interventions. That
analysis shows that this is more than a purely mathematical
exercise. Not every combination of target equation and tar-
get variable yields a uniquely solvable system (signaled by
the corresponding intervened graph having no perfect match-
ing); indeed, some interventions (marked with () generically
lead to systems with no solution. In those cases it would be
futile to attempt to implement such interventions.

Table 2] shows the solution functions for all well-defined
hard interventions, illustrating how different interventions
lead to different causal effects.

Table 2: Solution functions for all hard interventions on the
bathtub model.

Xo Xp Xp
b ional X X2 X2
observationa T X7 X%,
do( X, — & &7
O( 1= 51) fI % X%(;(q
_ X7 X7
dO(XK = 5}() X[ E%( ‘5%()(9
do(X, = X X7 Xi
o(Xy = &) I X% XZg,
do(f1: Xo =0) € & =8
1 - O O O Xg( X%(Xq
do(fi: Xp=¢p) VEp Xk &p &
do(f1: Xp =¢&p) Xwx+/Xeép Xeép &b
do(f2: Xp=¢p) Xi1 ép %";
do(f2: Xp =¢&p) X X¢ép &b
2
do(fs: Xp =&p)  Xi o S
K

5.3 INTERVENTIONS CHANGE THE CAUSAL
STRUCTURE

The bathtub system cannot be modeled as a CBN or an SCM,
because do(Xp = £p) does not have a unique meaning.
In a CBN or SCM, a perfect intervention do(X, = &,)
replaces a unique structural equation (the one with X, as
its dependent variable), but in the bathtub there is no such
unique association.

An important caveat is that hard interventions can change
the bipartite graph and its partial orientation, and hence
the conditional independence structure. For example, the
intervention do(f; : Xp = £p) on the bathtub reverses
the causal ordering entirely: instead of Xp — Xp — Xp,
the ordering becomes Xp — Xp — X (in terms of
the directed part of the partially oriented graph), as can be
seen in Figure 2| This is another phenomenon that has no
counterpart in standard CBN or SCM frameworks.

6 DOMAIN INVARIANCES

A central application of causal models is reasoning about
what changes—and what remains invariant—across differ-
ent experimental conditions or “domains.” In CBNs, Pearl’s
three rules of the do-calculus [Pearl, 2009] formalize such
invariances for observational versus interventional distribu-
tions. We now develop an analogous theory for BGCMs.

6.1 THE GENERAL RECIPE

To relate the distributions in two domains (e.g., an obser-
vational domain and an interventional domain), we employ
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the following procedure:

1. Construct the joint model: Introduce an exogenous
domain indicator input variable R and write the equa-
tions of both domains as a single system, where the
equations that differ between domains depend on R.

2. Construct the bipartite graph G*: Build the bipar-
tite graph of the joint model, which includes R as an
exogenous variable node connected to the equations in
which R occurs.

3. Run causal ordering: Compute the partial orientation
G of G,

4. Check solvability: Verify that Assumption [I0]holds
for the joint model.

5. ﬂply the Markov property: Use Theorem [I8] on

G to derive conditional independences involving R,
which translate into invariances across domains.

Except for the solvability check (step 4), this is a purely
graphical procedure. When applying the conditional invari-
ances (Examples[22|and , one must carefully handle the
null sets arising from conditioning on continuous variables.
Tracking the null sets rigorously requires additional book-
keeping that we do not spell out here [see [Forré and Mooij,
2025].

6.2 BATHTUB EXAMPLES

Example 21 (Observational vs. do(Xy = ;). Consider
comparing the observational setting (domain A) with the
setting where gravitational acceleration is fixed to £, (do-
main B), for instance by “moving the bathtubs to Mars.”
We introduce an exogenous variable U, and write the joint
model:

fi: 0=X;r— Xo,
fo: 0=XgvXp— Xo,
f: 0=X,Xp— Xp,

o Ju, ifrR=a4,
far 0=2%X, {gg if R = B.

The bipartite graph G has an additional equation node _ﬁ;
connected to X, U, and R. In the partial orientation G*
(see Figure[3)), the variables X p and X are B-separated
from R (unconditionally). By the Markov property:

B
XP7XO£>R — Xp,XoJ.LR
G

_— ]P’A(XP,XO) = IP)B()(P;*X*O)'

Equivalently, P(Xp,Xo) = P(Xp, Xo ||do(X, = &)).
Hence, the joint distribution of pressure and outflow at equi-
librium is invariant under changes in gravitational acceler-
ation.

Example 22 (Observational vs. do(f3 : Xp = £p)). Now
compare the observational setting with the intervention
do(fs : Xp = &p) (sealing the bathtub). The joint model
replaces fs by a domain-dependent equation:

f1: OZXI_X07

fo: 0=XgvXp— Xo,
X,Xp - Xp ifR=A,

fa: 0= )
Xp—¢&p if R=DB.

In the partial orientation GR (Figure B} we have

Xo J_—>R|XD,XP By the Markov property:

Pa(Xo | Xp =¢&p, Xp)
=Pp(Xo|do(fs : Xp =&p) | Xp).

This means that the conditional distribution of outflow given
pressure is the same whether we observe depth £p or inter-
vene to set it to £p by sealing the bathtub.

Example 23 (Observational vs. do(f; : Xp = &p)).
Comparing the observational setting with the intervention
do(f1 : Xp = &p) (cutting the bathtub and letting it over-
flow) yields a joint model where f1 is domain-dependent:

v Xp—¢p ifR=B,

fa: 0=XxVXp— Xo,
fs: 0=X,Xp— Xp.

In the partial orientation C??’) of this joint model (Figure ,
all endogenous variables and equations belong to a single
cluster (all edges are double-undirected). The Markov prop-
erty does not yield non-trivial conditional independences
involving R. Thus, we cannot use it to relate the observa-
tional and interventional distributions in this case—which is
consistent with the fact that this intervention fundamentally
changes the entire causal structure of the system.

Example 24 (do(f1 : Xp = &p) vs. do(f1 : Xp = &p))-
While we cannot relate the observational distribution to
do(f1 : Xp = &p), we can relate two interventional distri-
butions with different parameter values. Consider the joint
model where both domains have the same structural form
but different intervention values:

Xp—¢&p ifR=A4,
fi: 0= P
XD - §D lfR = Ba
fo: 0=XxvVXp— Xo,
fs: 0=X,Xp— Xp.
Note that in both domains, the causal ordering is the same

(reversed compared to the observational settlng ): Xp —

Xp — XO In the partial orientation G* (Flgurel) we
have Xo J_H R| X p. By the Markov property:

Pa(Xo [[do(f1: Xp =¢p) [ Xp)
=Pp(Xo [ do(f1: Xp =¢&p) | Xp).
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Hence, overflowing bathtubs yield the same conditional
distribution of outflow given pressure, regardless of their
height. This conclusion might not be intuitively obvious but
can easily be derived using our (mostly) graphical causal
reasoning calculus.

7 DISCUSSION AND RELATED WORK

The BGCM framework extends several existing causal mod-
eling frameworks. Every CBN, acyclic SCM, simple SCM,
and general SCM can be represented as a BGCM. Con-
versely, the bathtub example demonstrates that BGCMs can
represent systems whose causal semantics are not captured
by any of these frameworks.

Our approach builds on Simon’s causal ordering algorithm
[Simonl, [1953]], the o-separation criterion for cyclic SCMs
[Forré and Mooijl 2017]], the D-separation criterion [Geiger|
et al.,[1990] and the framework of Blom et al.|[2021]]. The
latter framework uses two distinct graphs that serve com-
plementary purposes: Blom et al| [2021]] show that their
Markov ordering graph does not correctly represent causal
effects of interventions, while their causal ordering graph
does not directly encode conditional independences.

The notion that perfect interventions do(X = z) can be am-
biguous was identified by Blom et al.|[2021]], who proposed
the refined notion do(f; : X, = &,) to resolve the ambi-
guity. This refinement is essential for systems like the bath-
tub, where the same target variable value can be achieved
through different mechanisms with different causal conse-
quences. By performing a complete analysis of the causal
semantics of the bathtub system under such interventions,
we lend further credibility to their claim that this refined
notion is a natural representation of “elementary” interven-
tions.

A key contribution of the present paper is that the partially
oriented bipartite graph G encodes both the causal struc-
ture and the conditional independence structure in a single
object: the cluster structure and edge directions encode the
causal ordering, while B-separation encodes conditional
independences. This is more convenient, as it avoids the
need to construct and switch between multiple graphs, and
it retains the equation nodes so that the intervention struc-
ture remains directly visible. Furthermore, our B-separation
Markov property is more powerful than the Markov prop-
erties derived by Blom et al.| [2021]: by also exploiting
the functional determinism among the variables, further
conditional independences are obtainedﬂ] Finally, our ex-
tended Markov property, which handles Markov kernels
with non-random inputs through transitional conditional in-
dependence [Forrél 2021, has no counterpart in that work.
We believe that these features may also facilitate future
extensions and applications.

Our results also imply that these could alternatively be ob-
tained by using D-separation in the Markov ordering graph.

The BGCM framework is closely related to how engineers
reason about causality [Frisk et al., 2012} Bunus and Fritz{
son, 2002, Krysander and Nyberg, [2002]. In modeling lan-
guages such as Modelica, systems are specified as sets of
“acausal” equations, and causality is derived automatically
through symbolic analysis—precisely the kind of analysis
formalized by Simon’s causal ordering algorithm and the
BGCM framework.

When the bipartite graph does not admit a perfect matching,
the Dulmage-Mendelsohn decomposition [Dulmage and
Mendelsohn, |1958] provides a useful generalization that can
represent overcomplete subsystems (more equations than
variables) and incomplete subsystems (more variables than
equations). Blom et al.|[2021]] demonstrate how marginal
Markov properties for the complete and overcomplete sub-
systems can still be derived in this general setting.

To our knowledge, there is little other work using bipar-
tite graphs for causal inference. |Zigler and Papadogeorgou
[2021]] introduce a framework for estimating causal effects
under interference when the treated units are distinct from
the observed units. |Sharifian et al.| [2025]] prove that every
valid graph in the observational equivalence class of linear
Gaussian cyclic SCMs corresponds to a perfect matching.

8 CONCLUSION

We have proposed bipartite graphical causal models
(BGCMs) as a causal modeling framework that uses bi-
partite graphs with equation nodes and variable nodes. This
framework offers several advantages. First, it reduces the
ambiguity inherent in specifying interventions by requiring
that hard interventions explicitly reference the equation be-
ing replaced. Second, Simon’s causal ordering algorithm
provides a principled method for deriving the partial ori-
entation of the bipartite graph, which encodes the causal
structure. Third, the B-separation criterion and the result-
ing Markov property propagate conditional independences
along the partial ordering. Fourth, the Markov property facil-
itates causal reasoning about domain invariances, providing
a generalization of Pearl’s do-calculus to BGCMs.

BGCMs naturally model equilibrium systems such as the
bathtub, and can be applied to a wide range of other sys-
tems, including equilibrated economic markets (e.g., supply—
demand systems, see Appendix [H), electronic circuits, and
biochemical reaction networks [Blom and Mooij, [2023]].
Directions for future work include dynamical extensions
incorporating (stochastic) differential equations, and the
development of structure learning algorithms for BGCMs.
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Causal Reasoning with Bipartite Graphical Causal Models
(Supplementary Material)

Joris M. Mooij/

1Korteweg-De Vries Institute for Mathematics, University of Amsterdam, Amsterdam, the Netherlands

This Supplementary Material contains proofs of the main results and additional details.

A MEASURABILITY OF SOLUTION FUNCTIONS

We use the following standard measurable-graph fact to justify that the uniquely defined solution functions appearing in the
main text are measurable.

Lemma 25 (Measurability of uniquely defined solution maps). Let X and ) be standard Borel spaces, let Z be a measurable
space, let zg € Z be such that {zo} is measurable, and let H : X x Y — Z be measurable. Suppose that for every x € X
there exists a unique y =: Y(x) € Y such that H(x,y) = zo. Then ¢ : X — Y is measurable.

Proof. The graph of 9 is
Ly ={(z,y) € X x ¥ : H(z,y) = 2}

This set is measurable because it is the inverse image of {zy} under the measurable map (x,y) — H(z,y). Hence, by
[Kechris|, [1995] 14.12], v is measurable. ]

Corollary 26 (Measurability of cluster solution functions). Under Assumption suppose an endogenous cluster [c] is
uniquely solvable in the sense of Definition[9| Then its local solution function

o1 Ao (1) = Aagv

is measurable.

Proof. Write X' := X}, () and V := X[~y . For each equation f; € F'N [c], the variables occurring in f; are contained
in ([¢] N'V)) U pagz([c]). Hence the measurable equation map ¢; induces a measurable function of X' x ) — R. Collect
these equations into the measurable map

H:XxY RN (2,y) = (¢;(2,9))jerniq-

Unique solvability says that for every parent value = € X’ there is a unique y = ®[°l(x) such that H(z, ) = 0. Lemma
therefore implies that ®!¢! is measurable. O

Since the graph has finitely many clusters, recursive substitution of the measurable local solution functions along the causal
ordering shows that the global solution function ® : X7y — Xy of Proposition[TT]is measurable as well.
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B PRELIMINARIES ON d-SEPARATION AND D-SEPARATION

We recall the standard notion of d-separation, introduced by [Verma and Pearl| [1988]] (see also Lauritzen, 1996} [Pearl, 2009),
and, for graphs with deterministic relations, that of D-separation [Geiger et al.,|{1990].

Definition 27 (d-blocking). A walk vy ... v on a DAG G is d-blocked by C' C V, if it contains:

* acollider v;—; — v; + v;41 withv; ¢ ancg(C), or
* a non-collider (possibly endpoint) v; € C.
Otherwise, the walk is called d-open given C.
Definition 28. Let A, B,C C V be sets of variable nodes in a DAG G. We say that A and B are d-separated given C' in G,

written

d
A1 B|C,
G
if every walk from a node in A to a node in B is d-blocked by C' in G.

Definition 29 (Functionally determined in an acyclic SCM). Let C' C V be a subset of nodes in an acyclic SCM with graph
G, with exogenous nodes U and endogenous nodes V' \ U. Define Cy := C and

Cpt1:=C,U{v e V\U :pag(v) CC,}.

We define fdetc (C) := U, ¢ Cn and refer to those as the nodes that are functionally determined by C.

The following definition is inspired by [Geiger et al., |1990].

Definition 30 (D-separation). Let A, B,C C V be sets of nodes in an acyclic SCM with graph G (exogenous nodes
U, endogenous V \ U). We say that A and B are D-separated given C in G, written A L5 B|C, if A LY, B |fdetq(0)
(formulation (2) of Lemma31).

This formulation of D-separation (which corresponds with formulation (2) in the following lemma) is equivalent to two
other formulations:

Lemma 31. Let A, B, C be sets of nodes in an acyclic SCM with graph G, with exogenous nodes U and endogenous nodes
V \U. Let fdet(C) be the nodes in the DAG that are functionally determined by C' (as in Definition . The following
three formulations of D-separation are equivalent:

1. all walks between a node in A and a node in B contain
(a) a collider not in ancg(C)
(b) a non-endpoint non-collider in fdetq (C')
(¢) an end node in fdetg (C)
2. all walks between a node in A and a node in B contain
(a) a collider not in ancg(fdetg(C))
(b) a non-endpoint non-collider in fdet (C')
(¢) an end node in fdetg(C)
( <= A, B are d-separated given fdetc(C))
3. all walks between a node in A and a node in B contain
(a) a collider not in ancg(C)
(b) a non-endpoint non-collider in C
(¢) an end node in fdet(C)
(d) a fork in fdete(C)

'Tt suffices if every path from a node in A to a node in B is d-blocked by C' in G, yielding an equivalent formulation of d-separation
that is easier to check manually.
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Proof. Write C := fdets(C'). From Deﬁnitionwe have C' C C and

neC\C = neV\Uandpag(n) CC; 4)

in particular ancg (C) C ancg(C'). On a walk 7 we call an internal node a collider if both incident edges point into it, a fork
if both point out of it, and a chain if one points in and one out; the two end nodes are treated separately. A parent-neighbor of
anode n on 7 is a neighbor p on 7 with p — n in G; thus a collider has two parent-neighbors, a chain has one, and a fork has
none. Call 7 j-active if it is not blocked according to formulation (7). We prove that the three notions of “active” coincide
on every walk 7 between A and B; the equivalence of the three “all walks are blocked” statements is then immediate.

(1) < (2). The two criteria differ only in the collider clause, and ancg (C) C ancg(C'), so a collider outside ancg (C) is
also outside ancg (C'); as the other clauses coincide, every walk blocked under (2) is blocked under (1), i.e., every 1-active
walk is 2-active.

Conversely, let  be 2-active: every collider lies in ancg (C'), and no node of C' occurs on 7 as a non-collider or as an end
node. Let k be a collider of 7; we show k € ancg(C). If k& € C then in fact k € C: otherwise (@) gives pag (k) C C,
so the two parent-neighbors of k& would be nodes of C' occurring as non-colliders or end nodes, contradicting 2-activity;
hence k € C C ancg(C). If k ¢ C, pick a shortest directed path k — ny — --- — n; with n; € C (one exists since
k € ancg(C)), so thatny,...,ns_1 ¢ C. Were n; € C'\ C, then (@) would place its predecessor on the path—n;_1, or k
if t = 1—in pag(n;) C C, contradicting the choice of that predecessor outside C'. Hence n; € C and k € ancg(C). So
every collider of 7 lies in ancg(C) and 7 is 1-active.

(1) < (3). The collider clause and the end-node clause are identical in the two formulations. If 7 is 1-active it has no
internal non-collider in C; in particular it has no internal non-collider in C' and no fork in C, so 7 is 3-active.

Conversely, let 7 be 3-active. To show it is 1-active it suffices to rule out internal non-colliders in C. Forks in C' are excluded
by 3-activity, and chains in C are excluded as well, so the only remaining possibility is a chain node m € C'\ C; suppose
one occurs. Define g := m and let ¢;; 1 be the parent-neighbor of g;, continuing as long as ¢; is a chain in C'\ C (which by
(@ guarantees a parent-neighbor in C'). Each ¢; lies in C, and ;11 — ¢; — - -+ — qo is a directed path in the DAG G, so
the ¢; are distinct and the process stops, at some ¢;, € C. Since ¢;, has an edge pointing out of it (toward ¢;_1), it is not a
collider. If g, is an end node, then an end node lies in Cif q 1s a fork, then a fork lies in C'; and if qr 1s a chain, then—the
process having stopped—q;, € C, so an internal non-collider lies in C'. Each case contradicts 3-activity. Hence no chain
node of 7 lies in C \ C, so 7 has no internal non-collider in C and is 1-active.

Thus the three notions of “active” (equivalently, of “blocked”) coincide on every walk, and the three formulations of
D-separation are equivalent. By definition, formulation (2) is d-separation of A and B given C. O

Geiger et al.| [[1990] defined D-separation (restricted to disjoint A, B, C') with formulation (3), and showed that it is
equivalent to formulation (1). What Lemma [31] adds is the equivalence with formulation (2): D-separation given C
coincides with ordinary d-separation given the enlarged conditioning set C' = fdets (C )E]This reduction is useful because it
lets us fall back on the theory of d-separation, which is considerably wider in scope than that of D-separation: it extends to
cyclic systems through o-separation [[Forré and Mooij, 2017] and underpins a broad range of Markov-property, completeness,
and algorithmic results that have no direct D-separation counterpart.

C PROOF OF THE MARKOV PROPERTY

Our strategy to prove the Markov property for BGCMs (Theorem [16)) will be as follows.

We will first ignore deterministic relations and prove a weaker Markov property using a separation notion that we call b-
separation (lowercase b for “bipartite”’). This separation notion is designed to correspond to d-separation on the acyclification,
a directed acyclic graph constructed from the partially ordered bipartite graph. This mimics the acyclification strategy
for cyclic SCMs [Spirtes, (1995 [Forré and Mooijl 2017, Bongers et al., [2021]]. However, we do not make the clusters
(corresponding to strongly connected components in SCMs) fully connected, because we typically work with the augmented
graph that contains all nodes, including exogenous random variable nodes, and there is no reason to assume a latent noise
source feeds into a cycle. From the equivalence of b-separation on the partially oriented bipartite graph and d-separation on
its acyclification (Lemma 38)), we then prove a b-separation Markov property (Theorem [39) by reduction to the standard
Markov property for acyclic SCMs.

’This equivalence was observed by Claude Code.
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We then strengthen the Markov property by taking into account determinism, analogous to how D-separation [Geiger et al.,
1990] strengthens d-separation in Bayesian networks. The key intuition is: once every parent of a cluster is fixed by the
conditioning information, all variables in the cluster are fixed too. This leads directly to the notion of B-separation. Similarly
to how D-separation is related to d-separation, B-separation can be expressed in terms of b-separation (Lemma {4T)). This
observation allows us to obtain Theorem[I6]as a Corollary of Theorem 39

C.1 b-SEPARATION MARKOV PROPERTY

We repeatedly make use of the following elementary consequences of the definitions:

=
* Directed edges in G always point from variable to equation;

¢ Parents of a cluster are variables;

» For a walk between two variable nodes, all segment exits will be variable nodes;

* The end nodes of the walk are always exits of their segments.

We will also use that clusters are connected by double-undirected edges.

Lemma :2 (Double-edge connectivity of clusters). Let a,b € V U F. If a ~ b, then there exists a possibly trivial walk from
ato b in G that uses only = edges and whose nodes all lie in [a] = [b].

Proof. 1t suffices to prove the claim for each generating relation in Definition [3] since walks can then be concatenated
along a finite chain of such relations. If @ — b is a matched edge, then a ~ b, so this edge is oriented as a = b in G by
Definition[5] If a and b lie on a common closed M -alternating walk, take the subwalk of that closed walk from a to b. Every
edge on this subwalk has both endpoints on the same closed M -alternating walk, hence its endpoints are equivalent; by
Definition [5] each such edge is therefore oriented as =. The resulting walk stays inside the common equivalence class. [

We first define the appropriate acyclification.

Definition 33. For a partially oriented bi;lgrtite graph G with variable nodes V and equation nodes F', we define its
acyclification as the directed acyclic graph G* = (V, E*%Y) with nodes V' and with a directed edge v — V' for v,v' € V

if and only if v € pag([v']).

— —
First we show that “anterior in G’ (at the node level) corresponds to “ancestral in G*%” (at the cluster level).

Lemma 34. For nodes a,b € V:
a €antz(b) <= [a] Nancg.., (b) # 0.

N
Proof. Let 7 be an anterior walk in G, that is, a walk of the form
S1,1 = =81k, 821 =" =82k, " Sm,1 = " = Sm.kmn,

which we partitioned into maximal subwalks s; of equivalent nodes, each s; being of the form s; 1 = --- = s; , (with
possibly k; = 1). We project it onto a directed walk in G*% by picking from each segment s; the outgoing node s; x,:

S1,ky =7 S2,ky —7 1 77 Smyk

m*
. . . . = . . = . .
Hence, if s1 ;1 is anterior to s, k,,, in G, then s1 , is an ancestor of s, ,, in G*¥. Since s1 x, € [s1,1], the claim follows.

=
Vice versa, let 7Y be a directed walk in G2°Y:
VL = = Uny

By definition, each edge in 7 connects variables in different clusters of G. The edge v; — v;41 in Gacy (with
v; € pag([vi4+1])) can be lifted to a walk in @ as follows. Choose an equation f; € F N [v;11] with v; — f; in G,
and connect f; to v; 11 by a =-walk within [Uz+1] using Lemma | resulting in the lift v; — f; = -+ = v;41 in G .
Concatenating these lifts yields an anterior walk in G from V1 to v,,. By concatenating this with the double- edge walk from
Lemma , we may obtain an anterior walk in G from any node in [v1] to v,,. Hence, if a node in [a] is ancestral to b in
G“y, then « itself is anterior to b in G. O
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The following notion is related to the segment-based version of o-separation [Forré and Mootj, [2017]], but strengthens it by
adding another way in which non-collider segments can block (the third rule).

Definition 35 (b-blocking). For C' C V, the walk is called b-blocked by C' if it contains:

1. a collider segment that does not intersect antz(C'), or
2. a non-collider segment that has an exit in C, or

—
3. a non-collider segment with two distinct exits whose cluster has all its G-parents in C.

Otherwise, the walk is called b-open given C.

Note: Since the two end nodes qualify as exits, an end node in C' always b-blocks the walk.

Definition 36 (b-separation). Let A, B,C' C V be sets of variable nodes. We say that A and B are b-separated given C' in
G, written

b
AL B|C,
G
if every walk from a node in A to a node in B is b-blocked by C' in 6

The three rules in which b-separation blocks a walk mirror, segment by segment, the way d-separation blocks the correspond-
ing structure in the acyclification G (Lemma: a collider segment projects to a collider whose center is a common
child; a non-collider segment with a single exit v (a chain, an endpoint, or a one-node fork <— v —) projects to a chain/fork
centered at v, blocked iff v € C; and a non-collider segment with two distinct exits a # b projects to a fork a < p — b
through a common parent p, blocked iff a € C' or b € C or every such p lies in C

We added the third rule to make b-separation via walks coincide with b-separation via paths.

Lemma 37 (b-separation via walks or paths). Forall A, B,C C V, every walk from A to B is b-blocked by C'if and only if
every path from A to B is b-blocked by C.

Proof. Since paths are walks, “all walks b-blocked” implies “all paths b-blocked”.

Conversely, suppose there exists a b-open walk from A to B, and among all such walks with the same end nodes choose one,
say m, of minimal length. We show that 7 has no repeated node, and hence is a b-open path.

First note that no segment of 7 contains the same node twice. Indeed, if a segment contains two occurrences of a node y,
deleting the closed =-subwalk between these two occurrences gives a strictly shorter walk with the same end nodes. Only
this segment is changed; its bounding directed edges, exits, and cluster remain the same. Hence rules 2 and 3 of Deﬁnition
have the same truth value before and after the deletion. If the segment is a collider, then, since 7 is b-open, it meets antg;(C ).
But all nodes in a segment are connected by =-walks, so if one node of the segment is anterior to C, then every node of
the segment is anterior to C. Thus the shortened collider segment is still activated. The shortened walk is therefore b-open,
contradicting the minimality of 7.

Now suppose, for contradiction, that 7 nevertheless visits some node twice.

Write m1 = ng,eq,...,ex, N, let x = n, = n, with 4 < v and let 7’ be obtained by deleting €pdls- -y Ny, 1€,
' =mng,... s My €yt 1, Myt 1, - - -, M. This is a valid walk, since e, 41 joins n,, = n, to 1,41, and its end nodes ng, nj, are
unchanged. The two occurrences of x lie in distinct segments of 7, since no segment of 7 contains a repeated node.

Let s’ be the segment of 7 containing the occurrence n,,, and s” the segment containing 7, ; both lie in [z]. In 7’ the part of
s’ from its left boundary to n,, and the part of s” from n,, to its right boundary merge into a single segment ¢ C [z] whose
left bounding edge is that of s’ (if applicable) and whose right bounding edge is that of s” (if applicable). Hence ¢ has a left
exit iff s” does, and a right exit iff s” does. Every other segment of 7’ coincides with a segment of 7 (same nodes, bounding
edges, exits, and type), so 7’ can fail to be b-open only at £. We show ¢ does not b-block.

3Thanks to rule 3 of Deﬁnition it is equivalent to require only that every path from A to B be b-blocked by C' (Lemma; the
path formulation is usually more convenient to check by hand.
“Note that a one-node fork <— v — has a single (distinct) exit and is thus governed by rule 2 only, not rule 3.
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Rule 1 (collider). Suppose t is a collider, i.e., s’ has no left exit and s’ has no right exit. If s’ is itself a collider then, being a
segment of the b-open 7, it meets antz(C'); as s’ C [z] = [t], so does t. The same holds if s is a collider. Otherwise s’
has a right exit p’ and s” a left exit A", both variables of [x] whose exit edges point into strict descendant clusters. Hence
the deleted sub-walk leaves [2:] downward at p’ and re-enters it from below at A", so along it some descending edge (one
traversed from its variable into a child cluster) is immediately followed—across a single segment—by an ascending edge;
the first such segment s is a collider, and every directed edge before it descends, so [z] is anterior to s'. As 7 is b-open, s
meets ant g (C); since [z] is anterior to sT, so does [z].

Rule 2. Every exit of ¢ is a left exit of s’ or a right exit of s”, hence an exit of a segment of the b-open , hence not in C.

Rule 3. Suppose t has two distinct exits and pag ([z]) C C'; we derive a contradiction. Then s’ has a left exit £ and s” a right
exit r with £ # r. Consider the right bounding edge of s’.

* If it points out of s', its endpoint p’ is a right exit of s". If p’ # ¢, then s has two distinct exits and pag([z]) € C, so
s’ already b-blocks m—a contradiction. If p’ = ¢, then s’ = {{} is a single node, because no segment of 7 contains
a repeated node; hence ¢ = x. Now z also lies on s”, while s” has right exit  # x. If the left bounding edge of s”
pointed out of s”, its left exit would be distinct from 7 (otherwise s” would repeat r, or would be the single node 7,
both impossible since it also contains x # 1), so s” would have two distinct exits and would already b-block 7. Thus
the left boundary of s” is an equation entered by an edge ¢ — - with ¢ € pagz([z]) C C; then ¢ is a right exit lying in
C of the segment preceding s”, which therefore b-blocks m—a contradiction.

« If it points into s’, the right boundary of s’ is an equation entered by an edge - - ¢’ with ¢’ € pag([z]) C C; then ¢’
is a left exit lying in C' of the segment following s’, which b-blocks 7—a contradiction.

Hence ¢ does not b-block, so 7’ is b-open. This contradicts the minimality of 7. Therefore the minimal b-open walk 7 has no
repeated node, i.e., it is a b-open path from A to B. O

The following lemma shows that we have correctly designed b-separation such that it is equivalent to d-separation in the
acyclification.

Lemma 38. Forall A,B,C CV:

ALB\(J — A L B|C.
Gagy

Progof. “="" b-separation implies d-separation in the acyclification. By contrapositive: given a path 7 = v, v1, ..., vy
in G2 from vg € Ato v, € B thatis d-open given C, we construct a walk 7 in G between vp and vy, that is b-open given
C. By definition, each edge in 7% connects variables in different clusters of G. It can be lifted to a walk in G by lifting
each directed edge in the same way as in the proof of Lemma [34}

—>
v; = V41 on Y isliftedto v, - fi=:-- =041 In G
b
v; ¢ viqpq on Y isliftedto v, = = f; < v;41 in G.

-
Concatenating these lifts yields a walk 7 in G between vy and vy.

We show that  is b-open given C' by checking each possibility in which it could be blocked (cf. Definition 35).

* A collider segment stems from the concatenated lifts v;_1 — f;_1 = -+ = v; = --- = f; < v;31 of some collider
Vi—1 — U < vip1 on Y. Since 7Y is d-open given C, v; € ancg.., (C), hence v; € antz(C) (by Lemma.
All nodes in the segment are anterior to v;, and by transitivity, each node in the segment lies in antz(C'). Thus the
segment does not b-block.

* A non-collider segment stems from a non-collider v; on 7% (a chain, a fork, or an end node). The lift preserves
outgoing edges on variable nodes, and it preserves end points. So v; must be an exit of the segment. The lifting
procedure cannot generate a segment with two distinct exits. Since 7% is d-open given C' and v; is a non-collider on
w2, we have v; ¢ C. Thus the segment does not b-block.

Hence, 7 is b-open given C.

“<=": d-separation in the acyclification implies b-separation. By contrapositive: given a walk m = ro, 71, ..., 7y in G from
ro € Ator, € B thatis b-open given C, we construct a walk 7% in G2 between ro and r,, that is d-open given C. The
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walk 7 consists of segments s1, . .., s, separated by directed edges; each such directed edge is of the form v — for f < v
withv € V, f € F,and v € pagz([f]). We project each segment s, to a piece (node v; or a walk a; < p; — b;), according
to its type:

* A collider segment s; is b-open, so it intersects antz(C); we pick a node v; € [s;] NV N ancgae, (C) (which
exists by Lemma [34) and project s; to v;. On 7%, v; will become a collider — v; <—, which is d-open given C' as
V; € aNcC ey (C).

* A non-collider segment with a single exit v; (a chain, a one-node fork, or an end node r( resp. r,): since 7 is b-open,
v; ¢ C'; we project s; to v;. As v; either carries an outgoing edge leaving its cluster or is an end node, it is a non-collider
(chain, fork, or endpoint) on 72, and d-open since v; ¢ C.

* A non-collider segment with two distinct exits a; # b;: since 7 is b-open, a;,b; ¢ C and there must be a parent
pi € pagz([si1]) \ C; we project s; to the fork a; <— p; — b;. As both a;, b; either carry an outgoing edge leaving
their cluster or form an end node, they are non-colliders on 72, and both are d-open given C because a;,b; ¢ C.
Additionally, p; does not d-block given C on 72 as p; ¢ C.

The consecutive pieces are joined together to form a walk, preserving the directed edges that separated the segments on 7.
By construction, two consecutive variable nodes on this sequence must lie in different clusters, and one must be parent of
the other in G*%Y. The resulting walk 7% is d-open given C' by construction. O

We can now prove the global Markov property for partially oriented bipartite graphs via reduction to the Markov property
for acyclic SCMs.

Theorem 39. Suppose Assumption (10| holds. When assigning independent distributions to all exogenous variables, the
resulting joint distribution P(Xy/) satisfies: for all A, B,C CV,

b
AJ_.)B|C = X4 1 Xp|Xec.
G P(Xv)

Proof. The clusters of G are partially ordered by the directed edges between them. For each endogenous cluster [v] with

v € V' \ U, clusterwise unique solvability (Assumption provides a cluster solution function ®[*! that expresses the

endogenous variables X (1\)n[,) as a function of the parent variables X, ([v)). Write @Lﬁ]

corresponding to variable w € (V \ U) N [v].

for the component of ®!]

Replace the original system of equations by the acyclic system: for each endogenous variable v € (V' \ U), the structural
equation is

Xy = B (Xpag (1o]))-

Each exogenous variable X, (u € U) retains its original independent distribution. By construction, the solutions of the
rewritten system coincide with the solutions of the original system (Proposition [[T)): in both cases, variables are determined
by recursively substituting cluster solution functions along the partial ordering of the clusters. The rewritten system is an
acyclic SCM: the structural equation for each variable v depends only on variables in strictly earlier clusters.

Now by Lemma [38] the assumption

b
ALB|C
c
implies:
d
A_L B|C.
Gacy

The graph of the rewritten acyclic SCM is a subgraph of the acyclification DAG Gacy (it can be a strict subgraph if one
or more functional dependences cancel out). By the standard directed global Markov property for acyclic SCMs with
independent exogenous variables [Lauritzen et al., {1990, see also Lauritzen, 1996, Pearl, 2009]:

Xa 1L Xp|Xc. O
P(Xv)
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C.2 ACCOUNTING FOR DETERMINISM

We now strengthen the Markov property for partially oriented bipartite graphs by taking into account determinism, analogous
to how D-separation [|Geiger et al.l [1990] strengthens d-separation in Bayesian networks.

We will write S < T iff X g is a measurable function of X.

Lemma40. Let A, B,S,T CV with S <X T. Then:

Xa A XB|XSUT — X, A XB‘XT‘
P(Xv) P(Xv)

(

Proof. This follows from the elementary axioms for conditional independence [Dawid, 1979]. O

Although B-blocking is stated with antz(C) in its collider rule (Definition , B-separation in fact coincides with b-
separation given the enlarged conditioning set fdetz(C'). This equivalence is the graphical device behind the strengthening.

Lemma 41. Forall C C V, awalk is B-blocked by C if and only if it is b-blocked by fdet z(C). Hence, for all A, B,C C V:

B b
ALB|C < ALB|fdetz(C).
a a

Proof. We show the per-walk equivalence; the separation statement follows by quantifying over all walks (equivalently, all
paths). Running Definition 35|at fdetz(C'), rule 3 is subsumed by rule 2: a two-distinct-exit segment with pagz ([s;,1]) €
fdetz(C') has its whole cluster—hence both exits—in fdet z (C'). So b-blocking by fdetz(C') reduces to: a collider segment
not meeting ant z (fdetz(C')), or a non-collider segment with an exit in fdet z(C'). This differs from B-blocking by C' only
in the collider condition, which uses ant g (fdet z (C')) rather than antz(C').

Since antz(C) C antgz(fdetz(C')), every walk b-blocked by fdet z(C') is B-blocked by C'. Conversely, let 7 be B-blocked
by C'; we show it is b-blocked by fdetz(C'). As the two criteria share the non-collider rule, we may assume the block comes
from a collider segment s, in a cluster [c*], that does not meet antz(C'). If [c¢*] also fails to meet ant z (fdetz(C)), then s¢
blocks 7 under b-blocking by fdetz(C') as well. Otherwise [c*] meets antz(fdetz(C)) but not antz(C'), and we claim
pag([c7]) C fdetz(C).

By Lemma 34} meeting antz(S) is equivalent to [¢*] meeting ancg.., (S); and in the acyclification ancg.., (fdetz(C)) =
aNC e, (C) U fdetz(C). (For “C”: along a directed path from an ancestor v to a determined node w, either the path meets
C,sov € anc Giacy (C), or, reading it back from w, each node is a parent of a determined node outside C' and hence itself
determined, so v € fdetz(C).) Thus [c¢*] meets fdetz(C'): pick y € [c¢*] Nfdetz(C). As [c¢*] avoids antz(C) 2 C, we
have y ¢ C, so y is endogenous with pag ([c*]) = pagz([y]) C fdetz(C'), proving the claim.

The two walk-neighbors of s¢ are variables of paz([c*]) C fdetz(C)—they point into the boundary equations of s®—and
each is an exit of the adjacent non-collider segment. Hence both neighbors are b-blocked by fdetz(C'), so  is b-blocked by
fdetz(C). O

Combined with the acyclification, this yields a clean correspondence between B-separation and D-separation that mirrors
Lemma[38] now accounting for determinism.

Lemma 42 (B-separation equals D-separation in the acyclification). Forall A,B,C CV:

B D
ALB|C < A_L B|C.
a Gacy

Proof. For every v € V the acyclification satisfies paz.., (v) = pagz([v]), so the closure recursions of Definitions
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and 29| coincide; hence fdet 2., (C) = fdetz(C') for all C' C V. Therefore

B b
AL B|C < AL B|fdetz(C) (Lemma [T}
a a
d
< A _1 B|fdetz(C) (Lemma 38)
Gacy
d
< A 1 Blfdetg..(C) (fdet gacy (C) = fdetz(C))
Gacy
D
<~ A _ 1 B|C (Definition [30).
Gacy

Theorem [T6lnow follows from Theorem
Theorem 16 (Global Markov property). Suppose that Assumption[I0 holds. When assigning independent distributions to all
exogenous variables, the resulting joint distribution P(Xy/) satisfies: for all A, B,C C V,

B
AJ_.)B|C = X4 1 Xp|Xec.
G P(Xv)

Proof. By Lemma the hypothesis A J.g» B| C is equivalent to
b
AL B|fdetz(C).
G

B y Theorem @l,
A Xv) B ‘ fdet z (C)

The clusterwise solvability condition gives, for each endogenous cluster [c]:
[(] NV = pag([c])
From the definitions, it follows that fdetz(C') < C. By Lemma it then suffices to condition only on C"

X4 A XB|Xc. O
P(Xv)

Similarly to b-separation, also B-separation may equivalently be defined via walks or via paths.

Lemma 43 (B-separation via walks or paths). For all A, B,C C V, every walk from a node in A to a node in B is
B-blocked by C' if and only if every path from a node in A to a node in B is B-blocked by C.

Proof. By Lemma (per-walk form), a walk is B-blocked by C'iff it is b-blocked by fdet z(C'); applied to walks and to
paths separately, this gives that B-separation given C, defined via walks or via paths, equals b-separation given fdetz(C')
defined via walks resp. paths. The latter two coincide by Lemma[37] O

Because fdetz(C) can be strictly larger than C, B-separation is genuinely stronger than b-separation: A J_% B| C implies

A J_g» B| C (comparing the two criteria at the same C': the collider rule is common to both, while each non-collider case of
b-blocking—an exit in C, or two distinct exits whose cluster satisfies pag([c]) € C—puts an exit in fdet z(C') and hence
B-blocks), but not conversely, as Example @] shows.

Example 44 ( B-separation is strictly stronger than b-separation). Consider the observational bathtub graph G of Example@
and condition on C = {X1}. Since pag([Xo|) = { X1}, the outflow is functionally determined by C, so fdetz({X1}) =
{X71, X0}, the variables X p and X are not determined, as their clusters also require X i, resp. X,

Take A = {Xo} and B ={Xp}. The walk Xo — fo = Xp — f3 = Xp splits into the segments {Xo}, {f2, Xp}, and
{fs, Xp}, with single exits X0, Xp, and X p respectively. None of these exits lies in C = { X1}, hence this walk is b-open
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and Xo ,J/_b@» Xp | X;. Under B-separation the outcome differs: every walk out of Xo begins with the endpoint segment
{Xo} whose exit Xo lies in fdetz({X1}), so Xo J_g» Xp| X,

The B-separation verdict is the correct one: conditioning on X forces Xo = X (Examplel0)), so X o is constant given X1
and hence trivially independent of X p. Thus B-separation detects a conditional independence arising from determinism
that b-separation misses.

D PROOF OF THE EXTENDED GLOBAL MARKOV PROPERTY

We prove Theorem[I8] which extends the Global Markov Property (Theorem|I6) from joint distributions to Markov kernels
with non-random input variables. Our strategy will be similar to that of Appendix [C] but rather than applying the standard
global Markov property for acyclic SCMs, we make use of the global Markov property for causal Bayesian networks with
input variables established by [Forré| [2021]].

Forré|[2021, Theorem 6.3] proves the global Markov property for CBNs with input variables using transitional conditional
independence [Forré, |2021], Definition 3.1]. This is an asymmetric notion of conditional independence for Markov kernels:
XA Lp.| x,) XB | Xc means that there exists a Markov kernel Q(X 4 || X¢) (not depending on X ) such that

P(Xa,XB, Xc || Xs) =Q(Xa || Xc) @ P(Xp, Xc || X).

The proof of |[Forré|[2021]] proceeds by induction over the topological ordering of the conditional DAG (CDAG)—which
marks the variables in J C U C V as input variables—chaining the (asymmetric) separoid rules for transitional conditional
independence and d-separation in CDAGsS, an (asymmetric) extension of d-separation in DAGs. A crucial feature of |[Forré[s
approach is that it does not rely on symmetry of conditional independence (which fails for Markov kernels in general), but
instead uses left and right versions of the separoid rules separately.

Theorem 45. Suppose Assumption[I0 holds. Treat exogenous variables J C U as non-random and assign independent
distributions to the remaining exogenous variables in U \ J, yielding the Markov kernel P(Xy || X ;). Then for all
A B,CCV:
b
AJ_BUJ|C$XA A XB|Xc.
a P(Xv [| Xs)

Proof. As in the proof of Theorem [39] solutions of the system satisfy the acyclic system of equations
X, = ‘I)Lv] (Xpaé*([v]))a veV \ U.

Treat J C U as non-random and put independent distributions on the remaining exogenous variables W := U \ J. For each
endogenous cluster [v] (v € V'\ U), let the deterministic Markov kernel X}, . (j,]) — P(X,) be the one corresponding to

the cluster solution function (I)LU], and for each w € W let P(X,,) be its distribution. Together with the non-stochastic inputs

X 5, these Markov Kernels define a causal Bayesian network M in the sense of |[Forré|[2021], Definition 6.1], with:
* non-stochastic input variables: X ;,

* stochastic variables: Xy j,

« graph: the acyclification G*°¥, viewed as a conditional DAG @aCY(V \ J |do(J)).

This is a valid conditional DAG: G is acyclic, and no edge points into any j € J, since each such j is an exogenous
singleton cluster with paz([j]) = (. The joint Markov kernel of M is precisely P(Xy || X ).

Let A, B,C C V be such that

b
ALBUJ|C.
G
By Lemma[3§]
d
A 1L BUJ|C.
Gacy
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Since G°¥ is acyclic, d-separation coincides with o-separation [Forré, 2021, Definition 5.9 and Remark 5.10]. Reading the
acyclification as the conditional DAG G (V' \ J | do(J)), whose o-separation criterion implicitly includes the input nodes
J on the right, this is exactly
A L B|C.

Gacey (V\J | do(J))
By the global Markov property of [Forré| [2021, Theorem 6.3] applied to M, this implies the transitional conditional
independence

a1 Xp|Xec. O

P(Xv || X)

Corollary 46. Suppose Assumption[I0 holds. Treat exogenous variables J C U as non-random, and assign independent
distributions to exogenous variables in U \ J, yielding Markov kernel P(Xy || X ;). Then for all A, B,C C V such that
JCBUC:

b
AJ'_>B|C E=4 XA A XB|Xc.
G P(Xv || Xs)

Proof. When J C BUC we have J\ B C C, so every walk from A to a node of J \ B ends in C' and is therefore b-blocked
by C; hence A J_ba» B| C implies A J_bé» BUJ|C,and Theoremyields Xalpxy 1 x,) X6l Xc. O

D.1 ACCOUNTING FOR DETERMINISM

Just as we strengthened the global Markov property for partially oriented bipartite graphs by accounting for determinism, we
can do the same for the extended version. Definition |13|still applies, and does not need to distinguish exogenous input nodes
J from exogenous random nodes U \ J: exogenous variable nodes are only functionally determined by C'if they are in C.

Lemma47. Let A, B,S,T CV with S <T. Then:

XA A XB|XSUT <~ XA A XB|XT-
P(Xv || Xg) P(Xv || X)

Proof. This is the transitional-conditional-independence analog of Lemmal[40} because transitional conditional independence
is asymmetric, we cannot use the symmetric argument and instead invoke Forré’s Equivalent Exchange rule. By hypothesis
X g is a measurable function of X7. Then X g7 is a measurable function of X7; conversely X is a coordinate projection
of Xgyur. Since all model variables are measurable functions of the exogenous variables X7, both X gy and X are
deterministic transitional random variables; as each is a measurable function of the other, they are equivalent [Forré, 2021,
Notation 2.19 and Remark 2.20]. The Equivalent Exchange rule for transitional conditional independence [Forré| 2021,
Corollary 3.14], which allows the conditioning variable to be replaced by an equivalent one, then yields both implications:

Xa AL XB|XSUT <— X4y AL XB|XT. O
P(Xv || Xg) P(Xv || X7)

We obtain Theorem [I8]from Corollary 46

Theorem 18 (Extended Global Markov property). Suppose Assumption[10|holds. Treat exogenous variables J C U as
non-random, and assign independent distributions to exogenous variables in U \ J, yielding Markov kernel P(Xy || X 5).
Then for all A, B,C C V such that J C BU Cf]

B
AJ:’B|C E=4 XA A XB|Xc.
G P(Xv || X)

Proof. By Lemma the hypothesis A J_g» B| C is equivalent to

b
AL B|fdetz(C).
G

3One can replace the assumption A J_g» B|Cby A Lg» B U J | C to obtain a result that is valid for all choices of A, B, C.
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By Corollary(whose hypothesis J C B U fdetz(C') holds because J C BUC C B U fdetz(C)),

1 Xp| Xiqetm (o
Axilix) B | Xtdet 2 (0)

The clusterwise solvability condition gives, for each endogenous cluster [c]:
[c] NV =< pag([e]).
From the definitions, it follows that fdeta:(C ) < C.By Lemma it then suffices to condition only on C":

X4 A Xp |Xc. O
P(Xv || X)

E PHYSICAL IMPLEMENTATIONS OF HARD INTERVENTIONS

The formal notation do( f; : X, = &,) has a natural physical interpretation: it specifies which mechanism f; in the system is
replaced in order to enforce X,, = &,. Different choices of f; correspond to genuinely different physical procedures for
achieving the same target value. We illustrate this for four of the hard interventions on the bathtub model. Combined with
the ones in Example 20} this gives a complete “physical implementation” of the causal semantics of the bathtub system
under the hard interventions we consider elementary in our framework.

do(f1: Xo = &o). Equation f; (the equilibrium condition X; = X¢) is replaced by fl : Xo = &o. The causal ordering
is preserved: f; determines X, fo determines X p, and f3 determines X . A physical implementation is to divert the
original inflow away from the tub and install a new faucet with inflow rate X, = &o.

do(f1 : Xp = £p). Equation f; is replaced by fl : Xp = &p. The causal ordering changes: f1 now determines X p
(instead of X), and consequently f must solve for X given Xp. A physical implementation requires diverting the
original inflow, installing a sufficiently large new inflow, and connecting a pressure relief valve to the bottom of the tub that
activates when Xp > &p.

do(fs : Xp = &p). Here, Torricelli’s law f5 is replaced by fa : Xp = &p, while the equilibrium condition f; remains
intact. This requires a more involved physical procedure: clog the drain, reroute the original inflow directly to the outflow
through a pipe (bypassing the tub and drain), install an additional sufficiently large inflow, and connect a pressure relief
valve that activates when X p > £p. Note that this intervention targets the same variable (Xp = £p) as do(f1 : Xp = £p),
but through a different mechanism: the equilibrium condition f; is preserved, so Xp = X7 still holds, whereas in

dO(fl : Xp = fp) we geth = XK\/g

do(fe: Xp =&p). Torricelli’s law f5 is replaced by fg : Xp = &p. This changes the causal ordering: f3 now determines
Xp from Xp (rather than X p from Xp). The physical implementation is similar to the previous case—clog the drain,
reroute inflow to outflow, install an additional inflow—>but instead of a pressure valve, the bathtub is cut at height .

These examples illustrate a key advantage of the BGCM framework: the notion do(f; : X, = §,) makes the physical
implementation explicit by specifying which mechanism is targeted, resolving the ambiguity inherent in the standard notion
do(X, = &,). Furthermore, we have shown explicitly that each such hard intervention that leads to a solvable system can
indeed be realized as a real-world intervention.

F PARTIALLY ORIENTED BIPARTITE GRAPHS UNDER INTERVENTIONS

Figure 2| shows the partially oriented bipartite graphs for the observational bathtub model, all six well-defined hard
interventions (cf. Table[I), and the three infeasible hard interventions. Edges that change relative to the observational case
are drawn in red; intervened equation nodes are also shown in red. The systems that (generically) do not have solutions are
drawn in gray.
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Observational

Figure 2: Partially oriented bipartite graphs for the bathtub model under all hard interventions (cf. Table. The observational
graph is shown top-right for reference. Intervened equation nodes are shown in red; edges whose orientation changes relative
to the observational case are drawn in red. Note how replacing different equations can lead to fundamentally different causal
orderings: e.g., do(f1 : Xp = &p) reverses the causal flow entirely. For three hard interventions, the intervened bipartite
graph cannot be oriented (no perfect matching exists), so the undirected intervened bipartite graph is displayed instead.

G PARTIALLY ORIENTED BIPARTITE GRAPHS FOR THE DOMAIN INVARIANCE
EXAMPLES

—>
Figure [3| shows the partially oriented bipartite graphs G of the joint models constructed for each of the four domain
invariance examples in Section[6] In each case, the exogenous domain indicator variable R is connected to the equation(s)
=

that differ between domains. The graphical structure of G determines which B-separation statements hold, and hence
which domain invariances can be derived from the Markov property.

H A WORKED EXAMPLE WITH A GENUINE CYCLE: SUPPLY AND DEMAND

The bathtub of Example|[6] although a feedback system at equilibrium, has a partial orientation whose endogenous clusters
each consist of one equation and one variable ({ f1, X0}, {f2, Xp}, {f3, Xp}); its causal ordering is therefore acyclic. To
illustrate the part of the framework that deals with genuine cycles—multi-node clusters, whose segments are treated in
B-separation as single indivisible units (Definition [T4)—we work out a classic simultaneous supply—demand system, in
which all three mechanisms must be solved jointly.

Consider a competitive market at equilibrium with endogenous variables X g (quantity supplied), X p (quantity demanded),
and Xp (price), and exogenous supply/demand shifts X7, X7,,. With supply slope 8 and demand slope « satisfying
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Example 21} obs. vs. do(X, = &) Example 22} obs. vs. do(f3 : Xp = &p)

X I X K UH R

Xo lgﬁme,Xp

Example24: do(f1 : Xp=Ep) vs. do(f1 : Xp=Ep)

R X Xk Xy R X Xk Xy

No non-trivial B-separation involving R

Figure 3: Partially oriented bipartite graphs of the joint models for the four domain invariance examples (Section E]) In each
graph, the exogenous domain indicator R is connected to the equation(s) that differ between domains. The B-separation
statement below each graph summarizes the graphical criterion from which the corresponding domain invariance is derived
via the Markov property. In Example 23] all endogenous nodes and equation nodes form a single cluster, so no non-trivial
B-separation involving R exists.

B > 0 > q, the equilibrium is described by three mechanisms:

fi: 0=Xs—Xp (market clears)
for 0=pBXp+ Xy, — Xs (supply)
fa: 0=aXp+ Xy, — Xp (demand)

A single endogenous cluster. The endogenous subgraph (variables { Xs, Xp, Xp}, equations { f1, f2, f3}) admits the
perfect matching M = {f; — Xg, fo — Xp, f3 — Xp}. The closed M-alternating walk

Xs—fi—Xp—fa—Xp— fo— Xg

(alternating the matched edges fi — Xg, f3 — Xp, fo — Xp with the unmatched edges f1 — Xp, f3 — Xp,
fo — Xg) visits all six nodes of the endogenous subgraph. By Definition [3| they therefore form a single clus-
ter {f1, f2, f3,Xs, Xp, Xp}, and by Lemma [4| this is independent of the chosen matching. The cluster has parents
paz([f1]) = {Xvs, Xv, }. In the partial orientation G, all six intra-cluster edges are double-undirected, while the two
exogenous shifts point in (Figure fp). Unlike the bathtub, the causal ordering here is not acyclic: the entire endogenous
system is a single feedback cluster, solved simultaneously.

Unique solvability and solution. Because 3 > 0 > «, the cluster is uniquely solvable (Assumption[I0). Substituting the
supply and demand relations into the market-clearing condition Xs = Xp gives SXp + Xy, = aXp + Xy, hence

_ X —Xus oy BRup —aXuy

Xp B—a B—«

Reading off (in)dependences. Assign independent distributions to the shifts Xy, Xy, , so that P(Xy) is well defined
and the Markov property (Theorem [16)) applies. Consider the walk
Xus = fo=Xp = f3 < Xup,-

Its middle segment fo = Xp = f3 lies entirely inside the cluster and is a collider segment: both bounding edges
point inward. For C' = () we have antz () = 0, so this collider segment is disjoint from antz(0)) and blocks (rule 1 of
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Xvs Xvp

(a) partial orientation a (b) acyclification Gacy

Figure 4: The supply—demand system and its acyclification. (a) The partial orientation G the three endogenous variables
and three equations form a single feedback cluster (dashed box) with the exogenous shifts X, Xy, as its parents; all
intra-cluster edges are double-undirected. (b) The acyclification 6@@, the DAG on the variable nodes with an edge v — v’
whenever v € pag([v']); the two shifts become common parents of all three endogenous variables, which are mutually
nonadjacent. B-separation in G coincides with D-separation in Gacy (Lemma , so the two encode the same conditional
independences; but only GG, which retains the equation nodes, can model interventions.

Definition[T4). Since Xy, and X7, attach to the cluster only through the inward edges Xy, — f2 and Xy, — f3, every
path between them crosses such a within-cluster collider segment, so

B
XUSJ;XUD |@ — XUS A XUD7
G Xv

P(Xv)

recovering the assumed independence of the two shifts.

Conditioning on the equilibrium price reverses the verdict. As X p lies in the cluster, the whole cluster is anterior to X p, so
the collider segment now meets antz({Xp}) and no longer blocks. Moreover fdetz({Xp}) = {Xp}: determining the
cluster would require both exogenous parents, and neither is in { X p }, so no further node is functionally determined. Hence
the endpoints Xy, X7, are not in fdetz({ X p}), rule 2 does not block either, and the walk is B-open:

B
Xuy L Xu, | Xp.
G

This matches the algebra: Xp = (X1, — Xv,)/(8 — «), so conditioning on the price imposes the constraint X, — Xy7q =
(8 — a) X p and generically renders the two shifts dependent. It is the familiar phenomenon of conditioning on a common
effect—except that here the common effect is an entire feedback cluster rather than a single variable, which is exactly what
rule 1 of B-separation is designed to capture.

Determinism (rule 2) in a cycle. Rule 2 blocks a non-collider segment as soon as one of its exits is functionally determined
by the conditioning set. In a single multi-variable cluster this is all-or-nothing: every endogenous variable has the same
parents {Xy7¢, Xu, }, so none is determined until both shifts are conditioned on. Thus fdetz ({ Xy, }) = { X, }, whereas

fdeté’({XUs»XUD}) = {XUstUD7XSaXP>XD}

is the entire set of variable nodes. In the latter case the endpoint segment of every path already has an exit in fdet z(C'),
so rule 2 blocks it; hence, for example, X g J_g Xp | Xvg, Xvu,. Whereas conditioning on the endogenous price created
dependence between the shifts (rule 1), conditioning on both exogenous shifts removes all dependence among the endogenous
quantities: fixing both shifts pins down the equilibrium, so every endogenous quantity is constant and hence conditionally
independent of the rest. Needing all of a cluster’s parents before any of its variables is determined is not special to cycles; it
is a general property of fdetz that already appears at single-variable clusters whose equation has several parents. In the
bathtub, for instance, the cluster { fo, X p} has parents { Xo, X }, so pressure is determined only once both outflow and
drain area are fixed—conditioning on X alone leaves X p undetermined.

The same facts by D-separation. By Lemma B-separation in G coincides with D-separation in the acyclification
G?<Y (Figure ), so the three verdicts above can be read off there as well. In G the shifts X7, Xy, are common parents
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of Xg, Xp, Xp, which are otherwise nonadjacent: (i) unconditionally the shifts are d-separated, their only connections
passing through the unconditioned colliders X g, X p, X p; (ii) conditioning on X p opens that collider, making the shifts
d-connected; and (iii) conditioning on both shifts blocks each path between X g and X p path at its fork (X4 or Xy,),
giving d-separation. The within-cluster collider segment of G thus becomes an ordinary collider at a common child in G acy,
and conditioning on a cluster variable becomes conditioning on that child. In this example D-separation reduces to ordinary
d-separation, since conditioning on the parents that determine a variable already blocks the forks through them.
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