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Abstract

The structural causal bandit (SCB) framework of-
fers a graphical approach to identifying subopti-
mal actions by leveraging prior knowledge of the
underlying causal structure. While theoretically ap-
pealing, there has been limited guidance on how
to systematically transfer information across het-
erogeneous datasets from multiple environments.
In this paper, we study the structural causal ban-
dit under transportability, where prior knowledge
from source environments is integrated to acceler-
ate learning in a target deployment environment.
We show that exploiting causal invariances across
environments improves sample efficiency in identi-
fying the optimal action.

1 INTRODUCTION

The multi-armed bandit (MAB) problem [Robbins, 1952,
Lai and Robbins, 1985, Lattimore and Szepesvari, 2020]
is a central topic in sequential decision-making, in which a
learner aims to maximize cumulative rewards by repeatedly
choosing actions based on observed rewards, balancing the
exploration-exploitation trade-off.

Integrating causal knowledge into the decision-making pro-
cess enables a learner to model decision problems with rich
dependency structures [Zhang et al., 2020, Kumor et al.,
2021, Zhang and Bareinboim, 2022, Ruan et al., 2024].
Structural causal models (SCMs) [Pearl, 2000] provide a
principled representation of causal relationships among ac-
tions, rewards, and other relevant variables such as con-
texts or states. This approach enables learners to make in-
formed decisions by considering how each action causally
influences the reward through causal pathways [Bareinboim
et al., 2024].

*Corresponding author: sanghack@snu.ac.kr.

Existing work [Bareinboim et al., 2015, Lattimore et al.,
2016, Forney et al., 2017] demonstrates that incorporating
causal knowledge can significantly outperform approaches
that ignore causal dependencies. Subsequent work has ex-
plored various specialized settings by introducing additional
structural assumptions [Lu et al., 2020, Bilodeau et al., 2022,
Feng and Chen, 2023, Varici et al., 2023]. Specifically, Lee
and Bareinboim [2018] introduced the structural causal
bandit (SCB) framework without parametric assumptions,
and Lee and Bareinboim [2019] extended it to settings with
non-manipulable variables.

While SCB effectively prunes suboptimal actions, substan-
tial exploration may still be required, which can be costly in
practice. A complementary strategy to reduce exploration
cost is to leverage data collected from related source envi-
ronments. Informative prior data may help narrow reward
distributions and mitigate the cold-start problem, enabling
faster identification of the optimal action. However, environ-
mental discrepancies can be substantial, and naively transfer-
ring data may degrade performance in the target deployment
environment. In the causality literature, this problem falls
under the rubric of transportability theory [Pearl and Barein-
boim, 2011, Bareinboim and Pearl, 2012b, 2016], which
provides methods for determining when and how a causal
effect can be computed across different environments.

Zhang and Bareinboim [2017] studied the transfer of prior
observations in settings with specific graph structures, e.g.,
bow graphs and instrumental-variable (IV) graphs. Bellot
et al. [2023] and Deng et al. [2025] extended this line of
work to general causal diagrams, although their focus was
limited to single-node interventions.

Contributions. We extend the SCB framework to leverage
heterogeneous prior data while accounting for structural
discrepancies across environments.

After presenting the preliminaries and problem formula-
tion in Secs. 2 and 3, we introduce a method for estimating
causal bounds by systematically combining source datasets
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in Sec. 4. Furthermore, we establish hierarchical relations
among actions and derive a corresponding dominance bound
on the optimal action, as detailed in Sec. 5. Finally, we inte-
grate these bounds into the MAB problem to guide explo-
ration and improve sample efficiency, as corroborated by
the experimental results in Sec. 6.

We defer the proofs of all theoretical results to Appendix C.

2 PRELIMINARIES

We introduce notation and review relevant prior work. Fol-
lowing conventions, we use a capital letter, such as X, to
represent a variable, with its corresponding lowercase letter,
x, denoting a realization of the variable. Boldface letters
denote sets of variables or values, written as X or x. The
domain of X is denoted by Qx and Qx= X xex Qx. We
use calligraphic letters for graphs and models such as G and
M. The distribution over variables X is denoted by P(X).
We consistently use P(x) as shorthand for P(X = x). We
denote by I{X = x} the indicator function. We denote by
x \ Z the value of X \ Z consistent with x and by x N Z the
subset of x corresponding to variables in Z.

Structural Causal Models. We use a structural causal
model (SCM) [Pearl, 2000] as the semantic framework
to represent the underlying environment in which a de-
cision maker is deployed. An SCM M is a quadruple
(U, V,F,P(u)), where U is a set of exogenous vari-
ables determined by factors outside the model and dis-
tributed according to a joint distribution P(u), and V is
a set of endogenous variables whose values are determined
by a collection of functions F = {fy}vev such that
v+ fv(pay,uy) where Pay C V\ {V}and Uy C U.

The observational probability P(v) is defined as
[ Ilvev { fv(pay,uy) = v}dP(u). Every SCM M
is associated with a causal diagram (also called a semi-
Markovian graph) G = (V,E) where a directed edge
Vi — V; € Eis present if V; € Pay,, and a bidirected
edge is present between V; and Vj if Uy, and Uy, are de-
pendent. The probability of V = v when X is intervened
upon to take the value x is denoted by P(v | do(x)) or
Py (v), and the submodel induced by the intervention is
denoted by M.

Graphical notations. We use kinship notation for graphi-
cal relationships: parents (Pa), children (Ch), descendants
(De), and ancestors (An). Ancestors and descendants include
the variable itself. For a set of variables, we define the an-
cestral set as An(X)g = [Jycx An(X)g, and similarly for
other relationships. Gy is the result of removing edges
coming into variables in W and going out from variables in
X. We denote the set of variables in G by V(G). A subgraph
G[V'], where V! C V(G), is defined as a vertex-induced
subgraph in which all edges among the vertices in V' are

Causal bounds

Intervention Set (IS) for actions (Sec. 4)

Dominance bound for

Mis | pomIs | POIS the optimal action (Sec. 5)

Online learning with
the bounds (Sec. 6)

(a) Euler diagram (b) Overall flow

Figure 1: (a) Relationship among intervention sets; (b) Tightening
causal bounds via dominance relations (dominance bound) and
integrating them into online learning.

preserved. We define G\X as G[V(G) \ X] for X C V(G).
We denote by G(X) the latent projection of G onto X.

3 STRUCTURAL CAUSAL BANDITS
WITH TRANSPORTABILITY

We introduce the structural causal bandit (SCB) problem in
which a learner interacts with a target system modeled by a
structural causal model (SCM) M* that includes a reward
variable Y € V. We assume that Y € [0, 1].

In this setting, pulling each arm corresponds to an interven-
tion do(x) on some intervention set (IS) X C V\ {Y} \ N,
where N denotes non-manipulable variables. When N = (J,
we refer to the setting as unconstrained. Otherwise, it is
constrained, as interventions are restricted by the presence
of non-manipulable variables. We use the terms arm, ac-
tion, and intervention interchangeably, depending on the
context. The learner does not have direct access to the target
SCM M*, but can observe V through online interactions
by pulling arms.

Action space refinement. Given a causal diagram, re-
stricting attention to a possibly-optimal action space can
lead to improved performance. Let px denote the mean re-
ward of do(x). We denote by x* = arg maxxecoy pix the
best arm within Qx.

Definition 1 (Minimality [Lee and Bareinboim, 2018]). Let
X C V\{Y}\N be a set for which no strict subset X’ C X
satisfies j1x = uxnx’'. Then, we refer to X as a minimal
intervention set (MIS).

Intuitively, minimality implies that every variable X € X
affects the reward variable without passing through X \
{X} in G. An MIS X is considered a possibly-optimal
MIS (POMIS) [Lee and Bareinboim, 2018, 2019] if some
intervention x € (2x can achieve the optimal expected
reward in some SCM consistent with a causal diagram G.

We denote by MgN,Y the collection of MISs and by PE{Y the
collection of POMISs with respect to (G, Y, N). Moreover,

'We refer to X and X' as equivalent if the equality holds.
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we denote by Af'y = {x € Ox | X € P§'y} the corre-
sponding action set’. Hence, given (G, Y, N), the optimal
action can be expressed as:

x* £ arg max fix (1

xeAgyy

which restricts the search space to POMISs. Accordingly, a
learner informed by the POMIS structure should confine ex-
ploration to actions consistent with these sets. Furthermore,
if X is equivalent to a POMIS but not minimal, we refer
to it as a POIS, as illustrated in Fig. la. Related graphical
characterizations are provided in Appendix B.

Structural causal bandits with transportability. The
learner has access to data from one or more related source
environments IT = {7!, 72 ... 7™}, each associated with
SCMs M, M2, ... M™. The distributions associated
with 7% under do(x) are denoted by P:. We use the su-
perscript * throughout this paper to consistently denote the
target environment, e.g., M* and P;.

Let x; denote the action selected at round ¢. The cumulative
regret is defined as:

T
Rp2Tph = pi= > ANr(x) (2
t=1 xEAg)Y

which compares the cumulative reward of the optimal arm
in 7* with that obtained by the selected actions. Here, Ay £
k. — % denotes the suboptimality gap, and N7 (x) denotes
the number of times do(x) is selected up to round 7'. The
objective in the SCB setting is to minimize the expected
cumulative regret in the target environment 7*, i.e., ERp.

Graphical encoding of environmental discrepancies. To
account for environmental shifts, we introduce a selection
diagram [Bareinboim and Pearl, 2012b], which explicitly
represents discrepancies across environments.

Definition 2 (Environment discrepancy). Let ¢ and 77
be environments associated with SCMs M? and M con-
forming to a causal diagram G. We denote by A%/ a set of
variables such that, for every V' € A", there is a discrep-
ancy; either fi, # fi, or P/(Uy) # PI(Uy)’.

Definition 3 (Selection diagram). Given a collection of
discrepancies A = {A*"}" | with regard to G = (V,E),
let St = {Sy | V € A*?} be selection nodes. The graph
G2 = (VUSLEU{Sy — V}g,csi} is called a se-
lection diagram. Let S = | J-_, S*. The collective selection
diagram G is defined as (VU S, EU {Sy — V}g,es).

*We sometimes omit N when N = (, e.g., Pg,y and (G,Y).
Strictly speaking, actions are interventions do(x) rather than as-
signments x; we nevertheless use x to denote the corresponding
action when no ambiguity arises.

3Superscripts (e.g., A?) indicate environment discrepancies,
while subscripts (e.g., Ax) denote suboptimality gaps.

B <+~
X =% % hl .
U ! ' omey \
\ ! ! c \
X1\EW\ X1.\\SW\ NN
—y —y A—sy
(a) (b) GA (c) Multiple sources

Figure 2: (a) Difference in U between the source and target pop-
ulations; (b) collective selection diagram for (a); (c) collective
selection diagram with A' = {A} and A? = {C}.

We shorten A*% as A’. The collective selection diagram
GA encodes qualitative information about M* and discrep-
ancies A. The absence of a selection node pointing to a
variable indicates that the causal mechanism responsible
for assigning values to that variable is identical across all
environments corresponding to 7* and IT = {7*}7 ;.

One can view the selection nodes S as switches controlling
environment shifts, and the collective selection diagram
GA as the causal diagram for a unified SCM representing
heterogeneous SCMs satisfying the following:

P2y |w,8"=i,8""=0)=Pi(y|w)
and
PA(y | w,S=0)=Pi(y|w)

where S~ = S\ S¥.

This representation enables probabilistic operations across
the target environment 7* and sources II.

Example (Cardiovascular Disease Treatment). Con-
sider a scenario in which Y represents cardiovascular dis-
ease, W denotes blood pressure, X, corresponds to the
intake of an antihypertensive drug, Xs to the use of an
anti-diabetic drug, and U captures unobserved factors (e.g.,
physical activity levels and dietary patterns; Ferrannini and
Cushman [2012]).

Suppose that prior data from a source population are avail-
able to design a population-level treatment strategy for pa-
tients with cardiovascular disease in a target population, with
the goal of determining appropriate medications. Fig. 2a
graphically illustrates this scenario. Although such data can
be informative, they must be handled with care, particularly
when the source and target populations are suspected to dif-
fer, since a strategy that is optimal in the source population
may become suboptimal in the target due to differences in
the distribution of U.

We illustrate a collective selection diagram G correspond-
ing to this example in Fig. 2b. In this scenario, the distribu-
tions of W and X, may differ between M* and M due to
differences in the distribution of the unobserved confounder

4S* = jmeans Sy =i forall V € Al
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U, which influences both variables. This is consistent with
A={A'={W,X,}}and S =S = {Sy, Sx, }. In the
diagram, the selection nodes Sy and S, are represented
as red squares.

Fig. 2c further illustrates a collective selection diagram in
which the distribution of A may differ between M™* and
M2, and the distribution of C' may differ between M* and
M?2. This corresponds to A = {Al = {4}, A% = {C}}
and S = {54, Sc}. The selection nodes S4 and S¢ are
represented as red and blue squares respectively.

QOutline. The remainder of the paper is organized as fol-
lows. We first obtain causal bounds [lx, ux| for pk from
source environments whenever permitted. Next, we derive
a dominance bound [¢*, u*] for p%. based on hierarchical
knowledge. Finally, we incorporate these bounds into a
MAB algorithm. Fig. 1b illustrates the overall flow.

4 PARTIAL TRANSPORTABILITY AND
CAUSAL BOUNDS

Transportability. Let Z = {Z'}"_, be a collection of
interventions Z* conducted in the source environment *.
Then, we say that pj is transportable with respect to
(GA,7Z) if u is uniquely computable from source distribu-
tions Pl = {P} | z € Qz,Z € Z' € 7} in any collection
of models consistent with G& [Lee et al., 2020].

As an intuition pump, consider the collective selection dia-
gram G2 in Fig. 2c, and suppose that the first dataset from
7! is collected under Z' = {()} while the dataset from 7>
is obtained under Z? = {{A, C'}}. The target environment
7* is assumed to be subject to the constraint N* = {C}.
Our objective is to identify transportable quantities to mini-
mize unnecessary exploration by leveraging prior informa-
tion from 7! and 72. As a representative instance, consider
a € Agy Then, the following holds:

Pi(y) =X, Pr(0)Pr(c| b)Pi(y | bye)
QS Pro0)Pi(c] a,b)Pro(y | b)

= b,c” a,
:Zb,cpék(c|aabpj,c( ) )

)Py b,y
® Pl
- Zb,c 0 (C | a?b)P ,c<b7 y)
)Pz c(b,y

& 5 Pi(c] a,b)P2,(by). 3)

The equality (a) follows from applications of Rule 2 (con-
verting conditioning on ¢ to do(c) and do(a) to conditioning
on @) and Rule 3 (adding do(c)) of do-calculus [Pearl, 1995].

Equality (b) holds since the discrepancy between 7* and 7!
is irrelevant due to (S4 ALy C' | A, B)ga.

The final equality (c) follows from the invariance of the
mechanisms fz and fy between 7* and 2. We observe that
P (y) can be expressed in terms of P} and P ., implying

a,c’

that ug = >, yP; (y) can be estimated from the sources I1.
Thus, we say p is transportable relative to (G2, Z).

4.1 PARTIAL TRANSPORTABILITY

When p}; is not transportable, it may seem that a learner
cannot benefit from sources and must estimate rewards en-
tirely from scratch through cold exploration. However, the
learner may still leverage partial knowledge from the prior
to improve estimates within a feasible interval.

Formally, we say that u3 is partially transportable with
respect to (G2, Z) if it can be bounded by an informative in-
terval [(x, uy] that remains valid over PL across all models
inducing G A To construct these bounds, we first introduce
the Q-decomposition [Tian and Pearl, 2003], which decom-
poses the target query p5; into finer-grained components.

Q-decomposition. Let ccg = {C,}}.; be the collection
of c-components of G.

Definition 4 (C-component [Tian and Pearl, 2003]). A c-
component is a maximal bidirected-connected set of vertices
in a semi-Markovian graph.

For C C 'V, we define the quantity Q[C](v) = Py\c(c).
which corresponds to the post-intervention distribution and
is referred to as a c-factor. For convenience, we omit the
input v and write Q[C].

We denote the quantities for the target environment 7* as:
Q'[Cl = Pycle) = PRclc[S=0) 4
and for source environments 7¢ as:
Q'[C] = Pi\c(c) = PRc(c| 8" =1,87"=0). (5

We denote by Y™* the set of ancestors of Y in Gx. Then
1% admits a unique factorization in terms of m c-factors
C, € ccgy+ as follows:

m

we=> yPi(y)=> y][Q"[C,. 6)
q=1

Y y*

When C satisfies CNA? = () and there exists a c-component
C C C’ such that Q*[C] is identifiable from G[C']°, we re-
fer to Q*[C] as being transportable from 7° [Lee et al.,
2020]. Furthermore, p} is transportable with respect to
(GA,Z) if and only if all c-factors Q*[C,] in the right-
hand side of Eq. (6) are transportable from some source
environment 7¢ € II.

An intuitive metaphor is the jigsaw puzzle in Fig. 3. The
query and the underlying causal diagram define the puzzle,
while each source distribution provides individual pieces.

>This means that Q*[C] is uniquely computable from G[C’].
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Figure 3: A jigsaw abstraction. The target i}, is decomposed into
c-factor pieces, corresponding to the right-hand side of Eq. (6).
Each color represents a source environment that provides a subset
of these pieces. If all pieces can be filled regardless of color, then
1% is transportable; otherwise, it is non-transportable.

When suitable pieces are unavailable, partial transportability
replaces them with surrogate pieces corresponding to lower
and upper bounds.

Partial transportability. We revisit the collective selec-
tion diagram G2 in Fig. 2c in a more challenging setting.
Suppose Z* = {0, {C}} and Z? = {{B}}. We reformulate
Eq. (3) in terms of c-factors, following Eq. (6):

pe=>_yPi(y) =Y yQ*[CIQ*[B,Y].

b,c,y

)

In this setting, Q*[C] is identifiable (i.e., = Pj(c | a,b)).
However, Q'[B, Y] is not identifiable from G[V \ Z] for
any Z € Z'. Consequently, Q*[B, Y] is not transportable
with respect to (G2, Z). Nevertheless, we still have:

®)

since {B,Y} N Al = (). Therefore, any valid bound for
Q'[B,Y] immediately applies to Q*[B,Y]. The natural
bound [Manski, 1990, Robins, 1989] provides the following:

€))

Q*[va] = QI[B’Y]

We generalize the bound to heterogeneous c-factors.

Proposition 1. Let Q*[D] be an identifiable c-factor from
7t € II such that C N A* = () and C C D. Let C' =
An(C)g[py. Suppose that C = An(C)g(c/). Then Q*[C] is
bounded as follows. If Q"[C'] is not identifiable in 7*, then:

> Q'DI<Q[C] (10)

c’\C

<Y {Q'D]+1- > Q'D]}. (11
c/\C c’

Otherwise, Q*[C]

= Y enc Q'[C] (i.e., transportable).
According to Prop. 1, since Q'[A, B, Y] is identifiable from
7!, we can establish the following partially transportable

bounds for p:

> yPi(cla,b){P!a,b,y)} <p

b,c,y

12)

1
2

10

11

12
13

14
15

Algorithm 1: Partial transportability (PATR)
Input: y; x; G; Z (global); A; type € {£,u}: type of bound
function PATR(y, X, G, A, type)
if 3Z € Z' € Z such that
(X=ZNV)A(S" 1LaY)ga x then yield
PzZ\V,xﬂZ(y)
if V' := V\ An(Y)g # 0 then yield
PATR(y,x \ V', G\ V', {A"\ V' | A" € A}, type)
if V' := (V\ X)\ An(Y)g\x # 0 then yield
PATR(y,x U V', G, A, type)
if [ccg\x| > 1 then yield 3~ x v, HceccQ\X
PATR(c, v \ ¢, G, A, type)
for 7' € TI such that A’ N (V \ X) = @), for Z € Z°
suchthat ZN'V C X do
yield PAID(y, x \ Z, Pj\y xz, G \ (Z N X), type)
function PAID(y, x, P, G, type)
{C} < cca\x
if X = () thenyield }_ \y P(v)
if V # An(Y)g then yield PAID (y,x N
An(Y)g, Zv\An(Y)g P(v),G[An(Y)g], type)
if ccg = {V} then
if type = { then yield }_ | x v, P(v) else
yield 3° 0\ xuv) {P(v) +1 -2, x P(v)}
if C € ccg then yield 3"y [Ty, co P(vi | Vi)
if C C C’ € ccg then yield
PAID(y,x N C’, HVieC’ P(V; |
viT N, viTY\ ), G[C'], type)

<> yPi(cla,b){P!(a,b,y)+1—Pl(a)}.
b,c,y

13)

Equipped with this bounding mechanism, we are now ready
to construct general valid bounds for pJ; algorithmically.

Algorithmic partial transportability. We propose the
partial transportability algorithm PATR (Alg. 1), which re-
turns bounding expressions for the target query. In the algo-
rithm, Z is defined globally and does not change with the
specific invocation of the algorithm. In contrast, variables
V and selection variables S reflect the graph G and discrep-
ancies A, respectively, relative to the arguments passed to
the current execution of the procedure.

The algorithm enumerates valid expressions via the subrou-
tine PAID, which outputs either a lower or an upper bound
depending on type € {¢,u}. The design of PATR follows
that of GTRU [Lee et al., 2020], with two key differences.

First, whereas GTRU returns a single expression for the tar-
get query, PATR yields multiple valid expressions. Second,
when the target query is non-transportable, PAID instead
returns a valid lower or upper bound (rather than GTRU’s
failure).

In particular, Line 5 decomposes the query into sub-queries
such that Y in each sub-query forms a c-component. Line 6
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Algorithm 2: CAUSALBOUND
Input: y; x; G; A; Z; PL!
Initialize a causal bound [{y, uyx]| as [0, 1].
for P.(y) := PATR({y},x,G, A, /) do
b = max{lx, >, Y- PL(y)}
for PY(y) := PATR({y},x,G, A, u) do
ux = min{uy, >, y - min{1, P¢(y)}}
return [{y, uy]

then checks whether there exists a source distribution P
that can be used to identify the query. If so, PATR forwards
the query to PAID with slight modifications to both the
query and the graph. The condition in Prop. 1 is enforced
within PAID in Line 12; that is, if the algorithm reaches this
line, the current target:

Pe(y) = Zv\(XUY) P(v\X)
= 2w xuy) Pr(v\ X) = 300\ xuv) @'V \ X]

is non-identifiable from 7. Since ccg = {V'}, we can use
Q*[V]. Hence, Prop. 1 yields the corresponding bound ex-
pression for P (y) in terms of Q'[V].

PATR runs in O(zn*), where z is the number of experiments
and n is the number of vertices. PAID can be invoked at
most 2 times per PATR call, and each PAID call takes O(n?)
time. Due to the factorization step in Line 5, PATR may
be called up to O(n) times, resulting in O(zn) PAID calls
overall.

Theorem 1. PATR returns valid closed-form expressions
for lower/upper bounds.

Remark 1. PATR is a standalone procedure for deriving
valid bounding expressions beyond bandit settings.

Causal bounds. Using the lower and upper bounding ex-
pressions derived by PATR, CAUSALBOUND (Alg. 2) com-
putes their numerical values.

The algorithm initializes causal bounds to [0, 1] so that sub-
sequent updates refine them (Line 1). Given (G2, 7Z) and
the corresponding realized source distributions P! = { P! |
z € Oz,Z € 7' € 7}, the causal bound /£, /uy is obtained
as the maximum/minimum over the realized lower/upper
bound expressions returned by PATR.

Since the upper bounds of P} (y) may exceed one due to
sum-product operations over non-transportable factors, we
truncate the resulting value at one.

Corollary 1. Let [(x, ux| be a bound from CAUSALBOUND.
Then 1. is partially transportable with respect to (G™ | 7.)
with the bound given by [{x, ux].

Thus far, we have focused on bounding expected rewards us-
ing source priors. These bounds ignore structural constraints

present in the target environment. In the following section,
we build upon these causal bounds by exploiting domi-
nance relations among actions under distinct constraints,
ultimately deriving a tighter bound for the optimal action.

S DOMINANCE BOUNDS

We say that an action space dominates another if its maxi-
mum achievable expected reward is at least as large as that
of the other action space.

Lower dominance bound. It is immediate from the defi-

nition of POMIS that all POMISs dominate any non-POMIS
under the same constraint. That is,

“POMISs dominate non-POMISs”.

Therefore, under the same constraint N*, we define a lower
dominance bound ¢* as follows:

& max Uy (14)
WEQW,WEM?;,
Indeed, we have:
0 = bt < s < pile. (15)

f= .
where w'=arg MAXy e 0y WelM, ly . Thus, the lower

dominance bound ¢* provides a valid lower bound.

Upper dominance bound. Beyond the trivial case, we
now turn our attention to more nuanced dominance relations
that arise between constrained and unconstrained POMISs.

Proposition 2. A POMIS with respect to (G,Y ,N) is mini-
mal with respect to (G,Y).

The proposition states that a constrained POMIS is an MIS
in the unconstrained setting, but it may not be a POMIS
without constraints. This observation leads to the following
statement.

“Unconstrained POMISs dominate constrained POMISs”.

To see this, consider the collective selection diagram in
Fig. 2b. Suppose the constraint N* = {IW}. The POMISs
are then given by ng = {{X1},{X1, X2}}, which im-
plies that the optimal action must be consistent with do(z7)
or do({x1,x2}*) and not with do(0) or do(z3).

For concreteness, consider an unconstrained POMIS R =
{W, X5}. The expected reward under do(z7) can be de-
composed as:

( )

S B,

e _ZEP* Y| x] P (x

;; (r)
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Algorithm 3: Upper dominance bound (UDB)

Input: G; Y'; N; L, U: collections of lower/upper
causal bounds
function UDB(G,Y , N, L, U)
Initialize the upper dominance bound u* = 0.
Let H = G(V \ N).
Let A?—[,,Y = {I‘ € Or | R e P'H’y}.
Set (u*,r*) = (MaXre A, y Ur, AT MAXre Ay y Ur)-
if u* < 1 and uy+» = £,« (i.e., transportable) then
return u*
if N = () then return u*
for all N’ C N such that [N’| = |N| — 1 do
u* = min{u*, UDB(G,Y ,N', L, U)}
return u*

(b) Z Epe [Y

S IU/!'*

(r) < pi (16)

A7)

where (a) follows from Rule 2 and (b) follows from Rule 3
of do-calculus. A similar argument applied to do({x1, z2}*)
yields:

Hian ey < M- (18)
Therefore, we conclude that
W < s - (19)

Intuitively, under the dominance relation, the POMISs under
the constraint N*—namely do(z1) and do(x1, x5)—serve
as the best alternative plans. This dominance observation
leads to the following theorem.

Theorem 2 (Upper dominance). Let r* be the optimal ac-
tion with respect to (G, Y ,N) where N is a proper subset
of N*. Then p,. is upper bounded by 1.

That is, POMISs are dominated by POMISs under a weaker
constraint N C IN*. This can be viewed as a generalization
of the standard “constrained vs. unconstrained” dominance
relation to a relation between “constrained vs. relatively
weaker constrained” one. Therefore, for each weaker con-
straint N C N*, any maximizer r* = arg max,. AN, T
provides a valid upper bound on p};..

Furthermore, although (). may not be transportable, one
can instead leverage the corresponding upper causal bound
uy~. Consequently, an upper bound on the target optimal
value can be obtained from either p;.. or u,~, by taking the
minimum over all constraints strictly weaker than N*.

Hierarchical dominance relationships. One might be
concerned that evaluating POMISs for all weaker constraints
is computationally expensive. However, it is worth noting
that any bound associated with a strictly weaker constraint

(a) N = {A C} (b)N = {A}
gy = {0.{B}} PGy = {0.{B}. {C}}

} }

©)N={C} N=0
Py v = {0, {A}, {A B}} Pgy = {V) {AL {A C}}
Figure 4: Hierarchical relationships among POMISs under dif-
ferent constraints. Edges indicate the direction of dominance, i.e.,
P; — P> means that P> dominates P .

_—

is looser. We illustrate this in Fig. 4, where N* = {A, C}
for the setting in Fig. 2c.

In this setting, each optimal action under weaker constraints,
(b—d), dominates (a); furthermore, (d) dominates both (b)
and (c). This implies that (d) is not tighter than either (b) or
(c); thus if (b) or (c) is known, estimating (d) is unnecessary
to upper bound (a).

In other words, the following hierarchical dominance rela-
tions hold:

N T S (20)

where x* € Ag;, andr} € Ag’;, with

N*DN; 22N 2N =0. 1)

Equipped with this knowledge, we can compute an upper
dominance bound u* efficiently. The corresponding algo-
rithm (Alg. 3) hierarchically traverses the space of con-
strained POMISs and stops early once a transportable z..
is found, thereby avoiding unnecessary computation.

In Line 2, the algorithm initializes «* = 0 so that subsequent
updates refine it. In Lines 3-5, the algorithm attempts to
compute uy+ over r € Ay y where Az y = Ay holds
[Lee and Bareinboim, 2019].

If the algorithm reaches Line 8, this implies that either:

1. there exists at least one action whose upper causal
bound is not partially transportable (i.e., u* = 1); or

2. the current u* corresponds to the upper causal bound
of a non-transportable action (i.e., u* = uUp« # ff.).

Note that M:2_1 < /,L:E does not imply uyr < uy;. There-
fore, in either case, the hierarchy must be further traversed.
In such cases, the algorithm recursively explores one-level
weaker constraints N’ and returns the tightest bound among

the results of recursive calls.

Conversely, if ©«* < 1 and the upper dominance bound
corresponds to the expected reward of a transportable action
(early stop; Line 6), no further recursive calls are needed,
and the algorithm terminates with w*.

Synergy of bounds. Causal bounds [y, uy] provide point-
wise constraints that bound the reward of each action using
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Algorithm 4: TRUCB

Initialize the action space A* = Alg\IY

Set causal bounds [{y, ux] using CAUSALBOUND (Alg. 2).
Compute u* using UDB (Alg. 3).

Compute * = MAXy e 0y, WeMl', Uy (Eq. (14)).

Remove all actions x € A* such that u, < £*.
Pull all actions once in A*.
for each round ¢t < T do
Choose an arm x; = argmax ,. 4. Ux(t) where
Uyx(t) = min{Ux (¢), min{uy, u*} }.

Intervene do(x;) for round ¢ and receive Y; ~ Py,.

source data, whereas the upper dominance bound u* ex-
ploits the hierarchical transportability of non-manipulable
variables to enforce relationships across actions. These two
components are complementary in practice. In some en-
vironments, the offline causal bounds are tight enough to
directly prune suboptimal arms, i.e., when uyx < ¢*. In other
environments, where the causal bounds overlap, the domi-
nance bound can further tighten the feasible reward range
and guide exploration among the remaining actions. See
Appendix D for detailed worked examples.

6 UCB WITH TRANSFERRED BOUNDS

In this section, we incorporate the obtained bounds into
a MAB problem. To this end, we adopt the well-known
clipping approach [Zhang and Bareinboim, 2017, Gong
et al., 2023] as our index strategy within the UCB [Auer
et al., 2002, Audibert et al., 2009].

TRUCB (Alg. 4) begins by initializing the target action
space A* with POMISs Algy Next, in Lines 2—4, the al-
gorithm computes causal bounds and a dominance bound.
In Line 5, we can safely eliminate actions x whose upper
causal bound is lower than the lower dominance bound.
In the final online part (Lines 6-9), following Gong et al.
[2023], the algorithm enters the interaction phase with the
final action space .A*.

We denote the empirical reward estimate at round ¢ for each
arm in the target environment 7* as:

t
1
[y s = Y, I{X, =x}. 22)
H ,t Nt(x)ﬂz::l t { t }
The UCB index is defined as:
202 log(2t/9)
Ux(t) = i} e 23
( ) K ,t Nt(X) ( )

where  denotes a confidence parameter, and 0,2( denotes the
maximal reward variance for x € A*, defined as:

o2 = max{u(l — p) | p € [¢*, min{ux, u*}]}.  (24)

B <€+ - _ \T/‘
e i N R
+/ \ T/\:‘f’:‘ \\ f ’ \ .
\\\b y - \; W X —> z X
- ‘ﬁ/‘\>Y “_~~_—’\{__\_:Y
(a) Task 1 (b) Task 2 (c) Task 3

Figure 5: Collective selection diagrams for main experiments.
The constrained variables N* are shown with dashed circles.

At each round ¢, TRUCB computes the clipped Uy (t) for
every arm by combining the empirical rewards collected
up to round ¢ with min{uy, u*}. The learner then selects
x; with the highest index and receives the corresponding
reward Y;.

Taking § = %, the expected number of pulls of any sub-
optimal arm x # x* satisfies the following bound, up to
universal constant factors [Gong et al., 2023]:

0 ifuy < 0% (x ¢ A*);
ENp(x) < (1 ifx € A" and ux < pl;
1+802 loi(QT) if x € A* and uy > pi.
) (25)

Consequently, since ERr = > AENp(x), the expected

regret admit the bound (9( o xear %) 6

uxZN;* , Ax>0

Numerical experiments. We compare TRUCB with two
baselines: standard UCB over all arm combinations A{j-g
and UCB restricted to POMISs A% ycp (= AE{;). The
number of trials is set to 10k, which is sufficient to observe
the performance differences, as shown in Fig. 6.

Task 1. We start with the simple problem represented in
Fig. 5a, where N* = (). The learner has access to 7' =
{{B}} from an environment with A’ = {A}. The action
space without prior information corresponds to ng =
{{B}, {A, B}}. In this setting, two actions do(A=0, B=1)
and do(A=1, B=1) are eliminated from A* by u, < ¢*.
We observe that the mean cumulative regret at the final trial
is 244.94, 67.54 and 12.91 for UCB, POUCB and TRUCB,
respectively’.

Task 2. We consider the setting in Fig. 5b where Al =
{A} and A? = {B} with priors Z! = {0} and Z*> =
{{C}} and N* = {A,C}. The action space without
prior information corresponds to ]P’QNY = {0,{B}}. Here,
aVMYNNT — [ [B}}, implying A* = Aj. Further-
more, there is no action x € .Agy such that uy < £*, imply-
ing that the size of the action space remains unchanged (i.e.,

8Since puf» < u* always holds, u* does not appear.
"Best results are in bold and the runners-up are underlined.
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Figure 6: Cumulative regrets of TRUCB compared with standard UCB over all combinations of arms (UCB) and over POMISs
(POUCB). Each simulation is repeated 1,000 times to ensure consistency. The thick line with markers indicates the mean cumulative
regret averaged over repetitions and the vertical lines indicate the 2.5th and 97.5th percentiles of the empirical cumulative regrets.

A* = Al = Asoucn)- A POMIS action do(A=1,C=1)
from weaker constraint N = ) provides «*, which in turn
yields tighter upper bounds for x € .4*. Even though no
actions are eliminated, the mean cumulative regret at T’ is
36.84 for TRUCB and 88.69 for both UCB and POUCB.

Task 3. We consider a more involved scenario (Fig. 5c) to
validate our results. Let A’ = {T'} and A% = { R}, with pri-
ors Z' = {0,{Z}} and Z? = {{Z}}, and N* = {T, W}.
The action space without prior information corresponds to
]P’g; = {0,{R},{X},{Z}}. In this setting, three actions
do(0), do(X=0) and do(Z=0) are eliminated from A* by
ux < ¢*. The mean cumulative regret at T is 193.21, 86.13
and 2.02 for UCB, pPOUCB and TRUCB, respectively.

Additional details on the illustrative example and the exper-
imental setup are provided in Appendix D. These results
demonstrate performance improvements when transferred
causal knowledge from sources is taken into account.

7 LIMITATIONS

Sufficient prior data from source environments. Our
method relies on source data to construct dominance and
causal bounds that guide exploration. For improved sample
efficiency, reward data collected under an action and its
minimal representative may be treated as equivalent for
estimating the expected reward, since both interventions
induce the same interventional distribution over the reward.
This perspective parallels the relationship between a POMIS
and its corresponding POISs.

However, even when leveraging such sample-efficient aggre-
gation of source data, the resulting bounds may be inaccu-
rate if the prior data are insufficient or biased. In particular,
inaccurate bounds may fail to contain the true expected re-
ward of certain actions. To address this issue, Gong et al.
[2023] propose a method for incorporating “noisy”” bounds
into clipping UCB, assuming that the noise level is known.
Extending this line of work to more general settings with
potentially unknown noise levels remains an important di-
rection for future research.

Tightness of causal bounds. We do not guarantee the
tightness of our causal bounds; that is, we cannot ensure
that there always exists an SCM under which the expected
reward exactly equals either / or uy. Characterizing con-
ditions under which lower and upper bounds are attainable
by some SCM would enhance the interpretability and relia-
bility of our framework. Investigating tighter query-specific
bounds and formally establishing their tightness from the
available information remain important future work.

Misspecification of collective selection diagrams. While
collective selection diagrams provide a principled and in-
terpretable framework for analyzing environment shifts and
transferring information across environments, they restrict
the analysis to settings in which the common causal diagram
and invariant variables are explicitly specified. Nevertheless,
some degree of misspecification can be tolerated without in-
validating the performance guarantees, particularly when the
assumed collective selection diagram forms a super-model
of the true environment [Bellot et al., 2023].

Selection nodes indicate potential discrepancies between
environments. Thus, when uncertain whether a mechanism
differs across environments, a researcher can conservatively
assume such a discrepancy. This preserves the validity of
transportability guarantees, though it may increase the num-
ber of POMISs, reduce informativeness, and loosen bounds.
By contrast, failing to model a true discrepancy can lead to
incorrect inference.

8 CONCLUSION

We investigated a structured causal bandit strategy that can
utilize prior data from related heterogeneous environments.
Since source environments may differ, some knowledge of
the underlying structure and potential discrepancies is nec-
essary to enable consistent extrapolation. To address this,
we proposed a strategy that exploits transportable causal
knowledge by incorporating bounds derived from domi-
nance relations and causal structure.
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A  RELATED WORKS

Identification. Causal effect identification, also known as the identification problem [Pearl, 1995], concerns whether the
causal effect of an intervention on a set of variables can be uniquely computed from the observational distribution over
observed variables and a given causal diagram. Foundational works [Tian and Pearl, 2002, Shpitser and Pearl, 2006, Huang
and Valtorta, 2006, 2008] culminated in a complete graphical and algorithmic characterization of the problem. Beyond
purely observational sources, there has been growing interest in generalizing the identification problem to settings where
both observational and experimental data are available. Bareinboim and Pearl [2012a] studied the conditions under which the
causal effect is uniquely computable, given a causal diagram and a collection of observational and experimental distributions
over all subsets of a given set. Lee et al. [2019] and Kivva et al. [2022] investigated the identification problem over arbitrary
collections of distributions and established necessary and sufficient graphical conditions for generalized identification. Lee
and Bareinboim [2020b] extended this problem to settings with partially observable source variables.

Partial identification. Given a causal diagram, one can express a causal effect in terms of the observational distribution
using standard identification algorithms. However, challenges related to non-identifiability may arise, and the target effect
may not be uniquely computable from observational data. The framework of partial identification [Balke and Pearl, 1995,
1997] addresses this issue by constraining the parameter space of causal effects within an interval. Zhang et al. [2022]
proposed a polynomial programming approach to solve partial identification problems for arbitrary causal diagrams. Partial
identification has also been applied in the causal decision-making literature to estimate dynamic treatment regimes [Zhang
and Bareinboim, 2019, 2020, 2022], reinforcement learning [Zhang and Bareinboim, 2025, Bareinboim et al., 2024], bandit
algorithms [Zhang and Bareinboim, 2017, 2021, Joshi et al., 2024], and other domains [Jalaldoust et al., 2024, Bellot and
Chiappa, 2024, Ruan et al., 2024].

Transportability. In the causal inference literature, the problem of identifying causal effects under potential environment
discrepancies has been extensively studied through the theory of transportability [Pearl and Bareinboim, 2011, Bareinboim
and Pearl, 2012b, Bareinboim et al., 2013, Bareinboim and Pearl, 2016]. These works focus on determining whether a
causal effect can be identified across environments, and which aspects of causal knowledge can be transferred. Lee et al.
[2020] investigated transportability under arbitrary combinations of experiments conducted in both the source and target
environments. Correa and Bareinboim [2020] extended this framework to handle soft interventions, while Correa et al.
[2022] further generalized it to the setting of counterfactual effects. More recently, Jalaldoust et al. [2024] proposed a
parameterization model approach [Zhang et al., 2022, Xia et al., 2021] to bound non-transportable causal effects. Zhang
and Bareinboim [2017] explored the integration of prior knowledge into the multi-armed bandit (MAB) framework under
restrictive graph structures such as the Bow and IV settings. Building upon this, Bellot et al. [2023] extended this idea to
arbitrary causal diagrams, and Deng et al. [2025] further generalized it to settings where contextual information is available,
although their focus was limited to single-node interventions.

Structural causal bandits. Lee and Bareinboim [2018] formalized the structural causal bandit framework, in which
a bandit instance is structured by an SCM, and each action corresponds to an intervention on a subset of variables. The
authors proposed a sound and complete graphical characterization for identifying actions that could be part of an optimal
strategy, enabling an agent to avoid unnecessary exploration a priori, without any actual interaction. Lee and Bareinboim
[2019] extended the framework to settings involving non-manipulable variables. Lee and Bareinboim [2020a] established the
framework under stochastic policies and demonstrated the informativeness of such policies. Everitt et al. [2021] and Carey
et al. [2024] further investigated the completeness of the graphical characterization of optimal policy spaces, although the
general completeness remains an open problem. Wei et al. [2023] proposed a parameterization-based approach to incorporate
shared information among possibly-optimal actions. Elahi et al. [2024] extended the SCB framework to settings where no
causal graph is assumed to be accessible, requiring online discovery. Park et al. [2025] investigated SCB in settings where
the available information is not a full partial ancestral graph representing the Markov equivalence class of the true causal
diagram. Bhatija et al. [2025] extended the framework to a multi-outcome variant incorporating Pareto optimality. Recently,
Park and Lee [2026] generalized it from interventional actions to realizable counterfactual actions.
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B BACKGROUND

D-separation. In a causal diagram G, a path p between vertices X and Y is a d-connecting (active) path relative to a set Z
if:

1. every non-collider' on p is not a member of Z; and

2. every collider on p is an ancestor of some member of Z.

Two variables X and Y are said to be d-separated by Z if there is no d-connecting path between X and Y relative to Z.
Furthermore, two disjoint sets X and Y are said to be d-separated by Z if every variable in X is d-separated from every
variable in Y by Z; this is denoted as (X 1.4 Y | Z)g.

Do-calculus. Pearl [1995] devised do-calculus, which acts as a bridge between observational and interventional distribu-
tions given a causal diagram without relying on any parametric assumptions.

Theorem 3 (Do-calculus [Pearl, 1995]). Let G be a causal diagram compatible with a structural causal model M, with
endogenous variables V. For any disjoint X, Y, W, Z C 'V, the following rules are valid.

Rule 1. P(y | do(w),x,z) = P(y | do(w), z) if X and Y are d-separated by W U Z in Gz
Rule 2. P(y | do(w),do(x),z) = P(y | do(w),x,z) if X and Y are d-separated by W U Z in Gz x
Rule 3. P(y | do(w),do(x),z) = P(y | do(w),z) if X and'Y are d-separated by W U Z in Gz 575
where X(Z) £ X \ An(Z)gpv\wy.

Latent projection. The latent projection of a causal diagram G over V onto X is a subgraph over X such that, in addition
to including edges in G[X], for every pair of distinct vertices V;, V; € X:

1. Add a directed edge V; — V; if there exists a directed path from V; to V; in G such that every non-endpoint vertex on
the path is not in X.

2. Add a bidirected edge V; <+ V; if there exists a divergent path V; <— - -- — V} in G such that every non-endpoint vertex
on the path is not in X.

We denote by G(X) the latent projection of G onto X.

Counterfactual variables. Given a set of variables Y C V, the solution for Y in My defines a potential response for a
unit u, denoted as Y (u). Averaging over the space of U, a potential response Y (u) induces a counterfactual variable
Yy [Pearl, 2000]. By definition, Px(y) = P(yx)-

Recently, Correa and Bareinboim [2025] introduced a novel calculus over probability quantities defined at the counterfactual
level, called the ctf-calculus. We use only CTF-Rule 1 in this paper:

CTF-Rule 1. (Consistency rule) P(yT.x;XT,,Ws) = P(yT,,XT,, Wy).
where T = {Ti[w,]; Tows], - - - } represents an arbitrary counterfactual event (a set of counterfactual variables).

Graphical characterizations of MIS and POMIS. We present graphical criteria for MIS and POMIS.

Proposition 3 (Proposition 1 in Lee and Bareinboim [2018]). Let G be a causal diagram over the set of variables V. A set
X C V\{Y}isan MIS relative to (G,Y) if and only if X C An(Y')g..
Given a causal diagram G, minimal unobserved confounders’ territory (MUCT) and interventional border (IB) provide a

graphical characterization of POMIS.

'A node is called a collider on a path if the path contains two edges having arrowheads toward the node, e.g., Z is a collider on
X = Z+Y.
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Definition 5 (Unobserved-confounders’ territory [Lee and Bareinboim, 2018]). Let H = G[An(Y )g]. A set of variables
T C V(H) containing Y is called a UC-territory on G with respect to Y if De(T) = T and cc(T)y = T. If there is no
T’ C T, we refer to it as a minimal UC-territory (MUCT) denoted as MUCT(G,Y).

Definition 6 (Interventional border [Lee and Bareinboim, 2018]). Let T be a minimal UC-territory on a causal diagram G

with respect to Y. Then Pa(T)g \ T is called an interventional border (IB) for G with respect to Y denoted as IB(G,Y).

MUCT is the minimal set of variables that is closed under both descendants and bidirected connections; and IB consists of
the parents of MUCT, excluding MUCT itself. Intuitively, MUCT is the minimal closed mechanism that conveys all hidden
information from unobserved confounders to the downstream reward, while IB consists of the nodes that directly affect this
closed mechanism.

Theorem 4 (Theorem 6 in Lee and Bareinboim [2018]). Given information (G,Y), X C V \ {Y'} is a POMIS with respect
10 (G,Y) ifand only if IB(G%,Y) = X.

Proposition 4 (Theorem 4 in Lee and Bareinboim [2019]). Given (G, Y, N), ng =Py y where H = G{(V \ N).

C PROOFS

In this section, we provide detailed proofs of the propositions and theorems presented in the main body of the paper.

C.1 PROOF OF PROPOSITION 1

Lemma 1 (Lemma 3 in Tian and Pearl [2003]). Let C C C’ C V, and suppose that C is an ancestral set in G[C'], then:

> QlC=QlC] (26)

c/\C

Proposition 1. Let Q'[D] be an identifiable c-factor from w* € 11 such that CN A" = () and C C D. Let C' = An(C)g(p).
Suppose that C = An(C)gc/). Then Q*[C] is bounded as follows. If Q*[C'] is not identifiable in 7", then:

Y Q'D] < Q*[C] (10)

c/\C

<> {@'D]+1-> Q'D]}. (1)
c’\C c’

Otherwise, Q*[C] = }_ .1 ¢ Q'[C'] (i.e., transportable).

Proof of Prop. 1. We have:
Q*[C] = PRc(c|S'=0,S7"=0) = Pic(c|S'=i,87"=0)
=Q'[C]
holds by C N A" = ().

According to Lem. | and C = An(C)g(cr), we have:

Q*[C] = Q'[C] 7)
=>_ QC]. (28)
c/\C

First, suppose that Q¢[C’] is identifiable. Then it is straightforward that Q*[C] is transportable from 7¢ as shown in Eq. (28).

Otherwise, since Q*[C'] is not identifiable from 7, we bound the c-factor using the identifiable c-factor Q*[D] as follows.
Let T2 D\ C',ie., D =T U C’. By basic probabilistic algebra,

Q'[C')(v) = P'(ch\o) def. (29)
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= Zpi(clv\c'v t/v\D)
t/

= ZPi(C:/\D,vnTv t.\p)
t/

> P (cp\p s tvp)

( /
= Pl(C;\D,tV\D)
(

We thus have Q¢[C’] > Q*[D].
Similarly, we derive an upper causal bound for Q¢[C’].

Using basic probabilistic algebra,
Q'[C](v) = P'(cncr)
= ZPi(C;\C’vt;\D)
t/
= ZPi(C:/\D,vﬁT’t:/\D)

t/

= Pi(C;\D,vaatv\D) + ZPi(C;\D,vﬁT’t;\D)
t/ £t

= Pi(C;\D,tvtV\D) + ZPi(Cir\DNﬁTvt:/\D)
t/ £t

= P'(ci\ps tv\p) + Zpi(C/V\D,vavt/v\D)
t/ £t

< P(cl\pr tvip) + > Pt p)
t/ £t

= Pi(C;\thv\D) +1—-P'(typ)
= p? (C;\Dv tv\D) +1- Zpi (C:,\Dv tv\D)

=P'(dy\p)+1— Zpi(dv\D)
=Q'D)(v)+1->_ Q'D](v).

We thus have:

marg. over t,\p
v\C' =(v\D)u(vnT)

algebraw/t' =vnNT

CTF-Rule 1
D=TucC
def.

def.

marg. over ty,\
v\C'=(v\D)U(vnT)

decomposition by isolatingt = vN'T

t=vnT
CTF-Rule 1
algebra

marg. over ¢\,
D=TucC

def.

QC] < Q'D]+1-) Q'[D]

Therefore, combining this result with R.H.S in Eq. (28), we have:

Y Q'DI=QCl=) QC]< Y {@'D]+1-) Q'D]}

c/\C c/\C c/\C

which concludes the proof.

C.2 PROQOF OF THEOREM 1

(30)

€29

(32)
(33)
(34)
(35)

(36)
(37)

(38)

(39)

(40)

(41)

(42)

(43)
(44)

(45)

(46)

(47)

(48)

Lemma 2 (Proposition 1 in Lee et al. [2020]). (S? 14 Y)ga\x at Line 9 in GTRU is equivalent to AN (V\X) =0

Theorem 1. PATR returns valid closed-form expressions for lower/upper bounds.
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Proof of Thm. 1. Let a superscript [ denote variables and values local to the function. The soundness of the algorithm was
partially proved by Lee et al. [2020] for the case in which the given query is transportable.

It suffices to show that:

Q' VI < Pr(vi\X) <QVi]+1- > Q'[V|] (49)
vi\X;

at Line 12. Note that Y; = An(Y;)g\x, by Line 4 in PATR and P; (v; \ X;) = Pj (v; \ X;) by Lem. 2. Here, Line 9 in
GTRU corresponds to Line 6 in PATR, which has already been applied.

Moreover, it holds that V; = An(Y;)g, and V| is a c-component in G;, as ensured by earlier steps in PAID. Therefore, we
have:

Q'[Vi] = P'(vi) < Py, (vi\ Xy) (50)
<P(vi)+1-= > Pi(v)=Q'[V]+1- > Q'[V] (51)
vi\X; vi\X,
due to Prop. 1.
Hence, we have:
Pi(v)) < P5,(vi\ X)) < P'(vi) +1—= Y P'(w). (52)
vi\X;

Finally, taking P, (y1) = >\ (x,uv,) Px, (Vi \ Xy) leads to the following:
Y. Pw)<Piy)s Y {Pv)+1- ) P(w)} (53)
v,\(X,UY,,) Vl\(XLUYl) Vl\Xl

which concludes the proof. O

C.3 PROOF OF COROLLARY 1

Corollary 1. Let [(, ux] be a bound from CAUSALBOUND. Then 1%, is partially transportable with respect to (G™, 7)
with the bound given by [{x, ux].

Proof of Cor. 1. In Thm. 1, it has been established that the expressions returned by PATR (type = ¢) and PATR(type = u)
are sound. Since 0 < PATR (type = ¢) < P (y) for every y € Qy, the lower causal bound 0 < £ < p holds.

Moreover, the min operator ensures that P (y) < min{1l, PATR (type = u)} < 1 for any y € )y, so the upper bound ux is
valid. Furthermore, the resulting bounds are strictly contained in [0, 1] as long as the source distributions P} are informative.
Hence, the resulting interval constitutes a valid partially transportable bound. O

C.4 PROOF OF PROPOSITION 2

Proposition 2. A POMIS with respect to (G, Y, N) is minimal with respect to (G,Y).

Proof of Prop. 2. Let X be a POMIS with respect to (G, Y, N). Then, X is an MIS under the same information, by definition.
We will show that X is also an MIS with respect to (G, Y) by proving the contrapositive statement.

Suppose that X is not an MIS with respect to (G, Y). Then, there exists a node X € X such that there is no proper directed
path’ from X to Y with respect to X in G (Thm. 4). That is, every directed path from X to Y in G forms:

X—->Vi—>=Vy=>Z->Wy—-- =W, =Y 54)

*We refer to a directed path from X € X to Y as a proper directed path with respect to X if only the first node X belongs to X.
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with n, m > 0 for an arbitrary Z € X \ {X}. Since the latent projection does not introduce any directed edges from V; to
W, in G(V \ N), all such paths correspond to non-proper directed paths from X to Y with respect to X in H = G(V \ N).
Therefore, X is not an MIS with respect to (H,Y’). Combining this with Prop. 4 establishes the contrapositive, which
concludes the proof. O

C.5 PROOF OF THEOREM 2

Theorem 2 (Upper dominance). Let r* be the optimal action with respect to (G, Y, N) where N is a proper subset of N*.
Then . is upper bounded by piy..

Proof of Thm. 2. Without loss of generality, we assume N = () since we can equivalently reformulate the graph as
G = G(V \ N) and the constraint set as N* = N* \ N.
According to Prop. 2, any POMIS with respect to (G, Y, N*) is also an unconstrained MIS. Therefore, the following holds:
unconstrained
e < ph (55)
—~—

constraint N *

since the optimal action x* in Agy belongs to the collection of MISs Mg y-. O

D DETAILS ON EXPERIMENTAL SETTINGS

The experiments were conducted on a Linux server equipped with an Intel® Xeon® Gold 5317 processor running at 3.0 GHz
and 64 GB of RAM. No GPUs were used during the simulations.

Detailed explanation of worked examples. We provide details on how the TRUCB (Alg. 4) works and the specific
SCMs used in all bandit instances. We denote the exclusive-or operation by &, and use Bern to represent a Bernoulli
distribution. We randomly generate structural functions F using binary logical operations (A, V, @, —), and randomly select
the parameters of the exogenous variable distributions. In the example below, we truncate all numerical values to three
decimal places for readability.

Task 1. The bandit instance is associated with an SCM M where

U ={Ua,Up,Uy,Usv}

\% ={A B, Y}

fa=uaV (bDuay), fz =up,

fr=(0=b)V ((uay Va) Duy)

Pla) = {UA ~ Bern(0.33), Up ~ Bern(0.38),
Uy ~ Bern(0.41),Uay ~ Bern(0.75).

M=_F :{ (56)

The learner has an experimental prior Z! = {{B}} from A = { A}. The action space without prior information corresponds
to Pg;:@ = {{B}, {4, B}}, which corresponds to the action space of the baseline algorithm POUCB (i.e., the initialized
target action space).

In this setting, we observe that i cannot be bounded from the source 7', since {4} N A = (). In contrast, Mg, Can be
bounded as follows:

Yy uPy(ayy) < gy <30, y{P(a.y) + 1 - B(a)}. (57)
Using these expressions, the learner can estimate causal bounds for four actions corresponding to the POMIS:

Then, TRUCB computes a dominance bound as [¢*,u*] = [0.8325, 1]. Here, u* = 1 arises since the causal bounds for
do(b) are [0, 1], i.e., no information can be transported for that intervention. Among the four actions, do(A = 0, B = 1) and
do(A = 1, B = 1) have upper causal bounds lower than the lower dominance bound, i.e., ux < £* (red), leading them to be
eliminated by TRUCB. Accordingly, the algorithm begins the online interaction, excluding these two actions.
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Ox Hx Ux

B
0 0.1675 1.0000 1.0000
1
0
1

0.2965  0.5450 0.7940
0.8325 1.0000 1.0000
0.2935  0.5900 0.7960

—_—_ 0 O |

Task 2. The bandit instance is associated with an SCM M where

U ={Ua,Up,Uc,Uy,Upc,Upy}
V. ={AB,CY)}
fa=wua, fp = (upy Nupc) ® us,
M=qF = foe=b® (upc AN ((1 —uc) @ a)), (38)

fy =c® (upy A ((1 —uy) ®a))
B {UA ~ Bern(0.28),Up ~ Bern(0.42), Us ~ Bern(0.52)

P(u
() Uy ~ Bern(0.47),Upc ~ Bern(0.62), Upy ~ Bern(0.49).

A learner has access to prior data from two environments with potential discrepancies A' = {A} and A% = {B}. The first
source 7! provides observational prior information, with Z! = {()}, and the second source 72 provides experimental prior
information, with Z2 = {{C'}}. The non-manipulable variables constraint is N* = {4, C'}, and the corresponding initial
action space is PYy = {0, {B}}.

First, the action do((})) is transportable as follows:
o = Loy YQUAQ B, C Y] = 30, . yPE(a) PL (b, ¢,y | a) = 0.4844. (59)

On the other hand, do(b) is not transportable, since Q*[C] is non-transportable from the sources II. We have the following
causal bounds (left):

(a)N* = {A, C} second dep. (i) (b)N = {A}
B U 1 Ux BY, = {0.{8}} — P&y={0.{B}.{C}}
0 02097 04031 0.6783 lsecond dep. (i)
1 02752 05969 0.8066 ©N={C} third dep. @N=0
Py, = {0,{A}, {A B}} Py, = {0, {A}, {A C}}
(a) Causal bounds (b) UDB traversal

We now proceed to compute the dominance bounds. We have MQNY = {0,{B}}. Since puj = 0.4844 and £;- = 0.2752, the
lower dominance bound is given by ¢* = 0.4844. Thus, no actions are eliminated.

To compute the upper dominance bound, UDB initializes u* to 0.8066.

First depth. Since it is initialized with the upper causal bound rather than the transferred value, it traverses weaker
constraints.

Second depth (i). For N = {A}, we have P{'y = {0,{B},{C}} and ). = 0.7485. Therefore, this call returns
u* = 0.8066.

Second depth (ii). For N = {C}, we have Py, = {{A},{A, B}}. This call sets u* = 0.8070, which corresponds
to the upper causal bound for do(A=0, B=1). Again, since it is updated with the upper causal bound rather than the
transferred value, this call traverses weaker constraints.

Third depth. For N = (), we have P§y, = {{A},{A, C}}. This call updates u* = 0.7697, which corresponds to the
transportable action do(A = 1,C = 1)—@20(14:1,0:1) =2 foo(Czl)(y | A=1)=0.7697.

third dep.
Consequently, the final upper dominance bound is set to «* = 0.7697 = min{0.8066, min{0.8070,0.7697} }.

second dep.
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Since ug,(p=1) = 0.8066 > 0.7697 = u*, the bound for do(B = 1) is strengthened to «* = 0.7697 in the online learning
phase, i.e., min(ugo(p=1), u*) = u*. Although the size of the action space remains unchanged (i.e., no action is removed
from .A*, implying that the action spaces of all three algorithms—UCB, POUCB and TRUCB—are identical), we observe
that accounting for the transferred bounds improves performance.

Task 3. The bandit instance is associated with an SCM M where

U ={URr,Ur,Uw,Ux,Uz,Uy,Upw,Ury,Uxy,Uwx,Uwz}

V. ={RT.W,X,Z,Y)

frR=urV (1 —urw) A (t ANugry)), fr = ur

Jw =uw V(1 —uwx) A (urw AN uwz)),

F =4¢ fx=wV((1l—uwx)A (uxy Nux)),

M = fz=2V (1 —uwz)A(rAugz)), (60)
fr =2V (1 —uxy)A (ury ANuy))

Ugr ~ Bern(0.53), Uy ~ Bern(0.63), Uy ~ Bern(0.38),

Ux ~ Bern(0.27),Uz ~ Bern(0.4), Uy ~ Bern(0.26),

Urw ~ Bern(0.52), Ury ~ Bern(0.63), Uxy ~ Bern(0.79),
Uw x ~ Bern(0.74), Uy z ~ Bern(0.31).

P(u) =

A learner has access to priors from two environments with potential discrepancies A! = {T'} and A? = { R}, with priors
Z' = {0,{Z}} and Z* = {{Z}}, and constraint N* = {T', W}. The initial action space is ng ={0,{R},{X},{Z}}.
We have:

Ma = Zr,t,w,m,z,y yP! (r,z,y,z | t, w)Pf(t) (61)
ws =3, yPHy) =3, yP2(y) (62)
which are transportable, while the following quantities are non-transportable:

non-transportable

—~
e =2ty YQRY]Q?T] Q7([Z] (63)
=Y, y QW X, Z,Y). (64)
—— —

non-transportable

The factor Q*[Z] can be bounded using Q' [W, R, X, Z, Y], leading to the following result:

S yP (w) 3 Pl(r,a, 2|t w) P (r,ylt) P (1) < i (65)
Yy

r,t,z

< Zymin{ Z (Pl(r,x, z|t,wT)P1(wT) +1— P(r, x|t,wT)P1(wT))le(r, y|t)P22* (t)} (66)

r,t,z
where T denotes externally assigned values.
Similarly, we can derive the causal bound for ;% using Q'[W, R, X, Z, Y] as follows:

ZyPl(r,yW) <ur < Zymin{l, Z Pl w,z,y,2 [ tT)+1 - Pl(r,w,z, 2 | tT)}. (67)
y y

w,T,z

In this setting, a transportable action yields uzo( Z=1) = 1, resulting in £* = u* = 1.

Furthermore, we obtain the upper causal bounds ug,(gy = 0.5514, ugo(x =0y = 0.7901 and ug4,(z—=g) = 0.034. Since these
upper bounds are all smaller than £*, the corresponding actions are eliminated from .4* by TRUCB.
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Parametric approach. One might be concerned that the algorithm (Alg. 4) eliminates non-optimal actions before learning
begins but then switches to a traditional approach that ignores additional observations available during each round.

Indeed, there exists a rich body of research that incorporates prior knowledge to iteratively update parameters of SCMs under
graphical constraints [Zhang and Bareinboim, 2022, Bellot et al., 2023, Wei et al., 2023, Jalaldoust et al., 2024] in online
learning. However, such methods often rely on optimization-based approaches—such as canonical SCM [Zhang et al., 2022]
or neural causal models (NCMs) [Xia et al., 2021] —that assume full parameterization, which results in high computational
overhead. These approaches are infeasible for larger or denser causal diagrams, and exploiting them effectively remains
an open problem [Elahi et al., 2024]. Moreover, these methods are constrained to categorical settings, which makes them
inapplicable to continuous domains, such as those encountered in causal Bayesian optimization [Aglietti et al., 2020] and the
multi-outcome variant [Bhatija et al., 2025], where POMISs are also leveraged for structural pruning in continuous action
spaces.

In contrast, our approach focuses on leveraging structural knowledge offline, before any online interaction, and without
requiring parameterization or any strong assumptions beyond a given graphical structure and sources. This distinction allows
us to scale to settings where parameter learning is infeasible or computationally prohibitive (dense graphs or continuous
domains), while still retaining provable regret guarantees through structure-informed pruning and closed-form bounding.

Computational complexity. Regarding the scalability of our framework, particularly the hierarchical traversal over
constrained POMISs (i.e., UDB), an exhaustive search would incur a worst-case complexity exponential in the number of non-
manipulable variables. However, our approach takes advantage of a strictly monotonic hierarchy: bounds computed under
weaker constraints are naturally looser. This structural property allows our algorithm to traverse the space hierarchically
and terminate early as soon as a valid dominance bound is found, bypassing unnecessary computation and significantly
reducing practical runtime. Furthermore, all steps involving structural querying and transportability bounding (e.g., Algs. |
and 3) are executed entirely offline as a pre-processing step. During the online interaction phase, our algorithm introduces
negligible overhead over standard UCB, retaining high sample efficiency without trading off real-time performance.

Regret analysis. Our theoretical regret analysis bridges canonical frameworks for UCB-based online learning with
transportability theory. The derived structural bounds—both the transportable causal bounds and the dominance bounds—are
theoretically guaranteed to be sound and deterministic given a valid super-model of the environment (as discussed above).
Because the true expectations lie within these bounds, they seamlessly satisfy the admissibility conditions required by
existing bounded-reward analyses [Zhang and Bareinboim, 2017, Gong et al., 2023]. Rather than requiring a bespoke
regret analysis from scratch, our framework demonstrates how offline structural information can deterministically shrink
the effective action space and suppress the constant factors in the sub-linear regret bounds of any optimistic exploration
algorithm.

Future work. Recently, research on transportability theory in practical settings has grown [Jung and Bellot, 2024,
Jalaldoust et al., 2024, Jalaldoust and Bareinboim, 2024]. Beyond structural causal bandits, we believe that transportability-
based decision making will offer substantial practical value when integrated with causal reinforcement learning [Zhang and
Bareinboim, 2022, Hwang et al., 2024, Bareinboim et al., 2024], rehearsal learning [Qin et al., 2023, 2025, Du et al., 2024,
2025, Tao et al., 2025, 2026], and sequential planning [Pearl and Robins, 1995, Jung et al., 2024].
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