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Abstract

In many economically relevant contexts where ma-
chine learning is deployed, multiple platforms ob-
tain data from the same pool of users, each of
whom selects the platform that best serves them.
Prior work in this setting focuses exclusively on
the “local” losses of learners on the distribution
of data that they observe. We find that there ex-
ist instances where learners who use existing al-
gorithms almost surely converge to models with
arbitrarily poor global performance, even when
models with low full-population loss exist. This
happens through a feedback-induced mechanism,
which we call the overspecialization trap: as learn-
ers optimize for users who already prefer them,
they become less attractive to users outside this
base, which further restricts the data they observe.
Inspired by the recent use of knowledge distil-
lation in modern ML, we propose an algorithm
that allows learners to "probe" the predictions of
peer models, enabling them to learn about users
who do not select them. Our analysis characterizes
when probing succeeds: this procedure converges
almost surely to a stationary point with bounded
full-population risk when probing sources are suffi-
ciently informative, e.g., a known market leader or
a majority of peers with good global performance.
We verify our findings with semi-synthetic exper-
iments on the MovieLens, Census, and Amazon
Sentiment datasets.?

“Code for this paper is available at: https://gi

thub.com/AdhyyanNarang/overspecializ
ation-probing.

1 INTRODUCTION

Traditional supervised learning theory typically assumes a
single learner observing data drawn from a fixed distribu-
tion. However, this assumption is increasingly violated in
modern machine learning markets, such as recommenda-
tion platforms and large language model (LLM) services.
In these ecosystems, multiple learners operate on the same
pool of users, and data is not assigned randomly. Instead,
users choose which platform to engage with based on how
well that platform serves their specific needs or preferences.
Consequently, the data distribution observed by a learner is
a function of the learner’s own performance and the choices
available in the market. This setting is increasingly garner-
ing interest in the machine learning community [Dean et al.,
2024, Su and Dean, 2024, Ginart et al., 2021, Bose et al.,
2024, Shekhtman and Dean, 2024].

This coupling between model performance and user selec-
tion creates a feedback loop. As a learner optimizes for
its current user base, it becomes increasingly specialized
to that subpopulation. While this minimizes "local" loss
on observed users, it often degrades performance on the
unobserved population, a phenomenon we term overspecial-
ization. Once a learner is overspecialized, it gets caught in
an informational trap: it cannot learn to serve new users
because it never observes them, and it never observes them
because it cannot serve them. At a societal level, this dy-
namic fuels the formation of algorithmic echo chambers
[Cinus et al., 2022, Beardow, 2021, Jiang et al., 2021, Inte-
rian et al., 2022], where platforms fragment the population
rather than learning a robust, globally capable model.

Independently, another trend has become relevant in mod-
ern machine learning systems that has implications for the
overspecialization problem: techniques such as knowledge
distillation and training on synthetic data are becoming ubig-
uitous, particularly in the training of Large Language Mod-
els [Hinton et al., 2015, Werner, 2025]. While these methods
are typically employed to improve reasoning capabilities
or computational efficiency (through compression of data),
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Figure 1: Illustration of our online multi-learner problem
setting. The borders of users represent their highest ranked
learner 7(z). For further details, see Section 2.

they introduce a structural change to the learning dynamic.
Models are no longer limited to learning from organic user
data, but can also "probe" other models to acquire synthetic
labels. This enables learners to observe signals outside their
siloed data distributions. In this work, we study whether
the use of probing mechanisms in these machine learning
markets can mitigate overspecialization.

Our Contributions. We model a market where users select
learners based on a combination of inherent preferences and
predictive loss. We analyze the resulting dynamics through
a game-theoretic lens to understand the impact of peer prob-
ing. Our main findings are as follows:

1. The Failure of Standard Learning: We first ana-
lyze standard Multi-learner Streaming Gradient De-
scent (MSGD) in the absence of probing [Su and Dean,
2024]. We prove that due to the user selection mecha-
nism, MSGD can converge to "bad" stationary points.
In these equilibria, learners become overspecialized,
achieving low loss on their niche but arbitrarily poor
performance on the global population.

2. Convergence of Peer Probing: We propose a new
algorithm, MSGD with Probing (MSGD-P), where
learners mix gradient updates from organic users with
updates from pseudo-labeled queries sent to peer mod-
els. We prove that this multi-agent dynamic converges
to a stationary point of a modified potential function
(Theorem 3). To our knowledge, we are the first to
observe and study the multi-agent dynamics that arise
from synthetic data training.

3. Restoring Global Competence: We show that probing
effectively mitigates overspecialization. By characteriz-
ing the stationary points of MSGD-P, we derive bounds
on the full-population loss under appropriate informa-
tional conditions (e.g., probing a known market leader
vs. aggregating diverse peers).

4. Empirical Validation: We validate our findings on
the MovieLens, US Census and Amazon Sentiment
datasets. We observe that while standard learning
leaves some models trapped with poor accuracy, in-
troducing peer probing closes this performance gap.

1.1 RELATED WORK

We study multi-learner markets where users choose among
platforms based on inherent preferences and predictive qual-
ity, and analyze peer-model probing as a mitigation for
overspecialization.

Performative Prediction. Our setting is an instance of per-
formative prediction [Perdomo et al., 2020, Hardt et al.,
2016, Miller et al., 2021], where deploying a model influ-
ences the data a learner subsequently observes. Multi-learner
extensions [Piliouras and Yu, 2023, Narang et al., 2023,
Li et al., 2022, Wang et al., 2023, Zhu et al., 2023, Géis
et al., 2025, Wang et al., 2025] and gradient-based learning
in games [Fiez et al., 2021] provide tools for endogenous
distribution shift and strategic dynamics. We specialize to
user-choice, where shift arises from selection rather than ma-
nipulation, enabling characterization of overspecialization
and peer-model probing.

Learning under User Agency. Prior work on user agency
focuses on single-learner settings where users opt out or
selectively provide data [Hashimoto et al., 2018, Zhang
et al., 2019, James et al., 2023, Ben-Porat and Tennenholtz,
2017, Cherapanamjeri et al., 2023, Harris et al., 2023, Raab
et al., 2024] or sample-efficient interaction [Narang et al.,
2024a,b]; these analyses do not capture our inter-learner
feedback dynamics. In the multi-learner setting, Ginart et al.
[2021] characterize the existence of performance gaps due to
competition via batch retraining; we prove that streaming dy-
namics converge to overspecialized equilibria (Theorem 2)
and propose probing as a mitigation. Most closely related,
Dean et al. [2024] and Su and Dean [2024] study gradient-
based dynamics in choice-driven settings; we extend their
framework to analyze full-population risk and introduce
peer probing. See Appendix A for detailed comparisons
with Ginart et al. [2021], Kwon et al. [2022], Bose et al.
[2024], and Su and Dean [2024].

Knowledge Distillation. Our probing mechanism draws
on knowledge distillation [Hinton et al., 2015] and self-
training [Scudder, 1965, Yarowsky, 1995]; unlike Deep Mu-
tual Learning [Zhang et al., 2018] and codistillation [Anil
et al., 2018], which assume shared data, or peer-predictive
self-training [Feng et al., 2026], which lacks endogenous
user-choice allocation, our setting couples distillation with
user-driven selection, yielding novel multi-agent dynamics.
This also distinguishes our setting from domain generaliza-
tion methods, which train a centralized model from labeled
source domains, and selective-label/sample-selection work,
which typically studies a single learner under an exogenous
censoring rule; here each learner’s observed distribution is
endogenously determined by user choices among competing
models.
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2 PROBLEM SETTING

Users and Learners. Consider a setting with m service
providers (learners) serving a population of users distributed
according to P over Z = X x ), where X C R? denotes
covariates and ) denotes labels () C R for regression,
Y C {1,...,C} for classification). We write Px for the
marginal distribution over covariates and Py x (- | x) for
the conditional label distribution. When densities exist, we
denote them by px and py|x.

Each learner ¢ € [m] := {1,...,m} maintains a model
with parameters 6;, and we write © = (6,...,6,,) for
the joint parameter vector. The loss ¢(z, y; ) measures the
cost incurred by a model with parameters 6 on a user with
features = and label y. For regression, we consider linear
predictors hy(z) = 26 with squared loss £sq(z,y;0) =
(y — 27 6)?. For classification with C classes, we use cross-
entropy loss {cg(z,y;6) = — ch=1 Yelog hg(x)., where
ho(z)e = e </ Ele e % is the softmax output.

Assumption 1. The distribution ‘P has continuous den-
sity pz(2) = px(z)py|x(y|x) with px supported on
{z : [|z|| £ R} for some R > 0. For regression, py|x
is supported on [—Ymax, Ymax)-

Under this assumption, both loss functions satisfy standard
regularity conditions; see Lemma 7 in Appendix B.

User Preferences and Platform Choice. A central fea-
ture of our framework is that users have inherent preferences
over platforms that exist independently of current model
quality. These preferences capture factors such as brand
loyalty, familiarity, network effects, or historical habits. We
encode them via a function 7 : Z — [m], where m(2)
denotes the platform that user z intrinsically prefers. This
function is exogenous and fixed throughout learning.

The preference function 7 induces a partition of the user
space. Let S; = {z € Z : n(z) = i} denote users who
prefer platform i, with P; = P|g, the corresponding condi-
tional distribution and «; = Pr,p[r(z) = ] the fraction
of users preferring platform 7. Users do not only follow their
inherent preferences; they also consider predictive quality.
We model this tradeoff as follows:

Definition 1 (User Selection Rule). Given models ©, user
z selects platform M(z;©) = w(z) with probability T,
and otherwise (with probability 1 — 1) selects M (z;0) =
arg min; e £(2; 0;).

The parameter 7 € [0, 1] governs how strongly inherent
preferences influence user behavior: 7 = 1 means users
follow intrinsic preferences entirely, while 7 = 0 means
they select the loss-minimizing platform. This generalizes
Su and Dean [2024], who assume users either minimize loss
or choose uniformly at random.

Model quality also induces a partition of users. Let Z;(©) =
{2z +i = argmin;en £(z; 0;) } denote users for whom plat-
form i achieves minimal loss, with D;(©) = P|z, () the
conditional distribution and a;(©) = Pr,..p[z € Z;(0)]
the population fraction. Under Definition 1, learner i ob-
serves users from the mixture

0;(0) =710,;P; + (1 — 7)a;(©)D;(0),

where O;(0) is a sub-probability measure with total mass
wi(0) = Ta; + (1 — 7)a;(0).

Dynamics and Learning Objective. We consider an
online setting where learners interact with users over 7'
timesteps, illustrated in Figure 1. At each step ¢:

1. A user 2! ~ P arrives and selects platform M (z%; ©F).

2. The selected learner observes =z, incurs loss

024 95\4(zt;et))’ and updates its parameters.

Learning Objective. Each learner’s goal is to minimize the
full-population risk

R(0) = Eznp[l(2:0)].

We write 0* = argming R(6) for the population-optimal
model and e = R(#*) for the Bayes risk. This objective
differs from prior work [Su and Dean, 2024, Dean et al.,
2024], which focuses on the “local” loss over each learner’s
observed distribution O;(©). We focus on full-population
risk because the signature of overspecialization is precisely
the gap between local and global performance: a learner
may achieve low loss on O;(0) while performing poorly
on users outside its observed base. Understanding when this
gap emerges and how to prevent it is the central question of
this paper.

3 THE FAILURE OF STANDARD
LEARNING DYNAMICS

We now analyze Multi-learner Streaming Gradient Descent
(MSGD), the standard algorithm for this setting introduced
by Su and Dean [2024], Algorithm 1.

3.1 ALGORITHM AND ASSUMPTIONS

In order to study the convergence behavior of the algorithm,
we make the following standard assumptions on learning
rates and loss geometry, which are the same as in Su and
Dean [2024].

Assumption 2. The learning rates satisfy > -, n' = oo

and "2 (n')? < oo.

Assumption 3. For any 0 # ', there exists dg > 0 such
that for all d < dy, the set {z : |€(z;0) — £(z;6")| < d} has
Lebesgue measure at most d.
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Algorithm 1 Multi-learner Streaming Gradient Descent
(MSGD) [Su and Dean, 2024]

Require: Loss function #(-,-) > 0; initial models oY =
(69, ...,65,); learning rate {n'};>1

1: fort=0,1,2,...,7 do

2: Sample user z° ~ P

3: User selects learner i = M (z"; ©°)
4: 01Tt 0F — n'Vol(2; 0F)

5: end for

6: return ©7

Assumption 3, from Su and Dean [2024], rules out patho-
logical cases where a large mass of users is nearly indiffer-
ent between two learners. Intuitively, it ensures that small
parameter perturbations move only a small mass of users
across loss-induced decision boundaries, so the partition-
dependent potential f can be differentiated without bound-
ary terms. Assumption 4 below is the standard boundedness
condition used in stochastic-approximation analyses.

3.2 CONVERGENCE TO STATIONARY POINTS

In MSGD, each learner ¢ optimizes its expected loss over
observed users. Define the potential function f(©) as the
sum of the expected losses of all learners on the distributions
that they observe.

m

f(O) = Z]Eoi(@) [€(z;0;)], €]

i=1

Note that this is the sum of the “local” losses of each of the
learners on their observed distribution, unlike the global risk
R(-) that was introduced above.

In order to show convergence, we make the same bounded-
ness assumptions as in Su and Dean [2024].

Assumption 4. The parameter sequence {©'};> is almost
surely bounded: sup,~, [|©"| < co. Moreover, the set {© :
Vf(©) = 0} is compact.

Our approach uses stochastic approximation [Borkar, 2008]
and differs from that of Su and Dean [2024]. The key insight
is that f serves as a Lyapunov function: despite each learner
optimizing over a different, endogenously-determined user
distribution, the aggregate of local losses forms a coherent
potential. This is surprising because multi-agent gradient
dynamics often cycle or diverge [Mazumdar et al., 2020];
The following lemma, proved using standard stochastic ap-
proximation arguments, establishes this connection.

Lemma 1. Let Assumptions 1-4 hold. Then the iterates
{©t} of Algorithm I converge to a compact connected in-
ternally chain transitive invariant set of the ODE © =

—Vf(O).

See Appendix B.1 for definitions of the dynamical-systems
terms used in Lemma 1. The lemma shows that the discrete
stochastic dynamics behave, in the limit, like the continuous
gradient flow on f. Since f decreases along trajectories
of this ODE, i.e., 4 f(©(t)) = —|[Vf||*> < 0, the only
invariant sets are stationary points. This yields our main
convergence result.

Theorem 1. Let Assumptions 1-4 hold. Then the iterates

{©%} of Algorithm 1 converge to the set of stationary points
{© : Vf(©) = 0} almost surely.

The same potential argument extends to mini-batch updates,
matching the implementation used in the experiments. If
a batch Bt is sampled i.i.d. and learner i updates using
the average gradient over the selected subset S! = {z €
Bt : M(z;0") = i}, then conditional on S! # () this
average is an unbiased gradient over O;(©") /w; (©"). Since
w;(©) > Ta; > 0 for 7 > 0, the batch dynamics track the
same potential with a bounded state-dependent rescaling of
the step size.

3.3 THE OVERSPECIALIZATION TRAP

While Theorem 1 guarantees convergence, the stationary
points may be highly undesirable. A learner cannot improve
on users it never observes, and it never observes users it can-
not serve well. This feedback loop is the overspecialization
trap.

The following theorem shows that this trap can be severe:
MSGD can converge to equilibria where some learners have
arbitrarily poor global performance, even when models with
low full-population loss exist.

Theorem 2. Let Assumptions 1-4 hold. For any T > % and
any choice of €, I' with 0 < e < T, there exists an instance
G = (P,¢,w, ) such that:

1. There exists 6* with R(6*) < e.

2. The MSGD iterates converge to a unique stationary
point © where R(0;) > T for some learner i € [m).

The key mechanism is as follows. When 7 > %, inherent
preferences dominate at equilibrium: the loss-induced parti-
tion collapses to the ranking partition, so that Z;(0) = S;
for all :. Each learner optimizes exclusively for users who
intrinsically prefer it, arriving at

t; = arg mein Ezwpi [6(27 9)]

This specialization occurs regardless of whether a better
global model exists. In the constructed instance (detailed in
Appendix C), learner 1 achieves zero loss on its observed
population P; while its full-population loss exceeds I'. The
learner has perfectly fit its niche while becoming arbitrarily
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poor globally. This dynamic formalizes the echo chamber
phenomenon: platforms become increasingly specialized to
their existing audience, unable to learn models that serve
the broader population.

However, when 7 < % and quality-based selection domi-
nates, there may be multiple equilibria. Now, the limit point
becomes initialization-dependent, which presents a tech-
nical obstacle to characterizing the limiting risk in closed
form; however, experiments in Section 5 demonstrate simi-
lar phenomena across different values of 7.

4 MITIGATING OVERSPECIALIZATION
THROUGH PEER PROBING

In many practical settings, learners can probe peer models
to obtain pseudo-labels on unseen user segments. This prac-
tice has become increasingly common through knowledge
distillation. Despite its growing practical importance, the
theoretical implications of these multi-agent interactions
remain largely unexplored. Under what circumstances can
probing help overcome the overspecialization trap?

4.1 ALGORITHM

We propose MSGD with Probing (MSGD-P), shown in
Algorithm 2. The algorithm has two phases. In the offline
phase, each probing learner j € U collects a dataset D
of pseudo-labeled examples by querying peer models on
sampled covariates. In the online phase, learners interleave
standard MSGD updates (on organic users) with gradient
steps on their probing datasets.

More concretely, for each probing learner 7 € U, we sample
covariates (} , &) ~ P%. Given a query covariate z,

R

the learner selects a subset of peers T;(z) C [m] to consult,

and forms a pseudo-label via median aggregation
Yage,i(z,©) = median{he, (z) : j € Ti(x)}.

We then define g := yage.:(Z7, ©°) and the pseudo-labeled
examples z! := (27, 77), and collect the probing dataset
D, := {Z{}}_,. The choice of T;(x) determines which
peers are consulted; we discuss this in Section 4.3.

For a probing learner ¢ € U, the update can be interpreted
as a stochastic gradient step on the following instantaneous
loss:

LL(0;) = T E.op, [€(2; 6;)]
+ (1 =7)ai(0")E.p, (01 [l(z; 0;)]

n ) (@3]
D€ 6. + N6
qg=1

_|_

3

The first two terms capture organic learning from users who
select learner 7 (via inherent preference P; or quality-based

Algorithm 2 Multi-learner Streaming Gradient Descent
with Probing (MSGD-P)

Require: loss function 4(-,-) > 0; Initial models ©° =
(69,...,6%); Learning rate {n'}*,!, probing weight p > 0,
set of probing learners U C [m], regularization weight A > 0
1: // Offline probing data collection
2: forj €U :do
3: Sample covariates (], ...
4

&) ~ P
: Collect pseudo-labels and store dataset ©; =
{(57317 yagg,i(f;a @0)) EE (f?’ Yage,i (7, @0))}
5: end for
6: // Online updates
7. fort=0,1,2,...,T do
8: Sample data point z* ~ P
9: User selects model i = M (z*; ©°)
10: 01!« 0F — ntVL(2", 0%)
11: for j € U : do

12: Sample 2; uniformly from 9

13: 057 05 —n'p (VE(Z}, 6%) 4 A05)
14: end for

15: end for

16: return ©7

choice D;), while the third term captures learning from
probing data. The parameter p > 0 controls the relative
weight of probing gradients: larger p emphasizes pseudo-
labels, smaller p prioritizes organic data.

We assume that probing learners can sample covariates from
the full distribution Px, but do not have access to true la-
bels. This asymmetry is natural: covariates are often publicly
available or easy to generate (e.g., movie metadata, user de-
mographics, or text prompts), while labels require costly
human annotation or reveal private user behavior (e.g., indi-
vidual ratings or response quality judgments).

We focus on offline probing, where pseudo-labels are col-
lected once at initialization from a fixed snapshot of peer
models. This mirrors practical distillation workflows where
teachers are queried to create a fixed dataset and student
training proceeds independently [Werner, 2025]. Offline
probing also ensures reproducibility by capturing a specific
model version’s behavior, avoiding inconsistencies from
querying adapting peers. We discuss online probing in Sec-
tion 6.

4.2 CONVERGENCE

With probing, each learner ¢ € U now optimizes a blend
of two objectives: the loss on observed users (as in stan-
dard MSGD) and the loss on probing data. This leads to a
modified potential function:

f®)=f©)+p)> (}1 > UL 6:) + ;||9,-,||2> , 3)

ieU
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where the second term captures the probing loss (with regu-
larization) weighted by p.

The same stochastic approximation analysis from Section 3
extends to this setting: fserves as a Lyapunov function for
the modified dynamics, yielding the following convergence
guarantee.

Theorem 3. Let Assumptions 1-3, Assumption 4 (as applied
to f), and Assumption 5 hold. Then, the iterates {©'} of
Algorithm 2 converge to the set of stationary points {© :

V f(©) = 0} almost surely.

Crucially, the stationary points of fdiffer from those of f:
probing changes where learners converge, not whether they
converge.

4.3 WHEN DOES PROBING HELP?

Note that the convergence guarantee above holds for any
choice of T;(x). However, in order for the probing data to
be helpful, the pseudo-labels must be a good proxy for the
ground-truth labels.

Assumption 5 (Accurate Probing). We say that the “accu-
rate probing” condition holds for probing learner i € [m]
if there exists B > 0 such that

2
(w,ENP {(yagg,i(l» @71) - y) ] <B.

This assumption is stated for a single probing learner i.
Different learners may satisfy it via different scenarios (or
not at all); performance guarantees in Section 4.4 apply to
any learner for whom the assumption holds.

Below, we identify scenarios under which Assumption 5
holds. These scenarios differ along two axes: what learner
must know about the market, and what must be true about
peer models at initialization. Table 1 summarizes these sce-
narios; the second and third columns display the knowledge-
vs-peer-requirement tradeoff.

Definition 2 (Globally good peers). We say learner i can
achieve accurate probing via globally good peers if any of
the following scenarios hold:

(i) Majority-good. More than half of the learners satisfy
9? € B,.(0%) for a given proximity parameter r > 0.
(ii) Market-leader. There exists a single learner j* € [m]
such that
and the identity of j* is known to learner 1.
(iii) Partial knowledge. There exists a subset G C [m]\ {i}
such that more than half of the learners in G satisfy

(9? € B,(0%) for a given r > 0, and learner i has
knowledge of the subset G.

Above, the parameter > 0 in the majority-good and partial-
knowledge scenarios controls how close peers must be to
0*; smaller r yields tighter bounds. When no globally good
learners exist or can be identified, probing may still be
effective if the learner has access to ranking information.

Definition 3 (Preference-aware probing). Suppose all learn-
ers initialize at the parameters © = (01, ... ,0,,). If learner
i has knowledge of the inherent preference function 7(z),
which identifies each user’s preferred platform, we call this
the preference-aware scenario.

These definitions capture different approaches to probing:
Definition 2 covers settings where learners can identify or
rely on peers with strong global performance, while Defini-
tion 3 addresses settings where learners must instead lever-
age knowledge of user preferences. The scenarios exhibit a
fundamental tradeoff: when peer models are favorable (e.g.,
many are globally good), learner 7 needs little knowledge to
achieve accurate probing; conversely, with stronger knowl-
edge (e.g., knowing 7 (z)), the learner can probe in a more
targeted way, and probing succeeds even when no peer is
globally competent.

In realistic markets, learners often naturally gain access to
information enabling one of these approaches. For Scenar-
ios (i) or (iii), platforms may observe broad industry bench-
marks [Liang et al., 2023, Chiang et al., 2024, Russakovsky
et al., 2015, Bennett and Lanning, 2007, Olson et al., 2017].
For Scenario (ii), there are examples in the LLM literature
of this explicitly happening: for instance, the Alpaca model
[Taori et al., 2023] was explicitly trained on data generated
by text-davinci-003 (GPT-3.5), the Vicuna model [Chiang
et al., 2023] was trained on data generated by GPT-4, and
Gudibande et al. [2024] document the prevalence of this
practice. For Definition 3, it is natural to maintain knowl-
edge of user preference patterns [Guadagni and Little, 1983,
Abdullah et al., 2021, Huang et al., 2018, Irani-Kermani
et al., 2023].

The probing rule T;(z) (fourth column of Table 1) in each
scenario is chosen so that median aggregation is robust:
probing all peers when the majority are good, targeting the
known leader when one exists, or routing to the locally-
expert peer in the preference-aware case. The preference-
aware scenario is particularly notable: it requires no assump-
tion on peer quality, only knowledge of user preferences
7(x), enabling learner i to aggregate specialized knowledge
into global competence even when every peer suffers from
overspecialization.

Lemma 2. For each scenario in Definitions 2-3, the probing
rule T;(x) in Table 1 satisfies Assumption 5 with the stated
accuracy parameter B.
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Scenario What ¢ knows Peer requirement T;(x) B
Majority-good Nothing > 50% in B (0") [m)] R*r% 4 2¢
Market-leader Identity of j* R(65) <& {7"} £

Partial knowledge Subset G > 50% of G'in B,.(6) G R*r? + 2¢
Preference-aware m(z) Nothing {m(x)} €

Table 1: Probing scenarios with corresponding rules and accuracy bounds. The preference-aware scenario is notable: it
requires no assumption on peer quality, only knowledge of user preferences.
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Figure 2: MSGD full-population performance with random initialization (Preference-aware scenario). Left: Census
test accuracy. Mid: Amazon sentiment test accuracy Right: MovieLens test loss. The dashed black line represents the
performance of a baseline #* trained on the full dataset, and error bars depict standard error. In all cases, 7 = 0.3; other

dataset-specific hyperparameters are given in Table 3.

4.4 PERFORMANCE GUARANTEES

We now characterize the full-population risk of MSGD-P
stationary points for the squared loss.

Theorem 4. Let Assumptions 1-5 hold. For any r € (0, 1),
with probability at least 1 — kK, every stationary point €} of
MSGD-P satisfies, for each probing learner i € U, for the
squared loss:

p+1

R(0;) < 0((

(p+ 1)Cgen log(1/k)
+ PA n )

Je+ B+ A"

where B is quantified in Table 1 for each scenario, and Clep
depends on R, Ymax, ||0*]l, max;; [09]|, with explicit
form in the Appendix.

The four terms admit natural interpretations: (i) %}e is

the irreducible Bayes error, scaled by the ratio of total to
probing gradient weight; (ii) B is the probing bias from
pseudo-label inaccuracy (see Table 1); (iii) A||6*||? is the
regularization bias; and (iv) the final term captures finite-
sample generalization error from n probing queries. The
parameter \ trades off regularization bias (\||6*||?) against
generalization (O(1/v/An)).

Corollary 1. Let Assumptions 1-5 hold. Fix X = ¢/||6*]?
and any € (0,1). Define My := max;y; [69].

If there are sufficiently many probing samples n >
n(p, k, €, R, Yimax, Mo, [|0*||), then with probability at least
1 — K, every stationary point S of MSGD-P satisfies, for
each probing learner 1,

R(6;) < 0((7M)e+3) .

p

Hence, probing breaks the information barrier created by
user-choice dynamics. While Theorem 2 shows that the risk
of a learner under MSGD may be arbitrarily worse than ¢,
the bound above presents a ceiling on the risk of any probing
learner for sufficiently large n.

See Appendix E for the explicit sample complexity n and
proof. We note that this sample complexity bound is not tight
in n: we show in Figure 6 that strong empirical recovery
can occur with very small probing datasets.

Remark 1 (Cross-entropy loss). An analogous performance
guarantee holds for cross-entropy loss, see Assumption 6
and Appendix F for the bound, and Table 2 for the corre-
sponding accuracy parameters.

S NUMERICAL EXPERIMENTS

We evaluate on MovieLens-10M, ACS Employment from
the US Census (Alabama, 2018), and Amazon Reviews
2023.
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Figure 3: Effect of probing on full-population performance when initialized at © (Preference-aware scenario). Left:
Census final accuracy vs probing weight p. Mid: Amazon sentiment final accuracy vs probing weight p Right: MovieLens
final loss vs p. In all cases, the green learner is the probing learner, and error bars depict standard error. Here 7 = 0.7; other

dataset-specific hyperparameters are given in Table 3.

Datasets. MovieLens-10M [Harper and Konstan, 2015]
has 69,474 users with d = 16 matrix-factorization embed-
dings; learners predict ratings for 200 movies with squared
loss. ACS Employment [Ding et al., 2021] has 38,221 Al-
abama Census users with d = 16 demographic features;
learners predict employment status. Amazon Reviews 2023
has up to 30,000 reviews from nine categories with d = 384
sentence embeddings; learners predict binary sentiment. Full
preprocessing details are in Appendix G.

User Preferences. For Census and MovieLens (m = 5),
inherent preferences 7(z) are induced by K-means cluster-
ing on user features. For Amazon (m = 9), preferences are
determined by product category, with all reviews from a
given category preferring the same learner.

Evaluation. We use one fixed train/test split for all learn-
ers and do no validation tuning; metrics are test accuracy
for Census/Amazon and masked test MSE for MovieLens.

5.1 EXPERIMENTAL RESULTS

We present results for the preference-aware scenario from
Definition 3. The results are qualitatively similar in the other
scenarios from Definition 2 as well, and are presented in
Appendix G.

Expt 1: MSGD converges to equilibria with poor global
performance. Our first set of experiments validates The-
orem 2. Figure 2 shows the full-population performance
trajectories of individual learners on all three datasets with-
out probing (p = 0) over T' = 4000 rounds, when initialized
randomly. In all cases, the results reveal large overspecial-
ization gaps relative to the dashed black baseline.

Expt 2: Peer Model Probing Mitigates Overspecializa-
tion. Figure 3 shows learner final performance at timestep
T as a function of probing weight p using the offline prob-

ing budgets in Table 3; here, learner 3 (indicated by triangle
markers) uses preference-aware probing while other learners
use standard MSGD. On Census (left), Learner 3’s accu-
racy improves from approximately 60% at p = 0 to 78%
at p = 0.8, shrinking its baseline gap from roughly 18 per-
centage points to about 1 percentage point. On MovieLens
(right), Learner 2’s MSE loss decreases from approximately
6.2 to 3.2.

Expt 3: Probing is robust to noisy source selection. Fig-
ure 4 tests a noisy version of preference-aware probing: for
each probe query, the learner routes to 7(z) with probabil-
ity 1 — x and to a random peer with probability x. Across
datasets, probing remains beneficial under moderate rout-
ing noise, showing that the method does not require perfect
knowledge of user preferences.

Expt 4: How much probing data is needed? Figure 6
studies sample efficiency on Census: for the probing learner
with p € {0.5,1.0}, accuracy rises from about 0.68 atn = 5
to about 0.78 by n = 50, a tiny fraction of the 38, 221
examples, consistent with Theorem 4.

Expt 5: Two-layer neural learners. Figure 5 shows the
same overspecialization/probing-recovery pattern for Cen-
sus two-layer ReLU MLP learners.

6 DISCUSSION

We showed that standard learning dynamics in competitive
ML markets converge to overspecialized equilibria, while
peer model probing can mitigate this failure. Probing breaks
information barriers created by user-choice dynamics, with
guarantees that degrade gracefully with pseudo-label qual-

ity.

Online versus offline probing. We simulate preferences
via K-means clustering; richer choice models merit explo-

4740



0875

075 Pz 0850

0.825

°
2
3

o

>

&
o
@
8
3

0.775

Final Accuracy
Final Accuracy

Final MSE Loss
vt

s
ﬁ
i

0.750

o
3
3

0.725

°
&
3

bt 0.700
00 01 02 03 04 05 06 07 08
Probing Weight (p)

0.000 0.025 0050 0.075 0.100 0.125 0.150 0.175 0.200
Probing Weight (p)

0.00 025 0.50 075 1.00 125 150 175 200
Probing Weight (p)

| —o— Leamer0 —@— Leamer1 —@— Leamer2 —#— Leamer3(k=0.0) =k~ Leamer3(x=0.2) —- Leamer3 (x=0.4) —&— Leamer4

Leamer5 —@— Leamner 6 Leaer 7 —#— Leamer 8 |

Figure 4: Effect of noisy probing-source selection. Probe queries route to 7(z) with probability 1 — x and to a random
peer with probability «. Left: Census accuracy vs. p. Middle: Amazon accuracy vs. p. Right: MovieLens MSE vs. p. The
green learner probes; its multiple curves show different « values.

Bad outcome: random init, no probing

R T P e e R

071 ./.__.-—o—.\ﬁ

Q 4

s 1 A e

§ 0.6 —_%

< p

2 ]

£ 05 1

0.4 {\-

T | LI B R R B B B B R B E e e |
0 250 500 750 1000

Iteration

Good outcome: partition pretrain with probing
0.8 Jb=—edeeek e e L el

= o T =
307 -
g /
=
S
S 06
8
E 0.5
59}
04 e
T e e R T R T
0.0 0.1 0.2 0.4 0.6 0.8
Probing weight (p)

|—0— Learner 0 =—o— Learner | === L earner 2

=—e— Learner 3

—o— Learner 4 === Pooled MLP baseline |

Figure 5: Census experiments with two-layer neural learners. Each logistic learner is replaced by a two-layer ReLU
MLP (d— 64 — 1), keeping the Census split, clustering, rankings, and offline pseudo-label construction fixed. Left: random
initialization, no probing (7 = 0.3, p = 0). Right: partition-pretrained initialization with Learner 2 probing (7 = 0.7,k = 0).
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ration. Our offline probing collects pseudo-labels once at ini-
tialization, mirroring fixed-teacher distillation and avoiding
queries to adapting peers. Online probing would introduce
co-adaptation dynamics and possible instabilities reminis-
cent of model collapse [Shumailov et al., 2024].

Extensions to non-convex learners. Our theory is re-
stricted to convex losses with linear predictors; Figure 5 sug-
gests the phenomena persist for simple non-convex learners,
but extending guarantees to deep and overparameterized
models remains open [Narang et al., 2021].
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A  EXTENDED RELATED WORK

This section provides detailed comparisons with related work summarized in Section 1.1 of the main paper.

Single-learner user agency. A body of work studies learning dynamics when users are treated as independent agents rather
than passive data points. Hashimoto et al. [2018] show that empirical risk minimization can cause minority groups to opt
out, creating a feedback loop that further degrades minority performance. Zhang et al. [2019] study a related dynamic where
underrepresented groups receive worse predictions, leading to further data scarcity. James et al. [2023] analyze participatory
data collection where users choose whether to contribute data. Ben-Porat and Tennenholtz [2017] study best-response
dynamics in strategic classification. Cherapanamjeri et al. [2023] and Harris et al. [2023] study settings where data quality
or availability depends on the learner’s past performance. We build on this perspective in the multi-learner setting, where
inter-learner interactions create additional feedback dynamics.

Multi-learner competition and user choice. Several works study multi-learner user-choice settings with explicitly
strategic users who optimize their own utility functions [Shekhtman and Dean, 2024, Ben-Porat and Tennenholtz, 2017,
2019, Jagadeesan et al., 2023a,b]. Ginart et al. [2021] provide both empirical and theoretical analysis of how competition
drives specialization: their Theorems 4.1-4.3 establish risk ratio bounds showing that competing predictors perform worse
on the general population than a single predictor would. Their analysis considers batch retraining dynamics and characterizes
the existence of performance gaps due to competition. We complement this by analyzing streaming gradient-based dynamics,
proving that such dynamics converge to overspecialized equilibria (Theorem 2), and proposing probing as a mitigation.
Kwon et al. [2022] study a related setting where learners may purchase user data, providing primarily empirical analysis of
the resulting market dynamics.

Gradient-based dynamics in choice-driven settings. Most closely related to our work, Dean et al. [2024] and Su and
Dean [2024] analyze gradient-based dynamics in choice-driven settings. Su and Dean [2024] introduce the MSGD algorithm
and prove convergence to stationary points of an aggregate loss across learners. We build directly on their framework: our
Algorithm 1 adapts MSGD to our user selection rule (Definition 1), and our potential function (Equation 1) extends theirs.
Our Theorem 1 provides an alternate proof of their convergence result using stochastic approximation techniques, which
we believe better illuminates the underlying dynamics. Beyond convergence, we analyze generalization to users outside
each learner’s observed population—a consideration absent from prior work—and introduce peer probing as a mechanism
to restore global competence. Bose et al. [2024] propose intelligent initialization schemes to improve outcomes in similar
settings, but also focus on the sum of all local losses on the observed distribution.
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B TERMINOLOGY AND PRELIMINARY RESULTS

B.1 DYNAMICAL SYSTEMS TERMINOLOGY

This subsection records standard definitions underlying terms such as “invariant set” and “internally chain transitive” in
Lemma 10. Let @(¢) = h(x(t)) be an ODE with locally Lipschitz A, so that solutions are unique. Let ¢ () denote the state
at time ¢ > 0 of the solution initialized at = at time 0.

Definition 4 (Invariant set). A set A C R? is (forward) invariant for the ODE if ¢;(x) € Aforall x € A and allt > 0.

Definition 5 ((¢,T)-chain). Fix e > 0 and T > 0. An (¢,T)-chain in A from x to y is a finite sequence of points
T =xo,T1,...,Lx =y in Aandtimesty,..., t, > T such that

lpe, (zic1) —mi]| <e  forallie {1,... k}.

Definition 6 (Internally chain transitive). A compact invariant set A is internally chain transitive if for every x,y € A and
everye > 0, T > 0, there exists an (e, T)-chain in A from x to y.

B.2 REGULARITY OF SQUARED AND CROSS ENTROPY LOSSES
Lemma 3 (Regularity of the squared-error loss). Let X C R% Y Cc R, W C R? be compact. Write
T 2
:0) = — B = .
Uz, y;0) = (y—='0)7, max |0

Then for all (x,y) € X x Y and all 01,05 € W:

(i) ¢ is nonnegative, C* in 0, convex, and B—smooth with 3 = 2R>.

(it) L is locally Lipschitz on W :
[0(z,y;61) — €z, y;62)| < Lw |61 — 62|, Lw = R(2|y| + 2RB).

(iii) The Hessian is constant in 0, so ||V2£(6,) — V2£(62)|| = 0 (i.e. v = 0).

Proof. (i) One computes Vol = —2z(y — 2 60) and V3¢ =2z z" = 0. Hence ¢ > 0, is C*°, convex, and || V{(6;) —
Vi(02)|| < 2R?||61 — 0.

(ii) Observe
00) —(02) = (y—2761)° — (y—2T62)° =27 (8, — 61) (2y — 2 (61 + 65)).
Since [|6;]| < B, |z (62 — 61)| < R||61 — 62| and |2y — 27 (61 + 62)| < 2|y| + 2RB, giving the stated bound.
(iii) Because Vgﬁ =2z x' is independent of 6, its difference vanishes.
O

Lemma 4. Under Assumption 1, for all z € Z the loss {(z, -) is non-negative, convex, differentiable, locally Lipschitz and
Be-smooth with

Be = 2R?  for both the squared loss and cross-entropy loss.
Moreover, let

R(0) = Z@’P[K(Z7 0)], 0" =arg mein’R(Q), e =R(0).

Then for any 0 with ||0 — 6*|| < =, the following quadratic upper bound holds:

R(O) < e+ G [0-0°|° < e+ R* .
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Proof. The first part (non-negativity, convexity, differentiability, local Lipschitzness, and smoothness) follows directly by
applying Lemmas 3 and 5 under Assumption 1, which together show each £(z, #) is 3,-smooth with 3, = 2R?.

Since f(0) = E.[¢(z,0)], differentiability and smoothness carry over to f, and we have
IVF(O) = Vf(O) < Bel|6 =67
At the minimizer 8*, V f(6*) = 0. Hence for any 6 with ||§ — 6*|| < , the gradient satisfies

IVFOI < Bell6 =67 < Bery.

Applying the standard smoothness inequality (second-order Taylor upper bound) around 6%,
FO) < F(O°) + (VF(67), 0 = 0%) + 5110 = 0" = e + 5 [}0 = 07|,
where we used V f(6*) = 0 and f(0*) = e. Finally, substituting 3, = 2R? gives
F(0) e+ R0 —07|* < e+ R* %,
completing the proof. O

Lemma 5 (Regularity of the multiclass cross-entropy loss). Let X C R%, Y = {1,..., K}, W C RE*? compact, and let
lz]| < R forall x € X. Define for (x,y) € X x Yand © = (b1,...,0k) € W

exp(0, z)

Uz,y;0) = —log — -
Zszl exp(@,ja:)

Then for all x,y, ©1, ©2 as above:

(i) ¢ is nonnegative, C*> in ©, convex, and B—smooth with = R?.
(ii) 0 is (locally) Lipschitz on W :
[0(z,y;01) — l(,y;0:)| < L]©1-O2f, L=+v2R

Proof. The proofs of each subpart are as follows:
(i) Let p = softmax(© x) € AX~1 One checks
Vel=(p—e,)z’, V= [diag(p) —pp'] ® (z2').
Since diag(p) —pp' = 0£ > 0, is C* and convex, and
VB < ] Amax(diag(p) —pp") < R?,

it follows that £ is S—smooth with 5 = R2.

(ii) By the mean-value theorem,
[6(©1) = €(©2)| < sup [[Vel|| [|©1 — O]
0cw

But
IVelll = [lp - eyll 2]l < V2R,
giving the claimed Lipschitz constant . = /2 R.

Lemma 6. Let {hg}gco be the family of softmax classifiers mapping x € R? to a distribution over C classes,

exTGC

ho(2)e = —— .
( )C Zf:]- exTQj

Assume:
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(i) ||z||2 < R for all x in the support of P.
(ii) There exists o« > 0 such that for all x,0, ¢, we have hy(x). > a.

(iii) 0,0 lie in a convex set © C RE*4,
Then the mapping 0 — hg(x) is Lipschitz in the {y—norm: for all 6,0* € ©,
1ho(z) — ho= ()1 < Ln [0 = 0%|l2, Ln=Ry2(1—a)
Proof. By the multivariate mean-value theorem, there exists @ on the line segment between 6* and 6 such that
ho(x) = ho- (x) = Doh(8; ) (6 — 6),

where Doh(0;z) € RE*(C) is the Jacobian w.r.t. all parameters. Write its cth row as the gradient vector Vgh,.(0; z). A
direct calculation shows for each class ¢ and each block k:

Vo he(0;2) = he(1{c =k} —hp)z = |[Voho(6:2)]2 < |zll2 he \/(1 —he)?+ > h2.
k#c

Using > & hie = 1, hy, < 1 for each k, and the lower-bound h. > o, one checks
(L=he)®+ ) hi < (1 =he)>+ (1 —he) = (1= he)(2—he) <2(1—he) <2(1 - a),
k#c

where the first inequality uses -, . hi < > kel =1 — he. Hence

Vohe(0;7)||2 < Rhey/2(1 — a).
Therefore the operator norm from /5 to ¢; satisfies
- c B c
| Dgh(8; x)||2—1 = Z IVohe(0;x)]l2 < Ry/2(1— ) th = Rv2(1 — «).
c=1 c=1

Putting these together gives
lho(x) — ho~ (@)l < [[Doh(0; ) ll2—1 16 — 67||2 < L [|0 — 07 ||2,
as claimed. O

Lemma 7. Under Assumption 1, for all z € Z, the loss {(z, -) is non-negative, convex, differentiable, locally Lipschitz, and
Be-smooth.

Proof. The result follows by applying Lemmas 3 and 5 with |z| < R and choosing 3, = max 2R?, R? = 2R?. Each loss is
nonnegative, convex, differentiable, locally Lipschitz, and smooth under these bounds. O

C BAD OUTCOME

Notation Recall the potential function from the main text:

f<@>=z(mi E [(z00] + (1 - 1ai(©) E Wz,ei)]) @

c z~P; z~D; (0)
i=1

From Lemma 1, we have that the MSGD iterates converge almost surely to the set {V f(©) = 0}. Additionally, for learner
i € [m], define 6; as the solution that each learner would choose if they trained independently on the subpopulation of users
who rank them highest:

0; =argmin E ¢(x,6;) 3)

i x~P;
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Example 1. Specify the family of instances Gpq(7, C) as follows.

1. Distribution P: is defined as a mixture of subpopulations. P = a/Py + (1 — ) Pa. Here, {P1, P2} are 2 subpopulations.
For either subpopulation, the covariates are generated from the zero mean and unit-variance uniform distribution:

@~ Unif((=V3,V/3]) for (z,y) ~ P, ©)

For each subpopulation, the response variable is generated as:
y=Cz for (z,y)~P ©)
y=-x for (z,y)~Ps (®)

2. Loss function: ((x,y,0) = (y — 07 2)? is the squared loss
3. Ranking w(z) = i for (z,y) ~ P;.

Lemma 8. Consider the 1-D bad-outcome family in Example 1 with mixture weight « € (0, 1) and slope parameter C' > 1,
and let R(0) = E(, y)~p[(y — 02)2].
(i) The least-squares predictor on the full mixture, 0* = aC' — (1 — «), satisfies

R(0%) = a(1 - a)(C + 1)

(ii) The specialist trained on Py is 01 = C, and its mixture risk is

R(01) = (1 —a)(C+ 1)

(iii) The specialist trained on Py is 0y = —1, and its mixture risk is

R(02) = a(C+1)%
Proof. We have that E[z] = 0 and E[z?] = 1, so that the squared risk reduces to (3 — §)2 when the true slope is 3.

(i) Global compromise. On the mixture, the conditional label is linear: y = Sz with 8 = aC+(1—a)(—1) = aC—(1—a).
For squared loss with E[z] = 0 and E[x?] = 1, the population least-squares minimizer is the regression slope, so 6* = 3.
The corresponding risk is

RO =a(C—-B)2+(1—a)(-1-p8)2=a(l—a)(C+1)>

(ii) Specialist for P;. Training least squares on P; alone yields §; = C since E[z y] = C and E[z?] = 1. The mixture
e R(O1)=a(C—-CP2+(1-a)(-1-0C)*=(1—-a)(C+1)%
(iii) Specialist for P,. Training least squares on Py gives f = —1 (its true slope). The mixture risk is
R(B:) = a(C+1)2 + (1 —a) (-1 — (~1))? = a (C+1)2.
O
Lemma 9. Ler (6,,6,) € {Vf(©) = 0} be a stationary point of f(©) (Equation 1). Then, under the assumption that

T> % it must be true that D1 (01, 02) = P1 and D2(01,65) = Pa.

Proof. The proof proceeds by considering the decisions of the loss-minimizing users, and shows that the stationary point
condition implies the conditions on D;(©) in the lemma statement. Consider any (z, y) from P;. For any 6 € R, we have
that

Uz,y,0) = (Cx — 02)* = (C — )22, 9)
Hence,

in ((z,y,0;) = in (C —0;)%z% = in |C — 6,
arg min (@,y,6;) argien{l;g}( )x argz_en{l;g}l |
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Thus every loss-minimizing user in P; picks the learner whose parameter is closer to C":

M(z;0) = arg min |C' —6;], z€Py.
i€{1,2}

Likewise, every loss-minimizing user in P picks the learner whose parameter is closer to —1:

= —-1-06; .
M(z;0) = argzer?%%ﬂ |, z€Py

Hence, within each subpopulation P;, all loss-minimizing users make the same choice. Consequently, for any ©, the
observed-data distributions D, (0©) can only take one of the following four forms:
1(0) =
D1(O) has zero mass under P and D5 (0) = P
D1(©) =Py and D2(O) = P
(©)

1. D P and D5(O) has zero mass under P
4. Dl 0) = Pl and DQ(@) = 732

For any stationary point (51, 0~2), we consider each case separately and show that all cases other than the last one lead to a
contradiction.

Case 1: In this case, the second learner observes only negative labels, and the first observes a mix of both positive and
negative labels. Hence, it should be intuitively true that #; > 65 > —1. This would lead to a contradiction since this would
imply that users from Py would strictly prefer the second learner over the first one. Now, we can verify this formally. Define
the total probability masses seen by each learner
Mi=7a+ (1-7Ta+ (1-7)1-a) = a+ 1-7)1-a), (10)
My =71(1-a). (11

The stationary conditions are given by

0, = argr%ilnTallel [(y — 0 x)z] +(1- T)(X}]];:l[(y — 0 SU)Q] +(1-7)(1- a)}IDEZ[(y — 0 :v)z], (12)
0y = argngiZnT(l —a) E[(y — 02 2)?]. (13)

We can solve these optimization problems in closed form:

g, — aC — (1]\;17)(1704)’ (14)

by = —1. (15)

Now,
a(C+1)

0y —0y=0, +1=
1 2 1+ 7,

> 0,

which holds for every 7 € [0, 1] since & > 0 and C' > 0. Since ég = —1and él > —1, Ps users would strictly prefer learner
2 over learner 1, leading to a contradiction.

Case 2: In this case, the first learner observes only positive labels, and the second observes a mix of both positive and
negative labels. Hence, it is easy to verify using a similar procedure as the previous case that C > 61 > 65, which would
lead to a contradiction since P; users would strictly prefer learner 1.

Case 3: We follow a similar argument as in Case 1. Define the total probability masses seen by each learner

M
M

Ta + (1-7)(1-a), (16)
rl-a) + (1-1)a. 17)
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The stationary points in this case are given by

~ TaC — 1-7)(1-a) ~ 1-7)aC — 7(1—a)

b = ra+ (1-1)l-a)’ b2 = I-1)a + 1-a)

It is easy to verify that both 6, and 6, are greater than —1. Hence, the distance from —1 is given by

~ Ta(C+1
di =6, - (-1)| = rTa + (1(—;(3—04)7
d2:|9~2*(*1)|: G -nalet)

1-7)a + 7(1—a)
A straightforward comparison gives
dy>dy <= TMy>(1-7)M; <= (1-a)(2r—1)>0 < 7> 1.

Therefore, whenever 7 > %, the free users from Ps strictly prefer learner 2 over learner 1. This contradicts the Case 3
hypothesis that D (©) = P5. Hence Case 3 cannot be a stationary point when 7 > 1/2. Having ruled out Cases 1-3, only
the fourth configuration remains, completing the proof. O

Theorem 2. Let Assumptions 1-4 hold. For any T > % and any choice of €,I' with 0 < € < I, there exists an instance
G = (P,¢,m,T) such that:
1. There exists 6* with R(6*) < e.

2. The MSGD iterates converge to a unique stationary point © where R(0;) > T for some learneri € [m).

Proof. The proof follows by considering Example 1.
Part (i) The proof follows from Lemma 8. Choosing o = m satisfies the condition.

Characterizing the stationary points From Lemma 1, we have that the MSGD iterates converge almost surely to the set
{Vf(©) =0}. By Lemma 9, we have that (61, 6>) € {V f(©) = 0} if and only if D; (61, 02) = P and D(61, 02) = Ps.
Hence, any stationary point must satisfy

br=argmina E [¢(z,0)

and
O = argmin(l —a) E [{(z0)]

Clearly, (61, 6,) is the unique solution to these equations, and MSGD must converge to this point almost surely.

Characterizing the loss From Lemma 8, at the stationary point we have 61 = C and 5 = —1, so the mixture risks are

R(A) = (1 —a)(C+1)2, R(02) = a(C +1)2.

Moreover, the optimal global (compromise) risk satisfies R(6*) < e by our choice in Part (i). To ensure learner 1’s risk
exceeds I', choose

€
C—\/F+E*1, a—m

Then o € (0,1) and
RO =a(l—a)(C+1)? <a(C+1)? =,

while
R(O)=(1-a)(C+1)> =(C+1)>—e>T.

Thus the two claims in the theorem are simultaneously satisfied. O
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Algorithm 3 Multi-learner Streaming Gradient Descent

Require: loss function £(-,-) > 0; Initial models ©° = (69, ...,6° ); Learning rate {n*}’"}
1: fort=0,1,2,..., 7T do
2 Sample data point 2t ~ P
3: User selects model i = M (z%; ©F)
4 Ot 0t — vzt 60Y)
5: end for
6: return OT

D CONVERGENCE OF Algorithm 1 AND Algorithm 2
D.1 CONVERGENCE OF ALGORITHM 1

The convergence results for MSGD (Algorithm 1) follow as special cases of the MSGD-P analysis when the probing set
U = (. In this case, all probing terms vanish and the augmented potential f reduces to the original potential f.

Lemma 1. Let Assumptions 1-4 hold. Then the iterates {©t} of Algorithm I converge to a compact connected internally
chain transitive invariant set of the ODE © = —V f(O).

Proof. This follows from the proof of Theorem 3 with U = (). When U = {):

* The indicator 1,y = 0 for all ¢ € [m], so all probing terms vanish.

* The augmented potential reduces to f(©) = f(©).

« The ODE (20) becomes © = —V f(0).
The stochastic approximation argument proceeds identically: by Lemma 10, verifying local Lipschitzness of —V f (Lemma 7,
Lemma 13), the step-size conditions (Assumption 2), the martingale variance bound (Lemma 11 with U = (), s0 Kprobe = 0),
and bounded iterates (Assumption 4), the iterates converge almost surely to a compact connected internally chain transitive

invariant set of © = —V f(0). O

Theorem 1. Let Assumptions 1-4 hold. Then the iterates {©'} of Algorithm 1 converge to the set of stationary points
{© : Vf(©) = 0} almost surely.

Proof. Follows directly from Theorem 3 with U = ). O

D.2 CONVERGENCE OF MSGD-P (ALGORITHM 2)

Define the empirical probing loss and augmented potential:

Li(0) = £ 0z0,), i€l (18)
q=1
~ . A
Fo) = @)+ (Lo + 31017). (19)
€U

Define the ordinary differential equation (ODE) © = F(©) with:

Fi(0) = — (7'041- JE VU001 + (1= ai(®) B (VU= 0] + plico (VLi(0:) + A 9i)) (20)

Theorem 3. Let Assumptions 1-3, Assumption 4 (as applied to f), and Assumption 5 hold. Then, the iterates {©'} of

Algorithm 2 converge to the set of stationary points {© : V f(©) = 0} almost surely.
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Proof. The proof follows the stochastic approximation template by showing the iterates track the ODE O=F (©) and then
using a Lyapunov argument for f.

Let z; ~ P, 22 ~ P;, and z3 ~ D;(O?). For the on-platform update, define for each coordinate i the random direction
Vil(z2,60%), w.p. T,

Gipa(©") =  Vl(z3,60), wp. (1-17)a;(6"),
0, otherwise.

For the probing update, for each j € U sample 2; uniformly from the fixed dataset ©; and set
gf,probe(@t) =D 1i€U (vg(’gf? ezt) + A 9:) .
Let §;(0°) = g 11 (©") + 9f prove(©) and §* = (g1, . . ., G},,). The algorithmic iterate satisfies
Ot = 0! — i, §'(0") = O — 1, (F(O") +v),

where v = g'(©") — E[g'(©") | F4].

Drift identity: By construction and by uniform sampling from ©;,

E[j(6") | Fil = ra; _E [VA(=0)]+(1-7)ai(®") _E  [Vi(z0))

+pLicv (VLi(6]) + 1 6Y)
= —F,(0).
Below, we verify the assumptions of Lemma 10:
e From Lemma 7 and Lemma 13, the drift ﬁ(@) is locally Lipschitz; the probe part 6; — p (vii(ei) + A\ 0;) is a finite
average of locally Lipschitz gradients plus a globally Lipschitz linear term.
« From Assumption 2, the step sizes satisfy Y, 7; = co and >_, n? < oc.

* From Lemma 11, augmented to include the probe term, there exists K > 0 such that E[||v?||? | ;] < K (1 + ||©¢]?).

* From Assumption 4, we have sup, ||©¢|| < co almost surely.

By Lemma 10, the iterates converge almost surely to a compact, connected, internally chain transitive invariant set of

© = F(0). Since F(©) = —V f(©), along ODE trajectories
£ 1(6(1) = (V],0) = |Vl <0,

with equality iff va: 0. Thus fis a strict Lyapunov function and the only invariant sets are stationary points, yielding the
claim. O

Lemma 10 (Borkar [2008], Chapter 2, Theorem 2). Let {x,} be a sequence generated by the stochastic approximation
algorithm
Tn41 = Tn + a(n)[h(xn) + Mn+1]7 n Z 07

where:

1. h:R* — R% is Lipschitz continuous

2. The step sizes {a(n)} satisfy Y, a(n) = coand Y, a(n)? < co

3. {M,} is a martingale difference sequence satisfying E|||M1|1*|Fn] < K(1 + ||z,||?) for some K > 0
4. sup,, ||zn|| < oo almost surely

Then almost surely, the sequence {x,} converges to a (possibly sample path dependent) compact connected internally chain
transitive invariant set of the ODE



Lemma 11 (Martingale variance bound). Suppose that Assumption 1 holds and that the probing datasets {®;};cu are fixed
finite sets. Let g (©') = (g4 (0"), ..., g%, (©")) be the stochastic update vector defined by

gf(@t) = gg,plat(@t) + gf,probe(et)v
where
VU220, ifi=iy,
(@) = { VIO =
07 le # Ut

with Z¢ sampled uniformly from ®; independently of i;. Define the filtration F; = o(©°, 21, ... 271 {D,}icrr), which
contains all information available prior to time t. Define the martingale difference sequence:

vt =g'(6") —E[g"(8") | 7.

gf,probe(e)t) =p ]-iGU (Vf(gf, 0:) + A 65)5

Then there exists a constant K > 0 (made explicit below) such that:

Eflo|* | 7] < K (1+[0°]%).

Proof. Gradient bounds. From Lemmas 3 and 5, for all (z, y) with ||z|| < R and all # we have bounds of the form
IVol(z,y; 0)|| < Ao + A [|6]],

with
(2R Yiax, 2R?), (squared loss),
(AO; Al) =
(V2R, 0), (cross-entropy).
For the probe term under squared loss, labels are pseudo-labels § = median{(x,96> 2 j € [m]} so that |g| <

R maxjepm) 03] = Yimax,probe giving [Vl (z,§;0)|| < Ao + A1 0] with Ay := 2R Yimax probe- Including the L2
regularization term (which appears only in the probe update) and using the triangle inequality,
lp (Vol(x,:0) + A0)|| < pAg+p(Ar+\) [|0]].
Define the block constants
Kol == 2max(Ag, A%), Kprope = 2max((p zzlvo)27 (p (A + )\))2)7
where for cross-entropy we take A; = 0 and use the same Ay = /2R for both platform and probe.
Variance decomposition. By definition of v! and Var(Y') = E[||Y]|?] — || E[Y]|?,
Efl'[* | 7] < E[lg"(©"]* | Fil.

We bound the RHS. Since g¢ has at most one nonzero platform block and up to |U| nonzero probe blocks,

m m m
||gt(9t)||2 = Z ||gf,plat + g?,probc”2 < 2 Z Hg;plat”2 +2 Z ”gf,probCHQ'
i=1 i=1

i=1

Taking conditional expectations and using the selection probabilities for the platform block as in the MSGD lemma,

Elllg" (@Y% | Fi] <2 P(iy =i | F2) B[V, 00 | Fiyir =]
=1
+2) E[|pVE(E, 04| | F.
Jjeu

Applying the block bounds gives

E(llg"(©")1* | Fi] < 2Ky ) Plir =i | Fo) (1 +[16f]%)

i=1

+ 2K prone Y _ (14 [|65]1°)
JjeUu
< 2Kpa (14 107]%) + 2|U [ Kprobe + 2K prone |10
= 2(Kplat + |U|Kpr0be) + 2(Kplat + Kprobe) H(_)t”2
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Therefore, setting
K = 2maX{Kplat + ‘U|Kprobea Kplat + Kprobe}

yields
E[lo']* | ] < K (1+]/©]).

This completes the proof. O

Lemma 12 (Gradient of the augmented objective). For every i € [m] the gradient of f with respect to 0; is

Vo, f(©)=7a; E [VUlz,0)]+(1—-7)a;(©) E [Vi(z0,)]

2Py z2~D;(0)

+p1¢€U (V£Z(91) + )\91)

Proof. We treat a single index 4; all other coordinates of © are held fixed. The term (1 —7)a;(©) E..p,(e)[¢(2, 0;)] depends
on 6; both explicitly (inside ¢) and implicitly through a;(©) and D;(©). Lemma 4.3 of Su and Dean [2024] proves that for
any differentiable ¢ satisfying the stated regularity,

vgi(ai(@) E ei)]) = () E [Vl 6]

Multiplying by (1 — 7) yields the corresponding contribution, while the T«a;-term is immediate. Local L-Lipschitzness of ¢
ensures the required directional limits.

The probing part depends only on 6; through the finite average L;(6;) = 1 2221 (%], 0;) and the regularization term

210:112, s0 Vo, (p (Li(6;) + 210:01%) =p (VLi(6;) + X0;) if i € U and zero otherwise. Summing the contributions gives
the stated expression. O

Lemma 13 (Local Lipschitz of a;(©)). Let the standard regularity and boundedness assumptions for the idealized MSGD
dynamics hold. Then a;(©) is locally Lipschitz in ©.

Proof. From Lemma 7, we know that the loss function ¢ is locally Lipschitz. In other words: for every compact set
K c R**4 there is a constant L < oo such that

|€(m,9) —é(x,@’)| < Lg|0—-¢| VxeB(0,R), 0,0 €.
Fix any compact neighborhood K containing both © and ©’. Let

Pmax = sup p(x), Lx as above.
z€B(0,R)

We will show ‘ai(@) —a;(®")] < Cx||© — ©| for some C.

Case m = 2. With services ¢ = 1, 2,

01(©) — 4y (©) = / p(z)de — / pla) d,
X1(0)\X1(07) X1(0)\X1(0)

|a‘1(@) - 0,1(@/)’ S Pmax |:>\(X1(@) \Xl(@/)) + >\(X1(@/) \Xl(@)):| .

SO

For any z € X1(©’) \ X1(0) we have {(z, 07) < {(x,0%) and ¢(x, 03) < £(z,01). Hence
0 < Uz,61) —U(z,0) = [l(z,601) — £(x,0))] + [(z,0]) — U(z,05)] + [{(x,05) — {(z,62)].

Since z € X;(©’), the middle term satisfies ¢(x,0]) — £(x,05) < 0. The first and third terms are each bounded by
Lk||©® — ©|| by Lipschitzness. Thus £(z, 1) — {(x,02) < 2Lk ||© — ©||. Define

S = {x:|l(x,01) — l(x,02)] <2Lx||© — O'||}.
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Since A\(S) < (2L /C)||© — ©'| for some constant C' from Assumption 3 and X;(0') \ X1(©) C S, we get A\(X1(©') \
X1(©)) < C'||© — ©’||. The same argument applies to the other set difference, so altogether

|a1(@)—a1(®’)| < 4pmax L ||© — O]

General m. The same pairwise argument shows for each i and j # i, A(X;(©) N X;(©)) < Ck||© — ©’||. Summing over
all j # i gives A (X;(©)AX;(0')) < C{[|© — ©'[|, and hence |a;(©) — a;(0')] < pmax CL [|© — O/

Since all constants depend only on the compact set /C, this proves that a;(©) is Lipschitz on K, i.e. locally Lipschitz in

O. O

E SQUARED LOSS: PERFORMANCE GUARANTEE

Notation. Let {(z{, y{) q=1 be the probing sample with true labels y! and pseudo-labels /. Here, the true labels y{ are

79

hidden from the learner, and the pseudo-labels g are observed. For any 6 € R?, define
L) =13 (tah.0) — g7y
7 n i 7 9

and

E.1 PROOF OF Lemma 2

We restate the lemma for ease of reference, and then provide the proof.

Lemma 2. For each scenario in Definitions 2-3, the probing rule T;(x) in Table 1 satisfies Assumption 5 with the stated
accuracy parameter B.

Proof. We treat each scenario in turn.

(i) Majority-good. Fix any = with ||z| < R. Write the peer deviations u; := (z, 67) — (x,0*). If strictly more than half of
the peers satisfy [|67 — 6*|| <, then at least half of the {,} lie in [~ Rr, Rr], so the median obeys | (x) — (z,6*)| < Rr
and hence

G-y = (F— (@0 + (2,00 —y)" < 20— (2,00)* + 2((2,0%) —y)* < 2RH? + 2((z,0") — ).
Taking expectation over (z,y) ~ P yields E[(§ — y)?] < 2R?*r? + 2 E[({(z,0*) — y)?] = 2R%*r? + 2e.

(ii) Market-leader. Here j(z) = x " 6;- and by assumption E [(7 — y)?] = E [(z6;+ — y)?] < & which directly verifies
Accurate Probing with B = &.

(iii) Partial knowledge. Fix any = with ||z|| < R. The probing rule T;(x) = G uses median aggregation over the subset
G C [m]\ {i}. Write the peer deviations for j € G u; := (x,09) — (z, 6*). Since all learners in G satisfy |6 —6*|| < r, all

deviations {u; } jec lie in [—Rr, Rr]. Because |G| > (m — 1)/2, the set G contains more than half of the peers (excluding
1), and thus the median over G obeys |g(x) — (z,6*)| < Rr. The remainder of the proof follows identically to case (i):

(g_y)2 = (Zj— <x>6*>+<$»9*>_y)2 < 2(g_<$79*>)2 + 2(<$C,9*>—y)2 < 2R2T2 + 2(<CE,9*>—Z/)2~
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Taking expectation over (z,y) ~ P yields E[(§ — y)?] < 2R?r? + 2 E[((z, 0*) — y)?] = 2R?r? + 2e.

(iv) Preference-aware. By the probing rule T;(z) = {m(z)}, we have §(z) = 2" ,(,), so
E[(5-v)? = Z i 15*3 o [(y—=76;)?].

By optimality of #; for the ERM objective on P, for every i and any @ (in particular 6*),

El(y—="0:)] < Elly- z'0%)?].

7

Summing over ¢ with weights «; gives

E(G-9? < Yo Ely—+T07] =«

E.2 PROOF OF Theorem 4

Proof of Corollary 1. Set A = ¢/||0*||? in Lemma 14. Define

S(k, \) := (4b, +6C2)\/210g(2/K) + 4(Yinax + BeR)Bo R + by\/210g(2/k),
where By and b, are the A\-dependent quantities from Lemma 14. If

S(k, N)?
n>n= ——,
€

then the concentration terms in Lemma 14 satisfy S(x, \)/y/n < €. With this choice and \|[|6*||? = ¢, the explicit bound
yields

R(0;) < GB+<4+%)6+6+6 - 6B+(6+%)e,
which is O( (Z£1)e + B).

To see the stated scaling of n, note that By = O(1/ ﬂ) and by, = (Yinax + BgR)? = O(1/)) with constants depending on
(R, Yimax, Mo, p). To surface the dominant dependence on (R, Yax, Mo, p), write A := Y2+ pR?M¢ so that

[2A 2R2A
ByR = - d (ByR)? = )
oR=R » and (ByR) »

The leading terms (in terms of €) in S(x, \) scale as (ByR)?, so one can take

R4H9*||4 Yrgax 2 2 2 1
_O(e‘l(p+R MO) 10g; ,

I3

where we suppress lower-order terms in € coming from b, and Cj. U

Theorem 4. Let Assumptions 1-5 hold. For any k € (0, 1), with probability at least 1 — &, every stationary point O of
MSGD-P satisfies, for each probing learner v € U, for the squared loss:

R < 0((1’%1)6 + B4 \J0Y|?

. (p+1)Chen log(l/m)).

PA n

where B is quantified in Table 1 for each scenario, and Cyey depends on R, Yiax, [|0* ||, max;; [|67]], with explicit form
in the Appendix.
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Proof. By Lemma 14, for any « € (0, 1) and with probability at least 1 — &,

~ 2 T(k)
R(6;) < 6B+ (44 = Nl ,
0 < 6B+ (44 Jer Ao+ 5
where every n~1/2 contribution has been grouped into
T(k) := (4bs + 6C5)\/210g(2/k) + byr/210g(2/k) + 4(Yimax + BoR)BgR. (1)

The terms that depend on A and p are through By = \/ 2(Y20x + Y2 probe)/ (AD), Which also appears inside b, =

max

(Yinax + BgR)Q. Expanding the By-dependent pieces, from (21),

T(k) = (4b, + 6C2)\/2log(2/k) + [(Ymax + ByR)?\/210g(2/k) + 4(Yimax + BQR)BQR} .

Bg-dependent

Thus the A-independent part is already O( log(1/ n)), so it remains to control the bracketed term. Expanding gives

(Vinax + BoR)*v/2108(2/1) + 4(Yanax + BoR) BoR = O(v/108(1/) [Y 2+ Ynax BoR + B3 R?] ) .

Plugging in the value of By from Lemma 19 and assuming A < 1, we can combine with the (A, p)-independent part of T'(k)
to get

Cgeﬂ = R(Yrr%ax + Yr?lax,probc) + 4b* + GCg
O

Lemma 14 (Squared-loss performance Full Statement). Let Assumption 5 hold with parameter B. Then, for any € (0,1),
with probability at least 1 — k over the probing sample, every stationary point © of MSGD-P satisfies, for probing learner
i€ [m]

s 2
R(6;) < 6B+ (4+ 5) e+ A [07]

n (4b, +6C3)\/2log(2/k) N 4 (Yimax + BoR) By R b, 210g(2/,‘$)7

vn Vn n

where the constants are defined as follows:

* Cy = Yax +Ymax,probe~

2(Y2, . +pY?2

)
« B — max max,probe
) \p
which bounds the pseudo-label magnitudes via |§}| < Ymax,probe-

e by = (Yiax + R[I67]))%.
© by i= (Yimax + BoR)".

is a radius (independent of 0*) with Yinax probe = R My, My = m;%Xlle?H’
J#

Proof. We work on the event &, N &, where &, is the event of Lemma 17 (probability > 1 — /2 with By from Lemma 19)
and &, is the event of Lemma 16 (probability > 1 — x/2). By a union bound,

P&, NE) >1— k.

Bound on E,(él) By stationarity, 0; minimizes

BP0, 0) = Tay Efe(z,0)] + (1 - 7)a;(0) DE)V(Z, 0)] +p Li(6) + 2£(16]*.
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Thus, comparing the objective at 6; and 6%,

pLi(6;) < Ta; E[l(z,6%)] + (1 —7)a;(©) E_[(z6%)] +pLi(6%) + 22|6%|%.

Pi D;i(©)

Since 3
To; ELO")+ (1 —7)a;(©) E_£(0%) <,
Pi Di(©)
dividing by p, we obtain

T .(0* A *
+ Li(07) + S 1107]1%

By Lemma 15 and Lemma 16,
Li(0") < 2L; true(0%) +2A2 < 26+ 2A, +2A2,

Hence \
Li(6) < §+26+2A*+2Af + Sl

Bound on fi7true(§i). Applying Lemma 15 again gives

Li,true(éi) S 2E’L(§z) +2A3

Substituting the bound from Step 1,

~

Liwae@) < (2+4)c + 40, + 627 + A0"|%

A?SB_i_Cg”Qlogi(Q/n).
n

Li,true(gi) S 6B + (%"‘4)6 + 4A* + 6Cg

By Lemma 18, on &,

Therefore,

2log(2/k N
NG

Bound on R(6;). Finally, on &, (with ||6;]] < By from Lemma 19),
R(éz) S Zi,true(éi) + Au~

O

Alternative scaling with explicit A. If we keep A explicit and only choose n to control the concentration terms in Lemma 14,
then for any target tolerance § > 0 it suffices to take
Sk, N)?

n Z T_L()\,5) = T,

which yields
_ 2
R(0;) < 6B+ (4+ 5)6+M|9*Il2 +6.

Writing Ymax7probe = RMpand A := Y2

max

+ pR?M¢Z, we have

24 4R%A
Bp=4/~~ and (Ymax+ BoR)*<2YZ2  + u
Ap Ap
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Using b, = (Yiax + R||0*]|)? and Cy = Yinax + RMo, this implies

2 1 *([\4 ., RA?
S(k,\)"=0 IOgE (YmaX"‘RHQ )* + (Ymax + RMo) +/\Tp2 )
and therefore a sufficient choice is
log(1/x) x R (Yiax + PR?MG)?
n= 0(52 [(me + R||0*|N* + (Ymax + RMo)* + L 22 0 } :
Setting § = ¢ yields the same bias expression as above, but now with n explicit in (R, Yiax, Mo, p, A, €, K). O

Lemma 15. We have

~

~ = 2 N 2
Lie®) < (VE0) +4:) and Li0) < (v Liaracl®) + A:)
In particular, Ei,true(ﬁ) <2 Zz(a) +2A? and El(ﬁ) <2 Ei,tme(Q) +2AZ

Proof of Lemma 15. Let X € R™*? be the design matrix, a := X6 —y and b := y — y. Then

X0—y=a+bhb.
By the triangle inequality,
= 1X6 —yll _ llal  [bl -
Litrue(l) = ————— < —=+ —= =1/ L;(0) + A;.
7,t ue( ) \/ﬁ = \/ﬁ + \/ﬁ z( )"' 3
Squaring yields the first inequality; the second is analogous. U

Lemma 16 (One—point deviation at 6*). For any « € (0, 1), with probability at least 1 — /2,

|Ei’tme(9*)—7€(9*)’ < A, where A, := b, w, b, = (Ymax+R||9*||)2.

Proof of Lemma 16. For each ¢, define the random variable
Zy = ((37,0") —yi)*.
Since |y| < Yiax and ||z]] < R a.s., we have
Zg € [0, (Ymax + R[|07]1)%] = [0,0.].
By Hoeffding’s inequality, with probability at least 1 — x/2,

zn:ZqIE[Z]‘ <b, Qk’gT@/“).

O

Lemma 17 (Uniform deviation over {||0|| < By}). Fix any radius By > 0 and let € (0,1). Define the squared-loss class

2
Foo = { folwy) = (v (@.0)"| 0]l < Bo }.
Then, with probability at least 1 — /2 (over the draw of the probing sample of size n),

sup |Zi,true(9) - R(0)| < Au’
181I<Be

where
Ay = Wmact BoR) BoR o |\ [2108C)8) (v 4 BoR)?.
Vn n
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Proof. We apply Wainwright’s Theorem 4.10.

Uniform bound b for Fp,. For any ||0|| < By and any (z,y) with ||z|| < R, |y| < Yimax, we have

[y = (@ 0)| < |yl + [, 0) < Yo+ [ 0]l < Yinax + BoRR.
Hence )
0 < fa(%y) = (y—<:1079>) < (Ymax+BGR)2 =: bu-
Thus Fp, is by—uniformly bounded.

Bound R, (Fp,) via contraction to the linear class. Fix a sample S = {(z;,v;)}", and let oy,...,0, be ii.d.
Rademacher signs. The empirical Rademacher average of 5, on S is

n

1 2
Rads(Fp,) = E |:HQSH1;pB9 -~ ;Uz‘(%‘ — (x1,0)) }

Define u; ¢ := (x;, 6) and, for each i, the recentered function

2 2
Vi(u) = (y; —u)" — (3, —0)" = u*—2y;u, ¥;(0) = 0.
Since E[o;] = 0, the constant offsets {(y; — 0)?} vanish in the Rademacher average. Thus

n

1
Rads(fge) = ]1;: {H;E};G E ; ag; wi(ui,gﬂ .

We now bound the Lipschitz constants of 1); over the relevant range. For any u, v € [-ByR, By R),
[Wi(u) = vs(v)| = [ (w—v) [(w =) + (v =w)] | < Ju—v| (lu—wil +|v=pi]) < 2(Vimax + BoR) Ju—vl.
Hence each 1); is L-Lipschitz with
L := 2(Yimax + BoR), ¥;(0) = 0.

By the Ledoux—Talagrand contraction inequality (applied elementwise to {1;} with common Lipschitz constant L and
1;(0) = 0), we have

1 n
Rads(Fp,) < L-E[ sup —> oiu] = L-Rads(0a,).
len<sy ™=
where Gp, := {(z,y) — (x,0) : ||0]| < By} is the linear class (note: dependence on y disappears).
The empirical Rademacher average of G, on S is standard:

n

1 By B@ By
Radg(Gg :]E{ sup — o; (z;,0 } — E 0T — = —
( 9) o 16]|1<Bg n 'L:ZI < n o Z n n
Using ||z;]| < R, we conclude Rads(Gp,) < BgR/+/n. Combining,
ByR
Radg(]:B@) < L- Rads(gBe) < 2(Ymax + B@R)
e
Taking expectation over the sample (or simply noting that this bound holds for any S satisfying ||z;|| < R) yields
ByR
R, (F < 2(Ymax + BoR
(F5a) < 2¥oax + BoR) 7.
Apply Theorem 4.10 and choose §. By Theorem 4.10, for any § > 0,
~ 4(Ymax + BoR) By R
sup |Li’tme(0)—7€(9)| < 2R, (Fp,) +d < ( o?) B + 9,
loll<Bo Vin
with probability at least 1 — exp( — 5 57). Set 6 =by, \/ 22825 o that exp( — 287) = exp( — log(2/x)) = /2. The
stated deviation bound A, follows. O
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Lemma 18 (Concentration of A2 under Accurate Probing). Assume that |§j| < Yimax, probe almost surely (e.g., Yinax,probe =
R max; HH?H for linear peers at initialization). Then for any k € (0, 1), with probability at least 1 — k /2,

2log(2
A721 < B + Og Wa where C’0 = }/max“i’}/max,probe-

Proof. Let W = (§ — y)2. By the boundedness assumptions, 0 < W < (Yiax + Ymax,pmbe)2 =: U almost surely, and
E[W] < B by Accurate Probing. By Hoeffding’s inequality,

1 2nt?
Pr(n ;Wq —E[W] > t) < exp(—U2> .

Choosing t = U,/ % yields Pr(A2 > E[W] + U,/ %) < k/2. Using E[W] < B gives the stated bound
with C2 = U. O

Lemma 19 (A priori norm bound and choice of By). For any probing learner i € U,

) 2(YRax + PV
”91” < By with By := \/ ( p max,probe).

Ap

Proof of Lemma 19. At any stationary point ©, ; minimizes the convex function
2 probe A ~ ~ A
dPoPe(9. @) = ra; E.op, [0(z,0)] + (1-7)a;(O©) E, p. &) [0(z,0)] + pLi(0) + AP 10])%.

By optimality of 6; for $P°"°(-; @),
égrobe(gi; @) S (i)frobe(o; @)

Using squared loss and |y| < Y,ax, we have

~ 1 B
Ll(o) = ﬁ Z(yfl)z < Yr?lax,probc'

Hence,

AD |~ ~ ~
TP HeZHQ < TOG Ynglax + (1 - T) al(@) Yanax + le(O) < Yriax J’_pyriax,probe‘

Thus

- 2(Y2,, +pY?
||01|| § \/ ( ];pmax,probc) _ Bg.

F CROSS-ENTROPY LOSS: PERFORMANCE GUARANTEE

Notation. In this section, we provide a high-probability upper bound on the full-population cross-entropy risk for a probing
learner in MSGD-P at a stationary point. The proof mirrors the squared-loss analysis, with key differences arising from the
geometry of the softmax and cross-entropy.

Throughout this section, let K denote the number of classes. Let § = W € RX*? be the matrix of class-wise linear weights
and define logits 2(z) = Wz € R¥ and predicted probabilities gy (z) = softmax(z(x)). The multiclass cross-entropy
loss is

K
lee((z,y), W) = — Zyc loggw (z)c. = —logqw(z)y,
c=1
where y € {eq,...,ex} is one-hot and Y is the true class index. We assume ||z|| < R almost surely.
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For a probing learner ¢« € U (with probing weight p > 0), we define its augmented objective at © (as per MSGD-P) by

Q;(W;0) = 7 E_ [lep((z,y),W)]

(z,y)~P;

+ (1=17)ai(©) (x,y)lED,.,(e) [tcE((z,y), W)]

~ /\p
+ prrobe(W) + 7 ”WH%W

where
n K

Zprobc ZKCE zayl ) = 7%22@2(10ng(i’3)0

q=1c=1

Here {(Z ) _, are problng covariates drawn i.i.d. from Py, and {yl _, are soft pseudo-labels. For analysis, let y be the
(hidden) true labels of Z!, and define the empirical “true” probing CE

~ 1<
Ltrue Z ECE 1 3 y1 ) = _E Z lOg qw (‘%g)y
qg=1

Let 0* € argminy R(W) be a (finite-norm) population minimizer of the unregularized CE risk R(W) =
Ellcr((x,y), W)], with € := R(6*) and ||6*||r =: M, < co.

Aggregation Rule. we define peer logits z;(z, ©) = 0?9: € RX and the coordinatewise median of logits
Ze(x,©) := median(z; . (z,0) : j € Ti(x)), c€ [K].

Then, we set the probing label as yagq (2, ©) = softmax(Z(x, ©)).

F.1 ACCURATE PROBING ASSUMPTION AND PROOFS

Scenario T;(x) B
Majority-good [m] e+ 2Rr
Market-leader {7*} 13
Partial knowledge G e+ 2Rr
Preference-aware {m(x)} €

Table 2: Probing accuracy parameters for cross-entropy loss.

Assumption 6 (Accurate Probing for CE). There exists Bcg > 0 such that

where the expectation is over (x,y) ~ P and § = §(x) produced by the robust aggregator.

We now present sufficient conditions ensuring Assumption 6.

Lemma 20 (Sufficient conditions for Accurate Probing (CE)). Assumption 6 holds in each of the following scenarios: (i)
Majority-good. Suppose strictly more than half of peers satisfy ||9? — 0*||p <. Then

Beog = E[—loggy] < e+ 2Rr.
(ii) Market-leader. Suppose learner i probes a single peer j* with IE[(CE((x,y),G?*)] < & Ifg(x) = qeo, (x), then

Bcg <&

(iii) Partial knowledge. If a known subset G of peers satisfies |G| > (m — 1) /2 and |0 — 0*||p < r for all j € G, and the
aggregator uses the coordinatewise median over G, the same bound as in case (i) holds.
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(iv) Preference-aware. Suppose each peer j solves the ERM on its preference partition P;:

9. c n E[to((z,y), W)].
j €argmin B [Cce((z,y), W)]

If learner i probes §j(x) = qg_, (). then

n(x

BCE<Za] ‘€CE J:y)é)] < e

]

Proof. We treat each scenario in turn.

(i) Majority-good. Fix any  with ||| < R and write z*(z) = §*x. For any good peer j (i.e., |09 — 6*||» < r) and any

class ¢,

[zrc(@) = 22(@)] = |(05, = 02) x| < (67— OZll2- [l < (167 = 0*[[p - [l2]| < rR.

Since strictly more than half of the {z; ()}, lie in [2}(z)—rR, z}(x)+rR)], their coordinatewise median must also lie

in this interval. Hence
[2(x) — 2" (@)l < 7R

Let f(z) = — log softmax(z)y. By Lemma 21,
—loggy = f(2(x)) < f("(2)) +2]2(z) - 2" (2) < —loggy(z) +27 R,
where ¢* = softmax(2*). Taking expectations over (z,y) ~ P, we get

Beg = E[—loggy] < E[—loggy(z)] +2rR = e+2rR.

(i) Market-leader. Direct: Bop = E[—log gy = Ellcu((z,y),05.)] <&

(iii) Partial knowledge. The proof is identical to case (i), restricting the median to G. Since |G| > (m

learners in G satisfy [|#9 — 0*|| p <, the coordinatewise median over ( satisfies the same bound.

(iv) Preference-aware. By optimality of éj for the ERM objective,

E [tcu((z,y),0;)] < 7]% [lce((z,y),07)].

J

Summing over j with weights «o; gives

Ber < Zaj EfCE Za] ]E1€CE = €.

—1)/2 and all

O

Lemma 21 (CE is 2-Lipschitz in logits under || - ||s). Fix a class Y € [K| and define f(z) := —logsoftmax(z)y =

—zy + logsumexp(z) for = € RX. Then for any 2,2’ € R,

|f(z) = f(2)] < 202 = 2]l

Proof. We have V f(z) = q(z) — ey, where ¢(z) = softmax(z) and ey is the one-hot at Y. By the mean value inequality

with dual norms (|| * ||eo, || - [|1)s

K
If(Z) = f(2)] < sup [VF©lh- ]2 =zl = S%PZ“I’C(@_(@Y)M'||Z/_Z”°O'
k=1

§€[z,2']

Since y = ey is one-hot and ¢ € AK~1, Zkl,il gk — (ev)kl = lay — 1/ + 325y @ = (1 — gv) + (1 — gy) < 2. Hence

IF(z) = F(R) < 2|2 = 2o
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F.2 PERFORMANCE BOUND
We will use two probability floors:
1 1
= exp(—2R||0*||p), T. = 10g7— = log K + 2R||6"||F,

and
21 + p) log K 1 1
By = 2UEp)los K L exp(—2RBy),  Tp = log— = log K + 2RBy.
Ap K VB

Corollary 2 (Big-O summary). Under the assumptions of Theorem 5, with probability at least 1 — K,

(p + 1) Cgen log(l/ﬁ,))

~ +1 )
R(6:) < O((I’T)e + M6°F + Coias VBos + = i

where the constant Cpigs = R (HG* lr ++/21log K/)\) and Coep = Coen(R, ||07]|,log(K)) is specified in the appendix.

Theorem 5 (CE performance bound with probing). Let Assumptions I, 2, 3, 4, and 6 hold. Let O bea stationary point of
MSGD-P and let 0; be the parameter for a probing learner i € U. Then for any k € (0, 1), with probability at least 1 — k
over the probing sample,

N A . 1+ p)Klog K
R(0;) < (1+5)e+5||9 2+ R0 » + Bo)y/2Bop + 4R, | LT 108 K

Apn
N log(3/k
+ (Tx« + Tz + R(||6*]|r + By)) %.
Proof. We work on the event Einsker N Ex N &, Where:
* Epinsker 18 the event of Lemma 24 (probability > 1 — /3),
o &, is the event of Lemma 25 (probability > 1 — k/3),
o &, is the event of Lemma 26 (probability > 1 — x/3).
By a union bound,
P(‘Spinsker N 5* N Eu) Z 1— k.
Bound on Zprobe(éi). By Lemma 22, dividing by p,
T o € T * A *112
Lprobe(ei) < ]; + Lprobe(9 ) + 5 ||6 ||F
By Corollary 28 applied at W = 6* and Lemma 25,
=~ ~ N N log(3/k .
Eroe(@) < Durse®@) + BRI Ars < ¢+ T/ 2 4 gy,
Hence
T 0 € A * 10g(3/:‘€) *
Lprobc(ai) S ];+6 + 5 ||0 ||§7 + F* T + R”e ||FA1,n-

Bound on Etrue(@-). By Corollary 28 at W = 0;,
Etrue(éz') < Zpmbe(éi) + R ”ézHF AL"'

Substituting the bound from the previous step,

~ ~ A log(3/k 5
Bunel@) < e+ 31003 + Doy 2D RO e+ 16]6) Ao
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On Epinsker, by Lemma 24,

AL < \aBog 4 1/ 8B/8)
’ 2n
Therefore,
T 0 € A * 12 * * IOg(g/’%)
Luwe0) <~ + 5I0°IF + RO +Bo) vVaBos + (Lu+ RO e+ Bo) /=5 .

Bound on R(6;). By Lemma 26, on &, and since ||0;|| < By by Lemma 23,

R(éz) S Etrue(éi) + 2\/§RBO\/% + 1—‘B \/ %

Combining with the previous bound and substituting By = +/2(1 + p) log K/(Ap) (which yields 2v/2RBy+/K/n =
4R\/(1 + p)(K log K)/(Apn)) gives the stated bound. O

Lemma 22 (Stationarity bound). At a stationary point 0, for learner i € U,
T 0 T * Ap * 12
prrobe(ai) é € + prrobe(g ) + 7 ||0 HF

Proof of Lemma 22. By optimality of 0; for ®;(-; ©),
D;(6;0) < ®,(6%;0).
Subtracting the two population CE terms at W = 0; and W = 6*, and using that

Toy Elop(0*) + (1—71)ai(0) E Lep(0*) < e,
P Di(©)

we obtain the stated bound. O

Lemma 23 (Norm bound and probability floor). We have ||6;]|r < By = V2(1 + p) log K/(Ap). Consequently, for any z,

1 1
in ¢; (z)e > v = — exp(—2RBy), T'p = log— = logK + 2RB,.
min 65, (¥)e = 1B = 7z exp( 9), T'p = log ~, = legK+2RBy

Proof of Lemma 23. Compare @i(éi; 0) to ®;(0; ©). For W = 0, gy is uniform and each CE term equals log K. Thus

APy 7] 2(1+p)log K
7||9i||% < (14p) logK = |6i|r < ()\;.

For the floor, write for any ¢, ¢’:

lze = zer| = |(We = We) 2| < |[We—Wel 2]

IN

2[|Wllr =l < 2R[W|r.
Hence qy (2), > % exp(—2R||[W| ). -

Lemma 24 (Pseudo-label discrepancy). Let A;, = + 22;1 g — yl||1. Under Assumption 6, for any k € (0, 1), with
probability at least 1 — k/3,
log(3/k)

Avyn < V2Bcg + ) ——.
’ 2n

Proof of Lemma 24. For one-hot y, CE(y, §) = KL(y||§) and Pinsker gives E ||y — 7|1 < /2 EKL(y[|7) < v2Bcg.
Since ||y — g1 € [0, 2], Hoeffding yields the stated bound. O
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Lemma 25 (Concentration at 8*). With probability at least 1 — k/3,

> . log(3/k)
‘Ltrue(e )_€| < F* Tv

where ', =log K + 2R||0*| p.

Proof of Lemma 25. By Lemma 23 applied to W = 6*, min, gg« (). > 7+, hence £cg((z,v),0%) € [0,T,]. Hoeffding’s
inequality gives the result. O

Lemma 26 (Uniform convergence). With probability at least 1 — /3,

. - :
wp |l W)~ ROV)| < 2VERE [ 1 1, BB
IWllr<Be n 2n

Proof of Lemma 26. For any sample {(x;, y;)}7; with ||z;|| < R, we bound the empirical Rademacher complexity of
Fp, = {(z,y) = ler((z,y), W) : [[W|F < Bg}.
The function f(z,y) = — logsoftmax(z)y has gradient V. f = ¢ — y with |V.f|l2 = [l¢ — yll2 < V2. Thus f is
/2-Lipschitz in z. By the vector contraction lemma,
1 n K
%n(}'g ) S \/5 -E |: sup — Oi.k (sz)k:|7

' IWlls<Bs T ;;

with o; 1, 1.1.d. Rademacher. The inner supremum equals

B n K
70 ]EH Zzai’k ekx;r »

i=1 k=1

2 BG
F n

By Z
S — E H 04k ekx;'—
n X
i,k

Hence R, (Fp,) < V2 ByR+/K /n. A standard symmetrization and bounded-difference argument (the per-sample loss
range over |W|| < By is at most I'g by Lemma 23) yields, with prob. > 1 — x/3,

sup | Bunse(W) ~ R(OW)| < 20%,(Fp,) + T/ B,

IWllFr<Bo n

O

which gives the stated bound.

Lemma 27 (Logits bridge for cross-entropy; no probability floors). Let W € RE*4, z(z) = Wz € RE, and qi (x) =
softmax(z(z)). For any x € RY, any one-hot label y € {e,, ..., ex}, and any soft pseudo-label §j € AKX~ (i.e., §. > 0,
> Je = 1), the cross-entropy difference satisfies the exact identity

CE(g,qw) — CE(y,qw) = — (7 —v, z(x)).

Consequently,
| CE®g, qw) — CE(y,aw)| < l5 =yl - z@)lloc < 17— yli- RIW]F.

Proof. Recall that CE(r,q) = — Zle r. log q. for any probability vector r, and q. = % with z = Wx. Hence
J

K
—logg. = log (Z ezj> — 2. = logsumexp(z) — z.

j=1
Therefore, for any r € AK—1,
K K K
CE(r,qw) = Zrc (logsumexp(z) — z.) = logsumexp(z) - Zrc - reze = logsumexp(z) — (r,z).
c=1 c=1 c=1

1
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Applying this twice with » = § and r» = y gives

CE(y,qw) — CE(y,qw) = (logsumexp(z) — (7,2)) — (logsumexp(z) — (y,2)) = —(§ —y,2),
which is the claimed identity.
For the inequalities, use Holder and the fact that || z||cc = max, |z|:
| CE(, qw) — CE(y,aw)| = 17—, 2)| < 117 =yl [ llo-

Finally, since z. = W, x and ||z|| < R,
2w = max|W. sl < max [Wellz- 2l < (max|[Wel2) B < RIW|s,

because |[W||% =Y |[We[|3 > max, ||[W,||3. Combining the bounds yields the result. O
Lemma 28 (Empirical bridge on the probing batch). On the probing dataset {(Z{, 9y, y{)}i—,, define

- 1 3 : ~ 1 & . | IR
Eorone(W) = 3" B aw(@), L) = = S CEGLaw (@), Avn = 3 — ol
q=1 g=1

g=1

Then for any W,
’Lprobe(W) - Ltrue(W)‘ <R ||WHF . Al,n-

Proof. Apply Lemma 27 termwise and average. O

G EXPERIMENTAL DETAILS AND ADDITIONAL RESULTS
G.1 DATASET AND PREPROCESSING DETAILS

MovieLens-10M [Harper and Konstan, 2015]. This dataset contains 10 million movie ratings from 70k users across 10k
movies, providing a natural testbed for multi-learner competition in recommendation. Following Bose et al. [2024] and Su
and Dean [2024], we extract d = 16 dimensional user embeddings via matrix factorization and retain ratings for the top
200 most-rated movies, yielding a population of 69,474 users. Each user’s data consists of z = (z,r) where x € R? is the
embedding and r contains their ratings. Let {2, denote the set of movies rated by user « with |2, | movies. Each learner fits
a linear model 6 € R%*2%0 ysing squared loss:

02 0) = |le| S (07— 1),

1€EQ,

ACS Employment [Ding et al., 2021]. We use the ACSEmployment task from folktables, where the goal is to predict
employment status from demographic features. The population consists of 38,221 individuals from the 2018 Alabama
census (ages 16-90), with d = 16 features describing age, education, marital status, etc. Each user’s data is z = (z,y)
where = € R? (standardized to zero mean, unit variance) and y € {0, 1}. Each learner uses logistic regression:

0(2:6) = —ylog(a(872)) — (1 — ) log(1 — o(6" ),
where o is the sigmoid function. The model predicts § = 1[0 T2 > 0].

Amazon Reviews 2023. We use the McAuley—-Lab/Amazon—-Reviews—2023 corpus (via HuggingFace), construct-
ing a binary sentiment task from review text and star ratings. We sample up to 30,000 reviews from nine product categories
and define labels by y = 1[rating > 4] (so 1-3 stars are negative, 4-5 stars are positive). Features are d = 384 dimensional
sentence embeddings of the review text produced by al1-MiniLM-L6-v2, with a stratified 95/5 train-test split. Each
learner uses the same logistic regression setup as Census.
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User Preferences. For Census and MovieLens, we simulate a market with m = 5 learners and model inherent user
preferences 7(z) via K-means clustering (K = 5) on user features, assigning each user’s preferred platform based on their
cluster membership. For Amazon, we use category-based partitions (m = 9 learners, one per product category): each review
is assigned to its category group, and this group index induces the preference partition {.S;}" ;. In all cases, the partition
captures the intuition that users from different demographic or behavioral segments may have systematic affinities for

different platforms.

Train/test splits. Each experiment constructs one held-out test set at the start and uses the remaining users as the shared
training pool for all learners. Census uses a fixed 99/1 split with random seed 0; Amazon uses a stratified 95/5 split
over sentiment labels; MovieLens uses a 90/10 user split. We do not use a validation split because the experimental
hyperparameters are fixed in advance rather than tuned per run. Dataset-specific hyperparameters are summarized in Table 3.

Census neural experiment. The neural Census experiment in Figure 5 changes only the learner family relative to the
linear Census experiments. Each learner is a two-layer ReLU MLP with architecture d — 64 — 1, trained with SGD on
binary cross-entropy. The held-out test split, K-means preference clusters, and cluster-induced learner rankings are reused
unchanged. In the bad-outcome run, learners are randomly initialized, 7 = 0.3, and no learner probes. In the good-outcome
run, learners are initialized by partition pretraining on the users who rank them first, 7 = 0.7, and Learner 2 probes. Probing
is offline: pseudo-labels are collected once from the initialized peer selected by the preference-aware rule T;(z) = {m(x)},
with k = 0, and the probing learner then trains on the weighted combination of organic and pseudo-labeled losses. We use
T = 1000 MSGD iterations, three random seeds, and the probing weights shown in Figure 5.

G.2 ADDITIONAL EXPERIMENTS
In this section, we provide additional experiments, which elaborate on Section 5.

Expt 1 for other scenarios We replicate Expt 1 from Section 5 in the two globally-good settings from Definition 2:
market-leader and majority-good. As in the preference-aware case, standard MSGD without probing (p = 0, 7 = 0.3)
converges to equilibria with large full-population gaps to the dashed black baseline (Figures 7 and 9). In the market-leader
setting (Figure 7), the most overspecialized learner is about 0.32 below baseline on Census (= 0.47 vs ~ 0.79), and more
than 2.6 MSE above baseline on MovieLens (> 5.6 vs =~ 2.95). In the majority-good setting (Figure 9), two learners remain
overspecialized with sizable baseline gaps (Census around 0.22-0.25 below baseline; MovieLens around 2.0-2.9 above
baseline). These results show that poor global equilibria are not unique to the preference-aware scenario.

Expt 2 for other scenarios We next replicate Expt 2 for the other scenarios. In the market-leader scenario, Learner 4
probes the known leader (Learner 0), and its final Census accuracy improves from about 0.55 to about 0.75, while its
MovieLens loss drops from about 5.1 to about 3.1 as p increases (Figure 8). Relative to the dashed baseline, this closes
most of the initial gap (roughly from 0.24 to 0.04 on Census, and from about 2.2 to about 0.1 on MovieLens). In the
majority-good scenario, where Learner 4 probes via median aggregation over all peers, we observe a similar pattern: Census
accuracy rises from about 0.52 to about 0.77, and MovieLens loss decreases from about 4.7 to about 3.1 (Figure 10). This
again closes a large fraction of the baseline gap (roughly from 0.27 to 0.02 on Census, and from about 1.7 to about 0.1 on
MovieLens). Well-performing learners change only modestly, indicating that probing primarily benefits the underperforming
learner and mitigates overspecialization.

Expt 4: Impact of noise in selection of probed labels Finally, we test robustness to noisy probing-source selection. For
each probe query z, the probing learner queries 7(x) with probability 1 — x, and with probability it queries a random
other learner. Across Census, Amazon, and MovieLens (Figure 4), increasing « causes only mild changes in the probing
learner’s final performance relative to the low-noise case, while preserving strong gains from probing. Thus, our method is
robust to imperfect estimates of the ranking function.

Expt 5: What happens when multiple learners probe? We also evaluate a preference-aware setting where multiple
learners probe simultaneously. In Figure 11, the triangle-marked learners (Learners 2 and 3) both probe while the dashed
black line indicates the full-data baseline. As p increases, Learner 2 improves from about 0.60 to about 0.78, and Learner 3
improves from about 0.66 to about 0.79. Equivalently, their baseline gaps shrink from roughly 0.19 and 0.13 at p = 0 to
about 0.01 and near zero at p = 0.8. The non-probing learners move only slightly, indicating that simultaneous probing
remains stable and still helps underperforming learners recover most of the overspecialization gap.
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Figure 6: Performance of probing learner on Census as a function of n. Error bars show one standard deviation over 10
random seeds.

Parameter Description Census MovieLens Amazon
m Number of learners 5 5 9

T Total rounds 4000 4000 20000
A L2 regularization 107° 1073 107°
n Offline probe dataset size 100 1000 500

Table 3: Hyperparameters by dataset. Shared values are merged across columns.
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Figure 7: MSGD full-population performance with random initialization (Market-leader scenario). Left: Census test
accuracy. Right: MovieLens test loss. Here 7 = 0.3.
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Figure 8: Effect of probing on full-population performance (Market-leader scenario) Left: Final accuracy vs probing
weight p on Census. Right: MovieLens final loss vs p. The triangle markers indicate Learner 4 probes the market leader,
learner 0. Here 7 = 0.7.
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accuracy. Right: MovieLens test loss. Here 7 = 0.3.
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Figure 11: Effect of probing on full-population performance when multiple learners probe (Preference-aware scenario).
Census final accuracy vs probing weight p. Triangle markers indicate the probing learners (Learners 2 and 3). The dashed
black line denotes the full-data baseline.
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