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Abstract

Bayesian optimization is a data-efficient technique
that has been shown to be extremely powerful to
optimize expensive, black-box, and possibly noisy
objective functions. Many applications involve op-
timizing probabilities and mixtures which naturally
belong to the probability simplex, a constrained
non-Euclidean domain defined by non-negative
entries summing to one. This paper introduces a-
GaBO, a novel family of Bayesian optimization
algorithms over the probability simplex. Our ap-
proach is grounded in information geometry, a
branch of Riemannian geometry which endows
the simplex with a Riemannian metric and a class
of connections. Based on information geometry
theory, we construct Matérn kernels that reflect
the geometry of the probability simplex, as well
as a one-parameter family of geometric optimiz-
ers for the acquisition function. We validate our
method on benchmark functions and on a variety
of real-world applications including mixtures of
components, mixtures of classifiers, and a robotic
control task, showing its increased performance
compared to constrained Euclidean approaches.

1 INTRODUCTION

Bayesian optimization (BO) [Jones et al., {1998, Mockus|,
1989, |Garnett, |2023|] is a prominent approach rooted in
Bayesian probabilistic numerics [Hennig et al., 2015]] for
optimizing complex, expensive-to-evaluate black-box func-
tions. The main idea of BO is to construct a probabilistic
surrogate model of the objective function and to guide the
search for the optimum from a decision-theoretic perspec-
tive based on the information obtained from point evalua-
tions. Besides its universal approximation properties and
convergence guarantees, BO has demonstrated remarkable

Figure 1: a-GaBO leverages the sphere map ¢, which estab-
lishes an isometry between the probability simplex A¢ and
the positive orthant S‘io of the sphere. BO on the simplex is
performed via equivalent representations on the sphere.

practical success across a wide range of applications, in-
cluding hyperparameter tuning in machine learning [Wu
et al.l [2019], robotics [Jaquier et al., 2020} [2022a]], exper-
imental design [Greenhill et al., [2020]], and materials and
chemical discovery [Zuo et al.,|2021]], with extensive empir-
ical evidence reported for both continuous Euclidean search
spaces [Shahriari et al.| 2015]] and discrete domains [Desh{
wal and Doppa, [2021} |Gonzalez-Duque et al.| 2024]).

The performance and scalability of BO can be significantly
enhanced by introducing inductive bias, specifically
prior information about the search space. In particular,
geometry-aware Bayesian optimization (GaBO) exploits
the geometry of the search space to seek optimum on
Riemannian manifolds [Jaquier et al., [2020, Jaquier and!
Rozol 2020, Jaquier et al., [2022a]]. The key ingredients of
GaBO are Riemannian kernels and acquisition function
optimizers that capture the manifold’s underlying geometric
structure. The probability simplex, composed of vectors
with non-negative entries summing to one, is a widely-
encountered yet overlooked geometric domain. It naturally
arise as the search space when optimizing probabilities
and mixtures, e.g., in mixture of experts [Masoudnia and
Ebrahimpour, 2014], portfolio optimization [Kalai and
Vempala, 2002[], chemical mixture design [Soares et al.,
2007], robotics [Modugno et al., |2016b, Jaquier et al.,
2022bf], and population dynamics [Bomze, [2002]. An
initial attempt at geometry-aware BO on the probability
simplex, so-called BORIS, was introduced by (Candelieri
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et al.| [2023]], who proposed a squared exponential kernel
based on the Wasserstein distance. In their implementation,
Candelieri| [2025] approximate the Wasserstein distance
with the standard Euclidean norm, so that BORIS effectively
reverses to a constrained Euclidean BO that ignores the
intrinsic geometry of the domain. This approach was shown
to yield to suboptimal performances for other non-Euclidean
search spaces [Jaquier et al.,[2020, Jaquier and Rozo, [2020,
Jaquier et al.||2022a]]. From a theoretical perspective, a fully
rigorous, geometry-aware Bayesian optimization framework
specifically tailored to the probability simplex remains, to
the best of our knowledge, an open area in the literature.

In this paper, we introduce a-GaBO, a family of geometry-
aware Bayesian optimization algorithms on the probability
simplex building on its information-theoretic Riemannian
structure (see Sec. [3|for a background). First, we leverage
the Fisher-Rao metric to establish an isometry between the
probability simplex and a subset of the unit hypersphere
(see Fig. [I), allowing us to use well-established Rieman-
nian spherical kernels [Borovitskiy et al.l 2020] on the
probability simplex (Sec. {.I). Second, we exploit con-
jugate connections on information manifolds to build a
one-parameter family of acquisition function optimizers
accounting for the geometry of the probability simplex
(Sec.&.2). Focusing on two parameter values, we recover
the Levi-Civita and exponential connections, both of which
lead to closed-form expressions for the Riemannian oper-
ations required during optimization. We test a-GaBO on
different benchmark functions and real-world applications,
including chemical mixtures, mixture of classifiers, and
robotic multi-task control (Sec.[3). Our results show that
a-GaBO outperforms BORIS and other constrained Eu-
clidean BO frameworks. The source code is available at
https://github.com/FedericoPavesi/alphagabosimplex.

2 RELATED WORK

This section reviews the literature focused on optimizing
different classes of functions over the probability simplex.

Optimization of convex functions. Historically, research
on optimization over the probability simplex has focused pri-
marily on convex functions. The well-known Frank-Wolfe
method [[Frank and Wolfe, |1956] exploits the convexity of
the optimization domain to reduce the function value while
explicitly remaining within the probability simplex [Jaggi,
2013|]. However, this method is known to display oscillatory
behavior near the optima, which significantly slows down
convergence. Faster convergence is achieved by adding a so-
called “away-step” to alleviate oscillations [Guélat and Mar{
cotte, |1986]. In contrast, projected gradient descent [Galan{
tai, 2003]] consists of a simple gradient step followed by
a projection onto the domain, i.e., the probability simplex.
Despite ensuring feasibility, none of the aforementioned

approaches accounts for the natural geometry of the prob-
ability simplex. In the broader context of optimization on
manifolds, accounting for the geometry of the domain was
shown to deliver computationally-superior algorithms [Absil
et al.| 2008} Boumall [2023] /Weber and Sral, |2023]]. Recently,
Chok and Vasil [2025]] proposed to map the probability sim-
plex to the positive orthant of the unit sphere, on which the
objective function is optimized via Riemannian optimiza-
tion with proven fast convergence rate. In this paper, we
similarly take advantage of the so-called sphere map to opti-
mize black-box functions over the probability simplex on
the sphere as a domain with simple, well-known geometry.

Optimization of black-box functions. Closely related
to our work is BORIS, the BO framework from |Cande+
lieri et al.|[2023]] that defines a squared-exponential kernel
over the probability simplex based on Wasserstein geometry.
In practice, BORIS endows the probability simplex with
the discrete metric, which reduces the Wasserstein distance
to a closed-form expression equivalent to a Euclidean dis-
tance [Candelieri, 2025]]. This simplification enables the
use of the standard Euclidean squared-exponential kernel,
effectively treating the probability simplex as a Euclidean
space. Moreover, the Riemannian optimization of the acqui-
sition function is hindered by the inherent complexity of
Wasserstein geometry, which does not allow for closed-form
Riemannian gradients and operations. Therefore, BORIS
relies on Euclidean geometry, which only locally approxi-
mates the probability simplex geometry, and maximizes the
acquisition function via constrained Euclidean optimization.

3 BACKGROUND

This section introduces the fundamental concepts at the
base of our approach. We refer to App.[A]for an extended
background on the probability simplex.

3.1 RIEMANNIAN MANIFOLDS

A finite dimensional topological manifold is a subset of the
Euclidean space that can be covered by a countable collec-
tion of open sets, each diffeomorphic to a subset of a Eu-
clidean space. The tangent space 7,.M is the space of deriva-
tions at a point € M. A vector field X € X(M) is a con-
tinuous map that assigns a tangent vector v € 7, M to each
point x € M. A Riemannian manifold is a smooth mani-
fold equipped with a symmetric, non-degenerate, positive-
definite bilinear 2-form g, : Tz M X Tz M — R which
changes smoothly with € M, called the Riemannian met-
ric. The connection operator V : X(M) x £(M) — X(M)
allows the differentiation of vector fields along other vec-
tor fields. It plays a key role in Riemannian geometry as
it allows the definition of Riemannian operations such as
the Riemannian Hessian and the exponential map. While
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a smooth manifold admits many different connections, the
Levi-Civita one is the most widely adopted as the unique
metric-compatible and torsion-free connection.

The Riemannian equivalents of gradient and Hessian are
fundamental for Riemannian optimization. The Rieman-
nian gradient of a function f : M — R is defined as
the (unique) vector field such that, for all X € X(M),
(grad,, f, X )z = dg f[X] where d is the exterior differen-
tial. The Riemannian Hessian along X € X(M) is defined
via the connection as H4 f[X] = Vxgrad,, f. In Rieman-
nian optimization algorithms, the search direction is ob-
tained from the Riemannian gradient and Hessian and lies
on the tangent space. The next iterate is then obtained by
projecting the search direction onto the manifold via the
exponential map, which defines a local diffeomorphism
Exp,, : Vo — Uy between sufficiently small neighborhoods
Uy, C Mand Vg C To M.

3.2 INFORMATION GEOMETRY OF THE
PROBABILITY SIMPLEX

The d-dimensional probability simplex is the smooth man-
ifold defined as A% = {@ € R™|z; > 0,0 2, = 1},
as illustrated in Fig left. The tangent space at each p € A?
is defined as T, A4 = {v € R4}z v = 0}. The probabil-
ity simplex can be endowed with the Fisher-Rao metric
gz (U, v) = >, xuv;.

In information geometry, it is common to work with the
conjugate connection structure, which naturally arises from
the geometric description of statistical models and allows
the construction of a family of connections. Formally, the
second order geometry is induced by conjugate connections
(V,V*) which are related as

Xg(Y,2)=g(VxY,2)+g(Y, Vi Z), (1)

for vector fields X, Y, Z € X(A%). For the probability sim-
plex, the conjugate connections, also called mixture and
exponential connections, are

VxY(x) = (x, D%Y (x)

X(@)Y (), )
ViY(z) = (z,D%Y (z) + =*

+
+a! (X(@)Y (), 3)
where D? denotes the Euclidean differentiation of vector
fields. The a-connection is the one-parameter family of con-
nections defined via the convex combinations of (2)-(3) as

1 1-—
IO () ¢ =2

VY (x) ViY(x),
with o € [—1,1]. Note that we recover the mixture and
exponential connections for o = 1 and o« = —1. Moreover,
the Levi-Civita connection is obtained as V() = V"’Tv*
for o = 0. The choice of « has a significant impact on opti-
mization, as it determines the related Riemannian operations.

A notable example is the exponential map, whose domain is
a bounded Euclidean subset with border for all o # —1. In-
stead, when a = —1, the domain is the full Euclidean space,
ie., Vo 2 RY, except for  on the simplex boundary, where
it is some half-space {R% x R%~* : k < d}. In other words,
all tangent vectors at a point @ in the interior of the simplex
are within the domain of the exponential map and the border
of the simplex can be reached by mapping tangent vectors at
the limit to infinity. A more detailed treatment can be found
in standard information geometry textbooks [Amari, [2016),
Ay et al.,|2017] or in [Pistone, [2020], see also App.

3.3 BAYESIAN OPTIMIZATION

Bayesian optimization (BO) is a class of sequential search
algorithms aiming to optimize an unknown objective func-
tion F' defined over a domain X. The function F' has no
simple closed form, but can be observed point-wise and up-
to-noise at query points x € X'. BO switches the optimiza-
tion problem to a surrogate a random field f approximating
F. Optimization is then carried by iteratively choosing the
query point based on its utility according to the surrogate.

The approximating random field is commonly chosen as
a Gaussian process [ ~ GP(m, k), uniquely specified by
its mean m: X — R and positive-definite kernel, or covari-
ance function, k£ : X x X — R [Williams and Rasmussen,
1995]). This latter is the fundamental element of Gaussian
processes as it defines similarities between points of the do-
main, thereby encoding our prior about the unknown objec-
tive function F'. At each iteration N, the Gaussian process
is conditioned on the collected dataset D = {(z;, y;)} Y,
where y; € R is the realization of the objective function
at x;, possibly corrupted by Gaussian-centered noise with
variance o2. The posterior process is obtained by updating
moments via Bayes rule, resulting in a Gaussian process
with mean and covariance functions

mp(x) = m(x) + k(z, D)E"(y —m(D)), (5)
kp(x,x') = k(z,2') — k(x, D)X 'k(D, ), 6)

with ¥ = K(D, D) + oI,y = (y1,...,yn)" and where
k(x, D) is the row vector with components k; = k(x, ;).

The next query point is then selected by optimizing an ac-
quisition function constructed from the posterior process.
Intuitively, the acquisition function quantifies the utility of
evaluating the objective function at a given point, resolving
the explore-exploit tradeoff [Shahriari et al., 2015]]. The next
point to evaluate is then chosen as the maximizer of the ac-
quisition function, i.e., xy 1 = arg maxzecx A(f(x|D)).
In contrast to the original function F, the acquisition func-
tion is differentiable and cheap to evaluate. In this paper,
we employ two common acquisition functions, namely Ex-
pected Improvement (EI) [Mockus et al.,|1978] and Lower
Confidence Bound (LCB) [Auer et al.,[2002]]. Finally, the
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target function yny+1 = F(xn41) is evaluated at & 1 and
added to the dataset D. The procedure is iterated by updating
the posterior process (5)-(6) and maximizing the acquisition
function until a certain criterion is met. It is possible to
prove [Garnett, 2023]] that, under certain assumptions on the
parameter space, BO converges to the optimum.

34 GEOMETRY-AWARE BO

Geometry-aware Bayesian optimization (GaBO) addresses
the case where the search space X is a Riemannian manifold
instead of Euclidean space, as in Sec.[3.3] This is achieved
by (1) defining positive-definite kernels measuring the sim-
ilarity of points on the manifold, and (2) optimizing the
acquisition function on the manifold.

Kernels on manifolds. Defining a valid kernel on a Rie-
mannian manifold is a non-trivial task as naive approaches
that replace the Euclidean distance with the Riemannian one
in isotropic kernels fail to capture the manifold’s geometric
structure. Such kernels are not guaranteed to be positive
definite, and do not necessarily preserve the stationarity or
sample path regularity properties of their Euclidean counter-
parts [Feragen et al., [2015] Jaquier et al., 2020} Jaquier and
Rozo} 2020]. [Borovitskiy et al.|[2020] developed solutions
for compact manifolds by characterizing Matérn kernels by
the spectral decomposition of the Laplace-Beltrami operator,
leading to the general form

2 o0
k(a,2) = 22 3 @Q)én(@)dnla), ()
Y n=0

where ¢,, are the Laplace-Beltrami eigenfunctions, ® is
an operator defining the kernel by acting on the respective
eigenvalues \,, o is an hyperparameter, and C), is a normal-
izing constant. Extensions to Lie groups and homogeneous
spaces are provided by [Azangulov et al.| [2024alb]. This
class of Riemannian kernels was shown to lead to enhanced
performances for BO on manifolds [Jaquier et al.,[2022a].

Acquisition function optimization on manifolds. In the
geometric setting, the acquisition function is a real-valued
function expressed in terms of Gaussian process posterior
moments over the Riemannian domain X. Jaquier et al.
[2020] proposed to leverage Riemannian optimization algo-
rithms [Absil et al.| [2008| Boumal, 2023]] to optimize the
acquisition function while accounting for the manifold’s
geometry. In this setting, the Riemannian gradient and Hes-
sian functions are used to determine a search direction on
the tangent space 7, X, which is then mapped from the tan-
gent space back onto the manifold using the exponential
map. Similarly to the Euclidean case, the search direction is
determined by the optimization algorithm at hand.

4 o-SIMPLEX GEOMETRY-AWARE
BAYESIAN OPTIMIZATION

In this section, we introduce a-simplex Geometry-aware
Bayesian Optimization (a-GaBO), a one-parameter family
of BO algorithms that handle the probability simplex as
optimization domain, i.e., X = A While the family is
theoretically well-defined for o € [—1, 1], we subsequently
focus on two parameter values « = {—1,0}, leading to
closed-form expressions for the Riemannian operations.
Similarly to standard GaBO, the key elements of a-GaBO
are: (1) Gaussian processes equipped with kernels that prop-
erly capture similarities between points on the simplex, and
(2) optimization methods for maximizing the acquisition
function over this domain. Unlike the manifolds considered
in [Jaquier et al.} 2020, |2022a], the probability simplex is
a Riemannian manifold with boundary, thus introducing
two specific challenges. First, the literature does not pro-
vide a general construction for positive-definite kernels on
manifolds with boundary. Second, considering the bound-
ary is essential in practice, since optimal solutions may
lie on vertices or k-faces of the simplex. In particular, ver-
tices correspond to degenerate distributions concentrating
all mass on a single component, while k-faces correspond
to mixtures of k¥ < d components. We address the first chal-
lenge by exploiting the isometry between the simplex and a
subset of the sphere (see Fig.|1) to construct valid kernels.
To handle the second challenge, we introduce a family of
information-geometric optimizers based on the Riemannian
«-connection @I), where the parameter o allows us to incor-
porate prior knowledge about the information geometry of
the simplex.

4.1 KERNELS ON THE PROBABILITY SIMPLEX

The kernel (7)) is valid only for compact Riemannian mani-
folds without boundary. Kernels on manifolds with bound-
ary are not treated in literature and existing results do not
trivially extend to this setting. For the probability simplex,
we propose to leverage an isometry with a compact subset
of the sphere on which the construction of Matérn kernels
is well explored [Borovitskiy et al.| [2020]. Formally, we
denote the positive orthant of the hypersphere of radius r as

5o(r) = {m e R |z, > 0, [|lz[a =7} (®)
The sphere map, defined as [Amari, [2016, |Ay et al., [2017]
e: A= SL0(2) r a2/, 9)

where the square root is taken element-wise, is a diffeo-
morphism between the probability simplex and the positive
orthant S ,(2). When endowing the probability simplex
with the Fisher-Rao metric and the sphere with the usual
restriction metric, the sphere map is also an isometry. In
other words, it identifies the Riemannian geometry of the
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Algorithm 1 a.;-GaBO

Algorithm 2 ay-GaBO

Require: Objective function F' : A% — R, initial dataset
Do = {®n, ym }M_, with z,,, € A%, budget B
Ensure: Recommendation z* € AY

© Place the prior: f ~ GP(m, ;) with (TT)

1
2: Initialize the dataset on A%: D < D
3: for N=1,...,Bdo
4: Update the posterior: f | D ~ GP(mp, /(%1’))
5: Select the next query:
TN = argmaxcad A(f(CC‘D))
6: Evaluate the objective: yny + F(xy)
7 Update the dataset: D < DU {(zn,yn)}
8: end for
9: return (z*,y*) = arg max g ,)ep ¥

simplex A? to that of a hypersphere S¥(2), thereby preserv-
ing distances and other geometric operations. Note that, in
practice, it is more convenient to work with the standard
radius-1 sphere S. This is achieved by scaling the map as
%@ and appropriately rescaling the metric to maintain the
isometry. More details on the sphere map are in App.[A.2]

We utilize the sphere map to construct kernels on the prob-
ability simplex from kernels on the hypersphere. Matérn
kernels on S¢ have the form [Borovitskiy et al.| [2020]

d o2 > a—1
Frmo(8:8) = 5= D enapu(n)Ca” (cos(dy(s, '),
Y n=0

(10)
where s,s' € S¢, dg is the Riemannian distance, CVSL')
are Gegenbauer polynomials, p,(n) are the generalized
Fourier coefficients of the spectral measure, ¢, 4 are ex-
plicit constants, and C,, is a normalization constant ensuring
kfiyo(s, s') = o2. Explicit formulas for p,, (n) and c,, 4 are
in [Borovitskiy et al., 2020]. As the spectral series of the
kernel converges uniformly, the approximation precision is
chosen by truncating the series at a certain N. We define
Matérn kernels on the d-dimensional probability simplex as
the pullback of the sphere kernel via the sphere map as

1 .- ~cd 1 1
K (@, a) = 507k (@.2)) = 1 (Fe(), So(@),
o a1
where @, @’ € A% and k5, , denotes the restriction of (T0)

to Sio. Note that the smoothness of the isometry guarantees
the differentiability of k2" s

V,K,0 V,K,0°

up to the order of k&

4.2 ACQUISITION FUNCTION OPTIMIZATION

After conditioning the Gaussian process with kernel (TT)
modeling the unknown function F', the next query point
xny1 € A?is obtained by maximizing the acquisition
function A. Similar to GaBO [Jaquier et al., 2020} [2022a],
we leverage Riemannian optimization algorithms [Abt

Require: Objective function F' : A% — R, initial dataset
Do = {®m, ym }M_, with z,,, € A%, budget B
Ensure: Recommendation z* € A¢

1: Map Dy to the sphere: ={lo(®m), ym M,

2: Place the prior: f ~ GP(m, k, ) with (I0)
3: Initialize the dataset on ' D+
4: for N =1,...,Bdo
5: Update the posterior: f | D ~ GP(mp, )
6: Select the next query:
SN = arg max A(f(s|D))
7: Evaluate the objective: yn + F'( (sn))
8: Update the dataset: D < DU {(sny,yn)}
9: end for

10: return (x*,y*) = argmax(,. 1 (s))eD Y

sil et al. 2008, |Boumal, [2023]] to account for the ge-
ometry of the probability simplex. We propose a one-
parameter family of acquisition function optimizers based
on the a-connection ({@). Specifically, the search direction
Nk € Ta,, A and iterate ), € A? are iteratively updated as

. = h(zy, grad,, A, Hg, A) and =z = Expg, (0k),
12)
where the function h is defined based on the choice of op-
timization algorithm, e.g., for a simple gradient descent
h = —v grad,, A, and the Riemannian operations are de-
termined based on the choice of parameter «. The choice
of this parameter reflects prior knowledge according to the
connection between the simplex and the reference statis-
tical model [[Amari, 2016, |Ay et al., 2017]. We focus on
two parameter values « = {—1, 0} leading to closed-form
expressions for the Riemannian operations, see App.
The resulting algorithms, hereinafter referred to as c.1- and
ap-GaBO, are summarized in AlgorithmsT]and [2]

By recovering the exponential connection (2)), «.1-GaBO
allows us to perform unconstrained Riemannian optimiza-
tion on A%, The corresponding exponential map is given as
Exp,(n) = c;);:z(]‘;]"?w ®x with the exponential taken compo-
nent wise and © denotes the Hadamard product. It ensures
that, for each point « in the interior of A4 the domain of the
exponential map is the entire tangent space T, A% = R?. In
other words, no tangent vector n € T, A% is mapped outside
of A4 and the border is reached at ||1|| — oc. However, this
implies that optimization methods cannot reach the border,
additionally inducing numerically instabilities close to it.
Therefore, a.1-GaBO is not suited for problems where the
optimum may lie on the border of the simplex.

ap-GaBO recovers the Levi-Civita connection, equally bal-
ancing exponential and mixture geometry. The exponential

1 T . 2
map is Exp,(n) = (\/ECOS(H"QHF) + ‘(ﬁan sm(”"QHF))

nllr
where ||n||r =+/2Tn? and exponentiation and square root
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are taken component-wise. It allows tangent vectors to be
mapped onto the border of A at the expense of a con-
strained exponential map domain, as generic tangent vec-
tors might be mapped outside the simplex. As A? is iso-
metric to S, and the Levi-Civita connection is the only
metric—comf)atible connection, the geometric structure of
the probability simplex is, for « = 0, equivalent to the
standard hypersphere geometry. Therefore, each iteration of
ap-GaBO corresponds to conditioning a sphere Gaussian
process with kernel (I0), maximizing the acquisition func-
tion via Riemannian optimization algorithms constrained
to the sphere positive orthant S‘io [Liu and Boumal, [2020],
and mapping the obtained query point 21 onto A? via
the inverse sphere map, see also Algo.

Choice of o. When the simplex strictly represents prob-
ability distributions, its Riemannian structure is naturally
characterized in terms of a a-divergence, which determines
the appropriate value of o [[Amari, 2016, Ay et al.| 2017].
In other cases, the most suitable a depends on the prior
knowledge about the location of the optimum. When the
optimum may lie on the border of A%, we recommend using
ap-GaBO. Conversely, when the optimum is expected to lie
in the interior, we suggest to use a.1-GaBO as it enables
simpler unconstrained Riemannian optimization over the
entire simplex. Note that our experiments show that both oy-
and a.1-GaBO perform similarly when the optimum lies in
the interior, showcasing that constraining the optimization
to the sphere positive orthant is not an issue in practice.

S EXPERIMENTS

We test «.1-GaBO and ag-GaBO on several benchmark test
functions and on three real-world applications. We use the
Riemannian squared exponential kernel motivated by the
fact for the Riemannian case the series converges faster than
Matérn ones [Borovitskiy et al.,[2020], thus limiting the trun-
cation error. An exception is made for Olympus, where we
found it beneficial to use v = % Riemannian Matérn kernel.
We use EI [Mockus et al.,[1978] as acquisition function for
all experiments, except for Olympus where we observe bet-
ter performances using LCB [Auer et al.|[2002]]. The acqui-
sition function is optimized using (constrained) Riemannian
trust regions [Absil et al., 2007, Jaquier and Rozo| 2020].
The practical implementation can be viewed as an extension
of the GaBOTorch library [Jaquier et al., 2020} 2022a].

We compare a-GaBO against standard constrained Eu-
clidean alternatives [Jaquier et al.,[2020], where a standard
Euclidean BO procedure with Euclidean kernel is defined in
the ambient space and constrained on the manifold of inter-
est to optimize the acquisition function. Consistently with
the two considered a-GaBO models, we test constrained
Euclidean BO on the probability simplex and on the sphere
coupled with the sphere map (9)). Note that, in light of [Can{
delieri, 2025]], constrained Euclidean BO on the probability

simplex is equivalent to BORIS [Candelieri et al.| 2023|]. For
all the experiments, we initialize the BO algorithm with 5
random sample and report results across 25 different seeds.

5.1 BENCHMARK FUNCTIONS

We study the performance of a-GaBO on the Ackley, Rosen-
brock and Griewank benchmark functions projected on the
probability simplex. Following the technique by [Jaquier
et al.l 2020], we represent the test function on a tangent
space T, A? at a point z € A? and project it onto A? via
the inverse of the exponential map, called logarithmic map
Log,, : A% — T,A%. We pick the base point z as the cen-
ter of the probability simplex. The optimum of the Ackley,
Rosenbrock and Griewank benchmark function is located at
this point by definition. In the benchmark experiments, we
choose an optimum in the interior of the simplex to ensure a
fair comparison between all models, as placing it on the bor-
der would have penalized a_1-GaBO. For all benchmarks,
we run the experiments for dimensions d € {2, 5,10}.

Fig. [2] shows the evolution of the median and the distribu-
tion of the logarithm of the simple regret of the final recom-
mendation. We observe that the a-GaBO models generally
match or outperform their constrained Euclidean counter-
parts by converging more data-efficiently to lower function
values and with lower variance over the final recommenda-
tion. This is especially evident for dimensions d = {2, 5}.
Despite attaining lower values for Ackley on A2, the Eu-
clidean BO on the sphere is characterized by a much higher
variance than a-GaBO, indicating less consistent perfor-
mance. The differences across models are less pronounced
when the dimensionality increases. Finally, ap-GaBO and
a.1-GaBO generally display similar performances.

Table [I] reports the median and quartiles of the final rec-
ommendation, together with Mann-Whitney signed-rank
tests to assess whether differences in the distribution of the
simple regret of the final recommendation are statistically
significant. Table [[]shows that a-GaBO consistently ranks
among the best-performing approaches with more accurate
median values and lower interquartile range. Moreover, even
in cases where Euclidean methods achieve slightly better
median values, the differences are often not statistically sig-
nificant, indicating comparable regret distribution with the
best-performing Euclidean approach. App. [B] ablates the
effect of the Riemannian kernel and Riemannian optimiza-
tion, showing that the kernel leads to the biggest part of the
performance gain. Runtimes are reported in App. [C|

5.2 OPTIMAL MIXTURES OF COMPONENTS

As first real-world application, we evaluate the performance
of a-GaBO to find optimal mixtures of components. We
consider three scenarios: the concrete compressive strength

5361



2 5 10
A A A
05 N 0.50 . 0.4
00 0.25 \ 028U L i1
0.00 0.0 ‘_‘——\_. T
—~ . —
-05 -
PSS -025 02
v -0.4
% S -10 T -0.50 H !
0 M -0.6
<Q 15 —— HH -0.75 o8
—_—
Il -1.00 I _
-2.0 : Lo
-1.25 -1.2
0 20 40 60 80 100 0 20 40 60 80 100 0 50 100 150 200 250 300

2.0

1.5

| — ] -

-1.0

Rosenbrock
log, 0 (F )

T =15

0 3

e M\:\L

4 o ——
. 0.5

2.0
1.5 { S —
IR — o E
B B 1.0
0.5

) 0.0
-05

-1.0

0 20 40 60 80 100 [ 20 40

60 80 100 0 50 100 150 200 250 300

-1.0

—-0.75
—-1.00

-2.0

iiﬁ:;ﬁ[ e

Griewank
log,, (F )

~10 -3.5

-4.0

_8 TR | -30 L;;

|| - — i
H | o |

—2.50

Tl -2.75

0 20 40 60 80 100 0 20 40

N

60 80 100 0 50 100 150

N N

200 250 300

Figure 2: Logarithm of the regret (median and quartiles) and distribution over the final recommendation for a,yp-GaBO (),
a.1-GaBO (—), S%-Eucl. BO (—), and BORIS (-) on benchmark functions.

dataset [ Yeh, [1998|] from the UCI repositoryﬂ [Bache and
Lichman| |2013|] and two chemical mixtures from the Olym-
pus repositoryﬂ [Hase et al.,[2021}, [Hickman et al., 2023|].

Concrete compressive strength. This dataset is com-
posed of 1090 observations with 7 variables containing the
mixture quantities of the components of concrete and 1 vari-
able containing the number of days from when the mixture
was made. The objective is to find the mixture quantities
and number of days maximizing the compressive strength
of the resulting concrete in MPa. As the parameter space is
the product of manifolds A% x [0, 1], we define the a~-GaBO
kernel as the product of the Riemannian squared exponential
kernel on AS and a 1-dimensional Euclidean squared expo-
nential kernel and optimize the acquisition function on the
product of manifolds. As no oracle is available, we follow
the perspective of |Yeh| [1998]] and use the dataset to train
an artificial neural network as an approximation of the real
function F'. We do so with an MLP with 3 hidden layers,
each followed by a dropout layer, and ReLLU activations.
More detail about the MLP structure are in App.

Fig.[3a]and Table 2] show the performance results. We ob-

"https://archive.ics.uci.edu/datasets
Zhttps://github.com/aspuru-guzik-group/olympus

serve that the BO models optimizing on topologically spher-
ical manifolds converge to significantly higher function val-
ues with the Euclidean BO slightly outperforming ap-GaBO.
This can be explained by the fact that, for this dataset, the op-
timum tends to lie on the border of the simplex which cannot
be reached by «.1-GaBO. This result confirms the interest
of considering the data topology and geometry in BO.

Olympus. We consider two datasets, namely Photo
bleaching PCE10 and WF3, which document the pho-
todegradation behavior of polymer blends for organic solar
cells under light exposure. Individual data points encode the
polymer composition ratios of each blend together with its
measured degradation response. Both dataset have 4 ingredi-
ents, 3 of them are the same (P3HT, PCBM, oIDTBR) while
the last is dataset specific (PCE10 or WF3). The objective
is to find the mixture of ingredients which minimizes the
photodegradation. As the mixture is naturally expressed as a
ratio of each component over unity, the probability simplex
A3 is the natural optimization domain for such tasks. For
each dataset, we use the oracle provided by the library.

Fig. [3b|shows the performance results for the WF3 dataset.
We observe that all models perform similarly with the ex-
ception of Euclidean BO on the sphere, whose median value
is outperformed by all alternatives. For the PCE10 dataset,
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Table 1: Median and interquartile range of the final recommendation, and p-values of Mann-Whitney tests on benchmark
functions. Statistical tests are against the best BO alternative per dimension (*: p <0.05, **: p <0.01, ***: p <0.001).

d  Method Ackley Rosenbrock Griewank
Median IQR p (vsbest)  Median IQR p (vs best) Median IQR p (vs best)
S%Eucl. BO  0.020  0.987 - 0.002  0.008 1.0x107**** 0.005 0.018 81x 107}
, BORIS 0.023 1.793 9.6x10"' 0.006 0.008 1.3x107°**  0.011  0.025 1.8 x1073**
a0-GaBO 0.033 0.022 3.7x10"' 0.000 0.000 - 0.000  0.007 -
a_1-GaBO  0.036 0.030 2.0x107' 0.000 0.001 2.2x107%**  0.000 0.007 5.0x 1072
S%Eucl. BO  0.829 2.044 7.9x107' 3.179  5.209 8.4 x 1072 0.034  0.048 2.4 x 1074
s BORIS 1.634  2.047 47x107' 4776  5.056 9.7 x 107***  0.031  0.043 2.0 x 107°***
ap-GaBO 0.261  0.323 - 0.078  4.451 - 0.000 0.001 -
@_1-GaBO 0275 0.245 4.0x107' 5656 2.691 1.8x107°**  0.001 0.003 4.8 x 107"
S?-Eucl. BO  0.714  1.056 22x10"!' 16.046 5.839 1.4x 107  0.022 0.040 -
jo BORIS 0.866 1.313 8.8x107' 14.280 17.379 1.6 x 107" 0.020 0045  57x107!
ap-GaBO 0.147  1.057 - 7.764  15.942 - 0.020 0.022 7.9x107!
a_1-GaBO  0.289 0.353 5.5x 107! 12460 14.683  3.1x 107! 0.034  0.030 1.4x107!
060 cular array of 24 ultrasound sensors on a SCITOS G5 robot,
055 captured during 4 full cycles of clockwise wall-following
050 navigation. The objective is to select robot navigation com-
5 mand among 4 classes (move forward, slight right turn,
045 sharp right turn, slight left turn) from sensory data. We con-
R | e ee— H g sider 8 simple classifiers: multinomial logistic, linear SVM,
05 ,Hl Gaussian naive Bayes, K-NN, decision trees of depth 1 (de-
o 0w JG\‘; 8o cision stomp) and depth 2, quadratic discriminant analysis

Figure 4: Regret (median and quartiles) and distribution over
the final recommendation for ay-GaBO (), a.1-GaBO
(—), S?*-Eucl. BO (—), and BORIS (-) on mixture of clas-
sifiers for wall-following robot navigation dataset on A7.
All models outperform the best standalone classifier (:--).

Fig.[3c|shows that the a-GaBO models exhibit lower func-
tion values and significantly lower variances indicating more
consistent performance, as confirmed by Table 2]

5.3 MIXTURE OF SIMPLE CLASSIFIERS

We consider a mixture of classifiers for a non-linearly sep-
arable classification task on the UCI wall-following robot
navigation data. The dataset comprises readings from a cir-

and strongly regularized multinomial logistic regression.
The BO objective is to find the optimal mixture of classifiers
on A7 for the robot to optimally navigate.

Fig.[4)and Table2]show performance results. All approaches
exhibit similar performances with a_;-GaBO and Euclidean
BO on S7 leading to slightly lower function values, where
the latter converges slightly lower and faster.

54 ROBOTIC MULTI-TASK CONTROL

Finally, we consider a robotic multi-task control prob-
lem, where we aim to optimize time-varying priorities
assigned to different tasks to maximize the robot per-
formance for a desired complex behavior. Given N el-
ementary tasks with torques 7;, the final controller is

7(q,4,t) = YN, ai(t)7i(q, q), where ¢, € R de-
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Table 2: Median and interquartile range of the final recommendation, and p-values of Mann-Whitney tests on real-world
applications. Statistical tests are against the best BO alternative per dimension (*: p <0.05, **: p <0.01, ***: p <0.001).
Note that the objective function is maximized for concrete and minimized for the other applications.

Method Concrete (d=7) WF3 (d=3) PCE10 (d=3) Simple classifiers (d="7) Robotics (d=6)
Median  IQR p Median IQR p  Median IQR D Median IQR p Median IQR p
S%-Eucl. BO 104.098 12.172 - 0.040 0.017 4.7e"' 0.000 0.024 9.8¢' 0.369 0.024 - 2.832 0.357 3.3¢73**
BORIS 68.372 13.874 1.4e°*** 0.029 0.018 -  0.000 0.026 4.9e”' 0.380 0.020 1.7e~2* 2.778 0.387 2.8¢ 3"~
ap-GaBO 88.025 4.129 5.0e 7*** 0.031 0.017 1.4e~! 0.007 0.005 8.4e **** 0.396 0.041 1.5e **** 2.634 0.225 -
a_1-GaBO  65.760 24.594 1.4e~*** 0.032 0.015 1.6e~' 0.000 0.004 - 0.378 0.032 9.9¢7%  2.668 0.224 29¢7!

note the robot joint positions and velocities, ¢ € [0,
is the time, and «;(t) € RT is the time-dependent
i-th task weight defining its priority. [Modugno et al.
[20164], [Su et al.| [2018]] model the task weights as the

e, Wi,kw(uk,ak,t))
K b (ond) , Where

) are radial basis functions

weighted sum «; (7;,t) = s (

Y(pg, o, ) = eXP(—(t;f:g)z
with fixed mean py, and variance oy, s is the sigmoid
function, and w; € Rf is a set of parameters determin-
ing the time-varying task weights. This formulation shifts
the problem to finding an optimal matrix of parameters
= [n],...,wy] € RY*X instead of functions c;(t). We
propose to model the task weights as elements of the sim-
plex, as ensuring that the weights sum to 1 guarantee that at
least one task is activated at any time [Jaquier et al.| 2022b].
Specifically, we model the task weights as

i(mi,t) = 25:1 i k(s Oy )
7 2521 Y, ok, t)

with IT,, € AN7L,

where II;, denote the k-th column of the weight matrix
I € RV*K thereby ensuring that (ay,...,ay)" € AN7L,
see App. |E]for a proof. The Earameter space thus becomes
the product of manifolds [[,_, AN~1.

We design an experiment where a RB-Y 1 humanoid robot
placed in front of a cylindrical obstacle similar to a pillar
aims at reaching target positions with its two hands while
avoiding collisions and sudden potentially-damaging move-
ments. We compose 4 elementary tasks: two reaching tasks
for the left and right hands, a posture task to keep the torso
straight, and a repulsive force field to avoid collisions. We
set T' = 30s and K = 10 equally-spaced basis functions.
The objective is to minimize a loss function penalizing the
distance to the target positions, high joint torques, and colli-
sions, see App. [ for the complete experiment description.

Fig.[5|and Table 2] show the performance results and snap-
shots of the optimal robot trajectory. We observe that both
a-GaBO models outperform their Euclidean counterparts by
converging faster to lower function values with significantly
lower variance with ap-GaBO performing best overall. The
robot follows a collision-free trajectory reaching the desired
targets.

il

Figure 5: Left: Regret (median and quartiles) and distri-
bution over the final recommendation for ay-GaBO (),
a.1-GaBO (—), S%-Eucl. BO (—), and BORIS () for
robotic multi-task control. Right: Snapshots of the optimal
trajectory with target left (0) and right (®) hand positions.

6 CONCLUSIONS

We proposed a-GaBO, a geometry-aware Bayesian opti-
mization framework designed for objective functions de-
fined on the probability simplex. This is achieved by lever-
aging information geometry tools to define Matérn kernels
on the probability simplex and to design a one-parameter
family of acquisition function optimizers accounting for the
geometry of the manifold. We evaluated a-GaBO on syn-
thetic benchmarks and to optimize mixtures of components,
mixture of classifiers, and robot task priorities, showcasing
superior or matching performances compared to constrained
Euclidean methods overlooking geometric priors.

Besides probabilities and mixtures, the probability simplex
has recently been used as a relaxation for categorical data
for training flow matching [Davis et al.,|2024]. In a similar
line, we hypothesize that a-GaBO may serve as a starting
point for designing geometry-aware BO frameworks for cat-
egorical domains [Gonzalez-Duque et al., [2024]. As future
work, we also plan to investigate extensions of a-GaBO
to higher dimensional search spaces via Riemannian latent
spaces, akin to [Jaquier and Rozo, |2020]. Another promis-
ing direction concerns the design of families of GaBO al-
gorithms based on the o connection for a wider class of
information manifolds such as symmetric positive-definite
matrices [Amaril 2016} |Ay et al., 2017].
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A PROBABILITY SIMPLEX

A.1 INFORMATION GEOMETRY OF THE PROBABILITY SIMPLEX

This Appendix provides a formal extended background on the probability simplex. As the probability simplex is the space
of finite probability measures, we start the discussion in an abstract manner involving measures. Moreover, this level of
abstractness simplifies the introduction of the Fisher-Rao metric and allows us to refer to an existing result for the extension
of the metric to the border of the simplex. Afterwards, we introduce a simple embedding which recovers the standard
definition of the simplex as a Euclidean subset.

We consider a discrete, finite sample space 2 = {wg, w1, . ..,wq} with d + 1 elements, which with no loss of generality
we can identify with I = {0, 1,...,d} C Ny. We call F(2) the algebra of real functions on (2. Its dual F*(2) is naturally
identified with the space of signed measures on the sample space. Denoting the canonical and the dual basis of these
spaces with {e;} and {§°}, we can express p € F*(Q) as pp = p;6° with y; := p(e;) where we used Einstein summation
convention. We define the space of finite probability measures as

Pr(Q) :={p € F*(Q)|pi >0, ;0" =1}, (13)

and denote its relative interior by P (2), which we can see as an open submanifold of F*(£2). Because F* (L) is a vector
space, it is clear that its tangent bundle is the trivial bundle and the cotangent is the trivialization with 7 (£2) because of the
natural identification 7**(€2) = F (). Following [Ay et al., 2017, |Pistonel [2020], it is simple to show that

TP () = PL(Q) x Fy (), (14)
TP+ () = P(Q) x F(Q)/R. (15)

Next, we consider the natural L? product on F(£2), given by

(fs9)u=n(f9), (16)

with the induced vector space isomorphism to the dual F*(2) denoted as (f,.),. Using the inverse isomorphism we

can characterize an element of the tangent space at ¢ with f € F(£2) with the Radon-Nikodym derivative as f = u =

Yicr & 1 5i-¢€i- Thus, the L? product can be also expressed as

o= LS (17)

ier M
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for some f = > Z—Zei, g=>. %ei, and v, { € TH703+(Q). Due to the simplicity of this isometry, it is very common to
find two equivalent characterizations of the tangent space at p in the literature, namely the measure characterization where
T#75+ (Q) = F(9), and the score characterization where T#75+ () = LE(Q, p). In an information theoretic fashion, the
inner product defined on such spaces is called the Fisher metric. This characterization of the metric is rather unusual in
standard information geometry literature, where it is instead derived from the Fisher information matrix. Our choice is
supported by the fact, in the case of discrete probability measures, it is easy to see that both formulations are equivalent Ay
et al., 2017], whereas Fisher information requires the introduction of some additional concepts we do not need in our
approach. We conclude this paragraph on first-order geometry by providing the formula of the gradient of a function

F: P+(Q) — R, also called the natural gradient,
grad,, F = (DF (1) — E,[DF (1)) (18)

where D denotes the standard Euclidean gradient.

Optimization methods require tools arising from the second order geometry of the space. In information geometry, it
is common to work with the conjugate connection structure, which naturally arises from the geometric description of
statistical models and allows the construction of a family of connections. The second order geometry is induced by conjugate
connections (V, V*), also called the mixture and exponential connection, respectively. The relationship between these
connections is expressed by

Xg(Y,Z) = g(VxY,Z) + g(Y, Vi Z), (19)

where X, Y, Z are vector fields on the information manifold and g is the Fisher-Rao metric. We refer the reader to |Amari,
2016, |Ay et al.L [2017]] for a detailed treatment of this structure which goes beyond the scope of this paper. Next, we report
the useful operations used in our method. We use the tangent space characterization 7;77+ () = LZ(©) and denote tangent
vectors as X, Y € 7LP+(Q) The mixture and exponential connections then given as

VxY () = (p, DXY (1)

X(WY (1)), (20)
ViY(n) = (4, DXY (1) + E

+
+Eu [X(0)Y (1)), (21)

where D? is the Euclidean differentiation of a vector field. The associated exponential maps have the form

Exp,(f) = p+ fu, (22)
cop _exp(f)
Exp,,(f) = mﬁh (23)

respectively, where the exponential is taken component-wise and (fu); = f;u;. The a-connection is the one-parameter
family of connections defined via the convex combinations of 22)-(23) as

11—«
2

o 1+«
VEY () = (DY (1) + = X (W)Y (1) + — B, [X (WY (). (24)
with a € [—1, 1]. Note that we adopted the convention for which we recover the mixture and exponential connection for
a = 1 and o = —1, respectively. The Levi-Civita connection (corresponding to the Fisher-Rao metric) is obtained for
o = 0, which can be rewritten as

o) _ VAV
2

: (25)

An essential ingredient in optimization is the Hessian which, for a generic a € [—1, 1], at certain point z € P, (2) takes the
form HOF(X) = V') grad,, F for X € T, P4 ().

In general, working in function spaces is not easy and requires advanced tools. In this particular setting, it is possible to avoid
this by defining the relative interior of the simplex via a parametrization of P (). Specifically, we define the probability
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simplex as A(Q) := {& € R4z, > 0and Y, z; = 1}. By abuse of notation, we denote this space simply as A¢ to
emphasize the dimension of the sample space. The relative interior A? of A can easily be embedded in 75+ (Q) via

Al PLQ) : @ p(a;)d, (26)
where p(z;) maps x; to a constant function. The differentiable structure on Adis simply obtained by pulling back the

structure from P+( ) using this embedding. For completeness with respect to Sec. [3 I we also report some useful quantities
for Riemannian optimization, namely

grad, F = DF(z) — 2* (DF(x)), (27)

1 1-—
Vie) = (2, D2+~ n 0 €+ 2T (0 8)), ()
HIF(n) = vg,‘” grad,, F, 29)
Exp()(n) =z +n o, (30)
Expy M (n) = wif;% o, (31)
Exp)(n) = (vacos( 117 ‘ﬁif’ in( 1712, (32)

where © is the Hadamard product, x € Ad, F : A 5 Ris a differentiable function, D is the Euclidean gradient, D? the
Euclidean vector field differentiation, 17, £ € ToA%, o € [~1,1], ||| » = /2Tn? and the exponentiation and square root
are taken component-wise. We note that has this form because we characterize tangent vectors as scores, thus differing
from, e.g., [Ay et al.} 2017]] where a measure characterization is preferred.

A.2 SPHERE MAP

Until now, we restricted our attention to the interior of the simplex because the inner product is ill defined when approaching
the border of the simplex. Note that this is clear with the measure zero characterization of the tangent bundle, but it is easy
to see that it is also true for mean zero random variables as the Radon-Nikodym derivative is ill defined. Using a simple
observation, we now justify why the manifold structure is well defined also on the boundary. We consider the spherical
submanifold of () denoted as Sy 4 = {f € F(Q)|f(w) > 0and }_ ., f*(w) = 4} and equipped with the inherited
structure by restriction in the ambient space. We can now consider the smooth diffeomorphism

e 77+ ) — So.4 Z =) Z Vi€, (33)

iel i€l
which is also an isometry. Moreover, as on S>  the metric can be smoothly extended to the boundary 05> -, it can be proven
that via the inverse of the mapping, the metric can be extended isometrically also on P (€2) [Ay et al., 2017, Proposition
2.1]. By means of the embdedding argument (26), we can define the following commutative diagram

Pr(Q) —— S

o

A(Q) —— 84,(2)

1

where we define the sphere map ¢ := p o w o p~ ", which can be simply expressed as

@A) =+ SL,(2) s - 2V, (34)
with the square root taken element-wise and S‘éo(2) the closure of the positive orthant of the radius-2 sphere w.r.t. the usual

metric. Notice that, by a simple rescaling of the metric, it is possible to avoid the multiplication by 2 and map onto the
radius-1 sphere, whose extended positive orthant is denoted as S‘io.
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As discuss in Sec. 4] this isometry is particularly useful for optimization on the simplex as we approach the boundary. This
because (1) the inner product is numerically well defined on the sphere in contrast to the simplex where it remains intractable
and (2) the Levi-Civita connection on the sphere is equivalent to the one on the simplex, while the second order geometry
has a simple and well known characterization on the sphere.

B ABLATION STUDY: RIEMANNIAN VS. EUCLIDEAN KERNELS AND OPTIMIZATION

This appendix reports the complete results of the ablation study discussed in Sec. To disentangle the contributions of the
Riemannian kernel and Riemannian optimization of the acquisition function, we evaluate the combinations of Riemannian
and Euclidean kernels with Riemannian and Euclidean optimization for optimizing the Griewank function on the A®. Table
shows that the use of a Riemannian kernel accounts for the largest part of the performance improvement, while Riemannian
optimization provides an additional, albeit smaller, benefit when combined with the Riemannian kernel.

Table 3: Ablation study on the 5-dimensional simplex with the Griewank objective, comparing Riemannian and Euclidean
kernels and optimization methods.

Manifold Kernel Acq. Opt. Median Regret  IQR

Sphere Riemannian Riemannian —3.728 0.670
Sphere Euclidean Riemannian —1.473 2.072
Sphere Riemannian Euclidean —2.880 0.959
Sphere Euclidean Euclidean —1.480 1.987
Simplex  Riemannian Riemannian —3.634 0.496
Simplex  Euclidean Riemannian —1.500 1.718
Simplex  Riemannian Euclidean —3.273 0.531
Simplex  Euclidean Euclidean —1.473 0.401

C RUNTIMES

Table [ reports the wall-clock time per iteration for the Ackley function. While a-GaBO is significantly slower than its
Euclidean counterpart in low dimensions, the gap decreases as dimension increases since the number of constraints for the
Euclidean optimization of the acquisition function increases.

Table 4: Median (interquartile range) iteration wall-clock times in seconds for the Ackley function. All experiments are run
inside a virtual machine with 16 vCPUs AMD EPYC 7V12 with an NVIDIA Tesla T4.

Method d=2 d=5 d=10
S?-Eucl. BO 0.046 (0.028) 0.068 (0.025) 0.112 (0.008)
BORIS 0.046 (0.024) 0.068 (0.025) 0.112 (0.010)

a0-GaBO  0.235(0.049) 0.241 (0.042) 0.270 (0.033)
a_1-GaBO  0.302 (0.099) 0.231 (0.079) 0.245 (0.071)

D ADDITIONAL DETAILS ON THE CONCRETE COMPRESSIVE STRENGTH MLP
ORACLE

We build an MLP with 3 hidden layers, each followed by a dropout layer, and ReLU activations. It is trained with 60% train,
20% validation and 20% test split. We use a batch size of 32 and 500 epochs with early stopping when validation after 30 itera-
tions. Optimization is conducted with an Adam optimizer with learning rate 0.001 which is halved on plateau for a maximum
of 15 times. We store weights for the best model on validation loss and check quality of the predictions on the test set.
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E ADDITIONAL DETAILS ON THE ROBOTIC MULTI-TASK CONTROL EXPERIMENT
E.1 MULTI-TASK CONTROL ON THE PROBABILITY SIMPLEX

Multi-task control allows the generation of complex robot behavior by combining several tasks. Such controllers prioritized
simple tasks either through a strict hierarchy [Khatib et al.,[2022], or by weighting them according to a soft hierarchy [Salini
et al.,|2011]. The latter corresponds to defining a sequence of tasks with concurrent activations, where smooth transitions are
achieved by smoothly varying the weights. While early works manually tuned the task weights to obtained the desired robot
behaviors [Salini et al., [2011]], more recent approaches optimize the priorities using covariance matrix adaptation evolution
strategy (CMA-ES) [Dehio et al., 2015, Modugno et al.,|2016b|] or BO [Su et al., 2018].

We denote the robot joint positions, velocities, and accelerations as ¢ € R, g, and §. The standard gravity-compensated
robot rigid-body dynamics are [Spong et al., [2020]

M(q)§ + c(q,q) = 7(q.q), (35)

where M (q) is the generalized inertia matrix, ¢(g, q) is the vector of Coriolis forces, and T is the external torques, in our
case, generated by the multitask controller. Given IV elementary tasks 7;, a multi-task controller is defined as

T((L q7 t) = Z e%] (t)Tz (qv q)’ (36)

t € R is the time, and o;(¢) € R™T is the time-dependent i-th task weight defining its priority. Given a set of N simple
tasks, we aim to find a set of functions «; that maximizes an objective function F' quantifying the performance of the robot
in achieving a complex desired behavior. Modugno et al.|[2016a], Su et al.|[2018]] model the task weights as a weighted sum
of normalized radial basis functions, i.e.,

(37

Oéi(ﬂ'i,t) =8 (Zf—l Fi,kqﬁ(ﬂhgk,t))

2521 w(/ilm Ok, t)

2
where ¢ (u, ok, t) = exp(— (tgg x) ) are radial basis functions with fixed mean i, and variance oy, s is the sigmoid

function, and 7r; € R¥ is a set of parameters determining the time-varying task weights. This formulation shifts the problem
to finding an optimal matrix of parameters Il = [r],..., 7k ] € RV <X instead of functions «;(t). Yet, optimizing IT with
classical optimization techniques is a complex task as it requires computing or approximating gradients. As an alternative, |Su
et al.| [2018]] propose to optimize the weights via BO.

A disadvantage of the formulation is that it does not guarantee the activation of a task at all times, i.e., the vector
(a1,...,an)" may be close or identical to zero, which in practice results in the robot not performing any task. We propose
to model the task weights as elements of the probability simplex, i.e., (a1, ...,an)" € AN7L as ensuring that the weights
sum to 1 guarantee that at least one task is activated at any time [Jaquier et al., [2022b]). This is achieved by defining each
column II;, of the matrix II € RY*X as an element of the N — 1-dimensional probability simplex.

Proposition 1. Let a weight matrix I1 € RN > with columns 11, € AN~ for each k and define the task weights as

K
o, 1) = St TV O 1), (38)

S (ks Ty )

foralli. Then [y, ... ,ay] € AN7L
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Proof. It is sufficient to prove that, for an arbitrary IT with columns II, € AN~ the sum >, &; = 1. Formally,

N
Zk 17T’Lk?’(/} Hks Ok, )
o =
; 12; Zk 1’(/}(l'l/k’0-k:7 )

_ S S Tkt (g, ok )
Soien Yk, ok, )

_ Sy Do Tkt (ks Ok, )
Zszl Y (pr, ok, t)

_ Zfﬂ Y(pk, ok, t) Zfil Tik _
POANRRTI(TIN /)

E.2 EXPERIMENTAL DETAILS

We design a robotic multi-task control task where a RB-Y 1 humanoid robot simulated in a Mujoco environment [Todorov,
et al.,2012] is placed in front of a cylindrical obstacle similar to a pillar. The objective of the robot is to reach target positions
with its left and right hands while avoiding collisions and sudden, potentially-damaging movements. The controller (36)) is
composed of 4 elementary tasks:

» Tasks 1 and 2: Reaching tasks for the left and right hands defined via proportional derivative (PD) controllers
T12(q,q) = kpJ T(q)(w — &*) + kqq, where x denotes the hand position obtained via the robot forward kinematics
and J T(q) is the pseudo -inverse of the robot Jacobian. We set the desired left and right hand positions as x}; =
[0.6,0.03,1.33], Tfioh = =[0.6,—0.02,1.18], k, = 150 and kg = 30.

* Task 3: Posture task to keep the torso straight defined via the PD controllers 73(q, ¢) = k,(q — q¢*) + kqq with desired
joint configurations g* = g(0) equal to the default RB-Y1 rest pose, k, = 150 and k4 = 30.

* Task 4: Avoiding obstacle via a repulsive force field. The repulsive force from the obstacle is calculated from the surface

of the cylinder following [Khatib, |1986] as 7(q) = 7 G- do ) v with d the distance of the robot from the obstacle, v the
surface normal vector, and settingn = 3 - 107>, dg = 0 05.

We define the objective function as a negative loss function, i.e., F'(II) = —¢(II), with the loss
2
= ail@i(T) — x| + asllq(T) — q*|| + AI(TD), (39)
where a; the weight for the i-th positional task, X is a scalar weight, and I(7) is an integral penalization term of the form

_wlzb/ Jot) e s [ a0
0,T

trajectory length
+ wo / T(t)TT(t)dt +w3 / Xcollision (t)dt +wy / Xcollision (t)F(t)th .
[0,7] (0,7 [0.7)

joint torque magnitude time under collision collision forces

The collision force is captured by multiplying the force vector F(t) at time ¢ by the obstacle surface normal vector v
pointing inside. The weights w; are set to consistently rescale the different terms as they can reach a significant order of
magnitude and b; are used to weight different tasks. We set the weights of the fitness function as a; = ao = 10 and a3 = 1,
the weight for the overall integral term penalization as A = 0.01, the rescaling weights as w; = w3 = wy = 1, wy = 1073,
the task weights as by = by = 1, bg = 10. The integral is calculated using Mujoco’s timestep, which is set to dt = 0.008.

We run each simulation for 35s and set 7' = 30 seconds. We split [0, 7] in K = 10 equally-spaced intervals defining the
centers 1, of K = 10 basis functions with o, = 2. Therefore, the search space is X' = H]1€0:1 A3,
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