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Abstract

Generative Marginalization Models (MaMs)
have been recently introduced as efficient neural
sampling models for any-order autoregressive
modelling of discrete distributions. By learning
both the marginal and conditional probabilities of a
persistent-block Gibbs sampler, MaMs enable fast
posterior evaluation with a single neural network
forward pass. While prior work has considered
MabMs to be distinct from Generative Flow Net-
works (GFlowNets), a well-established paradigm
for inference in discrete stochastic models, we
show that they are equivalent. Then, we also extend
MaMs’ sampling strategy to non-autoregressive
generative processes. In particular, we describe an
automatic criterion for full-state rejuvenation of
the Gibbs sampler, derived from the Gelman-Rubin
statistic, which plays a key role in speeding up
learning convergence. Our experiments show that
our method, called Particle GFlowNets, markedly
accelerates training in large combinatorial spaces.

1 INTRODUCTION

Generative Flow Networks [GFlowNets; Bengio et al., 2021}
2023| have been used in recent years as flexible samplers for
distributions over compositional, discrete objects such as se-
quences and sets. Notably, they were successfully applied to
problems in computational biology [Jain et al., 2022} 2023a,
Laajil et al.,[2025]], combinatorial optimization [Zhang et al.,
2023albl Zhang and Caol [2025]], and Bayesian inference
[Deleu et al., 2022, [2023]], several of which seem not to be
as easily solvable with other approaches. In fact, given a
positive function R(x) defined over a finite and combina-
torial space, a GFlowNet can often generate independent
samples from the corresponding probability distribution
m(x) o< R(x) with remarkable accuracy [Shen et al.| [2023].

To achieve this, GFlowNets learn a policy function for
a Markov Decision Process (MDP) whose marginal
distribution over terminal states matches m(z) [Tiapkin
et al.}|2024]]. However, training is frequently bottlenecked
by the simulation of long, overlapping trajectories, requiring
countless neural network forward passes for each gradient
step. Generative Marginalization Models [MaMs; |Liu et al.,
2024] mitigate this issue by learning both the marginal and
conditional distributions of a Gibbs sampler [|[Geman and
Geman, [1984]]. In doing so, each learning step requires a
constant number of model evaluations—corresponding to a
single Gibbs transition—regardless of the state space’s size.

Contrarily to conventional understanding, we demonstrate
that MaMs are equivalent to permutation-conditioned (PC)
GFlowNets, which we introduce as a particular case of the
well-established conditional GFlowNet framework [Bengio
et al., 2023} Jain et al., 2023b]. Specifically, we show that
MaMs’ learning objective corresponds to the traditional
detailed balance loss function [Bengio et al., [2023]
Example 5] for PC-GFlowNets. With this in mind, the key
contribution of MaMs is a computationally efficient Gibbs
sampling algorithm that minimizes the number of neural
network evaluations during training. Their core assumption,
however, is that R(x) is supported on a factorized domain
(.e., {1,...,K}%), which limits MaMs’ applicability in
permutation-invariant (e.g., graph-structured) spaces [Liu
et al, 2024, Section 3]. The central question we ask in
this work is whether such an approach can be adapted to
non-factorized domains. We answer it affirmatively.

For this, we propose Particle (P) GFlowNets. As in MaMs,
a P-GFlowNet maintains a persistent Gibbs sampler over
terminal states. Similarly to PC-GFlowNets, a P-GFlowNet
optimizes a learning objective that enforces the detailed bal-
ance condition of the underlying Markov chain. In contrast
to both methods, which were designed for autoregressive
modelling, the reverse (backward) move for P-GFlowNets is
non-deterministic, as the forward mapping is non-injective.
To circumvent this, we use a stochastic reverse transition
kernel, which can also be learned. Importantly, once
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trained, a P-GFlowNet can generate both independent or
correlated samples via MDP simulation or Gibbs sampling,
respectively. The crucial difference lies in the per-generation
computational cost and the effective sample size of the
generated samples, both of which are larger for independent
sampling. Given a limited time budget, the optimal approach
will likely need to be determined in a case-by-case basis.

In practice, we find that samples from P-GFlowNet’s
persistent Gibbs chain can become highly correlated during
training, reducing the accuracy of gradient estimates and
slowing down convergence. To address this limitation,
we occasionally refresh the stochastic process based on
the Gelman-Rubin statistics |Gelman and Rubin| [1992],
Carpenter et al.| [2017]], also known as R-hat or f%, being
above a certain threshold. We empirically show that
this process, called rejuvenation in the probabilistic
programming literature [Lew et al.[[2022alb]], significantly
accelerates learning convergence.

Additionally, we evaluate P-GFlowNets on both established
benchmarks and novel tasks for which relevant functionals
can be efficiently computed and used for reliable perfor-
mance assessment. Our experiments show that P-GFlowNets
significantly accelerate training convergence when the cost
of MDP simulation exceeds that of evaluating the target
distribution, which is typical for large, long-horizon state
spaces. In summary, our contributions are as follows.

1. We show MaMs can be represented as PC GFlowNets,
and that their learning objective is equivalent to Bengio
et al.| [2023[’s expected detailed balance loss function.

2. We introduce P-GFlowNets. When compared to prior
methods for GFlowNet training, P-GFlowNets asymp-
totically reduce the average number of forward passes
per gradient step as the MDP’s horizon increases.

3. We empirically demonstrate that P-GFlowNets signif-
icantly reduce wall-clock time for learning convergence.

The reader only interested in learning about P-GFlowNets
may skip Section [3]and focus on Sections [A] 4]and[3]instead.

2 PRELIMINARIES

Notations. Let X be a discrete space. We assume X
is compositional, i.e., each x € X can be described as a
collection of components C, x = {cy,...,cq} C C, with
d > 1 possibly depending on z. Often, we will consider
X = [K]? = {1,..., K} for positive integers K and d,
in which case we will refer to d as A’s dimension. In this set-
ting, C = [K] x [d] and each x = {(i1,1),..., (i4,d)} cor-
responds to the sequence (i1, . . .,i4) € [K]?. We use these
notations interchangeably, i.e., x = {(1,1), (0,2),(1,3)}
represents the sequence (1,0,1), with z; = 1, 5 = 0,
and x3 = 1. In particular, we write © = {(ij,j)};-lzl. In
general, X C 2€ is a subset of C’s power set, 2€.

Our objectives are to generate x € X in proportion to
a given positive measure in X', the probability mass of
which we will denote by R: X — R,, and to evaluate
the marginal probability of subsets of x under R. We will
call m(z) o< R(z) the normalized distribution. As in Bengio
et al.|[2021]], Malkin et al.[[2023], we refer to R as a reward
function. Additionally, we will define the space S as

S={se2°: sCxforsomexrec X} (D

Clearly, ) € S. As in [Bengio et al| [2021}, [2023], we
call S U X the state space, and define s, := () as the
initial state. Similarly, we let G = (S U X,€), € =
{(s,s"): 3c € C\ ¢ suchthat s’ = s U {c}}, be the srate
graph. Intuitively, s — s’ in G if ¢’ differs from s by a single
additional component. We say that the generative process
is autoregressive when G is a tree rooted at s,; see Figure|[l]

pr(So, S2)

(a) Autoregressive. (b) Non-autoregressive.

Figure 1: The state graph (G) is a tree in an autoregressive
setting (a). When many trajectories lead to the same state,
such as s, — (s1,52) — x2 in (b), G is a non-tree DAG.

GFlowNets. A GFlowNet learns a forward policy
function pp: S X (SUX) — [0,1] such that pr(s,-) is a
probability distribution supported on the children of s in the
state graph G. By defining s, ~~ x as the set of trajectories
in G from s, to x € X, we seek a function pp satisfying

pr(@) = > pr(se,) o R(@), 2)
TESo~T
with 7 = (So,...,84-1,), Sq = x, and (with a slight

abuse of notation) pp(8,,7) = ngl pr(8i—1,8;); we re-
fer to d as the trajectory’s length. Equation (2) represents the
marginal distribution over X induced by pr(s,, ). When
the generative process is autoregressive, s, ~» = contains
a single trajectory 7, and p7(z) = pr(s,, 72 ). Otherwise,
the set s, ~» x might be intractably large; see Figure [T}
Under these conditions, we introduce a backward policy
ppB, which is a forward policy on the transposed state graph,
and approximate Equation (2) via importance sampling,
F(So, ?
pr(x) =Esppa,) [Z;B(ﬁr?))} x R(z),

in which we use 7 and 7 to distinguish the forward and
backward trajectories. (We will drop this notation in the rest
of the text for clarity). By letting Z := ) ___ . R(x) be the
partition function of our target distribution, the above equa-
tion may be re-arranged as (dividing both sides by R(z))

Z - pr(so,T) }

e e
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The condition Z - pp(s,,7) = R(z) - pp(z, ) is known
as trajectory balance [TB; Malkin et al.l 2022]]. In practice,
pr(s,-) is parameterized as a softmax neural network
receiving s as input, and we optimize both pr and Z via
stochastic gradient descent on the objective function

Z - pr(So,T) >2] 7

Lre(pr:pB; Z) = Ernpp Klog R(z) - pp(x,7)

with pg as an exploratory (full-support) policy [see, e.g.,
Madan et al.| [2025| [Kim et al.| 2025]]. As the reader may
have noticed, pp was chosen arbitrarily; it can be either
learned [e.g., |Shen et al., 2023] |Gritsaev et al., 2025[ or
fixed [e.g., Deleu et al., 2022} Zhou et al., [2024].

Alternatively, we commonly parameterize the flow functions
F(S) =Z Z pF(SmT)a
TESo™~S

for s # s, and F'(s,) = Z, and define the detailed balance
(DB) learning objective Lpg(pr, pr, F) as

2
Z w; (log F(Si—l)pF(Sz‘—laSi)> @

1<i<d F(si)pB(si,8i-1)

E

T~PE

with 7 = (8o, ..., Sq) as in Equation @), F(sq) = R(sq),
and w; > 0 as positive weights such that Y w; = 1.
Common choices for w; are either uniform w; = 1/» [Beny
gio et al.l 2023]] or w; o exp{Ai} for A > 0, the intuition
being that states closer to X" should be assigned with larger
weights during training [Silva et al.||2025a]. Other learning
objectives have also been studied [e.g.,Madan et al., [2022]
Zhang et al.,[2023a]; see Section for related works.

A conditional GFlowNet, on the other hand, models a family
of distributions R,,(x) indexed by a parameter w € €2 that
is also used as input for both the policy (pr and pg) and
flow (F') functions. Prominent applications include multi-
objective combinatorial optimization, in which €2 is a sim-
plex and R,, represents a weighted mixture of each objective
according to w [Jain et al., 2023b} [Roy et al.,[2023| Zhu et al.,
2023/ |Laajil et al.,2025]), and distributed learning, with each
w € () representing a distinct subgraph of the state graph
and R, (z) simply referring to the restriction of a given
R(z) to the corresponding subset of X [Silva et al.,|2025b].

MaMs. In the context of sampling, MaMs were designed
by [Liu et al.| [2024] for fast autoregressive modelling of
discrete models. Simply put, they concomitantly learn a
marginal and conditional distributions, py and py, on [K]¢
satisfying both a correctness and consistency conditions.
Given indices Z,J C {1,...,d} such that Z C J and
|7\ Z| = M, we respectively define these conditions as

po(e) = B and py(az)po e sler) = polas),

for x € X. As in|Liu et al. [2024], we assume M = 1,
although our analysis can be easily extended to M > 1 by
interpreting a group of M adjacent variables as a single
variable. As with GFlowNets, pg and py are parameterized
as neural networks. Also, a special symbol A is used to rep-
resent a marginalized variable—e.g., if z = (21, ...,2q),
then zf1 9y = (71,22, 4, ..., A)—and Z is a learned pa-
rameter. Once trained, the probability pg(zz) of any x € X
andany Z C {1,...,d} can be evaluated in a single neural
network forward pass. To enforce Equation (3)), we minimize

KL[ps||7w] + AConsistencyError(pg, pe, Z),  (6)

in which A > 0, KL[pg|[7] = Eynp, [log 22)] is the
Kullback-Leibler (KL) divergence between pg and 7, and

ConsistencyError is defined as

p0(x0(<m)) ’ p¢($M|x0([Wl—1])) ) ’

EidEnEs <10g
! Po(To(jm]))

with m ~ U[d], o ~ U(Sq), q as any distribution over X,
U|d] as an uniform distribution over [d] = {1, ..., d}, (hard-
coded) restriction py((A,...,A)) = Z, and o uniformly
picked from the space of permutations, which we denote by

Sq = {o: [d] — [d] | o is bijective}. @)

To generate samples from pg, which are needed to estimate
the KL divergence in Equation @, Liu et al.| [2024] im-
plement a persistent-block Gibbs sampling scheme having
D¢ as the transition kernel. As we explain next, under the
consistency condition in Equation (), the resulting Markov
chain has the marginal py as the stationary distribution.

Gibbs sampling. Originally designed by [Geman and
Geman| [1984] to sample from the Gibbs distribution
[[Gibbs, [1902]], and also known as Successive Substitution
Sampling [SSS;|Schervish, |2012]], Gibbs sampling creates
a Markov chain by iteratively modifying each coordinate
of a state = according to the conditionals of the target
distribution 7(z). That is, we iteratively select i € [d]
and then x} ~ m(zs|z_;), withz_; = 21 i—1i41,..,4}
as in Equation (5). This process may be pictured as
(x1,22) — (2}, 2) — (x}, x}) for two-dimensional distri-
butions. When i is picked at random, the algorithm is known
as random scan Gibbs sampler; otherwise, as systematic
scan Gibbs sampler [Owenl, 2013]]. We will focus on the for-
mer. The reader is invited to notice that the resulting Markov
chain is stationary with respect to the target distribution 7.

In the context of learning and energy-based models [Hinton,
2002} [Tieleman) 2008| [Liu et al., [2024], a persistent-block
Gibbs sampler extends the canonical algorithm by (i)
grouping variables into blocks, each of which is updated in
a single step, and (ii) maintaining the Markov chain’s state
across gradient updates of the underlying neural sampling
model. We notice that, in this case, the Markov chain ceases
to be stationary until training converges.
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3 RETHINKING MAMS AS GFLOWNETS

We now show that MaMs may be interpreted as a conditional
GFlowNet (Section . In a nutshell, the conditioning
space {2 := S; will be the space of permutations defined
in Equation (7)), and we will demonstrate the consistency
loss function is equivalent to the weighted DB loss in
Equation (@) in expectation (Section [3.2).

3.1 PERMUTATION-CONDITIONED GFLOWNETS

To understand the connection between MaMs and
GFlowNets, we first introduce a family of permutation-
conditioned (PC) GFlowNets for autoregressive modelling.
Again, let ¥ = [K]?. We define a learnable state-embedding
function ¢: S — R and weights {W;}X_| such that
W, € R'¥4 for a given dimension h. Then, recall from
Section 2]that the state space SU X’ is simply a subset of the
power set of C == [K ] % [d]. As such, the policy function
evaluated at s := {(ky,0(1)),...,(ki,o(i))} € S and
conditioned on a permutatlon 0 € S is defined as

pr(s@,s0D) ocexp{w ()} @®)

for s+ = sO) U {(k,o(i+ 1))} and k € [K]. Intuitively,
p% fills up a sequence up to a prescribed size (d, in this case)
according to the ordering imposed by o. We illustrate this
in Figure 2| Given a o and a s("*1) € S, there is only one
state s() such that the transition s() — s(*+1) has positive
probability under p%.(s;, -). Hence, the only choice for the
backward policy abiding by the TB condition in Equation (3))
is pf(s0tY, ) = by for 50 = {(kj,0(j))};-, and
S = 5O U {(kipr, 00 + 1))} with (k;)i) € [K]i+;
840y is the Dirac delta at s, i.e., 0, (s) = 1if s = s(%)
and 0 otherwise. Thus, as pp plays no significant role in
learning, we set it aside from most of our analysis until Sec-
tion[d} Our main claim in this section is that there a bijective
correspondence between MaMs and PC GFlowNets.

Claim 3.1. For each MaM, there is a unique and function-
ally equivalent PC GFlowNet; see Proposition[3.2]

Tokens:

® ﬁ. ﬁ e
0 00

\%

Dﬂ °

(@o(l) = 170(2) =2.

WL
b)o(1) =2,0(2) = 1.

Figure 2: A PC GFlowNet fills up a sequence according
to a given permutation (o). After trained, it supports fast
evaluation of any-subset marginals. (/A means no token.)

Clearly, the conditioning permutation o only affects the
navigation of S, as both X and R: X — R, remain

unchanged under o (except for re-labeling). Interestingly,
however, the permutation-conditioned flow function F'7
satisfying the DB condition in Equation (@) can be exactly
interpreted as the marginal probability distribution of a
sequence under R. This result, outlined below, is crucial
in bridging the gap between GFlowNets and MaMs.

Proposition 3.1. Let F'7 be a flow function abiding by the
DB condition of a permutation-conditioned GFlowNet, i.e.,

F7(s)pg(s,s') = F7 (s )pp(s', 5) ©)

and F°(x) = R(z) for x € X. Then, denoting by s =
{(k1,0(1)),..., (ki,0(i))} fori < d,
=Y Rz

F”(s(i)): Z R(z) and F°(s,)
TEX: ‘TU([i]):s(ai()[i]) vex
| (10)
in which ([ = s((;()[,]) means that v € [K]¢ agrees with
s on the first i coordinates according to the permutation
o, Le, Ty(1) = ((;()1)’ e Ty = E,—()) In other words,

o /()
};,,(fs )) is the marginal distribution of s®*) under R.

As in Section l the state s(*) in the Proposition can be

written as sg D= = k; for j € o([t]) and s( ) = A otherwise.

When learning a conditional GFlowNet, we often augment
the input of the neural networks parameterizing both F'7
and p% with o [Bengio et al., 2023| Zhang et al., 2023al.
As MaMs avoid such augmentation, we ask: is it needed for
PC GFlowNets? The following corollary shows that, when
states s! and s? differ solely by the permutation o, the
optimal flow function in Equation (9) does not depend on o.

Corollary 3.1. Let 01,00 € Sq be permutations, and

define s"0) = {(k1,01(1), ... (hs, 01 (1))} and s>0) =
{(k1,02(1)),. .., (ki,o2(i)) }. Then ifi sansﬁes a1 ([i]) =
oa([d]), i.e., o1 and o9 coincide on [i] = {1,...,i},

ot (Sl,(z ) — FO’Q(S2,(Z))'

To evaluate p%(s(), s(+1)), however, information about
o(1+1) is needed. As we show below, o1 and o2 coincide on
[i + 1], then p7} (s, s) = p7? (s, 5) foreach s € SU X

Corollary 3.2. Let 01,05 € Sg. Define s¥9 and s> as
in Corollary Assume 1 (< i+ 1) = 09(< i+ 1). Then,

P (s80) = pR (8719, ),

ie., if sbt) = 52’(i+%) corifespond to the same object in
(K] {2}, gt (s, shHD) = pge (20, g2.0+D)

In practice, we parameterize p%.(s(*), -) as a neural network
returning a matrix P = RX*? with sum(P) = 1 represent-
ing the probability of each variable & being in the ith posi-
tion, Py, ;, and mask out all columns except the o (i + 1)-th
one, which results in Equation (§). Drawing on the deriva-
tions above, Claim [3.T]is only a matter of bookkeeping.
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Notation mapping. We recall a MaM is characterized
by a marginal py and conditional pg distributions. Also,
for each s = (k1,...,kq) with k; € [K] or k; = A (i.e.,
k; is marginalized), as described in Section [2} there is a
permutation o and an index i for which s = {(j,0(j))}}—,
in the PC GFlowNet’s state graph. By Corollary we
can unambiguously define F'?(s) = py(s). Similarly,
let 7 D Z be subsets of {1,...,d}, and define I = |Z|.
(Recall |J \ Z| = 1). As before, given z € X, there is a
permutation o such that o([I]) = Z,o([I + 1]) = J, and

21 = {(o(j),0 () iy and 27 = {(26(;), 0 (5)) Jli&l)
Under Corollary p%(xz,-) does not depend on o(j)
for j > I + 1. Again, we can thus define py(zs|zz) =
p% (21, z7) without ambiguity. Our central result, stated be-
low, establishes that there is a unique PC GFlowNet for each
MaM satisfying both the distributional (i.e., pp(x) = 7(z)
for x € X) and consistency conditions, and vice-versa.

Proposition 3.2 (MaMs are PC GFlowNets). Let (pg, py)
be a consistent MaM satisfying pg(x) = w(z). Then, there
is a unique PC GFlowNet such that F° (x 7) = pg(x 7) and
p%(zz,27) = py(x7|xT) for each triplet T, ,0 as in
Equation (T1). This PC GFlowNet satisfies the DB condition
in Equation (9). Conversely, a PC GFlowNet satisfying DB
induces a unique consistent MaM such that pg(x) = w(z).

From an operational viewpoint, both MaMs and PC
GFlowNets allow for the evaluation of any-subset marginals
with a single neural network forward pass in discrete models.
In fact, the only lingering difference between MaMs and
PC GFlowNets is their differing learning objectives.

As we discuss next, however, the estimator used for MaM'’s
loss function is biased unless the consistency condition
holds. Hence, it might be unsuited for training. We instead
derive a novel unbiased estimator that preserves MaMs’
constant number of forward passes per gradient step.

3.2 REVISITING MAMS’ OBJECTIVE

At a basic level, MaMs aim to minimize the KL divergence
between py and 7 under the consistency constraint, i.e.,

H;in KL[pg||7] such that pp(z7)pg(zs|zz) = Po(z7)

for each set of indices Z, 7 as in Proposition[3.2] As directly
enforcing py to be consistent with py is computationally
unfeasible, a penalty function—the ConsistencyError—is
introduced instead; recall Equation @ A central question,
however, remains unanswered: how to generate samples
from py to estimate the objective function KL[pg||7]?

When the consistency constraint is satisfied, a persistent
Gibbs sampling scheme using py as the transition kernel
would realize a Markov chain ergodic with respect to pg, the

samples of which could be used for estimating KL[py||r].
However, py is only approximately consistent with p. Thus,
the generated samples would produce biased estimates of
the KL objective. Based on the connection between MaMs
and PC GFlowNets in Proposition[3.2] we propose instead
minimizing the consistency-only objective below.

Definition 3.1. We let py(z7) = % for given paramet-

ric function Fy and x € X and indices Z C [d] with Z :=
F(xg) learnable. The consistency-only objective L¢o is

2
E log T2 (m=1)Po(Za(m) [Ta(m-1))
T~q,m,o 0og o )
O(IU([W]))

in which ¢ ~ U(Sy), m ~ Cat(w) for w > 0 and
Z?zl w; = 1, and q is a full-support distribution over X.
Additionally, we restrict Fy(x) = R(x) forx € X.

The only difference between Lco and MaMs’ consistency
error is that we enforce Fy(z) = R(x) for x € X instead
of minimizing KL[pg||n]. Clearly, when Lco is globally
minimized, Fy(rg) = > ., R(x), which allows for
direct evaluation of py. Moreover, the Lo corresponds
to the DB loss Lpp in Equation () with a specific weight
scheme (w;)%_,. In contrast to Lpg, however, a Monte
Carlo approximation of Lco requires a constant number of
forward passes with respect to the state space’s dimension.

Proposition 3.3. Let (F, p%.) be a PC GFlowNet. (By Corol-
lary F does not depend on o). Let p%, be an exploratory
policy such that the marginal of p%,(s,, -) over X matches
the distribution q defined in Definition[3.1} Then,

F(Sz‘—l)PGF(SHSi—l))Q
E w; E lo =
O’NM(Sd), ( g

TP (So,7) 1<i<d F(s;)

¢ 2
. (log F(%([i_m)pﬂx“(li—lb»%([m))
o~U(Sg), T~q, F(xa([l]))

i~Cat(w)

with T = (s;){—g, sa = &, and T,y = { (x5, 0(j)) }izy.

Proposition [3.3]establishes that MaMs’ ConsistencyError
corresponds to a transition-wise estimator of the conven-
tional DB loss function for conditional GFlowNets. After
thoroughly outlining the connection between PC GFlowNets
and MaMs, we ask: how can we leverage our results to
improve GFlowNet training? We investigate this next.

4 PARTICLE GFLOWNETS

We extend the persistent-block Gibbs sampling scheme to
non-autoregressive generative processes, such as set gen-
eration, in which multiple trajectories may lead to the same
object. As with MaMs, this reduces the number of forward
passes from O(d) to O(1) per gradient step. We also de-
velop an automatic criterion for refreshing the Gibbs chain,
which improves exploration and accelerates convergence.
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Particle GFlowNets. We recall from Section 2] that a com-
positional object x is represented as a collection of compo-
nents from a set C, i.e., x = {cy,. .., cq}. In this scenario, a
policy function induces a probability distribution over a sub-
set of C conditioned on a state s € 2. For PC GFlowNets,
C = [K] x [d] and p%(s(?, -) induces a distribution over
[K] x {o(i+1)} C C, as in Proposition 3.1} We henceforth
assume that each x € X is naturally represented by exactly
d components, i.e., X C (S) This is often the case for usual
applications and benchmarks in the GFlowNet literature,
such as set generation Jang et al.|[2024], phylogenetic infer-
ence [Zhou et al.,2024], design of mRNA sequences [Laajil
et al.}[20235]), causal discovery [Silva et al.,|2026], and certain
combinatorial optimization tasks [Zhang et al.,|2023b].

Chain 1

pi(T, ) Pr(s,y)

Chain B

Components {@ © @ @ @}

Figure 3: A transition + — y for P-GFlowNets’ persistent
Gibbs sampler. At each iteration, we replace a component
of the current state = and evaluate the loss function in
Equation by averaging over the B stochastic processes.
This requires O(1) forward passess, regardless of d.

To build intuition, consider Figure[3] We start by generating
samples {z}}2 | C X from an untrained GFlowNet. Each
xp can be thought of as a d-sized subset of C, for instance,
ab = {0 .., cg’b}. At each iteration, we remove a com-
ponent ¢*” from z? according to pp(a?, -), resulting in s?.
We then choose a ¢ € C according to the forward policy
pr(s?,-) and attach it to s}, generating 2% := s? U {c}.In
conclusion, we may update each model via a gradient step on

S (log F(s?)pr(s,ab, ;) )

1<b<B R(xf_,_l)pB(xf_i_l, s?)

2
LC = =

Upon repetition, this produces a coupled Markov chain
{{z2}B }i>1 satisfying the DB condition for terminal
(;U?) and near-terminal (si’) states. However, independent
sampling via MDP simulation can only be achieved if the
DB condition is satisfied for every intermediate state. In
view of this, we also sample s"* ~ p% (20, -) by removing
k components from z¥; p¥, denotes pp’s k-fold composition.
Then, we select sffl ~ pr(s7F, ) and compute

2
s 1 F(syMpr(se”, sp31)
L= 5 Z <log .

bk b,k)
1<b<B

F(s{0)pB (81 8¢

In practice, we pick k ~ Cat(w) with w € R? as the
probabilities of a truncated Poisson distribution with
average equal to log d. As suggested by Proposition[3.3] this
choice provides larger weight to near-terminal states, which
has been shown to be beneficial [Silva et al.,[2025al], while
ensuring coverage of the entire state graph. We then define

Lp=Lc+ Ly (12)

as our loss function. We refer to a model trained by
minimizing Z:p as a Particle (P) GFlowNet. Notably, we
show below that the Markov chain {z;};>; described
above is ergodic with respect to the target m when the
P-GFlowNet abides by the DB condition. This ensures
P-GFlowNets support both correlated and independent
sampling, the choice of which to use being a trade off
between computational cost with statistical efficiency.

Proposition 4.1. Let (pp,ps,F) be a P-GFlowNet
abiding by the detailed balance condition. Define {x;}¢>1
as the Markov chain with the transition kernel depicted in
Figure[3| Then, {x}:>1is ergodic with respect to .

Importantly, our persistent Gibbs chain might suffer from in-
adequate state space exploration due to the structural similar-
ity of adjacent states. To mitigate this issue, we occasionally
refresh the process with fresh independent samples from the
current policy pr(s,, -). This approach is discussed next.

Chain rejuvenation. We use the R metric to decide
when to restart our stochastic process. Following standard
statistical practice, we define R > 1.1 as our condition for
rejuvenation [Carpenter et al.,[2017]. To understand this, re-
call that the R measures the discrepancy between the within-
and inter-chain variances. When samples are independently
generated, R~1.A large R indicates that the diversity of
our batched stochastic process is significantly larger than
that of each individual sequence, which suggests inefficient
state space exploration. To account for the non-stationarity
of our Gibbs sampler, we use Gelman’s split R metric.

As we are dealing with discrete state spaces, however, we
cannot directly compute meaningful variances. Instead,
we use the last layer embeddings of the forward policy’s
neural network to compute the split R metric. As we show
in the following section, the proposed criterion notoriously
improves learning convergence and exploration.

S EXPERIMENTS

Our experimental campaign addresses the following re-
search questions (RQs) regarding P-GFlowNets.

RQ1 Under which conditions do P-GFlowNets improve
convergence relative to a standard GFlowNet?

RQ2 How effective is our approach for chain rejuvenation?
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Figure 4: P-GFlowNets often converge faster to the
target distribution. As the MDP horizon d grows (a), the
relative speed up of our method increases. In contrast (b),
our method grows more effective as the reward query cost
decreases relative to the sampling cost—i.e., as the number
n of samples for likelihood evaluation becomes smaller.
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Figure 5: Chain rejuvenation critically accelerates learning.
Left: Equation . Right: R throughout training.

As P-GFlowNets reduce the number of neural network
forward passes for sample generation, we expect it to
reduce training time when learning is bottlenecked by
policy evaluation (RQ1). This is the case when trajectories
are long, and sampling is expensive, and reward queries are
cheaper than multiple model inferences. Our experiments
confirm this intuition (see Figures ] and[6).

We also show that chain rejuvenation does not only improve
state space exploration, but significantly accelerates
learning convergence (RQ2). All in all, our observations
position P-GFlowNets as a compute-efficient and principled
algorithm for GFlowNet training. We provide further details
and computer code for our experiments in the supplement.

Set generation with log-additive rewards. Our first task
consists of generating fixed-size subsets of a given set C =
{1,...,K}.Let X = {s C C: |s| = d} be the space of
d-sized subsets of C. Similarly, S := {s C C: |s| < d}, and
s, = () be the initial state. Given a utility function u: C —
R, we define the target distribution R: X — R as

log R(x) = Z logu(c).

cex

This function has several important features. First, despite
being factorizable into z’s components, it cannot be
arbitrarily well-approximated by a mean-field variational
approximation. Second, the function R(x) can be nat-
urally extended to arbitrary d (state graph’s diameter)
and K (state graph branching’s factor) with d < K.
Third, if 1, denotes s’s indicator function, both the
partition function Z = ) _, R(z) and the marginals
Pe = % > sex R(x) - 15(c) for ¢ € C can be efficiently
computed in O(K - d?) through the following dynamic
programming algorithm, which may be of independent
interest for GFlowNet evaluation. Let firsty, (.S) denote the
first k elements of any S C C in a fixed order, and define

Zi; = Z Hu(e) and Z, ; = Z Hu(e)

sCfirst, (C\{c}) e€s sCfirsty (C) e€s
[s|=i |s|=1

for k € {1,...,K} and i € {1,...d}. It should be
clear that if Pf, = u(c) - 25~ then p. = P§ ;. Also,
Zys1i = wk + 1) - Zgi—1 + Zy ;, with a similar recur-
rence equation for Zj ; obtained by replacing u(k+1) by the
appropriate (k+1)-th element of C\ {c}. As such, we gauge
the accuracy of a trained GFlowNet on this task by drawing
N independent states {{x1,...,2x}} C X and computing

1 A 1
o e —pd withpe = 3 1o (13

ceC 1<n<N

We consider (d, K') € {(32,64), (64,128), (128,256) } and
log u(c) ~ N(0,1) drawn from a standard Gaussian for ¢ €
C. Then, we track the reduction in the above metric in terms
of wall-clock time in Figure |4l As d increases, the runtime
gap between P-GFlowNet and a standard GFlowNet widens.

Additionally, Figure [5] shows our rejuvenation approach
is paramount for speeding up training. There, we consider
(d, K) = (64,128) and the conditions R > o for a = 1.1
(default), o = 2, and @ = oo (i.e., no rejuvenation).

Bayesian variable selection. When reward query costs
offset the sampling overhead, we expect that allocating
more compute per sample should speed up learning
convergence. Indeed, this has been empirically observed
by Madan et al.| [2025]], Kim et al.| [2025]], [Dall’ Antonial
et al. [2026]. To understand how this behavior affects
the training of P-GFlowNets, we consider the problem of
Bayesian variable selection [George and McCulloch,|1993]
with progressively larger sample sizescorresponding to
increasingly expensive-to-evaluate posterior distributions.
Let X € R"*X and y € R™ be a dataset with n samples
and K -dimensional features, and denote by X € R™* | 7]
the column-filtered data with F' C {1,..., K}. Also, let I,
(resp. I| F|) is n-dimensional (resp. | F'|-dimensional) iden-
tity matrix, F' ~ Multinomial({1,..., K}, 7) indicates
each F is sampled with probability 7!l (1 — 7) 5~ I¥I for
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Figure 6: P-GFlowNets improve exploration. We show
the average log-reward of the 10 most rewarding states
found in training. As in Figure [d the runtime gains from
P-GFlowNets as the MDP horizon (d) grows.

7 € [0, 1]. We then consider the linear model

y|5a F~ N(XFﬂF7 772:[71) with
Br|F ~ N(0,0°1p)) and F ~ Multinomial([K], 7).
We assume 7,7 > 0, and v > 0 are known. Under these con-

ditions, the marginal posterior distribution over the set F' is

T
1—7’

log R(F) = log N (y0, v*X pX%+1*1,)+|F|log

with N (y|u,Y) denoting the density of a Gaussian
distribution with mean p and covariance . Clearly,
evaluating R(F) costs O(K - n?). To assess a GFlowNet,
we evaluate the log-predictive posterior density (LPPD)
of a held-out dataset (X*,y*) throughout training. Given
samples {{F71, ..., Fn}}, we approximate the LPPD as

1 * *
LPPD =log = > p(y'IX"y, F),
1<n<N

with p(y*|y, F) = N(y*|Xppur, XpXrXT 4+ 7°L,) and
pr=n"2YpXLyand Xp = (n72XLXp + 1/*21|F|)’1
as O posterior’s mean and covariance given F', respectively.
In practice, each row of X is independently sampled from
N(0,T), with 0 € RX and T € REXK and T;; = 1I°=7!
for v = 0.8. Under this model, X’s columns are highly cor-
related, and the posterior distribution over F' is multimodal.

Notably, Figure @] shows that P-GFlowNets consistently
outperform a standard GFlowNet when n small. However,
as n grows, the posterior evaluation cost outpaces that of
trajectory sampling, and the computational benefits from
our model dwindle. As explained above, this confirms our
initial assumptions regarding P-GFlowNets.

We next consider the tasks of Ising model simulation, also
present in [Liu et al.,[2024]], and of bit generation, a common
testbed for GFlowNets [e.g.,|Viviano et al., [ 2023|]. For each
example, X is the space of d-sized sequences with elements
from {—1,1} and {1, 0}, respectively. As is standard prac-
tice Malkin et al.|[2022]],|Pan et al.|[2023], | Kim et al.|[2025],
we evaluate a model by measuring the average log reward for
the top 10 most valuable samples found throughout training.

Ising model. Simply put, let J € R%*? and h € R¢. We
define an energy function as E(x) = —3x’Jx — h'x,
and p(z) x exp{—F(=)/3} as the probability of a con-
figuration z € {—1,1}¢ under a temperature 3 > 0. In
Figure [6] we consider d € {100, 300,900}. We observe
that P-GFlowNets drastically improve exploration when tra-
jectories are long and sampling is consequently expensive.

Bit sequences. As in|Malkin et al.|[2022]], Tiapkin et al.
[2024], we let M C {1,0}? be a set of modes, and define
Blog R(z) = 1 — miny,e pm P(mo2)/a, with p(x, m) as edit
distance between x and m and 5 > 0 is a temperature
parameter. We consider d € {64,128,256} and 5 = 1/20.
As we consistently observed in prior experiments, Figure [0]
shows P-GFlowNets significantly speed up the discovery
of high-reward states as the MDP horizon grows.

6 DISCUSSION

We showed that MaMs [Liu et al., [2024]], which were pre-
viously thought to be distinct from GFlowNets, can be seen
as an instantiation of a conditional GFlowNet using a persis-
tent Gibbs sampler for exploration during training. Based on
this, we also demonstrated this strategy generalizes beyond
autoregressive modelling, for which MaMs were originally
designed, while maintaining its computational benefits. Our
experiments highlighted that the resulting method, called
Particle GFlowNets, significantly accelerated learning
convergence in terms of wall-clock time when compared
against conventional GFlowNet training algorithms.

From a broader perspective, our work (esp. Propositions (3.3
and [A.T) strengthens the connection between GFlowNets
and Markov chain methods, which was also formally studied
by Deleu and Bengio| [2023]. This raises several questions.
How to optimally decide when to rejuvenate the persistent
Gibbs sampler? As noted in|Silva et al.|[2025a], diagnosing
GFlowNets is strikingly difficult; can we draw inspirations
from the MCMC literature to properly assess the distribu-
tional accuracy of GFlowNets? Successful Markov samplers,
such as Langevin dynamics-based methods [Welling and
Teh, [2011, |Girolami and Calderhead, [2011]], rely on
simulating a latent dynamics for each transition of the
underlying stochastic process; is such a technique extensible
to GFlowNets, and when does it accelerate training? We
believe these to be interesting directions for future research.
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A SUMMARY & PSEUDOCODE

Table 1: Summary of our main theoretical results.

Result Name Statement
Flow = Marginal The flow at any partial state equals the sum of rewards over all
completions consistent with that state.
o-Independence of Flow The optimal flow does not depend on the variable ordering o used to
construct the DAG.
o-Independence of Policy The forward policy is likewise permutation-independent, so the net-
work need not receive o as input.
Prop.[3.2] MaMs = PC-GFlowNets Consistent MaMs and PC-GFlowNets satisfying detailed balance

are equivalent.

Prop.[3.3| Consistency Error = DB Loss  The MaM consistency error is an unbiased, O(1)-cost estimator of
the weighted detailed balance training loss.

Prop. 41| P-GFlowNet Ergodicity The persistent Markov chain induced by a P-GFlowNet satisfying
detailed balance converges to ™ < R.

The main purpose of our work is to show that MaMs and GFlowNets, previously thought to be distinct, are the same—with
MaM differing from conventional GFlowNet implementations solely in how states are sampled during training. Building
on this equivalence, we introduce P-GFlowNets, demonstrating its correctness and computational efficiency as a sampling
model for discrete, compositional spaces. In this context, Table [I| summarizes our central claims regarding the equivalence
between P-GFlowNets and MaMs (Propositions [3.1]and [3.2] Corollaries [3.1]and [3.2)) and the correctness of P-GFlowNets
(Propositions [3.3]and [4.1]). We also provide a pseudocode description of P-GFlowNets in Algorithms [T]and 2]

Algorithm 1: Transition kernel for Algorithm

1 Procedure TransitionKernel(x)

/* One step of the persistent Gibbs chain (used to produce y(b) in [:c) x/
2 Sample s ~ pp(- | x);
// remove one component via backward policy
3 Sample 2/ ~ pp(- | 5);
// add one component via forward policy
4 return z’;
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Algorithm 2: P-GFlowNet Training Loop

Input: Reward function R, batch size B, GR threshold Rthr, weight vector w (truncated Poisson, mean log d)
Output: Trained parameters 6 = (pg, pg, F)
/* Initialisation */
1 Sample particles {z(®}2 | ~ pg(- | s,) via MDP simulation;
2 while not converged do

/+ Complete loss ﬁc (terminal / near-terminal transitions) */
3 for b =1to B do
4 5(®) ~pa(-| x(b));

// remove one component
5 y(® ~pr(-| s(b));
// add one component

ﬂﬁwﬂwﬁmf.

R 1 g
’ %%BZMO%MWMWMNW

/* Intermediate loss L; (interior transitions, depth sampled from w) */
7 for b= 1to B do
8 Sample depth k£(*) ~ Cat(w);
// truncated Poisson, mean logd
: sOR e pl” (- 2 ®);
// remove k components
w0 || SR (| s,

// add one component

" gelz&Q%ﬂwmmmewmf;
B F(s'0:F)) pg(s'®F) | sO0:k)

/* Gradient step %/
12 [:p — ,CAC + f,[;
13 0« 60 —nVoLp(h);
/+ Particle update via Gibbs step */
14 for b = 1to B do
15 x®) ¢ y®);

L // advance persistent chain
/+ Rejuvenation (Gelman—-Rubin criterion) */
16 Compute split R from last-layer embeddings of pr over the 512 most recent states;
17 if R > Rthr then
18 | Resample all particles: (") ~ pp(- | s,) forb=1,...,B;

19 return 64,

B PROOFS
B.1 PROOF OF PROPOSITION

We first show that F7 (s, ) equals the partition function of Z and, in particular, does not depend on ¢. To see this, notice that
Equation (9) implies

FU(so)p%(so,me) = F7(z) = R(x) (14)

for the only trajectory 7, , starting at s, and finishing at € & with positive probability under p%. (as explained earlier,
pE(s, ) is either 1 or 0). Also, it should be clear that

Z p%‘(SmTU@) = Z p%(SOaT) = 1a

reX TESG~X
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as there is only one trajectory from s, to each z and, separating the sum according to the terminal state x € X of each
7, this is exactly Za:e v P (x) for the pr introduced in Equation . Then, when we sum Equation (14) over z € X,

s0) =y R(z) =

reX

This shows 7 (s,) does not depend on o. Similarly, to show that Equation is satisfied, we proceed by induction in s.
For this, let (o, s%)) = {z € X: To([i]) = 5 )} Then, fori = d, s € X, T(0,5®) = {s(D} and F7(s9) = R(z)
by definition. Assume, for i < d, that F(S(H_l)) > et (o,s6+ny R(x) for each (i + 1)-sized object s+ Then,
summing over the support of p%(s;, -) in the DB condition in Equation (E[), we observe that

= > FsPu{ko(i+1))}).

ke[K]

Clearly, s()* = s U {(k,o(i + 1))} corresponds to an (i + 1)-sized sequence. Also, the sets T(c,s()*) are
disjoint for k € [K] as, if z € T(o,s0*) N T(o,s®*), then Toi41) = k and 2,11y = Kk'. Additionally,

T(0,5") = Ugeir) T(0, 81F) (see Figure. By induction,

F”(s(i)) = Z Fo( sk

ke[K]
=Y > R@= > R@).
ke[K] z€T(0,s():F) z€T(o,s(1))
In particular,
Fo(s®) R(z)
Fo(s,) zZ

€T (o,s(1)

which is exactly the marginal distribution of s(*) under R.

B.2 PROOF OF COROLLARY

This follows from Proposition In fact, notice that T(oy,s()) = T(oq,5>®), as if z € T(oy,s%?), then

To([i]) = S, [3 52 ([z%), andsox € T(crg s (i)), and vice-versa. As a consequence,

Fo (s = Y R

z€T (01,5 (D)

= > R()=F7s>).

z€T (02,52 ()

B.3 PROOF OF COROLLARY
This follows from Corollary [3.1] As both p7! and p3? satisfy the DB condition, for j € {1,2},

. A .. ng (Sjv(l'i_l))
75 (3, (8) o3, (1)) —
pF (8 ) S ) - o; (Sj’(i)) )

1))} for some k € [K], and zero otherwise. As 01(< i+ 1) = o9(< i+ 1), Corollary

with 7+ = 53O U {(k, 0, (i
) 72(s%()) and Fo1 (sH+1)) = Fo2(s2:(+1) and then

ensures that 771 (50

_|_
a\_/
I

p%l (517(7;)7 ) = p%z ($2$(i)7 )
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B.4 PROOF OF PROPOSITION

This proposition follows directly from Corollaries [3.1]and [3.2] and the notational mapping discussed in Section [3.1] That
said, we provide a comprehensive demonstration below.

( =) Let (ps, py) be a consistent MaM satisfying pg(z) = 7 (z) for all x. Then, define a PC-GFlowNet (p%., F'7) as
follows. For each J C {1,...,d}, let o7 be a permutation for which the first | 7| elements are 7. Fori € {1,...,d}\ J,
let 0, be a permutation for which the first | 7| elements are 7, and the (|.7| + 1)-th element is i.

In this context, let F°7 (x7) = pg(x 7). Also, let Z = J U {i} and p;} (xg,27) = py(zz|xs), with 7 and z 7 as in
Equation (11).

By Corollaries 3.1 and 3.2, the above construction does not depend on the choice of permutation o. Consequently, (p%, F'7)
is equivalent to the MaM (pg, pg ).

<= ) Conversely, let (p%, F'?) be a PC-GFlowNet abiding by the DB condition. Let o, o', and Z be defined as above,
F J T
and let
po(zs) = Foo(@s) andm(lej) =pr(zy,21).

By Corollaries 3.1 and 3.2, again, the definition above does not depend on permutation ¢ s and 0?7, as long as they satisfy
the property that the first | 7| elements are 7, and the (|J| + 1)-th is i.
Consequently, (pg, ps) implements the PC-GFlowNet (p%, F'7).

This shows the equivalence.

B.5 PROOF OF PROPOSITION

To see this, let z be 7’s terminal state. First, notice that p% simply denotes a(exploratory) policy such that pg (s, -) and
p% (s, -) have the same support for each s € S. By the definition of PC GFlowNets, each 7 has size d and s; = z,([;) for
i € {0,...,d}. For conciseness, define

F i— 7 o([i o([i— 2
A(z,0,i) = | log (To((i—1))PF (T (ip) [To(i-1)))
F(zo))

Then, the LHS of Proposition [3.3|can be written as

E Z w;A(z,0,1)| = E [)A(x,a,i)},

T~pg(Soy0) 1<i<d z~qi~Cat(w

as the marginal of p%, matches ¢. This is exactly the inner expectation of Proposition [3.3]s RHS.

B.6 PROOF OF PROPOSITION

To ensure that {z; } is ergodic, we show that (i) it is irreducible (i.e., every state is reachable from every other state), (ii) aperi-
odic (i.e., the chain does not return to x; at regular intervals), and (iii) stationary with respect to = [Meyn and Tweedie,[2009].

By definition of both X and S, and since neither pr or pp are degenerate (i.e., they do not assign zero probability to valid
transition), the chain {z;} is irreducible. Additionally, for any ¢, we can return to z; with positive probability after any
number of steps. Hence, the chain is aperiodic.

To see that the chain is stationary with respect to 7, we first recall that the detailed balance implies
F(S)pF(Sa :Z?) = R(I)pB(:C’ 3)
forany z € X and s € S. Denote by k: X x X — R the transition kernel of {z}. Our objective is to show that

R(z)k(z,2") = R(2" k(2 x),
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which implies {z.} is stationary with respect to 7(z) < R(z). For this, we notice that

k(z,z') = ZpB(J:, s)pr(s, ).

seS

Hence,
R(z)k(z,2") = Z R(x)pp(x,s)pr(s,z’)
s€S
= Z F(s)pr(s,2)pr(s,2’)
s€S

=" F(s)pr(s,x)pr(s,a)

seS

= R(z)ps(a’, s)pr(s,x)

seS
= R(z')r(2’, 2);

we highlight in teal and in blue the terms for which we apply the DB condition. This shows {z;} is stationary with respect
to 7. Taken together, our results ensure {x; } is ergodic with respect to 7.

C RELATED WORKS

GFlowNets [Bengio et al., 2021}, [Lahlou et al., [2023] [Bengio et al.l 2023]] are a topic of major interest in the probabilistic
modelling literature, providing a clear framework for reasoning about complex hierarchical variational approximations
of discrete stochastic models [Malkin et al., 2023, |Choi et al.| [2025]]. The central challenge hampering GFlowNets’ broader
applicability, in our opinion, is that they are often notoriously difficult to train. A prominent research direction for mitigating
this problem, in fact, has been the development of effective learning objectives [Madan et al., [2022] Malkin et al.| 2022}
Hu et al., 2024} |Pan et al.| 2024} [2023] that accelerate training convergence. As learning efficiency is characterized by
not only the objective function, but also by which samples are observed throughout training, another significant recent line
of research has explored meta-heuristic approaches for enhanced state space exploration [Lau et al.| 2023} |Kim et al.| 2025|
Madan et al.| [2025| [Malek et al., 2025| |Dall’ Antonia et al.,[2026]. In particular, our method operationally resembles |Kim:
et al.|[2024]], Hu et al.|[2023b]], both of which introduce a sampling technique based on repeated applications of forward
and backward policies; however, only P-GFlowNets asymptotically reduces the number of forward passes per gradient step
as a function of the underlying MDP’s horizon. Nonetheless, despite significantly enhancing GFlowNet’s sample efficiency,
these approaches often incur in a significant computational cost due to expensive exploration strategies requiring numerous
policy evaluations per sample. In fact, our evaluation of SA-GFlowNets, Adaptive Teachers GFlowNets, and ACE [Madan,
et al.| [2025]], [Kim et al.| [2025]], |Dall’ Antonia et al.|[2026], alongside Local Search GFlowNets Kim et al|[2023]], suggested
an increase of up to 4x in the per-sample processing time when compared against [Madan et al.| [2022]], [Malkin et al.
[2022]’s traditional algorithms, which remain standard in the GFlowNet literature, e.g., [Hu et al.,[2023a, [Venkatraman et al.,
2024, Zhou et al., 2023]]. As in MaMs [Liu et al.} 2024]], our work addresses a fundamentally different problem: contrarily
to prior approaches, we assume reward querying is cheap, and exploration cost is dominated by policy evaluation. This
is the dominant setting for Bayesian inference over complex models in large state spaces, e.g.,|[Deleu et al.| [2022], wherein
the policy pr is frequently parameterized with inference-intensive models such as a transformer Vaswani et al.|[2023]]. With
this in mind, as discussed in Section[6] we believe the ideal algorithm would adaptively provision the appropriate amount
of computation for each batch of samples. How such an approach would have to be implemented, however, remains open.

D EXPERIMENTAL DETAILS

Our models were implemented in JAX [Bradbury et al., [2018]]. All our experiments were run in a Apple MacBook Pro,
Apple M4 (10-core: 4P + 6E), 16 GB unified memory, macOS 26.2 (Tahoe). In Section 5] the GFlowNet was trained by
minimizing the TB loss Malkin et al.| [2022]]. We used Muon optimizer Jordan et al.|[2024] for minimizing the learning
objectives for both GFlowNets and P-GFlowNets. As in Madan et al [[2022], we used a learning rate of 10~2 for pz and
of 1072 for F and Z; pp was fixed as an uniform policy. For each experiment, we implemented a 2-layer MLP with 256
hidden units for parameterizing the policy network, and fixed B = 64 for the batch size. We trained each model with a fixed
time budget shown in Figures to @ In particular, we also set v = 1 = 10~ for the task of Bayesian variable selection and,
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Runtime for set generation tasks Runtime for phylogenetic inference tasks

TB-GFlowNet
— ACE
15| — AT-GFlowNet
= P-GFlowNet

100 TB-GFlowNet
—— ACE

—— AT-GFlowNet
—— P-GFlowNet

Runtime per 100 training steps (s)
Runtime per 100 training steps (s)

Figure 8: Per-training step runtime for ACE, AT, TB, and P-GFlowNets (ours). By circumventing complete trajectory
sampling during training, P-GFlowNets reduce per-step computation cost by several orders of magnitude.

d=16 n =100

0 g
500
~1000 \/

00 0o 0 20 10 60 80 100 120 0 2% 50 7 100 125 150
0 5 10 5 20 25 30 0 20 10 60 80 100 120 Elapsed Time (s) Elapsed Time (s)

Ly error

0.1

(a) Ly error for set generation. (b) LPPD for variable selection.

Figure 9: P-GFlowNets converge faster than AT, ACE, and TB GFlowNets in the set generation and variable selection
tasks, achieving more accurate marginals (a) and larger log-predictive density (b), respectively, within a shorter time span.

for the bit sequence generation, followed Malkin et al.| [2022]’s approach for constructing the set of modes M. All plots
show the average across 3 independent runs; error bars represent one standard deviation from the average. We periodically
evaluated the R asynchronously based on the 512 most recently observed states, following the implementation in Stan
[Carpenter et al., [2017]], rejuvenating the chain when the computed R exceeded 1.1.

E ADDITIONAL EXPERIMENTS

To further evaluate P-GFlowNets, we compare it against the recently
Phogneic e Parimony (1= mmberof ks proposed Adaptive Teachers (AT) Kim et al.|[2025]] and the Adaptive
= = Complementary Exploration (ACE) Dall’ Antonia et al.| [2026] train-

; ‘ ﬁ 00| ing algorithms. We also confirm P-GFlowNets’ effectiveness in the

v phylogenetic inference task Zhou et al.|[2024].

arsimony score

P:

0 20 10 60 80
Elapsed Time (s)

Comparison against AT and ACE. In contrast to P-GFlowNets,
Figure 7: P-GFlowNets finds more parsi- Whose focus lies on reducing the per-step computational cost for both
monious phylogenetic trees than ACE, AT training and inference, AT and ACE aim at improving a GFlowNet’s
GFlowNets and TB GFlowNets. sample efficiency by training an exploratory model to search for highly

informative (e.g., unvisited, high-probability under the target) regions
during learning. In doing so, however, training cost often increases multifold due to the evaluation of both the exploratory
and target GFlowNets on both forward and backward trajectories; see Figure [§] From this perspective, we found that
P-GFlowNets converge significantly faster than AT and ACE with respect to wall-clock time. We show illustrate this
in Figure [0 for both the set generation and variable selection tasks. In both cases, we followed the implementations of
Dall’ Antonia et al.| [2026]] for both AT and ACE GFlowNets.

The main setting for which these artificial curiosity-inspired strategies would be appropriate, in our opinion, is when the
reward function is extremely expensive to evaluate relatively to the policy network and this expensiveness cannot be reduced
by exploiting the shared structure of adjacent states through caching, as explained next.

Phylogenetic inference. To further evaluate P-GFlowNets, we also consider the problem of phylogenetic inference using
the parsimony score as the log-reward function |Fitch|[1971]. We adopt the algorithm suggested by [Zhou et al.| [2024]]. Given
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a phylogenetic tree T with leaves L annotated with {A, T, C, G}, let e,, € {1,0}* be the one-hot encoding of node n. For n
in L, e£}) = 1 if n is annotated with A; eg) = 1, if T, and etc. Otherwise, egf) = 0. Then, by letting LC(n) and RC(n)
denote the left and right child of n, the parsimony score is recursively defined as

o — JeLc) Nerc) if Yimi(eLcm) A ercm)? > 1
! erc(n) V €rC(n), Otherwise.

ParScore(n, T) = ParScore(LC(n), T) 4 ParScore(RC(n), T) + [, # eLc(n) A €RC(n))s

with the boundary condition ParScore(n, T) = 0 for n € L and u, v — [u # v] being 1 if u and v match element-wise
and 0 otherwise. The parsimony score of a tree whose leaves are annotated with a sequence of {A, T, C, G} is the sum
of the parsimony score of a tree whose leaves are solely annotated with each element in this sequence, corresponding
to the usual bag-of-words assumption in phylogenetic statistical models. The intuition is that a tree is as parsimonious
(having low parsimony score) as the number of disagreements between a parent and its children. We define R(T) =
exp{—ParScore(r(T), T)} as our reward function, with r(T) as the root of T.

Importantly, the modular nature of ParScore ensures that, in transitioning from T to T’ using P-GFlowNets’ backward-
forward kernels, most of the computation required for ParScore(T’) can be reused from ParScore(T), reducing the cost of
reward querying. Based on this, we compare P-GFlowNets against AT and ACE GFlowNets on their state space exploration
capabilities during training in Figure [7} The initial exploration phase, highlighted as a horizontal line for P-GFlowNets,
corresponds to the period before which samples are collected for computing R, which is used to decide whether the chain
should be rejuvenated. As in the set generation and variable selection tasks, P-GFlowNets improve upon both AT and ACE
given a similar wall-clock time budget. That said, extending P-GFlowNets to mixed, discrete and continuous, spaces—as often
required in phylogenetic inference based on stochastic evolution models—remains an interesting venue for future research.
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