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Abstract

Max-linear Bayesian networks (MLBNs) are a
novel class of directed acyclic graphical models
which are of interest to statistics and data science
due to their relevance to causality and probabilis-
tic inference, particularly of extreme events. In-
terestingly, MLBNs encode strictly more condi-
tional independence than general structural causal
models. Because of this, MLBNSs are Markov to a
strengthening of the d-separation criterion called
x-separation. As many tools for causal inference
(most notably, Judea Pearl’s do-calculus) are based
on d-separation, we address the natural question
of whether assuming Markovianity to x-separation
can lead to additional causal effect identifiability
under intervention. We answer this question in the
affirmative and develop a stronger version of the
do-calculus rules for models which are Markov to
x-separation. However, we note that restrictions in-
herent to the max-linear setting (in particular, that
they give rise to non strictly positive joint proba-
bility distributions) mean that our calculus is only
applicable to specific kinds of policy intervention.

1 INTRODUCTION

Causal relationships between the components of a random
vector X = (X1, ..., X,,) are often represented by directed
acyclic graphs (DAGs) in the form of structural causal
models (SCMs). In a SCM, the component X; of X is a
function of its parents and an independent noise term: X; =

fi (Xpa(i) ; 61‘) .

Max-linear Bayesian networks (MLBNs), sometimes also
called recursive max-linear models (RMLMs), are a class
of structural causal models first introduced by |Gissibl and
Kliippelberg [2018]], in which the structural equations are of

the following form:

Xi: \/ Cjin\/Q, (11)

j€pa(i)

cji, € = 0,

where V = max, the ¢; are independent, atom-free, continu-
ous random variables, and the quantities ¢;; may be seen as
non-negative weights on the edges of the DAG. They are the
simplest class of model that exhibit cascading failure, where
disproportionately high measurements at many points X; in
the system can be attributed to a few common sources «;.
For this reason, MLBNs have found applications in the mod-
eling of financial risk [Einmahl et al.,[2018]] and extreme
natural events [Asadi et al.,|2015] [Tran et al.,2024], and are
considered an important tool in the graphical modeling of
multivariate extremes [Engelke and Hitz, |[2020].

A central problem of causal inference is the study of the be-
havior of a SCM under intervention, i.e. the replacement of
the structural equations that determine certain components
of the random vector with another function. In particular,
one is interested in determining whether the effect of an
intervention can be computed from the distribution of the
observed variables. The do-calculus rules of |[Pearl| [1995]]
and the corresponding ID-algorithm [Shpitser and Pearl|
20064 provide a complete framework for the identification
of causal effects of atomic interventions, under the assump-
tion that the observed joint distribution is strictly positive.

While some work on interventions has been done in the
parallel approach to extremal statistics developed by |[En{
gelke et al| [2025]], the authors restrict their attention to
atomic interventions in fully observed SCMs. In this work,
we study the identifiability of causal effects in MLBNs with
latent confounding, expanding on recent work of Krali et al.
[2025]] on MLBNSs with hidden variables. We show that,
while restrictions inherent to the max-linear setting imply
that identifying expressions for the effects of atomic in-
terventions in MLBNSs are often ill-defined, the additional

' At the time of writing, this preprint is the only other work on
MLBNs with unobserved variables of which we are aware.
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conditional independence which they encode allows for the
identification of strictly more causal effects under policy
interventions (to be introduced in Section[2.2)) compatible
with the MLBN structure. This is illustrated in the following
example.

Example 1.1. Consider a SCM on the following graph G:
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Figure 1: A DAG with observed node set {1,2,3,4} and
unobserved node set {11 2,113,124}

Upon deleting the edge 3 — 4, 3 and 4 are *—separated
but d—connected, conditioned on {1,2}. We will see that,
due to this fact, the causal effect of the policy interven-
tion o, P(X4 ; of = P*(X3 | X1)) (see Section [2.2),
is identifiable if the underlying distribution is Markov to
x—separation (as is the case for any MLBN on G), but not
if it is merely Markov to d—separation.

Examples such as the one above give us our first main result.

Theorem 3.6, In a SCM that is Markov with respect to
x—separation, there are strictly more identifiable causal
effects compared to a general SCM.

Motivated by this result, we develop a stronger version of
the o—calculus rules of |(Correa and Bareinboim| [2020a]],
which is a generalization of do—calculus for stochastic in-
terventions. We call our calculus o*—calculus, prove its
correctness, and our second main result:

Theorem[5.3} The rules of o* —calculus allow for the deriva-
tion of strictly more identifying expressions, compared to
d—separation based o—calculus.

The remainder of this paper is structured as follows: in Sec-
tion E] we introduce the *—separation criterion, causal effect
identifiability, and o—calculus. In Section [3| we investigate
causal effect identifiability in MLBNSs, providing a first ex-
ample of additional identifiability. In Section[d] we develop
and prove the correctness of ¢* —calculus. In Section |5|we
revisit Example[I.T] proving the claimed identifiability using
o*—calculus. In Section[6] we outline practical limitations
of this work and potential future directions.

2 PRELIMINARIES

Let G = (OUU, E) be a DAG. The vertices in O, corre-
sponding to the random vector X, represent the observable

part of the system. Analogously, U represents the unobserv-
able part of the system, Xy;. In our examples, we denote
the observed nodes by natural numbers {1,...,n} and the
hidden nodes in U by I; ;, where the subscript ¢, j refers to
the observed children of /; ;. We adopt the graphical nomen-
clature used in [Lauritzen, |1996], the essentials of which
are recalled in Appendix [A]

An important goal in the theory of causal inference is to
identify causal effects of some components of X on the
distribution on other components of X, independently of
the unobserved part X (we refer to Sectionfor a formal
definition of the identification of causal effects).

2.1 SEPARATION CRITERIA

The d—separation criterion for general SCMs is recalled in
Appendix Améndola et al|[2022]] showed that MLBNs
encode strictly more conditional independence statements
than those implied by d—separation, and developed the
stronger *—separation criterion.

Definition 2.1 (x—Separation).

Let G = (OUU, E) be a DAG. A path between two nodes
i,7 € OUU is x—connecting given (or conditioned on)
K c OUU if the path is d—connecting given K and con-
tains at most one collider. If no such path exists, we say
that ¢ and j are x—separated given K, and denote this by
(i L j | K).

Analogously, we say that two sets of vertices A, B C OUU
are x—separated given K if no x—connecting path exists
between any a € A and b € B, and denote this by

(AL, B|K)g.

Theorem 2.2 (Améndola et al.|[2022]], Theorem 5.15). Let
Xouy be a random vector distributed according to a
MLBN on a DAG G. For arbitrary subsets of vertices
A,B,C C OUU the following holds:

XAJ.LXB‘XC < (AJ_*B|O)g

Example 2.3. Let G be the DAG in Figure

Figure 2: The “Cassiopeia” graph.

Here it holds that (1 L, 3| 4,5), implying the statement
X1 1L X3 | X4 5 in any MLBN on G. The same conditional
independence statement does not hold in a general SCM on
G, as 1 and 3 are d—connected given 4 and 5.
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We will show in Sections [3.3]and 5] that this stronger separa-
tion criterion allows us to identify the causal effects of in-
terventions that are impossible to identify in general SCMs.
The remainder of this chapter will introduce the necessary
notions of interventions, causal effects of interventions and
causal effect identifiability.

2.2 INTERVENTIONS AND THE
IDENTIFIABILITY OF CAUSAL EFFECTS

A canonical way of defining interventions in SCMs is given
by the notion of “atomic” or “hard” interventions [Pearl,
2009]. This refers to manually setting the values of a treat-
ment set 7' C O to constants and thereby replacing the
structural mechanisms that generate X by the constant
function X; = ¢; for all ¢ € T'. This operation is denoted
by do(X1 = er). As we will see in Section the ef-
fect identification of atomic interventions often leads to
problems due to inherent support-restrictions in probabil-
ity distributions generated by MLBNs. Thus, we will work
with the more general notion of policy interventions [Correal
and Bareinboim, 2020al], of which hard interventions are a
special case.

In this generalized setting, the conditional distribution
P(X7 | Xpa(r)). induced by the natural mechanisms of
X, is replaced by a new conditional distribution. |Cory
rea and Bareinboim)| [2020al] denote policy interventions
by or = P*(Xr | Xpaor(r)), where pa??(T) =
Uier pa®@(t) \ T denotes the parent set of 7" in the graph
corresponding to the model induced by or. Technically,
the intervention takes place at the generating mechanisms,
such that the structural functions f;(Xpa(s), €;) are replaced
by a new function f" (Xaor(y)) for all t € T. One
can intervene in the system by defining the new func-
tions and compute the resulting conditional distribution
P*(X1 | Xpaor (1) Alternatively, one can directly com-
pute the effect of an intervention on the level of the induced
P*(Xp | Xpaor (7)) Strictly speaking, in this case one
does not identify the causal effect of a specific intervention
on the structural level but rather the effect of any structural
intervention that would induce P*(X7 | Xpaor (1)), Which
could generally be achieved by infinitely many different
interventions.

Remark 2.4. An intervention induces a new structural
causal model, which we denote by M,,,., on a DAG G, =
(OUUT, E°T), which we refer to as the post-intervention
DAG. Note that policy interventions allow for changing the
parent sets of the intervened variables not only within the
un-intervened vertex set O U U, but also allow for the intro-
duction of new unobserved parents such that U C U7

Definition 2.5 (Causal Effect of an intervention).
For subsets A, B C O, the causal effect of an intervention
o4 on X g is the distribution of X g under the intervened

model M, ,, denoted by P(Xp; 04) or equivalently as
P74(Xp).

In the setting where both X and Xyo are observable, the
causal effect of any intervention can be computed by

P(Xoj;or) =
/XU"T vE(OUU)\T

X H P(X; | Xpaor 1)) P(dxper\v; o1),
teT

P(XU | Xpa(v))P(dXU)

where Ap-r denotes the state space of Xyor.

However, we assume Xor as unobserved. The goal of
causal inference is to find a unique function that maps the
joint distribution of the observed variables P(X() to the
causal effect in question [Pearl, 2009, (Correa and Barein{
boim, |2020a]]. This is what is meant when we speak of the
identification of causal effects, which we define analogously
to|Correa and Bareinboim|[2020al], Definition 2.

Definition 2.6 (Causal Effect Identifiability).

Let A, B,C C O with BN C = (. The (conditional) effect
of an intervention specified by 04 = {04,,...,04 4 } on
a set of outcome variables B, conditional on C, P(Xp |
X 04), is said to be identifiable in G if it is uniquely
computable from the joint distribution P(Xo), for every
assignment (Xp = xp, X¢ = X¢), in every model on G
that induces P(Xo).

2.3 NOTE ON CAUSAL DIAGRAMS AND LATENT
PROJECTION OF MLBNS

In the following, we work in the full DAG G = (OUU, E)
corresponding to the underlying the SCM M. In the litera-
ture on causal inference, projections of the true DAG onto O,
sometimes referred to as causal diagrams, are commonly
used. In Appendix [E] we show that all our results can be
transferred to this setting.

2.4 RULES OF ¢-CALCULUS

Correa and Bareinboim| [2020a] provide a generalized ver-
sion of Pearl’s do—calculus [Pearl, [1995] for the deriva-
tion of identifying expressions, which they refer to as
o—calculus. The rules of o—calculus are formulated anal-
ogously to the rules of do—calculus and are presented in
List[Tl

While the first rule is essentially a restatement of the global
Markov property for G, rules 2 and 3 provide graphical
criteria for the equality of expressions under change of mech-
anism from oz to J’Z, which are based on d—separation
statements in modified versions of the two post-intervention
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DAGs. The modifications are sometimes referred to as graph
surgeries, and are defined in Definition Unlike the
framework of [Pearl [2009] for atomic interventions, two
distinct policy interventions will generally lead to post-
intervention graphs which are not subgraphs of one an-
other. Hence the requirement for explicitly checking that the
d—separation statements hold in both graphs.

o-Rule 1

P(Xa | Xp,Xcj07) = P(Xa | Xc;02)

if (A Ly B|C) holdsin G,

o-Rule 2

P(XA | Xz,XB;O'W7(Tz) = P(XA | Xz,XB;Uw,O'/Z)
if (ALlqZ|B) holdsin Gyy5,2 and Gy 0t 7
o-Rule 3

P(Xa | Xpjow,072) = P(Xa | Xp;ow,0%)

if (A Ly Z|B) holdsin G oy z(p) and QUWU,Z B

List 1: The rules of o —calculus.
Gow oy 18 the graph resulting from applying oz to G, ,
whereas Z(B) := Z \ ang, (B).

Definition 2.7. Let G = (OUU, E) be aDAG and Z C O.
The child-cut of G w.rt Z, denoted Gz, is the graph obtained
by removing every outgoing edge from Z from FE.

The parent-cut of G w.r.t Z, denoted G, is the graph ob-
tained by removing every incoming edge to Z from FE.

Remark 2.8. Like the rules of do—calculus [Pearl, [1995]],
that have been shown to be complete for the identification
of causal effects of atomic interventions in recursive SCMs
[Huang and Valtortal |2006], the rules of o—calculus have
been shown to be complete for the more general problem
of soft transportability [Correa and Bareinboim, [2020b]].
This means that it is possible to derive an identifying ex-
pression for the causal effect of a policy intervention, based
on the joint distribution of the observed variables, if and
only if there exists a finite sequence of applications of the
o —calculus rules with which this expression can be derived.
Correa and Bareinboim| [2020b]] also introduce a complete
graphical criterion for the identifiability of a policy interven-
tion. However, presenting and using this criterion would re-
quire additional definitions and examples beyond the scope
of this paper. Thus, we make use of more common graphi-
cal criteria for the identifiability of atomic interventions or
provide direct proofs of non-identifiability, when necessary.

3 CAUSAL IDENTIFICATION IN MLBNS

Many classical results in the field of causal inference assume
that the SCMs generate strictly positive joint probability dis-
tributions [Pearl, 2009, [Shpitser and Pearl, 2006b), [Tian,
2004, Huang and Valtortal, |2006|]. This assumption guar-
antees the well-definedness of every symbolically derived

identifying expression. While strict positivity is a valid as-
sumption for important classes of SCMs, most prominently
for linear Gaussian models, this can lead to problems when
working in SCMs that generate non strictly positive joint
distributions. Despite its importance, non-positivity is an
often overlooked problem in the field of causal inference
(see|Hwang et al.|[2024] for a notable exception).

3.1 CAUSAL EFFECT IDENTIFICATION IN
NON-POSITIVE SCM

Before we explain why non-positivity is an issue for the
identification of causal effects in (continuous) MLBNs, we
illustrate the more general problem in the setting of discrete
random variables.

Example 3.1. Consider a discrete SCM that factorizes ac-
cording to the classic backdoor graph:

Z"\
I \
/\1!3/\
PN
- ~

- ~
-

F——®

Assume we are given the joint distribution P (X7, Xo, X3)
and want to identify the causal effect of setting X5 to a
constant value x> on the distribution of X3. That is we
want to compute P(X3 ; 03 = do(Xy = x3)), which is
equivalent to the causal effect P(X3 | do(X2 = x3)) in the
notation used in [Pearl [2009]].

An identifying expression for any assignment X3 = x3 can
be derived by the well known backdoor adjustment formula
or by the rules of do—calculus and is given by

P(Xg = T3 ‘ dO(X2 = (L’z))
= Z P(Xg = T3 | X1 = I’l,XQ = xg)P(Xl = xl).

T1E€XT

Assume further that the marginal distribution P(X7) is
strictly positive on some finite, discrete domain and that
X, is lower bounded by some function of X . For concrete-
ness, assume that the underlying structural mechanism is
Xo = X1 + Z5, where Z5 ~ Ber()). This implies that all
events of the form (X; > x2, X5 = x5) have probability 0
under the natural mechanisms.

In order to to evaluate the identifying expression above, we
have to sum over all values x; in X ’s state space, while
keeping X2 = zo fixed. Now consider for some value
x1 > To the summand P(X5 = z3 | X1 = 21, X3 =
IQ)P(Xl = Il).

If the first factor could be uniquely computed from
P(X1, X2, X3), it would be given by the following frac-
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tion:
P(Xg = I3 ‘ X1 :$17X2 :.’L'Q)
P(X) =21, Xy = 22, X3 = x3)
P(Xl = 1’1,X2 = 1'2)

But this expression is not well defined, as both the numerator
and the denominator evaluate to 0.

Note that this does not imply that the causal effect P(X3 =
x3 | do(Xs = mq)) is not defined. It does however
imply that there exist arbitrarily many different versions
of P(Xg = I3 | X1 = 21, X9 = IQ) that satisfy
P(Xg = ZL’3,X1 = l’l,XQ = xg) = P(X3 = X3 |
X1 = 21,X9 = x29)P(X1 = x1,X3 = x2) and hence
are all compatible with the observed joint distribution.
Thereby, despite the existence of an identifying expres-
sion, the causal effect is not uniquely computable from
P(Xs = z3,X; = z1,Xs = x3). This problem arises
necessarily when we consider a (continuous) MLBN on the
same example DAG.

3.2 CHALLENGES DUE TO NON-POSITIVITY IN
MLBNS

The distributions generated by MLBNs are inherently not
strictly positive (except for the trivial case of an MLBN that
corresponds to a DAG of only isolated vertices). Recall the
form of the structural equations that define a MLBN, given
in (I.I). The max-linear structure leads to every variable
being bounded from below by the values of its parents. To
make this more explicit, consider the following example.

Example 3.2. Let c1o > 0, €1,€5 be continuous non-
negative atom-free random variables, and

X1 — €1
X2 = 612X1 V €9.

Observe that X5 is bounded from below by c¢12 X, which
implies that P(Xy < ¢1a21, X1 > 21) = 0 forall z; € R.

The presence of regions on which the joint distribution of a
MLBN is non-positive renders the identification of causal
effects impossible in many settings that require the integra-
tion over the whole state space of an adjustment set. The
next example illustrates this issue.

Example 3.3. Consider a MLBN that factors according to
the backdoor graph in Example 3.1}

If we want to identify the causal effect P(X3 ; 09 =
P*(X3)), we can derive an identifying expression by the
rules of o—calculus:

P(X3; 02) =

/{ P(X5 | X1, X2)P*(day) | P(day).
X L s

We refer to Appendix for the derivation of this expres-
sion.

Since P*(X3) is fixed and known, this expression may ap-
pear to be computable from P(X7, X5, X3) at first glance.
However, note that the conditional probability P(Xs5 |
X1, X5) is only unique up to (X1, X5)-Nullsets. But be-
cause P*(X5) is not necessarily absolutely continuous
with respect to P(X1, X5), the inner integral fX2 P(Xs |
X1, X5)P*(dxzy) depends on the values attained by P(X3 |
X1, X5) on (X1, X2)-Nullsets. In other words, the expres-
sion is dependent on the version of P(X3 | X7, X5), which
can be chosen arbitrarily. Hence, the integral is not well-
defined and the causal effect is not uniquely determined by
the joint distribution on the observable random variables.

Examples[3.1]and[3.3] shed light on the importance of con-
sidering the well-definedness of identifying expressions in
SCMs that do not induce strictly positive joint probabil-
ity distributions. This justifies passing to the more general
notion of a policy intervention, which allows us to define
interventions whose causal effects are uniquely determined
by the joint distribution of the observed variables. For ex-
ample, in the backdoor graph from Example the causal
effect of an intervention oo = P*(X5 | X1) on X3 can be
identified with

P(X3; 02) =

/X1 [/Xz P(X3 | X1, X5) P*(dzg | X1) | P(dzy).

Again, we refer to Appendix [D.T]for the derivation.

This integral is well defined if we intervene such that
P*(Xy | X1) < P(X2 | X;), where < denotes abso-
lute continuity.

Remark 3.4. Arguably, the most relevant type of inter-
vention in extreme value theory is one in which certain
components of X are set to disproportionately high values.
While, with respect to the graph in Example[3.3] we cannot
identify the causal effect of a constant “shock” event of the
form do(Xs = x3), we can identify the causal effect of
something qualitatively similar with a policy intervention;
the effect of changing the mechanism by which X is gener-
ated from X5 such that P*(X5 | X1) is heavy-tailed. Thus,
causal effects of interest in the modeling of extreme events
would still be identifiable.

This subsection outlined some challenges and caveats in the
application of the theory of the identification of causal ef-
fects in the max-linear setting. Luckily, the additional struc-
ture inherent to MLBNs does not only lead to challenges. In
the next subsection we provide a motivating example which
shows that the additional conditional independence state-
ments implied by *—separation (see Definition [2.T) make a
substantial difference for the identifiability of causal effects.
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3.3 ADDITIONAL IDENTIFIABILITY IN MLBNS

Example 3.5. Let G be the DAG depicted in Figure [3|and
let X be an MLBN on G.
I

"y
AN

7z N z TN
\ \
'\11,2, '\52,3<

7 < N 7

’ N ’ N ’ N
: :L/ @ \A@ \Ai :

Figure 3: A DAG on four observable and three unobservable
nodes.

In this graph, it holds that (1 L, 4 | 2,3). Due to Theo-
rem [2.2] this implies (X4 L X; | Xo, X3). It is thereby
immediately clear that changing the distribution of X; does
not impact the conditional distribution of X4, given Xo, X3.

Let o1 be the intervention which sets X7 = €* ~ exp(\),
such that P*(X7) = exp(A), where exp(\) is the exponen-
tial distribution with parameter A > 0. Then, the intervened
model M, is a MLBN in which the conditional indepen-
dence (X4 1L X; | Xo, X3) still holds. Thus,

P(X,| X3, X3 ; 01 = P*(X1)) (3.1

is identifiable with

P(X4 | XQ,Xg ; 01 = P*(Xl))
= P(X4 | X27X3 N 0'/1 = zdle)
= P(X, | X2, X3),

where ¢} = idle indicates the natural mechanism, i.e. is
equivalent to performing no intervention. This implies that
the causal effect P(X, | X5, X3 ; o1) is identifiable in any
MLBNon G.

This minimal example already leads to an important result,
presented in the following theorem.

Theorem 3.6. There exists a DAG G and an intervention o,
for which the following two statements hold:

(i) In any MLBN M* on G, the causal effect of o is iden-
tifiable.

(ii) There exists a model M on G which is Markov to
d—separation, in which the causal effect of o is not
identifiable.

In particular, there are generally more identifiable causal
effects in MLBNs, compared to general SCMs.

Proof. Let G and o be the DAG and the intervention from
Example [3.5] The first part of Theorem [3.6]is already im-
plied by Example which shows that the effect is
identifiable in any MLBN on G.

For the second part, note that the conditional independence
(X4 1L X7 | X5,X3) is not implied by d—separation.

Hence, it is intuitively plausible that the causal effect (3. 1))
can depend on P*(X) in a general SCM.

In order to prove the statement rigorously, we explicitly
construct two SCMs on G, that are Markov with respect
to d—separation and induce the same joint distribution on
the observable variables, P(X1, X2, X3, X4), while they
disagree on the causal effect (3.1). That is, we construct two
SCMs M1, M5 on G such that

PMUXy | X, X35 01) # PM2(Xy | Xo, X35 01).

Due to space restrictions we refer to Appendix for the
complete construction. O

Theorem 3.6 naturally raises the question of whether we can
strengthen the rules of o-calculus in MLBNSs in order to pro-
vide us with a tool for the symbolic derivation of identifying
expressions that cannot be derived by d—separation based
o—calculus. It turns out that this is indeed possible, as we
show in the next section.

4 A STRONGER ¢-CALCULUS FOR
MLBNS

The following theorem states a stronger version of the
d—separation based o—calculus in SCMs that are Markov
to x—separation. We refer to it as o* —calculus.

Theorem 4.1 (Rules of o* —calculus). Assume that the joint
distributions P°W  P°% P%z  generated by M., My,
and M, , are all Markov to L.

Then the following stronger versions of the rules of
o—calculus (List[I) apply:

c*-Rule 1

P(Xa | Xp,Xcj07) = P(Xa | Xc;02)

if (AL, B|C)inG,,

o*-Rule 2

P(XA | XZ7XB;O'W70'2) = P(XA | Xz,XB;Uw,O'/Z)
if (AL Z | B) holdsinGoyo,z and Gy, ot 2

oc*-Rule 3
P(Xa | Xpsow,07) = P(Xa | Xp;ow,0%)

if (A L. Z | B) holds in G oworzm @d G

owoy,Z(B)

where the equality in Rule 2 holds outside the union of
P?Z- and Pz -Nullsets in 0(X 7, X 3) and the equality in
Rule 3 holds outside the union of P°Z - and PZ-Nullsets
in 0(Xpg), where o(+) denotes the smallest c—algebra gen-
erated by the respective random vector.

Proof. We refer to Appendix [C| for the proof of Theorem
[.1] since it is quite involved and requires multiple auxiliary
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technical results. That is because the proof strategy of both
Pearl| [[1995]] and |Correa and Bareinboim)| [2020a]] which
uses graphical arguments in a graph augmented with regime
indicators cannot be used. The corresponding augmented
models in our setting would be mixtures of MLBNs and,
to the best of our knowledge, there are no results on the
+—Markovianity of such mixtures as of today. O

Remark 4.2. The assumption of Theorem restricts
the interventions to which the rules of o*—calculus ap-
ply. Note however, that these restrictions do not apply to
the d—separation based rules, which of course still hold in
MLBNS. This is discussed in more detail in Section [6.1]

In the next section we show that the rules of ¢*—calculus
can be used to derive identifying expressions that cannot be
derived by regular d—separation based o —calculus.

S o¢*—CALCULUS IS STRICTLY
STRONGER THAN ITS
d—SEPARATION COUNTERPART

We apply the rules presented in Theorem [.1]to a MLBN on
the graph shown in the introductory example Example [T.T}

Example 5.1 (Example [I.T|revisited). Our goal is to derive
an identifying expression for the causal effect

P(Xy; o4 = P*(X3 | X1)). (5.1)
We do this by checking the conditions of the rules in parallel
with respect to the graph induced by ¢4 and the natural
graph induced by o3 = idle, displayed in Figure 4} We
write P(X) instead of P(X ; o3 = idle) as shorthand

notation for the probability distribution P(X) generated by
the natural mechanisms.

2N
'>l1,2,‘

7Y
1,3

7z TN
,2)
7Y
h,3)

~ -\

~ -\ ~ -\

2)
N TN

o 4)

NGt
< -
e

go’g —udle

k__
®—

Gy =P+ (Xs| X1)

Figure 4: The graphs G, (left) and G, (right).
We start by writing
P(Xy; of) =

/ P(X4 | X123 5 0})
Xl XXQ XX3

X P(d(E3 | XLQ ) Ué)P(dXLQ ; Jé)

First, we handle the term P (X3 | X 2 ; 0%). We can check
that

(3 La2|1)inGyy.

Now o-Rule 1 implies

P(X3| X125 03) = P(X3 | X1; 03)
By definition, we have that

P(X3 | X1 3 o%) = P*(X; | X1).

Now it only remains to handle the terms

P(X4|Xi23; 03)and P(Xy 5 ; 0%).
For the first term we can check that

(4 L. 3[{1,2}) in Gyy3 and Gidres -

Hence, we can use oc*-Rule 2 to write

P(X4|Xi23; 03) = P(Xq| Xi23)

outside of P?7- and P77 -Nullsets in (X 2 3).

For the second term we can check that
({1,2} La3|0)in G, 55) and G,y 55y -
Hence, we can use o-Rule 3 to write
P(Xi2; 05) = P(X1.2).

Taking the previous steps together, this finally yields the
identifying expression

P(Xy; 03) =

/ P(X4 | X1’2’3)P*(d£€3 | Xl)P(dXLQ).
X1 X Xox X3
(5.2)

outside of P73- and P°-Nullsets in 0(X1,2,3)-

Numerical experiments validate the correctness of the iden-
tifying integral in a MLBNEI We set up MLBNs and
linear Gaussian SCMs corresponding to the left graph in
Figure @] and then perform an intervention by exchanging
the innovation Z3 for a more heavily tailed one, which we
refer to as Z3. This pushes X4 towards higher values with
larger probability than under the natural mechanisms.

Figure [5] shows that the cumulative distribution function
(CDF) of X4 under the policy intervention can be computed
correctly by the identifying integral in the MLBN case
(left), while the evaluation of the same integral leads to
an incorrectly identified CDF of X, in the Gaussian case
(right).

2Code is available under: https://github.com/
LeonSierau/MLBN_Causal_Effects_UAIL
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MLBN

Natural CDF —-— Exact post-intervention CDF === Conditional-integral CDF ------- Sampled post-intervention CDF

Gaussian

0 5 10 15 20 25 30

T4

Figure 5: The cumulative distribution function (CDF) of X4 under the natural mechanism and under a policy intervention,
replacing the innovation Z3 with a more heavily tailed Z*, in SCMs corresponding to the graph in Figure 4] (left). The exact
post-intervention CDF is computed based on the true max-linear coefficient matrix and by analytically derived Gaussian
distributions, respectively. An approximated post-intervention CDF, based on sampling X4 from the true intervened model,
is included as a sanity check. The “conditional-integral CDF” refers to the curve computed from evaluating the identifying
integral [5.2] for small intervals with a moving window. Left: In the MLBN case the CDF based on the identifying integral
matches the exact and sampled post-intervention CDF. Right: In the Gaussian case the curves do not match, as expected.

Remark 5.2. Note that, because of the equality outside a
union of P — and P —Nullsets, in order for this integral
to be equal to the causal effect in (3.1]), we must assert that
P73 and P have exactly the same Nullsets in (X1 2,3),
i.e. that they are equivalent with respect to (X4 2 3). Since
P(X,4; 04) = P(X,.2) holds both P?3- and P?3-almost
everywhere, it remains to choose P*(X3 | X7) such that
it is equivalent to P(X3 | X o) with respect to (X1 ,2,3).
That is, we must make sure that both

P*(X5 | X1) < P(X3 | X;2) and
P(X3| X12) < P*(X3 | Xy)

hold. We will discuss this issue further in Section[6.1]

The derivation above directly leads to the following result:

Theorem 5.3. The Rules of o*—calculus allow for the
derivation of strictly more identifying expressions, compared
to d—separation based o—calculus.

For the proof of Theorem [5.3] we require the notions of
a C-component, a C-tree and a result that implies non-
identifiability of certain causal effects if a graph forms a
C-tree (see Appendix [F).

Proof. We have already shown that o*—calculus can be
used to derive an identifying expression for the causal effect

P(Xy; 05 = P*(X3] X1)) (5.3)

with respect to the graph in Example Hence, it suffices
to show that there exists no finite sequence of applications
of d—separation based o —calculus, by which an identifying
expression for this effect can be derived.

Observe that the identifiability of (5.3) by a finite sequence
of rules of o —calculus would imply the identifiability of the
special case where o} = do(X3 = x3) by the same finite
sequence of rules. This would imply the identifiability of

P(Xy; oy = P*(X3| X1))
= P(Xy; 05 = do(X3 = 3))
= P(Xy4 | do(X3 = x3))

by the rules of o —calculus.

However, it is easy to see that the causal diagram corre-
sponding to the DAG in Example obtained by replacing
every latent variable with exactly one bidirected edge con-
nected to both of its children, forms a 4-rooted C-tree in the
sense of Definition [E2l

Hence, Theorem [F.3]immediately implies that

P(X,4 | do(X3 = x3)) cannot be identifiable in a general
SCM and thereby no finite sequence of o-calculus rules that
identify P(X, ; o4 = P*(X3 | X1)) can exist. O

6 CONCLUDING REMARKS

We have seen that not only is it possible to identify strictly
more effects in MLBNs, compared to general SCMs, but
that we can even formulate rules that allow for symbolic
manipulations to derive identifying expressions in a system-
atic fashion. In the remainder of this work we revisit some
of the limitations that we observed along the way and give
an outlook on future research.
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6.1 PRACTICAL LIMITATIONS

As mentioned in Remarks 4.2l and [5.2] there are restrictions
on the design of interventions that lead to well-defined iden-
tifying expressions for causal effects.

The first restriction is that one must define interventions
such that the intervened system is still Markov with re-
spect to x—separation. This can be achieved by defining
interventions on the functional level. As an example, one
can define each treatment variable o to be a max-linear
function of its observed parent set under ¢/, and one or
multiple additional unobserved parents. From there, one
can compute the resulting conditional probability distribu-
tion P*(Xz | Xpa0z(2)no)- This ensures that the resulting
system is still a MLBN and hence Markov with respect to
*—separation.

For the second restriction recall Remark[3.2] In the exam-
ple given there, we observed that the intervention o must
induce a conditional distribution P*(X3 | X;) which is
equivalent to P(X3 | X 2). While this condition is triv-
ially fulfilled in classes of SCM that induce strictly positive
and continuous joint distributions, the joint distributions
induced by MLBNs are inherently not strictly positive, as
clarified by Example Specifically, conditional distribu-
tions P(X 4 | Xp) induced by MLBNSs naturally contain
regions of zero measure for A < cg4 B whenever B con-
tains parents of A in G.

Moreover, as discussed in [Kliippelberg and Lauritzen)
2019, every conditional distribution P(X4 | Xp) gen-
erated by an MLBN features atoms if B is among A’s an-
cestors in G. In the case of singleton A and B, for instance,
P(X 4 | Xp) has an atom exactly at the point wp 4 B, where
wp 4 is equal to weight of a max-weighted path from B to
A (see for example section 2 of [Gissibl et al.,2021]] for a
rigorous definition of this notion).

In the concrete example discussed in Remark [5.2] the pres-
ence of atoms requires consideration when defining an in-
tervention P* (X3 | X7) that is equivalent to P(X3 | X 2).
A valid construction for an intervention o3 that achieves
this would be to exchange the natural innovation at X3
with a new innovation €*, leaving the rest of the max-linear
equation for X3 unchanged. It should be noted, however,
that computing the induced P*(X3 | X;) in this manner
assumes knowledge of both the distribution of X3’s unob-
served parents and the respective weight of a max-weighted
path from them to X35.

Developing an intervention procedure that is consistent with
the restrictions of the strengthened rules 2 and 3, yet less
reliant on local knowledge about the mechanisms generating
the variables in the treatment set, is an open problem. Most
notably, finding alternative ways to intervene in the system,
beyond defining max-linear mechanisms, while preserving
the s—Markovianity of at least the relevant remaining parts

of the intervened system will be an important next step.

Finally, an alternative approach for strengthening our results
would be to derive versions of our o*-calculus with less
restrictive assumptions. This could potentially be achieved
by approaching the problem of deriving the rules directly at
the level of the structural equations, rather than relying on
probability theoretic means.

6.2 OUTLOOK

To our knowledge, our work is only the second treatment of
MLBNSs with hidden variables, alongside the recent work
of Krali et al.| [2025]]. In that work, the authors note that
MLBNs with hidden nodes generally contain edges which
are redundant for the max-weighted path structure of G; they
then propose an algorithm for reducing a generic MLBN G
to an equivalent representation GO, in which the number of
hidden nodes is minimal. A first step towards minimizing
the amount of knowledge about the true DAG G needed
to construct compatible interventions could therefore be
to work in the reduced graph G whenever possible; the
feasibility of this is left for future work.

Another avenue for future work is the development of a
o* —calculus equivalent to the ID-Algorithm [Shpitser and
Pearll 2006a, |Huang and Valtorta, 2006] for determining
identifiability of causal expressions via the successive ap-
plication of o* —calculus rules. As there is no *—separation
analogue of the notion of a C—component, we expect the
design, proof of soundness, and proof of completeness of
such a procedure to be a very challenging problem.

Our considerations surrounding the non-positivity of joint
and conditional distributions of MLBNSs already hold true
in the fully-observed setting. While this makes causal iden-
tifiability a highly non-trivial task even in MLBNs with no
hidden nodes, there may be interesting work to be done in
studying, for a fixed graph and edge weights, the regions
of values attainable by X (and its conditional distributions)
with positive probability. As is the case for the characteri-
zation of edge weight matrices on a fixed graph [Améndolal
and Ferry, [2026| |Boege et al.,[2026], it may be fruitful to do
this through the lens of tropical or polyhedral geometry.
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A  GRAPHICAL TERMINOLOGY

A simple directed graph G = (V, E) consists of nodes V' and directed edges FE, i.e., edges of the form ¢ — j such that there
is at most one edge between any two nodes. We say that two nodes ¢ and j are adjacent if they are connected by an edge. The
set of all nodes adjacent to 4 are the neighbors of i, denoted ne(7). A path between two nodes 4 and j (normally denoted )
is a sequence of distinct nodes (i, . . . , ) such that all consecutive nodes in 7 are adjacent. We say m = (ko = ¢,...,J = ks)
is a directed path from i to j if all edges on 7 are of the form k; — k;41, i.e, point towards j. A path 7 between ¢ and j is
called a trek if there exists a k € 7 such that the subpaths (3, ... k) and (k, ..., j) are directed paths from k to i and k to j
respectively. A directed path from ¢ to j and the edge j — ¢ form a directed cycle. We call a simple directed graph without
directed cycles a directed acyclic graph (DAG). Given an edge ¢ — j we say that ¢ is a parent of j and denote the set of
parents of j with pa(j). The cardinality of pa(j) is the in-degree of j, denoted indeg(j). Given a directed path s — - -+ — j
we say that 4 is an ancestor of j, respectively j is a descendant of i. We denote the set of ancestors with an(j) and the set of
descendants with de(7). For a subset of nodes K C V' we define an(K) := Upex an(k) \ K and An(K) := an(K) U K.
The sets de(K') and De(K), and pa(K) are defined analogously. We say that a set S C V' is ancestral if An(S) = S.

A.1 d-SEPARATION

Graphical models identify conditional independence relations through a separation condition L. The best-known instance of
this in directed acyclic graphical models is d-separation for linear structural equation models. A triple of nodes {7, k,j} C V
form a colliderinaDAG G = (V,E)ifi - k€ Eandj — k € E. Ani — j path 7 in a DAG is d-connecting given
K C V'\ ij if all colliders along 7 lie in An(K') and no non-collider along 7 lies in K. If a d-connecting path exists, we
say that ¢ and j are d-connected given K. Otherwise, we say that they are d-separated and denote this with (i Ly j | K).
Whenever we consider multiple graphs at once and there is potential ambiguity in regards to which DAG a given separation
statement holds in, we write (i L4 j | K)g as shorthand for the statement 4 and j are d-separated in G, given K. The
notion of d—separation of sets of nodes is defined analogously: we say that two sets A, B C V are d—connected given
K C V if there exists a d—connecting path in G conditioned on K for some a € A and b € B. If no such path exists, we
say that A and B are d-separated in G given K and denote this by (A L4 B | K), adding the subscript G whenever there is
ambiguity in regards to which graph the statement holds in.

B AUXILIARY RESULTS FOR THE PROOF OF THEOREM 4.1
B.1 PROBABILITY THEORY

Proposition B.1 ([Lauritzen, |2019|], Proposition 2.48). Let G = (OUU, E) be a DAG and let P be a distribution that
factorizes according to G. If A C (O U U) is an ancestral set in G, then the marginal distribution Py factorizes according
to the induced subgraph G 4.
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Corollary B.2. Let A be an ancestral set in G. Proposition|[B.1|implies that intervening on variables outside of X 4, i.e.
changing mechanisms on X oy ) has no effect on the marginal distribution Py(X 4).

The next Lemma formalizes an intuitively plausible result: For disjoint A, B, Z C V (note that B = () is an admissible
choice) in a DAG G = (V, ) corresponding to a SCM, the conditional distribution P(X 4 | Xz, X,.(z), X ) does not
depend on the mechanisms that generate Z from its parents. Informally speaking: Once we fix a configuration of (zz, Zpa(z))
it is irrelevant for the remaining system how this configuration was generated and how likely it was.

Lemma B.3. Let G = (V, E) be a DAG. For each v € V, let (X, B,) be measurable spaces such that B, is countably
generated and let Xy 1= X ey X, and By 1= Qqyecv B, be the product sigma-algebra on Xy, .

Let oz and o'y be two policy interventions acting on the same set Z C V. Write pa®% (v) and pa”/Z (v) for the parent sets of
v in the graphs G, and g"'z’ respectively. Fix an order vy, ..., v, of V such that for every i,

pa? (v;) U pa(’/Z (v;)) CA{vr,...,vi—1}.
Foreachv € V, let

Kk2Z

v ( ‘xpa”Z(U)):Xpa”Z(U) XBU—>[0,1], HZZ(~ |.’E X

pa”s () Va7 (0)

x B, — [0,1]

be Markov kernels, and let P°% and P?Z be the Jjoint distributions on (Xy , By') obtained by composing these kernels along
V1, ..., Uy [[Forré and Mooij, 2025 Cor. A.10.3].

Assume ,
pa’z(v) = pa’%(v) and ky? = K% forallv ¢ Z.

v

Let A, B C 'V be disjoint from Z, write

pa’?(2) := | J pa’?(v),  pa’z(Z):= | pa7(v).

veZ veZ

LetCy; =X and let

ZUpa"Z(Z)Upa"'Z(Z)uB

C:= J(Cz)
be the smallest sigma-algebra generated by C.

Then for every bounded measurable  : X5 — R there exist versions of Epoz [p(Xa) | Cl and E ., [¢(X4) | C] and a set
N € By with P?7(N) = P°%(N) = 0 such that

Epa, [‘P(XA) | C] (zy) =Epoz [QO(XA) \ C’] (zv) forallzy € N€.

Proof. Forv € Z let S, := pa®Z (v) Upa?Z (v). Forv € V define

sz (D | xpa"Z(v)) = K}gz (D ‘ xpa"Z(v))v PUZ(D ‘ xan,Z(v)) = KZUZ(D ‘ xan,Z(v))’ D e Bv.
For v € Z we also view these kernels as functions on x g, by ignoring irrelevant coordinates, i.e.,
P??(D | xg,) := HZZ(D |mpaoz(v)), PgZ(D | zg,) == /{gZ(D|xanIZ(U)), DeB,.

Step 1. Define Markov kernels P? by setting PO := P72 = P, Z for v ¢ Z,and forv € Z,
0 1 o 1 a7’
P)(D | xg,) := §PUZ(D‘.’ESU)+§PUZ(D|SL’SU>7 D e B,.
Then for every v € Z and every =g, we have

Po7(- | as,) < PO(- |2s,),  PI7(-|xs,) < PO(- | zs,),
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by construction. Since 5, is countably generated, the Doob-Radon-Nikodym theorem for kernels [Forré and Mooijl, 2025,

Thm. 2.3.17] yields jointly measurable
(97 1 X, x Xg, = [0,00), 37 : X, x Xg, — [0,00),

such that forall D € B, and all x5, € Xg,,

P77(D | xs,) = / (7% (2y,ws,) P2(day | 2s,),  PLZ(D | ws,) = / G2 (2, 05,) PO(day | 25,).
D D

Define

L% (zy) H L xv,ms L"Z (zv) H € xu,ms
vEZ vEZ

Then L°Z and L°Z are C-measurable.

Step 2. Let P° be the joint distribution on (Xy, By-) obtained by composing the kernels {P0 ', along vy, ..., v, [Forré

and Mooij, [2025, Cor. A.10.3]. For bounded measurable f : Xy — R we have

/fdPO :/.../f(ajvl,...,x,un) Hpgi(dxvi |xpa0(vi)),
=1

Substituting the kernel Radon-Nikodym representations from Step 1 into the iterated integrals for P°# and Pz yields

/fdP"Z :/fL"Z dP°, /fdef’z :/fLU’z dpr°.

Step 3. Fix bounded measurable ¢ : X4 — R and set
U:=Epo[p(Xa)|C].
Then for every bounded C-measurable random variable 7',

Epo[p(Xa)T] = Epo[UT).

(B.1)

(B.2)

Now fix H € C. Since L°Z is nonnegative and C-measurable, for m € N the random variable T,,, := 15 (L7%Z A'm) =

1y min{L°Z,m} is bounded and C-measurable. Thus by (B-2)),
Epo[@o(Xa) 1 (L7% Am)| = Epo|[U 1y (L7 Am)].
Since ¢ is bounded, letting m — oo and applying monotone convergence gives
Epo[o(Xa)1yg L7?] =Epo[U 1y LZ].

Using on both sides yields
Epez [@(XA) 1H] =Epoz [U 1H]

Since this holds for all H € C, almost sure uniqueness of conditional expectation implies

Epoz[p(X4)|Cl=U P%%-as
The same argument with L7 instead of L% shows that

E, . [0(Xa) [ C]=U P%-as.

Combining the two equalities, we have that

E o, [p(Xa) [ C] =Epoz[p(Xa) | C]

outside of a union of P?Z- and P°Z-Nullsets in C.
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Corollary B4. Let C7\ g :=X
from Z, and let

ZUpaz (Z)Upa”s (Z)UB\B and let C'y be defined as in Lemma Let A, B C'V be disjoint

B:=o0(Xp), C :=0(Cg).
Then Lemma|B.3|immediately implies that
P7A(X,  €-]C) = P72(X4 € -] C).
outside of P°% - and P?Zz-Nullsets in C.

If moreover it holds that (X4 1. Cp\ g | Xp), we even have that

P%(X4 €| B) = P7%(Xa €| B)
outside of P°% - and P?7-Nullsets in B.

B.2 GRAPH THEORY

In this section, we prove a series of auxiliary results concerning the comparison of x—separation across DAGs which differ
only in the parent set of a subset of nodes Z. We start by concretizing the latter notion.

Definition B.5. Let G = (V, E) and G’ = (V, E’) be DAGs on the same node set V, and fix Z C V. We say that G and G’
are locally equivalent outide of Z (denoted G =z G’) if the following condition holds:

pag(x) = pag/(x) forallz € V'\ Z.

We collect some observations about = .

Remark B.6. Let G = (V, E) and G = (V, E’) be graphs on the same node set, and define their union GUG' := (V, EUE").
For fixed Z C V/, the following hold:

(i) The relation = is an equivalence relation on the set of DAGs on V.
(i) fG=z G, thenGUG =5, G=5G.
(iii) Removing a subset of edges common to both G and G’ preserves =. Expressed rigorously: for F € E N E’ and
G~ = (V,E\F),G"~" := (V,E'\ F), it holds that

G=,G6 = G~ =,6"".

In particular, local equivalence outside of Z is preserved under either of the graph surgeries defined in Definition

We also state some observations about the L, separation condition that will be used several times.

Remark B.7. Let G = (V, E) be a DAG.

(i) The relation L, fulfills the compositional graphoid axioms (see Proposition 4.6 of [Boege et al.;|2026]]). In particular,
decomposition holds, i.e:

(A 1, By UBy | C)g — (A 1, By ‘ C)g and (A 1. By | C)g (B.3)

for all disjoint A, By, Bo,C' C V.
(ii)) If G’ = (V, E') is a subgraph of G (i.e. E' C F), then

for any disjoint A, B, C' C V. This becomes self-evident when one considers the contrapositive implication; clearly
any *—connecting path in G’ is also *—connecting in G due to £/ C E.

(iii) Any subpath of a *—connecting path is itself *—connecting.
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The first Lemma a general result concerning the translation of L, results to the union of two DAGs.

Lemma B.8. Let G = (V,E) and G' = (V, E') be locally equivalent outside of Z and G U G’ defined as in Remark|B.6]
Forall A/BCV\ Z.

(Z L. A|B) holdsinG and G' = (Z L. A|B) holdsinGUG'".

Proof. We prove the statement by contraposition. Assume that there exists a «—connecting path 7 between Z and A in
G U G’ given B, and assume without restriction that the first node z is the only node in Z contained in it (if this is not the
case, then one may consider instead a subpath). That is, 7 is of the form

TiZ2—2— " —a

where z € Z,x ¢ Z , a € A and every — stands for either <— or —. Denote the portion of the path from x to a as 7 .
Because it is a subpath of 7 , 7 is a *—connecting from z to a in G U G’ given B. Furthermore, as G and G’ have edge sets
which are identical up to those incoming to Z, and 7 contains no edges of this form, 7 is in fact a x—connecting path given
B in both G and G'. Finally, the edge connecting z and z in 7 is, by construction of G U G’, present in G or G’. This implies
that the whole path 7 is contained in G or G’ and *—connecting given B. O

We now prove results specific to the settings of Rules 2 and 3 of o*-calculus. Recall from Definition that G is the
subgraph of G obtained by deleting all outgoing edges from Z C O

Lemma B.9. Let G be a DAG and A, B, Z be disjoint subsets of vertices. We define pag, g(Z) := pag(Z) \ (Z U B).
Then
(Z L. A|B)inGz = (pag\p(Z2) L. A|ZUB)ing.

Proof. We prove the statement by contraposition. Let 7 : © — - - - — a be a x—connecting path between x € pag, 5(Z) and
a € Ain G, given Z U B. If no intermediate nodes along 7 are contained in Z, then 7w may be extended via the edge z + x
for some z € Z. This edge exists due to the assumption that x € pag\B(Z), and the resulting path 7’ : z <~z — -+ —a
is *—connecting in both G and G, as z < z exists in Gz, and appending it to the path does not give rise to additional
colliders. If, on the other hand, 7 contains an intermediate node z € Z, then z must be the unique collider along 7 in order
for it to be *—connecting in G given Z U B. However in this case, the portion of 7 between z and a is *—connecting in G
given Z U B, has no colliders, and is in particular not blocked by B. As the first edge of this portion is an incoming edge to
z, it is also present in G and *—connecting given B due to the observations above. In either of these two cases Z [, A|B
holds, proving the lemma. O

Lemma B.10. Let G and G' be locally equivalent outside of Z and let A, B C V' \ Z be disjoint. The following implication
holds:

(Z L. A|B) in Gz and G = (pagugyp(Z) L« A| ZUB)g in G and G'.

Proof. Let(Z L. A| B)g, and (Z L. A | B)g, hold. By point (iii) of Remarkit holds that Gz = G, and applying
Lemmagives (Z L A| B)gug,- Applying Lemmayields (Pagug\e(Z) L« A | Z U B)gug: . From this one
can conclude both (pagug\g(Z) L« A| Z U B)g and (pagugy\p(Z) L« A | Z U B)g by applying the implication in
(B-4) twice .This concludes the proof. O

Lemma B.11. Let A, B, Z be distinct node sets in a DAG G and consider the partition Z = ZyJZy, where Zy := Z\ang(B)
and Zy := Z Nang(B). We further assume Zy Nang(A) = (. The following implication holds:

(AL, Z|B)g, = (AL.Z1Upag(Z)|B)g

Proof. We first show

(A L. Z|B)g, = (AL.Z Upag(Z)|B)g, (B.5)
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by showing

(AL, Z|B)g, = (AL.Z|B)g, and (B.6)
(A 1.z ‘ B)gfo — (A 1y pag(Zl) | B)gfo B.7)

separately. The implication (B.6) immediately follows from Z; C Z the decomposition property of L, (B.3). We prove
by contraposition. Let 7 : p— - - - — a be a x—connecting path given B in G , where p € pag(Zy) and a € A.If 7 contains
an intermediate node z € Z, then the portion of 7 from z to a is *—connecting, immediately implying (A L. Z | B)gZ0 as
desired. If 7 is disjoint from Z, then it may be extended to apath 7’ : z < p — --- — a, where z € Z; C Z is the child
of p which exists due to the assumption p € pag(Z1). The path ' clearly has the same colliders as 7, and is thus also a
x—connecting path, proving (A L, Z | B)gfo.

To prove the lemma, it remains to show that the right hand side of implies (A L. Z; Upag(Z1) | B)g. We prove
this by showing that no *—connecting path between Z; U pag(Z;) and A given B can contain an edge of the form 2 — z,
for some zy € Zj. Indeed, assume (towards a contradiction) that suchapath 7 : 2z — ... — z9 — - - - — a exists. Denote
the portion of 7 between zg and a by 7’ and observe that 7’ is a *-connecting path given B. The first edge of 7’ must be
of the form zy — y, as otherwise zy would be the unique collider in the original path 7 which is x—connecting given B,
implying zo € ang(B) and thus a contradiction. However 7" cannot be a directed path from z to a, as this would contradict
the assumption that Zy N ang(A) = (). The only option remaining is that 7’ is of the form zg — -+- — k « -+ + a,
containing a collider k£ € ang(B) which is a descendant of z, but this would once again imply 2y € ang(B) and thus a
contradiction. Thus, any *—connecting path between Z; U pag(Z;) and A given B in G is also *—connecting given B in
QZ). This implies the remaining implication by contraposition. O

Lemma B.12. Ler A, B, Z be node sets in a DAG G fulfilling the conditions of Lemma|B.11| with Z partitioned once again
into Z = ZoUZy, where Zy := Z \ ang(B) and Z, := Z N ang(B). Let G’ be locally equivalent to G outside of Z. The
following implication holds:

(A L. Z|B) in Gz and G = (A L, Z1Upag p(Z1) Upagnp(Z1) | B) inGand G'.

Proof. The proof is analogous to that of Lemma The left hand side of the implication implies (A L. Z | B)gug),
9]

by Lemma which in turn implies (A L, Z; Upag,g (Z1) | B)gug’ by Lemma(observe again that Gz =z Gz,
follows again from Remark iii)). The statement remains true upon passing to subgraphs of G U G’, therefore (A L,
ZyUpagg(Z1) | B)g and (A L, Zy Upagg (Z1) | B)g: hold, and observing that pag g/ (Z1) = pag(Z1) Upag, (Z1)
completes the proof. O

Observation B.13. Let Z, Z; be defined as in Lemma (assuming again that Zo Nang(A) = () and let
S:=(AUBUZ U((pa’#(Zy)Upa’z(Zy))\ B)).

By definition, Z; has no descendants in B and can also not have descendants in .S\ A, since these all have descendants in B
by definition.

By the assumption (A4 L, Z | B)gfo, Zy can also not have any descendants in A. In order to see this, assume that there
existed a directed path 7 : Zy ~~ A. Since Z; has no ancestors in B, 7 cannot pass through B. But this would imply
*-connectedness of Z and A, given B in G, contradicting the assumption.

This together with Corollary implies that the distribution P(Xg) is independent of the mechanisms generating Z from
its parents. Formally that is

P(Xs;0z,) = P(Xgs;0%,)
and in particular

P(X | Xg\a302,) = P(Xs | Xg\a507%,)-

6358



C PROOF OF THEOREM 4.1

Remark C.1. In the proofs of rules 2 and 3, we compare two SCMs M,,, and M,/ by comparing their graphs G, and G, .
Graphically, performing the intervention oz on a DAG G = (O U U, E) equates to modifying the parent set of some Z C O,
potentially introducing unobserved ancestors of Z in the process (see also Remark [2.4)). This results in a post-intervention
graph G,, = (OUU,,, E,,), where U C U, ,. While clearly performing two distinct interventions oz and o, generally
leads to U, ;zi Us,, we implicitly identifz G,, and QU/Z with their respective embeddings in Vs , 51 := 0] LiUUZ U Iil,/z,
i.e. the DAGs G,,, := (V[,ZJ/Z Eyy)and G,y = (VUZ[,/Z , E(,/Z), noting that M, and M., are SCMs on G, and G,/
respectively; this holds because nodes in Uy, \ Uy, are isolated in G,/ and vice versa. As the two embeddings are defined
on a common set, this identification allows us to apply the results from Appendix to Go, and G,/ , as well as their
post-surgery counterparts G, , 7, g(,/z z and gazZT and ga’ZZT)'

C.1 PROOF OF THE STRENGTHENED RULE 1
We want to show that, granted that the intervention oz leads to a SCM which is Markov with respect to x-separation, the
following implication holds:

(A 1y B|C)gﬂz — P(XA ‘ XB,Xc;Uz) = P(XA | Xc;Uz).

Proof. The proof is immediate, but included here for completeness.

(A L. B|C)g,, = (Xa I Xp|Xc)mez, where M?7 is the SCM induced by the intervention oz. This is equivalent
to the statement we wanted to show. O

C.2 PROOF OF THE STRENGTHENED RULE 2

We want to show that the following implication

(AL*Z|B) and(AL*Z\B) - P(XA|XZ7XB;UW7az) = P(XA|XZ7XB;O'W7U;)

Gowoznz gawa’zg

holds outside of P°Z- and P°z-Nullsets in 0(Xz,Xpg), under the assumption that oy, 0z, 0% induce SCM that are
Markov with respect to x-separation.

Proof. For disjoint A, B, W, Z C O, assume

(A 1.7 \ B)gowazZ and (A 1,7 | B)gﬂwﬂ’zl' (C.1)
By Lemma|[B.8] (C.I) implies that
(A L* zZ | B)gawazguugaw(,/zg' (CZ)
And by Lemma [B.10} (C.2) gives us
(A L, (pa”?(Z)Upa™(Z))\B|BUZ)g,,._, (C.3)
and
(A L. (pa”(Z)Upa®(2))\ B| BUZ)g, , . (C4)
Now we can use Lemma[B.3]in order to see that
PXa [ X2, X5, X s myupas (s s OW:02) = PRa | Xz, Xp, X o)t s 3 0w 07)  (C5)

6359



outside of P?%(N)- and P°?z-Nullsets in (X 7, X5, X(paaz (2)Upa”s (Z))\B).

Finally, (C.3) and (C.4), together with the fact that the models are Markov with respect to *-separation, allow us to use the
implied conditional independence of (X 4 L X(paaz (2)Upa® (Z)\B | Xz,Xp).

Now corollary [B-4] yields

P(X4|Xz,Xp; ow,07) = P(Xa | Xz,Xp; ow,07) (C.6)

outside of P?7- and P?Z-Nullsets in 0(Xz,Xp), which is exactly what we wanted to show.

C.3 PROOF OF THE STRENGTHENED RULE 3

We want to show that the following implication

(A 1.7 | B)gow ____and (A 1.7 | B)g

oz Z(B) o'W(r'ZZ(B)

— P(XA | XB;Uw,Uz) = P(XA | XB;Uw,O’Iz)

holds outside of P°Z- and P°Zz-Nullsets in o(Xp), under the assumption that oy, 0z, 0%, induce SCM that are Markov
with respect to x-separation.

Proof. For disjoint A, B, W, Z C O, assume

(AL Z|B)g, omand(AL.Z|B)g, o (C.7)
where Z(B) = Z \ ang(B). For brevity, let Zy := Z(B) and Z; = Z \ Zy, as in Lemma [B.11]
Alsolet S := (AU BU Z; U ((pa®#(Z;) Upa®2(Z,)) \ B)), as in Observation|B.13
Observation [B.13|implies that
P(Xa | Xs\a;0w,02,,0z2,) = P(Xs | Xg\a;0w,02,07,). (C.8)
By Lemma|[B.12] (C.7) implies that
(AL.S\(BUA)|B)g,,.,,and (A L. S\ (BUA) | B)gaw(’, . (C.9)
zZ
This, together with the fact that the Models are Markov with respect to *-separation, yields
P(X4 | Xs\a; ow,02) = P(Xa|Xp; 0z)and P(Xa | Xg\a; ow,0%) = P(Xa | Xp; 07). (C.10)
Now we write
P(Xa|Xp; ow,0z2) =P(Xa|Xs\a; ow,02) = P(X4 | Xg\a; ow,02,,0z,). (C.11)
Together with (C.8) we get that
P(X4 | Xs\a; ow,02) = P(Xa | Xo\a; ow,02,,02,) = P(Xa | Xs\a 5 ow,02,,07,). (C.12)
Because S\ A contains Z;, pa®%(Z;) and pa"IZ (Z1), we can again make use of Corollaryin order to see that
P(Xa | Xs\a; ow,02,,07,) =P(Xa | Xs\a: ow,0%,,0%,) (C.13)
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outside of P?7- and P?Z-Nullsets in o(X 3).
We can then use (C.I0) for

P(X4 | Xg\a; ow,0%,,0%,) =P(Xa | Xp; ow,0%,,0%,) =P(Xa|Xp; ow,0%).

Piecing together (C.TT) - (C.T4) finally yields

P(X4 | Xp; ow,0z2) =P(Xa | Xp; ow,0y)

outside of P?Z- and P?Z-Nullsets in 0(X p), which is exactly what we wanted to show.

D ADDITIONAL DERIVATIONS AND PROOFS

D.1 DERIVATION OF THE IDENTIFIYING EXPRESSIONS IN SECTION

First we show that P(X3 ; o2) fX [fx (X3 | X1, X2)P*(dz) | P(dzy).

This can be derived by

P(X3; 00)= | P(X3,dzy; 09)
X1

P(X3 | X1 02)P(dxy ; 02)
X1

I
S—

/ P(X3 | X1,Xs; 09)
X1 Xo

P(day | X1 ; 02)} P(dzy)

\

N /XQPX3|X1,X2) (d@)} P(day).

where we used

Rule 3 to conclude that that
P(Xy; 02)
= P(Xy),
Rule 2 to conclude that
P(X3| X1,Xo; 09)
= P(X;3 | X1, X2),
and Rule 1, combined with the defintion of P*, to conclude that
P(Xa | X1 02) = P(X2; 02)
= P"(X3).

(C.14)

(C.15)

The derivation for P(X3; 09 = P*(X5 | X1)) is completely analogous, except that in the third step we do not need Rule 1

and can directly use the definition of P*(X> | X7).
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D.2  PROOF OF THEOREM 3.6
Let G be the DAG from Example[3.5] We have already established that the causal effect P(X4 | X2, X5 ; 01 = P*(Xy)) is
identifiable in any MLBN on G for P*(X;) = Exp(\), A > 0.

To prove that this effect is unidentifiable in general SCM, we construct two explicit examples of SCM on § =
(OUU,E), O={1,2,3,4}, Ut = {€*,11.2,12,3,13.4,4}, that are Markov with respect to d—separation and generate
the same joint distribution P(X7, Xs, X3, X4), but differ on P(X, | X2, X5 ; 01 = P*(X1)).

Let l1,2,12,3, 13,4, €4 be independent Bernoulli random variables with P(I; ; = 1) = P(e4 = 1) = % Let €* be independent
of (l1,2,12,3,13.4,€4). All X; are binary under the natural mechanisms, and we use the operations & (XOR), V (OR) and A
(AND).

Fix the map ¢ : R — {0, 1} given by
¢(x) .= 1{x > 1/2}.
Under the natural mechanisms we have X; € {0, 1}, hence ¢(X1) = X;.

We define two structural causal models M7 and M3 on this DAG that agree on the structural equations for X, X3 and X4
but differ on X5.

Both models share natural structural equations

Xl = 11,27
Xy =134 D ey,
X3 =(X4®l23) Visa.

Under model M
Xo = (0(X1) ®123) @ (L2 A Pp(X1)),

whereas under model model Mo
Xo = (Le®las) ® (l12 N d(X1)).

Since under the natural mechanisms X; = I35 € {0,1} almost surely, we have ¢(X;) = X; = [; 2 almost surely.
Consequently, in both models we obtain

Xo = (ll}g D lg’g) (&) (l172 A\ ll’g) = l2,3 almost surely,

and thus the induced joint distribution P(X7, Xa, X3, X4) is the same under M; and M.

Now consider the soft intervention o that replaces the natural mechanism for X; by P*(X;) = P(e*), where €* is a newly
introduced latent variable. Concretely, under o; we set

X1 :=¢€", e" ~ Exp()).

Fix, for example, A := 2log(5/4), so that

PN Xy >1/2)=e M2 =1

Under both M; and Mo, the event {(X5, X3) = (0,1)} has strictly positive probability under the natural mechanisms and
also under 0. But under 0; we can compute that

8

PMY (X =1]X,=0,X3=1;01) =15
1

PM (X =1 X, =0X5=109) = 3%

Hence, the causal effect P(X, | Xo, X3;01) is generally not identifiable in SCMs that fulfill the Markov property with
respect to d-separation.
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E LATENT PROJECTION

All of our results and examples hold in the full DAG G = (O U U, E) underlying the SCM M, which we refer to as the
true DAG. In the literature on causal inference, one often chooses instead to work in a projection of G onto the observed
nodes O, with bidirected edges representing the presence of latent confounding. The result is an acyclic directed mixed
graph (ADMG) which is sometimes referred to as a causal diagram (Definition 2 in|Tian and Pearl| [2003]]). We opt against
defining ADMGs for the max-linear setting. However, for completeness we provide a method for projecting the full DAG
onto a simplified DAG G which we call the latent projection of G and show in Theorem [E.5|that G and G encode the same
x—separation statements on the observed part. As our notion of the latent projection is precisely the canonical expansion
(see Definition [E.4)) of the ADMG corresponding to G, Theorem [E.5|allows for the reframing of all the results in this paper
in the terms of causal diagrams, provided one defines the *—separation analogue of m—separation (see [Richardson and
Spirtes| 2002])) in the intuitive way: i.e., that one considers two sets to be x-separated in an ADMG if and only if they are
x-separated in their canonical expansion DAG. Ultimately, an identifying expression involving only the observable part of
the system can be derived with respect to the projected DAG G if and only if it can be derived with respect to the true graph
G, therefore we stress that our approach is equivalent to one which uses causal diagrams.

Definition E.1 (Latent Projection). Let G = (O UU, F) be a DAG with observed node set O and hidden node set U. The
latent projection of G is the graph G = (OUU’, E’) on the same observed node set O, and with hidden node and edge sets
U’ and E’ determined by applying the following procedure:

Start with U’ = () and E' = (). For a, b € O with a # b, do the following:

(P1) Adda — bto E' <= there exists a directed path 7 from a to b such that every intermediate node in = lies in U.
(P2) Add u,y to U’ and Ugp — A, Ugp — DO E’ <= there exists a trek between ¢ and b
such that all intermediate nodes in the trek lie in U.

Remark E.2. The latent projection G of G has the following properties:

(1) Due to|(PI)], every edge between observed nodes in G is an edge in G.
(ii) Any two a,b € O have at most one common parent in U’
(iii) Each node in U’ has no parents and exactly two observed children.

(iv) G and G have the same ancestral relations on the observed nodes. That is, ang(0) = ang (o) for all 0 € O.

Remark E.3. The projected DAG G resulting from the projection provided above is exactly the canonical expansion of the
causal diagram resulting from the projection defined in [Tian and Pearl, [2003]].

Next we provide a definition of the canonical expansion.
Definition E.4 (Canonical Expansion). Let G = (O, E) be an ADMG (a causal diagram).
Start with U’ = 0, E' = E.

For each bidirected edge e, in E’, add exactly one parentless vertex u, , to U’ and add directed edges uq p — @, Ugp — b
to E’. Remove the bidirected edge e, ; from E’

We call the resulting DAG G = (OUU’, E') the canonical expansion of G.

Theorem E.5 (Latent projection preserves 1,). Let G = (OUU, E) be a DAG and G = (OUU’, E') its latent projection.
For disjoint subsets A, B,C' C O the following holds:

(AL, B|C)g <« (AL.B|CO).

Proof. We show both implications by contraposition, starting with (A £. B |C)¢ = (A L. B|C)g.

Let 7 be a *—connecting path between a € A and b € B given C in G. From the definition of x-connectedness, = must be
one of the following five forms, where each zig-zag arrow ~~ denotes a directed path not blocked by C, and the highlighted
nodes are in Ang(C).

We now argue by case distinction that any 7 in G of one of the forms (I)-(V) must give rise to a *—connecting path in G.
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O ONO, (%) (0 ® (0 ® ©®
D Im (I1I) (Iv) V)

Figure 6: The types of *-connecting paths between a and b in a DAG, given C. The highlighted nodes must lie in An(C),
whereas the non-highlighted nodes must not lie in C.

« is of type (I): First note that by Remark iii), 7 contains no intermediate node in U’. Thus, each edge of 7 is of the
form 0; — 09 for some 01, 02 € O, which by corresponds to a directed path from o7 to 05 in G. Concatenating these
paths in G creates a directed path from a to b in G.

« is of type (II): We perform a further case distinction:

x € O: By (I), the paths  ~» a and = ~» b give rise to directed paths from = to a and b respectively in G.
Concatenating the two paths gives a path of type (II) in G.

x € U’: By point Remark [E.2[iii), z is the parent of exactly two observed nodes 01,02 € O, which must lie along
7 (assume w.l.0.g. that 7 is of the form 7 : @ - ...01 ¢~  — 03 --- — b). The subpaths a «+ 0; and 03 ~~ b
give rise to x—connecting paths in G of type (I), whereas by the triple 01 < & — 05 in G corresponds to
atrek o1 «~~> 09 in G with intermediate nodes fully contained in U (and in particular, not blocked by C' C O).
Concatenating these three paths in G gives rise to a path between a and b of type (II).

« is of type (III)-(V): We consider in detail only the case that 7 is of type (IV); the arguments for types (III) and (V) are
completely analogous. Again, via a case distinction:

k € O: Then the arguments for (I) and (II) applied to the portions ¢ «~ x ~» k and b «~ k of 7 give rise to
«—connecting paths in G, and as k € Ang(C') holds due to Remark [E.2{iv), their concatenation is *—connecting
of type (IV) in G.

k € U’: This case cannot occur, as it would imply that a node in U’ has a parent, contradicting Remark [E.2{iii).

This proves the first implication of the equivalence.

The converse (A L. B | C)g = (A L« B | C)q is similarly shown via case distinction. Let 7 now be a *—connecting
path between a € Aand b € B in G given C. Again, 7 is of one of the five general forms depicted in Figure 6. We show
that a path of any form corresponds to a x—connecting path in the projection G.

m is of type (I): Any 7 of type (I) decomposes into a concatenation of directed subpaths x ~~ y in which every
intermediate node is contained in U. By|(P1)|such a path gives rise to an edge + — y in GG. Concatenating these edges
gives a path of type (I) from a to b in G, which is x—connecting given C' as 7 contains no nodes in C.

« is of type (II): We perform a case distinction for x.

2 € O: The argument from (I) applies to the subpaths a < x and x ~~ b, giving a path of type (II) in G.

x € U: There exists a subpath 7’ : 07 ¢~ x ~> 0o of 7 such that 01,09 € O are the only observable nodes in 7’
(Intuitively, o and o, are the “first” observable nodes along the directed paths x ~~ a and x ~» b respectively. In
the projection G, 7’ corresponds to a trek on three nodes 01 < u — o0 for some u’ € U’. Concatenating this
trek with the paths of type (I) induced by 01 ~» a and 02 ~~ b gives a path of type (II) in G.

« is of type (IIT): We perform a case distinction for the collider k&

k € O: Then k € Ang(C) implies k € Ang/(C) by Remark [E.2[iv). Thus, the concatenations of the paths in G
corresponding to the portions a ~» k and b ~~ k of 7 give rise to a x—connecting path of type (III).

k € U: Then, as k € Ang(C), there exists a directed path k ~~ ¢ for some ¢ € C. Let 6 € O be the first observed
node along this path (at least one exists, as ¢ € O). Further let 0; and o, be the last observed nodes along the
paths a ~» k and b ~~ k respectively. By construction, the paths 0; ~~ 0 and 02 ~~ 0 contain no intermediate
observed nodes. Thus, by [PI)] G contains the edges 01 — 0 and 0, — 6. Concatenating the directed paths in G
arising from the subpaths a ~~ 0; and b ~~» 05 with the triple 0; — 0 < 05 gives a *—connecting path of type
() in G as 0 € Ang(C).
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« is of type (IV)-(V): By a combination of the arguments used in the previous three cases, 7 gives rise to a path of the
same type in G.

O

F DEFINITIONS AND RESULTS ON IDENTIFIABILITY USED THROUGHOUT THIS
WORK

Definition F.1 (C-component). Let G be a causal diagram on vertex set V' (G). If for every pair v, w € V(G) there exists a
path from v to w consisting only of bidirected arcs, then G is called a C-component (confounded component).

Definition F.2 (C-tree). Let G be a causal diagram and let Y € V(G). Assume that (i) G is a C-component, (ii) every
observable node has at most one child in G, and (iii) An(Y)¢ = V(G). Then G is called a Y -rooted C-tree (confounded
tree).

Theorem F.3 (Shpitser and Pearl| [2006a], Theorem 3). Let G be a Y -rooted C-tree. Then the effect of any set of nodes X in
G on'Y is not identifiable if Y ¢ X.
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