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Abstract

Causal identification functionals often require in-
tegration over conditional densities of continu-
ous variables, such as those arising in nonpara-
metric identification theory of total and mediated
causal effects in DAGs with hidden variables. Es-
timating these densities and evaluating the result-
ing integrals can be statistically and computation-
ally demanding. A common workaround is to dis-
cretize the continuous variable and replace inte-
grals with finite sums. Although convenient, dis-
cretization alters the population-level functional
and can induce non-negligible approximation bias,
even when identification is correct. Under smooth-
ness conditions, we show that the resulting coars-
ening error is first order in the bin width and arises
at the level of the target functional, distinct from
statistical estimation error. We propose a simple de-
biased coarsened functional that evaluates the out-
come regression at within-bin conditional means,
eliminating the leading coarsening error term and
yielding a second-order approximation error. We
derive plug-in and one-step estimators for this de-
biased coarsened functional. Simulations demon-
strate substantial bias reduction and near-nominal
confidence interval coverage, even under coarse
binning. Our results provide a simple framework
for controlling the impact of variable discretization
on both parameter approximation and statistical
estimation.

1 INTRODUCTION

Several causal parameters admit identification formulas that
require averaging an outcome regression over the distribu-
tion of mediating variables. This structure arises in media-
tion analysis [Pearl, 2001, VanderWeele and Vansteelandt,

2014], path-specific effects [Avin et al., 2005, Shpitser,
2013], and nonparametric identification of causal effects in
hidden-variable DAGs [Tian and Pearl, 2002, Bhattacharya
et al., 2022, Richardson et al., 2023, Guo et al., 2023, Guo
and Nabi, 2024, Guo et al., 2025]. When the mediator is
continuous or high-dimensional, as is common in biomedi-
cal applications involving biomarkers such as BMI, blood
pressure, or gene expression profiles and in social science
applications involving cognitive test scores, psychometric
measurements, or socioeconomic indices [Salinas et al.,
2021, Huang et al., 2022, Hemade and Salameh, 2025],
evaluating these identification formulas requires estimating
conditional mediator densities and computing integrals with
respect to them. Both tasks can be statistically challenging,
and Monte Carlo approximations may be computationally
intensive and unstable in moderate samples.

A range of strategies have been proposed to address these
challenges. One class of approaches directly models the
conditional mediator density and evaluates the identifying
integral numerically, using (semi/non-)parametric estima-
tors [Ma and Zeng, 2014, Tingley et al., 2014, Devick et al.,
2022, Linero, 2022, Li et al., 2023]. These methods can
be computationally demanding, and typically rely on suffi-
ciently accurate estimation of the conditional mediator den-
sities and, in parametric implementations, require correct
density specification for consistency. Sequential regression
approaches avoid explicit density estimation by rewriting the
identifying functional as iterated conditional expectations,
thereby reducing the problem to estimation of a collection
of regression functions [Liu et al., 2025, Wang et al., 2025].
However, consistency of such estimators often requires cor-
rect specification of all the nuisance regression components.
Alternatively, the identifying functional can often be ex-
pressed using inverse probability weights involving treat-
ment probabilities and mediator density ratios, which may
be rewritten via Bayes’ rule. Such weighting approaches
can suffer from instability when treatment probabilities are
small or poorly estimated [Hong, 2025, Zhou, 2022, Liu
and Ghassami, 2024]. Influence-function based estimators,
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including one-step and targeted minimum loss estimators
[Van der Vaart, 2000, van der Laan and Rubin, 2006], pro-
vide a principled approach to estimation bias reduction and
inference with flexible nuisance estimation, and can offer
robustness to some forms of model misspecification. How-
ever, such estimators are often avoided in practice due to
methodological complexity.

In practice, a simpler workaround is often adopted by dis-
cretizing the mediator and replacing integrals with finite
sums [Chung et al., 2022, Morera et al., 2023, Piccininni
et al., 2023]. This avoids estimation of a continuous con-
ditional density and simplifies computation. However, dis-
cretization changes the population-level parameter. Even
when the causal identification assumptions hold, the dis-
cretized functional is, in general, a different parameter from
the original one. In many applied analyses, the bias induced
by mediator discretization is either overlooked or treated as
secondary relative to computational considerations, and its
impact on the target parameter is rarely quantified.

Here, we study the difference between the original causal
functional and its discretized analogue, which we refer to as
the coarsening error (or, when viewed relative to the original
target parameter, the coarsening bias). Our primary focus
is not on first-order estimation bias arising from nuisance
estimation, but rather on the population-level approximation
error induced by mediator discretization itself. We show that,
under smoothness conditions, the naive discretized func-
tional incurs a first-order error proportional to the maximum
bin width, driven by within-bin shifts in mediator means
across treatment levels. We then construct a debiased coars-
ened functional that evaluates the outcome regression at
within-bin conditional means. A Taylor expansion argument
shows that this modification eliminates the leading first-
order coarsening bias term, yielding a second-order remain-
der in the bin width. For statistical estimation, we derive
plug-in and one-step estimators and establish their asymp-
totic properties. Simulation studies demonstrate substantial
bias reduction and improved coverage relative to naive dis-
cretization, even under coarse binning. More broadly, our
results provide a formal foundation for controlling the im-
pact of discretization on both parameter approximation and
statistical estimation.

2 TARGET ESTIMANDS

LetA denote a binary exposure taking values in {a0, a1}, C
observed covariates with support C and marginal distribution
PC , M a mediator, and Y the outcome. Define the outcome
regression µ(m, a, c) = E(Y |M =m,A= a,C = c), the
conditional mediator density fM |A,C(m | a, c) = p(M =
m |A=a,C=c), and the propensity score π(a | c)=p(A=
a |C=c). Let Q = {µ, fM |A,C , π} collect the nuisance
functions. The specific causal functionals considered below
may depend only on subsets of Q. For each c ∈ C, define

θ(Q)(c) =

∫
µ(m, a1, c) fM |A,C(m | a0, c) dm . (1)

The conditional functional θ(Q)(c) serves as a building
block for several causal parameters. In particular, define

ψ(Q) =

∫
θ(Q)(c) p(c) dc ,

γ(Q) = p(a0)E(Y | a0) +
∫
θ(Q)(c)π(a1 | c) p(c) dc .

(2)

Under standard identification assumptions (see Ap-
pendix C.1), ψ(Q) corresponds to the mediation identifi-
cation functional for E(Y (a1,M(a0))), while γ(Q) cor-
responds to the front-door identification functional for
E(Y (a0)), where Y (a,m) denotes the potential outcome
under A = a and M = m [Pearl, 2001, 1995, Guo et al.,
2023, Guo and Nabi, 2024].

Given n i.i.d. observations (Ci, Ai,Mi, Yi)
n
i=1 and nuisance

estimates collected in Q̂, plug-in estimators of ψ(Q) and
γ(Q) are given by

ψ(Q̂) =
1

n

n∑
i=1

θ(Q̂)(Ci) ,

γ(Q̂) =
1

n

n∑
i=1

{
I(Ai = a0)Yi + θ(Q̂)(Ci) π̂(a1 |Ci)

}
.

(3)

When M is continuous, evaluation of θ(Q̂)(c) requires
computing θ(Q̂)(c) =

∫
µ̂(m, a1, c) f̂M |A,C(m | a0, c) dm,

which may involve numerical integration or Monte Carlo ap-
proximation under an estimated working model for the con-
ditional density fM |A,C . In many practical settings, this can
be statistically and computationally challenging. A common
simplification is to coarsen the mediator by discretization.

Next, we formalize such coarsened functionals and analyze
the resulting coarsening errors.

3 COARSENED ESTIMANDS

For clarity we present the development for a univariate me-
diator M ∈ R; extensions to multivariate mediators are dis-
cussed in Appendix B. For simplicity, we assume through-
out that the support of M is contained in a compact interval
M = [ℓ, u] ⊂ R.

Let h : R → {1, . . . ,K} be a measurable discretiza-
tion map that partitions the support of M into disjoint
bins Bk = {m : h(m) = k}, k ∈ {1, . . . ,K}. Let
wk = supm1,m2∈Bk

|m1−m2| denote the bin width and de-
fine M̃ = h(M). The rule h may correspond, for instance,
to thresholding M at a fixed or data-dependent cutoff, but
more generally can encode any measurable partition. For
example, if M is BMI and the observed values lie in the
interval [ℓ, u], one may define K = 4 bins B1 = [ℓ, 18.5),
B2 = [18.5, 25), B3 = [25, 30), and B4 = [30, u], with
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M̃ = 1, . . . , 4 denoting underweight, healthy weight, over-
weight, and obesity, respectively.

For each bin k, define µk(a, c)=E(Y | M̃=k,A=a,C=c)

and gk(a, c) = p(M̃=k |A=a,C=c). The coarsened ana-
logue of (1) is

θh(Q)(c) =

K∑
k=1

µk(a1, c) gk(a0, c) . (4)

The coarsened versions of estimands in (2), denoted by
ψh(Q) and γh(Q), are obtained by replacing θ with θh. We
primarily focus on θ since coarsening behavior propagates
to ψ and γ through θ by averaging over C.

Given our notation, we can write θ(Q)(c) in (1) as

K∑
k=1

{∫
µ(m, a1, c) p(m | M̃ = k, a0, c) dm

}
gk(a0, c) .

Let µk,a1(a, c)=E(µ(M,a1, c) | M̃=k,A=a,C=c). Thus,
θ(Q)(c) in (1) can be expressed as

θ(Q)(c) =

K∑
k=1

µk,a1(a0, c) gk(a0, c) . (5)

Lemma 3.1. For each c ∈ C, the coarsening error defined
as ∆h(Q)(c) = θh(Q)(c)− θ(Q)(c) equals

∆h(Q)(c)=

K∑
k=1

{µk(a1, c)−µk,a1(a0, c)} gk(a0, c) . (6)

If m 7→ µ(m, a1, c) is continuously differentiable on each
Bk and for each fixed c there exists a finite constant
L(c) < ∞ such that supm∈Bk

|µ′
m(m, a1, c)| ≤ L(c) for

all k ∈ {1, . . . ,K} and L(C) is square-integrable under
PC , then |∆h(Q)(c)| = O

(
wmax,K

)
, where wmax,K :=

maxk∈{1,...,K} wk is the maximum bin width. In particular,
if M has bounded support and the K bins are chosen to
have equal width, then ∆h(Q)(c) = O(1/K).

We refer to ∆h(Q) as the coarsening error. Since inference
is ultimately aimed at ψ(Q), this error may also be inter-
preted as a coarsening bias induced by replacing the original
estimand with its coarsened analogue.

When one bin is much wider than the others, e.g., {0} versus
(0,Mmax], the worst-case bound based on wmax,K can be
conservative; a sharper bound uses the weighted average∑K
k=1 wkgk(a0, c). See a proof in Appendix C.2.

To understand the magnitude of coarsening error in (6) and
develop corrections for the resulting coarsening bias, we
take a closer look at the difference between µk(a1, c) and
µk,a1(a0, c).

Assume µ is twice continuously differentiable on each Bk,
and define the within-bin mean

mk(a, c) = E(M |A = a,C = c, M̃ = k) . (7)

Under the conditions of Lemma 3.1, a Taylor expansion of
µ(M,a1, c) around mk yields

µk(a1, c)− µk,a1(a0, c)

= µ′
m(mk(a1, c), a1, c){mk(a1, c)−mk(a0, c)}+O(w2

k) ,
(8)

where µ′
m is the derivative of µ w.r.t m; see Appendix C.2.

Equation (8) reveals that the coarsening error in (6) scales
linearly with the shift in within-bin mediator means between
treatment levels and the local slope of the outcome regres-
sion in M . The higher-order terms are proportional to the
curvature of µ and the within-bin spread of M ; under mild
smoothness conditions, these remainder terms are of sec-
ond order in the bin width. Therefore ∆h(Q)(c) admits a
first-order approximation with remainder O(w2

max,K). In
the following remark, we re-express the coarsening error
via an exact covariance representation.

Remark 3.2. ∆h(Q)(c) admits an exact representation in
terms of the within-bin covariance between (i) the condi-
tional outcome surface µ(M,a1, c) and (ii) the treatment-
induced density ratio rk(M |c) = p(M | M̃ = k,A =

a0, C = c)/p(M | M̃ = k,A = a1, C = c). The coars-
ening error vanishes if within every bin, these two quan-
tities are uncorrelated under the distribution of M given
(M̃ = k,A = a1, C = c). This occurs, for instance, if µ is
locally constant in M within bins, or if the conditional dis-
tribution of M does not differ between A = a0 and A = a1
inside each bin; see Appendix C.3.

The plug-in estimate of the coarsened estimand θh(Q)(c) is

θh(Q̂)(c) =

K∑
k=1

µ̂k(a1, c) ĝk(a0, c) , (9)

where µ̂k(a, c) and ĝk(a, c) estimate µk(a, c) and gk(a, c),
e.g., via regressions of Y on (M̃,A,C) and M̃ on (A,C).
The plug-in estimators ψh(Q̂) and γh(Q̂) are obtained by
replacing θ(Q̂) with θh(Q̂) in (3).

We decompose θh(Q̂)(c)−θ(Q)(c) as:{
θh(Q̂)(c)−θh(Q)(c)

}︸ ︷︷ ︸
estimation error

+
{
θh(Q)(c)−θ(Q)(c)

}︸ ︷︷ ︸
coarsening error

. (10)

Assume that for fixed h, the estimator θh(Q̂) satisfies

∥θh(Q̂)− θh(Q)∥L2(PC) = Op(n
−1/2) ,

where ∥g∥2L2(PC) = E(g(C)2). Then, by Lemma 3.1,

∥θh(Q̂)− θ(Q)∥L2(PC) = Op(n
−1/2) +O(wmax,K) .

Hence the asymptotic bias is driven by the coarsening error
∆h(Q), which is first order in the bin width.

LetK = Kn increase with n. IfM has bounded support and
equal-width bins are used, then wmax,Kn

= O(1/Kn). If
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Kn → ∞ and wmax,Kn = o(n−1/2), the coarsening error
is negligible relative to sampling error. Under equal-width
binning, this requires Kn/

√
n→ ∞.

4 DEBIASED COARSENED ESTIMANDS

We introduce a simple correction that removes the lead-
ing coarsening error by evaluating the outcome regression
µ(., a1, c) at within-bin representatives of the mediator un-
der A = a0. Given mk(a, c) in (7), define the debiased
coarsened functional

θ̃h(Q)(c) =

K∑
k=1

µ
(
mk(a0, c), a1, c

)
gk(a0, c) . (11)

Taking a first-order Taylor expansion of µ(M,a1, c) around
mk(a0, c) and then taking expectations conditional on
(M̃ = k,A = a0, C = c) motivates the approximation
of µk,a1(a0, c) by µ

(
mk(a0, c), a1, c

)
; see Appendix C.4.

Thus (11) replaces the in-bin conditional expectation of
µ(M,a1, c) under A = a0 by its evaluation at the within-
bin mean under the same distribution.

The debiased coarsened causal parameters ψ̃h(Q) and
γ̃h(Q) are obtained from (2) by replacing θ with θ̃h.

Lemma 4.1. For each c ∈ C, the coarsening error defined
as ∆̃h(Q)(c) = θ̃h(Q)(c)− θ(Q)(c) equals

∆̃h(Q)(c)=

K∑
k=1

{µ(mk(a0, c), a1, c)−µk,a1(a0, c)}gk(a0, c).

(12)

If m 7→ µ(m, a1, c) is twice continuously differentiable and
Rk(c) = µ

(
mk(a0, c), a1, c

)
− µk,a1(a0, c), then

|Rk(c)| ≤
1

2
sup

m∈Bk

|µ′′
m(m,a1, c)|E

(
(M −mk(a0, c))

2 | a0, c, k
)
.

(13)

If supm∈Bk
|µ′′
m(m, a1, c)| ≤ L(c), where L(C) is square-

integrable under PC , then ∆̃h(Q)(c) = O(w2
max,K). If M

has bounded support and the K bins are chosen to have
equal width, then ∆̃h(Q)(c) = O(1/K2).

See Appendix C.4 for a proof.

Lemma 4.1 shows that the leading first-order component
of the coarsening error in Lemma 3.1 is eliminated. The re-
maining error is proportional to the curvature of µ(m, a1, c)
and the within-bin variance of M , and is thus second order
in the bin width.

The plug-in estimate of the debiased coarsened estimand
θ̃h(Q)(c) in (11) is

θ̃h(Q̂)(c) =

K∑
k=1

µ̂
(
m̂k(a0, c), a1, c

)
ĝk(a0, c) , (14)

where m̂k(a0, c) = Ê(M |A = a0, C = c, M̃ = k). The
estimators ψ̃h(Q̂) and γ̃h(Q̂) are obtained by replacing θ(Q̂)

with θ̃h(Q̂) in (3).

We decompose θ̃h(Q̂)(c)−θ(Q)(c) as{
θ̃h(Q̂)(c)− θ̃h(Q)(c)

}︸ ︷︷ ︸
estimation error

+
{
θ̃h(Q)(c)−θ(Q)(c)

}︸ ︷︷ ︸
coarsening error

. (15)

Assume that for fixed h,

∥θ̃h(Q̂)− θ̃h(Q)∥L2(PC) = Op(n
−1/2).

Then, by Lemma 4.1,

∥θ̃h(Q̂)− θ(Q)∥L2(PC) = Op(n
−1/2) +O(w2

max,K).

For fixed K, the asymptotic bias is driven by the coarsening
error ∆̃h(Q), which is second order in the bin width.

Let K = Kn increase with n. If M has bounded support
and equal-width bins are used, then wmax,Kn

= O(1/Kn),
and hence ∆̃h(Q)(c) = O(1/K2

n). If Kn → ∞ and
w2

max,Kn
= o(n−1/2), then the coarsening error is negli-

gible relative to sampling error. Under equal-width binning,
this requires Kn/n

1/4 → ∞.

Compared to the naive coarsened functional θh(Q)(c),
which incurs first-order coarsening error of order
O(wmax,K), the debiased coarsened functional θ̃h(Q)(c)
achieves a second-order approximation of order O(w2

max,K)
under the stated smoothness conditions. Under equal-width
binning, this corresponds to O(1/K) versus O(1/K2).

5 SMOOTHED DEBIASED COARSENED
ESTIMANDS

Sections 3 and 4 analyzed the approximation error induced
by coarsening. We now turn to statistical estimation.

Throughout the previous sections we assumed that, for fixed
h, the estimation error of the plug-in estimator isOp(n−1/2)
in L2(PC). Such behavior typically requires sufficiently
fast convergence of all nuisance estimators. When flexible
machine learning methods are used to estimate µ, π, and
gk, plug-in estimators can exhibit non-negligible first-order
estimation bias.

A von Mises expansion shows that for a smooth target pa-
rameter ψ(Q), ψ(Q̂) − ψ(Q) = −P{ϕ(Q̂)} + R2(Q̂,Q),
where ϕ(Q) is the canonical gradient, efficient influence
function (EIF), andR2 is a second-order remainder [Van der
Vaart, 2000]. The leading term −P{ϕ(Q̂)} represents first-
order estimation bias and depends directly on the quality of
nuisance estimation. Achieving asymptotic linearity there-
fore requires sufficiently fast nuisance convergence.

Influence-function–based estimators, such as one-step and
targeted minimum loss estimators, remove the first-order
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bias term and attain asymptotic linearity under weaker con-
ditions. However, to construct such estimators, the target
parameter must be pathwise differentiable under the statis-
tical model. The debiased coarsened functional θ̃h(Q)(c)
fails this requirement when M is continuous, because it
involves point evaluation of µ(m, a, c) at mk(a0, c). Point
evaluation is not a continuous linear functional onL2(P ) un-
less M is discrete, and therefore ψ̃h and γ̃h are not pathwise
differentiable under the statistical model.

5.1 SMOOTHED ESTIMANDS AND PLUG-INS

To restore pathwise differentiability and enable influence-
function–based estimation, we introduce a smoothed version
of the debiased coarsened functional. We regularize the
point evaluation by replacing it with a localized average.
Let K be a symmetric kernel and let b > 0 be a bandwidth.
Define Kb(u) = b−1K(u/b) and the normalized weight

ωb,k(m | a1, c) =
Kb(m−mk(a0, c))

E(Kb(M −mk(a0, c)) |A = a1, C = c)
.

Define the localized mean

µb,k(a1, c)=E(µ(M,a1, c)ωb,k(M |a1, c) |A=a1, C=c),

and the smoothed debiased coarsened estimand

θ̃h,b(Q)(c) =

K∑
k=1

µb,k(a1, c) gk(a0, c). (16)

As b → 0, the kernel Kb concentrates at mk(a0, c) and
θ̃h,b(Q)(c) → θ̃h(Q)(c).

The smoothed debiased coarsened parameters ψ̃h,b(Q) and
γ̃h,b(Q) are obtained from (2) by replacing θ with θ̃h,b.

Lemma 5.1. For each c ∈ C, the smoothing error
∆̃s
h,b(Q)(c) = θ̃h,b(Q)(c)− θ̃h(Q)(c) equals

∆̃s
h,b(Q)(c)=

K∑
k=1

{
µb,k(a1, c)−µ(mk(a0, c), a1, c)

}
gk(a0, c).

(17)

Suppose: (i) m 7→ µ(m, a1, c) is twice continuously dif-
ferentiable near mk(a0, c) with supm,c |µ′′

m(m, a1, c)| <
∞; (ii) K is symmetric with

∫
uK(u) du = 0 and∫

u2K(u) du < ∞; and (iii) fM |A,C(· | a1, c) is contin-
uous and bounded away from zero near mk(a0, c). Then, as
b → 0, ∆̃s

h,b(Q)(c) = O(b2). Combining with Lemma 4.1,

the total approximation error ∆̃h,b(Q)(c) = θ̃h,b(Q)(c)−
θ(Q)(c) satisfies ∆̃h,b(Q)(c) = O

(
w2

max,K + b2
)
.

See a proof in Appendix C.5.

The plug-in estimator for θ̃h,b(Q)(c) is

θ̃h,b(Q̂)(c) =

K∑
k=1

µ̂b,k(a1, c) ĝk(a0, c) , (18)

where µ̂b,k(a1, c) = Ê(µ̂(M,a1, c) ω̂b,k(M | a1, c) | a1, c).

We can decompose θ̃h,b(Q̂)(c)−θ(Q)(c) as

{
θ̃h,b(Q̂)(c)−θ̃h,b(Q)(c)

}︸ ︷︷ ︸
estimation error

+
{
θ̃h,b(Q)(c)−θ(Q)(c)

}︸ ︷︷ ︸
total approximation error

. (19)

Assume that for fixed h and b,

∥θ̃h,b(Q̂)− θ̃h,b(Q)∥L2(PC) = Op(n
−1/2).

Then, by Lemma 5.1,

∥θ̃h,b(Q̂)− θ(Q)∥L2(PC) = Op(n
−1/2) +O(w2

max,K + b2).

Thus, for fixed K and b, the asymptotic bias is driven by
∆̃h,b(Q)(c), which is second order in the bin width and
quadratic in the smoothing bandwidth.

Let K = Kn and b = bn depend on n. Under equal-width
binning, wmax,Kn

= O(1/Kn), so

∆̃h,bn(Q)(c) = θ̃h,bn(Q)(c)− θ(Q)(c) = O(1/K2
n + b2n).

If Kn → ∞, bn → 0, and 1/K2
n + b2n = o(n−1/2), for

example Kn = o(n1/4) and bn = o(n1/4), then θ̃h,bn(Q̂)
is asymptotically equivalent to θ(Q) in L2(PC).

5.2 INFLUENCE FUNCTION BASED ESTIMATION

As an example, consider the smoothed mediation functional

ψ̃h,b(Q) =

∫
θ̃h,b(Q)(c) p(c) dc .

To present the influence function in a transparent form, we
first treat the bin centers mk(a0, c) as fixed quantities (e.g.,
midpoints or pre-specified representatives).

Theorem 5.2. The nonparametric efficient influence func-
tion for ψ̃h,b(Q) when mk(a0, k) is fixed, is

ϕ̃fixed
h,b (Q)(O)

=
K∑

k=1

I(A = a1)

π(a1 |C)
gk(a0, C)

{
Y ωb,k(M | a1, C)− µb,k(a1, C)

}
+

K∑
k=1

I(A = a0)

π(a0 |C)
µb,k(a1, C)

{
I(M̃ = k)− gk(a0, C)

}
+

{
θ̃h,b(Q)(C)− ψ̃h,b(Q)

}
.

See a proof in Appendix C.6.

Let Q̂ collect all nuisance estimates. The one-step estimator
of ψ̃h,b(Q), when mk(a0, k) is pre-specified, is

ψ̃one-step
h,b (Q̂) = ψ̃fixed

h,b (Q̂) +
1

n

n∑
i=1

ϕ̃fixed
h,b (Q̂)(Oi) ,
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where ϕ̃fixed
h,b (Q̂)(Oi) is the evaluation of the influence func-

tion at Q̂ and Oi, and

ψ̃fixed
h,b (Q̂)=

1

n

n∑
i=1

K∑
k=1

µ̂fixed
b,k (a1, Ci) ĝk(a0, Ci) ,

µ̂fixed
b,k (a1, c)=Ê

[
µ̂(M,a1, c)ωb,k(M | a1, c) |A=a1, C=c

]
.

Under sufficient regularity conditions, n−1/4 rates of the
nuisance estimators, and cross-fitting, the one-step estima-
tor is asymptotically linear with asymptotic variance of
E(ϕ̃fixed

h,b (Q)(O)2).

When mk(a0, c) is estimated, an additional influence func-
tion contribution arises, denoted by ϕ̃ωh,b(Q)(O):

ϕ̃ω
h,b(Q)(O)=

K∑
k=1

αk(C)
I(A = a0, M̃ = k)

π(a0 |C)

{
M−mk(a0, C)

}
,

where αk(c) := ∂
∂mµb,k(a1, c). The full EIF for ψ̃h,b(Q) is

therefore ϕ̃h,b(Q)(O) = ϕ̃fixed
h,b (Q)(O) + ϕ̃ωh,b(Q)(O). See

a proof in Appendix C.6.

6 SIMULATION STUDIES

The R code is available on GitHub.

We study estimation of the mediation functional ψ(Q) in
(2), with a1 = 1 and a0 = 0. Our goals are threefold:
(i) quantify the population-level coarsening error of the dis-
cretized estimand θh(Q)(c) and verify the first-order scaling
in Lemma 3.1; (ii) evaluate the finite-sample performance of
the plug-in and the one-step estimators for the coarsened es-
timand ψh(Q), and the debiased coarsened estimand ψ̃h(Q),
under equal-frequency discretization; (iii) examine the sen-
sitivity of the plug-in estimators to different discretization
schemes including equal-width and predefined-width dis-
cretizations.

All simulations are conducted under the following data-
generating process (DGP). The baseline covariate C
takes values in {−2,−1, 0, 1, 2} with probability mass
(0.15, 0.20, 0.18, 0.30, 0.17) respectively;

A |C ∼ Bernoulli
(
expit(0.5C)

)
,

M |A,C ∼ N
(
− 0.6C+2A+0.5AC, 1

)
,

Y |M,A,C ∼ N
(
µ(M,A,C), 1

)
,

where µ(M,A,C) = 0.8C+1.5A+0.75AM+0.20MC2+
0.1M3 + 0.55AC, nonlinear in M , ensuring nonzero cur-
vature and hence non-negligible second-order terms in the
Taylor expansions underlying Lemmas 3.1 and 4.1.

Table 1: Coarsening error ∆h(Q)(c) for equal-frequency
discretizations with K = 2 and K = 6.

C = -2 C = -1 C = 0 C = 1 C = 2

K = 2 1.103 0.871 0.876 1.522 3.390
K = 6 0.195 0.149 0.216 0.550 1.562

Simulation #1: Population-level coarsening error.

We first isolate the coarsening error characterized in
Lemma 3.1, ∆h(Q)(c)=θh(Q)(c)−θ(Q)(c). To approx-
imate the theoretical quantities appearing in ∆h(Q)(c),
we generate a Monte Carlo sample of size n=106. No
nuisance estimation is involved in this experiment. In-
stead, we exploit the known parametric forms to compute:
gk(a, c),mk(a, c), µk(a, c). We consider equal-frequency
discretizations of M with K= 2 and K=6 bins. For K=2,
the bins are B1={M ≤ 1.21} and B2={M > 1.21}. For
K=6, we define: B1={M ≤ −0.38}, B2=(−0.38, 0.53],
B3=(0.53, 1.21], B4=(1.21, 1.81], B5=(1.81, 2.49], and
B6={M > 2.49}.

Table 1 reports ∆h(Q)(c) across levels of C. For all levels,
the coarsening error decreases substantially as K increases.
However, even at K = 6, the error remains non-negligible,
illustrating that discretization can alter the target parameter
even with a relatively fine partition.

Equation (8) shows that the leading term of ∆h(Q)(c) is pro-
portional to µ′

m(mk(a1, c), a1, c){mk(a1, c)−mk(a0, c)}.
Figure 1 plots the within-bin shifts mk(a1, c)−mk(a0, c)
for discretizations with K = 2 and K = 6. Increasing K
reduces these shifts across bins and covariate strata, thereby
attenuating the dominant first-order component of the coars-
ening error. The empirical behavior aligns closely with the
Taylor expansion derived in Lemma 3.1.

Remark 3.2 expresses the coarsening error as a within-bin
covariance between µ(M,a1, c) and the ratio rk(M | c). Fig-
ure 2 illustrates this at C = 0. With finer discretization, the
covariance magnitude drops substantially, giving a comple-
mentary view of the reduced coarsening error.

Together, these results empirically validate theO(1/K) first-
order behavior stated in Lemma 3.1.

Simulation #2: Finite-sample performance.

We now study statistical estimation via simulations with n ∈
{500, 5,000, 50,000}, using 1,000 Monte Carlo replications
for each n. We consider equal-frequency discretizations of
the mediator over a broad range of bin counts K.

For each discretization level K, we compare the plug-in
and one-step estimates of the coarsened estimand ψh(Q)

and the debiased coarsened estimand ψ̃h(Q). All nuisance
functions are estimated using correctly specified general-
ized linear models. The within-bin means mk(a0, c) and
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Figure 1: Within-bin differences mk(a1, c)−mk(a0, c) un-
der K = 2 (red, upper axis) and K = 6 (blue, lower axis)
discretizations. Each horizontal segment represents one me-
diator bin; panels correspond to values of C.

bin probabilities gk(a, c) are computed under the truncated
normal distribution implied by the DGP.

Figure 3 reports the results. Two distinct phenomena are
evident: (i) increasing n reduces Monte Carlo variability,
and (ii) for fixed K, the estimation bias of ψh(Q̂) does
not vanish as n increases. The persistence of bias reflects
population coarsening error, not estimation error. In contrast,
ψ̃h(Q̂) exhibits dramatically reduced bias across all sample
sizes, consistent with the second-order scaling ∆̃h(Q)(c) =
O(w2

max,K) from Lemma 4.1.

Because bias patterns are qualitatively similar across sample
sizes, we focus on n = 5,000 and report analogous results
for n = 500 in Appendix D.2. Figure 4 summarizes absolute
bias, variance, mean squared error (MSE), and coverage of
95% confidence intervals (CIs) as functions of K.

The coarsened plug-in estimator, ψh(Q̂), exhibits substan-
tial bias and poor coverage for small K, improving gradu-
ally as K increases, reflecting the O(wmax,K) decay of the
coarsening error. In contrast, the debiased coarsened esti-
mator, ψ̃h(Q̂), achieves near-zero bias even for relatively
small K, smaller MSE, and coverage close to the nominal
level across a broad range of discretization levels. Variance
is only modestly affected by the debiasing step. These find-
ings demonstrate that evaluating µ at the within-bin mean
mk(a0, c) effectively removes the leading coarsening error
without inducing meaningful variance inflation.

One-step estimators are often used to reduce estimation bias

Figure 2: Within-bin covariance between µ(M,a1, C) and
rk(M |C) at C = 0, as formalized in Remark 3.2. Finer
discretization reduces the magnitude of this covariance.

Figure 3: Bias of the plug-in estimates of the coarsened esti-
mand, ψh(Q̂), and the debiased coarsened estimand, ψ̃h(Q̂),
as functions of sample size for several discretization levels
K. Points denote the Monte Carlo mean error (bias) across
1,000 simulation replicates. Error bars show the Monte Carlo
standard deviation of the estimation error.

by incorporating influence-function corrections. Define the
generalized propensity score g(a|m, c) = p(A = a|M =
m,C = c). The one-step estimators for ψ(Q) and ψh(Q),
denoted ψ+(Q̂) and ψ+

h (Q̂) are

ψ
+
(Q̂) =

1

n

n∑
i=1

[ I(Ai = a1)

π̂(a0 |Ci)

ĝ(a0|Mi, Ci)

ĝ(a1|Mi, Ci)

(
Y−µ̂(Mi, a1, Ci)

)
(20)

+
I(Ai = a0)

π̂(a0 |Ci)

(
µ̂(Mi, a1, Ci)−θ(Q̂)(Ci)

)
+θ(Q̂)(Ci)

]
,

ψ
+
h (Q̂) =

1

n

n∑
i=1

[ I(Ai = a1)

π̂(a1 |Ci)

ĝk(a0, Ci)

ĝk(a1, Ci)

(
Y − µ̂k(a1, Ci)

)
(21)

+
I(Ai = a0)

π̂(a0 |Ci)

(
µ̂k(a1, Ci) − θh(Q̂)(Ci)

)
+ θh(Q̂)(Ci)

]
.

The estimator in (21) is consistent for ψh(Q) if either (i) π̂
and ĝk, (ii) π̂ and µ̂k, or (iii) ĝk and µ̂k are consistent.

Note that ψ+
h (Q̂) still targets the coarsened functional

ψh(Q) rather than the original parameter ψ(Q). To remedy
this limitation, we compare: (i) ψ+

h (Q̂), the one-step estima-
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Figure 4: The performance of the coarsened plug-in estima-
tor ψh(Q̂) and the debiased estimator ψ̃h(Q̂) as functions of
the number of mediator bins K for sample size n = 5,000.

tor for ψh(Q), (ii) ψ̃+
h1
(Q̂), a naive derivative-based correc-

tion that replaces µ̂k by µ̂(mk(a0, c), a1, c) and θh(Q̂)(c)

with θ̃h(Q̂)(c) in (21), (iii) ψ̃+
h2
(Q̂), the one-step estima-

tor that replaces θ(Q̂)(c) with θ̃h(Q̂)(c) in (20), (iv) the
coarsened plug-in estimator ψh(Q̂), (v) the debiased plug-
in estimator ψ̃h(Q̂).

Figure 5 presents results under correct specification and a
range of misspecification for nuisance models. Details of the
misspecification configurations are given in Appendix D.1.

The one-step estimator ψ+
h (Q̂) yields modest improvements

in bias and coverage relative to ψh(Q̂), but does not elim-
inate discretization bias when K is small, since the target
remains ψh(Q). The first derivative estimator ψ̃+

h1
(Q̂) be-

haves similarly to ψ+
h (Q̂), with improved coverage, but does

not meaningfully reduce discretization bias in the way that
ψ̃h(Q̂) does. In contrast, ψ̃+

h2
(Q̂) achieves uniformly low

bias across different K and near-nominal coverage across
scenarios except when all nuisance functions are misspeci-
fied. This strong performance arises because ψ̃+

h2
(Q̂) com-

bines two bias-reduction mechanisms: its one-step correc-
tion targets the original parameter ψ(Q), reducing first-order
estimation bias due to nuisance misspecification, and the
debiased coarsened functional θ̃(Q)(c) removes the leading
discretization bias. Notably, although the debiased plug-in
estimator can still be affected by nuisance-model misspeci-
fication, under correct specification ψ̃h(Q̂) performs closest
to ψ̃+

h2
(Q̂) among the other four estimators, with only minor

differences in bias and coverage.

These findings demonstrate that the coarsening error arises
at the level of the target functional and therefore cannot be
eliminated by influence-function correction alone. Correct-

ing the functional through the proposed debiased coarsened
construction is essential for valid inference. The debiased
plug-in estimator achieves substantial bias reduction while
retaining computational simplicity and strong empirical per-
formance when nuisance models are well estimated, which
can be facilitated by flexible machine learning methods.

Simulation #3: Comparisons of discretization schemes.

Using the same DGP, we repeated the simulation pro-
cedure with 1,000 Monte Carlo replications for n ∈
{500, 5,000, 50,000} and considered two alternatives to the
equal-frequency discretization used above. First, we used
empirical equal-width discretization, where the cut points
are computed from the observed range of M within each
simulated dataset. Second, we used predefined-width dis-
cretization, in which the interval [−1.5, 3.3] is partitioned
into K subintervals of equal length and the two boundary
cut points are set to observed minimum and maximum val-
ues. For example, whenK = 3, the resulting bins are ≤ 0.1,
(0.1, 1.7], and > 1.7. Thus, for a fixed K, all Monte Carlo
replications use the same cut points.

Figure S4 displays bias trends as n increases for specific K,
and Figure S5 summarizes absolute bias, variance, MSE,
and coverage as functions of K for n = 5,000. The be-
havior of the coarsened estimator ψh(Q̂) depends meaning-
fully on the discretization rule. Under empirical equal-width
discretization, the bias of ψh(Q̂) can increase with n for
some fixed values of K, particularly when K is small, ex-
cept for K=2. This occurs because the mediator has un-
bounded support, and M is unimodal. When the sample
size increases, the empirical range tends to expand, leading
to wider equal-width bins. In particular, wider central bins
can contain a larger proportion of observations and amplify
the within-bin differences in conditional mediator means,
mk(a1, c)−mk(a0, c). In contrast, under predefined-width
discretization, the interior bin widths are fixed for each K.
Consequently, the bias of ψh(Q̂) remains stable as n in-
creases for a fixed K, consistent with the behavior observed
under equal-frequency discretization. However, as shown in
Figure S5b, although the bias decreases as K increases, it
does not converge to zero. This residual bias arises because
the two tail bins continue to contribute approximation error
even as the interior discretization becomes finer; in particu-
lar, these tail bins always contain the regions ≤ −1.5 and
≥ 3.3. Across both schemes, the proposed debiased esti-
mator ψ̃h(Q̂) substantially reduces bias and remains close
to the true target even for relatively coarse discretizations.
Appendix D.3 provides additional details.

These results clarify the practical role of bin construction.
Equal-frequency bins stabilize empirical bin masses; em-
pirical equal-width bins are sensitive to sample extremes
when M has unbounded support; and predefined-width bins
reflect externally fixed categories, such as clinically mean-
ingful thresholds, but they lack the flexibility to adapt to
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Figure 5: Comparison of plug-in and one-step estimators for n = 5,000 under nuisance-model misspecification. “Correct”
and “False” indicate correctly specified and misspecified nuisance models, respectively. Conditions 1–3 correspond to
misspecification of {µ, µk}, {g, gk}, and π, respectively. Performance is summarized in terms of absolute bias, variance,
MSE, and 95% confidence interval coverage.

a specific dataset, and coarsening error may remain even
when K is large. The debiased estimator is considerably
less sensitive to these choices, supporting its use when the
discretization is dictated by interpretability, scientific con-
vention, or data-analytic convenience.

We apply our method to the B_PROUD study, an observa-
tional evaluation of Mobile Stroke Unit dispatch and stroke
outcomes among 768 reperfusion-eligible patients in Berlin,
using the front-door functional. See Appendix E for details.

7 DISCUSSION

We study the bias induced by discretizing a continuous me-
diator in causal functionals. Even under correct identifica-
tion and consistent nuisance estimation, naive discretization
alters the target parameter and introduces a first-order coars-
ening error that scales with the bin width. Evaluating the
outcome regression at within-bin means under the appro-
priate treatment-reference distribution removes this leading
error term and reduces the approximation error to second or-

der under standard smoothness conditions. A key distinction
is between functional approximation (coarsening) error and
statistical estimation error. Influence-function–based estima-
tors address the latter but do not correct the bias induced
by discretization when the estimand itself has been modi-
fied. Correcting the functional is therefore essential; once
this is done, standard semiparametric tools can be applied
to control estimation error and conduct valid inference. In
practice, discretization is often used to simplify computation
or avoid direct conditional density estimation. We show that
the resulting coarsening error can be formally characterized
and substantially reduced through a simple within-bin cor-
rection that preserves computational tractability. Although
we focus on mediation and front-door functionals, the same
ideas extend to causal parameters involving integration of a
regression surface against a conditional distribution under
suitable smoothness conditions.
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This Supplementary Material is organized as follows. Appendix A provides a glossary of the main terms and notation.
Appendix B presents extensions to settings with multiple mediators. Appendix C contains all technical proofs. Appendix D
provides additional details for the simulation studies. Appendix E reports results from the real data application.

A GLOSSARY OF TERMS AND NOTATION

Table S1 summarizes the main terms and notation used throughout the paper.

Table S1: Glossary of terms and notation.

Term or notation Definition

Observed data and nuisance functions

O = (C,A,M, Y ) Observed data: baseline covariates C, binary exposure A, mediator M , and outcome Y ,
respectively; a0 and a1 denote the two exposure levels.

PC , p(c) Marginal distribution and density of the baseline covariates C.
µ(m, a, c) Outcome regression, E(Y |M = m,A = a,C = c).
π(a | c) Propensity score, p(A = a | C = c).
g(a | m, c) Generalized propensity score, p(A = a |M = m,C = c).
Q Collection of nuisance functions required by a target functional, such as µ, fM |A,C , and π.

Original target functionals

θ(Q)(c) Conditional mediation functional,
∫
µ(m, a1, c)fM |A,C(m | a0, c) dm.

ψ(Q) Marginal mediation functional obtained by averaging θ(Q)(C) over PC .
γ(Q) Front-door functional.

Coarsening and discretized functionals

h, K, Bk Coarsening map, number of bins, and the kth mediator bin, respectively.
M̃ = h(M) Coarsened mediator taking values in {1, . . . ,K}.
wk, wmax,K Width of bin Bk and the maximum bin width.
µk(a, c) Coarsened-mediator outcome regression, E(Y | M̃ = k,A = a,C = c).
µk,a1(a, c) Conditional mean of µ(M,a1, c), E(µ(M,a1, c) | M̃ = k,A = a,C = c).
mk(a, c) Conditional mediator mean, E(M | M̃ = k,A = a,C = c).
gk(a, c) Conditional bin probability, p(M̃ = k | A = a,C = c).
pk,a(m | c) Conditional mediator density, p(m | M̃ = k,A = a,C = c).
rk(m | c) Within-bin conditional density ratio, pk,a0

(m | c)
pk,a1

(m | c) .

θh(Q)(c) Coarsened conditional mediation functional,
∑K
k=1 µk(a1, c)gk(a0, c).

ψh(Q), γh(Q) Coarsened versions of the marginal mediation and front-door functionals.

Continued on next page
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Table S1 (continued)

Term or notation Meaning

∆h(Q)(c) Coarsening error, θh(Q)(c)− θ(Q)(c).

Debiasing and smoothing

θ̃h(Q)(c) Debiased coarsened functional,
∑K
k=1 µ{mk(a0, c), a1, c}gk(a0, c).

ψ̃h(Q), γ̃h(Q) Debiased coarsened versions of the marginal mediation and front-door functionals.
Rk(c) Within-bin debiasing remainder, µ{mk(a0, c), a1, c} − µk,a1(a0, c).
∆̃h(Q)(c) Approximation error of the debiased coarsened functional, θ̃h(Q)(c)− θ(Q)(c).
K, b, Kb Kernel function, bandwidth, and rescaled kernel Kb(u) = b−1K(u/b).
ωb,k(m | a1, c) Normalized localized kernel weight centered at mk(a0, c).
µb,k(a1, c) Kernel-localized outcome mean for the kth bin.
θ̃h,b(Q)(c) Smoothed, debiased coarsened functional,

∑K
k=1 µb,k(a1, c)gk(a0, c).

ψ̃h,b(Q), γ̃h,b(Q) Smoothed, debiased versions of the marginal mediation and front-door functionals.
∆̃s
h,b(Q)(c) Smoothing error, θ̃h,b(Q)(c)− θ̃h(Q)(c).

∆̃h,b(Q)(c) Total approximation error, θ̃h,b(Q)(c)− θ(Q)(c).

Estimators

θ(Q̂)(c) Plug-in estimator of the original conditional mediation functional.
ψ(Q̂), γ(Q̂) Plug-in estimators of the original mediation and front-door functionals.
θh(Q̂)(c) Coarsened plug-in estimator,

∑K
k=1 µ̂k(a1, c)ĝk(a0, c).

ψh(Q̂), γh(Q̂) Coarsened plug-in estimators obtained by replacing θ(Q̂) with θh(Q̂).
θ̃h(Q̂)(c) Debiased coarsened plug-in estimator,

∑K
k=1 µ̂{m̂k(a0, c), a1, c}ĝk(a0, c).

ψ̃h(Q̂), γ̃h(Q̂) Debiased coarsened plug-in estimators obtained by replacing θ(Q̂) with θ̃h(Q̂).
θ̃h,b(Q̂)(c) Smoothed, debiased coarsened plug-in estimator based on µ̂b,k and ĝk.
ψ̃fixed
h,b (Q̂), ψ̃one-step

h,b (Q̂) Fixed-center plug-in and one-step estimators of the smoothed, debiased mediation functional.
ψ+(Q̂), ψ+

h (Q̂) One-step estimators targeting the original and coarsened mediation functionals, respectively.
ψ̃+
h1
(Q̂) Derivative one-step estimator that replaces µ̂k by µ̂(mk(a0, c), a1, c) and θh(Q̂)(c) with

θ̃h(Q̂)(c) in ψ+
h (Q̂).

ψ̃+
h2
(Q̂) Derivative one-step estimator that replaces θ(Q̂)(c) with θ̃h(Q̂)(c) in ψ+(Q̂).

γs(Q̂) Sequential-regression plug-in estimator of the front-door functional.

B EXTENSIONS TO MULTIPLE MEDIATORS

We discuss the extensions with two (sets of) mediators. Let M1 and M2 denote two ordered continuous or multi-dimensional
mediators. Define the outcome regression µ(m1,m2, a, c) = E(Y |M1 = m1,M2 = m2, A = a,C = c), the conditional
mediator density fM1|A,C(m1|a, c) = p(M1 = m1|A = a,C = c) and fM2|M1,A,C(m2|m1, a, c) = p(M2 = m2|M1 =
m1, A = a,C = c). Let Q = {µ, fM1|A,C , fM2|M1,A,C} collects the nuisance functions. Let (ay, a1, a2) ∈ {0, 1}3, and
for each c ∈ C,

θ(Q)(c) =

∫∫
µ(m2,m1, ay, c) fM2|M1,A,C(m2 |m1, a2, c) fM1|A,C(m1 | a1, c) dm2 dm1 . (S1)

Similarly, for i = 1, 2, let hi : R 7→ {1, . . . ,Ki} denote the measurable discretization maps that partitions the support of Mi

into Ki disjoint bins: Bi,ki = {mi : hi(mi) = ki}, ki ∈ {1, . . . ,Ki}. Let wi,ki = supmi,1,mi,2∈Bi,ki
|mi,1 −mi,2| denote

the bin width and define the coarsened mediator M̃i = hi(Mi), i = 1, 2.

For each bin ki ∈ {1, . . . ,Ki}, define gk1(a1, c) = p(M̃1 = k1|A = a1, C = c), gk1,k2(a2, c) = p(M̃2 = k2|M̃1 =

k1, A = a2, C = c), and µk1,k2(ay, c) = E(Y |M̃2 = k2, M̃1 = k1, A = ay, C = c). The coarsened analogue of (S1) is:

θh(Q)(c) =

K1∑
k1=1

K2∑
k2=1

µk1,k2(ay, c) gk1,k2(a2, c) gk1(a1, c). (S2)
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To introduce the similar correction as one mediator in main manuscript, we first define

gk2(m1, a2, c) = p(M̃2 = k2|M1 = m1, A = a2, C = c) ,

µk2,ay (m1, a2, c) = E(µ(M1,M2, ay, C) | M̃2 = k2,M1 = m1, A = a2, C = c),

ηk2,ay (m1, a2, c) = µk2,ay (m1, a2, c)p(M̃2 = k2|M1 = m1, A = a2, C = c),

µη,k1,k2,a2,ay (a1, c) = E
(
ηk2,ay (M1, a2, C) | M̃1 = k1, A = a1, C = c

)
.

Then, the conditional functional θ(Q)(c) could be written as

θ(Q)(c) =

K1∑
k1=1

K2∑
k2=1

{∫ {∫
µ(m1,m2, ay, c) p(m2 | M̃2 = k2,m1, a2, c)dm2

}
× p(M̃2 = k2 |m1, a2, c) p(m1 | M̃1 = k1, a1, c) dm1

}
× p(M̃1 = k1 | a1, c)

=

K1∑
k1=1

K2∑
k2=1

µη,k1,k2,a2,ay (a1, c)gk1(a1, c) . (S3)

Define the within-bin mean

m1,k1(a1, c) = E[M1 | M̃1 = k1, A = a1, C = c],

m2,k2(m1, a2, c) = E[M2 | M̃2 = k2,M1 = m1, A = a2, C = c] .

Thus, we define the debiased coarsened functional as

θ̃h(Q)(c) =

K1∑
k1=1

K2∑
k2=1

µ
(
m1,k1(a1, c),m2,k2

(
m1,k1(a1, c), a2, c

)
, ay, c

)
gk2

(
m1,k1(a1, c), a2, c

)
gk1(a1, c) . (S4)

For each c ∈ C, the coarsening error ∆̃h(Q)(c) = θ̃h(Q)(c)− θ(Q)(c) satisfies

∆̃h(Q)(c) =

K1∑
k1=1

K2∑
k2=1

{
µ
(
m1,k1(a1, c),m2,k2

(
m1,k1(a1, c), a2, c

)
, ay, c

)
gk2

(
m1,k1(a1, c), a2, c

)
− µη,k1,k2,a2,ay (a1, c)

}
gk1(a1, c) .

(S5)

Assume µ(m1,m2, ay, c) is twice continuously differentiable on each Bi,ki . Inside each bin B2,k2 , apply a second-order
Taylor expansion of µ(m1,m2, ay, c) around m2,k2(m1, a2, c):

µ(m1,M2, ay, c) =µ(m1,m2,k2(m1, a2, c), ay, c) + µ′
m2

(m1,m2,k2(m1, a2, c), ay, c)(M2 −m2,k2(m1, a2, c))

+
1

2
µ′′
m2

(m1,M
∗
2 , ay, c)(M2 −m2,k2(m1, a2, c))

2 , (S6)

for some M∗
2 ∈ B2,k2 .

Assume ηk2,ay (m1, a2, c) is twice continuously differentiable on each B1,k1 . Inside each bin B1,k1 for M1, apply a second-
order Taylor expansion of ηk2,ay (M1, a2, c) around m1,k1(a1, c):

ηk2,ay (M1, a2, c) =ηk2,ay (m1,k1(a1, c), a2, c) + (ηk2,ay )
′
m1

(m1,k1(a1, c), a2, c)(M1 −m1,k1(a1, c))

+
1

2
(ηk2,ay )

′′
m1

(M∗
1 , a2, c)(M1 −m1,k1(a1, c))

2 . (S7)

for some M∗
1 ∈ B1,k1 .
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Take conditional expectation sequentially :

µη,k1,k2,a2,ay (a1, c)

= E
(
ηk2,ay (M1, a2, c) | M̃1=k1, A=a1, C=c

)
S7
= ηk2,ay (m1,k1(a1, c), a2, c) +

1

2
E
(
(ηk2,ay )

′′
m1

(M∗
1 , a2, c)(M1 −m1,k1(a1, c))

2
∣∣M̃1=k1, A=a1, C=c

)
= µk2,ay (m1,k1(a1, c), a2, c) gk2

(
m1,k1(a1, c), a2, c

)
+

1

2
E
(
(ηk2,ay )

′′
m1

(M∗
1 , a2, c)(M1 −m1,k1(a1, c))

2
∣∣M̃1=k1, A=a1, C=c

)
= E

(
µ(m1,k1(a1, c),M2, ay, c) | M̃2=k2,m1,k1(a1, c), A=a2, C=c

)
gk2

(
m1,k1(a1, c), a2, c

)
+

1

2
E
(
(ηk2,ay )

′′
m1

(M∗
1 , a2, c)(M1 −m1,k1(a1, c))

2
∣∣M̃1=k1, A=a1, C=c

)
S6
=

{
µ
(
m1,k1(a1, c),m2,k2(m1,k1(a1, c), a2, c), ay, c

)
+

1

2
E
(
µ′′
m2

(m1,k1(a1, c),M
∗
2 , ay, c)(M2 −m2,k2(m1,k1(a1, c), a2, c))

2 | M̃2=k2,m1,k1(a1, c), A=a2, C=c
)}

× gk2
(
m1,k1(a1, c), a2, c

)
+

1

2
E
(
(ηk2,ay )

′′
m1

(M∗
1 , a2, c)(M1 −m1,k1(a1, c))

2
∣∣M̃1=k1, A=a1, C=c

)
.

Thus

Rk1,k2(c) = µ
(
m1,k1(a1, c),m2,k2(m1,k1(a1, c), a2, c), ay, c

)
gk2

(
m1,k1(a1, c), a2, c

)
− µη,k1,k2,a2,ay (a1, c)

= −1

2
E
(
µ′′
m2

(m1,k1(a1, c),M
∗
2 , ay, c)(M2 −m2,k2(m1,k1(a1, c), a2, c))

2 | M̃2=k2,m1,k1(a1, c), A=a2, C=c
)

× gk2

(
m1,k1(a1, c), a2, c

)
− 1

2
E
(
(ηk2,ay )

′′
m1

(M∗
1 , a2, c)(M1 −m1,k1(a1, c))

2
∣∣M̃1=k1, A=a1, C=c

)
.

Given |gk2
(
m1,k1(a1, c), a2, c

)
| < 1, the monotonicity and linearity of expectations, taking absolute values, we obtain the

following upper bound on |Rk1,k2(c)|:

|Rk1,k2(c)| ≤
1

2
E
(
|µ′′

m2
(m1,k1(a1, c),M

∗
2 , ay, c)|(M2 −m2,k2(m1,k1(a1, c), a2, c))

2 | M̃2=k2,m1,k1(a1, c), A=a2, C=c
)

+
1

2
E
(
|(ηk2,ay )

′′
m1

(M∗
1 , a2, c)|(M1 −m1,k1(a1, c))

2
∣∣M̃1=k1, A=a1, C=c

)
≤ 1

2
sup

m2∈B2,k2
(c)

|µ′′
m2

(m1,k1(a1, c),m2, ay, c)|E
(
(M2 −m2,k2(m1,k1(a1, c), a2, c))

2 | M̃2=k2,m1,k1(a1, c), A=a2, C=c
)

+
1

2
sup

m1∈B1,k1
(c)

|(ηk2,ay )
′′
m1

(m1, a2, c)|E
(
(M1 −m1,k1(a1, c))

2 | M̃1=k1, A=a1, C=c
)
.

For any (a1, a2, c), the conditional law p(m1 | M̃1 = k1, A = a1, C = c) is supported on B1,k1(c) and p(m2 | M̃2 =
k2,M1 = m1,k1(a1, c), A = a2, C = c) is supported on B2,k2(c), hence

Var(M1 | k1, a1, c) ≤
(supm1,1,m1,2∈B1,k1

(c) |m1,1 −m1,2|)2

4
=
w1,k1(c)

2

4

Var(M2 | k2,m1,k1(a1, c), a2, c) ≤
(supm2,1,m2,2∈B2,k2

(c) |m2,1 −m2,2|)2

4
=
w2,k2(c)

2

4
.

For supm1∈B1,k1
(c) |(ηk2,ay )′′m1

(m1, a2, c)| ≤ L1(c) and supm2∈B2,k2
(c) |µ′′

m2
(m1,k1(a1, c),m2, ay, c)| ≤ L2(c), and the

fact that
∑K
k=1 gk1(a1, c) = 1, we have ∆̃h(Q)(c) = O(wmax,1,K1

(c)2 + wmax,2,K2
(c)2).
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C PROOFS

C.1 IDENTIFICATION PROOFS

For the identification of mediation functional E(Y (a1,M(a0))) and the front-door functional E(Y (a0)), we first introduce
general assumptions that apply throughout. For any a and m, we assume

(A) Consistency, which indicates that observed outcome and mediators match their counterfactuals when treatment and
mediator values are set at observed values; i.e. Y (a,m) = Y if A = a and M = m, and M(a) =M if A = a.

(B) Positivity, which states that P (A = 1 |C = c) > 0 when P (C = c) > 0, and P (A = 1 |M = m,C = c) > 0 when
P (M = m,C = c) > 0.

To identify the mediation functional E(Y (a1,M(a0))), we additionally need:

(C1) Conditional ignorability, which assumes the absence of unmeasured confounders between the treatment-mediator,
treatment-outcome and mediator-outcome pairs; i.e. for any a, a0, a1 and m: (i) Y (a1,m),M(a0) ⊥⊥ A |C; (ii)
Y (a1,m) ⊥⊥M(a) |A,C .

Under (A)–(C1), the mediation functional is identified as

E(Y (a1,M(a0)))

=

∫∫
E(Y (a1,m)|M(a0) = m,C = c) p(M(a0) = m|C = c) p(C = c) dmdc

=

∫∫
E(Y (a1,m)|M(a0) = m,A = a1, C = c) p(M = m|A = a0, C = c) p(C = c) dmdc

=

∫∫
E(Y (a1,m)|M(a1) = m,A = a1, C = c) p(M = m|A = a0, C = c) p(C = c) dmdc

=

∫∫
E(Y |M = m,A = a1, C = c) p(M = m|A = a0, C = c) p(C = c) dmdc

(S8)

To identify the front-door functional E(Y (a0)), in addition to (A) and (B), we require:

(C2) Conditional ignorability, which assumes the absence of unmeasured confounders between the treatment-mediator, and
mediator-outcome pairs; i.e. (i) M(a0) ⊥⊥ A |C; (ii) Y (m) ⊥⊥M |A,C; (iii) Y (m) ⊥⊥M(a0) |C.

(D) No direct effect, which assumes that M blocks all directed paths from A to Y , i.e., Y (a,m)=Y (m) for any a and m.

Under (A), (B), (C2) and (D), the front-door functional is identified as

E(Y (a0))

=

∫∫
E(Y (a0)|M(a0) = m,C = c) p(M(a0) = m|C = c) p(C = c) dmdc

=

∫∫
E(Y (a0,m)|M(a0) = m,C = c) p(M(a0) = m|A = a0, C = c) p(C = c) dmdc

=

∫∫
E(Y (m)|M(a0) = m,C = c) p(M = m|A = a0, C = c) p(C = c) dmdc

=

∫∫
E(Y (m)|C = c) p(M = m|A = a0, C = c) p(C = c) dmdc

=

∫∫ { ∑
a∈{0,1}

E(Y |M = m,A = a,C = c) p(A = a|C = c)
}
p(M = m|A = a0, C = c) p(C = c) dmdc

= p(A=a0)E(Y |A=a0) +
∫∫

E(Y |M=m,A=a1, C=c) p(M=m|A=a0, C=c) p(A=a1, C=c) dmdc .

(S9)
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C.2 LEMMA 3.1

Given our notations, we can rewrite θ(Q)(C) in (1) as:

θ(Q)(C) =

K∑
k=1

{∫
µ(m, a1, c) p(m | M̃ = k, a0, c) dm

}
gk(a0, c) =

K∑
k=1

µk,a1(a0, c) gk(a0, c) , (S10)

By definition of the coarsened estimand,

θh(Q)(c) =

K∑
k=1

µk(a1, c) gk(a0, c).

Therefore,

∆h(Q)(c) = θh(Q)(c)− θ(Q)(c) (S11)

=

K∑
k=1

µk(a1, c) gk(a0, c)−
K∑
k=1

µk,a1(a0, c) gk(a0, c) (S12)

=

K∑
k=1

{
µk(a1, c)− µk,a1(a0, c)

}
gk(a0, c), (S13)

which proves (6).

Further, suppose that supm∈Bk(c)
|µ′
m(m, a1, c)| ≤ L(c) for some square-integrable function under PC . Then from (6),

∣∣∆h(Q)(c)
∣∣ ≤ K∑

k=1

∣∣µk(a1, c)− µk,a1(a0, c)
∣∣ gk(a0, c) (S14)

≤ L(c)

K∑
k=1

∣∣mk(a1, c)−mk(a0, c)
∣∣ gk(a0, c). (S15)

Since both conditional means mk(a1, c) and mk(a0, c) lie in the same bin Bk(c), their difference is bounded by the bin
width, ∣∣mk(a1, c)−mk(a0, c)

∣∣ ≤ wk(c),

so

∣∣∆h(Q)(c)
∣∣ ≤ L(c)

K∑
k=1

wk(c) gk(a0, c). (S16)

The weights gk(a0, c) form a probability distribution over k, hence
∑K
k=1 wk(c) gk(a0, c) is a weighted average of the bin

widths and is bounded by the maximum bin width,

K∑
k=1

wk(c) gk(a0, c) ≤ max
k

wk(c) =: wmax,K(c).

Therefore

∆h(Q)(c) = O
(
wmax,K(c)

)
.

When the mediator has bounded support and the K bins are chosen to have equal width, wmax,K(c) = O(1/K), so
∆h(Q)(c) = O(1/K).

To prove (8), we assume µ is twice continuously differentiable and define the within-bin mean

mk(a, c) = E(M |A = a,C = c, M̃ = k) . (S17)
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Applying a first-order Taylor expansion of µ(M,a1, c) around mk(a, c) yields

µ(M,a1, c) ≈µ(mk(a, c), a1, c) + µ′
m(mk(a, c), a1, c) (M −mk(a, c)) ,

where µ′
m denotes the partial derivative of µ with respect to m. Taking expectations w.r.t. p(m | M̃ = k, a, c) shows that

E(µ(M,a1, c) | M̃ = k, a, c) ≈ µ(mk(a, c), a1, c) up to second-order remainder terms. Hence, µk(a1, c) − µk,a1(a0, c)
can be approximated by

µk(a1, c)− µk,a1(a0, c) ≈ µ(mk(a1, c), a1, c)− µ(mk(a0, c), a1, c)

≈ µ′
m(mk(a1, c), a1, c)

(
mk(a1, c)−mk(a0, c)

)
, (S18)

where the second line follows another first-order Taylor expansion of µ around mk(a1, c).

C.3 REMARK 3.2

For each bin index k and covariate value c, define

pk,a(m | c) = p(m | M̃ = k,A = a,C = c) , rk(m | c) = pk,a0(m | c)
pk,a1(m | c)

. (S19)

We can write

µk,a1(a0, c)− µk(a1, c) =

∫
µ(m, a1, c) pk,a0(m | c) dm−

∫
µ(m, a1, c) pk,a1(m | c) dm

=

∫
µ(m, a1, c)

{
rk(m | c)− 1

}
pk,a1(m | c) dm

= Epk,a1

(
µ(M,a1, c)

(
rk(M | c)− 1

))
= Epk,a1

((
µ(M,a1, c) − Epk,a1

(
µ(M,a1, c)

)) (
rk(M | c)− 1

))
= Covpk,a1

(
µ(M,a1, c), rk(M | c)

)
,

since Epk,a1

(
rk(M | c)

)
= 1.

C.4 LEMMA 4.1

In the proof of Lemma 3.1, we showed θ(Q)(c) =
∑K
k=1 µk,a1(a0, c) gk(a0, c). By definition of the debiased coarsened

functional, θ̃h(Q)(c) =
∑K
k=1 µ

(
mk(a0, c), a1, c

)
gk(a0, c). Subtracting the two displays yields (12).

We now bound Rk(c) for a fixed bin index k. Inside each bin Bk, apply a second-order Taylor expansion of µ(M,a1, c)
around mk(a0, c):

µ(M,a1, c) = µ(mk(a0, c), a1, c) + µ′
m(mk(a0, c), a1, c)(M −mk(a0, c)) +

1

2
µ′′
m(M∗, a1, c)(M −mk(a0, c))

2 ,

for some M∗ ∈ Bk (by the mean-value form of the remainder). Taking the conditional expectation under
(M̃=k,A=a0, C=c) gives

E(µ(M,a1, c) | k, a0, c) = µ(mk(a0, c), a1, c) +
1

2
E
(
µ′′
m(M∗, a1, c)(M −mk(a0, c))

2 | k, a0, c
)
.

Thus

Rk(c) = µ(mk(a0, c), a1, c)− µk,a1(a0, c) = −1

2
E
(
µ′′
m(M∗, a1, c)(M −mk(a0, c))

2 | k, a0, c
)
.

Taking absolute values and given the monotonicity and linearity of expectations, we obtain the following upper bound on
|Rk(c)|:

|Rk(c)| ≤
1

2
E
(
|µ′′
m(M∗, a1, c)| (M −mk(a0, c))

2 | k, a0, c
)

≤ 1

2
sup

m∈Bk(c)

|µ′′
m(m, a1, c)|E

(
(M −mk(a0, c))

2 | k, a0, c
)
.
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Finally, since the conditional law of M given (A = a0, C = c, M̃ = k) is supported on Bk, its range is at most wk, and
hence

E
(
(M −mk(a0, c))

2 | A = a0, C = c, M̃ = k
)
= Var(M | A = a0, C = c, M̃ = k)

≤
(supm1,m2∈Bk

|m1 −m2|)2

4

= w2
k/4

Combining with supm∈Bk
|µ′′
m(m, a1, c)| ≤ L(c) yields |Rk(c)| ≤ L(c)w2

k/8. Furthermore, using the fact that∑K
k=1 gk(a0, c) = 1, we obtain

|∆̃h(Q)(c)| ≤
K∑
k=1

|Rk(c)| gk(a0, c) ≤
L(c)

8

K∑
k=1

w2
kgk(a0, c) ≤

L(c)

8
w2

max,K ,

which implies ∆̃h(Q)(c) = O(w2
max,K).

C.5 LEMMA 5.1

By definition:

θ̃h,b(Q)(c) =

K∑
k=1

µb,k(a1, c) gk(a0, c), θ̃h(Q)(c) =

K∑
k=1

µ
(
mk(a0, c), a1, c

)
gk(a0, c),

so

∆̃s
h,b(Q)(c) = θ̃h,b(Q)(c)− θ̃h(Q)(c)

=

K∑
k=1

{
µb,k(a1, c)− µ

(
mk(a0, c), a1, c

)}
gk(a0, c),

which establishes the first display.

It remains to show that each term in braces is of order b2 uniformly in k, c under the stated conditions. Fix k and c,

µb,k(a1, c) = E
{
µ(m, a1, c)ωb,k(M | a1, c) |A = a1, C = c

}
=

E
{
µ(m, a1, c)Kb(M −mk(a0, c)) |A = a1, C = c

}
E
{
Kb(M −mk(a0, c)) |A = a1, C = c

}
=
Nb
Db

,

where

Nb =

∫
µ(m, a1, c)Kb(m−mk(a0, c)) fM |A,C(m | a1, c) dm,

Db =

∫
Kb(m−mk(a0, c)) fM |A,C(m | a1, c) dm.

Make the change of variables m = mk(a0, c) + bu, so that dm = b du and Kb(m −mk(a0, c)) =
1
bK

(
m−mk(a0,c)

b

)
=

1
bK(u). Then

Nb =

∫
µ(mk(a0, c) + bu, a1, c)Kb

(
mk(a0, c) + bu−mk(a0, c)

)
fM |A,C(mk(a0, c) + bu | a1, c) b du

=

∫
µ(mk(a0, c) + bu, a1, c) fM |A,C(mk(a0, c) + bu | a1, c)K(u) du,

Db =

∫
fM |A,C(mk(a0, c) + bu | a1, c)K(u) du.
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By assumption (i), µ(·) is twice continuously differentiable in a neighborhood of mk(a0, c) and its second derivative is
uniformly bounded; similarly, assumption (iii) ensures that fM |A,C(·) is continuous and bounded away from zero in a
neighborhood of mk(a0, c). Applying a second order Taylor expansion around mk(a0, c),

µ(mk(a0, c) + bu, a1, c) = µ(mk(a0, c), a1, c) + µ′
m(mk(a0, c), a1, c) bu+ 1

2µ
′′
m(M̃1, a1, c) b

2u2,

fM |A,C(mk(a0, c) + bu | a1, c) = fM |A,C(mk(a0, c) | a1, c) + f ′(mk(a0, c) | a1, c) bu+ 1
2f

′′(M̃2 | a1, c) b2u2,

for some M̃1, M̃2 betweenmk(a0, c) andmk(a0, c)+bu. Multiplying these expansions and using that the second derivatives
are uniformly bounded yields

µ(mk(a0, c) + bu, a1, c) fM |A,C(mk(a0, c) + bu | a1, c)
= µ(mk(a0, c), a1, c)fM |A,C(mk(a0, c) | a1, c)

+
{
µ′
m(mk(a0, c), a1, c)fM |A,C(mk(a0, c) | a1, c) + µ(mk(a0, c), a1, c)f

′(mk(a0, c) | a1, c)
}
bu

+O(b2u2),

where the O(b2u2) term is uniform in u on the support of K.

Substituting into the expression for Nb and using assumption (ii) on the kernel,∫
K(u) du = 1,

∫
uK(u) du = 0,

∫
u2K(u) du <∞,

we obtain

Nb =

∫ [
µ(mk(a0, c), a1, c)fM |A,C(mk(a0, c) | a1, c)

+
{
µ′
m(mk(a0, c), a1, c)fM |A,C(mk(a0, c) | a1, c) + µ(mk(a0, c), a1, c)f

′(mk(a0, c) | a1, c)
}
bu

+O(b2u2)
]
K(u) du

= µ(mk(a0, c), a1, c)fM |A,C(mk(a0, c) | a1, c) +O(b2),

since the term proportional to bu integrates to zero by symmetry of K, and the O(b2u2) term integrates to O(b2) because∫
u2K(u) du <∞.

A similar argument for Db gives

Db =

∫ [
fM |A,C(mk(a0, c) | a1, c) + f ′(mk(a0, c) | a1, c)bu+O(b2u2)

]
K(u) du

= fM |A,C(mk(a0, c) | a1, c) +O(b2).

Assumption (iii) ensures that fM |A,C(mk(a0, c) | a1, c) is bounded away from zero, so for b small enough Db is also
bounded away from zero and we can write

µb,k(a1, c) =
Nb
Db

=
µ(mk(a0, c), a1, c)fM |A,C(mk(a0, c) | a1, c) +O(b2)

fM |A,C(mk(a0, c) | a1, c) +O(b2)

= µ(mk(a0, c), a1, c) +O(b2),

where the O(b2) term is uniform in k and c under the stated uniform boundedness conditions.

Therefore, for each k,

µb,k(a1, c)− µ
(
mk(a0, c), a1, c

)
= O(b2).

Plugging this into the expression for ∆̃s
h,b(Q)(c) and using that

∑K
k=1 gk(a0, c) = 1 yields

∣∣∆̃s
h,b(Q)(c)

∣∣ ≤ K∑
k=1

∣∣µb,k(a1, c)− µ
(
mk(a0, c), a1, c

)∣∣ gk(a0, c)
≤ C∗b2

K∑
k=1

gk(a0, c) = C∗b2,
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for some constant C∗ <∞ not depending on b. Hence ∆̃s
h,b(Q)(c) = O(b2) as b→ 0, as claimed.

Furthermore, we can write

∆̃h,b(Q)(c) := θ̃h,b(Q)(c)− θ(Q)(c)

= θ̃h(Q)(c)− θ(Q)(c)︸ ︷︷ ︸
coarsening error

+ θ̃h,b(Q)(c)− θ̃h(Q)(c)︸ ︷︷ ︸
smoothing error

= O
(
w2

max,K + b2
)
.

C.6 THEOREM 5.2

We derive the EIF for the smoothed mediation functional

ψ̃h,b(Q) = E

 K∑
k=1

µb,k(a1, C) gk(a0, C)

 , (S20)

where

µb,k(a1, c) = E
[
Y ωb,k(M | a1, c)

∣∣A = a1, C = c
]
, gk(a0, c) = p(M̃ = k |A = a0, C = c). (S21)

Recall that

ωb,k(m | a1, c) =
Kb

(
m−mk(a0, c)

)
E
(
Kb

(
M −mk(a0, c)

)
|A = a1, C = c

) , Kb(u) = b−1K(u/b). (S22)

The functional ψ̃h,b(Q) depends onQ in two distinct ways: (i) through the conditional laws defining gk(a0, c) and µb,k(a1, c),
(ii) through the nuisance center mk(a0, c) that appears inside the weight ωb,k.

Along a regular parametric submodel Qε with score S, the pathwise derivative decomposes into two contributions,

d

dε
ψ̃h,b(Qε)

∣∣∣∣
ε=0

=
d

dε
ψ̃h,b

(
Qε; {mk}

)∣∣∣∣
ε=0︸ ︷︷ ︸

varyQ holding {mk} fixed

+

K∑
k=1

∂ψ̃h,b
∂mk

∣∣∣∣∣
Q

d

dε
mk(Qε)

∣∣∣∣
ε=0︸ ︷︷ ︸

chain rule throughmk

.

We compute these two contributions separately.

Part (I): Derivative with respect to the conditional laws (holding mk fixed). In this first step we treat the function
m 7→ ωb,k(m | a1, c) as fixed, so that µb,k(a1, c) = E{Y ωb,k(M | a1, c) | A = a1, C = c} is a standard regression
functional; the dependence of the normalization in (S22) on the conditional law is accounted for when we later add the
chain-rule correction through mk.

Let Zk ≡ Zk(O) := Y ωb,k(M | a1, C). Then µb,k(a1, c) = E(Zk |A = a1, C = c).

For fixed ωb,k, the EIF for the regression functional c 7→ E(Zk |A = a1, C = c) is

Dfix
µb,k

(O) =
I(A = a1)

π(a1 |C)

{
Zk − µb,k(a1, C)

}
.

=
I(A = a1)

π(a1 |C)

{
Y ωb,k(M | a1, C)− µb,k(a1, C)

}
. (S23)

This corresponds to the derivative of ψ̃h,b(Q) with respect to the conditional distribution argument in the multivariate chain
rule.
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For gk(a0, c) = E(I(M̃ = k) |A = a0, C = c), the EIF is

Dgk(O) =
I(A = a0)

π(a0 |C)

{
I(M̃ = k)− gk(a0, C)

}
. (S24)

Since θ̃h,b(C) =
∑
k gk(a0, C)µb,k(a1, C) is a product of two regression functionals, its derivative with respect to the

conditional laws follows from the usual product rule applied pointwise in C. The EIF for ψ̃h,b(Q) = E(θ̃h,b(Q)(C)) under
fixed ωb,k is

ϕ̃fixed
h,b (Q) =

K∑
k=1

gk(a0, C)D
fix
µb,k

(O) +

K∑
k=1

µb,k(a1, C)Dgk(O) +
{
θ̃h,b(Q)(C)− ψ̃h,b(Q)

}
. (S25)

Substituting (S23) and (S24) yields the explicit displayed formula.

Part (II): Derivative with respect to the nuisance centers mk(a0, c). Now consider the actual weight in (S22), which
depends on the unknown center

mk(a0, c) = E(M |A = a0, C = c, M̃ = k)

and on the normalizing denominator

E
{
Kb

(
M −mk(a0, c)

)
|A = a1, C = c

}
.

This induces an additional EIF component through the pathwise derivative of µb,k(a1, c) with respect to the centermk(a0, c).

The EIF for the conditional mean mk(a0, C) = E(M |A = a0, C, M̃ = k) is

Dmk
(O) =

I(A = a0) I(M̃ = k)

π(a0 |C) gk(a0, C)

{
M −mk(a0, C)

}
. (S26)

To compute the second term in the multivariate chain rule, we differentiate µb,k(a1, c) with respect to its second argument
mk(a0, c) while holding the conditional law of (Y,M) | (A = a1, C = c) fixed.

Writing µb,k(a1, c) = Nk(c)/Dk(c) with

Nk(c) = E
{
Y Kb

(
M −mk(a0, c)

)
|A = a1, C = c

}
, Dk(c) = E

{
Kb

(
M −mk(a0, c)

)
|A = a1, C = c

}
,

and applying the quotient rule yields (assuming the usual regularity conditions that justify differentiation under the
conditional expectation)

αk(c) :=
∂

∂m
µb,k(a1, c) = −

E
[
{Y − µb,k(a1, c)}K′

b

(
M −mk(a0, c)

)
|A = a1, C = c

]
E
[
Kb

(
M −mk(a0, c)

)
|A = a1, C = c

] . (S27)

By the multivariate chain rule, the contribution of the nuisance mk to the EIF is

ϕ̃ωh,b(Q)(O) =

K∑
k=1

gk(a0, C)αk(C)Dmk
(O). (S28)

Substituting (S26) into (S28) simplifies this term to

ϕ̃ωh,b(Q)(O) =

K∑
k=1

αk(C)
I(A = a0) I(M̃ = k)

π(a0 |C)

{
M −mk(a0, C)

}
. (S29)

Combining the derivative with respect to the conditional laws and the derivative with respect to the nuisance centers yields
the full efficient influence function

ϕ̃h,b(Q)(O) = ϕ̃fixed
h,b (Q)(O) + ϕ̃ωh,b(Q)(O), (S30)

where ϕ̃fixed
h,b (Q)(O) is given in (S25) and ϕ̃ωh,b(Q)(O) is given in (S29).
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Table S2: Misspecification scenarios for nuisance functions in Simulation #2. A check mark (✓) indicates correct specifica-
tion, while a cross mark (✗) denotes model misspecification.

Function Condition 1 Condition 2 Condition 3 Correct False

mk ✓ ✓ ✓ ✓ ✗
µ ✗ ✓ ✓ ✓ ✗
µk ✗ ✓ ✓ ✓ ✗
g ✓ ✗ ✓ ✓ ✗
gk ✓ ✗ ✓ ✓ ✗
π ✓ ✓ ✗ ✓ ✗

D DETAILS IN SIMULATIONS

D.1 MISSPECIFICATION SCENARIOS

In this section, we present a detailed explanation of the misspecification scenarios implemented in Simulation #2. For each
of the estimators, the corresponding collection of nuisance functions Q is given as follows: (i) ψh(Q̂): {µk, gk}; (ii) ψ̃h(Q̂):
{µ,mk, gk}; (iii) ψ+

h (Q̂): {µk, gk, π}; (iv) ψ̃+
h1
(Q̂): {µ,mk, gk, π}; (v) ψ̃+

h2
(Q̂): {µ,mk, gk, g, π}.

Table S2 presents the specification and misspecification configurations of the nuisance functions. The plug-in estimator
ψh(Q̂) coincides with the specification under Condition 3 as well as the fully correctly specified setting; the same holds for
ψ̃h(Q̂). Under the DGP described in Section 6, correctly specified nuisance functions can be consistently estimated using
GLMs. Misspecification is introduced by constructing models with nonlinear and irrelevant functional forms, including
exponential, cosine, inverse, and higher-order polynomial terms.

D.2 THE PERFORMANCE IN SMALL SAMPLE SIZES

Figure S1 summarizes absolute bias, variance, MSE, and coverage of 95% CIs as functions of K, and Figure S2 presents
results under correct specification and a range of misspecification scenarios for nuisance models in a smaller sample size
(n = 500). The results are consistent with what we find in Simulation 2, where the debiased plug-in estimator ψ̃h(Q̂) shows
substantial improvement compared with the coarsened estimator ψh(Q̂). The one-step estimator ψ+

h (Q̂) improves bias
and coverage relative to ψh(Q̂), but does not eliminate discretization bias. The first derivative estimator ψ̃+

h1
(Q̂) behaves

similarly and does not meaningfully reduce discretization bias. In contrast, ψ̃+
h2
(Q̂) achieves low bias and near-nominal

coverage across scenarios. Thus, this simulation confirms the strong performance of our proposed debiased plug-in estimator
even in small samples and supports the conclusions drawn in the main text.

D.3 COMPARISON OF DIFFERENT DISCRETIZATION SCHEMES

This section provides additional results for discretization schemes other than the equal-frequency discretization used in the
main simulation analysis.

We first examine the population-level coarsening error under equal-width discretization using the same large simulated
sample as in Simulation #1. The observed maximum and minimum of M are 6.66 and −5.23, respectively, giving an
empirical range of 11.89 and an equal-width bin length of 11.89/K. For K = 2, this yields the bins B1 = [−5.23, 0.72]
and B2 = (0.72, 6.66]. For K = 6, the bins B1, . . . ,B6 are [−5.23,−3.25], (−3.25,−1.27], (−1.27, 0.72], (0.72, 2.70],
(2.70, 4.68], and (4.68, 6.66]. Figure S3a plots the within-bin shiftsmk(a1, c)−mk(a0, c) for these two discretization levels.
Increasing K reduces these shifts across bins and covariate strata, thereby attenuating the dominant first-order component
of the discretization bias. Figure S3b illustrates that, at C = 0, with finer discretization, the covariance magnitude drops
substantially. These patterns are consistent with the main simulation results.

We then mainly focus on finite-sample estimator performance. Under the same DGP as in Section 6, we compare the
coarsened plug-in estimator ψh(Q̂) with the proposed debiased plug-in estimator ψ̃h(Q̂) using equal-width and predefined-
width discretizations, and discuss the resulting patterns in relation to the equal-frequency results.
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Figure S1: The performance of the coarsened plug-in estimator ψh(Q̂) and the debiased estimator ψ̃h(Q̂) as functions of the
number of mediator bins K for sample size n = 500.

Equal-frequency discretization. The cut points are computed from the observed quantiles of M in each simulated dataset,
so each bin contains approximately the same number of observations. This rule makes the empirical bin probabilities stable
by construction and makes the interior cut points converge to fixed population quantiles as n increases. Table S3 illustrates
the stability of the equal-frequency interior cut points. Consequently, for fixed K, the coarsening bias remains nearly
unchanged across the sample sizes in Figure 3. As K increases, the bins become narrower and the coarsened functional
becomes more local. The within-bin differences in conditional mediator means, mk(a1, c)−mk(a0, c), therefore tend to
shrink, reducing the leading coarsening bias in ψh(Q̂). The proposed debiased estimator further removes the first-order bias
within each bin, leading to substantial bias reduction.

The variance plots in Figure 4 exhibit the usual bias-variance trade-off induced by finer discretization. As K increases, bins
contain fewer observations, so bin-specific quantities such as ĝk(a, c), m̂k(a, c), and µ̂k(a, c) are estimated with greater
variability, leading to increased variance for both estimators. The debiased estimator ψ̃h(Q̂) generally exhibits slightly
larger variance for small K because it relies on a more localized representation of the outcome regression, evaluating
µ̂ at the within-bin mean m̂k(a0, c) rather than averaging outcomes over the entire bin. This localization removes the
leading coarsening bias but provides less smoothing and therefore can increase variability. As K increases, the bins become
narrower and µk(a1, c) ≈ µ

(
mk(a0, c), a1, c

)
, so the two estimands become increasingly similar and the variance gap

correspondingly disappears.

Equal-width discretization. The cut points are computed from the observed minimum and maximum (the observed range)
of M in each simulated dataset. Figure S4a shows that, for fixed K except K = 2, the bias of the coarsened estimator
ψh(Q̂) can increase with n. This behavior is driven by the unbounded support of the mediator. As the sample size grows,
larger samples are more likely to contain extreme tail observations, so the empirical range of M expands. Consequently, for
fixed K, the equal-width bin length also increases. As shown in Table S4, the average empirical range increases from 8.11 at
n = 500 to 10.78 at n = 50,000. Because M is unimodally distributed, as illustrated in Figure S6a, this range expansion
affects central and tail bins differently. Wider central bins can cover a larger high-density region of M and therefore contain
a larger proportion of observations, whereas tail bins will be more sparse and may shift farther into the tails. Table S4 shows
that the largest bin proportion among all bins tends to increase with n, especially for small K; this effect becomes weaker
as K increases. The case K = 2 is an exception because there is only one interior cut point. Since the distribution of M
is only mildly skewed, with skewness −0.29, the split is relatively stable across n and behaves more similarly to a coarse
quantile-based discretization.

To clarify how wider empirical bins affect the coarsening error, we examine the corresponding population-level DGP
quantities. As discussed in the main text, the first-order coarsening term in (8) is driven by within-bin differences in
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Figure S2: Comparison of plug-in and one-step estimators under nuisance-model misspecification for n = 500. “Correct”
indicates all nuisance models are correctly specified, whereas “False” indicates all nuisance models are misspecified.
Conditions 1–3 correspond to misspecification of {µ, µk}, {g, gk}, and π, respectively. Performance is summarized in terms
of bias, variance, MSE, and 95% confidence interval coverage.

conditional mediator means. In our DGP, the conditional mean of M given A = a1 and C = c is uniformly larger than the
conditional mean of M given A = a0 and C = c across the relevant values of c. Therefore, the qualitative pattern is similar
across covariate strata, and we use C = 0 as an illustrative example. Figure S6b shows that, when the midpoint of a bin is
fixed, a bin that contains a larger proportion of the mediator distribution, equivalently a wider bin under this construction,
tends to exhibit a larger within-bin difference in conditional mediator means. This increase is more pronounced when the bin
midpoint is close to the median. For example, when K = 3, the midpoint of the central bin is located near the midpoint of
the empirical range. As the central-bin proportion increases from 60.0% to 74.5%, the contrast mk(a1, c)−mk(a0, c) also
increases. By contrast, the tail bins contain less probability mass and move farther into the tails, with their midpoints shifting
toward the extremes. As a result, their contributions to the within-bin mean difference are downweighted. Since the curves in
Figure S6b are steeper in the central region, changes in the central bin dominate the overall error across bins. Moreover, the
leading bias is not determined by mk(a1, c)−mk(a0, c) alone; it also depends on the derivative of the outcome regression
and the bin probability. We therefore examine ∆∗

h,k(Q)(c) = µ′
m{mk(a1, c), a1, c}{mk(a1, c) − mk(a0, c)}gk(a0, c),

where ∆∗
h(Q)(c) =

∑K
k=1 ∆

∗
h,k(Q)(c) and ∆∗

h(Q)(c) ≈ ∆h(Q)(c). The diagnostic in Figure S6c confirms that the first-
order coarsening component is mainly influenced by the central bins. It also shows that, as K increases, changes in bin
proportions become smaller, and the corresponding changes in ∆∗

h(Q)(c) are attenuated. For example, when K = 10,
∆∗
h(Q)(c) changes only modestly as the central-bin proportion increases from 22.4% to 28.3%. This behavior of the

population-level DGP quantities explains the increasing bias trend of the coarsened estimator ψh(Q̂) shown in Figure S4a.

Figure S5a further shows that the variance of ψh(Q̂) under equal-width discretization can be nonmonotone in K. This
behavior can be understood by decomposing the variability into two components: the usual sampling variability, as in
equal-frequency discretization, and the additional variability induced by the random partition. Under empirical equal-width
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(a) Within-bin differences. (b) Within-bin covariance.

Figure S3: Theoretical quantities approximation in large sample size. (a) Within-bin differences mk(a1, c) −mk(a0, c)
under K = 2 (red, upper axis) and K = 6 (blue, lower axis) equal-width discretizations. Each segment represents one
mediator bin; panels correspond to values of C, and (b) Within-bin covariance between µ(M,a1, C) and rk(M |C) at
C = 0.

discretization, the partition is itself random because small changes in the sample range can move the interior cut points. These
changes alter both the bin probabilities and the within-bin contrasts that enter the coarsened target. For larger K, the bins
become more local and the sensitivity of the coarsened functional to any single boundary is reduced. In contrast, the debiased
estimator ψ̃h(Q̂) is substantially less affected by this random-partition behavior because it removes the leading first-order
coarsening component within each bin. As K increases, the variance pattern of ψh(Q̂) becomes closer to the pattern
observed under equal-frequency, where finer partitions reduce smoothing and tend to increase variance more gradually.

Predefined-width discretization. The cut points are fixed across simulated datasets. For each K, we partition the interval
[−1.5, 3.3] into K subintervals of equal length and set the outer boundary cut points to the observed minimum (ℓ) and
maximum values (u), so that observations outside the fixed interior interval are included in the first and last bins. For
example, when K = 3, the bins are [ℓ, 0.1], (0.1, 1.7], and (1.7, u]. Thus, for a given K, the same cut points are used in
every Monte Carlo replication.

Because the interior bin widths do not depend on the empirical range, the bias of ψh(Q̂) remains stable across n for fixed K,
as shown in Figure S4b. This pattern is similar to that observed under equal-frequency discretization. However, although
the bias decreases as K increases, it converges to a nonzero value. This occurs because increasing K refines the partition
only within the fixed interval [−1.5, 3.3], while the two tail bins always contain the regions ≤ −1.5 and ≥ 3.3. Once the
central-region discretization bias is reduced, the remaining approximation error may be dominated by these tail bins. This
explains why residual tail-induced bias can persist under predefined-width discretization even for large K.

Choice of discretization scheme and discretization levels. These results highlight complementary practical considerations
for choosing a discretization scheme. Equal-frequency discretization balances empirical bin masses and is often stable
in finite samples, since the cut points converge to population quantiles. Empirical equal-width discretization is closely
aligned with the bounded-support statement in the main paper, but it can be sensitive to sample extremes when the mediator
has unbounded support, because the empirical range may expand with the sample size. Predefined-width discretization is
useful when categories are fixed by scientific or clinical convention, as in settings where thresholds are externally defined
(e.g. BMI) and should not vary across studies. However, this approach lacks the flexibility to adapt the choice of K to a
specific dataset. Moreover, if the mediator has non-negligible probability mass within coarse fixed intervals, such bins may
induce residual coarsening bias. In such settings, the proposed debiased estimator ψ̃h(Q̂) is particularly useful, since it
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(a) Equal width (b) Predefined width

Figure S4: Bias trends of the coarsened plug-in estimator ψh(Q̂) and the debiased plug-in estimator ψ̃h(Q̂) as the sample
size n increases under empirical equal-width and predefined-width discretizations.

(a) Equal width (b) Predefined width

Figure S5: Performance of the coarsened plug-in estimator ψh(Q̂) and the debiased estimator ψ̃h(Q̂) as functions of the
number of mediator bins K for sample size n = 5,000 under different discretization schemes.

reduces sensitivity to the chosen discretization scheme and substantially reduces bias for small K, while preserving the
computational simplicity of discretization.

In practice, in addition to the choice of discretization scheme, the choice of the number of discretization levels K is also
an important consideration. From a theoretical perspective, increasing K reduces approximation bias, but it may increase
estimation variance and computational burden, particularly when some bins contain few observations. An implication of our
results is that the proposed debiased estimator substantially reduces bias relative to the naive coarsened estimator even for
small K. When scientifically meaningful categories are available, such as standard clinical thresholds, we recommend using
the proposed debiased estimator with those bins. When no natural discretization is available, a practical strategy is to start
with a small K and gradually increase it to assess stability. If the estimates remain stable for larger values of K, one may
select the smallest stable K for simplicity.

E A REAL DATA APPLICATION

We apply our proposed estimation framework to data from the B_PROUD study, an observational investigation assessing the
impact of Mobile Stroke Unit (MSU) dispatch on post-stroke outcomes in Berlin [Ebinger et al., 2017] conducted between
February 2017 and May 2019. It can be used to evaluate the effect of additional MSU care on 3-month functional outcomes
among patients for whom an MSU was received.
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Table S3: Summary of interior break points under equal-frequency discretization for K = 2, K = 3, and K = 5 across
Monte Carlo replications. Values are reported as mean ± standard deviation. The boundary cut points are fixed at −∞ (0%)
and ∞ (100%).

K = 2 K = 3 K = 5

n 50.0% 33.3% 66.7% 20.0% 40.0% 60.0% 80.0%

500 1.21 ± 0.08 0.53 ± 0.10 1.81 ± 0.08 -0.16 ± 0.11 0.82 ± 0.09 1.57 ± 0.08 2.33 ± 0.08
5,000 1.21 ± 0.03 0.53 ± 0.03 1.81 ± 0.03 -0.16 ± 0.03 0.82 ± 0.03 1.57 ± 0.03 2.34 ± 0.02
50,000 1.21 ± 0.01 0.53 ± 0.01 1.81 ± 0.01 -0.17 ± 0.01 0.82 ± 0.01 1.57 ± 0.01 2.34 ± 0.01

Table S4: Summary of the empirical range, minimum, maximum, and the largest bin proportions under equal-width
discretization across Monte Carlo replications. Values are reported as mean ± standard deviation.

Maximum proportion in bins (%)

n Range Min Max K = 2 K = 3 K = 5 K = 10 K = 20

500 8.11 ± 0.57 -3.30 ± 0.44 4.81 ± 0.39 61.6 ± 6.4 60.0 ± 4.9 39.6 ± 3.4 22.4 ± 2.0 12.3 ± 1.2
5,000 9.56 ± 0.51 -4.08 ± 0.38 5.48 ± 0.33 62.7 ± 5.6 68.3 ± 3.7 44.0 ± 3.0 25.4 ± 1.4 13.3 ± 0.8
50,000 10.78 ± 0.43 -4.73 ± 0.32 6.05 ± 0.28 63.6 ± 4.7 74.5 ± 3.0 48.4 ± 2.8 28.3 ± 1.2 14.8 ± 0.6

We analyzed 768 patients eligible for reperfusion therapy, of whom 588 (76.6%) received MSU care (A = 1) and 180
(23.4%) received conventional emergency services (A = 0). The outcome Y is the 3-month modified Rankin Scale (mRS),
an ordinal measure ranging from 0 (no symptoms) to 6 (death). In our study, we treat mRS as continuous. The full mediator
M is defined as the time from ambulance dispatch to thrombolysis and is set to zero for patients who did not receive
thrombolytic therapy. We adjust for two baseline continuous covariates: systolic blood pressure and stroke severity. Missing
data are handled using multiple imputation.

This dataset was previously analyzed by Piccininni et al. [2023] employing a front-door approach to estimate the causal
effect of MSU dispatch on 3-month mRS using a three-category mediator. Subsequently, Guo et al. [2023] considered
both continuous and binary versions of the mediator, exploring different cutoffs and implementing one-step and TMLE
estimators of the front-door functional. In this analysis, we compare three estimators of the front-door functional γ(Q) for
E(Y (a0)) in (2) with a0 = 0: (i) the coarsened plug-in estimator γh(Q̂), (ii) the debiased plug-in estimator γ̃h(Q̂), and (iii)
the plug-in estimator γs(Q̂) based on sequential regression, which avoids explicit estimation of the mediator density by
rewriting θ(Q)(c) as

θ(Q)(c) = E(Ỹ | a0, c), where Ỹ = E(Y |M,a1, c) . (S31)

All nuisance functions were estimated using super learner with candidates including glm.interaction, glmnet,
random forests (1000 trees), xgboost, and dbarts.

Figure S7 presents point estimates along with 95% CIs obtained via bootstrapping. In terms of point estimates, the debiased
estimator γ̃h(Q̂) and the sequential estimator γs(Q̂) are closer to each other than either is to the coarsened estimator γh(Q̂).
When K = 2, the CIs of the three estimators exhibit limited overlap, and γh(Q̂) (2.074; 95% CI: 1.931–2.217) appears
somewhat farther from the debiased estimator γ̃h(Q̂) (2.182; 95% CI: 2.015–2.382) and the sequential estimator γs(Q̂)

(2.157; 95% CI: 1.984–2.340). For K = 3, 4, and 5, the CIs largely overlap. In particular, the estimate of γ̃h(Q̂) with K = 5

(2.144; 95% CI: 2.010–2.340) is nearly identical to the estimate of γs(Q̂), indicating substantial agreement under finer
discretization.

The coarsened estimator γh(Q̂) does not perform as poorly as might be anticipated. This pattern is interpretable upon
examining the within-bin mediator mean shifts across treatment levels, as illustrated in Figure S8. For K = 2, the estimated
shifts in the two bins cluster around opposite signs: one predominantly positive and the other predominantly negative. As
indicated in (6), the coarsening bias depends on both the mediator shifts within bins and the local derivative structure
of µ(m, a1, c). When mediator shifts differ in sign across bins, their weighted contributions may partially offset. This
cancellation effect provides a plausible explanation for the relatively small empirical deviation of the coarsened estimator
compared with the other estimators in this dataset.

However, such offsets depend on specific features of the data structure and cannot always be guaranteed in practice.

5165



(a) Empirical distribution of M . (b) mk(a1, c)−mk(a0, c). (c) ∆∗
h,k(Q)(c).

Figure S6: Diagnostic plots for mediator bins (covariate C=0). Panel (a) shows the empirical distribution of the mediator
M in a large simulated sample. Panel (b) shows the within-bin difference in conditional mediator means, mk(a1, c) −
mk(a0, c). Panel (c) shows the first-order coarsening-bias component, ∆∗

h,k(Q)(c) = µ′
m(mk(a1, c), a1, c){mk(a1, c)−

mk(a0, c)}gk(a0, c). Panels (b) and (c) are evaluated from the theoretical functions: for a bin with a given proportion on the
y-axis, the color represents the corresponding value of the target quantity as the bin midpoint varies along the x-axis. The
dotted line represents the midpoint of the range and the dashed line represents the median point.

Therefore, although the coarsened plug-in estimator may perform well in certain empirical settings, relying on it without
bias correction remains potentially risky. In contrast, the proposed debiased estimator offers a more reliable alternative,
mitigating first-order coarsening bias without imposing restrictive assumptions on the mediator–outcome relationship.
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Figure S7: Comparison of plug-in estimators γh(Q̂), γ̃h(Q̂) and γs(Q̂) in B_PROUD study for estimating γ(Q) = E[Y (a0)]

Figure S8: Estimated within-bin differences in conditional mediator means, m̂k(a1, Ci)− m̂k(a0, Ci), under discretizations
with K = 2. The red line denotes zero and the blue dashed lines indicate the median of within-bin differences.
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