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Abstract

We study infinite-horizon Constrained Markov
Decision Processes (CMDPs) with general pol-
icy parameterizations and multi-layer neural net-
work critics. Existing theoretical analyses for con-
strained reinforcement learning largely rely on tab-
ular policies or linear critics, which limits their
applicability to high-dimensional and continuous
control problems. We propose a primal—dual nat-
ural actor—critic algorithm that integrates neural
critic estimation with natural policy gradient up-
dates and leverages Neural Tangent Kernel (NTK)
theory to control function-approximation error un-
der Markovian sampling, without requiring access
to mixing-time oracles. We establish global conver-
gence and cumulative constraint violation rates of
O(T~/%) up to approximation errors induced by
the policy and critic classes. Our results provide the
first such guarantees for CMDPs with general poli-
cies and multi-layer neural critics, substantially ex-
tending the theoretical foundations of actor—critic
methods beyond the linear-critic regime.

1 INTRODUCTION

Reinforcement Learning (RL) has achieved remarkable em-
pirical success in solving complex, high-dimensional con-
tinuous control problems, an advancement largely driven by
the representational power of deep neural networks. How-
ever, as RL is increasingly deployed in safety-critical ap-
plications such as transportation [Al-Abbasi et al., |2019],
healthcare [Tamboli et al.| [2024], and robotics [[Gonzalez
et al., [2023]], it is imperative to ensure that these agents
adhere to strict operational constraints. This requirement
is naturally formulated as a Constrained Markov Decision
Process (CMDP), wherein the objective is to maximize a
primary reward signal while maintaining auxiliary cost sig-

nals below predefined thresholds. To solve continuous-space
CMDPs, primal-dual actor-critic algorithms have emerged
as a dominant paradigm. In these methods, the actor updates
a parameterized policy via gradient ascent, a critic evaluates
the policy’s performance to construct the gradient, and a
dual variable dynamically penalizes constraint violations.

Despite the widespread practical adoption of deep actor-
critic methods, the theoretical understanding of these algo-
rithms remains limited. Early theoretical frameworks estab-
lishing global convergence for actor-critic algorithms were
predominantly restricted to tabular settings or linear func-
tion approximations [[Chen et al.| 2022, |Bai et al.| 2023
Xu et al., |2025]. While linear models provide mathematical
tractability, they fail to capture the complex, non-linear fea-
ture abstractions that characterize modern deep RL. More
recently, literature has begun to bridge this gap by analyzing
neural network parameterizations through the lens of Neural
Tangent Kernel (NTK) theory [[Gaur et al., 2024, (Ganesh
et al.,2025]]. However, these theoretical advancements have
largely been confined to unconstrained Markov Decision
Processes or discounted reward formulations, leaving the
average reward constrained setting unexplored. Thus, we
ask the following question:

Can we design a primal-dual actor-critic algorithm
with general policy parameterizations and multi-layer
neural network critics that achieves provable global
convergence for average-reward CMDPs under Marko-
vian sampling, without requiring a mixing-time oracle?

1.1 CHALLENGES AND CONTRIBUTIONS

Addressing this problem requires overcoming three central
technical obstacles. First, handling Markovian sampling
dependence is typically achieved through data dropping
strategies that rely on a mixing time oracle to specify ap-
propriate discard intervals. Such assumptions are restrictive
and often impractical. Second, analyzing a multi-layer neu-
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Table 1: Comparison of relevant algorithms for infinite-horizon average-reward Reinforcement Learning in the model-free
setting. Our work is the first to provide average reward global convergence and constraint violation results for constrained
MDPs with general policy and multi-layer neural network critic parametrization. We provide a more detailed comparison to

prior work in Appendix E}
Global L Reward Infinite State | Mixing Time Critic Policy
References Violation . . N -
Convergence Setting Action Space | Unknown? | Parameterization | Parameterization
[Cayci et al.|[2024] o(T—175) N/A Discounted X Multi layer NN | Multi layer NN
[Gaur et al.| 2024] o(T-1/3 N/A Discounted Multi layer NN General
[Ganesh et al.[|2025] O(T-1/?) N/A Discounted X Multi layer NN General
[Mondal and Aggarwal!2024b] | O(T~/?) | O(T~'/?) | Discounted N/A General
[Agarwal et al.|[2022b/a] O(T-1/?) 0 Average X X Tabular Tabular
[Ghosh et al.|[2023] O(T=12) | O(T~'/2) | Average X Linear MDP Tabular
[Bai et al.|[2024] O(T=/%) | O(T~/3) |  Average X N/A General
[Xu et al.|[2025] O(T=12) | O(T~Y/2) | Average Linear General
This work OT=4 | O(T=14) | Average Multi layer NN General

ral critic in the Neural Tangent Kernel (NTK) regime de-
mands precise control of its approximation bias. If this bias
does not decay sufficiently fast, the resulting Natural Policy
Gradient (NPG) updates become inaccurate and unstable.
Third, the infinite-horizon average-reward setting presents a
fundamental difficulty: unlike discounted formulations, the
average-reward Bellman operator is not contractive. This
lack of contraction destabilizes critic evaluation. When com-
bined with the saddle-point structure of constrained Markov
decision processes (CMDPs), the coupled estimation errors
from the actor, critic, and dual variables can accumulate and
potentially lead to divergence.

To address these challenges, we introduce the Primal-Dual
Natural Actor-Critic with Neural Critic (PDNAC-NC) algo-
rithm and establish its global convergence guarantees. To
remove the dependence on a mixing-time oracle, we incor-
porate a Multi-Level Monte Carlo (MLMC) estimator that
samples trajectory lengths from a geometric distribution.
This construction corrects Markovian bias without discard-
ing data. To manage the nonlinear neural critic, we restrict its
parameters to remain within an NTK neighborhood around
initialization and prove that its approximation bias decays
proportionally to the mean-squared error, ensuring reliable
NPG estimation. Finally, to handle the non-contractive Bell-
man operator and the primal-dual structure, we develop a
refined coupled analysis that carefully tracks error propa-
gation across actor, critic, and dual updates. This approach
controls error amplification throughout the min-max dy-
namics and yields a convergence rate of O(7~'/4) in both
optimality gap and constraint violation. To our knowledge,
this is the first result establishing global convergence for
average-reward CMDPs with multi-layer neural critics and
general policy parameterizations, without assuming access
to a mixing-time oracle.

2 RELATED WORKS

Neural Actor-Critic and Markovian Sampling: Recent
theoretical advancements have begun to bridge the gap be-
tween deep reinforcement learning practice and theory by
analyzing actor-critic methods equipped with multi-layer
neural networks via Neural Tangent Kernel (NTK) theory
[Fu et al.| [2020} |Cayci et al., 2024, [Tian et al., 2023} |Gaur
et al., 2024} (Ganesh et al., [2025]]. While these contempo-
rary works achieve state-of-the-art sample complexities for
general policy parameterizations, their analyses are strictly
confined to standard, unconstrained MDPs with discounted
rewards. Furthermore, under Markovian sampling, these ap-
proaches rely on restrictive data-dropping techniques that
discard collected transitions based on a known mixing-time
oracle to mitigate statistical dependencies. However, this
results in only one out of every 7,,;x samples used for pol-
icy updates. To bypass this, recent theoretical works have
adapted Multi-Level Monte Carlo (MLMC) estimation to
RL [Beznosikov et al.l 2023} (Xu et al.| [2025]], providing
unbiased gradient estimates that correct for Markovian bias
without sample thinning. However, these MLMC techniques
have previously been restricted to algorithms utilizing linear
function approximations for the critic. We are the first to
extend this technique to the neural critic setting, mitigating
the issues of data dropping.

Constrained Average-Reward MDPs: For safe reinforce-
ment learning, infinite-horizon average-reward Constrained
MDPs (CMDPs) present a difficult challenge due to cou-
pled primal-dual dynamics and the lack of Bellman operator
contractivity. Consequently, existing theoretical guarantees
for average-reward CMDPs have predominantly relied on
tabular settings, exact gradients, linear MDP, or linear critic
approximations [Paternain et al., 2019, Ding et al., 2020,
Chen et al.} 2022, Bai et al., 2024, Xu et al., [2025| |Ghoshl
et al.| [2023| |Wei et al., [2022, Satheesh and Aggarwall [2026]],
failing to capture the complex, non-linear feature represen-
tations characteristic of deep RL. Our work distinguishes
itself by being the first to theoretically analyze a primal-dual
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natural actor-critic algorithm for average-reward CMDPs
utilizing multi-layer neural network critics. By uniquely
integrating MLMC within a nested-loop structure to simul-
taneously evaluate a neural critic and estimate the Natural
Policy Gradient (NPG), our approach eliminates the need for
a mixing-time oracle while achieving global convergence in
this setting.

3 FORMULATION

Consider an infinite-horizon average reward constrained
Markov Decision Process (CMDP) denoted as M =
(S, A,r c, P, p) where S is the state space, A is the ac-
tion space of size 4, r : § x A — [0, 1] represents the
reward function, ¢ : § x A — [—1, 1] denotes the constraint
cost function, P : § x A — A(S) is the state transition
function where A(S) denotes the probability simplex over
S, and p € A(S) indicates the initial distribution of states.

A stationary policy 7 : & — A(A) maps each state
to a distribution over actions. Under policy m, the agent
generates trajectories {(s¢, at)}i2, where a; ~ 7(-|s¢)
and s;y1 ~ P(-|st,a;). The policy induces a state tran-
sition kernel P™ : & — A(S) defined by P™(s,s’) =
Y acam(als)P(s']s,a) forall 5,5 € S.

We assume the CMDP is ergodic throughout this work.

Assumption 3.1 (Ergodicity). The CMDP M is ergodic,
i.e., the Markov chain {s, };>¢ induced under every policy
7 is irreducible and aperiodic.

Under ergodicity, for each policy =, there exists a unique
p-independent stationary distribution d™ € A(S) satisfying
P7d™ = d™. We define the state-action occupancy measure
as V™ (s,a) = d™(s)m(a|s) for all (s,a) € S x A.

Definition 3.2 (Mixing Time). The mixing time of the
CMDP M with respect to a policy 7 is defined as

mix

T ::min{tzl‘(P“)t( S =d"||rv < = VS}

ey
where || - || v denotes the total variation distance. The uni-
form mixing time is Tmix = SUP, To;y, Which is finite

under ergodicity.

The average reward and average constraint cost of a policy
m are defined as

Jﬂ' = lim — [ E St,at
T—oo T

=0

S0 ~ p] g € {Ta 6}7
()

where the expectation is over the distribution of m-induced
trajectories. Under ergodicity, /¢ is independent of p and
can be written as JJ = E(, 4y~ [9(s, a)]. Our objective is
to maximize the average reward while ensuring the average

cost exceeds a given threshold. Without loss of generality,
we formulate this as

maxJ. subjectto JI > 0. 3)

When the state space S is large or continuous, we consider
a class of parametrized policies {7y | # € O} indexed by a
d-dimensional parameter § € R? where d < |S||.A|. Using
the shorthand J,(¢) = J for g € {r, c}, the optimization
problem (3) becomes

max J,.(6)

i > 0. 4
max subjectto  J.(6) >0 4)

We assume the optimization problem (@) satisfies the Slater
condition, which ensures the existence of an interior point
solution.

Assumption 3.3 (Slater Condition). There exists J; € (0,1)
and 6 € O such that J () > Js.

The action-value function corresponding to policy 7y for
g € {r,c} is defined for all (s,a) € S x A as

o0

Q”esa Z

t=0

(st,at) — Jg(0))

SQZS,GOZG].

®)
The state-value function is V" (s) = Eqry(.|s) [Q7° (5, a)]
for all s € S, and the advantage function is A7* (s,a) =
Q7°(s,a) — V™ (s). The Bellman equation for average
reward MDPs takes the form
Q;Fe(&a) :g(S,CL> J, (9)+Es '~P(-|s,a) [ ( )} (6)
forall (s,a) € S x Aand g € {r,c}. We solve @) via a
primal-dual approach based on the saddle point optimization

max min L(0, \) =
0c® A\>0

Jr(0) + AJe(0), (N
where L(-, -) is the Lagrange function and A > 0 is the dual
variable. The policy gradient theorem [Sutton et al.|[[I999]
provides the gradient of the average reward for g € {r, c}:

VoJg(0) =E saqme [AJ(s,a)Vglogmg(als)] . (8)

a~o(-]s)

Rather than updating along the vanilla gradient, we employ
the Natural Policy Gradient (NPG) direction

wyo = F(0) Vo Ty (0), ©)

where F(0) € R¥*4 is the Fisher information matrix de-
fined as

F(0) =E[Vyglogm(a|s) ® Vglogmy(als)],  (10)
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with ® denoting the outer product and the expectation taken
under the state-action occupancy measure. The NPG direc-
tion wy , can equivalently be expressed as the solution to
the strongly convex optimization problem

min fo(0,w) = %OJTF(Q)W —w'Valy(0), (1)

weRd
whose gradient is V., fo(6,w) = F(0)w — Vg Jy(0).
Since the gradients in (8) and depend on the unknown

action-value function ()3°, we introduce a neural network
critic to approximate it. Let ¢ : S x A — R™ be a fixed
feature map satisfying ||¢(s, a)|| < 1 forall (s, a). For each
g € {r,c}, we parameterize the Q-function using an L-layer
feedforward neural network defined by

1
0 - (1-1)
T \/TTLJ (Wlx ) , le{l,2,....L}, (12)

where 2(*) = ¢(s,a) € R™ is the input, W; € R™*" and
W, € R™*™ for 2 < | < L are weight matrices, m is the
network width, and o(+) is the activation function applied
element-wise. The approximate Q-function is then

Qy(8(s,a); ¢y) 2 (13)

1

= ﬁb;x
where ¢, = (Vec(W1);...; Vec(Wy)) € Rm(+L=1m)
collects all trainable weights with Vec(-) denoting vector-
ization by stacking columns, and b, € R™ is a fixed random
vector. The network is initialized by drawing each entry of
WP i.i.d. from NV(0, 1) and each entry of b, uniformly from
{—1,41}. We denote (;,0 = (Vec(W?);...; Vec(WP)) as
the initial parameters.

Assumption 3.4 (Smooth Activation). The activation func-
tion o(-) is Li-Lipschitz and Lo-smooth, i.e., for all
y1,92 € Ri o (y1) — o(y2)| < Lilyr — y2| and [o"(y1) —
o' (y2)| < La|yr — yol-

Assumption [3.4]is satisfied by smooth approximations of
ReL.U such as Sigmoid, ELU, and GeLLU, which are com-
monly used in practice |Clevert et al.| [2015]], Hendrycks
[2016]. This provides an O(m~'/?)-smooth property for
the neural Q-function. To enable Neural Tangent Kernel
(NTK) analysis, we constrain the critic parameters to a ball
around initialization:

Sr={C: ¢ = Cll2 < R}, (14)

and denote the Euclidean projection onto Sy as Ils,,. The
local linearization of the neural Q-network at initialization
defines the function class

Frm = {Qu(:0) = Qy(3¢00)
+(VQy (56000 ¢ ~ Gl € S} (19)

4 ALGORITHM

We solve (@) via a primal-dual algorithm that updates the
policy parameter 6 and dual variable X iteratively. Starting
from an arbitrary initial point (6y, Ao = 0), the ideal updates
are

Opr1 = O + aF (0) " *VoL(Ok, \r.) (16)
Me+1 = Plo,2/s.) Mk — BIe(Ok)], (17)

where « and (3 are primal and dual learning rates respec-
tively, d, is the Slater parameter from Assumption[3.3] and
Pa denotes projection onto A. Since Vo L(0x, Ax), F(0k),
and J.(0y) are not exactly computable due to the unknown
transition kernel P and stationary distribution ™, we em-
ploy approximate updates

Oks1 =0k + 0wk, A1 = Ploass,) [M — B0t ], (18)

where W estimates the NPG direction
F(0r) 'VoL(0k, ) and n* estimates J.(6;). Our
algorithm, Primal-Dual Natural Actor-Critic with Neural
Critic (PDNAC-NC), is presented in Algorithm E} It
employs a Multi-Level Monte Carlo (MLMC) estimation
procedure within a nested loop structure where the outer
loop of length K updates the primal-dual parameters, and
the inner loops of length H execute the neural critic and
NPG estimation subroutines.

4.1 NEURAL CRITIC ESTIMATION

At the k-th epoch, the critic estimation subroutine serves
two purposes: (i) obtain an estimate n’; of the average re-
ward/cost J, () for g € {r, c}, and (ii) obtain the neural
network parameters CZ; that approximate the Q-function
Q" . For the average reward estimation, note that .J, (6, )
solves the optimization

. 1 2
{]nelﬂgRg(ﬂk,n) = 3B o (1= g(s,a)) (19)

where the expectation is taken over the state-action occu-
pancy measure. For the Q-function approximation, we mini-
mize the mean-squared projected Bellman error using the
linearized neural network class Fg ,,. Define the critic ob-
jective

1 T 2
£(01. €)= 5E, 70, (Qy(@(5.0)50) — Q" (s,0))
(20)

Thus, by the Bellman equation, the gradients are represented
as

vnRg(ekv 77) = Ey;rek [77 - g(s, a)] 20
ngg(almC) = EV;% [(Qg((b(s?a)? C) - g(s,a)

6000



+ Jg(0k) —E[Qy™ (s, )] ) VeQ(8(5,a); )], (22)

where the outer expectation for V€ (6, ¢) is taken over
(s,a) ~ vg'*, while the inner expectation E[Q;"* (s', a')]
is taken over s’ ~ P(:|s,a), and @’ ~ my, (-|s’). However,
we cannot compute the exact gradients as we do not know
the state-action occupancy measure. Thus, we perform the
following gradient descent steps:

Mo i1 = e — eV ROk, 1 1) (23)

Algorithm 1 Primal-Dual Natural Actor-Critic with Neural
Critic (PDNAC-NC)

Require: Initial parameters 6y, Ao = 0; neural critic initial-
ization (g o for g € {r, c}; step sizes «, 5, V¢, V.5 outer
loops K; inner loops H; truncation T},,x; projection
radius R

1: Initialize: sq ~ p(+)

2: Critic Initialization: Draw each entry of W ~
N(0,1) for I = 1,...,L, and each entry of by, ~
Unif{—1,+1}

3: fork=0,..., K —1do

4 &y [0,¢, 0] wh < Oforall g € {r,c}

5 forh=0,...,H—1do

6: S25 < S0, (graw Pk~ kGeom(l/Q)

7: lrp, +— (2Ph’ — 1)1(2Ph/ < Tmax) +1

8: fort=0,...,0g, —1do

9: Take action al;, ~ 7, (+|s,)

. t+1 t ot

10: Observe s, ~ P(-|s};,,al.;)

11 Observe g(st,,, ak,; ) for g € {r,c}

12: end for

Lin

13: S0 < Spp

14: Compute vy ™MC (., &k, ) via @6) for g € {r, c}
15: Update &8 —

Isy (55,;,, = Yevg M (O, E,h))

16:  end for

17:. forh=0,...,H —1do

18: s9, < so, (graw QF NkGeom(l/Q)

19: Oen < (290 — 1)1(29% < Tax) +1
20: fort=0,...,40;, —1do
21: Take action a},;, ~ g, (-|s%),)
22: Observe sit' ~ P(:|st,, at,)
23: Observe g(st,,,ak,; ) for g € {r,c}
24: end for
25: So sf;l;‘lh’
26: Compute u, (0, wy 1, &x) via (G2) for g € {r, ¢}
27: Update wf | = wh ) — Yty Ok, wi ,, £5)
28:  end for
20: EF gk Wb wh o forg e {rc}

30: wy < w4+ Ak

31: Ok+1 < O + awy

320 Apg1 < Plogys.] [Me — Bnk]
33: end for

G = sy (Chn =96 VeE O, i) 24

where Ils,, is the projection onto NTK ball, c, is a scaling
parameter, 7 is the learning rate, and @T,R and @CE are

estimates of the gradients. We can also represent this through
T

. . T
the combined critic parameter £f , = {77];, no } and
the combined gradient

& VyR <9k7 e s Zih)

v (0,8 i) = | )
g( g,h kh) V(g (ekaC;h;Z';]ch)

(25)

where V,R (Qk,n§7h;zih) and V¢& (9k7<§,h;zih> are
single transition estimates of the corresponding gradients
evaluated on the single transition 2}, = (si,,al,,sit!)
collected at inner step ¢ (consisting of the current state, the
action taken, and the resulting next state). To reduce bias
from Markovian sampling while maintaining computational
efficiency, we employ MLMC estimation. For each inner
iteration h, we draw P} ~ Geom(1/2) and generate a tra-
jectory of length /), = (2P"f — 1)1(2Pf’f < Tmax) + 1. The
MLMC estimate is

vy M (O, 5 n)

L ( pk PF-1 . 3
2P% (v L— ) if2Pn < T,
0 Jkh Jkh — ‘max
= Vg n + ! ! .
0, otherwise
(26)
j —j N2 -1 k. ;
where v}, = 277 3 vy (Ok, &y 5 24y) for §o€

{0, P} — 1, PF}. The critic parameters are updated via pro-
jected gradient descent:

5§,h+1 = lls, (f_’J,h - ’Y&U_};\/ILMC(ek, ];h)) ) (27)

where ¢ is the critic learning rate and Ils,, projects only
the ¢ portion onto the set Si. After H inner iterations, we

obtain &% = §§7H =k (T

The MLMC estimator achieves the same bias as averaging
Tnax samples but requires only O(log T yax) samples on
average. Moreover, since drawing from a geometric dis-
tribution does not require knowledge of the mixing time,
our algorithm eliminates the mixing time oracle assumption
used in prior works [Ganesh et al., 2025].

4.2 NATURAL POLICY GRADIENT ESTIMATION

Given the critic estimates £& = [n¥,(¢})"]" from the
previous subroutine, we now estimate the NPG direction
Wi g, = F(0k) "' VoJy(0x). Recall from () that w} o
minimizes fy (0, w) = 3w’ F(f))w — w' VoJy(6k).
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For a transition 2], = (si,,al,,s,t"), we define the
single-sample estimates

F(0; 21,,) = Vologm, (al,,|s1,,) @ Ve log ma, (a, |st,),
(28)

VGJ (9kvfgazkh) Awk( gvzkh)VG 1ogﬂ-9k(akh|5kh)
(29

where the advantage is estimated via the neural temporal
difference error

o o .
Ag" (€3 201) = 9(stp atp) =y + Qg(d(si " a'); ¢)

- Qg((b(sih’ aih); Cﬁ), (30)

with @’ ~ 7Tak(-|8i-;;1). The single-sample NPG gradient

estimate is

vag(ekawlgihafg;zih)
F(@k;zih)wéh —@ng(ﬁk,fg;zih). (31)

Similarly to the critic estimation, we apply MLMC to obtain
variance-reduced estimates. For each inner iteration h, we
draw Q% ~ Geom(1/2) and generate a trajectory of length

O = (29% —1)1(29% < Tiax) + 1. The MLMC estimate
is
ug(akvwlg,}Lr 55)

k Q . Q . . k
— UO . 26n ( q, ;ch - ug }kh ) ) if 29n < Thax
> otherwise

)

(32)

where ug on =277 Zf 61 Vo fg(ﬂk, 5. h,gg,zkh) forj €
{0,QF — 1,Q%}. The NPG parameters are updated as

— Yotig (O, wh 1, EF), (33)

where ~,, is the NPG learning rate. After H inner iterations,

ok ok ,
we obtain w, = w, 5 foreach g € {r,c}.

k k
gh+1_w

4.3 KEY ALGORITHMIC AND TECHNICAL
NOVELTIES

Several aspects of Algorithm [T]merit further discussion.

MLMC for Mixing Time Independence. The MLMC
estimators and achieve the same bias as averaging
Tnax samples while requiring only O(log Ti,ax) samples
in expectation. Crucially, since the geometric distribution
Geom(1/2) does not depend on the mixing time, our al-
gorithm eliminates the need for a mixing time oracle, a
requirement in many prior works [Bai et al., 2024, |Ganesh
et al., |2025]). This allows us to achieve convergence rates
without knowledge of the exact value of 7y,;x, simply an
upper bound suffices.

Neural Tangent Kernel Regime. The projection Ils,
onto the ball of radius R around the initialization (4 o en-
sures the critic parameters remain in the NTK regime. In this
regime, the neural network behaves approximately linearly
[Jacot et al., 2018]], enabling us to leverage the linearized
function class Fg ,, for analysis. When the width m is suf-
ficiently large, the linearization error becomes negligible.

Runtime Efficiency. Unlike recent neural actor-critic al-
gorithms that rely on data dropping techniques to mitigate
statistical dependencies [Gaur et al., [2024, |Ganesh et al.}
2025] by utilizing only one sample out of every 7, steps,
our MLMC-based approach eliminates the need to discard
data. By correcting for Markovian bias through multi-level
estimation rather than sample thinning, our algorithm uti-
lizes the entire collected trajectory.

S ASSUMPTIONS

We now state the assumptions required for our analysis.

5.1 POLICY PARAMETERIZATION
ASSUMPTIONS

Assumption 5.1 (Bounded and Lipschitz Score). For all
0,601,605 € ©®and (s,a) € S x A:

Vo logmg(als)|| < Ga 34

Vg log g, (als) — Vg log m, (als)|| < Ga||6h — b2 (35)

Assumption [5.1] requires that the score function
Velogmg(als) is uniformly bounded and Lipschitz
continuous in 6. This is a standard assumption in policy
gradient analysis [Liu et al.| 2020, |Agarwal et al.l 2021}
Papini et al., 2018|, [Fatkhullin et al.| [2023| [Mondal and
Aggarwall, 2024a]]. It holds for many common policy
parameterizations, including Gaussian policies with linearly
parameterized means and bounded covariance, softmax
policies with bounded features, and certain neural network
policies with bounded weights.

Assumption 5.2 (Fisher Non-degeneracy). There exists
& > 0 such that F'(0) = ply for all @ € ©, where I,
denotes the d-dimensional identity matrix.

Assumption [5.2] ensures that the Fisher information ma-
trix F'(6) has eigenvalues bounded away from zero. This
guarantees that the NPG direction w* = F(0)~"1V,J(0)
is well-defined and that the optimization problem (I1) is
p-strongly convex. This assumption is standard for deriving
global complexity bounds in policy gradient methods [Liu
et al.| 2020, Zhang et al.; 2021} Bai et al.| 2023, [Fatkhullin
et al.| 2023/ Mondal and Aggarwal, [2024a].
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Assumption 5.3 (Transferred Compatible Function Approx-
imation). Define for §,w € R, A > 0,and v € A(S x A):

L,(w,0,)) =E, |(Vglogmg(als) - w— A™(s,a))?|.
(36)
where A™ (s,a) = AT (s,a)+ AT (s, a) is the combined
advantage function and the expectation is taken under the
distribution v. Let wj;, , € argming, £, (w, 0, \). There
exists €pias > 0 such that

L7 (UJ;’)\, 91 )‘) < €pias 37

forall @ € © and A € [0,2/d,], where 7y~ is optimal for
the average reward CMDP (3) and v™" is the state-action
occupancy measure.

Assumption [5.3|bounds the transferred compatible function
approximation error, measuring how well the NPG direc-
tion computed under the current policy my approximates
the advantage function under the optimal policy 7y, and is
a common assumption in policy gradient literature [Agar{
wal et al.,[2021} [Fatkhullin et al.| 2023| |Ganesh et al., [2025]
Ganesh and Aggarwal, [2025] Satheesh and Aggarwal,2026].
The term ey,,5 reflects the expressivity of the policy param-
eterization. When the policy class is expressive enough to
represent any policy, €pias = 0. One example for where this
holds is for tabular policies with softmax parameterization.
If the policy class is not expressive enough, then €pi,s > 0,
but recent work has shown that this factor is negligble when
using neural network parameterizations common in deep
RL [Wang et al.| 2020].

5.2 NEURAL NETWORK ASSUMPTIONS

Assumption 5.4 (Neural Critic Approximation Error). The
worst-case critic approximation error

2

— ks o — o
cam = 51 s By [(Q (50) T, Q5 (5,)’]
(38)

is finite, where I, ,, denotes projection onto the linearized
function class (I5) and the expectation is taken under the
state-action occupancy measure v7°.

Assumption [5.4]ensures that the linearized neural network
class Fr,m, can approximate the true Q-function Q3¢ with
bounded error. This is analogous to the realizability assump-
tion in linear function approximation but adapted to the
NTK regime.

6 THEORETICAL ANALYSIS

In this section, we provide the theoretical guarantees for
PDNAC-NC. Our analysis relies on the Neural Tangent
Kernel (NTK) regime, where the neural network is well-
approximated by its linearization around initialization. We

proceed in three steps: (1) analyzing the neural critic by
bounding its deviation from the linearized updates and es-
tablishing convergence, (2) bounding the error of the Natural
Policy Gradient (NPG) estimator, and (3) establishing the
global convergence of the primal-dual updates.

Throughout this section, let 75, = o ({6;, A }<x) denote
the o-algebra generated by the primal-dual iterates up to
the start of epoch k. We write Ey, [-] := E|[- | 6] for the
expectation conditioned on the policy parameter 6y, taken
over the randomness of the inner-loop Markovian samples
and the MLMC draws within epoch k. Likewise, Ej[-] :=
E [ | Fi] denotes the expectation conditioned on the entire
history F.

6.1 NEURAL CRITIC ANALYSIS

We first analyze the behavior of the neural critic parame-
ters & ’; h (Algorithm Line 15). To facilitate the analysis,
we introduce a reference sequence of linearized updates
{élg,h}hzo, defined as:
€§,h+1 = s, (ﬁf,h - 'Yﬁﬁg(ekvgg,h)) ) 55,0 = 55,0 =0,
(39)
where 04 is the gradient using the linearized network ap-
proximation. The following lemma bounds the deviation
between the actual neural updates and this linearized se-
quence.

Lemma 6.1 (Linearized Update Bounds). Suppose the as-
sumptions in SectionE]hold. Let v¢ = 8 I;I%IT. Then, for any
epoch k, the expected squared difference between the neural

and linearized critic iterates satisfies:

ck k
Eo, (185 i1 — €]

~ (R%rnix  R%log(H/6)1og Tiax
< 4
—O<ATW+ o ) (40)

Proof (Sketch). This result (proven as Lemma [6.1] in the
Appendix) leverages the projection Ils, to keep parame-
ters in the NTK regime, where the Hessian of the network
is small. By induction, we show that the accumulated lin-
earization error (proportional to m~'/2) and the difference
in gradients due to MLMC noise remain bounded. The pro-
jection ensures stability, preventing the neural parameters
from drifting too far from the initialization where the linear
approximation is valid.

Next, we establish the convergence of the critic. Let

N ;"ﬁ*)T]T denote the optimal critic pa-
rameter within the linearized function class Fg, ,,, where
n§7* = J4(6%) is the true average reward/cost and CZ?,* =
arg min¢ces, €;(0x, ¢) minimizes the critic objective (20)

over the NTK ball, so that Qy(-;¢*,) = Tz, Qg™ is

the best approximation of Q;e’“ in FR,m. We provide the
second-order bound for the critic estimator.
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Lemma 6.2 (Critic Second Order Bound). Under the same
settings as Lemmal[6.1] after H inner iterations, the critic
estimator & 57 o satisfies:

Eo, [llé5.m — €5..1°]

S @ ||§§0 - g,* |2 _’_Cg/ log(H/a)Tmix L (41)
T? NH Jm

Proof (Sketch). Corresponds to Lemma [C.10] in the Ap-
pendix. The proof relies on analyzing the contraction of the
distance to the optimum & ’gﬂ* under the linearized dynam-
ics. Since the objective is strongly convex in the linearized
regime (Lemma [C.3]in the Appendix, which holds under
the ergodicity Assumption[3.T), the error contracts geomet-
rically. We then account for the variance of the stochastic
MLMC gradients and the deviation from the true neural
dynamics (bounded by Lemma [6.1)). Unrolling the recursion
yields the T2 convergence rate for the initial error, plus
steady-state error terms dominated by MLMC variance and
linearization error.

6.2 NPG ESTIMATION ERROR

Using the critic bounds, we analyze the Natural Policy Gra-
dient estimator w;f. The estimator minimizes a quadratic
objective whose gradient depends on the critic. We char-
acterize its error in terms of the critic’s error and MLMC

sampling noise.

Theorem 6.3 (NPG Estimation Error). Suppose the assump-
tions in Sectionhold. Let vy, = 2f§T and wso =0. Let

Wk, = F(0r) Vo Jy(0). Then:

1. The mean-squared error satisfies:

E [[lwg — wg .lI’]
2 TI?;liX 1
<O (H + N + T;ixeapp) (42)

2. The squared bias satisfies:
Ex[wg] — wg. >

~ (log(H/d) L 2
g(’)(H b i) @)

Proof (Sketch). See Theorem in the Appendix. The
NPG estimator solves a quadratic problem using stochastic
gradients estimated via MLMC. We first bound the bias and
variance of these gradients (Lemma [D.T]), which depend
on the quality of the critic £%. The error in w} decomposes
into optimization error (decaying with H), gradient variance
(handled by MLMC), and gradient bias. The gradient bias
is dominated by the critic’s bias [[E[¢¥] — ¢F .||* and the
inherent function approximation error €,p,. Substituting the
critic bound from Lemma [6.2] yields the final rates.

6.3 GLOBAL CONVERGENCE

Finally, we combine the NPG error bounds with the primal-
dual analysis for CMDPs. The following theorem estab-
lishes the convergence rate of PDNAC-NC.

Theorem 6.4 (Global Convergence). Suppose the assump-
tions in Section 5| hold. Let the step sizes be o = 8 =
(T4, K =0(TY?), H = O(T"/?), and Tpax = T.
The sequence of policies generated by Algorithm 1 satisfies:

[K—1

%E > (er* - Jr(ek))
L k=0
S @ (\/ €bias 1 v/ €app + T71/4 + m71/4) (44)

=| =

E Z_ _Jc(ek)‘|

L k=0

< @ (\/ €bias T v/ €app + T71/4 + m71/4) (45)

Proof (Sketch). See Theorem|[E.T]in the Appendix. The proof
follows the standard primal-dual analysis for CMDPs but
replaces the exact NPG update with our estimated w’;. We
bound the drift terms using the bias and variance of w’;. The
approximation €rrors €pias and €,,, appear as irreducible
terms due to the limitations of the policy and critic function
classes. The m~'/* term reflects the NTK linearization
error, and taking m = O(T) yields an e-optimal solution.

7 CONCLUSION

In this work, we provide the first global convergence guaran-
tees for infinite-horizon average-reward Constrained MDPs
(CMDPs) utilizing multi-layer neural network critics and
general policy parameterizations. By leveraging Neural Tan-
gent Kernel (NTK) theory, we successfully characterize the
function approximation error of neural critics. Furthermore,
by integrating a nested Multi-Level Monte Carlo (MLMC)
estimation subroutine, our algorithm bypasses the need for
sample-thinning techniques and mixing-time oracles, ensur-
ing that the entirety of the collected Markovian trajectories
is utilized. We establish a convergence rate of O(T~'/4) for
both the optimality gap and constraint violation.

While our work establishes strong theoretical guarantees for
neural actor-critic methods in CMDPs, the achieved rate of
@(Tﬁl/ %) is not order-optimal compared to unconstrained
natural actor-critic methods under Markovian sampling. The
primary bottleneck in the constrained setting arises from the
error of the critic, as prior work in the linear regime uses the
sharper squared bias term [Ganesh et al., 2025]. However,
applying this here is difficult due to the NTK projection
operator. Overcoming this technical challenge to improve
the bounds and achieve optimal rates remains an interesting
open problem.
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A  RELATED WORK

Constrained Markov Decision Processes (CMDPs) and Safe RL. The CMDP framework is the standard mathematical
formulation for safe reinforcement learning, originally formalized by |Altman| [2021]]. Early solutions relied on linear
programming, which struggled with the curse of dimensionality. Recently, primal-dual Policy Gradient (PG) and Natural
Policy Gradient (NPG) methods have become the standard for high-dimensional CMDPs [Ding et al., 2020, [Paternain
et al., [2019]. While initial non-asymptotic analyses of these methods were limited to tabular settings or linear function
approximation [Xu et al., 2021} |Chen et al., 2022} |Bai et al.| |2023]], recent works have extended them to general policy
parameterizations. However, most of these guarantees are confined to the discounted reward setting.

Average-Reward Setting: While discounted reward MDPs have been extensively studied, infinite-horizon average-reward
MDPs are notoriously more challenging due to the lack of contraction properties in their Bellman operators. Early theoretical
advancements in average-reward CMDPs were restricted to tabular cases or required generative models. |Chen et al.|[2022],
Agarwal et al.|[2022bla] provided convergence rates for average-reward CMDPs but relied on tabular policies. More
recently, |[Bai et al.| [2024], Xu et al.| [[2025]] explored general parameterized policies for average-reward CMDPs via a
primal-dual policy gradient algorithm, but their analysis relies heavily on access to exact gradients or limits the critic’s
function approximation capacity, leaving the gap for deep neural network critics unexplored.

Actor-Critic Methods and Neural Function Approximation: Actor-Critic (AC) algorithms are ubiquitous in practical RL,
but their theoretical analysis has historically lagged behind their empirical success. Foundational analyses of AC algorithms
established finite-time global convergence but primarily assumed linear critic approximations [[Khodadadian et al.| 2021
Cayci et al., [2021]]. To bridge the gap between theory and deep RL practice, recent literature has adopted Neural Tangent
Kernel (NTK) theory to analyze multi-layer neural network critics [Jacot et al.||2018]]. Works such as [Fu et al.|[2020], |Cayci
et al.|[2024]] and [Tian et al.| [2023]] integrated neural critics into AC methods but analyzed them strictly within standard,
unconstrained MDPs. Even the most recent state-of-the-art analyses of neural actor-critic methods such as |Gaur et al.
[2024] and (Ganesh et al.[[2025]] achieve sample complexities of O(e~3) and O(e~2) respectively, but are limited to the
discounted, unconstrained setting. Our work fundamentally extends this line of inquiry by applying NTK analysis to the
coupled primal-dual dynamics required for the constrained average-reward setting.

Markovian Sampling and Multi-Level Monte Carlo (MLMC): A primary bottleneck in the analysis of RL algorithms
under Markovian sampling is the statistical dependence across sequential transitions. Traditional analyses mitigate this
by utilizing data-dropping or sample-thinning techniques, where only one out of every Tnix samples is used to construct
gradient estimates [|Gaur et al., 2024} |Ganesh et al., 2025]]. This approach not only wastes collected data but also necessitates
the restrictive assumption of possessing a mixing-time oracle to know the exact value of the mixing time. To circumvent this,
recent theoretical works have adapted Multi-Level Monte Carlo (MLMC) estimation techniques [Blanchet and Glynn, 2015]
to RL [Beznosikov et al.,[2023]]. By drawing trajectory lengths from a geometric distribution, MLMC provides unbiased
gradient estimates that systematically correct for Markovian bias without requiring sample thinning. While |Xu et al.| [2025]]
successfully applied MLMC to primal-dual natural policy gradients, their work was restricted to linear critics. Our algorithm
is the first to integrate MLMC to simultaneously evaluate a neural network critic and estimate the NPG direction, thereby
entirely removing the need for a mixing-time oracle in neural actor-critic methods.
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B PRELIMINARY RESULTS FOR MLMC ESTIMATION

We begin by establishing fundamental properties of the Multi-Level Monte Carlo (MLMC) estimator that will be used
throughout the analysis.

B.1 MARKOVIAN SAMPLING BOUNDS

The following lemma bounds the variance of sample averages under Markovian sampling.

Lemma B.1 (Lemma 1, Beznosikov et al.|[2023]]). Consider a time-homogeneous, ergodic Markov chain {Zt}tzo with
unique stationary distribution dz and mixing time Ty;ix. Let h(Z) be a function satisfying |h(Z;) — Eq,[h(Z)]||? < o2 for
allt > 0. Then
2

< Cleix 0_2

E
> N )

(46)

L N
N Z hZ;) —Ea,[h(Z)]
=0

where Cy = 16(1 + 1/ In? 4) and the expectation is over trajectories from any initial distribution.

B.2 MLMC ESTIMATOR PROPERTIES

The MLMC estimator combines samples at multiple resolutions to achieve low bias with few samples.

Lemma B.2 (Lemma B.2, Xu et al.|[2025])). Consider a time-homogeneous, ergodic Markov chain {Z,}+>o with stationary
distribution dz and mixing time Tyix. Let g(-) satisfy:

* ||Ea,[9(Z)] — VF(z)||? < 62 (bias at stationarity)
* 19(Z:) —Ea,[9(2)]||? < 02 forall t > 0 (bounded variance)

Let Q) ~ Geom(1/2) and define the MLMC estimator

29(g9 — g9, if29 < Thax
gMLMC _ go + (9 g ), if = (47)
0, otherwise
where g7 = 277 Zfigl 9(Zy) for j € {0,Q — 1,Q}. Then:
E[gMMYC] = E[gllos Tmex]] (48)
E[||[¢MMC — VE(2)|1?] < O(0 Tmix 108° Tinax + 6%) (49)
IE[gM™MC] = VF(2)[* < O(0* TmixTpax + 0°) (50)

C NEURAL CRITIC ANALYSIS

We analyze the convergence of the neural critic estimator. Recall from Section that the combined critic parameter is & §~
We define the linearized single-sample gradient of the critic objective at {; o as

b9 (0, €8 i 21) = Ag (O 21,)E8 ) — by (O 21,), 1)

where the single-sample matrix and vector are defined as:

A= ] (52)
R A A A

cyg(s? ,aj
+9(Stps @) ]7 (53)

byOw )=/ ALV
(O %) [(g(%maih)— ;,0+Q§,+01)¢§
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, S _ - , o o
where 4] = VcQqg(9(sh: al); Co0)s U5 = VeQy(d(s ', a)i Coo)s Qpo = Q(S(shys aln)iCo0)s Qo =
Q(qﬁ(sﬂll, a’); Cg,0), and we use the zero-initialization for ¢, o. We define the expected population matrices as:

Ay(0r) =E
b,(0r) =E

[Ay(0k; 2)], (54)
[by (Ok; 2)] - (55)

Trek ’
(s,a)~vg *,s'~P(s,a),a’'~mo, (-|s")
(s,0)~wg % 8~ P(5,0),0" ~g, (-]s")
where 2 is the transition. For the following sections, we denote the above expectation as Eg, .

Lemma C.1 (NTK Critic Bounds). Fix an outer iteration index k. Let C;h €Srp VYhe{0,1,...,H}and R = O(logT).
Then, for all inner steps h € {1,..., H}, there exist positive constants Cy,C}, {C;}3_, such that with probability at least
1 — 0 — 2L exp(—Cm), the following statements hold:

IVeQ((s,a); il < Cr,  |Q(e(s,a); ¢ )| < Cfy/log(H/S) (56)
09Ok CE i 2hn) = B9 (Oks CE i 2| < CoRm ™2\ /log(H/5) (57)
(g (O, CE 13 2) — D9 Ok G i 20), CE e = C5) < CaRm™"/2\/log(H /) (58)
1Q(6(s,a); ¢ ) — Q(o(5,a); CE )| < Cam™ Y2\ /log(H/6) (59)
IV cQ((s,a); o) — VeQ(d(s, a); &)l < Csm™Y2\/log(H/6) (60)

Proof. Equation (56) follows from Lemma D.2 and D.3 in[Ke et al| [2024], equations (57) and (38) follow from Lemma D.5,
and equations (59) and (60) follow from Lemma D.4. O

Lemma C.2 (Bounds on Single-Sample Linearized Critic Matrices). Fix an outer iteration index k and an inner step
h € {0,...,H}. Let z = (s,a,s’) denote a single transition with o' ~ wg, (- | s'). Then, under the NTK bounds in
Lemma[C_1| we have:

A4 (0k; 2)|| < ¢y +3CF, (61)
by (Bx; 2)|| < ¢y +3C1Cy\/log(H/5), (62)
1Ay (0k; 2) — Ag(Bx) > < O (2 +CY), (63)
by (643 ) — by(66)|> < O (2 + C3C{ log(H/5) ) (64)

Proof. The bound for A, follows from the triangle inequality:

1A (B 2)[| < ey +IVeQq(&(s, a); Cg0)ll+ 1V Qg (s, a); C0) IV Qg ((s, a); Cg0) =V Qy(6(s", a"): Co0) | (65)
S C,y + Cl + 01(201) (66)

< e, +3C2 (67)

Similarly for by, utilizing the fact that |g(s, a)| < 1:

by (0; )| < cylg(s,a)l + g(s, a) — Q(¢(s, a); (g,0) + Q(S"a'); Cg,0) Ve Q((55 a); C,0) | (68)
<ecy o+ (1 + 2Cis/log(H/6)> o (69)
< ¢y + 3C,C,\/1og(H /d) (70)

For the squared bias bounds, we have

[Ag(0r; z) — Ag(B)1* < 21| Ag (61 2)II” + 2[|Ag (6] (1)
< 2||Ag(0k; 2)[1* + Eo, [2[|Ag(0k; 2)|%] (72)
<O (2 +CY) (73)
and
[bg(Bk; 2) — by (Bk)[I* < 2|[by (Bk; 2) 1> + 2|y (6x) |2 (74)
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< 2||by (6k; 2)[|* + 2Eg, [|[bg (0x; 2)[|] (75)
<0 (ci + 202 1og(H/5)) (76)

O

Lemma C.3 (PSD of A, (6)). Fix k and let Assumptionhald. Then if &, € ker(A,4(0k))":, there exists a A > 0 such
that the following holds:

A
f;Ag(ek)fg 2 5”59”% 77

Proof. We first observe ker(A,(6)). By definition, for any &, € ker(A4(6y)), we have

Ay (0% = Eo, Lﬁ " (%O %)T] €=0 = ey =0 = 7, =0 (78)
This yields
AS(61)G = Es, {wg (v — ;) 49] =0 (79)
We then define
8. = {¢ € RMHETIM) |y (5,0)T¢, = ¢, (s, ) € supp(v; ™), c € R} (80)

We wish to show that ker (A, (6x)) = S.. First, we choose an arbitrary ¢, € S.. Then

AS(0)G =B, [0 (04 ¢ — vy G)] 81)
 Eg, [5(0)] (82)
o (83)

where (a) holds by the definition of S. Thus, ¢, € ker(A§(6)) and S, C ker(A§(6y)). Similarly, we choose an arbitrary
¢} € ker(A$(6y)). By definition, this yields

AS(0r)C =0 = (TAS(0r)¢, =0 (84)

Expanding out this quadratic form yields
T T v T T T T T
CoTAS(0K)C = ¢ o, [zbg (s =) } G = o, |[(GT0) (76— v,7¢))| = €W Gy ¢ =0 (85)

where £ (w;— ;, ¢;— ¢ ;) is the Dirichlet form. Since the Dirichlet form is O and our MDP is irreducible and aperiodic by
ergodicity, ¥ ! is constant on the support of v "*. Thus, (}, € S, and ker(A$(6x)) C S.. Since both S, C ker(AS(6y))
and ker(A§(60;)) C Se. ker(A§(0x)) = Se and ker(AS(0;))* = S7-.

We have that the Dirichlet form is related to the variance through the spectral gap of the MDP \*:
E (g Cgrhg Gg) = A" Var (1, Cg) (86)
Since we are given &, € ker (A,4(6x))", ¢, € S+, and Var(1, () > 0 on the support of v4"*. We define

A= min (A0 >0 87
Hcg”%:l,(gesécg g( k)Cg ( )

which implies that {; A (6x)¢y > Al[¢y]3. Finally, we have

€;Ag (Or)€g = 07773 + ngCJ]EGk [1hg] + CJAg(ek)Cg (38)
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(a)

= g = Calngl Gl + NG5 (89)

QDY

> Sl&l3 (90)
where (a) uses Lemma , and (b) holds when ¢, > 3 + %2 O

Lemma C.4 (MLMC Linearized Critic Matrix Error Bounds). Fix an outer iteration index k and inner iteration h €
{0,...,H}. Let AMLMC and bMLMC denote the MLMC estimates of the linearized critic matrices at step h. Under the
NTK bounds in Lemma [C1|and the single-sample bounds in Lemma|[C.2] we have

[Ein AT = Ay = O( (S + CF) i) 1)
Er [[|AYEC = Ay 00)]°] = O (¢2 + CF) Tunix 108 T ) 92)
i (03] = by(@)]|" = O( (& + CRCF 10g(H/6)) Tuis Ty ) ©3)
Ex. [||b§€,%,¥cfbg(ek)||] O( (¢ + CRCOP108(1/6)) T 108 T ) 94)

where Ty ax is the maximum rollout length and Ey, j, denotes the conditional expectation at timestep k given the history of
the current inner loop.

Proof. To find the MLMC error bounds, we first find the values of 0%, o, da, 6¢, which denote the squared bias and
variance terms for the single sample estimates. Since by definition Eg, [A,(6k; 2)] = A4(6k) and Eg, [by(8k; 2)] = by (6k),
52 = 6% = 0. Additionally, from Lemma we have

Eo, [ Ag(0r:2) — Ag(On)II°] < O (& +Cf) (95)
Eg, [[[bg(0k; 2) = by (61)]*] < O (¢} + CRCT log(H/9)) (96)
Thus, by Lemma [B.2] we have
2
[Exn [AMEIC] = Ay (81)[|” = O (oA Tmix Toni + 03) = O( (2 + CF) s Tine ) 97)
2
Er [[|AYENC = Ay (00)][] = O (oA 7mix 108 Toax + 03) = O( (2 + 1) T 08 T ), (98)
2
H]Ek,h [bg/,[l%fl:/[c] - bg(gk)H =0 (UbTmlx max T 5b) O( (C'Qy + C12C log(H/5)) Tmix malx) 99)
2
Ern [[D3A1C = by (00)*] = O (& mis 10g Tonax + 02) = O (€2 + CECT log(H/5)) Tnix 108 Tonas ) (100)
O
We also provide the following bounds on the original MLMC gradient estimate.
Lemma C.5 (MLMC Critic Parameter Error Bounds). Assume the same setting as Lemma Let vg(0r, &5 ,) =
Eg,, |vq(bk, f};’h; z)] Then we have the following bounds:
1w [0 (0, €5.1)] = v (Oh, €5 )12 < O (2 + CECT 108(H/8)) Tanix Tt ) (101)
2
Ein ||og™™C 0k, €5 1) — vg(0k, €5 1) < (9( (¢ + CTCP log(H/6)) Tmix log Tmax) (102)
Proof. By the definition of the single sample combined gradient estimate, we have
Vg (O €5 13 )| < 5 IVy ROk, 15 03 2) | + [V E Ok G i 2)| (103)
= ¢yl — 95 @)
+1Qq((5,0): G n) + 115 — 9(5,0) = Qq(&(s",a'); o) Ve Qg (s, a); G ) (104)
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<0 (c7 +OC 1og(H/5)) (105)

Additionally, we have

oo = [vg(Ok, &g 13 2) — vg Ok, &g 1) II7 < 2[|vg (O, ) 3 0 2P+ 2[lvg (0x, €5 1) 112 (106)
< 2||vg Ok, & 13 2)|I” + Eoy [2||Ug(9ka W] (107)
<O (c,y + C{CP log(H/9)) (108)
and
6121 = ||E9k [”g(okafg,m Z)] - vg(ek7£§,h)|| =0 (109)

Then by Lemma[B.2] we have
1B [03 Bk, €5 1)) = 0Ok, €511 < O (02T T+ 62) = O (2 + CRCR V0g(H/9)) Tnin T )
Eg n va/ILMC(@k, §§’h) — vg (O, fg’h)Hz <0 (UngiX log Trnax + 53) = (’)( (cg + G202 log(H/(S)) Trmix lOg Tmax>
O

Lemma C.6 (First Order Linearization Error of the MLMC Critic Estimator). Let the MLMC estimator use truncation level
Tmax- Then

Ek h [||UMLMC (0 gg h) UMLMC (9167 Eg h ||] @ (OQRmil/Q V IOg(H/(S) log Tmax) .

Proof. We already have from Lemma that ||vg(9k,§g Wiz — b (Or, X Wi zh)|l < CoRm~1/2\/log(H/$) from
equation (57). Then from the definition of the MLMC estimator, we have

B p [[lvg™™ 0k, &5.0) — 05" 0k, 5] (110)
9Pk Py PF-1 APh WPFE—1 £ oPE < T
=Epn lEP’If Ug,kh _ @S,kh + { (Ug,kh Vg ik ~ Ygkh T Vg kn ) 1 = ko h (111
0 otherwise
By definition, we have
4 4 1 271
’ Uf;,kh - ﬁ;7th 97 Z (Ug(gkvff,m Zhn) — @g(Gk,&’i,h; thch)) (112)
t=0
1 271
< 2 Z va ‘gk’fg B Zkn) — U9(9k7£g hvzkh>H (113)
t=0
(@) 1 27 -1
< — Y CLRm™Y2\/log(H/6) (114)
¥ 3
= CyRm™ Y%,/ log(H /) (115)
where (a) uses equation (57). Thus, we have
B n [[lvg™™C Ok, &5.0) — 05" 0k, 5] (116)
< Epn |Epp |CoaRm™Y2\/log(H[5) + 204+ (Cng_l/z 1og(H/5))11(2Pf’f ngaX) th (117)
(a) [log, me L1
L By | CoRm 2 iog(HS + Y (202 Rm-1/2 log(H/§)> S5 (118)
p=0
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[logy Tmax |

= B |CoRm~*\log(HG) + (202Rm-1/2 1og(H/5)) (119)
p=0
= O (108, (Tona) G R ™12/ l0g (1) (120)
where (a) uses the definition of the expectation for the truncated geometric distribution. O

Lemma C.7 (Second Order Linearization Error of the MLMC Ceritic Estimator). Assume the same setting as Lemma
Then

Ern [Jlog™™C 0k, & 1) — 05MC (00, 5 ) IIP] < O (C3R*m ™ log(H/6) Trnax) (121)

Proof. We have
Epon [[log™™C 0k, € 1) — 03N Ok, &5 1) 117 (122)
= Epn [Ep}f 0900 = 880+ 27 (v — vy = Ol + 05k ) 1 (27 < Tona) ‘2 k, hH (123)
< 2B [0 kn — Vg unl’] (124)
9, lIEp;f 27 (w2, —ofist =5, + 28 1 (27 < T )| th (125)
© 902 R2m log(H/5) +4C2R?m " log(H/6)Ey, 1 lEP}I; 22Pi (21”5 < Tmax> k:,hH (126)

[logy Tmax ] 1
=203 R*m 'log(H/0) + 4C3 R*m ™~ log(H/6) Z(:] 22p i (127)
-

= O (C3R*m ™" log(H/6)Tinax) (128)
where () follows from Lemma |[C.6] O

Now that we have bounds for the estimation error for the MLMC gradient and its parameters, we can find the bound between
the linearized and original updates.

Lemma C.8 (Linearized Update Bounds). We define the linearized sequence {5 57 nIr>0 that represents the linearized
iterates of the neural update ¥,:

S = sy (80— 10000, E51))  Eho=Eho =0 (129)

Let I1 | be the orthogonal projection onto ker (A 4(6)). Then the following result holds:

Eo,

- . 2 R?(c2 + CF) Tix log T RQw/log (H/6)log Trax log T~ R?Tpax log(H/8)log T
g.ht1 — fg,h+1H <0 oo Nml/2 T HAm

(130)
Proof. Using the non-expansiveness of Ils,, and Lemma@ we have

2 - 2
Eg.n Hfg 1 — Ea h+1H =Eg,n HHSR (&5 1 = Yevy ™M Ok, &5 1)) — sy, (5 — ebyMC <9k, §h>) H

< By — 260}k, €5) — (8 ”MLMC(WS#))HZ

(éﬁ,h - éﬁ,h) — e (Aﬂﬁwc(@k)( E,h - ~§,h) + vﬁ‘LMC(ﬁmfﬁ, ) — 5MLMC(‘9ka g, h))

2
< Egp
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< Eg,n Hﬁ;f,h - éf,hHQ = 27¢Egn <5§,h ko ASTENC (01) ( i ~§,h)>

— 29eBsn (€ — € o MO0k, €5) — 03O0k, €5 4) ) + O (VECF R 10g(H/6)Tina)

+ 2’Y Ex,n HAE/Ik};AC(Qk) ( gk~ g,h> H2
< B 6 — &~ 20Bin (ghn — &5 AVEI00) (€51 — 851 ))

+0 ( veR? log Tmaxmfl/z\/m) + O (vC3R*m™ " log(H/6) Tmax)

+ 49 Bk HA (0k) (ﬁg n—&, h) H + 4v¢E n HAg N (6r) ( = 5§,h) —Ay(0) (Ef,h - ff,h) H2
A+ Cf)Tmix>

< B [lehn — 5|~ 2nemin (11 (eb, — €5,) Ap 001 (€4, - 8)) +0 <mz( hd
+0 (VgRZ log Tmaxm_l/Q\/log(H/(S)) + O (VC3R*m ™ log(H/0)Timax)

~ 2
+O (2 (¢ + ) B [T (g~ &) | +0 (02 (6 + 1) i 08 T

‘ 2

‘HL (glgc,h - ég,h)
ng R2 2 04 mix
&y - ,’;ﬁHz +0 (75 (ey + C)m ) + O (76 R? 10g Ty~ /2/10g (H]5))

< Egp

Tmax
@ (%?CQQRQm_l log(H/§)TmaX)

h 1 R2 2 C4 mix
<(9<( + Dye R (e5 + )T ) O((h+1 ) R*m™ \/logT/élongax)

Tmax
+ O ((h+1)7ZC3R*m ™" 1og(H/6) Tinax)

% and take expectations on both sides, we have

ck k 2 R2 (C + C(1 )Tmlx log T R2 V IOg H/6 IOg Tmax IOg T R2 max IOg(H/(S) 1Og T
g,h+1 §g,h+1H <0 AT o Aml/2 + H\m

If we substitute ¢ =

Eo,

U
Before proceeding further with the neural critic analysis, we provide the following Lemma from (Ganesh et al.[ [2025],
adopted to the CMDP setting.

Lemma C.9 (Lemma 9, Ganesh et al.[[2025]). Let Z; := {z € R%: z = A (0x)Tb,(0)) + v, v € ker(A,(6k))} denote
the set of minimum-norm least-squares solutions to A ,(0x)z =~ by(0y), and let 557* be the projection of a fixed point &
onto Zy. Then, under the update rule

f =lIls, (59 h—1 75@9(9k;§§,h_1)) )
where g (0y; fgyh) € ker(A,(01))", it holds that
ég,h - f’;* € ker(A,(0x))*, forall h > 0.

Next, we derive the second order bound.

Lemma C.10 (Critic Second Order Bound). Assume the same setting as Lemma[C.8} Then, after H inner critic updates, the
critic iterate 55 1 satisfies

C Tnnx log(H/(S)RQ log T R2 vV lOg H/6 lOg T log Tmax
At Tinax Am—1/2

Eo,|IEk o — €512
Eekugsﬂ—gs,*n?]so( Mo~ Gl

R2Thax log(H /) log T N C?Y log(H/6) Tmix 108 Timax logT>

131
HMm AN H (131)
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Proof.

2
= Einl[Msy (55— 960) ™00 €6 1)) — M (611

N0 85,) ~ 6.

Ex,n Hfg h1 — g

g h VeV

k= €I = 296 n (€5 — €5 0} MO (04 €5 ) ) + 7

=Ernlléln — €807 — 2veErn <§ — & 0y MO (O €5 )> + Vg nl|v) M (Oh; €5 1) 117

— 2B (€ — €6 o 0N €6 ) — 5) MO (05 €5 ) )

<€k = b 12 = 276 (85 — €5 03N (0k: 68 1)) — 20 (€bn — € D MC(O43 € ) — DM (03 €5 1) )
h) — vg(ﬁk;éﬁ,h)Hz

< ||§§,h - 65,*”2 — 27 < kh - 55,*»Ag(9k)( §h )> +0 (75 (C + 01201) log(H /6) Tmix 1og Trax )

= 2 (8 = €6 )M (043 €6 ) — Ag(O0)(ERn — €6.)) + O (v Tog(Trmax) CaR2m ™Y/ /log(H/5) )

| 2

9k§

wllog M (0 €5 )17

+ 292E 1 vy (B: €5 ) |12 + 292 Eg |03 EMC (0 €F

a) . . ~
18— Rl IS — €l — 2 (€ — €y (OrsEE ) — Ag(B1)(EEy — €5.))
+O (75 log(TmaX)C’gR2m*1/2«/log(H/cS)) +0 (12 (2 + CP2C?) 1og(H/6) Tanix 108 Tona)

where we use Lemmato bound v, (65, & 5, ,) and (a) follows from Lemma We take the conditional expectation Ey, 5,

Bion [[€ ns = €5 || < (L= 1€ — €507 = 20 (5 — €6 1 Ban [03MC(043 €5 1) — Ay (80) (€ — €5.)] )

+0 (’yg log(TmaX)CgRQm_l/zx/log(H/(S)) +0 (fyg2 (ci + 012012) log(H /) Timix log Tmax) (132)
We bound the second term as
— 2y <£§,h &6 o B [0 003 50) — Ag(0)(E5 1 — €5, ) (133)
A R - - 2
< TRk, — eI+ DB [0 ) — Ay 00 (5 — 5] (134)
o )\ 2’y ~ 2
< IR — b + S [ @ [ANE] - Ay (00)) €5 — (by(8) —Exs [BYRC])| 139)
A 7§A I€5 117 + 47e A
< LN, — b2+ e 2 (136)
2 ck ¢k —2A2 2
e DA (1650 — gl AA2AD) + e .
< - l€gn I*+ (137)
2 A
2 2
where A% = HEk,h [Algvﬂ];}ylc] — A, 01| , A = [blgv%}lvlc} —by(0r)|| , and AZ = [[b}IMC||. The last in-
equality is due to [[€F[|2 = [|Ay(0) " by (k)] < 52
- 2 A 8y A% 4 _
Een € — €5 < (1 -2 RoA ) 1650 = 66117 + 55 (A 24303 + A}) (138)

+0 (’yg 10g(Tinax ) Co R2m /2 log(H/(S)) + O (7% (& + CP*CF) 1og(H /8) Timix 108 Trmax ) (139)

For A2 < 32 , we have

- 2 YeA\ | - 4~ _
Een [[€ s — €5 < (1 = NG = P+ SE (AT ARAR + A7) (140)

A
+0 (75 log(Tmax)C’ngm_1/2 log(H/(S)) + O (’yE2 ((fY + C{2C’12) log(H /) Timix log Tmax) (141)
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SIOgT

Taking expectations on both sides with respect to ¢, and substituting y: = yields

Eo,

£k k
Sg,H T Sg.%

P (1o HEQ || &k, — €F ||2+i e (8ATZARAR + A})
— 4 k15,0 g,* ’YE)\ Y b
+0 (75 10g(Tinax ) Ca R*m 1/ 1og(H/5)) +0 (72 (2 + C2C2) 1og(H/8) T 108 Tinax )
Hoye A )
<o (~ T2 ) Bl - €h. 1P + 33 (A A3A% + a3)

+0 ()\*1 log(Tmax)Cngmflﬂ\/log(H/5)> + O (A e (2 + CPCT) log(H /8) Tanix 108 Tinax ) )

E ck ¢k |2
<0 ( oulltgo S| ) £ O + CRCE) og(H/5) (¢ + C) run k)

B B logT (2 + C2C%?) log(H /8) Tmix 10g Tinax
+0 ()\ Yog(Timax) CoR2m~1/2 log(H/(S)) +0O ( (G +a 1))\2H

Combining this with Lemma|[C.§] yields

Eo, [Igh i — €5.12) < 2o, [I85 5 — €6, 12] + 2o, [1Eh s — 5 al?] (142)
<o Eo, 1€ o — €5 |12 N 3 Tmix log(H/6) R* log T R%/log (H/5) log T'log Tmax N R2Tax log(H/8) log T
- T2 MTax Am—1/2 H>\m

(143)

N c?f log(H /0)Tmix log Tnax log T
N H

O

D NPG ANALYSIS

We now provide the analysis for the convergence of the Natural Policy Gradient (NPG) subroutine in Algorithm I}

Lemma D.1. Consider the single sample estimates for the Fisher information matrix and the policy gradient F (0k; 2) and
Vodg(Ok, 5; 2). If Assumptionsand hold, then the following bounds on the squared bias and variance hold:

H]Egk B(0i2)] - F(Qk)H2 <2 =0 (144)
HEk :F(ek; z)] - F(Hk)HZ <82 =0 (145)
Ey, U F(Or:2) — F(Hk)HQ] < o2 =26 (146)
Ey U F(Oy;2) — F(ak)HQ] <% = 2G4 (147)

2

o, [Voa(0:2)] = Vods(00) (CRGRk — €5, 1P + GACH log(H[0)m ™" + Gir2ewy)  (148)

H]Ek Vo, (0 2)] — Vod,(00)| <6

[%Jg(ek; z)} — Vo, (0k)

I/\
||

O

O (CIGRIEx (€] — &5 117 + GICT log(H/8)m ™" + GiThix€app) (149)
O (GiC{ log(H/6)) (150)
O

(
By |[Vodo(00: )] = Vo, (00| <55 = 0 (GICE 108(H/5) (1s1)
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Proof. By the definition of the single sample estimate for the Fisher Information Matrix, we have

. 2
H]Eek [F(ka)} - F(Hk)H =0 (152)
as the estimate is unbiased. We also have
. 2 .
| £ 2) = P < 20800 )12 (153)
< 2|V, logmo(als)|* (154)
< 2G‘11 (155)

For the policy gradient estimate Vg Jg (O, fg; z), we have
Vo g (0r: €53 2)I1° = Ag™ (€53 2)* (Vo log o, (als) ||

< G2 (lg(s,a)| + [n¥] + | Qg (d(5", @) C5) — Qyl(s, a); ¢)])° (156)
< 0 (GiCPlog(H/S)) (157)

where the last inequality follows from the boundedness of the neural network output in the NTK regime (Lemma|C.I)). Thus,
the single-sample variance is bounded by a constant independent of T3,,,«. This results in the following bound

~ 2

We now analyze the bias of the estimator. By definition, we have 5;",* = (n’g“’*, ¢ 5*) as the optimal parameters in the

linearized function class Fg ,,,. We decompose the expected error Eg, [@(,Jg(ek, 5 ;2)] — VJg(0) into four terms
To,To tin, T, T3:
Eo, Vo (0k, €53 2)| = Vody(0r)

= Ey,

{ (. = 1) + (Qu(6(5',0); ) = Q15 a3 ¢k ) = (Qu(6(5,0); €)= Q@05 0): ¢1.))
To:Optimization Error (Linearized)
+ (Q6(5',0):¢8) = Qyl@(s )i ¢8)) = (Qu(6(5,@); €F) = Q605 0); 1) )
T, 1in:Linearization Residuals
+ Q5 (s,0') = Qy6(s', )i ¢h) = (@5 (5,0) = Qy(6(s, )i ChL))

T :Function Approximation Error

= Vo Jy(0k) (159)

b (5,0 =+ Q) — QO (s, ) }va log 7o, (als)

T5:True Advantage / Bellman Error

Using the definition of the advantage function A7 (s, a) and the Policy Gradient Theorem:

Egk [TQV@ log o, (a|s)] — Vng(Hk)

—E, i [Bo [9(5,0) = 1k + Q5" () — Q5 (5) | s.0] Vologma, (als)] — Valy(B)  (160)
DB, i |45 (5.0) Vo log mo, (als)| — VT, (0k) (161)
= (162)

where (a) uses the Bellman equation and that J,(0),) = 77’;* by definition. Using the linearity of Qg with respect to ¢
(defined via inner product with V:Q4(+; (4.0)):

To=(nf. —nf) + (Qg(é(SCCL’);CZf) — Qg(o(s',a"); ff)) — (Qg(¢(s7a);C§) - Qg(aﬁ(s,a);cff,*))
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=, —5) +(VeQq(o(s,a); Co) — VeQq(o(s',d'); o), ¢ —ChL) (163)
<20 |Igf — €k Ll (164)

where the last inequality uses Lemma[C.I} Applying the Cauchy-Schwarz inequality and taking the squared expectation:

|Eo, [To Ve log 7||* < G3Eo, [|To]?] < O (C2G3||EF — €k ,)1?) (165)

Using Lemma [C.T} which bounds the difference between the neural network and its linearization in the NTK regime by

O(m=1/2):

Toainl = | (Qa(6(5',0): ¢8) = Qy((5',0); ¢4)) = (@05 0); €)= Qu(0(s,0):¢1) )|
< Q6" @) ) = Q05" @) )| + | @ (@05, )5 €)= Qu(6(5, 0): )|
<0 (04m*1/2 1og(H/5)) (166)

Thus, the squared error contribution is:

(167)

202 loa(H/S
|Eo, [ToinVo log a2 < G2Eo, [[Tounl?] < O (‘Wg(/))

m

Using Assumption 3.4 (Neural Critic Approximation Error), which bounds the expected squared Bellman error of the
optimal linearized critic &% :

B [77] = Ba, | (@560 = Qo6 0:650) = (@5 (5. = ot 6t )|
< O (Thix€app) (168)
using the average reward analogue of A.3 in|Ke et al.|[2024]]. We have
IEg, [T1 Vg log 7r]H < G3Ey, [TE) < O (G1 mlxeapp) (169)
Combining these terms, we have
o [VoTs(0n,€5:2)] - vng(e'k)H2 < O (CIGR)EE — €8 |? + G3CH log(H/S)m ™" + Gir2iceapy)  (170)

Applying the same argument yields

4o, [9o7,(00. €5 2)] —~ Vady(00)]| < O (CIGIE [€h] — €617 + GC3 log(H/5)m™ + Girdienpy) (17D

O
Lemma D.2. We denote the MLMC estimators for the Fisher Information Matrix and the policy gradient as
: k k
FMINC = B, + 290 (Fl — B3 ) 1(290 < T (172)
. k k .
VoM = Vo2 + 2% (Vo = VoI i) 1(29 < T (173)

where QF ~ Geom(1/2), th =5 ZQJ ! (Gk,zkh) and Vng kh = 37 Z? 61V9J (Gk,fg,zkh) Then the following
bounds hold:

[Ba [T = PO < O (GlrusTrd) (174)
Ek h |:||F1N[LN[c F(Hk)H :| @ (Glelx log Trnax) (175)

2
[Ein [Voghn' ] = Vodo(0r, 65| < O (Gf l0g(H /8)Tunix Tpa + G165 — 5. 117
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+ G?log(H/S)m™" + G2 mlxeapp> (176)
Epn || Vo T30 = Vody(0r,€0)I] < © (G% 10g(H /5)Tuni 108 Tona + G2||EE — €5 |1
+ G2 log(H/S)m ™ + G2 mlxeapp> (177)

s [VoId ] = Voo (0r,€)|* < O (G? 10g(H /) Tunix Trnax + GTIEr [€5] — €57

+ G2 log(H/6)m ™! + G? mlxeapp> (178)
Proof. Using Lemma [D.T|with Lemma[B.2] we have
[Ei [FAENC] = F(01)||* < O (03 Tamix T + %) = O (G ininTrn) (179)
Ei || FA2C = F(00)[°] < O (03 mix 108 Tonax + 03) = O (G 7inix 108 Tona) (180)
Similarly, we have
[Ein [Vo I ENC] = Vo dy 0k, €5)||* < O (03T + 52) (181)

=0 (G? 10g(H /8)Tumix Trpax + Gill€5 — &5

+ G2 log(H/S)m ™ + G%rﬁlixeapp> (182)
By, {HWJ;%MC Voo (01, €5))| } O (0 Timix 108 Tina + 62) (183)

=0 (G% 10g(H /6) Tinix 10g Tinax + G3||€E — €& |12

+ G%log(H/S)m ™! 4+ G2, mlxeapp> (184)
[Ex [VoTMEMC] = Vi Jy 0k, €5)||° < O (657 Tl + 62) (185)

:o<gzlog<g/5>fm Tl + G2IEy [€F] — &8 |2

+ G2 log(H/S)m ™ + G2 mlxeapp> (186)

O

Theorem D.3 (NPG Estimation Error Bounds) Suppose the assumptions in Section D] hold. Let the NPG step size be set
as Y, = 21°Ig{T and the initialization be w} , = 0. Let wf . = F(0x)~'Vg.Jy(0k) denote the true Natural Policy Gradient

direction. Then, after H inner iterations, the mean-squared error of the estimator w’; satisfies:

GSt 1 1 G? G2,
k IIllX 1 Tmix 1 Tinix
Ex {ng | } 2T2 +0 ( A (H T Tmax) + 12 /m + 2 €app> ) (187)

and the squared bias of the estimator satisﬁes:

n’llX G mix G2 G IIHX
[Bxfef] — bl < sz 0< ﬁTmax N TR eapp>, (188)

6019



where O hides polylogarithmic factors in H, T, Tynax, and 1/6.

Proof. We note that by Lemma[D.2] that the conditions of Equation 36 in Theorem B.1 in Xu et al| [2025]] are satisfied.
Additionally, for any policy parameter 6, we have

p<FOI <0(G1), [VeJO)] <O (Gr7mix) (189)

from Theorem 4.7 in Xu et al.|[2025]]. Thus, all conditions of Theorem B.1 inXu et al.| [2025]] are satisfied, and we have

Ey {”Wg - w || :| < EXp H’yw/J,) Hwo — wI;)*HQ + O(’YwRo + Rl)

1 G4 mix * =
HEk[w;f] - w;kHQ < exp(—HYwit) ||w0 — w;kHQ + lw;;— [(9( 17 ){HWO — wgkaz + O(y,Ro + Rl)}+R1]

Tmax
where
RO - O ( 3G Tmix + :u_lGQ log(H/é)(Tmlx + m_l) + M_lGQEngk - ||2 + :u_lGl mlxedpp) (190)
Rl = O ( 74G le max + H 2G2 log(H/(S)(TmIX max + mil) =+ /U‘iszEngg ||2 + [L72G Inlxe'lpp) (191)
Rl =0 ( 2G Tmix max + G2 log(H/é)(TleTmalx + mil) + GQH]EIC [55] ||2 + G mlxeﬂpp) (192)
and we set 7, = ZlogT . Using wo = O and [|wk || = [|[F(6x) ' Ve (01)|]> < O (,u_lGlrmix), this yields

k k|12 Gimas A —4 22
B[l — wflI’] < T + O\ (B! + Tonke) (™ Gimiae + G log(H/5) i)

+ MiZG%m71/2 + ,UiQG?]Engg 65 *”2 + #72G1 mlxe'lpp>

* 2 G mix GiT, A
”Ek[wlg]_wg;k” S( 12T2 + ‘u4lj“::;i) +O< G le max+:u 2G21Og<H/6)Tm1X max+M 2G1m

6

_ _ G IIllX
G B [64] — €bIP + w2G mlxedppU;T A ||2)

GiT Gi7, Al —446_3 2 2 2
< mlx T 1 H le
- ( /L2T2 * /14 Tmax) * O( G Tmix max T G Og( /6)7— max +u Glm
22 2 G6 2
o Gﬂzk[ng — €517 Gy TR | — b ||)

14 na
< G nnx _|_ m1x _|_
- 2T2 2 Tmax

+pu QGQE’C [Hg 2] +u 2Gl leed-Pp)

/2

HIIX rrnx + H 2G2 1Og(H/6)Tm1X max + 12 2G1m

Finally, we substitute the value for Ey, [Hﬁg — &8 LII7] to yield

~ 1 1 Gt G2 log(H /)T
k Ian Ian 1 mix
Ey, ng H ] 2T2 +O< <H + Tmax) < 1A 12 >
G? G2c2 log(H /) Tunix Gt
+ " L, 1%y g(H /o), mlxeapp (193)
m N2 u2H 112
G?r GSr, G?log(H /8)Tmi G?
E k1 _ % 2 17, nnx O IIllX 1 mix 1
H klwg] wngH 12T? + Tooae i + 12T +u2\/m
G?c2log(H/6 G372
- 72 %( [9) T;mXGapp> (159
peA*H 7

6020



E CMDP ANALYSIS

In this section, we formally analyze the convergence rate of the overall CMDP.

Theorem E.1. Suppose the assumptions in Section E]hold. Let the step sizes be o = 5 = @(T‘l/ 4), the number of outer
iterations be K = ©(T'/?), and the number of inner iterations be H = ©(T'/?). Let the MLMC truncation level be
Tax = T Then, the sequence of policies {Hk}kK:_Ol generated by Algorithm 1 satisfies the following bounds on the average
reward gap and constraint violation:

k=0

1
=E [;} —J(0x)

where O hides polylogarithmic factors in T

< O (Vetias + vfeaps + T4+ m =11 | (196)

Proof. Combining Theorem [D.3|with the fact that A, € [0,2/d,], we have

2\ A Gimmix , GiT, G1+\/10g(H /) Tmix G
E[|Eg [Wk]WZH]S(lJr )(9( 17, + mlx + 1m7— 1

675 ,U/T \ max,uf 124, Tinax * /’Lml/4

Glcm/log H/6) G1Tmix

€app (197)
pAVH I
%2 Gl Tmix 1 1 G IIllX G% log(H/6)TIHiX
| J < <1+52>O< p2T? +(H+Tmax>( u e

G2 G?c2 log(H /) Tinix G?r

+ 1 =+ 1%y g( / ) + mlxeapp (198)

p2y/m N H p?

Using Lemma 4.6 and Lemma G.2 in Xu et al.| [2025]] and setting T},,x = T, we have

1
—E
K

K—1
D (L ) —ﬁ(9k,Ak))]

k=0
< V€bias + —= K s~d7‘ [KL(W*("8)||7T90('|8))]
( " > & (fofgnx L GO, Gy, Cimnis L G log(H/5)>

Eﬂ
VT2 /T pmi/t o WH
+ oG 1+ O G 1n1x + G% IOg(H/a)Tmix + G% i G%C’QY log(H/J)Tmix n G lee
2 52 HM HM2 M2m )\2/L2H M2 app

+ a0 ((1 52) Gﬂ;ﬂ“‘) (199)

By the definition of the Lagrange function, we have

Kf (J:T* - L(@))]

k=0

1
—=E
K

< Veévias + —= K Eswans [KL(m"(-]5)[|7e, (-]))]
- (1 + ) O<G nis . G118 /D) i G CiTmix oy W)

+ €a
VT2 VT pmt/4 Iz - pAVH
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Hut Hy? p2/m N2p2H p? 6app>

G3r,
oo () S - w2

From Equation 75 in|Xu et al.| [2025]], we have

+ aGs (1

GO, G2 log(H /&) Tmix G? Gic2log(H/8)Tmix G2t
52)()( Hog(H/0)tmix | GF GRS log(H/O)Tix

Z Ak ( 9;@))] (200)

—E[ZAk(ﬁ - k)] < E Z|Ak| n(0n) —E [nf]) | + 8 (201)
<o (Glcvu)\lf/g%H/@ N ;m(ji/‘l +5> (202)
Thus,
1g Kf (J”* iy (9@)]
K P Tl "

< Vebias + —Eogre [KL(7"(]s)l|me, (-]5))]

N (1 N ) & G3r2,. N G1+/log(H/é)Timix N Gy N G Tmix — Gicyy/log(H/0)
ds VT2 w/T umt/4 U PP u\H
+ OZGQ ( ) O (G mix 4 G% log(H/(s)TmiX + G% G%C’QY log(H/é)TmiX + G mlxE
62 Hpd Hp? p2y/m Nu2H pr P
G3r2,. ~ [ Gicy/10g(H/0d)
+a(9(<1 62> 2 >+O< A + B (203)
~ 1 log(H/d
From Equation 79 in|Xu et al.| [2025]],
K—1
1 2 2 3
B | D2 Je(0x) (Ak — 5)1 <ssrt3 (205)
k=0 8 s
Since )\kJ:* > 0, we have
1 K—1 9 K-1
}]E Z (Jf *Jr(ak)) t5 KE [Z Jc(ek)]
= s k=0
2 15} 1 "

< V€bias + W + - + 7KESNd”* [KL(m*(-[s)]| e, (+]5))]

N <1+ )(’) G372, N G1+/log(H/6)Tmix N Gy GlelXF"‘ Gicyy/log(H/0)

\Fu M\/T ,um1/4 app u)\\/ﬁ
GS73..  G3log(H/S)Tmix G? GiZlog(H/0)Tmix G372,
+ OZGQ (1 52) O( H,u + HIU,Q + /,LQ\/TH " )\QIU,QH + #2 Eapp
4 G le
(1))

Then by Lemma G.6 in Xu et al.| [2025]], we have
1 K—1
=E LZO —Jc(ewl

6022



1 osB | 0s
< /€bias + —— ——E, g~ [KL(7*(- .
= €bias T (LﬂK + 4 + 2K s~d [ (7T ( |S)||7T90( ‘S))]

v/ Nog(H i i v/ log(H
+ (1 + é )O(G mix + Gl Og( /6)7—m1x + Gl + GlTnux + Glc"/ Og( /6)>

9s <
2 VT2 T pm!/4 1 o pAVH
65 G mlx G% 1Og(H/6)Tmix G% G%C'Qy 1Og(H/6)Tmix G IIllX
+ OéG2 (2 + 5) O( H‘LL + H,U,Z + ,LLQ\/E + >\2ILL2H + ILL2 €app
5 G2r
e ((2 n 5) M;m) 207)
log(H /5
<\/6b1a5 + \eapp + — K + 57{ +a+ B+ O\g/(ﬁ/) + m_1/4> (208)
Using K = H = O(T"?), a = f = O(T~'/*), we have
1 K—1 ~
= [Z (Jf - Jr(ak))] <O (\/aJr Ve + T4 4 m*l/“) (209)
k=0
1 K-—1
B —Jel0h) | <O (Verias + Vs + T/ 4 m~ /1) (210)
k=0
O

F EXPERIMENTS

F.1 VARIANCE STABILITY OF THE MLMC ESTIMATOR NEAR CONSTRAINT BOUNDARIES

To explicitly verify the stability of the MLMC estimator in practice, we conduct variance stability experiments (N = 500
independent trials) on Hopper-v4.

Experimental Setup. The constraint is J.(§) > 0, where we define the cost as c¢(s,a) = 0.25 — mean(a?). The true
constraint boundary is thus exactly at the average cost 7. = 0. We fix the variance of the MLMC gradient norm estimator
over 500 independent draws at three 7 values near the boundary.

Table 2: MLMC estimator variance near the constraint boundary on Hopper-v4.

Regime Ne MLMC Variance MC Variance Ratio (MLMC/MC)
Interior +0.10 9.33 x 1075 1.35x 107° 6.89x
Boundary  0.00 7.76 x 1075 1.18 x 107° 6.57x
Exterior ~ —0.10 6.90 x 107 1.26 x 107° 5.47x

Key Observations and Theoretical Justification.

1. No variance blowup at the boundary. As 7). passes through zero, the MLMC estimator variance decreases monotoni-
cally rather than spiking. If the MLMC telescoping correction were sensitive to the constraint surface, we would expect
amplified variance precisely at 7. = 0, where the gradient of the TD error with respect to 7. changes sign. We observe
no such effect.

2. Stable MLMC/MC ratio. The variance ratio remains in a tight band (5.47 x to 6.89x) across all regimes, confirming
that the MLMC correction overhead is not adversely amplified near the boundary.

3. Structural stability. The estimator is structurally stable near 7. = 0 because the MLMC critic gradient enters
7 linearly through two terms (see Eq. (20)): the average-cost gradient ¢, (1. — c(s,a)) and the TD error 6. =
Qc(s,a) + 1 —c(s,a) — Q.(s',a’). Both are smooth and affine in ; there is no discontinuity, indicator function, or
non-smooth projection in the gradient path as 7). crosses zero.
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4. Independent critics. Furthermore, our algorithm trains completely separate critics for the reward () and cost (c). Thus,
even when the dual variable A fluctuates near the boundary, the target values for the critics remain bounded in [—1, 1],
inherently preventing the severe variance spikes commonly seen in single-critic Lagrangian methods.

F.2 COMPARISON WITH CRPO ON SAFE PENDULUM

We compare PDNAC-NC with CRPO [Xu et al.}[2021]], a representative primal baseline for average-reward CMDPs, on a
continuous-control safety task. The environment is a safety-constrained pendulum: reward r(s,a) = 3(cos + 1) € [0,1]
rewards uprightness, and the constraint .J.(6) > 0 enforces a speed limit || < 3.5 through the cost signal ¢(s,a) =
clip(3.5 — |#|, —1, 1). Constraint satisfaction is in direct tension with reward maximization, since large angular velocities
are required to swing the pole upright.

Experimental Setup. Both methods use the same actor architecture (single-hidden-layer Gaussian MLP with 32 units,
diagonal covariance), the same NTK critic parameterization (width m = 64, depth L = 2), and the same average-reward
on-policy sampling scheme (32 parallel chains rolled for 32 steps per outer iteration). We run X = 200 outer iterations and
select hyperparameters from a grid over the primal step size «, dual step size 3, and NPG step size 7,,.

Reward Constraint
0.6
0.6
0.5 A 0.5 1
- S 0.4
> E —— PDNAC-NC (ours)
= 0.4 €03 —— CRPO
% LA R S constraint threshold
- S 021
0.3
—— PDNAC-NC (ours) 011
0.2 A —— CRPO 0.0 e
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
outer step outer step

Figure 1: Reward (J,., left) and constraint value (J., right) versus outer iteration on the safe pendulum task. PDNAC-
NC (blue) tightens toward the constraint boundary while steadily increasing reward; CRPO (red) collapses to an overly
conservative policy that satisfies the constraint by margin but achieves low reward. Curves are smoothed with a 10-step
moving average.

Discussion. Figure|l| shows the two methods’ training curves. PDNAC-NC increases J,. from 0.37 at initialization to
a mean of 0.57 over the last 20 iterations while driving J. down to a small violation of ~ 0.011 near the feasibility
boundary, i.e., it learns to operate close to the constraint surface, where the highest reward lies. CRPO’s discrete switch
between reward and cost updates makes it sensitive to step-size selection: with standard hyperparameters the switch becomes
noise-dominated near the boundary and the policy retreats into the safe interior, yielding a final mean reward of 0.19 with
J. ~ 0.62. This illustrates the practical benefit of our continuous dual update, which smoothly balances the primal and
safety directions rather than relying on a hard indicator.

G LIMITATIONS AND FUTURE WORK

While our work establishes strong theoretical guarantees for neural actor-critic methods in CMDPs, it presents several
limitations that open avenues for future research:

Beyond the NTK Regime Our theoretical analysis heavily relies on the Neural Tangent Kernel (NTK) regime, which
requires the neural network’s width m to be highly overparameterized to ensure the parameters remain close to their
initialization. While this allows for mathematically tractable linearized dynamics, it limits the network’s ability to perform
deep feature representation learning. A vital future direction is to extend this analysis beyond the lazy training regime,

6024



potentially utilizing mean-field theory or representation learning frameworks to capture the true feature-learning capabilities
of deep RL.

Ergodicity and Unichain Assumptions Our theoretical analysis relies on the uniform ergodicity assumption Assump-
tion[3.1] which necessitates that the Markov chain induced by every parameterized policy is irreducible and aperiodic. In
many practical safe RL domains, such as autonomous driving or robotics, policies may naturally lead to absorbing states
(e.g., system failures) or possess disjoint transient regions. Currently, only MDPs with linear critics have been developed in
the unichain setting [Ganesh and Aggarwal, [2025| |Satheesh and Aggarwal,[2026]]. Extending neural critic approaches to
these settings remains an open problem.

Order-Optimal Convergence Rates We established a global convergence rate and cumulative constraint violation of
(7)(T_1/ 4), which is not order-optimal natural actor-critic methods under Markovian sampling. The main bottleneck for
CMDPs is the NTK analysis for the squared bias due to the projection operator. Extending our results by alleviating this
bottleneck remains an interesting open problem.
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