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Abstract

“Probabilities of causation” play a crucial role in
practical science. Pearl [2009] defined three types
of probabilities of causation in the context of struc-
tural causal models: the probability of necessity
(PN), the probability of sufficiency (PS), and the
probability of necessity and sufficiency (PNS). Fur-
thermore, Tian and Pearl [2000] and Kuroki and
Cai [2011] provided the identification conditions
for these probabilities under the assumption of
monotonicity. However, these identification condi-
tions are described based on “the joint probabilities
of observed probabilities” and/or “causal risks”.
Therefore, they are not applicable to case—control
studies, in which the available statistical data are
given in the form of the conditional probabilities of
observed variables given an outcome variable. To
address this limitation, this paper provides novel
identification conditions for the probabilities of
causation using (i) two proxy covariates and (ii) a
proxy covariate together with an instrumental vari-
able. Remarkably, the use of a proxy covariate and
an instrumental variable enables the identification
not only of the probabilities of causation but also
of the joint distribution of the potential outcome
variables. When these probabilities can be evalu-
ated using the proposed identification conditions,
new plug-in estimators of these probabilities are
presented.

1 INTRODUCTION

A case—control study is a representative type of observa-
tional study used to assess whether an exposure variable is
associated with an outcome variable. Indeed, a considerable
number of textbooks and articles on case—control studies
have been published [e.g. Breslow and Dayl 1980, |Keogh

and Cox| 2014, |Borgan et al., |[2018]].

Briefly, case—control studies start with constructing (i) a
group of subjects called cases, who have the outcome of
interest, and (ii) a group of subjects called controls, who are
similar to the cases but do not have the outcome of interest.
Researchers then retrospectively determine which subjects
in each group were exposed, comparing the frequency of
the exposure between the two groups.

A major drawback of case—control studies is the potential for
recall bias, whereby subjects with the outcome of interest
are more likely to recall and report the exposure status than
those without the outcome. Due to their retrospective nature,
case—control studies can be used to establish associations
between exposure and outcome variables, but not causation.
Nevertheless, there are many situations in which we wish to
establish causation through case—control studies.

To address this issue, this paper focuses on the identification
and estimation of probabilities of causation, which have re-
ceived increasing attention over the past decades in artificial
intelligence, epidemiology, legal reasoning, policy analysis,
risk analysis, and statistical science [e.g., Byrnel 2019} |Cai
and Kurokil 2005 /Coxl 1984, Dawid et al., 2017, |Galhotra
et al., 2021] |Greenland, (1987, Mothilal et al., 2021} [Pearl,
2009, [Robins and Greenland,, [1989, [Tian and Pearl, 2000,
Watson et al., 2021]]. For example, in explainable artificial
intelligence (XAI), the notions of “necessity”, “sufficiency”,
and “necessity and sufficiency” have been recognized as key
components of successful explanations, and the probabil-
ities of causation provide a probabilistic formalization of
these concepts [Galhotra et al.|, {2021, [Mothilal et al.| 2021}
‘Watson et al.,|[2021]).

Pearl|[2009] developed formal semantics for probabilities of
causation based on structural causal models and introduced
the probability of necessity (PN), the probability of suffi-
ciency (PS), and the probability of necessity and sufficiency
(PNS). In addition, |Pearl| [2009], Tian and Pearl|[2000]], and
Kuroki and Cai| [2011]] showed how to bound these prob-
abilities using statistical data. [Pearl [2009]] and Tian and
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Pearl|[2000]] also established their identifiability under the
monotonicity assumption when the relevant causal risks are
identifiable. From the viewpoint of the joint distribution of
potential outcome variables, the identification and estima-
tion of the probabilities of causation have also been studied
by [Kawakami et al.| [2023]], Shingaki and Kuroki| [2021],
and Shingaki and Kuroki| [2023]].

However, these studies are restricted to settings in which
the available statistical data are given in the form of the
joint distribution of observed variables and/or causal risks.
Consequently, the existing identification conditions do not
apply to case—control studies where the available data are
provided in the form of conditional probabilities of observed
variables given an outcome variable [Kuroki et al.| 2010].
Although there is substantial demand for drawing causal
conclusions from case—control data, the methodological
development required to identify probabilities of causation
in this setting remains limited.

To overcome this limitation, this paper provides novel iden-
tification conditions for probabilities of causation using (i)
two proxy covariates and (ii) a proxy covariate together with
an instrumental variable (IV). Here, covariates are variables
that are not affected by the exposure variable, and proxy
covariates are variables used in place of a set of covariates
that cannot be measured directly. An instrumental variable
is a variable that (i) is not associated with all observed and
unobserved covariates, and (ii) is associated with the ex-
posure variable but has no effect on the outcome variable
except through its association with the exposure variable.
Unlike Tian and Pearl| [2000] and |[Kuroki and Cail [2011]],
the proposed identification conditions enable us to identify
probabilities of causation without the monotonicity assump-
tion. Notably, even when the probability of the outcome
variable is unavailable, the use of an instrumental variable
and a proxy covariate enables the identification not only of
probabilities of causation but also of the joint distribution
of the potential outcome variables.

When probabilities of causation are evaluated using the pro-
posed identification conditions, new plug-in estimators of
these probabilities are presented. Thus, the results of this pa-
per extend the applicability of statistical causal inference to
practical science. The proofs, some numerical experiments,
and a case study application are provided in the Supplemen-
tary Material.

2 PRELIMINARIES

In this section, we introduce the potential outcome variables
used to discuss our problems. We assume that readers are
familiar with the basic theory of statistical causal inference
[Imbens and Rubinl 2015} [Pearl, | 2009]. For further details
on the basic theory of statistical causal inference and the
graph-theoretic terminology used in this paper, we refer

readers to|Imbens and Rubin|[2015]] and |Pearl| [2009].

Let N denote the sample size. We assume that X and YV
denote the observed dichotomous exposure and outcome
variables, respectively. For x € {zg, 21} (Where z; is the
occurrence of an event and g is the non-occurrence of an
event) and y € {yo,y1} (where y; is the occurrence of
an outcome and yq is the non-occurrence of an outcome),
let p(X = z,Y = y) = p(x,y) be the joint probability
of (X,Y) = (z,y), p(X = z) = p(x) be the marginal
probability of X = z,and p(Y =y | X =) =p(y|z) =
p(z,y)/p(x) be the conditional probability of Y = y given
X = z. A similar notation is used for other probabilities.
Then, in principle, for z € {xz¢, x1}, each of the N subjects
has a potential outcome Y, (4) that would have resulted if X
had been z for the i-th subject. Here, Y. (¢) = y denotes the
counterfactual sentence that “Y would be y had X been z
for the i-th subject.” The potential outcome variable Y (7)
is observed only if X is x for the ¢-th subject, denoted as
X (i) = x. This property is referred to as consistency [Pearl,
2009] and is formulated as

X()=2 = Y,()=Y() (1)
for the i-th subject.

In this paper, we assume the stable unit treatment value
assumption [[mbens and Rubinl 2015]], which can be sum-
marized as follows: (i) the exposure status of any subject
does not affect the outcome status of the other subjects, and
(ii) the exposure status of all subjects is comparable. Then,
when NV subjects in the study are considered as random sam-
ples from the population of interest, Y (i) can be regarded
as a realization of the random variable Y. Then, the causal
risk of X = z onY = y is defined as p(Y, = vy).

When an ideal randomized experiment on X is feasible,
it is known that X is independent of both Y, and Y.
Then, the causal risk p(Y, = y) is identifiable and given
by p(Y. = y) = p(y|x). Here, “identifiable” means that
the causal quantities, such as p(Y,, = y), can be estimated
consistently from the distribution of observed variables. In
contrast, when it is difficult to conduct ideal randomized ex-
periments, we can still evaluate the causal risks according to
the conditionally ignorable treatment assignment condition
[Imbens and Rubin, [2015]] or, graphically, the back-door
criterion [Pearl,2009]. In other words, for the exposure vari-
able X, if there exists a set Z of observed variables such
that X is conditionally independent of (Y, Y,,) given Z,
then we say that treatment assignment is conditionally ig-
norable given Z. In this case, the causal risks p(Y, = y)
are identifiable and given by

p(Ya=y) = ply|z 2)p(2). 2

Although other identification conditions can be used to eval-
uate causal risks [e.g., Pearl,[2009} |Tian and Pearl} 2002], we
do not cover them in this paper owing to space constraints.
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According to Pearl|[2009], we define three probabilities of
causation, namely, the probability of necessity (PN), the
probability of sufficiency (PS), and the probability of neces-
sity and sufficiency (PNS).

The PN is defined as
PN:p(YJ,U :Z/0|1'17y1)a (3)

which represents the probability that the outcome of interest
would not have occurred (Y = yp) in the absence of the
event of interest (X = x(), giventhat X = x; and Y = y;
did occur. The PN has applications in artificial intelligence,
epidemiology, and legal reasoning. Epidemiologists have
long been concerned with estimating the probability that
a certain case of a disease is attributable to a particular
exposure, which is usually interpreted counterfactually as
“the probability that the disease would not have occurred in
the absence of exposure, given that disease and exposure
did in fact occur.” Such a probability is evaluated by the PN.

The PS is defined as
PS = p(Yz, = y1 |20, y0), “)

which stands for the probability that the outcome of interest
would have occurred (Y = y1) in the presence of the event
of interest (X = 1), given that X = zp and Y = g, did,
in fact, occur. The PS has applications in artificial intelli-
gence, policy analysis, and risk analysis. Policy-makers may
well be interested in the dangers that a certain exposure
may present to the healthy population [Khoury et al., [1989].
Counterfactually, this notion is interpreted as the “proba-
bility that a healthy unexposed subject would have gotten
the disease had they been exposed.” Such a probability is
evaluated by the PS.

The PNS is defined as
PNS = p(YIU = Yo, Yajl = y1)7 (5)

which represents the probability that X = x; is a necessary
and sufficient cause for Y = y;. Therefore, it measures
both the sufficiency and the necessity of X = x; to produce
Y = Y-

Since PN, PS, and PNS involve joint probabilities of two
potential outcome variables, they are not estimable from
statistical data, even under ideal randomized experiments,
without any further causal information [Pearl, 2009].

3 IDENTIFICATION

3.1 TWO PROXY COVARIATES

According to |Pearl| [2009], letting U be the set of all dis-
crete and continuous covariates that could affect X and Y,
both observed and unobserved, we consider the identifica-
tion problem of the probabilities of causation based on the
directed graph shown in Figure[Ta]

Z U W
<€ >0
X Y
(a) Unobserved covariate
Z {Yao, Yo, } w
< >0

(b) Potential outcomes

Figure 1: Graphical representation for the case of two proxy
covariates

Covariates Z and W, in Figure[Ia] are measured as proxy
covariates of U. Here, note that both Z and W can be a
set of discrete and/or continuous variables. In Figure [Ta]
the directed edge from X to Y (X — Y) indicates that
X could affect Y. In addition, the absence of a directed
edge from Y to X indicates that Y cannot be a cause of
X, and the directed path from U to Y through X (U —
X — Y) indicates that some elements of U could affect
Y mediated by X . Figure[Ia]also graphically represents the
data-generating process

Y = gy(X7 U7 6y)7
Z = gz(U7 Ez),

X = gw(Ua Z7 €w)a

w :gw(U7€w)7 (6)

where €, €, €., and ¢, are independent random distur-
bances and they are also independent of U. When the struc-
tural equation models, such as equation @, are used to
represent the data-generating process, the corresponding di-
rected graph shown in Figure[Ta|is called a causal diagram.

The situation, such as Figure @ is also discussed in |Kuroki
and Pearl|[2014] and |Pearl| [2010]. However, in this paper,
different from Kuroki and Pearl| [2014] and [Pearl [2010], U
can include an uncertain number of all discrete and contin-
uous covariates. Thus, in many situations, it is reasonable
to assume the existence of proxy covariates Z and W that
W is conditionally independent of {X,Y, Z} given U, and
Z is conditionally independent of Y given U and X. Here,
note that such independence assumptions between two ob-
served variables would be affected by partitioning the states
of UU{ez, ey, €, €0}

In the situation shown in Figure[Ta] irrespective of the com-
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plexity of U U {¢e;, €y, €, €y}, the impact of U on Y is
restricted to the modification of the functional relationships
between X and Y. This yields four functions for two di-
chotomous variables X and Y, and thus the value taken
by U U {ez, €y, €, €, } selects one of these four functions
[Pearl, 2009]. Considering these observations, according
to|Lash et al|[2021], the states of U U {ez, €, €, €, } are
divided into the following four potential outcome types:

up = (Yo, = y1, Yz, = y1) represents a “doomed” situa-
tion where the exposure status is irrelevant in the sense
that the outcome of interest occurs with or without the
event of interest.

uz = (Y3, = v1, Yz, = yo) represents a “causative” situa-
tion where the outcome of interest occurs if and only
if the event of interest occurs.

us = (Y, = yo, Yz, = y1) represents a “preventive” situ-
ation where the outcome of interest occurs if and only
if the event of interest does not occur.

ug = (Yo, = vo, Yz, = yo) represents an “immune” situa-
tion where the exposure status is irrelevant in the sense
that the outcome of interest does not occur with or
without the event of interest.

Here, the assumption of p(u3) = 0 is called monotonicity
by [Pearl [2009]. However, note that the central aim of this
paper is to solve the identification and estimation problems
of the probabilities of causation without such an assumption.

According to this partition of the states of U U
{€z, €y, €, €y}, it is redefined as a variable U taking a value
in {u1, ug, us, us}. Then, similar to the setting of the non-
compliance problem by Pearl| [2009, ch.8], throughout the
paper, we assume that the recursive factorization of the pos-
itive joint probability of X, Y, Z, and W, p(z, y, z, w), is
given as

p(z,y, z,w)

4 )
= p(y |z, u)px| 2z u)p(z | w;)p(w | us)p(u;)
=1

according to Figure It is also assumed that other joint
probabilities of X, Y, Z, and W can be rewritten similarly.
In addition, the consistency property implies that

p(xy, z,w,u; |yo) =0 fori=1,2,
p(z1,z,w,u;|y1) =0 fori = 3,4, ®
p(zo, 2z, w,u; |yo) =0 fori=1,3,
p(xo, z,w,u; |y1) =0 fori=2,4.

Thus, for example, the conditional probabilities

p(x1,z,w]|y1) and p(z,w | y1) can be rewritten as

p(xlv Z,w | yl)

2
=Y (@i |y, 2 ua)p(z |y, w)p(w [ ui)pus [ 1), ©)

3
Pz wly) = p(z |y, wi)p(w [u)p(ui [y1).  (10)
=1

In addition, the other joint and marginal probabilities of X,
Y, Z, and W can be rewritten similarly.

Under the preparation above, our problem is to evaluate
the probabilities of causation using conditional probabilities
p(x, z,w | y) without relying on the marginal probabilities
p(y) or having access to the joint probabilities p(z, y, z, w).
To solve the problem, we require the following conditions:

Condition 1 the positive conditional probabilities
p(x, z,w|y) of (X, Z,W) = (x,z,w) givenY = y are
available for x € {zo,z1}, y € {yo,11}, z € {21, 22},
and w € {wy, wa, w3 }.

Condition 2 for p(z,y,z,w]|u) > 0,

=p(,y, z[wp(w|u), (1D
:p(y|x,u)p(z|x,u), (12)

hold for x € {xo,z1}, v € {yo,y1}, 2 € {z1,22}, w €
{wy, we, w3} and u € {uy, us, uz, ug}.

p(z,y,z,w|u)
p(y, 2 |z, u)

Condition 3

( p(z Ilw, )

is invertible for © € {xo,x1}, v € {yo, 1}, 2 € {71, 22},
and w € {wy, wa, w3 }.

plw|z,y) )
p(z,w|w,y) (13)

Condition 4

p(z,wi |2, y) — p(z|z,y)p(wi|z,y)
p(z, w2 |z, y) = p(z |z, y)p(w2 |2, y)
Cp(zow |2 y) —p(z] 2y )p(wr |2,y
p(z,we |2/, y') — p(z |2,y )p(w2 |2/, y')
(14)

1 —

(xay7xlay/) = (‘rlvylaanyl)’
(gjhyOaxOvyl)r (IhyOaxOvyO) and

is invertible for

($17y1a$07y0)r
z € {z1,22}.

Conditions [3]and [4] are essentially non-degeneracy require-
ments on the proxies Z and W, ensuring that they carry
sufficiently rich and non-redundant information about the
latent structure U. More intuitively, Condition [3| requires
that different latent strata induce distinct joint distributions
of (Z, W), since otherwise they cannot be separated. Condi-
tiond]is a stronger requirement ensuring sufficient joint vari-
ation of (Z, W) to distinguish strata within each cell, anal-
ogous to rank/completeness conditions in proxy-variable
literature [e.g., Kuroki and Pearl, 2014, Miao et al., 2018]].
Roughly, the conditions tend to hold when Z and W re-
flect genuinely different aspects of the underlying factor,
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and tend to fail when the proxies are weakly informative or
nearly redundant.

The identification result is obtained in two steps. We first
identify the conditional probabilities p(w | «) and then iden-
tify the conditional probabilities p(u | z, y).

Lemma 1 Let Z and W be variables taking the values z €
{#1, 22} for Z and w € {w1,ws, w3} for W, respectively.
Under Conditions[IH4) the conditional probabilities p(w | w)
are identified by

-1
(p(wllm) > _ ( 1 —agy, ) < Doy, )
plwy |ur) I —aggy, bzoyn ’
—1
( p(wl |u2) ) — ( 1 gy, ) ( bl‘lyl )
p(w2|u2) 1 —Azgyo bﬂ”oyo ’
-1
( p(w1|U3) ) _ ( 1 Az, yo ) ( bﬂ?lyo )
p(w2 |U3) 1 —Qzoy; bl’oyl '
—1
< p(wl |u4) > _ ( 1 Az, yo ) ( bl’lyo )
p(w2|u4) 1 —Azgyo bévoyo ’
(15)
where
0. = P w|zy) —plz|z y)p(w |2, y)
oz we |2, y) = plz| @, y)p(ws |2, y)
b _p<Z7w2|l’7y (wl|xay)_p(zawl‘x7y)p(w2|x7y)
Ty - *

p(Z,’lUQ | xvy) 71)(2 ‘ Iay)p(w2 ‘xay)

Using the identification formulas in Lemma [} we obtain
the following identification formulas for p(u |z, y).

Lemma 2 Under Conditions the conditional probabil-
ities p(u | z,y) are identified by

(o) = (32 oY s o)
(st = (o) ot o)
(o) = (L2t ) (o)
(e ) = () (o)

(16)

where the notation —T stands for a transposed inverse
matrix.

From Lemma 2] and the definitions of the potential outcome
types, we obtain the following theorem.

Theorem 1 Under Conditions|IH4) p(Yy = y|2',y') are
identifiable for x,2' € {xo,x1} and v,y € {yo,y1} as
follows:

P(Yao = yo|x1,91) = plu | 21,41), (17

p(Y:F1 :y0|z0ay1) :p(u3|I0ay1)7 (18)
P(Yeo = y1|®1,90) = p(us |21, 40), (19)
p(Ye, = y1|%0,%0) = p(uz |0, y0)- (20)
In particular,
PN =p(uz |z1,y1), PS=p(uz|zo,y0). (21)

The proofs of Lemmas and Theorem [T] are provided
in Supplementary Material [A]l Note that the PNS is not
identifiable by Theoremm Howeyver, since

PNS = PN x p(21 | y1)p(y1) + PS x p(x0 | yo)p(%0),
(22)

where p(y1) > 0, p(yo) > 0, and p(y1) + p(yo) = 1, and
Tian-Pearl bounds [Tian and Pearl, 2000]

0 < PNS < p(z1,91) + p(0,%0)

23
< max {p(z1|y1), p(xolyo)} , @9

the bounds are given by

max {0, min {PN x p(x1 |y1), PS X p(zo | v0)}}
< PNS < min {1, max {p(z1|y1), p(xolyo)} ,

max {0, PN x p(z1 |y1),PS x p(zo | yo)}} -
(24)

Especially, when p(y;) is additionally available, the joint
probabilities of potential outcome variables p(u1 ), p(uz),
p(us3), p(uq) are identifiable, that is, the PNS is also identi-
fiable.

3.2 ONE PROXY COVARIATE TOGETHER WITH
ONE INSTRUMENTAL VARIABLE

In this section, consider the situation shown in Figure @ in
which U is observed through a proxy covariate W, and as-
sume that Figure [2a]is re-described as Figure[2b]by a similar
procedure to the previous section. Then, since Theorem ]
requires us to observe two proxy covariates for U in order
to identify the probabilities of causation, some may think
that these probabilities are not identifiable because Z is not
a proxy covariate for U. However, we show that this is not
the case.

To see this, in Figure [2a] note that Z satisfies the instrumen-
tal variable (IV) assumptions: (i) Z is not independent of
X, (ii) Z is independent of U, and (iii) Z is conditionally
independent of Y given U and X [Greenland, |2000]]. Then,
the variable 7 satisfying the IV assumptions is called an IV.
Our idea is to use Z as one of the proxy covariates of The-
orem [I]to solve the identification problem and recover the
probability of the outcome variable, but not as the statistical
tool to derive the IV estimator.
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Z U W
X Y
(a) Unobserved Covariate
Z {Yao, Yo, } w
X Y

(b) Potential outcomes

Figure 2: Graphical representation for the case of proxy
covariate and one instrumental variable

To do this, when Condition [I] holds, Condition 2] is satis-
fied for p(z,y, z,wlu) > 0 (x € {zo, 1}, y € {yo, 41},
z € {z1, 22}, w € {wy,wa,ws}, and u € {uy,ug, us, us})
in Figure [2b] (graphically, Z and U are d-connected given
X). Thus, noting that equations (T1)) and (I2) hold, if both
Conditions [3| and | of Theorem 1] hold, p(Y, = y|2’,y')
is identifiable for z,2" € {zg,z1} and v,y € {yo,v1}
In addition, although the probability of the outcome vari-
able is not available, the independence between the IV and
a proxy covariate enables us to recover the probability of
the outcome variable and identify not only the probabili-
ties of causation but also the joint probabilities of potential
outcome variables.

Theorem (1| identifies the conditional probabilities of the
potential outcomes. To identify the joint probabilities of the
potential outcome types, it remains to recover the marginal
probability of the outcome variable. This can be achieved
under the following additional condition:

Condition 5

qu‘, Rz.,' kazl|yo - ka Rzl Rwi z;|yo
ka RZLAwin' - Rwi RZj Awkzl

(25)

is a constant value within the range (0,1) for any com-
bination of (w;, zj, w, 2) satisfying (w;,z;) # (W, 21)
(i,k=1,2,3;5,l = 1,2), where

Ry =p(w]|y1) — p(w]| o), (26)
R. =p(z|y1) — p(z|yo), (27)
Ry = p(w, 2 |y) — p(w |y)p(z | y), (28)

Ay, = sz|y1 - sz|y0 (29)

fory € {yo,y1}, z € {z1,22} and w € {wy, wa, w3}.

Under Conditions[TH3] the joint probabilities of the potential
outcome types are identified:

Theorem 2 Under Conditions[IH3] the joint probabilities
of potential outcome variables p(uy), p(us), p(us), and
p(uy) are identifiable.

The proof is given in the Supplementary Material [A]

Condition [5]is not an additional restriction on proxies but an
overidentifying restriction arising from the proxy covariate
structrure together with an instrumental variable. The con-
stancy corresponds to agreement across multiple moment
equations, and the (0,1) constraint ensures a valid probabil-
ity. We note that Condition [3is sensitive to misspecification
of the structural assumptions.

Unlike Theorem [I] Theorem [2] also provides situations
where not only PN, PS, and PNS, but also the joint probabili-
ties of potential outcome variables p(u; ), p(uz2), p(us), and
p(uy) are identifiable since p(y;) can be recovered under
additional testable conditions.

4 ESTIMATION

When p(Y, = y|2’,y') is identifiable under the proposed
conditions (for z,2’ € {xo,z1} and y € {yo,y1}), the
resulting estimation problem reduces to that of a singular
model. Consequently, these probabilities cannot be eval-
uated by standard statistical estimation methods such as
maximum likelihood estimation. To address this issue, we
propose new plug-in estimators of p(Y, = y|',y’) (for
x,2" € {xg,x1} and y € {yo,y1}). The proposed plug-in
estimators are derived in two steps: (i) estimating p(w | u),
and (ii) estimating p(u | x, y) using the results from the first
step.

4.1 ESTIMATING p(w | u)

Let @y, and Bwy denote consistent estimators of azy and by,
respectively, obtained by replacing p(z | z,y), p(w | z,y),
and p(z,w|z,y) of ay, and b, with their sample coun-
terparts p(z | x,y), p(w|z,y), and p(z,w|x,y), respec-
tively (for z € {zo,z1}, ¥y € {yo,11}. 2 € {z1,22},
w € {wy,wy,w3}). Then, the consistent estimator of
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p(w | u) are given by

~ —~ —1 -~
( plwy | uy) ) _ ( L —ag,y, > Q-rlyl
plwa | u1) L —aggy, broy: |
~, ~ —1 -~
( p(wl |U2) ) _ ( 1 —Qgyyy > Qxlyl
p(w2 |u2) 1 —Azgyo bmoyo ’
~ —1 -~
( ]/)\(11)1 |U3) ) _ ( 1 _211110 > 9361210
p(w2 |U3) 1 TQxoy bxoyl ’
~, ~ —1 ~
( 1/9\(’11)1 |U4) ) _ < 1 _El\xlyo > /b\évlyo
p(w2 | u4) 1 _al'oyo bwoyo

(30)

4.2 ESTIMATING p(u|z,y)

By replacing p(w; | u) and p(w; |z, y) in equation with
p(wy |u) and p(wy |z, y), respectively (z € {xg,z1},y €
{0, 11}, u € {u1,u9,us,us}), the consistent estimators
plu|z,y) of p(u|x,y) are given by

(Bl ) (Lo )
~ ~ —T,
(B mom ) = (2 ) (G o )
~ —~ —T,
(%M{ii:zgg ) - < 1 gggi Izig ) (ﬁ(wl |19€1,y0) > 7
) )
) )

ﬁ(UQ |5U0, Yo
P(U4 | Zo, Yo

)_T< plwy |1~To»yo) ) .

(€19

_ (1 Plwr|uz
1 p(wi | ug

Therefore, from equations (I7)-20), we can estimate

p(Yz =y’ ) as follows:
P(Yeo = yo | x1,91) = P(uz |21, 91),
P(Ye, = 9o | wo,y1) = P(us |20, 1),
P(Yey = 1| ®1,90) = Plus | T1,%0),
A(Y:lﬁ =" |‘T0ay0) ﬁ(UQ |I0ay0)

4.3 ESTIMATING p(u)

Here, in the context of Theorem [2| by replacing p(w | y),
p(z|y) and p(w, z | y) in equation (23)) of Theorem [2] with
the sample probabilities p(w | y), p(z | y) and p(w, z | y), re-
spectively (y € {yo,y1}, 2z € {21, 22}, w € {w1, wa, w3}),
the consistent estimator p(y1) of p(y;) is given by

Ry, B Ry, 2y yo — B Bz R, 2 |yo (32)
Ry Boy A2, — R, R Awm
for (wy, 21) # (w;, 2;), where
Ry = plw|y1) = Plw] o), (33)

R. = p(z|y1) — Bz | o), (34)
Ryzpy = D(w, 2 |y) — plw | y)p(z | ), (35)
sz = sz|y1 - sz|y0 (36)

fory € {yo,y1}, 2 € {21,22} and w € {w1,wa, w3}.
Thus, noting that p(z | y) is estimable by the sample prob-
abilities p(z | y) for z € {zo,21},y € {vo,v1}, the con-
sistent estimator p(u) of the joint probabilities of potential
outcome variables p(u) is given by

Y, = Yy | ‘rlv y/)l/)\(‘r/ ‘ y/)ﬁ(y/)
+p(Yer =y |2, 9)p(x|y)P(y)

for u € {u1,uz,us, us} and the corresponding pair (x, y)
(x € {zo,z1},y € {yo, 41 }).

~, ~,

plu) = p(
37)

S5 NUMERICAL EXPERIMENT

In this section, we present a numerical experiment to ex-
amine the properties of the proposed estimation method for
PN, PS, and PNS. We consider the causal diagram shown
in Figure where the joint distribution of (X, Y, Z, W,U)
is specified in Table [T} To simulate a case—control study
based on Figure [2bJand Table [T} under the scenario in which
(X,Y, Z, W) are observed but U is unobserved, we proceed
as follows. In Step 1, we generate a sufficiently large dataset
of (X,Y, Z, W) according to Table[I] From this dataset, we
extract two samples of size /V: one consisting of individuals
with Y = y; (the case group) and the other consisting of
individuals with Y = g (the control group). Note that un-
der Table[1] p(yo) = 0.6875 and p(y;) = 0.3125. In Step
2, based on the case and control groups obtained in Step 1,
we compute the proposed estimators for N = 1000, 5000,
10000, and 50000. Since the true values of PN and PS under
Table[T|are 0.875 and 0.500, respectively, the sample means
of the corresponding estimators are expected to be close
to these values. Likewise, because the true value of PNS
is 0.4375, its estimator is expected to concentrate around
0.4375.

Table |2|and Figure [3|show the basic statistics and boxplots
of the estimated PN, PS, PNS based on 5, 000 replications
with the given sample size N. Here, the probabilities of cau-
sation are estimated using bootstrap replication so that the
estimates remain within the range [0, 1], because if the deter-
minant of equation (T3] or (T4) is close to zero, Condition 2]
or[3|may be violated.

From Table [2] and Figure [3] the sample means of the esti-
mated PN, PS, and PNS are close to their true values, and
the sample standard errors decrease as the sample size in-
creases. In addition, the interquartile ranges of the estimated
PN, PS, and PNS become narrower as the sample size in-
creases, while still covering the true values. Furthermore, the
estimated PN, PS, and PNS appear to be approximately sym-
metrically distributed. Indeed, their asymptotic normality
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Table 1: Parameter setting in the numerical experiment.

(@) p(W|U) O p(Y =y1|X,U)  (©)p(X =u1|Z,U) ) p(U)
wi w2 w3 T 1 z1 22 () p(Z)
w710 15 110 1 1 7/10 3/10 1/16 - 2
us 320 120 4/5 0 1 3/20 17/20 7/16 I "
us 510 2/5 110 1 0 5/10 5/10 1/16
w, 110 155 7710 0 0 1/10 9/10 7/16

Table 2: Basic statistics in the numerical experiments.

(a) estimated PN

(b) estimated PS

N=1,000 N=5000 N=10,000 N = 50,000

N=1,000 N=5000 N=10,000 N = 50,000

Minimum 0.052 0.286 0.576 0.767 0.000 0.017 0.099 0.355
1st Quantile 0.831 0.844 0.847 0.852 0.327 0.421 0.454 0.482
Median 0.882 0.886 0.884 0.877 0.464 0.485 0.496 0.500
Mean 0.877 0.885 0.886 0.879 0.454 0.473 0.489 0.499
3rd Quantile 0.933 0.930 0.924 0.902 0.588 0.542 0.533 0.517
Maximum 1.000 1.000 1.000 0.998 0.993 0.763 0.731 0.614
s.e. 0.074 0.060 0.053 0.038 0.190 0.105 0.067 0.027
(c) estimated PNS
N =1,000 N =5,000 N =10,000 N = 50,000

Minimum 0.006 0.132 0.157 0.375

Ist Quantile 0.326 0.389 0.409 0.428

Median 0.422 0.430 0.435 0.438

Mean 0.407 0.423 0.433 0.438

3rd Quantile 0.497 0.465 0.461 0.448

Maximum 0.745 0.601 0.562 0.507

s.e. 0.122 0.065 0.042 0.015

can be established by arguments similar to those in|Shingaki
and Kuroki| [2023]].

6 DISCUSSION

Probabilities of causation arise in various areas of prac-
tical science, such as the identification of prevented and
preventable proportions [Yamada and Kuroki, [2017] and
proportions of benefit and harm [Mueller et al.|2022], the ex-
plainable AI (XAI) problems [Galhotra et al.,|2021} Mothilal
et al.|, |2021| Watson et al.,[2021]], the evaluation problems
of traffic conflicts [Yamada and Kuroki, [2019]], personal-
ized decision-making problems [Mueller and Pearl| | 2023]],
and unit selection problems [Li and Pearl, [2019]. These ap-
plications indicate that the identification and estimation of
such probabilities consititute an important topic in statistical
causal inference. To address these problems in the context of
case—control studies, this paper provides novel identification
conditions for the probabilities of causation using (i) two
proxy covariates, and (ii) a proxy covariate together with
an instrumental variable (IV). In particular, even without
the knowledge of the probability of the outcome variable,

the independence between the instrumental variable and a
proxy covariate enables the identification of not only the
probabilities of causation, but also the joint distribution of
the potential outcome variables.

To the best of our knowledge, although there is a substantial
need to address these problems without relying on the mono-
tonicity assumption in case—control studies, there has been
little work on the identification of probabilities of causation
in this setting. The bias-breaker approach of |Geneletti et al.
[2009]] and the related developments by Stanghellini et al.
[2025]] aim to render selection ignorable in case—control
studies in order to recover causal risks. In contrast, our
proxy-based approach exploits invertibility conditions on
outcome-conditional distributions to identify probabilities of
causation and, in the instrumental-variable setting, the joint
probabilities of potential outcomes. The two approaches
are therefore complementary, addressing different causal
quantities within case—control studies.

In addition, estimation problems involving singular models
often arise in statistical causal inference, yet they remain
largely unresolved in the existing literature. To address this
issue, we proposed new plug-in estimators for the probabili-

6268



1.00 1.00

.y
+

0.75 0.75 4

0.61

4

0.50 0.50 -

[

]
L]

0.25 0.25

1000

1000 5000 10000 50000 5000

number of cases/controls

(a) PN (b) PS

number of cases/controls

1

D

T

1000 5000 10000 50000
number of cases/controls

i i 0.01
10000 50000

(c) PNS

Figure 3: Boxplots of estimated “probabilities of causation”.

ties of causation based on the proposed identification con-
ditions. Because the proposed estimators involve ratios and
matrix inversions, finite-sample variability may be amplified
when denominators are close to zero, leading to infeasible
estimates. In practice, bootstrap resampling can be used to
obtain feasible estimates. Alternatively, regularized or con-
strained estimators [e.g.,|[Shingaki and Kuroki, |2024]] may
provide a useful remedy, although at the cost of introducing
some bias.
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A PROOFS

From Conditions[T|and [T} and by the consistency property, we have

p(z,w|w1,y1) = p(z [ ur, z1)p(w |ua)p(ur |21, 91) + p(2 | uz, 21)p(w | u2)p(uz | T1,y1), (38)
p(z,w|wo,y1) = p(z | ur, xo)p(w | u1)p(us | wo,y1) + p(z | us, xo)p(w | uz)p(us | xo,y1), (39)
plz,w|w1,y0) = p(2 | uz, v1)p(w [ uz)p(us | 1,y0) + p(2 | ug, v1)p(w [ us)p(ug | 21,90), (40)
p(z,w | 20,y0) = p(z | uz, xo)p(w | u2)p(uz | 2o, yo) + p(z | w4, 2o)p(w | usa)p(ua | 2o, Yo) 41)
for z € {#1, 22} and w € {wy,wq, w3}, since
p(x1,2,ui |yo) =0 fori=1,2, (42)
p(l’ Zvui|y1) =0 fOI'?;:3,4, (43)
p(xo, z,u; |yo) =0 fori=1,3, (44)
p(zo, z,u; |y1) =0 fori =24 (45)

hold for z € {21, 22}, w € {wy,wa, w3}, and u € {uq, ug, us, ug}.

A.1 PROOF OF LEMMA IDENTIFICATION OF p(w | u)

From Condition 3] note that

( 1 p(w|z1,y1) )
p(z|$1»yl) p(sz‘xlvyl)

is invertible for z € {21, 22} and w € {w1, wy, ws}. Then, from equation (38)), regarding p(z | z1,y1), p(w| 1, ¥y1), and
p(z,w|z1,y1), we have

< 1 p(w |z, y1) )
p(zlz1,y1) plz,wlz1,y1)
B ( p(z|711»$1) P(Z\izvﬂcl) > ( P(“1|[9)31»y1) p(U2|(3)317y1) ) ( 1 ZE:UU}ZS >

for w € {ws,ws}. Then, we derive

1 p(wz|u) 1 plws |z, ) \ 1 p(wi | 21,91)
< 1 p(ws|usg) ) < p(z|z,y1) plz,wa|w1,91) ) <p(2|3317yl) p(z,wr | @1, 1) )
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p(27w2 |$1, yl)p(wl |331,y1) —p(z, w1 |3317y1)p(w2 |9U1, y1)

szaw2 9617311;—]952 xlaylgpng $1,y1§
bz, w1 |T1,Y1) —P\2|T1,Y1)P(W1 | T1,Y1

p(z,wa | 1,y1) — p(z |21, y1)p(wa | T1,91)

— 1 bw1y1 +p(w2 ‘ul)aﬂhyl — 1 p(wl |U1)
L bayy, +p(w2 | u2)as, y, L p(wifug) )’

7N
—_ =
=
S
3
S

Il
7 N\
— =
T 38
N
s g
NN
S
N =
N———
7 N
o~
S o
s g
R

1.€.,
p(wl |U1) = bIlyl +p(w2 | ul)a$lyl7 p(wl ‘UQ) = bw1y1 +p(’lU2 |u2)a21y1’ (47)
where

p(szQ |x,y)p(w1 |£L',y) *p(Z,'LUl |£L’,y)p(U)2 |£L',y)
p(z, w2 |z, y) — p(z |z, y)p(w2 | z,y)

o p(zawl |’l,’,y) *p(Z | ‘T,y)p(wl ‘xay)
p(z, w2 |z, y) — p(z |2, y)p(wz |2, y)

Opy = bay

for z € {xo,z1} and y € {yo,y1}. Similarly, since

( 1 p(w |0, 1) ) ( 1 p(w|z1,y0) ) ( 1 p(w| o, o) >
p(zlzo,y1) plz,wl|zo,y1) )’ p(zlzi,y0) plz,wl|zi,90) )7 p(zlzo,y0) p(z,w|xo,y0)

are invertible for z € {21, 22} and w € {w1, w2, w3}, from equations (3I)-@I), we have

p(wl |u1) = Ozoy1 +p(w2 ‘ul)al’oyv p(wl |u3) = bloyl +p(w2 | u3)a10y17 (48)
p(wl |U3) = b$1y0 +p(w2 ‘UB)arlyoa p(wl |U4) = bzlyo +P(w2 | U4)azlyov (49)
p(wr |uz) = bzoyo + p(wz | “2)axoyoa p(wi|ug) = bzoyo + p(wz | u4)a:coyo~ (50)

Thus, from Condition[d] p(w1 | u1) and p(ws | uy) are identifiable from equations [@7) and ([#8) as

plwi|w) N (1 —awy \ ' ( burpn
( p(w2|u1) > B ( 1 _al’ozl ) ( bxozl ) eb

Similarly, p(wq | u2), p(wa | uz2), p(wy | usg), p(ws | ug), p(wy | us), and p(ws | ug) are identifiable from equations #7)-(50)

as
—1
< p(w1|u2) > _ ( 1 Az, g, ) < bl’lyl ) (52)
p(u}2 | U'Q) 1 —Axoyo bl’oyo '
—1
< p(w: |u3) > _ ( L =gy, ) < bz yo ) (53)
p(’LU2 |U3) 1 —Qzoy, bwoyl ’
-1
( p(wl |U4) ) — ( 1 gy, ) ( bwlyo ) (54)
p(w2 | ug) L —agyy, bzoyo 7
respectively.
A.2 PROOF OF LEMMA IDENTIFICATION OF p(u | z,y)
First, equation (46)) provides
( 1 p(w|z1,3) ) ( 1 p(w]us) > g ( plur |21, 31) pluz | z1,31) >
p(z|@1,y1) plz,w|z1,91) L p(w]|uz) p(z i, z1)p(ur |z1,y1)  p(2|ug, x1)p(uz |z1,91) )

(55)

Comparing the first columns of both sides, we see that p(u1 | 21, y1) and p(usg | x1,y1) are identifiable. Similarly, from
_ p(u1 [ 2o, y1) p(us [0, y1)

1 p(w|zo,y1) 1 plwlu) \
(p(2|$o,y1) p(z7w|x07y1) ) ( 1 p(w|u3) > N ( p(Zluhwo)p(ul |$o7y1) p(2|u37$0)p(u3|$0,y1) >’
(56)
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< 1 p(w |1, 90) ) ( 1 p(w|us) >_1 — < p(us | z1,50) pus|z1,50) )
p(z|w1,90) p(z,w|z1,90) 1 p(w|ug) p(z|us, z1)p(us|x1,90) p(2|us, z1)p(us|z1,y0) )’
(57)
( 1 p(w|zo,Y0) ) ( 1 p(w|us) >1 _ ( p(uz | 2o, yo) pus | o, 0) >
p(z | Zo, yo) p(% w | Zo, yo) 1 P(w | U4) p(Z | U2, xo)p(u4 | Zo, yo) p(Z | Uy, xO)p(u4 | Zo, Z/o)
(58)

we see that p(u1 [ o, y1), p(us | To, Y1), p(us | 21, y0), P(ua [ 21, 90), p(u2 | T0,Yo), and p(ua | 2o, yo) are identifiable. Note

that p(us | x1,y1), p(ua |21, 91), p(uz [ 20, Y1), p(ua | o, y1), p(ur |21, y0), p(uz | 21, y0), p(u1 | 2o, Yo), and p(us | xo, yo)
are evaluated by zeros from equations (@2)-(@53). From the consideration, we know that p(u | z,y) are identifiable for

r € {zo,71},y € {yo,v1}, and u € {uy, uz, uz, us}.

A.3 PROOF OF THEOREM

By Lemma p(Ye = yla’,y’) is identifiable for (x,y,2',y") = (x1,y1,%0,¥1)> (Z1,%1,%0,%0)> (T1,Y0,T0,Y1)s
(551>y0a5507y0) as

P(Yeo = %ol 21,91) = p(uz |21, 91) + p(ua | 21, 91) = pluz | 1,91), (59)
p(Ya, = yo |20, y1) = p(us [0, y1) + p(ua [ 20, y1) = p(us | zo, y1), (60)
p(Yao = y1171,90) = p(ur |21, 90) + pus | 21, 90) = pluz | z1,%0), (61)
p(Ye, = y1|wo,y0) = p(ur |0, %0) + p(uz | 2o, yo) = p(uz [ w0, yo)- (62)

A4 PROOF OF THEOREM

Under Conditions note that if p(y; ) is given in Theorem then the joint probabilities of potential outcome variables
p(u1), p(usz), p(us), and p(uy) are identifiable. Taking this into account, in this section, we demonstrate that the probability
p(y) of the outcome variable can be recovered through the use of one proxy covariate and one instrumental variable, shown
in Figure 2] of the main part.

To see this, first, note that Z is independent of . Then, we have
p(w, 2) — p(w)p(z)

= p(w, z|y1)p(y1) + p(w, z | yo) (1 — p(y1))
= (p(w]y1)p(y1) +p(w|yo)(1 —p(y1))) (p(z | y1)p(¥1) + p(2[Y0)(1 — p(¥1)))

(63)
= p(w, 2 |yo) — p(w | yo)p(# | yo)
+ (p(w, 2 [y1) — p(w, 2| yo) — p(w[yo)p(z [ y1) — p(w[y1)p(z | yo) + 2p(w | yo)p(2 | ¥0)) P(¥1)
— (p(wy1) = p(w | y0))(p(z ] 91) = p(2]90))p(y1)* = 0
for z € {21, 22} and w € {wy, ws, w3 }. Here, letting
Ry =p(w|y) —pwlyo), R.=pz|ly)—p(z|y0), Rusy=pw,z|y)—plw|y)p(z|y) (64)
for z € {21, 20}, w € {wy,wa, w3}, and y € {yo, 1}, equation (63) can be rewritten as
sz|yg + (sz|y1 - sz\yo + Rsz) P(y1) - Rszp(y1)2 =0. (65)
Then, for (w;, ;) # (wg, 21), we have
( RwiRZj Rwizﬂyo _Rwizj\yl _RwiRZj ) < p(y1)2 ) — < Rwizj\yo ) . (66)
Ry, R, kazzlyo - kazl|y1 — Ry, R, p(yl) kazzlyo
If
Ry, Rz; Ruzylye — Ruwizylyn — B Rz, )
i 3 k3 i 1 i J (67)
( ka 21 kazzlyo - ka,zz,\yl - ka &)
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Table 3: Parameter setting in the additional numerical experiment.

(@) p(W|U) ®) p(Y =51 X,U)  (c) p(X =21|Z,0)

w1 w2 ws Zo I z1 V) (e) p(Z)

w,  7/10 1/5 1/10 1 1 7/10 3/10 - 12

wy 320 120 45 0 1 30 120 L n

uz  5/10 2/5 1/10 1 0 5/10 5/10

ug 1/10  1/5 7/10 O 0 1/10 9/10

is invertible, we have

—1

( p()? > = ( RuiRey Ruzylyo = Rzl — BB, ) < . > 68)

p(yl) ka Rzl kazz\yo - kazz\zn - ka Rzl kazz\yo

If the solution regarding (p(y1),p(y1)?) of equation (68) lies within the range (0, 1) for any combination of (wj, z;) #
(wg, 21), and the square of the second row in the left hand side of equation (68)) is equal to the first row in the left hand side
of equation (68)), we know that p(y; ) is identifiable, and is given by

Rwi sz ka zilyo — ka Rzl Rw,-, zj|yo

p(y1) = (69)
Ry, R, (RWiZjlyl - sz‘Zj\yO) - Rw'iRZj (waz\yl - wazl?ﬂ))
from equation (68)). Thus, the joint probabilities of potential outcome variables p(u) is given by
p(u1) = p(Ya, = y1 | w0, y1)p(x0 | y1)p(y1) + p(Yao = y1 |21, y1)p(z1 ] y1)P(41), (70)
puz) = p(Ya, = y1|20,%0)p(x0 | yo)p(¥0) + p(Yay = yo |21, y1)p(x1 [y1)p(Y1), (71)
p(usz) = p(Ya, = Yo |20, y1)p(zo | y1)p(y1) + (Yo = y1 |21, 90)p(z1 | Y0)P(Y0), (72)
p(ua) = p(Ya, = yo |20, y0)p(zo | Y0)P(¥0) + p(Yeo = Yo | 21, y0)p(21 | y0)p(¥0)- (73)

B ADDITIONAL NUMERICAL EXPERIMENTS

In this section, we present additional numerical experiments to further examine the properties of our proposed estimation
method for the probabilities of the potential outcome types, i.e., p(u1), p(uz), p(us), and p(uy).

For simplicity, we assume that X, Y, Z, W, and U are discrete variables and consider the directed acyclic graph shown in
Figure where the conditional probabilities regarding (X, Y, Z, W, U) are specified in Table To simulate a case—control
study based on Figure 2b|and Table [3| under the scenario in which (X,Y, Z, W) are observed but U is unobserved, we
proceed as follows:

Step 1 For sufficiently large N, generate a dataset {(X;, Y, Z;, Wi) } ;.

Step 2 Based on this dataset, extract two samples of size /N: one consisting of individuals with Y = y; (the case group)
and the other consisting of individuals with Y = g (the control group).

We examine the properties of the proposed estimators for the following cases:

(@ (p(ur),p(usz),p(us),plus)) = (1/16,7/16,1/16,7/16),
) (p(u1),p(uz),p(us),p(us)) = (1/16,1/16,1/16,13/16).
©) (p(u1),p(uz),p(us),p(uqs)) = (5/16,5/16,5/16,1/16),
(d) (p(u1),p(uz), p(us), p(us)) = (1/4,1/4,1/4,1/4),

Tables and Figure ] present the basic statistics and the boxplots of the estimated p(u1), p(u2), p(us), and p(uy4)) for
5,000 replications with the given sample size /N. Here, the probabilities of potential outcome types are estimated using
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Table 4: Parameter setting of p(Z, W|U) in the sensitivity analysis.

@p=0

z;  0.350 0.100 0.050 0.075 0.025 0400 0.250 0.200 0.050 0.050 0.100 0.350
zg  0.350 0.100 0.050 0.075 0.025 0400 0.250 0.200 0.050 0.050 0.100 0.350

(b)p=0.1

Ul U2 us Ug

w1 w2 w3 wq w2 w3 w1 w2 w3 wq w2 w3

z; 0371 0.091 0.038 0.092 0.027 0381 0273 0.188 0.040 0.062 0.109 0.329
zg 0329 0.109 0.062 0.058 0.023 0419 0.227 0.212 0.060 0.038 0.091 0.371

©p=0.2

Uy U2 us Uyqg

wy w2 w3 w1 W2 w3 w1 w2 w3 wy w2 w3

z1 0393 0.081 0.026 0.109 0.03 0361 029 0.175 0.029 0.074 0.119 0.307
zz 0307 0.119 0.074 0.041 0.02 0439 0.204 0225 0.071 0.026 0.081 0.393

dp=0.3

Uy U2 u3 Ug

w1 w2 w3 wy W2 w3 wy w2 w3 w1 w2 w3

z1 0415 0.069 0.016 0.125 0.033 0.342 0320 0.160 0.020 0.084 0.131 0.285
zo 0.285 0.131 0.084 0.025 0.017 0458 0.180 0.240 0.080 0.016 0.069 0.415

bootstrap replications to ensure that the estimates remain within the range [0, 1], because if equation (I3) or (T4) is not
invertible, Conditions 3 or 4 may be violated.

From Tables [5H8 and Figure 4] the sample means of the estimated probabilities of potential outcome types are close to the
true values, and the corresponding standard errors decrease as the sample size increases. In addition, the interquartile ranges
of the estimated probabilities of potential outcome types are narrower while still containing the true values as the sample size
increases. In contrast, the estimated probabilities of potential outcome types appear to be asymmetrically distributed when
the true values are far from 0.5. In such situations, the asymptotic normality may not hold for finite sample sizes. These
results suggest that the proposed estimation method provides consistent estimators of the probabilities of potential outcome
types, although larger sample sizes may be required for the asymptotic normality to become apparent in some cases.

C SENSITIVITY ANALYSIS WITH RESPECT TO VIOLATIONS OF THE
INDEPENDENCE ASSUMPTION

The identification result for the instrumental-variable setting presented in Section[3.2]is derived under the assumption that the
instrumental variable Z and the proxy variable W are independent. The numerical experiments in Section 5] were conducted
under this assumption. Since this assumption may be violated in practice due to the presence of unmeasured common causes
between Z and W, it is of interest to investigate the sensitivity of the proposed estimators to such violations.

To this end, we conducted an additional simulation study by introducing positive marginal correlations between Z and . The
data-generating process was based on Figure[2} The conditional distributions p(Y | X, U) and p(X | Z, U) were fixed accord-
ing to Table([I] and the distribution of the latent variable was fixed as (p(u1), p(u2), p(us), p(ua)) = (1/4,1/4,1/4,1/4).

6275



For each target value p = Corr(Z, W) € {0,0.1,0.2,0.3}, the conditional distributions p(Z, W | U = u) were constructed
using iterative proportional fitting (IPF). Specifically, IPF was employed to preserve the specified marginal distributions of
Z and W, while a one-dimensional search over the remaining free parameter was performed so that the resulting marginal
correlation between Z and W attained the target value p. All conditional probabilities were constrained to remain strictly
positive. The resulting parameter settings of p(Z, W | U)) are summarized in Table 4}

For each value of p, we generated 5,000 Monte Carlo replications with sample sizes /N = 1000 and 5000, respectively, and
evaluated the proposed estimators of the probabilities of potential outcome types.

Tables [13] and [T4] together with Figure [5] summarize the simulation results. As the marginal correlation coefficient p
increases from 0 to 0.3, both the bias and the sampling variability of the estimated probabilities of potential outcome types
increase. The boxplots likewise show that the dispersion of the estimators becomes larger as p increases. The same qualitative
trend is observed for both sample sizes, N = 1000 and 5000. These results indicate that violations of the independence
assumption between the instrumental variable and the proxy variable lead to increased bias and variability of the proposed
estimators.

D APPLICATION

In this section, we illustrate our results using the education-wage dataset analyzed in|Card| [1995]]. The aim of this study is
to estimate the causal effect of education on log earnings by using a binary instrumental variable indicating whether the
individual grew up in an area with a nearby four-year college.

The dataset used in this section is publicly available through the CRAN package ivmodel (https://cran.
r—-project.org/package=ivmodel). The variables of interest are defined as follows:

X: subject’s years of education (z(: less than 12 years; z;: otherwise),
Y': subject’s log wage in 1976 (yo: less than 6.5; y;: otherwise),
Z: indicator of whether the subject grew up near a four-year college (z1: grew up near a four-year college; z5 otherwise),

W: subject’s IQ-type test score collected from the high school (w;: score < 100; ws: 100 < score < 115; ws: otherwise).

The sample size is 2,06 I[H We assume that the data-generating process is represented by the causal diagram shown in
Figure @ As noted in (Card [1995]], individuals with higher test scores (on IQ or achievement tests) tend to obtain more
schooling and also tend to have higher earnings. The resulting association between schooling and earnings is often interpreted
as evidence of ability bias. Here, IQ is introduced as the proxy variable W for the latent ability represented by U. Under the
assumed causal model, IQ affects the outcome only through the latent ability and has no direct effect on the treatment or the
outcome. The instrument is assumed to affect the outcome only through the treatment, as argued by |Card| [[1995]).

To illustrate our method in a case—control setting, we construct a control group of the same size as the case group (Y = y1).
The resulting dataset size is 1,514 (case: 757; control: 757).

Noting that Conditions [T} [3] and @] of Theorem [T]appear to hold for the available data, and assuming that Condition 2] of
Theorem [T] also holds, the proposed bootstrap estimates of the PN, PS, and PNS are given by 0.413, 0.433, and 0.132,
respectively. The estimated PN implies that 41.3% of subjects with more than 12 years of education and a logarithmic
earnings of at least 6.5 would not have attained such earnings had they not received the additional education. Similarly, the
estimated PS implies that 43.3% of subjects with less than 12 years of education and a logarithmic earnings below 6.5 would
have attained such earnings had they received the additional education. In contrast, the bootstrap estimates of PN, PS, and
PNS based on the data without selection bias are 0.398, 0.252, and 0.088, respectively. There appears to be no substantial
difference between the estimates obtained with and without a selection bias.

Table E] shows the basic statistics of 10,000 bootstrap replications of the estimates of PN, PS, and PNS. From Table @ the
estimated PN and PS appear to be approximately symmetrically distributed, whereas the estimated PNS exibits noticeable
skewness. In addition, the presence of outliers leads to a wide sample range for PN and PS, and hence the minimum and
maximum values provide limited information about these quantities.

'The original dataset had a sample size of 3,010, but we restrict attention to the 2,061 subjects for whom IQ data are available.

6276


https://cran.r-project.org/package=ivmodel
https://cran.r-project.org/package=ivmodel

Table 5: Basic statistics of estimates based on the proposed method in the case where (p(u1),p(us), p(us), p(us)) =

(1/16,7/16,1/16,7/16).

Pluy) Pluz)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.000 0.001 0.007 0.024 0.006 0.143 0.157 0.375
1st Quantile 0.037 0.042 0.046 0.055 0.322 0.390 0.411 0.428
Median 0.059 0.056 0.057 0.061 0.416 0.430 0.437 0.438
Mean 0.064 0.057 0.057 0.061 0.405 0.424 0.435 0.438
3rd Quantile 0.085 0.070 0.069 0.067 0.495 0.466 0.461 0.448
Maximum 0.222 0.249 0.151 0.091 0.745 0.596 0.553 0.507
s.e. 0.038 0.022 0.017 0.010 0.122 0.063 0.041 0.015
D(us) Plua)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.002 0.005 0.006 0.018 0.008 0.244 0.276 0.359
1st Quantile 0.046 0.051 0.052 0.055 0.353 0.402 0.410 0.426
Median 0.065 0.065 0.066 0.064 0.452 0.447 0.440 0.439
Mean 0.067 0.066 0.065 0.062 0.467 0.452 0.442 0.439
3rd Quantile 0.087 0.080 0.078 0.071 0.567 0.496 0.472 0.452
Maximum 0.279 0.216 0.134 0.104 0.935 0.738 0.789 0.517
s.e. 0.030 0.022 0.020 0.013 0.152 0.075 0.050 0.019

Table 6: Basic statistics of estimates based on the proposed method in the case where (p(u1),p(u2),p(us),p(us)) =

(1/16,1/16,1/16,13/16).

D(u1) Pluz)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.000 0.000 0.000 0.001 0.002 0.002 0.002 0.001
1st Quantile 0.069 0.036 0.034 0.039 0.098 0.052 0.045 0.047
Median 0.136 0.074 0.062 0.057 0.150 0.084 0.071 0.064
Mean 0.162 0.083 0.067 0.057 0.154 0.089 0.076 0.064
3rd Quantile 0.229 0.116 0.095 0.074 0.205 0.120 0.103 0.081
Maximum 0.686 0.417 0.344 0.160 0.454 0.342 0.254 0.190
S.€. 0.124 0.060 0.044 0.026 0.075 0.048 0.040 0.025
Dlus) Plug)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.001 0.004 0.002 0.022 0.003 0.008 0.393 0.614
1st Quantile 0.059 0.051 0.051 0.052 0.419 0.665 0.712 0.773
Median 0.095 0.072 0.068 0.062 0.603 0.760 0.794 0.812
Mean 0.112 0.081 0.074 0.064 0.570 0.745 0.783 0.813
3rd Quantile 0.148 0.101 0.090 0.074 0.748 0.848 0.865 0.856
Maximum 0.446 0.410 0.306 0.158 0.974 0.987 0.981 0.959
S.€. 0.074 0.043 0.033 0.018 0.222 0.134 0.103 0.061
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Table 7: Basic statistics of estimates based on the proposed method in the case where (p(u1),p(us), p(us), p(us)) =

(5/16,5/16,5/16,1/16).

Pluy) Pluz)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.013 0.111 0.187 0.199 0.077 0.123 0.140 0.153
1st Quantile 0.239 0.285 0.294 0.305 0.257 0.279 0.289 0.305
Median 0.296 0.308 0.310 0.312 0.295 0.302 0.306 0.311
Mean 0.300 0.309 0.311 0.312 0.289 0.294 0.299 0.310
3rd Quantile 0.356 0.332 0.327 0.319 0.327 0.319 0.319 0.317
Maximum 0.650 0.532 0.454 0.358 0.475 0.401 0.363 0.350
s.e. 0.093 0.040 0.027 0.012 0.055 0.037 0.031 0.011
D(us) Plua)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.035 0.096 0.145 0.160 0.000 0.008 0.012 0.034
1st Quantile 0.262 0.287 0.293 0.304 0.054 0.057 0.058 0.059
Median 0.312 0.310 0.308 0.311 0.091 0.081 0.075 0.067
Mean 0.308 0.305 0.305 0.308 0.103 0.091 0.084 0.070
3rd Quantile 0.357 0.329 0.323 0.318 0.137 0.114 0.101 0.076
Maximum 0.504 0.460 0.397 0.356 0.533 0.305 0.259 0.219
s.e. 0.071 0.039 0.029 0.018 0.066 0.046 0.039 0.019

Table 8: Basic statistics of estimates based on the proposed method in the case where (p(u1),p(u2),p(us),p(us)) =
(1/4,1/4,1/4,1/4).

D(u1) Pluz)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.000 0.108 0.124 0.169 0.016 0.060 0.104 0.214
1st Quantile 0.169 0.217 0.229 0.241 0.206 0.226 0.235 0.244
Median 0.233 0.241 0.247 0.249 0.250 0.250 0.251 0.250
Mean 0.239 0.242 0.247 0.250 0.243 0.245 0.248 0.250
3rd Quantile 0.300 0.266 0.266 0.258 0.287 0.268 0.265 0.256
Maximum 0.668 0.445 0.385 0.312 0.469 0.357 0.317 0.303
S.€. 0.103 0.043 0.029 0.013 0.066 0.036 0.025 0.009
Dlus) Plug)
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.006 0.071 0.121 0.121 0.000 0.035 0.114 0.176
1st Quantile 0.220 0.232 0.233 0.242 0.171 0.218 0.227 0.240
Median 0.255 0.251 0.249 0.250 0.253 0.259 0.258 0.252
Mean 0.255 0.250 0.247 0.248 0.268 0.263 0.259 0.252
3rd Quantile 0.290 0.270 0.264 0.257 0.348 0.304 0.288 0.264
Maximum 0.504 0.428 0.397 0.287 0.767 0.562 0.516 0.336
S.€. 0.062 0.034 0.027 0.014 0.137 0.068 0.046 0.019
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Figure 4: Boxplots of estimates based on the proposed method.

Table 9: Basic statistics of estimates for “probabilities of causation” based on the proposed method in the case where

(p(u1), p(uz), p(us), p(us)) = (1/16,7/16,1/16,7/16).

PN PS

N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.052 0.286 0.576 0.767 0.000 0.017 0.099 0.355
Ist Quantile 0.831 0.844 0.847 0.852 0.327 0.421 0.454 0.482
Median 0.882 0.886 0.884 0.877 0.464 0.485 0.496 0.500
Mean 0.876 0.885 0.886 0.879 0.454 0.473 0.489 0.499
3rd Quantile 0.933 0.930 0.924 0.902 0.588 0.541 0.533 0.517
Maximum 1.000 1.000 1.000 0.998 0.993 0.763 0.731 0.614
s.e. 0.074 0.060 0.053 0.038 0.190 0.105 0.067 0.027

Table 10: Basic statistics of estimates for “probabilities of causation” based on the proposed method in the case where

(p(u1), p(uz2), p(us), p(ua)) = (1/16,1/16,1/16,13/16).

PN PS

N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.048 0.044 0.005 0.365 0.000 0.000 0.000 0.000
Ist Quantile 0.478 0.466 0.463 0.457 0.076 0.044 0.041 0.049
Median 0.547 0.519 0.515 0.506 0.157 0.087 0.076 0.070
Mean 0.567 0.546 0.543 0.536 0.193 0.100 0.084 0.071
3rd Quantile 0.639 0.600 0.587 0.578 0.268 0.144 0.119 0.092
Maximum 0.999 1.000 0.998 1.000 0.991 0.510 0.350 0.214
s.e. 0.139 0.123 0.119 0.114 0.157 0.071 0.056 0.032
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Table 11: Basic statistics of estimates for “probabilities of causation” based on the proposed method in the case where
(p(u1), p(u2), p(us), p(ua)) = (5/16,5/16,5/16,1/16).

PN PS

N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.007 0.080 0.265 0.415 0.002 0.000 0.002 0.061
Ist Quantile 0.441 0.469 0.477 0.488 0.615 0.676 0.711 0.797
Median 0.494 0.497 0.499 0.500 0.810 0.811 0.819 0.835
Mean 0.494 0.500 0.502 0.500 0.728 0.748 0.764 0.820
3rd Quantile 0.544 0.527 0.521 0.511 0.905 0.891 0.883 0.863
Maximum 1.000 0.983 0.942 0.873 1.000 1.000 1.000 0.995
s.e. 0.095 0.059 0.046 0.024 0.238 0.206 0.182 0.075

Table 12: Basic statistics of estimates for “probabilities of causation” based on the proposed method in the case where
(p(ul),p(uz),p(U3),p(u4)) = (1/47 1/4? 1/4a 1/4)

PN PS
N =1000 N =5000 N =10000 N =50000 N =1000 N =5000 N =10000 N = 50000
Minimum 0.002 0.080 0.289 0.399 0.000 0.001 0.001 0.295
1st Quantile 0.457 0.466 0.469 0.482 0.324 0.394 0.432 0.475
Median 0.513 0.506 0.502 0.500 0.510 0.495 0.501 0.502
Mean 0.522 0.514 0.510 0.501 0.495 0.479 0.488 0.500
3rd Quantile 0.575 0.549 0.539 0.518 0.660 0.575 0.557 0.527
Maximum 0.999 0.991 0.999 0.950 1.000 0.982 0.819 0.665
s.e. 0.116 0.077 0.068 0.032 0.229 0.143 0.103 0.040
1.00+4 . . 1.00
0.751 ' 0.75
2z : ; z
= i rho = D rho
= Brho=0 S e : : &3 rho=0
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(a) N = 1000. (b) N = 5000.

Figure 5: Boxplots for the sensitivity analysis.
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Table 13: Basic statistics for the sensitivity analysis in the case where N = 1000.

p(ur) pluz)
p=0 p=01 p=02 p=03 p=0 p=01 p=02 p=03
Minimum  0.000  0.000 0.000 0.000  0.007  0.007 0.020 0.039
Ist Quantile 0.171  0.150 0.087 0.050  0.200  0.233 0.256 0.255
Median 0.231  0.218 0.154 0.101  0.246  0.273 0.296 0.293
Mean 0.240 0.222 0.163 0.118 0237  0.266 0.296 0.302
3rd Quantile 0.298  0.287 0.227 0.171  0.283  0.306 0.338 0.342
Maximum  0.710  0.641 0.702 0937 0.448  0.450 0.612 0.661
s.e. 0.102  0.104 0.099 0.088  0.065  0.060 0.066 0.070
plus) Plua)
p=0 p=01 p=02 p=03 p=0 p=01 p=02 p=03
Minimum  0.041  0.018 0.010 0.002  0.000  0.000 0.000 0.000
Ist Quantile 0.213  0.202 0.187 0.158 0.176  0.138 0.131 0.174
Median 0.253  0.257 0.256 0246  0.258  0.236 0.274 0.355
Mean 0.252  0.256 0.255 0247 0271  0.257 0.286 0.340
3rd Quantile  0.290  0.309 0.322 0330 0351 0.360 0.427 0.492
Maximum 0496  0.513 0.701 0980 0.765 0.818 0.802 0.981
s.e. 0.062  0.080 0.096 0.119  0.132  0.155 0.179 0.193

Table 14: Basic statistics for the sensitivity analysis in the case where N = 5000.

plur) pluz)
p=0 p=01 p=02 p=03 p=0 p=01 p=02 p=03
Minimum  0.087  0.004 0.000 0.000  0.066  0.068 0.165 0.083
Ist Quantile 0.216  0.201 0.110 0.060 0226  0.243 0.291 0.281
Median 0.242  0.240 0.173 0.144 0250 0.284 0.311 0.298
Mean 0244  0.243 0.168 0.142 0244 0.274 0.325 0.300
3rd Quantile 0.269  0.283 0.226 0206  0.269  0.309 0.339 0.315
Maximum  0.551  0.621 0.499 0.689 0341  0.492 0.608 0.593
s.e. 0.044  0.066 0.079 0.093  0.036 0.051 0.054 0.036
plus) plus)
p=0 p=01 p=02 p=03 p=0 p=01 p=02 p=03
Minimum  0.093  0.022 0.004 0.000  0.015  0.000 0.000 0.000
Ist Quantile  0.230  0.209 0.232 0.096 0218  0.140 0.075 0.192
Median 0.250  0.263 0.324 0204 0.258 0.218 0.165 0.390
Mean 0.249  0.259 0.306 0236 0263 0.224 0.203 0.390
3rd Quantile 0.270  0.310 0.389 0345 0304 0.299 0.297 0.569
Maximum  0.406  0.493 0.972 1.000 0572  0.670 0.865 0.999
s.e. 0.035  0.073 0.111 0.180  0.068 0.114 0.160 0.234
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Table 15: Basic statistics of bootstrapped estimates for “probabilities of causation” from the Card data.

without selection bias with selection bias
PN PS PNS PN PS PNS

Minimum 0.001 0.000 0.000 0.000 0.003 0.000
Ist Quantile 0.159 0.053 0.018 0.177 0.175 0.037
Median 0.335 0.138 0.048 0.358 0422 0.079
Mean 0.399 0.252 0.088 0413 0433 0.132
3rd Quantile 0.631 0.380 0.110 0.646 0.672 0.170
Maximum 0.996 0.999 0.837 0996 0.996 0.846
s.e. 0.283 0.259 0.113 0.281 0.291 0.145
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