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Abstract

This paper investigates the statistical efficiency of
algebraic expressions (“‘estimands”) used to an-
swer causal queries. We first examine structural
rules, developing a partial dominance relationship
for front-door estimands that extends recent results
on back-door estimands. In many models, how-
ever, structural rules alone may be insufficient to
select an estimand. For such cases, we propose em-
pirical techniques for estimating and comparing
the variance of different estimands using both the
graph and observational data: 1) a bootstrap-based
method, and 2) a computationally simpler yet prac-
tically effective method for discrete models which
estimates the Fisher information matrices. We il-
lustrate both methods’ effectiveness on a variety
of causal diagrams and estimand forms.

1 INTRODUCTION

Causal models are at the heart of many fields of research
[Pearl, 2009, Shpitser and Pearl, 2006a, Spirtes et al., 2000],
yet tools for answering causal queries remain limited. Struc-
tural Causal Models (SCMs) provide a popular framework
for causal inference [Pearl, 2009].

When the full SCM is available, namely functions specify-
ing the actual causal relationships are known, we can use
standard probabilistic inference [Darwiche, 2009, Dechter,
2013] to directly answer causal queries evaluating how forc-
ing a variable’s assignment X = x affects another variable
Y, written as P(Y|do(X = x)). In practice however we
rarely have access to the full model. Instead, we may have
access to partial information in the form of the causal dia-
gram — a directed graph capturing the causal relationships
of the underlying SCM.

Causal diagrams typically include both observable vari-

ables, which can be measured from data, and latent vari-
ables, which are unobservable and for which data cannot be
collected. When only the diagram is available, some queries
can still be answered using observable data only [Tian and
Pearl, 2002, Shpitser and Pearl, 2006a,b, Huang and Val-
torta, 2008]. In such cases, the query is said to be identifiable.
This also means that for the query, P(Y |do(X)) there exists
an expression in terms of only observational (conditional)
probabilities. Importantly, identifiability can be determined
efficiently based on the causal diagram alone [Tian, 2002,
Shpitser and Pearl, 2006a]. Indeed, the standard approach
for answering identifiable queries from the observational
distribution is to construct an algebraic expression, called
an estimand, that expresses the query symbolically using
probabilistic quantities over the observed variables only.

However, there may be more than one estimand for a given
query. In particular, expressions fall into well-studied spe-
cial families known as back-door (and inverse weighting
methods) or front-door expressions. The do-calculus [Pearl,
2009] provides a complete approach for deriving an esti-
mand and can produce more complex expressions. A pop-
ular and efficient algorithm called the ID algorithm can
determine a query’s identifiability and, if the query is iden-
tifiable, provides a single estimand [Tian and Pearl, 2002,
Tian, 2002]. Methods for enumerating adjustment sets, in-
cluding back-door and front-door expressions are available
[Wienobst et al., 2024, van der Zander et al., 2014, Jeong
et al., 2022].

Given an estimand for a query, query evaluation can be ac-
complished by estimating the probabilistic quantities in the
estimand from the observational data, and then evaluating
the estimand using the estimated probabilistic quantities.
Over the past few years, a variety of strategies have been
developed for query evaluation using statistical estimation
methods [Jung et al., 2021a, Bhattacharya et al., 2022, Jung
et al., 2020a,b, 2021b].

Since there can be many different estimands for a query, the
question arises: which one should be selected?
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Estimand expressions can vary significantly in their compu-
tational evaluation costs and statistical efficiency—factors
that may hold varying degrees of importance depending on
the setting. Indeed, recent work has studied methods for
minimizing the computational cost [Dechter et al., 2025], as
well as on minimizing the number of variables involved (re-
ducing measurement work) [Tikka and Karvanen, 2018a,b,
Guo et al., 2022]. Minimizing the asymptotic variance of
the estimator has been studied in the special case of linear
structural equation models [Taguchi and Kuroki, 2026], or
restricted to backdoor conditions [Smucler et al., 2022, Rot-
nitzky and Smucler, 2020, Smucler and Rotnitzky, 2022].
Our work here focuses on comparing the asymptotic
variance of competing estimands.

Results. In this paper we study variance estimation meth-
ods for estimand expressions, including front-door and other
general-form expressions, focusing mainly on discrete vari-
able models. We provide results of two types. First, we
extend a dominance result obtained for back-door estimands
[Smucler et al., 2022] to front-door estimands, allowing
some estimands to be compared using the causal diagram
alone. However, in many problems the variance comparison
between two estimands can depend on the underlying distri-
bution. We illustrate this point experimentally, and propose
and study two simple variance estimators that make use of
the observational data to determine which estimand to use.

2 BACKGROUND

Structural causal models. Our framework is based on
Structural Causal Models (SCM) [Pearl, 2009]. An SCM
is a quadruple M =(U,V,F, P(U)) where V and U are
sets of endogenous and exogenous (latent) variables, respec-
tively. F' is a set of functions (called mechanisms): each
V € Vis a function fy (PAy,Uy) of its endogenous and
exogenous parents, PAy C V,and Uy C U, respectively.
P(u) is a joint distribution over U. We assume that all the
U variables are independent of each other.

The SCM M defines a probability distribution P(V,U),

PV, U)= [] 6V - fv(PAv.Uv))- [[ PWUYv).
Vev Uy eU

The SCM induces an observational distribution, P(V'):

P(V)=> P(V.,U).
U

Causal diagrams. The causal diagram of an SCM M =
(U,V,F,P(U)) is a directed graph G whose nodes are
the endogenous variables V' and there is an edge V; — V;
forevery V;, V; € V iff V; € PAy,. There is a bidirectional
edge between V;, V; if U; and U ‘share variables. The bidi-
rectional edges indicate that there exists some latent variable

0, 7
K
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Figure 1: Causal diagrams for an SCM over both observed
(endogenous) variables V' and latent variables U (left), and
over observed variables V' only (right).

pointing to both of the observed (endogenous) variables. See
Figure 1 for an example.

Causal effect and the truncation formula. An external
intervention forcing variables X to take on value x, called
do(X = x), is modeled by replacing the mechanism for
each X € X with the function X = x. Formally,

P(V\X,U | do(X =z)) =

II s(v = fv(PAv,Uv)) - PU)

Vex X=x

The effect of do(X) on variables Y, denoted P(Y |do(X)),
is defined by marginalizing over the truncated distribution:

P(Yldo(X=z))= >

(VUU)\Y

P(V\X,U | do(X = z)).

Identifiability and causal-effect query. The standard for-
mulation of causal inference assumes that we only have
access to the causal graph G and the observational distribu-
tion P(V') (or a sample from it). The identifiability task is
to determine if a given causal-effect query, P(Y | do(X)),
can be uniquely answered from G and P (V') [Pearl, 2009].
If it is, an estimand — an expression in terms of P(V') that
equals the causal effect query — is generated. Then the esti-
mation task is to compute the value of P(Y | do(X)) given
data samples drawn from P(V) .

A number of approaches have been applied to estimation. A
simple approach for discrete-variable models, called the
plug-in estimator, estimates each term in the estimand
with its empirical probability value obtained from the data,
though more sophisticated approaches have also been devel-
oped [Jung et al., 2020a,b, Raichev et al., 2024].

Estimand-based approaches. As noted above, once a
causal-effect query is determined to be identifiable, a variety
of estimands can be generated and used to estimate the
answer. One such estimand expression can be derived via the
do-calculus [Pearl, 2009]. A popular polynomial algorithm
called Identifiability (ID) has been developed for this task,
which generates a single estimand [Tian, 2002, Shpitser and
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Pearl, 2006a]. Special expression types known as back-door
and front-door estimands have been extensively explored,
and they are also at the heart of our paper. Both are defined
in terms of an adjustment set that satisfies certain graph
conditions.

Back-door Adjustment. [Pearl, 2009, Spirtes et al., 2000]
A set of variables Z satisfies the back-door criterion relative
to (X,Y) if a) there is no node in Z which is a descendant
of X; and b) Z blocks every path between X and Y that
contains an arrow into X. If Z is a back-door adjustment
set then the causal effect of X on Y is identifiable and the
back-door estimand is:

ZPylxz (2) (1)

P(y | do(x

Front-door Adjustment. A set Z satisfies the front-door
criterion relative to (X, Y) iff a) Z intercepts all directed
paths from X to Y, b) there is no unblocked back-door path
from X to Z; and c) all back-door paths from Z to Y are
blocked by X. If also P(x, z) > 0, then the causal effect of
X onY is identifiable and is given by:

Z P(z|x Z P(y|a,2)

P(y | do(x Py (2

Figure 2 shows a causal diagram of an SCM with a front
door adjustment set.

As noted earlier, there may exist many possible adjustment
sets for a single causal query. For example, for one of the
diagrams used in the experiments (Fig. 3b) there exist sev-
eral back-door adjustment sets, {75, Z4} and {Z4, Z5 }, as
well as a front-door adjustment set, { Zs, Z7}.

Here, we focus on choosing the most statistically efficient
estimand to minimize the asymptotic variance, which leads
us to the problem of estimating the asymptotic variance of
competing estimands.

3 DOMINATING ESTIMANDS

Recent work has shown that in some cases it is possible to
compare the asymptotic variances of competing estimands
based solely on the causal diagram and the query. In par-
ticular, Smucler et al. [2022] provide such conditions for
back-door estimands. In this section we present those re-
sults, then extend them to the case of front-door estimands.
Throughout this section, we restrict our attention to regu-
lar and asymptotically linear (RAL) estimators within the
nonparametric model denoted M,,;,, where no restrictions
(such as functional form assumptions or linearity) are im-
posed on the observed data distribution beyond those im-
plied by the causal graph itself. Informally, an estimator
is regular if, asymptotically, its behavior does not change

Figure 2: Causal Diagram for an SCM M. Here Z is a valid
front-door adjustment set for E[Y |do(X = z*)], blocking
the direct path from X to Y.

abruptly under small perturbations of the true distribution,
and asymptotically linear if it behaves like an average of
independent per-observation contributions; see the asymp-
totic expression (7). Within this class of “well-behaved"
estimators we consider the minimum achievable asymp-
totic variance, called the semiparametric efficiency bound
[Bickel et al., 1998], which provides a “Cramér-Rao"-like
bound for nonparametric models [Newey, 1990] to charac-
terize the lowest possible variance any RAL estimator can
achieve. For any causal estimand i (P), we refer to this
efficiency bound as the (optimal asymptotic) variance of
¥ (P). First, we consider the following back-door estimand
for E[Y |do(X = z*)]:

Uy = Y E[Y |27, 2] P(2). 3)

We denote the variance of W, relative to the back-door
adjustment set Z by O’i*7 va(Z; P), where the dependence
on the distribution P is made explicit. Among multiple valid
back-door adjustment sets Z, the objective is to determine
which choice of Z yields the lowest variance.

We say that Z dominates Z', and write Z < Z', iff:

2 0a(Z; P) < 03 14(Z'; P) Vit eX, VPeM(G)

where M (G) are all probability distributions consistent with
the causal diagram G.

We next present results from Smucler et al. [2022], restricted
to single variable deterministic intervention.

Lemma 1. [Smucler et al., 2022] Assume a given causal
diagram G and a causal-effect identifiable query on X and
Y, and let B be a back-door adjustment set and let A C'V
satisfy X 1l A | B. Then AU B is also a back-door
adjustment set, and for any ©* € X and all P € M(G):

03 pg(B; P) — 03 1q(AUB; P) > 0 4)

That is: AU B < B.

Lemma 2. [Smucler et al., 2022] Let A U B be a back-
door adjustment set with A and B disjoint, and suppose
Y U B | A, X. Then A is also a back-door adjustment
set, and for any x* € X and all P € M(G):

Thatis: A < AU B.
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Lemmas 1-2 summarize two structural conditions based
only on the causal diagram for when adding or removing
variables to a given back-door adjustment set decreases the
variance. Intuitively, they tell us that, given a valid back-
door set, adding variables “closer” to the outcome Y will
decrease our variance, while adding variables “closer” to
the intervention X can only increase it.

We now show that Lemma 2 can be extended to provide
a front-door analogue, giving a condition for dominance
between two front-door estimands. On the other hand,
Lemma 1 cannot be directly extended to the front-door case,
as we will illustrate via counterexample in the experiments.

Specifically, we consider the following front-door estimands
for E[Y|do(X = z*)):

Upg=> P(z|2*)> E[Y |,z Px). (6

We denote the variance of W ¢, relative to the front-door ad-
justment set Z by 0320*7fd(Z; P). We derive aimcd(Z; P)
using the influence function approach [Hampel, 1974]. In
statistics the influence function characterizes the first order
contribution of a single data point to the asymptotic distri-
bution of an estimator. Among all influence functions, we
focus on the efficient influence function (EIF), ¢, which
achieves the minimum variance and thus determines the
semiparametric efficiency bound.

Specifically, any RAL estimator Qﬁ of a causal parameter 1)
based on independent identically distributed observations
V) V™) of V, admits the asymptotic expansion

V() — ) = % §;¢(V(i)) +o,(1). (D

By the central limit theorem, +/m(¢p — 1) 4,

N (0, Varp{p(V')}) . Therefore, all efficient RAL estima-
tors of v are asymptotically equivalent and attain the semi-
parametric efficiency bound given by Varp{¢(V')} [Vaart,
2000, Bickel et al., 1998].

The EIF for ¥ ¢4 has been derived in Fulcher et al. [2020]
for a slightly more general case, incorporating observed
pre-exposure covariates C. Setting C = @ gives,

Proposition 1. [Fulcher et al., 2020] Let f(-)! denote the
probability density function with respect to a dominating
measure. The EIF of W ¢4 in the nonparametric model M.,

"We make the same positivity assumptions as in Fulcher et al.
(2020) for probability density function f(.):

1. There exists m1 > 0 such that f(Z]X) > m; almost surely
2. There exists mo > 0 such that f(X) > mg almost surely

denoted pp «(X,Y, Z), is given by

Zl|x*
PP,z (nya Z) = (Y - ]E[Y|X7 ZD {f((zux))'i'

I(X =) o
T (S 217 B 37 C016)

+ STEYIX, 2 f(]e) — Wy

and the semiparametric efficiency bound of VU rq in My, is
given by Var{yp .- (X,Y, Z)}.

By Proposition 1, we obtain

02 1a(Z; P) = Varp{pp.- (XY, Z)}. 8)

As with the back-door case, among multiple valid front-door
adjustment sets Z, 7', we say that Z dominates Z', and
write Z < Z', iff:

02e ja(Z;P) <02 14(Z';P)  VateX, VPeEM(Q)

Based on Proposition 1, we can prove an analogue to
Lemma 2 for front-door adjustment, which tells us that re-
moving unnecessary (conditionally independent) variables
B from an adjustment set A U B cannot increase the vari-
ance.

Our main result is stated in the following theorem.

Theorem 1. Given causal diagram G and identifiable query
on X andY, let AU B be a front-door adjustment set with
A and B disjoint, and Y 1L B | A, X. Then A is also a

front-door adjustment set and for any intervention X = x*

and for all P € M(G),

o2 ta(AUB; P) — o2, 14(A; P)
f(A, B|z*)

= B[ Var(¥| X, 4) Var [£ 2D

| X,4]| 2 0.
Consequently, A < AU B.
Proof. See Appendix A. O

For example, in causal diagram Gz (Fig. 3c) we can let
A ={Vs} and B = {V3}. Since Y 1L {V3} | {V5}, X,
adding variable V3 to the front-door adjustment set A is
not beneficial for lowering the asymptotic variance. Thus,
adjustment set A dominates AU B. Similarly since V5 is the
closest variable to our treatment Y, it is not beneficial to add
any of the preceding variables {V1, ..., V4} to adjustment
set A, as the same conditional independence holds. In the
empirical section we will illustrate that extending Lemma 1
to the front-door case is not valid.
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4 ESTIMATING THE VARIANCE OF AN
ESTIMAND

When the variance relationship of two estimands can be
determined solely from the causal diagram g, it holds for
any associated distribution P € M(G). However, there are
SCMs for which the estimates’ relative variance may depend
on P, with neither estimand always better than the other.
In such settings, how can we select the estimand to use? A
natural answer is to use the available data from P(V') to
estimate and compare the variances of our estimands. We
consider two simple methods: a bootstrap estimator and a
plug-in estimator of the variances.

Bootstrap Estimator. The bootstrap [Efron and Tibshi-
rani, 1993] is a classic frequentist statistical technique for
estimating the distribution of a statistic by repeatedly re-
sampling with replacement from the observed dataset D.
In particular, to estimate the variance of a statistic 1(D) —
in our setting, an estimand comprised of probabilities es-
timated from D — we compute the empirical variance of
B data sets drawn with replacement from the empirical
distribution, PD, of our observed data D:

iid 5 1
pb) iid PD(V):ﬁZcS(V—v), b=1...B
vED

This has the advantage of making no additional distribu-
tional assumptions about the data, and can be applied even
to complex statistics (such as general-form estimands). How-
ever, its many resampled computations of the estimand ex-
pression can be computationally intensive. When comparing
two estimand expressions, we use a paired bootstrap scheme
in which the same resampled datasets D(®) are used to assess
both candidate estimands; this preserves the sample-level
covariance between the competing estimators. Given boot-
strap estimates of the variance of two estimand expressions,
we can simply select the estimand with smaller variance for

Algorithm 1 Bootstrap Variance Estimator

Require: Observed dataset D, number of bootstrap resam-
ples B, estimands ¥4, ¥ p
Ensure: Bootstrap variance estimate Varpeot(¢V4) and

@boot (ﬁB)

1: Resample: Draw B bootstrap datasets D) ... D(B),
each of size | D, i.i.d. with replacement from the empir-
ical distribution Pp.

2: Evaluate: For each k£ € {A, B}, evaluate 1/3,(;)) =
Up(D®) forb=1,...,B.

3: Compute variance: For each k € {A, B}, esti-
mate \//a\rboot (z/A)k) as the sample variance of {1&,(:’)}?:1
across resamples.

4: return \/fz;rboot(dA)A) and \//zﬁboot(q[)B)

Algorithm 2 Plug-in Variance Estimator

Require: Data D = {z(U ... 2™} ordering
Vi,...,V,, estimand ¢ X

Ensure: estimate of variance \//a}[w(p)]

1: Empirical distribution: Estimate each conditional
probability table p.; , = P(Vl | V<i = v) from D
by relative frequency.

2: Fisher information: Form the block-diagonal Fisher
information matrix I()

3: Delta method: Evaluate ¢() and its gradient V pi( )

via automatic differentiation, and compute \//a\r[w (p)] =

Vi)' 1(6)"! Vi p).

4: return Var[y(p)]

use. This method is summarized in Algorithm 1 (see also a
more detailed version in Algorithm 3 in the Appendix).

Plug-In Estimator. An alternative variance estimate is
provided by the fact that, were the true P(V') known, it
would be straightforward to determine the asymptotic vari-
ance of its plug-in estimate. For a discrete distribution
P(X = ) = ps, with p, > 0 and Zizl pz = 1, the
maximum likelihood estimate given m independent samples
D = {zM ... 2™} is simply the empirical frequency,
pr = = Z:nzl 1{2) = z}. This estimator is consistent,
regular, and asymptotically linear [Vaart, 2000], and its
asymptotic (co)variance is characterized by its Fisher infor-
mation matrix:

. _ 1

where p = [p1, ..., pq—1] are the d — 1 linearly independent
parameters and 1 is a vector of ones of the same size.

Any estimand is made up of an expression of conditional
distributions, P(V;|V «; = v) = p. ; ,, along some ordering
of the observed variables V. Since the maximum likeli-
hood estimator decomposes across each of these conditional
probability vectors, the Fisher information matrix of the
full parameter set p is block diagonal, with blocks given by
each p. ; ,, where m; , = m - P(V ., = v) is the expected
number of samples with V' ; = v. Then, the asymptotic
variance of the estimand’s value t(p) is given by

Var[th(p)] = V0 (p) "1(p) "'V (),

where V ,ﬂ[)( p) is the derivative of estimand ¢ with respect
to p. In practice, given an estimand expression composed of
probability tables P(V;|V .;), we can evaluate this deriva-
tive using now-standard autograd computations [Abadi et al.,
2015] to evaluate the asymptotic variance with little more
computation than required for the estimand itself.

The plug-in estimator of variance, then, is straightforward:
we assume that the empirical estimates p of P(V;|V ;)
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are correct, and evaluate the asymptotic variance of this
distribution. This method is summarized in Algorithm 2
(see also a more detailed version in Algorithm 4 in the
Appendix). Compared to the bootstrap estimator, this is
significantly easier computationally, but estimates only the
asymptotic variance, and is also not itself unbiased.

S EMPIRICAL EVALUATION

We evaluate both the plug-in and bootstrap estimators for
asymptotic variance empirically. First, we verify using the
exact asymptotic variance, that structural graph-based com-
parisons between adjustment sets are often insufficient on
their own, motivating the need for distribution-dependent es-
timates. We then assess how well our plug-in and bootstrap
estimators determine the more efficient estimand between
two candidate estimands given finite samples. All experi-
mental code is available on GitHub [Raichev et al., 2026].

Benchmarks Our experiments focus on structural causal
models with binary variables that correspond to the three
causal diagrams in Figure 3. To create a full model including
the distribution, P, over both observed and latent variables,
we generate the conditional probability tables (CPTs), one
per variable and its parents. The parameters, p, of each CPT
were generated by sampling from a Dirichlet distribution
with concentration parameters « = 1. Across the three
graphs, we then selected a number of both front-door and
back-door estimands with different adjustment sets for the
query P(Y | do(X = z*)).

To analyze our estimators given a graph G and distribution
P, we generate data sets by forward sampling [Darwiche,

(a) Causal Diagram G (b) Causal Diagram G»

(c) Causal Diagram G3
Figure 3: Causal diagrams used in the experiments. Each

diagram has multiple adjustment sets for P(Y | do(X =
x)), from which we select two to compare (see Table 2).

2009] and then discard the values of the latent variables,
yielding samples from the observed distribution only. We
calculate the true asymptotic variance for each model and
estimand using Fisher information matrices as described in
Section 4.

Exact asymptotic variance. As shown in Section 3, in
some circumstances, structural (graph-based) rules can be
used to compare two adjustment sets A, B, regardless of
the model probabilities. However, such dominance results
are often applicable only to limited settings. For example,
Lemmas 1-2 and Theorem 1 apply to compare subsumed
sets (A C B or vice versa) under specific conditional in-
dependence relations. Comparing arbitrary adjustment sets,
including disjoint sets or when the estimands belong to
different families (e.g., front-door vs. back-door), is more
difficult and in some cases impossible based solely on graph
structure. Indeed, as shown by Gorbach et al. [2023], neither
the front-door nor the back-door strategy uniformly domi-
nates the other in terms of asymptotic variance. Therefore
in many cases, the variance comparison and optimal choice
of estimand depends on the underlying distribution P.

Invalidity of Lemma 1 for front-door adjustment sets.
To illustrate the dependence on the distribution, we demon-
strate via counterexample that, although Lemma 2 could be
adapted to the front-door case, Lemma 1’s criteria are not
sufficient for a similar front-door rule. In Table 1 we present
results comparing three pairs of adjustment sets for front-
door estimands over the diagram G; (Fig. 3a). We sampled
w = 100 different probability distributions P; € M(G),
and show the percentage of runs for which the asymptotic
variance using front-door adjustment set A is less than or
equal to the asymptotic variance when using adjustment
set B. To have some idea about the quantities involved we
also compute the average absolute log ratio of the variances,
& o2x +4(B;P;
32 llog s
to the asymptotic variance of front-door estimand A under
distribution P;.

, Where 02*7 a(A; ;) corresponds

We see, for example, that while adjustment sets A =
{V1,V2,V3} and B = {V;, V5, V3, Vy}, satisfy the condi-
tions of Lemma 1 — since {V1, V3, V3} is a valid adjustment
set and we add {Vo} with X 1L {Vo} | {V1,Va,V3} —
neither front-door adjustment set dominates the other. For
some distributions P;, A has lower asymptotic variance,
while for others B does. We also see the effect of Theo-
rem 1 in the table: adjustment sets A = {V7, Vs, Vo} vs
B = {V1, V7, Vg, Vo } satisfy its conditions, and we see em-
pirically that A always has asymptotic variance at least as
small as B.

Experimental Setup for Estimators. When one estimand
is not known to dominate another, we can use our empiri-
cal variance estimates to decide which one we should use.
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Comparison: A = {V1, V2, Va} vs. B = {V1, Va, V5, Vo }

X =u" Freqo®(A) <o(B) Meanof |log(%2)|
2t =0 30 0.0214
¥ =1 31 0.0257

Comparison: A = {V7, Vg, Vo} vs. B = {V1, V7, V5, Vo }

X =2* Freq: 0%(A) < 0*(B) Mean of | log(gzgﬁiﬂ
" =0 100 0.3880
=1 100 0.4216

Comparison: A = {Vy, V5, Vs} vs. B = {V7, Vg, Vo}

X =z* Freq: 0?(A) < 0?(B) Mean of | log(gzgigﬂ
" =0 59 0.2045
zt =1 64 0.1948

Table 1: Here we look at w = 100 different models matching
causal diagram G; (Figure 3). We calculate the frequency
of the true asymptotic variance of adjustment set A in a
front-door estimand being better than (less than or equal to)
the variance of set B per intervention. We also include the
average (over distributions P;) of the absolute log ratio of
the asymptotic variances for the two adjustment sets. Here
we suppress the subscripts of o2(+) and the second argument
P; for compactness. The intervention is explicit in the table
and they are all front-door adjustment sets.

Causal Diagram G;

Ar " P(vs|va, vs, X)P(vs|va, X) P(va] X)

V4,V5,V6

x> P(Y|Va, Vi, Ve, 2')P()

B: > P(volvr, vs, X) P(vs|vr, X) P(v7] X)
v7,V8,V9
x> P(Y|V7, Vi, Vo,2") P(z)

z!

Causal Diagram G,

A: > P(Y|X, 24, 25)P(25|24) P(24)
24,25
B: Y P(ar|zs, X)P(26]|X) >, P(Y|x', Zs, Z7) P(z")

26,27

Causal Diagram G3
A: ;P(v5|X) (>, P(Y|Vs,2")P(z'))
B: Y P(vs|vr, X)P(v1|X) (3, P(Y|V4, V5,2 )P(z"))

v1,V5

Table 2: Estimands for P(Y'|do(X =x)) in the experiments.

Each graph G from Figure 3 admits at least two estimands
A, B whose quality may vary with the distribution P.

To evaluate the two methods, we expand our experimental
framework to the three diagrams in Figure 3, defining a pair
of estimands (of various types) for each; see Table 2. For di-
agram G, we compare two front-door adjustment sets, with
neither dominating the other. For diagram G-, we compare
a front-door estimand to a back-door estimand. Finally, for
diagram G3 we compare two front-door sets, in which A
provably dominates B.

We then generate a number of different (“true”) distributions
P; for each diagram. Given a particular P;, we sample a
collection of data sets {D;; } that could be observed, each of
size m. Our task is to decide, given D;;, whether we should
prefer estimand A or B to answer P(Y'|do(X = 0)) for its
underlying distribution P;.

In this task, we expect our results to depend on the relative
quality of A vs. B under P;, as well as on the sample size m.
When one estimand has much lower variance than the other,
it is easier to detect which is better; and as m increases,
our estimates of P; improve, helping discern even smaller
differences in variance.

An idealized version of our problem provides some guid-
ance on what we might expect. For two sets of independent
samples from populations A, B, it is a classic statistical
problem to test or compare the populations’ variance. In
such a setting, the standard estimates 6%, 6% admit a scaled
F-distribution, whose degrees of freedom are determined by
the sample sizes used for A and B. Then, the probability
of deciding 0% < ¢% would be characterized as a function
of the F-distribution cdf, with threshold determined by the
relative strength of A over B as quantified by the log-ratio,

s = log(a%/0%).

To evaluate the performance of a selection procedure, we can
plot the probability (across data sets j) that our procedure
selects estimand A over B, as a function of their relative
strength s; = log(c2.(B; P;)/o2.(A; P;)).> When s; ~ 0
we are unlikely to distinguish superiority, but with little
significance since both estimators are equally good. For
s; > 0, estimand A is much better than B, and we hope
to choose A with high probability; for s; < 0, it is much
worse and we hope to choose A rarely.

For each probability distribution P;, we evaluate the relative
estimand strength s;, and plot this against the fraction of data
sets D;; of size m that preferred A over B (square markers
in Figure 4 and Figure 5). For reference, we also show
the F-distribution curves corresponding to the theoretically
predicted probability were we to compare m independent
samples with the same relative variance (dotted lines).

To simplify notation, we omit the fd and bd, which is im-
plicitly determined by the graph G and the estimands in Table 2.
When clear from context, we use the estimand (e.g., “A”) as the
argument to the variance, as each adjustment set corresponds to a
unique front-door or back-door estimand.
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Results. In Figure 4, we present the results for the plug-in
estimator on each diagram and its pair of estimands. Causal
Diagram G, uses non-dominating front-door estimands. We
see that, for the distribution P; with s; ~ 0, we select A
vs. B with approximately equal probability, and tend to se-
lect A more often as it becomes stronger than B (s; > 0)
and less often when it is weaker (s; < 0). Our predictions
grow more accurate with data size, with almost perfect pre-
dictions when m > 1000.

In causal diagram Gs, estimand A is a back-door expression
and estimand B is a front-door expression. Here we see
a similar trend, where the selection performance becomes
more accurate when s; < 0 or s; > 0.

Causal diagram Gj also illustrates this point — here, estimand
A and B are both front-doors, but A dominates B (hence
all P; have s; > 0). We again see that the plug-in approach
is highly accurate. In fact, for data sizes m > 200 most
probabilities of selecting estimand A over B exceed 90%
except when the estimands are of nearly equal strength

In Figure 5, we display the results of the same comparisons
using the bootstrap estimator with 100 bootstrap samples. In
diagram Gy, we see similar results to our plug-in approach,
with prediction quality increasing with more data. How-
ever, in diagrams G and Gs, prediction quality is noticeably
worse than the plug-in. A potential benefit of the bootstrap
is that it estimates the finite-sample variance rather than an
asymptotic approximation. However, because we evaluate
correctness against the asymptotic variance, this mismatch
in targets can lead to the appearance of more error.

Given the significant computational savings and equal or
superior performance, these experiments suggest that the
plug-in estimator is a reliable and practical technique for
selecting among potential estimands.

6 CONCLUSION

Our paper examines the statistical efficiency of causal ef-
fect estimation by analyzing and comparing the asymptotic
variance for front-door and back-door estimands. We estab-
lish a dominance result for front-door estimands and their
adjustment sets, which is inspired by previous work on back-
door estimands. Specifically, given a particular conditional
independence relation, we prove that removing extraneous
variables from a front-door adjustment set cannot increase
the asymptotic variance of the front-door estimand. We also
show via counterexample that another known back-door
dominance result does not hold for front-door adjustment.

In many settings however, the graph alone is insufficient to
establish which estimand should be preferred — the asymp-
totic relationship between their variances depends on the
underlying probabilities P. To address this case, we intro-

duce two data driven methods for estimating and comparing
the asymptotic variances of estimands, based on both the
causal diagram and observed data. Our experiments show
that it is feasible to approximate the asymptotic variance of
competing estimands directly from observational samples,
and suggest that the plug-in estimator may be both more
accurate and computationally simpler. We find that, as sam-
ple size increases and variance gaps widen, we can reliably
distinguish superior estimands.

An interesting open direction is to characterize the effi-
ciency of more complex and general estimands derived via
the ID algorithm or do-calculus. While our empirical tech-
niques should remain applicable, the full class of identifiable
queries often yield nested functionals which are more dif-
ficult to analyze. In particular, comparing the variance of
estimand expressions based off graph structure, and even
enumerating the collection of valid estimand expressions for
a given query in the first place, become substantially harder
problems.
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Figure 4: Results for the plug-in estimator for various data

set sizes m. The F-distribution is plotted as dotted lines.

Each square point indicates a particular true probability
distribution { P;} corresponding to the causal diagram, and
the probability is calculated from counting the frequency of
choosing o2. (A; P;) < 02.(B; P;) out of 100 data draws
of size m.
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Figure 5: Results for the bootstrap estimator for various data
set sizes m. The F-distribution is plotted as dotted lines.
Each square point indicates a particular true probability
distribution { P;} corresponding to the causal diagram, and
the probability is calculated from counting the frequency of
choosing o2. (A; P;) < 02.(B; P;) out of 100 data draws
of size m.
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Appendix: Variance Estimation and Selecting Estimands for Causal Effect
Queries

Anna K Raichev! Rina Dechter’ Jin Tian? Alexander Ihler'

!Computer Science Dept., University of California, Irvine, Irvine, California, USA
2Mohamed bin Zayed University of Artificial Intelligence, Abu Dhabi, United Arab Emirates,

A PROOF OF THEOREM 1

Here we prove:

Theorem 1. Given causal diagram G and identifiable query on X and Y, let A U B be a front-door adjustment set with A
and B disjoint, and Y 1. B | A, X. Then A is also a front-door adjustment set and for any intervention X = x* and for
all P € M(G),

A, B|z*
02 ja(AUB;P) —03. ;4(A;P) = E Var(Y|X7A)Var[§( , Blz*)

s A =

Consequently, A < AU B.

Proof. We start with the definition of the efficient influence function for adjustment set Z

[(2l) | LX =) -
@1%) "I (;E[Ylw’zlﬂﬂc)—gﬁ[m,z]ﬂsz(a:))

+ Y EY|X, 2 f(zla") =¥ (9)

pre-(X,Y,Z) = (Y - E[Y|X, Z])

Since Y 1L B | X, A, we have that E[Y'| X, A, B] = E[Y|X, A].

By the law of total variance we can write,

Varp{ep.(X,Y, A, B)} = Varp{Ep(¢p.-(X,Y,A,B) | X,Y,A)} + Ep{Varp(vp.-(X,Y,A,B) | X,Y, A)}
(10)

We will focus on simplifying both terms separately; we first show that,
Varp{Ep(¢po(X,Y, A, B) | X,Y,A)} = Varp{op-(X,Y,A)} = 07. ;4(A; P).

From the definition of ¢p , in Eq. (9) we have,

EP[@P,?E(X7Y7A3-B) | X7Y7A}

— 5, (v~ BlY1X, A4, B) P + S (ST, A Bl (0) - X BIYIe gl (B.91X) )

z,b,g

+ > EIYIX,bglf(b.gls") - v | XY, A].
b,g
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Then, sinceY 1L B| A, X, wehave Ep(Y | X, A, B) =Ep(Y | X, A):

=y [~ B AN LT + iy (B ) — 3 B3G50 1)
z,b,g
+ > EYIX, glf (b gle*) v | XV, 4]
b,g

The term (Y — E,(Y'|.X, A) is a constant when conditioning on X, Y, G, yielding

B f(A, B|z* ) I(X =
- (Y_E[Y|X,A])1Ep[ FABE T T (ZE Yz, A §E Y|z, 9/(b,91X)f ()
+ Y EYIX, g/ (bgle®) — 0| X,V A]
b,g
Applying linearity of expectation and ’}((il‘”;;)) = EP[J}((’:”*];”“;)) X, Y, Al
f(A|$ )
I(X =
fX ( ZEY|$ x)‘X,Y,A} [Z]Eypc 970, 91X)f ‘XYAD
z,0,9
+E, [ZEY\X gl£(b, glz*) )XYA}
b,g
Finally, taking expectations and using the property that E[f(z)|z] = f(z),
f(Alz") e
= (v ~B[YIX, 4]) $r + (ZE [¥le, A EEP[Yx,gmmX)f(x))

+ Y E[Y|X, glf (gla*) -
g
=op.(X,Y, A)

by definition (9). Thus for the first term,
VarP{EP(QOP,x* (Xa K A7 B) | Xv }/7 A)} = VarP{QDP,m* (X7 Ya A)} = Ui*,fd(A; P)

Next we consider the second term in the law of total variance:

Var(QOP,x* (Xa Y7 A7 B)‘Xv K A))

B o (L EVe A BIf @) - X Bl b3l 6o/ )

z,b,g

= Var | (Y —E[Y|X, A, B])

+ > EIYIX,bglf (b gls") — v | XY, A].

b,g
Applying Ep[Y | X, A, B] = Ep[Y | X, A] and simplifying sums,
f(A' B I(X =
= vae [(v B, A) LR + Uy (S Al ~ B 0101)

z,9

+ Y EYIX.glf(gl’) — v | X.V. A]

g9
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Since, when conditioning on X, Y, A, the only non-constant terms are those containing B, and Var(aX + () = a? Var(X)
for «, 8 constant:

= Var {(Y - E[Y]X, A]) f(A’B|$*)) ‘ XY, A}

f(A,B|X

= (Y —E[Y]X, A])° Var [Jm | x.4]

Now, taking the expected value gives,

_ 2 f(Aa B|I*)
By [Var(pp.e- (X.Y, 4, B)|X, Y, A))] = B, | (Y — E[Y|X, A])" Var| FA B oA
_ 2, f(A Bz
— Ex.a[E,|(Y - EIY|X, 4]) Varl 4 B 1Al X Al
SinceY 1L B | X, A, this is,
. 2 f(A7 B|$*)
=E|E, [(Y E[Y|X, A])’|X, A] E, [Var[f(A’ B XAl A]
and applying the identities Var = E[(Y — E[Y])?] and E[f(X, A)| X, A] = f(X, A),
- f(A, BJz")
- E[Varm X, A) Varl o g 1 X A]]
Variance is always nonnegative, and so this expectation is also nonnegative.
Finally, combining these two results gives,
A, B|z*
O'i*Jd(A U B; P) = Varp{yp.~(X,Y, A, B)} = Uf:*,fd(A§ P)+ E[Var(Y\ X,A) Var[w | X, A]}

showing
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B BOOTSTRAP VARIANCE ESTIMATOR ALGORITHM

Our bootstrap variance estimation is a straightforward application of the bootstrap technique to the statistic defined by
evaluating the estimand. We provide it in algorithmic form here for clarity.

Algorithm 3 Bootstrap Variance Estimator [Efron and Tibshirani, 1993]

Require: Observed dataset D, number of bootstrap resamples B, estimand function ()
Ensure: Bootstrap variance estimate Varpoo (), optionally selected estimand ¢*

1: Construct the empirical distribution of the observed data:

Pp(V) = ﬁZé(va)

veD

2: forb=1,2,...,Bdo .
3:  Resample a bootstrap dataset D) of size |D| by drawing i.i.d. samples with replacement from Pp:

p®) - Py, (|D| draws)
4:  Compute both estimands on the bootstrap sample:
O =da (D), 4 =i (D)

5: end for
6: Compute the bootstrap sample means

B B
; ,1ZA<b> . ,1ZA<b>
wA,boot - E ot 1/),4 ) 7/}B,boot - E L d)B

7: Compute the bootstrap variances:

M=

— A 1 A (b _ 2
Varpoor (71).4) ﬁ ( X) - wA,bout)

o>
I
—

(1&(;) - ’(Z}B,boot) i

oy
Mm

ﬁrboot ("ZJB) = 771

S8
Il

1

(Optional — Estimand Selection)
8: Select the estimand minimizing the bootstrap variance:

e = {9a0) i Vapoor (194) < Varpoor (V)
| ¥B(-) otherwise

9: Return variance estimates \/lgrboot(iz) A)s @Ibom(@@ B), and the selected estimand 1,[)*
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C PLUG-IN VARIANCE ESTIMATOR ALGORITHM

In this section we expand on the plug-in procedure for estimating the asymptotic variance using the empirical distribution.
We are given i.i.d. samples D = {v(M) ... v(™)} from a discrete distribution over variables V = (Vi,...,V},), and an
estimand ) (p) that is a differentiable function of the conditional probability tables P(V; | V ;), and wish to compute a
plug-in estimate of the asymptotic variance of 1[1

Input.

e Anordering Vi,...,V,.

* A differentiable functional 1[)( p) expressed in terms of conditional probabilities
Piv = P(V; | V<i - ’U),
for all ¢ and all configurations v of V' ;. (Note that these conditional distributions may depend only on some subset of
Vi)
e DataD = {voM) ... 0™} with v0) = (vgj), ce 117(3)).

Output. The plug-in estimate of the asymptotic variance, \E[@Z(p)]

Step 1: Estimate conditional probability tables (plug-in p).
For each variable V; and each configuration v of V ;, compute the number of observations

m

My = Z ]l{V(<j2 =uv}.

Jj=1
For each value « in the support of V;, define the empirical estimator

S VY =0, v =2}

Ry

)

ﬁx,i,v -
whenever m; , > 0. Collect all such conditional probability vectors into the parameter vector p.

Step 2: Construct the block-diagonal Fisher information matrix.

For each conditional probability vector p. ; ,, of dimension d; ,,, write the free parameters as

P = [pl,i,vv s 7pdq',.ru—1,i,’U])

i
with the final component determined by the normalization constraint. The Fisher information for this block is

1
Iiv = Miv di -_1 711—r y
w(p) =m;, ( iag(p; ) + 7= 1), )

where 1 is a vector of ones of length d; ,, — 1.

Because the likelihood factorizes across (i, v), the full Fisher information matrix is block diagonal:
I(p) = blockdiag (I ,(p) : all (i,v)).
Evaluate this matrix at p = p.

Step 3: Evaluate the estimand and its gradient.

Compute the plug-in estimate of the estimand,



along with the gradient with respect to the free parameters,

9(2) = V(p)]

In practice, this gradient can be evaluated using automatic differentiation applied to the computation of ¢(p). The free
parameters p are set to their empirical values Qi W’ which form the leaves of the computation. We next construct the full
probabilities p; ,, by pd, i =1 — Z?;””fl Bj ; »» then apply the estimand expression to evaluate (/).

Step 4: Compute the plug-in asymptotic variance.

By the multivariate delta method, the asymptotic variance of 1/;(p) under p is

Var[(p)] = 9(p) "1(2) " 9(p)-

The block diagonal form of I ensures that we do not need to store or multiply any matrices of dimensions larger than the
individual d;

i

Varlg(0)] = 9(2) ' 1(2) "' 9(2) = D 0b, ) T a2, )

Return \//z;[z/)(p)}.

Condensing this procedure in a more concrete, algorithmic form gives Algorithm 4 below.
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Algorithm 4 Plug-in Variance Estimator for ¢)(p)

Require: Data D = {v™), ... (™} ordering V1, ..., Vp, estimands ¥4 (p), ¥5(p)
Ensure: Plug-in variance estimates Var[y4(p)], Var[¢)5(p)], and optionally selected estimand 1*

a

14:

15:
16:

17:
18:

19:
20:

21:
22:

23:

24

25:

26:

27:

1: Estimate conditional probability tables:
2: fori =1tondo

3:
4
5

for each configuration v of V ; do

My < Z] 1 ]l{V<z = v}
for each value x in support of V; do

S v =v v =2

j=1

[)m,i,v —
7,0
end for
end for

: end for

: Construct block-diagonal Fisher information
: Initialize I(p) < 0

: for each (i,v) do

Letp, = [Pliivs s Pdiy—1,i0)

1
Define block I ,(p) = m; dlag( ) 11_|_11T>
N o Bz,v

Insert I; ,(p) as a diagonal block of I(B)
end for

Compute gradients of estimands
Extend El , to Pi,» using the normalization constraint

Evaluate {4 < 14 (p)
Compute gradients g4 (p, ) <V, ¥a(p) |p:i) (via autodiff)

Evaluate 1& B Yp(p)
Compute gradients g5(p, ) <V, ¥5(p) |p:/3 (via autodiff)

Compute plug-in Variances

\//-;;‘[1/)14(;))] *QA( ) I E ZQA zv 11} é)ilgA(éi,,u)
Varlvs(p)) = 95(p) ' 1(p) " an(p ZgB p;,) Lin() " 95 (p; )

(Optional — Estimand Selection)
Select the estimand minimizing the plug-in variance:

g = [ pal) i Varlva(e)] < Varlvs (o)
¥p(-) otherwise

return \//a\r[w a(p)], @[@/J 5(p)], and the selected estimand 1

5660



	Introduction
	Background
	Dominating Estimands
	Estimating the Variance of an Estimand
	Empirical Evaluation
	Conclusion
	Proof of Theorem 1
	Bootstrap variance estimator algorithm
	Plug-in variance estimator algorithm

