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Abstract

TensorSketch by Pham and Pagh|[2013]], Kar
and Karnick|[2012] provides efficient sketching al-
gorithms for high-dimensional polynomial kernels
x®P ¢ R%  Kar and Karnick [2012] uses dense
Johnson-Lindenstrauss (JL)-type projections with
computational cost O(pDd) , where D denotes the
sketch dimension, whereas Pham and Pagh|[2013|]
extends the sparse CountSketch [Charikar
et al.,[2004] algorithm, yielding a faster algorithm
for high-dimensional sparse inputs with running
time O (p(nnz (x) + D log D)). However, the vari-
ance of both estimators grows exponentially with
the polynomial degree p, scaling as 37 /D. Recent
work by [Wacker et al.| [2023]] showed that using
complex-valued distribution reduces this depen-
dence to 27/ D for the approach of |[Kar and Karnick
[2012]. However, their method relies on dense JL-
type projections with computational cost O(pDd)
and does not extend to the algorithm of |Pham and
Pagh|[2013].

In this work, we introduce a simple variant of
TensorSketch [Pham and Paghl [2013] that
achieves the same variance bound as Wacker et al.
[2023]], while retaining its advantage of the input-
sparsity running time. We validate our results
with supporting experiments on synthetic and real-
world datasets.

1 INTRODUCTION

Polynomial kernels (Definition [3) are widely used in ma-
chine learning to model higher-order, non-linear interactions
among input features. For vectors x,y € R?, a degree-p
polynomial kernel is defined as k(x,y) = (x,y)P. This ker-
nel is equivalent to mapping x € R to its p-fold Kronecker

* Equal contribution.

product x®7 € R?" | which is (x®?, y®P) = (x,y)P.

As the dimension d” grows exponentially with p, directly
computing these inner products is computationally infeasi-
ble. A dense Johnson-Lindenstrauss (JL) transform [Johnson
and Lindenstrauss| |1984] can reduce their dimensionality
while approximately preserving their pairwise inner product,
however applying it requires time proportional to dP, which
is exponential in p.

To address this inefficiency, prior works such as [Kar and
Karnickl [2012] and [Pham and Paghl [2013]] proposed
randomized sketching techniques to approximate poly-
nomial kernels efficiently. [Kar and Karnick [2012] in-
troduced random feature maps based on JL-type projec-
tions. They define a randomized linear map S : R* —
RP by S(x%7) := (Wix @ --- ® W,x) /D, where
each W; € RP*9 is a random projection matrix (e.g.,
Gaussian or Rademacher with i.i.d. entries), and ©® de-
notes the element-wise (Hadamard) product. Such that
k(x,y) := (S(x®P),S(y®P)). This estimator can be
termed as a JL-type variant of TensorSketch, and
its computational cost scales with O(pDd). |Pham and
Pagh| [2013]] propose TensorSketch, which combines
CountSketch [Charikar et al., 2004]] with Fast Fourier
Transform (FFT)-based convolution to compute the sketch
implicitly. This avoids forming the full vector and runs
in input-sparsity time O (p(nnz (x) + D log D)), making it
preferred over Kar and Karnick![2012]] for high-dimensional
sparse data. The variance of both algorithms |Kar and Kar;
nickl [2012], [Pham and Pagh|[2013}, 2025]] grows as 37 /D.

Recent progress by Wacker et al| [2024]] introduced a
complex-valued variant of JL-type TensorSketch. It im-
proves the variance dependence of the sketch on the polyno-
mial degree, reducing it from 3” to 2P. This improvement
is achieved by incorporating complex-valued randomness
into the sketch. However, the resulting sketch vectors are
complex-valued, which cannot be directly compared with its
real-valued counterpart. To address this, Wacker et al.|[2023]
proposed the Complex-to-Real (CtR) construction. It first
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computes a complex random feature map of the embedding
dimension half of the size of its real counterpart and then
forms a real embedding by concatenating its real and imagi-
nary parts. This preserves inner products and achieves im-
proved variance bounds while yielding a real-valued sketch.
However, as a JL-type method, it still requires dense mul-
tiplications with cost O(pDd), which can be inefficient for
high-dimensional sparse data.

In this work, we address the above limitation by develop-
ing the Complex-to-Real (CtR) variant of TensorSketch.
The proposed constructions obtain variance improvements
comparable to the complex JL-type estimator of [Wacker|
et al.| [2023]], while retaining the input-sparsity running time
guarantees of TensorSketch [Pham and Paghl 2013].

Contributions. We propose a Complex-to-Real variant of
TensorSketch for degree-p polynomial kernels. It com-
bines a random function whose values are drawn indepen-
dently and uniformly from the fourth roots of unity with
FFT-based tensor sketching while producing real-valued
embeddings. We prove that the resulting estimator is un-
biased for (x®?, y®P). We also derive an upper bound on
variance with 2P-type dependence on the degree, improv-
ing over the classical TensorSketch [Pham and Pagh|
2013]] variance scaling, while retaining the sketching time
O(p(nnz (x) + Dlog D)). The algorithm is defined in Def-
inition|[8] and its theoretical guarantees are stated in Theo-
rem[2l

We note that the use of complex-valued random variables
in sketching algorithms has been explored in prior work.
For example, |Wacker et al.|[2023]2024]] employ complex
random variables to construct sketches for polynomial ker-
nels, while |Meyer and Avron| [2026] uses them for trace
estimation of implicit matrices. The key idea in|Wacker et al.
[2023}2024] is to sketch x®P using element-wise products
of independent sketches of the factors (x1,...,%,). Ow-
ing to this independence structure, Khintchine’s inequality
(Definition 4) can be applied, and a simple induction on p
yields a tighter upper bound in the complex setting than in
the real-valued case.

In contrast, TensorSketch is built upon the hash-based
Count Sketch framework, where the sketch components
are not independent and no direct analogue of Khintchine’s
inequality is available. As a result, the techniques from prior
work do not extend to our setting. Moreover, our analy-
sis of Count Sketch with complex-valued random vari-
ables (TheoremE], Appendix) shows that, by itself, the com-
plex construction of Count Sketch provides no variance
reduction over its real-valued version. Therefore, our re-
sult demonstrating improved variance for TensorSketch
with complex random variables is non-trivial and stems
from the vanishing of certain cross terms in the variance
analysis, which does not occur in the real-valued setting.
Implications of our results. TensorSketch [Pham and

Pagh| |2013]] enables efficient training of linear SVMs [Sun
et al., [2018] L1 et al., |2019], supports scalable deep learn-
ing and the theoretical analysis of over-parameterized neu-
ral networks [Yehudai and Shamir, 2019, [Zandieh et al.,
2021, and has been successfully applied to compact bilin-
ear pooling for fine-grained visual recognition [Gao et al.,
2016] as well as multimodal fusion architectures [Fukui
et al., 2016]. Polynomial kernels themselves are widely
adopted in applications including natural language pro-
cessing [[Goldberg and Elhadad| 2008]|], recommender sys-
tems [Rendlel 2010], and genomics [[Aschard, 2016|]. Our
proposed CtR TensorSketch achieves more accurate
estimates than TensorSketch [Pham and Paghl [2013]]
while maintaining the same asymptotic time complexity,
making it a promising alternative for the above applications.

Organization of the paper. The remainder of this paper
is organized as follows. Section 2] reviews prior work on
polynomial kernel approximation and randomized sketch-
ing. Section [3] presents necessary background, including
CountSketch, TensorSketch, polynomial kernels,
and the CtR framework. Section 4] proposes our algorithm
and states theoretical guarantees on its accuracy and effi-
ciency. Section [5|reports empirical comparisons of real and
JL-type methods with our approach. Section [6] concludes
and outlines some future research directions.

2 RELATED WORK

Polynomial kernels can be expressed via tensor fea-
ture maps, where the representation is the tensor prod-
uct ®?_, x; of vectors x; € R4, ... x, € R%
to capture higher—order interactions. Explicit construc-
tion requires O([[}_, d;) memory and is infeasible even
for moderate p or dimensions d. To avoid this blow-
up, prior work proposes sketching methods that com-
pute S(®?!_, x;) without forming the full tensor, in-
cluding JL-type product embeddings [Kar and Karnick],
2012]] and hashing-based TensorSketch constructions
built on CountSketch [Pham and Paghl 2013} 2025].
For x,y € R? both TensorSketch estimators have

5L (x5 llyl3)  which yields 37-type
variance growth. Both JL-type and hashing-based es-
timators scale as ©O(3P/D) for degree-p features, but
TensorSketch [Pham and Paghl 2013} [2025]] is more
efficient due its input-sparsity time complexity.

variance <

Recent work shows that complex-valued distributions re-
duces the variance of randomized feature maps. Complex
JL-type constructions for polynomial kernels achieve lower
variance than their real-valued counterparts [Wacker et al.,
2024]). In particular, replacing real Rademacher or Gaussian
variables with complex-valued distributions improves the
variance dependence from 3P-type to 2P-type. Further work
by [Wacker et al.| [2023]] introduced the Complex-to-Real
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(CtR) construction, preserving the variance improvement of
complex-valued sketches while yielding real-valued embed-
dings. These embeddings enables direct comparison with
real sketches. However, these approaches rely on dense JL-
style projections and therefore incur higher computational
cost espescially for high-dimensional sparse data.

Building on the hashing-based sketching framework
of [Pham and Pagh| 2013], we introduce a Complex-to-
Real (CtR) variant of TensorSketch for polynomial
kernel approximation. Our method uses fourth roots-of-
unity instead of real Rademacher variables and applies a
structured complex-to-real transformation, yielding unbi-
ased real-valued embeddings with improved variance depen-
dence.

In contrast, our method achieves variance reduction through
a lightweight modification of the sketch construction. This is
followed by a Complex-to-Real (CtR) conversion to produce
a real-valued embedding that makes it possible to compare
it fairly with its real counterpart. The resulting sketch pre-
serves the original structure and input-sparsity running time
while achieving provable variance improvements over origi-
nal TensorSketch [Pham and Pagh, 2013].

Variance reduction for randomized sketching has been
widely studied using statistical variance reduction tech-
niques such as control variates (CV) and maximum like-
lihood estimation (MLE). The CV method reduces vari-
ance by leveraging a correlated auxiliary variable with a
known expectation, while MLE estimates unknown pa-
rameters by maximizing the likelihood of the observed
data, often yielding statistically efficient estimators. These
techniques have been extensively investigated for a vari-
ety of classical randomized sketching methods, including
Johnson-Lindenstrauss (JL) transforms [Li et al.| [2006]],
CountSketch [Pratap and Kulkarni| [2021]], Tug-of-War
sketches [Pratap et al. [2021]], signed random projec-
tions |Kang and Wong| [2018]], feature hashing [Verma et al.
[2022]], and compressed matrix multiplication Verma et al.
[2025]], among others. However, to the best of our knowl-
edge, analogous variance reduction techniques have not
yet been developed for TensorSketch. While these ap-
proaches can substantially reduce estimator variance, they
typically incur additional computational and algorithmic
overhead.

3 PRELIMINARIES

Notation: We use the following notation in the paper. Bold
lowercase letters (e.g., X, y) denote vectors, bold uppercase
letters (e.g., S, T') denote matrices. For a positive integer D,
we write [D] := {1,2,..., D} for the corresponding index
set. For d, p € N, we denote by [d]? the set of all p-tuples
(i1,...,1ip) with ¢; € [d]. The sets R, Z and C denote the
real, integer and complex domains, respectively. For any

vector X, nnz (x) denotes the number of its nonzero entries.
The symbol (x,y) denotes the standard inner product, ||x||,
the Euclidean norm, and ||S|| > the Frobenius norm of a
matrix. For a complex number z € C written as z = a + ib,
its complex conjugate is defined as z. The norm of z is
|z| = VaZ + b2 = /2 Z. The Kronecker product is written
as ®, while “-”” denotes standard matrix multiplication and ©®
denotes the elementwise (Hadamard) product. The indicator
function is denoted by 1 [-]. The probabilistic quantities use
Pr[-] for probability, E[-] for expectation and Var (-) for
variance.

Definition 1 (CountSketch [Charikar et al., 2004]).
Given an input vector y € R%, the CountSketch is a
randomized linear map T € RP*? that maps y to a lower-
dimensional vector z = Ty € RP. The CountSketch
matrix T is constructed by two hash functions: (a) h: [d] —
[D] a 2-wise independent hash function, and (b) s : [d] —
{1, —1} a 4-wise independent random sign function.

The ' entry of vector z € RP is computed as, zj =
Zh(i):j s(i) yi, ¥ ={1,..., D}. The time complexity of
computing the Count Sketch is O(nnz (y)).

For pairwise inner—product analysis, let x,y € R?® and
define the Count Sket ch inner—product estimator as

~

k(x,y) = (Tx, Ty).
Then the estimator is unbiased
E [E (x, y)] = (x,y),

and its variance satisfies

~

var (R G,)) < 35 (6090 I3 I3 -2 3 a242).

Definition 2 (TensorSketch of Degree p [Pham and
Paghl 2013} [2025]]). Let p > 2. For each t € |[p], let
hy : [d] — [D] be 2-wise independent hash functions
and oy : [d] = {=1,+1} be 4-wise independent random
sign functions. The degree-p TensorSketch matrix S €
RP* js defined for all r € D] and (i1, . .. ,ip) € [d]P by

For any x € RY, the sketch S(x®P) can be computed im-
plicitly in time O(p(nnz (x) + D log D)) using FFT-based
convolution, without explicitly forming x®P.

Let x,y € RY, then estimate for pairwise inner—product is
defined as follows:

E(x,y) = (S(x®p) ,S(y®p)>.

Then TensorSketch provides an unbiased estimator of
the degree—p polynomial kernel

E [k ()] = (3",
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and its variance satisfies

var (ki (x,y)) < é<(2<x7y>2 + 113 3

d
p
_2Zx$y12) - <X7Y>2p>’
i=1

< =5 " lIvll"

Definition 3 (Polynomial Kernel [Scholkopf and Smolal,
2001])). We consider polynomial kernels of degree p € N of
the form

kx,y) = (yx"y +v)",

forx,y € R* with v,v > 0. The parameters v and v can
be absorbed into the inputs by introducing the augmented
vectors

x=(x V) =y V) R

With this transformation, the kernel admits a homogeneous
representation,

(,yxry i y)p _ (iTy)p _ (5(®p)T)~,®p’

where X®P denotes the p-fold tensor product of x. Hence,
without loss of generality, we may treat the polynomial

kernel as a homogeneous kernel in the augmented space
Rd-&-l‘

Definition 4 (Khintchine Inequality [Haagerup and Musat
[2007], [Wacker et al.| [2023]]). Let x = (x1,...,xq) €
R and let {e;}?_, be independent Rademacher random
variables. For every p > 0, there exists a constant K, such

that
(E

d
E Ti&q
i=1

p\ 1/p
) < Kplx[2. (1)

The optimal constants are known explicitly.

o Ife; € {—1,+1} are real-valued Rademacher vari-
ables, then

1, 0<p<L2,
Ky = TR @
V2rmwmD(EE)r ) p> 2.

=

* Ife; are complex Rademacher variables taking values
in {1, —1,4, —i} uniformly at random, then

Kp:r(gﬂ)%. 3)

Moreover, for every p > 2, the complex constant If'p is
strictly smaller than the corresponding real constant K,

Definition 5 (Framework for Complex-to-Real (CtR)
Sketches). |Wacker et al.|[2023)] suggests a framework of
analysing sketching algorithms involving complex random

variables. Let z = a + ib be a complex random variable
with a,b € R, we have |z|> = a2 + b2 and Re {22} =

a? — b?. Combining both gives a* = % (\z|2 + Re {22}) .
The scalar a is real-valued and its variance Var (a) =
E[a?] - E [a)? is therefore

Var (a) = %Re{EHzF] FERY 4+ 2B} @)

Letx,y € R and let D¢ : RY — C=. Then 74:\0 (x,y) :=
Do(xP)Bo(y®r)
of the polynomial kernel k(x,y), and hence k¢ (x,y) =
Re{kc (x,y)} + Im{kc (x,y)}. The Complex-to-Real
sketch is defined as follows:

/k\;CtR (Xa Y) = Re{/]%C (X7 y)}a

—Re {0 (x®)}  Re {®c(y®?) )+

co A Im { Do (x2P) Tm { Do (y®P)},
= @CtR(X)T@CtR(Y)~

where, ®cir(x) = [Re {®c},Im {®c}] € RP. We now
derive the variance of kcir (X,y) using Equation ({@):

€ C is a complex-valued estimate

Var (ECtR (%, y))

= SRe{E[[Rcf?] + B[] + 2E[Re{Rc)]?)

1 ~ —~ ~

s Re{E[lke[*] + E[k¢] + 2E[ko]*}, 5)
where, ke =k (x,y) €C. This framework plays a key role
in computing the expectation and variance of kcir (X,y).

Definition 6 (Complex-to-Real Polynomial Sketch [Wacker
et al.l 2023])). Let p € N and D = 2k for some k € N.
For each i € [p), let W; € CP/2% be a random matrix
whose rows are sampled independently from a zero-mean
distribution satisfying E [ww*] = 1 (e.g., complex Gaus-
sian or complex Rademacher) where x refers to conjugate-
transpose. Define the complex random feature map

2
Do (x) ::\/5 (Wix O Wax©®---©WpXx) € cbh2,

Then, the Complex-to-Real (CtR) sketch of x € R? is the
real-valued vector ®cr (x) € R defined by

(I)CtR(X) = (il’el %$2E§§z§{> S ]RD.

For any x,y € RY, the kernel estimator can be defined as

ko (%,y) = Poir(x) | Por(y).
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For both Gaussian and Rademacher constructions, the CtR
estimator satisfied the following:

E (ko (x,¥)] = (x,3)7,

op+l _ 9 9 5
—— IxI" Iy 2"

Var <ECtR (%, y)) < 5

4 COMPLEX-TO-REAL(CTR)
TENSORSKETCH

In this section, we first define Complex CountSketch
(Definition [7). Building on its circular convolution struc-
ture, we then introduce Complex-to-Real TensorSketch.
(Definition[8) along with the associated kernel. Theorem 2]
discusses the guarantees of the estimators proposed in Defi-
nition 8

Definition 7 (Complex Count Sketch Mapping). Letx €
R? and D be the sketching dimension. Sample a Complex
Count Sket ch matrix C € CP*¢ with the following two
independent functions

e h:[d] — [D] is an universal hash function that as-
signs each coordinate independently and uniformly to
one of the D buckets, and

o s:[d = {1,w,w? w3} is a random function whose
values are drawn independently and uniformly from
the four fourth roots of unity.

The j-th coordinate of the sketched vector Cx is given by

(Cx); = (i) L[A(i) = jl ;.

i=1

Vje D]

We define CtR TensorSketch, which extends the Com-
plex Count Sketch by applying p independent sketches
and combining them using FFT-based convolution to effi-
ciently sketch the vector x®7, y®» ¢ RY

Definition 8. (Complex-to-Real (CtR) TensorSketch
Mapping) Let x € RY and fix an integer p > 1. Define
a Complex TensorSketch mapping C : RY — CP/2
constructed from p independent Complex Count Sketch
mappings. For each r € [p), let

* hy : [d] — [D] be an universal hash function that
assigns each coordinate independently and uniformly
to one of the D buckets, and

o 5,1 [d] = {1,w,w? w3} be a random function whose

values are drawn independently and uniformly from
the four fourth roots of unity.

For each r € [p), let C, € CP/2%? denote the Complex
Count Sketch matrix induced by functions (h.., s,) as

in Definition E] The TensorSketch of x® € R is
defined implicitly via convolution of the p sketches, and can
be computed efficiently using the Fast Fourier Transform as

O (x®P) ;= Cx%P, (6)

p
=FFT ! (H FFT(C,.X)> ecP?,

r=1

where the product is taken element-wise. We define the CtR
sketch as

Beyp (x8P) = (Re{fbc(x@p)l}, . Re{®c(x%P) p o},

{0 (), In{@c(x") p2}) | € B,

A detailed proof of results (Lemma [T} @ and Theorem [2))
stated in this section is presented in Appendix

Lemma 1. Let w = e*™/* = i, and let s : [d] —
{1, w, w?, w3} be a random function such that the values
{s(@) }ig[a) are drawn independently and uniformly from
the four fourth roots of unity. Then, for every i € [d], the

following identities hold

E[s(2)]
E[|s()["]
E [s(i)?] =

Furthermore, for any pair of distinct indices i # j, indepen-
dence implies

0,
L,
0.

Theorem [2] establishes the unbiasedness, variance bound,
and sketching time of the CtR TensorSketch.

Theorem 2. Letx,y € R? and x®?,y®P € RY . Let ®cir
denote a Complex-to-Real TensorSketch as stated in

Definition 8] Let ko (x,y) i= ®cer(x2P) T Bom (y©P),
then kcir (X,y) satisfies

E [kom ()] = (x%,5%7) = (x.3)",
Var (Fow (x,)) < 11)<<<x, 2+ I3 Iyl = -+
d p
---—Zﬁﬁ) —<x,y>2”>,

2P -1 2 2
< =5 X" lIyll5"

Moreover, the sketches ®cir (x®P) and ®cir (y®P) can be
computed in O(p(nnz (x) + Dlog D)) and O(p(nnz (y) +
Dlog D)) time, respectively.
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Algorithm

Variance Sketching Time

TensorSketch(CtR)

2

FT-
r=2 HXHzp ||YH >

O(p(nnz (x) + nnz (y) + Dlog D))

TensorSketch(Real)[Pham and Pagh| 2013[[2025] | 51 |[x[13* llylly" | O(p(nnz (x) + nnz (y) + Dlog D))
JL(CtR Radamacher)[Wacker et al.. [2023]] 222 (2P |y |37 O(pDd)
JL(CtR Guassian)[Wacker et al., 2023]] 21’;# I1x|127 [|y]| 2 O(pDd)

Table 1: Comparison of variance bounds and sketching time for CtR TensorSketch and baseline methods. Here,
x,y € R% are input vectors, p denotes the polynomial degree, and D is the sketch dimension. All methods provide unbiased
estimates of the inner product between the vectors x®7, y®? € R? ie., (x®P y®P),

Proof. According to Deﬁnition we have ke (x,y) :=
Re {%c (%, y)}, and therefore we first analyze k¢ (%,¥).

Recall that k¢ (x,y) %S (x®p)<bc(y®P)T, where
B (x®P) := Cx®? and ®¢(y®P) := Cy®P according to
Deﬁnition In particular, Cx®?, Cy®? € CP/? denote the
complex Count Sketch of the vectors x®7, y®P ¢ R%",
constructed using the derived functions H : [d]P — [D/2]
and S : [d]P — {1,w,w?, w3} defined as

p

H(iy, ... ip) = ( Y _h;(i;) | mod D/2,
j=1

S Zla HSJ ZJ

In the proof, we denote X := x®P and Y := y®P. Let
u,v € [d]P be the multi-indices corresponding to the entries
of X,Y € R%. For a multi-index u = (jy,...,j,), the
entry of X is defined as X,, = [[/_; ;,, where the asso—
ciated linearized index isu =1+ Y 7_, (jx — 1) Hk, 1 d
The entries of Y are defined analogously.

We begin by analyzing ke (x,y) as defined below,

ko (x,y) = 2c(X)®c(Y) = (CX,CY),

= > X,Y,Su)S(v)1[H(u)=H(@)],
u,vE[d]P
= <X7Y>+ZXU Y, S(u) (U) 1 [H(u) = H(v)] .

uFv

Using Lemma we have E {S(u) S(v)} = 0 for all u # v.
Hence,

E [ko (x,y)] = (X,Y) = (x5, y%7) = (x,y)".

According to Definition we know kcer (x,y) =
Re {Eg (x, y)}, we have

E [@Cm (x7y)} =E [Re {@C (x,y)H = (x,y)". (8)

Using Equation 3] the variance of kcir (x,y)is

Var (%CtR (x,y)) - ;RG{E U/];?C (x, y)‘2:| +...

+E [(Ec (x,y))z] 2 (E [ko (x,y)})z}. ©)

For the wvariance analysis, we need to compute

EUEC (x,y)ﬂ and E[(Ec (x,y)ﬂ. By applying

Lemma|I]and Lemmafd] we obtain the following bounds:
~ 2 ) ) )
E|[fc ey | < oy + 5 { | xy)*+

p
I s — Zw ) (x,y)? >,(10>

and

E {(Ec (x, y)ﬂ < (x,y)%* + % <<2<X7Y>2—

Zx) xy>> (1n

Substituting Equations (I0), (TT), and (8) into Equation (9)
yields

2ptl 9

—D (12)

o 2 2
Var (o (x,¥)) < Iocl3” Ny 5"

Time Complexity. To compute the sketch according to
Equation (7), each complex CountSketch can be com-
puted in O(nnz (x)) time. The convolution of the p sketches
is implemented using FFT in O(pD log D) time. There-
fore, the overall time complexity of Complex-to-Real
(CtR) Tensorsketch applied to x*? is O(p(nnz (x) +
Dlog D)). O

Remark 3. Theorem [2| exhibits an improved exponen-
tial dependence on p in the variance bound of the
estimate, decreasing from the 3P/D bound for real
TensorSketch [[Pham and Pagh, 2013|] to 2P | D, while
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retaining the same input-sparsity sketching time. A tabular
comparison among the baselines on the variance bound and
running time is presented in Table|[]

Bounds derived in the Lemmad] play a key role in the proof
of Theorem 2l The sketch described in this lemma is a
complex-valued variant of the classical AMS sketch|Alon
et al.| [1999] for polynomial kernel approximation Indyk
and McGregor| [2008]], Braverman et al.|[2010]. In particu-
lar, the variance analysis of CtR TensorSketch reduces
to analyzing products of independently randomized linear
sketches. Each bucket of CtR TensorSketch behaves
like a product of p independent AMS-type sketches of the
form Z,, (x) = ijl x;5j(4). When expanding the mo-
ments E[|Z|?] and E[Z?] in the proof of Theorem [2| the
resulting expressions factor across the p independent ran-
dom variable drawn uniformly from fourth roots of unity.
Lemma @] provides an exact evaluation of moments under
fourth roots-of-unity random functions, allowing the full
degree-p moment to be written as the p-th power of a single-
sketch expression.

Lemmad. Let x,y € R let p > 1 be an integer, and let
$1y...,8p ¢ [d] = {1,w,w? w3} be independent random
functions, each taking values uniformly from the four fourth
roots of unity (as in Lemmal(l). Define

7 = H Zs,(x) Zs,(y),

Jj=1

where

d d
Zs;(x) = ZCCL si(i),  Zs(y)= Zyz s5(1).

Then,

E[Z] = (x,y)",
2 2
Var (Z) <27 |Ix|15” [ly 15" -

Proof. Let

Z = H Zs]» (X) ZS]’ (Y)a

J=1

d
Zs;(x) = szsj (1).

Expectation. For a fixed 7,

E [ZSJ (x)m] = Z z;yp E [%’@W} .
ik

By Lemma E {sj(z)sj(k)} = 0 for ¢ # k and equals 1
for ¢ = k. Hence,

Independence across j then gives

E[Z]=[(y) = (xy)"

j=1

Second moments. Since the sign functions are independent
across j,

E[l2] = HE [12.,00Z, 0P -
E[2?] = HE [(ZSJ (X)Zs, (y))z}

Expanding one factor and using the fourth-moment struc-
ture of fourth roots-of-unity random functions (Lemma I},
only index configurations that form pairs survive. The de-
tailed calculation yields moments as follows

d
7 N 2 2
E ||Z,, (0)Z0, 02| = (6,902 + x5 Iy 13 = D 222,

i=1
and

d

Zo,)’] = 20x,y)? = Yty

=1

Therefore, taking p-times product of the terms give moment
bounds for Z

d

2 2 p

B2 = ((x, )% + I3 lyll3 = Y- a??)
=1

E[7%] = (2(x.¥)? - Ed:x?yf)p-
i=1

Variance bound. Using Equation ] and applying the
Cauchy-Schwarz inequality to upper bound (x,y)? <
||X||§ ||y||§, together with the fact that Y, z2y? > 0, we
obtain

Var (2) <2 [[x[3” ly[)5” -

O
S EXPERIMENTS
Experimental setup. We compare our pro-
posed CtR TensorSketch against standard

TensorSketch [Pham and Pagh| [2013|]. Along with this
we included JL-type polynomial sketches (Gaussian and
Rademacher [[Kar and Karnick} |2012])) together with their
CtR variants [Wacker et al.l 2023|] for comparison. All
methods are implemented by us directly from the original
algorithmic descriptions given in the previous sections.
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Figure 1: KL divergence on the COD-RNA dataset. We report KL divergence between the exact degree-p polynomial
kernel and the kernel reconstructed from sketch features for p € {3, 5, 7}. Methods include Real and CtR (complex-to-real)
Gaussian and Rademacher JL sketches, as well as Real and CtR TensorSketch. Results are averaged over 20 independent

trials. Sketch dimension is varied as D € {d, 3d, 5d}.

Real Gaussian
—— Real Rademacher

pP=3

—— CtR Gaussian
—— CtR Rademacher

—— Real TensorSketch
—— CtR TensorSketch
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Sketch dimension D
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Figure 2: Wall-clock sketch construction time on the COD-RNA dataset. We compare Real and CtR (complex-to-real)
Gaussian and Rademacher JL sketches, with Real and CtR TensorSketch for p € {3,7,10}. The sketch dimension is
varied as D € {d, 3d, 5d}. Each point reports the average sketch construction time over 20 independent trials, measured on
identical normalized input data. Here as well all dense JL-type sketches exhibit nearly overlapping construction times across

sketch dimensions D and polynomial degrees p.

All experiments were run on Ubuntu 22.04.4 using an Intel®
Core™ i9-14900K processor (24 cores, 32 threads) with
32 GB RAM. Reported runtimes are wall-clock times for
sketch construction only.

Baselines. The sketching methods compared in this section
are listed below, along with brief descriptions.

¢ Real Gaussian/Rademacher Sketch [Kar and Kar-

2012]): Dense JL-type polynomial sketches using
i.i.d. Gaussian or Rademacher projection matrices.

* Real TensorSketch [Pham and Paghl, 2013
[2025]): Standard CountSketch-based TensorSketch

for polynomial kernels with real hash and sign func-
tions.

* CtR Gaussian/Rademacher Sketch [Wacker et al.,
2023]]: complex-to-real JL-type sketches using com-

plex Gaussian or complex Rademacher projections fol-

lowed by CtR conversion, as proposed by
2023].

¢ CtR TensorSketch (Our Proposal): Our CtR

TensorSketch obtained by replacing real random
signs with random function drawn uniformly from the
four fourth roots of unity and applying complex-to-real
conversion within the corresponding constructions.

Datasets. We use both synthetic and real-world datasets.
Synthetic data. For the synthetic experiments, we generate
n = 3000 random vectors in R? with d = 2. Each coor-
dinate is drawn independently from a standard Gaussian
distribution, and all vectors are /,—normalized. We consider
polynomial kernels of degrees p € {10, 15,20} and vary
the sketch dimension as D € {100, 300, 500}.

Real-world data. We evaluate all methods on two real-world
datasets: MAGIC Gamma Telescope (d=10
real-valued features) and COD-RNA [Uzilov et al, [2006]]
(d = 8 numerical attributes). All inputs are treated as real-
valued vectors and ¢>-normalized prior to sketching. For
each dataset, we subsample up to n = 3000 points (or
use the full dataset if smaller). Each configuration (dataset,
degree p, sketch dimension D) is averaged over 20 indepen-
dent random trials.
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Comparison Metrics. We evaluate sketch quality and effi-
ciency using two metrics.

* KL divergence. To assess how well a sketch preserves
the structure of the degree-p polynomial kernel matrix,
we compute the KL divergence between the exact ker-
nel K and its sketch-based approximation K. Since
polynomial kernels are nonnegative, we normalize both
matrices into discrete distributions

Pi' - <= 1 QL == =
! Za,b Kap ! Z%b Kap
and report
KL(K | B) =Y Pylog -5,
1,5 ’ Qij te

where € > 0 ensures numerical stability. Lower values
indicate better kernel preservation.

» Wall-clock time. We measure efficiency by the wall—
clock time required to construct sketch features for a
given method and sketch dimension D, averaged over
multiple independent trials.

Results. Figures[T]and 2] compare approximation error (KL
divergence) and sketch construction time on the COD-RNA
dataset across polynomial degrees and sketch dimensions.
We evaluate the proposed CtR TensorSketch against
the standard TensorSketch, along with real and CtR
Gaussian and Rademacher JL-type sketches.

CtR TensorSketch consistently achieves the lowest
KL divergence across all degrees and sketch dimensions,
indicating more accurate kernel approximation than real
TensorSketch and dense JL-type methods. This behav-
ior matches our theoretical guarantee of improved variance
established earlier.

In terms of runtime, CtR TensorSket ch retains the input-
sparsity cost O(p(nnz (x) + D log D)), comparable to stan-
dard TensorSketch. In contrast, JL-type methods incur
higher dense projection cost O(pDd).

Additional experimental results are provided in Section[C]
of the Appendix.

6 CONCLUSION

We introduced a complex-to-real (CtR) variant of
TensorSketch that provides a compression algorithm
for high-dimensional polynomial-kernel and tensor datasets.
To the best of our knowledge, CtR constructions were
only known for dense JL-type TensorSketch [Pham
and Paghl [2013]] due to |Wacker et al.|[2023]]. Our results
demonstrate that Complex-to-Real (CtR) variants achieve

improved variance bounds compared to their real coun-
terparts [Pham and Paghl |2013]], matching those obtained
in(Wacker et al.|[2023]]. Moreover, these variants preserve
the input-sparsity running time of the original method, mak-
ing it a preferred choice over Wacker et al.| [2023]], for
high-dimensional sparse data.

Two directions remain open for further investigation. First,
it is unclear whether employing higher-order roots of unity
can yield stronger higher-moment concentration, leading
to tighter (¢, d) -approximation guarantees for the sketch.
Second, it remains to be explored whether the advantages
of Complex-to-Real (CtR) constructions can be extended to
other kernel families and randomized feature maps beyond
polynomial kernels. Together, these questions point to a
broader potential for complex-valued sketch design.
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A PROOFS OF THEOREMS IN SECTION @

Lemma 1. Letw = e*™/* =i, and let s : [d] — {1, w, w?, w3} be a random function such that the values {s(i)};c(a) are
drawn independently and uniformly from the four fourth roots of unity. Then, for every i € [d|, the following identities hold

E[s(2)]
Ells()["]
E [s(i)?] =

Furthermore, for any pair of distinct indices i # j, independence implies

0,
L,

Proof. Since s(i) is uniformly distributed over {1, w, w? w3} = {1,i,—1, —i}, we have

o l4i—1-i

=0.
4

E [s(2)]

All four values have unit magnitude, and therefore

PP P
4

1.

N2
E[|s(4)|]
For the second complex moment,

2 ’i2 _1)2 —i2 _ _
B ] = 2 +(41)+( 2 _1-1+1-1

Finally, for any ¢ # j, independence of s(i) and s(j) implies

A.1 UNBIASEDNESS AND VARIANCE ANALYSIS OF CTR TENSORSKETCH

We establish the theoretical guarantees of CtR TensorSketch. Specifically, we show that the estimator is unbiased for
the inner product estimation and subsequently provide a variance analysis.
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Theorem 2. Let x,y € R? and x®7,y® ¢ RY . Let ®¢yr denote a Complex-to-Real TensorSketch as stated in
Deﬁnition Let koir (X,y) = Pcir(x®P) T ®cir (y©P), then kcir (X,y) satisfies

E [ECtR (&Y)} = (x¥P,yP) = (x,y)",

d P
~ 1
Var (ko (x,¥)) < D( <<x,y>2 + lIxl liyll; - Zx?y?> - (x y>2p>,

i=1
2 —1
D

IA

2 2
Iell5” [y 15" -

Moreover, the sketches ®cir (x®P) and ®cr(y®P) can be computed in O(p(nnz (x) + Dlog D)) and O(p(unz (y) +
Dlog D)) time, respectively.

Proof. According to Deﬁnition we have k\cm (x,¥) :=Re {EO (x,¥) } and therefore we first analyze EC (x,¥). Recall

~ . —
that k¢ (x,y) := ®c(x®P)Pc(y®P) , where P (x®P) := Cx®P and P (y®P) := Cy®? according to Deﬁnition In
particular, Cx®?, Cy®? € CP/2 denote the complex Count Sketch of the vectors x®?, y® € R%" | constructed using
the derived functions H : [d]P + [D/2] and S : [d]? — {1,w,w?,w?} defined as

H(iy, ... ip) = ( Y _h;(i;) | mod D/2,

Jj=1

S(i, ... ip) = Hsj(z'j).

In the proof, we denote X := x®P and Y := y®P. Let u,v € [d]P be the multi-indices corresponding to the entries of

X,Y € R*. For a multi-index u = (j1, ... . Jp), the entry of X is defined as X,, = [[}_, z;,. where the associated
p—k
=1

linearized index is u = 1 + >, _, (jx — 1) [[}, 1, d. The entries of Y are defined analogously.

We begin by analyzing ke (x,y) as defined below,

~ J—

o (x.) i= ®c(X)Bc(Y) | = (CX,TT),
= Y X,Y,Su)S()1[H(u) = H(@)],
u,v€E[d]P
(X,Y)+) X, Y, S(u)S(0) 1[H(u) = H(v)].
uFv

Using Lemma we have E {S (u) W} = 0 for all u # v. Hence,
E [ko (x,y)| = (X,Y) = (¥, y%%) = (x.y)".
According to Deﬁnition we know kcir (x,y) :=Re {%C (%, y)}, we have
E [kom (x,y)] = E [Re {Fe (6, 3)}] = 6e.3)7. (13)

Using Equation |5 the variance of ECtR (x,y)is

Var (EOtR (x,y)) = ;Re{E UEO (X’y)ﬂ +E |:(EC (X,y)>2] _9 (IE‘, [Ec (x,y)D2 } (14)

~ 2 — 2
For the variance analysis, we need to compute E Ukc (%, y)’ ] and E {(kc (%, y)) } .
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Therefore by expanding |EC (x,y) |? we get:

o~

ke (x,y) |* == [{Cx®), Cy®)| = (CxP), Cy®))(Cx®), CyP)), (15)

= ((X, YY)+ ) XY, 8(u)S(0)1 [H(u) = H@)}) ((X, YY)+ ) XY, 8(u)S(v)1 [H(u) = H(v)]) . (16)

uFv uFv

=(X,Y)? +(X.Y) (Z XuYyS(uw)S)1[H(w) = H)] + Y X YoS(w)S(0)1 [H(u) = H(U)])

uFv uFv

+ (z X, Y, S (u)S()1 [H(u) = H(v)]) (17)

uFv
Therefore, by applying expectation

E { (Z XY, S() ST [H () = H<v>}) ]
UFv

=E Z Xy Yo, Xy Yo, S(u1)S(v1)S (u2)S (v2)1 [H(ur) = H(v1)] 1 [H(uz2) = H(ve)] |, (18)
u1#v1
U2 FV2

=y ]E[XvalXu2Yv25(U1)5(v1)5(U2)5(vz)} "E[1[H(u1) = H(v1)] 1 [H (ug) = H(v2)]], (19)

ik

< ;; E [ X, Yo, Xu, Yoo S0 500)S (02 02)] 0)
us Fvs

< S B[ War X V2] Sa0)So0) ) S 1) o
w1 #£v1

2
2
= 5E { ] . (22)

We now bound the above expression using the second-moment bound from Lemma] given in Equation (66). For complete-
ness, we first restate the bound,

d

( S XY s<u>s<v>>

uFve[d]P

( Yo XY S(U)S(v))

u,v€E[d]P

i=1

2 d p
] = <<x,y>2+ ||x||§||y|%—Zx%y?> : (23)



2
Now, we expand the term ‘ ( woelar [ Xul 1Yo S(w)S (v)) ‘ from the above Equation (23) as follows,

2

‘( S I |Yv|s<u>s<v>)

u,v€E[d]P

= Y Xl + Y XY Sw)S()

u€ld]P w,ve[d]?
UFv

= 3 Xy + >0 Xl IYe] S(u)S(v)

u€ld]P u,v€e[d]?
uFv

DoXul Vol + Y Xl Vol Sw)S ()|

u€ld]p

u,vE[d]?
uFv

w#z

w#z

w,we[d]P we[d]P w,z€[d]?

D D XYl Xl Vel S(u

u,ve[d]? we[d]P
UV

wH#z

Y D XUl Y2l S(w)S(0) S(w)S(=).

u,v€E[d]? w,z€[d]?
UFv w#z

Using Lemma we have E {S(u) S(v)} = 0 for all u # v. Hence,

S XVl IXul [Yul E[S@)S(@)] =0,

u,v€e[d|? weld)P

uFv

Similarly, for all w # z,

oY XYl X[ E[S(@)S(2)| =0,

we[d]? w,z€[d]?

Substitute this in Equation 23), we get

E|l Y |1Xul[Ya] Sw)S(v)

w,v€E[d]P

‘We conclude that,

E

uFv

w#z

> 1Xul Vo] S(u)S(v)

STXulYul + >0 [ Xul[Ya] S(w)S(2)

wed]P w,z€[d]P

STXulYul + >0 Xl Y2 Sw)S(2)

we[d]P w,z€[d]P

w,we[d]P
BT Y XYl Xl V2] S(w)S(v) S(w)S(2) |
w,ve[d]? w,z€[d]?
uFv wH#z
2
(X,Y)* +E (Z | Xl 1Yo S(u)S(v))
uFv
2 2
=E || Y XY S@S@)| | - (x,y)*
u,v€E[d]P
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(24)

(25)

(26)

@27

(28)

(29)

(30)

€1y

(32)



2
Putting value of E [’(21 velde [ Xul Yol S(u)S(v ))‘ },We get

> Xl Vo] S(u)S(v)

uFv

Put this value in Equation [22]

E || X.Y,S(u)Sw)1 [H(u) = H(v)]

UFv

Now we have the second moment as follows,

E [[fo (x,y) ] = (X,Y)* +E

< <X7Y>2p+% ((

I
e

uFv

Next, we analyze E [(EC (x, y))ﬂ . Expanding (kc (x,y))? gives:

~ —\2 [ R
(ko (x,3))? = ((Cx, Ty @) ) = (Cx®), Cy®) (Cx), Ty ),

H(v)]) <<
H(v)]) + (

= <<X Y)Y XY, S () S ()1 [H (u) =

uFtv

= (X,Y)? +2(X,Y) (ZXYS
uFv

Therefore, by applying expectation

uFv

J1[H(u) =

2
E (Z XuYuS(u)S(w)1[H(u) = H (v)])

w1 F#v1
U2 #V2

=E { > X, Yo, X, Y, S(u1) S (01) S (u2) S (02)1 [H (uy) =

d
(e, y)? I3 Iy l3 = D afyd

i=1

> X.Y,S

p

2
d
2
] = ((X,Y>2 + 1[5 llylI3 — Zﬁy?) - (x,y)"
i=1

d P
<<<x7 y)? + x5 lylls - Zm2y2> - <x7y>2p> :

> XuY,S(u)S(v)1[H

XY)+ 3 X Yo (u)S)1 [H(u) = H<v>}> 7

(w)S(v)L[H (u) = H (v)]) :

H(v1)| 1[H (uz) ff(U2H] :

= 3 E[Xu, Vo, X Yo S(u) S(01)S(u2) S(02) | - E[L [H (1) = H(o1)] 1[H (uz) = H{(v2)],

uFve(d]P

By similar analysis and using second-moment bound of Lemma[4] given in Equation (73), we get

E (Z XY, S(w)S(v)1[H(u) =

uFv

H (v)])
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2
< Z
D

d P
y)? - Zﬁ@ﬁ) - <X,y>2”> :
=1

(33)

(34)

(35)

(36)

(37

(38)

(39)

(40)

(41)

(42)

(43)

(44)



Therefore, we have,

E [(Ec (x, y))Q] = (Y +E| | D XY, S()S@1H @) = H@)] | |, (45)
uFv
2 d ’
<y g <<2<x, vy - Zx2y2> - (x, y>2”> : (46)

Therefore for final variance we put Equation (22)) and Equation (6)) in Equation (T4),we get

d
var (R (6y)) < 3 [<x,y>2p 2 ((bey)? + I3 Iy 3 - > atil)’ - )7
d
+(x,y)% + %((2<X7y>2 > ay)’ - <x7y>2p) - 2<X,y>2p] 7 47
i=1

we can upper bound the above equation by using inequality (x,y)? < ||x||3]|y||3, then

12 2

<3 |5 (CIBIVE) - <12 Iv1E) + 5 (I3 Iy’ - I I917)] . @
L[2Ptt =2 op op  2PTL 2 o

<3 | Z oI I + I s )
9p+l _ o

< Sl v 117 (50)

We begin by stating a lemma that serves as a key step to bound the second moments of the estimator in the proof of
Theorem[2].

Lemma 4. Let x,y € R% let p > 1 be an integer, and let s1, ..., s, : [d — {1,w,w? w3} be independent random
functions, each taking values uniformly from the four fourth roots of unity (as in Lemma[I)). Define

where

Then,

E [Z] = <XaY>p’
2 2
Var (Z) <27 [1x[15” [ly[l” -
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Proof. First, we consider the expectation. For each 7, we note that

d d:1
=D > @iy Els;()s; (R)],
=1 k=1
d
= >_ e Blls; ) + 3 iy Els; (0)s; ()],
=1 ik
= (x,¥),

where, E[s;(i)5j(k)] = 0,Vi # k and E[|s;(i)|?] = 1,V i € [d] as given in Lemma

Since the functions s; are independent across different j, we have

Next, to bound the variance,

Var (Z) = % Re{E[|Z|*] + E[(2)?] - 2|E[Z]*}.

Because hash functions are independent across different j, we may write

bS]

121 = [[5] (2, 00 7,) ] ama =102 = [[ 2| (7,697, 5)

j=1 Jj=1

For each j, expanding the square gives

B[ (2,0 Z,()) P =E

I
M=
M=

i=1i'=1k=1k

(o) () () ()

d d
3 Z wiwi gy B [55(0)5;(0)s5 )55 ()]

(51

(52)

(33)

(54)

(55)

(56)

(57)

(58)

(39)

Observing that E[s,(i)s;(k)s;(i")s; (k)] is nonzero only when the indices form pairs (including the possibility that all four

are identical), we have

1, ifi=k=4=F,

Bl ()35 Ry @y ()] = 4 T RAEER
S;(2)S; Si(1)S, =

SR 1, ifi=i#k=F,

0, otherwise.

The contribution from terms with¢ = k =4 = k' is

d
2 2,2
;Y

i=1

Terms with ¢ = k # i’ = k’ contribute

2 d d
S s — (z y> S N )
1=1 =1

£
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Finally, for ¢ = i’ # k = k' we obtain

> atyp = IIxI3 Iyl - Zw (63)

i#£k

Thus, summing these contributions, we have

d d
B[ (Z;(x) Zs, () P] = > _ iy} + (<x>y>2 + 1115 lly 115 — 22%?1/?) : (64)
1=1 =1
d
= (y) 4 x5 Iyll3 = =7y} (65)
=1

Substituting this bound into (1) yields

d p
E[lZ] = <<x7y>2 + I3 Iy 113 — Zﬁ:ﬁ) ; (66)
For each j, expanding the square gives

i=1
E{(Zsj(x)Zsj(y))Q] —El(le ) (Zyksj ) (les] ) (Zyksj )], 67)
- Z Z S0 v e B[y (6 1 (00550 (68)

Observing that E[s; (i)s;(k)s;(i")s; (k)] is nonzero only when the indices form pairs (including the possibility that all four
are identical), we have

1, ifi=k=i =k,

_ y 1, ifi=k#7=F,
Els;(i)s;(k)s;(i")s; (k)] = . ‘ (69)

1, ifi=kK #£14i =k,

0, otherwise.

The contribution from terms withi = k = ¢’ = &k’ is

Zx2 2, (70)

Terms with i = k # i/ = k' contribute

d
inyi Lirlir = (Z Lili

i/

d
=Yyl = (xy)? =) adyl (71)

Finally, for i = k' # i’ = k we obtain

d 2 g d
inyi TirYsr = (Z SCzyz) - foyf = (x,y)* - Z:cfyf (72)

i#£i i=1 i=1 i=1
Thus, summing these contributions, we have
) d d
E[(Z,,(x) Zs, (v))"] = Y atu? + <2<x, y)?—2 Zﬁﬁ) : (73)
i=1 i=1
d
=2(x,y)* = > @iy} (74)
i=1
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Substituting this bound into (1) yields

d p
E[(Z)%] = <2<x,y>2 —Zw?y?) 7 (75)

which completes the proof since

Var (2) = 5 Re{E[12P] + E[(2)?] - 2IE[Z]I*}, (76)

d P g
:;{(<x,y>2+||x||%||y||§—zx%yf> +< Zw ) 2x.y)* } 77

Using the Cauchy—Schwarz inequality, (x,y)2 < [|x||2 |ly||2, and noting that ¢ 2 > 0, it follows that

zlzz

Var (Z) < 2°||x[l5" |y |I5"- (78)

B PROOF OF COUNTSKETCH ESTIMATOR WITH FOURTH ROOTS OF UNITY

Theorem 5. Let ® denote the CountSketch with the hash function taking values in the fourth roots of unity. For any vectors
X,y € R? the corresponding sketch vector is defined by

d d
x); = Z(Sjia(i)xi» o(y); = Z(sjm(i)ym Vj € [D/2]. (79)

where,

o h:[d] — [D/2] assigning each coordinate independently and uniformly to one of D /2 buckets, and
e o [d = {1,w,w? w3} (Fourth roots of unity),

5= {1, ifhi) = J,

0, otherwise.

then the estimator k(x,y) := Re {(I)(X)Tw} , satisfies
E[k(x,y)] = (x.¥), (80)

d

1

) (IIxII%yII% +(xy)?-2) ar?y?) : (81)
i=1

>

Var(k(x,y))

Proof. Since o (i) is uniformly distributed over {1,w,w? w®} = {1,4,—1, —i} and satisfies E[o(i)] = 0, E[|o(i)* ]| =
1, E[(o(4))?] = 0. Consider now the complex inner product of the sketch:

l%c(x,y): Z( Z (z)xz)( Z o(m) ym) (82)
m: h(m)=3

Jj=1 4i:h(i)=j

Pziyi + Y 1{h(i) = h(m)} o(i)o (m) ziym. (83)
i#Em

HM&
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Taking expectation with respect to i and o, we get

d
Elkoe.y)] = S ElloF] i = Zw: (34)

Since the right-hand side of @ is real, the same unbiasedness holds for the estimator, which takes the real part of the
complex sketch:

E[l;:(x,y)] =FE [Re {l;:c(x,y)H = Re {E [l%c(x, y)} } =(x,y). (83)

To find the exact variance of the estimator, we leverage the Complex-to-Real (CtR) framework stated in our paper. Now, we
work out with E [|I%c(x, y) |2] .

D/2 / d d
E[lkc(x,y)12] = E[|0(x)ToH)1?] = E (Z @-m(z‘)xi) (Z Sjmor(m) ym> , (86)
j=1 \i=1 m=1
D/2 d
= Z Z 5]25jm6] 15] m’] [U(Z)J(m) J(i/)U(ml)] TiYmTi'Ym! - (87)
7,3" i,myi’ m/’
Hence,
E[o(i)o(m)o(i')o(m’)] #0 <= {i,m,i',m'} appear in pairs,
1. With surviving index configurations, when j = j':
ci=m=1=m':E[§;;E[lo(i)|*]zy?,
ci=m#i =m':E[0;0;0|Ello(d) o (@)*|ziyiziy
ci=i#m=m':E[0;d;m|E[o@)|o(m)]a?y,,
2. With surviving index configurations, when j # j':
ei=m 75 i=m': E[éjidj/i/]E[\a(i)|2|0(i’)|2]xiyixi/yi/,
Thus,
[Ufc X,y) } Zx T+ = Z(xyxy +ziyh) + bz Zmy-x-/y-/ (88)
D“zzzz i Yq D..’LZZZ7
i i
Z x}ys. (89)
7,751’
Now, similarly we get
. d 4 D—2
E {(kc(x, Y))z} = ;%2%2 ) ;(l‘z‘yixi'yi/) T ; TiYiTir Yir s (90)
2
_ 2 s T U
=Y+ 5 ;(xyxm 1)

Now, substitute values of E [|l§;c(x, y) |2} and E {(Ec(x, y))2] and simplifying, we get
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. 1 d
Var(k(x,y)) = 5 (Ilel%llyll% + (6 y)* - 2Zx?y?> : (92)
i=1

Hence, from the above variance bound, it follows that Count Sket ch with complex random variables does not provide any
variance reduction over its real-valued counterpart. O

C FURTHER EXPERIMENTS
C.1 EXTENDED EVALUATION ON VARIANCE AND TIME IN DIFFERENT SET-UP

In this section, we present additional experimental results that complement the main empirical evaluation reported in
Section[5] These experiments extend the comparison between real and complex-to-real (CtR) sketching constructions across
additional datasets, higher polynomial degrees, and varied embedding dimension. We report both approximation quality (via
KL divergence between exact and sketched kernels) and wall-clock sketch construction time. Together, these results provide
a more detailed view of the variance and construction time trade-offs of CtR TensorSketch relative to its real-valued

counterparts and JL-type baselines.

Real Gaussian B CtR Gaussian I Real TensorSketch
B Real Rademacher [ CtR Rademacher I CtR TensorSketch

p=3 pP=5

10°

KL divergence (log scale)

10 30 50 10 30 50 10 30 50

Figure 3: KL divergence on the MAGIC Gamma Telescope dataset. We compare Real and complex-to-real (CtR)
Gaussian and Rademacher JL sketches, together with Real and CtR TensorSketch. Results are shown for polynomial degrees
p € {3,5, 7} and sketch dimensions D € {d, 3d, 5d} with n = 3000 standardized and ¢5-normalized samples. Bars report
the mean KL divergence over 20 independent trials.

—— Real Gaussian —e— CtR Gaussian —— Real TensorSketch
—— Real Rademacher —— CtR Rademacher = —— CtR TensorSketch

p=3 p=5 P

-
2

Sketch construction time (seconds, log scale)
= =
S °

10 15 20 25 30 35 40 a5 50 10 15 20 25 30 35 40 a5 50 10 15 20 25 30 35 40 a5 50
Sketch dimension D Sketch dimension D Sketch dimension D

Figure 4: Wall-clock sketch construction time on the MAGIC dataset. Methods compared include Real and complex-
to-real (CtR) Gaussian and Rademacher JL sketches, with Real and CtR TensorSketch. Results are shown for polynomial
degrees p € {3, 5, 7} and sketch dimensions D € {d, 3d, 5d} with n = 3000 standardized and ¢5-normalized samples. Each
point reports the mean runtime over 50 independent trials for feature sketch construction only.
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Real Gaussian B CtR Gaussian I Real TensorSketch
I Real Rademacher [ CtR Rademacher Il CtR TensorSketch

p=10 p=15

-
)

H
<

KL divergence (log scale)

100 300 500

1072
300 500

100 300 500 100

Figure 5: KL divergence on the synthetic dataset (d = 2). We compare Real and complex-to-real (CtR) Gaussian and
Rademacher JL sketches, together with Real and CtR TensorSketch, for approximating degree-p polynomial kernels on
synthetic Gaussian data (n = 3000, dimension d = 2, standardized and ¢5-normalized). Results are shown for polynomial
degrees p € {10, 15,20} and sketch dimensions D € {100, 300, 500}. Bars report the mean KL divergence between the
exact kernel and the sketch-based approximation over 20 independent trials.

—— Real Gaussian —— CtR Gaussian —— Real TensorSketch
—— Real Rademacher —— CtR Rademacher —— CtR TensorSketch

"
)

Sketch construction time (seconds, log scale)
g 5

350 400 450 500 100 150 200 250 300 350 400 450 500

100 150 200 250 300 350 400 450 500 100 150 200 250 300
Sketch dimension D

Sketch dimension D Sketch dimension D

Figure 6: Wall-clock sketch construction time on a synthetic dataset. Methods compared include Real and complex-to-real
(CtR) Gaussian and Rademacher JL sketches, together with Real and CtR TensorSketch. Results are shown for polynomial
degrees p € {10, 15,20} and sketch dimensions D € {100, 300, 500} with n = 3000 standardized and ¢3-normalized
samples in dimension d = 2. Each point reports the mean runtime over 20 independent trials for feature sketch construction

only (log-scale on the y-axis).
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C.2 EVALUATION ON FROBENIUS NORMALIZED RELATIVE ERROR

We also test our proposed method along with other baselines using the Frobenius normalized relative error, which is defined
as |K — K || /|| K || . In this formula, K represents the exact kernel matrix, while K represents the approximated kernel
matrix produced by the sketching method. Frobenius error metric is a standard benchmark in kernel approximation and is
widely used to measure sketching accuracy [Wacker et al.|[2024,[2023]]. The datasets and experimental setups used here are
identical to our previous experiments that evaluated accuracy using the KL divergence metric (Section[5]and Appendix [C.T).
Testing with this alternative metric ensures that our method performs well irrespective of the choice of error metric.

Degree (p) Method Variance
15 Real Gaussian 441 x 104
Real Rademacher 3.20 x 10°
CtR Gaussian 6.35 x 10!
CtR Rademacher 4.16 x 103
Real TensorSketch 2.84 x 10~°
CtR TensorSketch (Ours) 1.57 x 10~°
20 Real Gaussian 3.80 x 10!
Real Rademacher 6.78 x 10°
CtR Gaussian 2.76 x 10!
CtR Rademacher 1.58 x 10t
Real TensorSketch 1.28 x 1072
CtR TensorSketch (Ours) 5.05 x 1075
25 Real Gaussian 2.65 x 10°
Real Rademacher 9.06 x 103
CtR Gaussian 1.82 x 10t
CtR Rademacher 2.58 x 10"
Real TensorSketch 3.68 x 10~1
CtR TensorSketch (Ours) 3.58 x 10~*
30 Real Gaussian 7.24 % 10°
Real Rademacher 1.00 x 10°
CtR Gaussian 5.44 x 102
CtR Rademacher 3.21 x 103
Real TensorSketch 1.27 x 1073

CtR TensorSketch (Ours) 4.59 x 10—

Table 2: Variance of the Frobenius normalized relative error (| K — K || /|| K || ) evaluated on the real-world MAGIC dataset
(n = 1000, d = 10) with a compressed sketch dimension of D = 128. Results are aggregated over 20 independent trials
across high-degree polynomial kernels (p € {15, 20, 25,30}). CtR TensorSketch strictly outperforms Real TensorSketch in
estimation stability, confirming the variance reduction.

C.3 EVALUATION ON DOWNSTREAM TASKS

To demonstrate practical application beyond kernel matrix approximation, we evaluate our method on downstream binary
classification tasks using a linear Support Vector Machine (SVM). The datasets used in these experiments are generated using
standard ML libraries (such as scikit-learn) to create two highly overlapping classes with non-linear decision boundaries.
We test two separate configurations under extreme compression to a sketch dimension of D = 64.

We compare the sketching methods against the Exact Polynomial Kernel, which computes the full kernel matrix using the
mathematical formula K (z,y) = (z " y)? without any compression or approximation. We evaluate the techniques using two
metrics: test classification accuracy and total execution time. The time metric tracks the combined end-to-end wall-clock
time required for both data compression and the subsequent classifier training. We report this total time to fully reflect the
complete workload required to obtain the final classification model.

As shown in Table[3]and Table[d] all approximation methods experience a drop in accuracy compared to the exact kernel due
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to the tight bottleneck of the compressed dimension. However, our proposed CtR TensorSketch consistently achieves
the highest accuracy among all baselines while requiring the shortest total execution time.

Method Accuracy Time (s)
Exact Poly Kernel 0.8756 16.0724
TensorSketch (Real) 0.4911 0.2390
TensorSketch (CtR) [Ours] 0.5289 0.1479
JL (CtR Rademacher) 0.5011 3.8279
JL (CtR Gaussian) 0.4978 3.7708

Table 3: Downstream Classification Performance (Linear SVM) for Setup 1. Evaluated on a synthetic dataset (n = 3000)
with dimension d = 20. We approximate a polynomial kernel of degree p = 15 using a sketch dimension of D = 64. Our

proposed method achieves the best sketching accuracy in the shortest time.

Method Accuracy Time (s)
Exact Poly Kernel 0.8567 8.5344
TensorSketch (Real) 0.4978 0.2763
TensorSketch (CtR) [Ours] 0.5044 0.1733
JL (CtR Rademacher) 0.4567 3.3204
JL (CtR Gaussian) 0.4889 3.2954

Table 4: Downstream Classification Performance (Linear SVM) for Setup 2. Evaluated on a synthetic dataset (n = 3000)
with dimension d = 10. We approximate a polynomial kernel of higher degree p = 25 using a sketch dimension of D = 64.

C.4 VARIANCE ANALYSIS THROUGH NUMERICAL TABLE

The primary purpose of this section is to provide a clear and direct validation of our experimental findings from Section 3]
In our main evaluation, we rely on visual plots to demonstrate the accuracy and computational time of our proposed CtR
TensorSketch. Graphs especially those that use a logarithmic scale, can visually compress the performance gap between
methods. Looking at the exact numbers, we can clearly confirm our previous experiments and highlight the advantage of our
method. Specifically, these numbers reveal how our approach successfully reduces the variance from 3”/D in traditional

methods to 2P /D in our complex-to-real design.

As shown in Table[5] our proposed CtR TensorSketch consistently achieves lower variance compared to all the baselines

across all degrees.
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Degree (p) Method Variance

15 Real Gaussian 0.2634
Real Rademacher 0.3839
CtR Gaussian 0.2192
CtR Rademacher 0.2029
Real TensorSketch 0.5496
CtR TensorSketch (Ours) 0.1739
20 Real Gaussian 0.3545
Real Rademacher 0.4673
CtR Gaussian 0.6996
CtR Rademacher 0.5246
Real TensorSketch 0.3932
CtR TensorSketch (Ours) 0.3888
25 Real Gaussian 0.3158
Real Rademacher 0.2560
CtR Gaussian 0.4395
CtR Rademacher 0.2294
Real TensorSketch 0.3209
CtR TensorSketch (Ours) 0.2367
30 Real Gaussian 0.4785
Real Rademacher 0.2932
CtR Gaussian 0.3266
CtR Rademacher 0.2883
Real TensorSketch 0.2443

CtR TensorSketch (Ours) 0.1939

Table 5: Variance of KL Divergence for high-degree polynomial kernels. Evaluated on a positive orthant synthetic dataset
(n = 1000, d = 10) with extreme compression (D = 64), aggregated over 20 independent trials. CtR TensorSketch strictly
dominates Real TensorSketch in estimation variance across all polynomial degrees, empirically validating the theoretical
2P / D scaling advantage.
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