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Abstract

This paper studies a learning-based optimal admis-
sion control policy for an Erlang–B queuing sys-
tem under partial observation. Only at each arrival,
the dispatcher observes the current occupancy and
decides whether to accept or reject the job. A com-
pleted job yields a fixed reward but incurs a cost
proportional to the service duration. The objective
is to design an admission control policy that max-
imizes the long-term average reward. The arrival
and service rates are unknown, and unobserved
departures complicate parameter estimation. The
reward structure induces an asymmetry in the op-
timal decision across parameter regimes. We es-
tablish an instance-dependent asymptotic lower
bound, explicitly dependent on the system param-
eters, demonstrating that the worst-case regret is
logarithmic in the number of arrivals in one regime.
We complement the bound with a matching upper
bound via an explicit sequential-test based policy.

1 INTRODUCTION

Queuing models provide a rigorous mathematical frame-
work for analyzing congestion, delay, and resource alloca-
tion arising from stochastic variability in communication
networks, computing systems, supply chains, and inven-
tory systems. In this paper, we study learning-based admis-
sion control for a specific queuing model—the M/M/k/k
queue, popularly known as an Erlang–B queuing sys-
tem [Kelly, 2011, Harchol-Balter, 2013, Srikant and Ying,
2013]. This model has applications in healthcare, ride-
sharing, cloud computing, networks, and inventory manage-
ment, where there is a finite number of homogeneous pro-
cessing elements [Gans et al., 2003, Marbach et al., 2011].

An Erlang–B system is characterized by k ∈ N homoge-
neous servers and Poisson arrivals with rate λ > 0, and

independent exponential service time with rate µ > 0. The
system has zero buffer capacity, so arrivals finding all k
servers busy are dropped. We study the learning-based ad-
mission control problem for this system under partial ob-
servation and unknown parameters, as introduced by Adler
et al. [2022]. At each arrival, the dispatcher observes the
system state and decides whether to accept the job into an
available server or reject it. Completed jobs yield reward
R and incur holding cost c per unit time while in service;
rejected jobs incur no penalty. The objective is to design an
admission-control policy that maximizes the long-run aver-
age reward per unit time. Define the threshold µ∗ := c/R. In
the genie-aided setting, where µ is known to the dispatcher,
the optimal policy π∗ has a threshold structure: reject all
arrivals when µ < µ∗, and accept whenever a server is avail-
able when µ > µ∗; at µ = µ∗, π∗ is indifferent between
the two actions. With t ∈ {0, 1, . . .} indexing the arrivals,
let {Nt}t∈Z+ denote the system state immediately before
arrival t in the controlled M/M/k/k Erlang–B system.

While the bulk of the queuing theory literature assumes that
system parameters such as the service rate µ are known, in
most real-world scenarios, such parameters are unknown.
Further, in many systems, it is also difficult to form an esti-
mate of parameters like the service rate—for example, by
taking an empirical average of job service times—because
although job arrivals may be observed, job completions are
usually hidden. For example, public Wi-Fi systems observe
connection requests but often infer departures only through
inactivity timeouts; transit systems may record passenger
boarding but not exits. Similar issues arise in cloud comput-
ing, parking systems, and IoT networks. Moreover, continu-
ous monitoring of server availability may be infeasible due
to communication, memory, or computational constraints,
so systems often rely on event-driven observations at arrival
epochs. Both these aspects are modeled by the following
assumptions that we discussed earlier: 1) neither the service
rate nor the arrival rate is known to the dispatcher; and 2)
the dispatcher can only observe the inter-arrival times and
system state just before each arrival.
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Our problem can be viewed as one of adaptive control,
where the system dynamics depend on an unknown parame-
ter that must be learned while making control decisions. In
the classical certainty-equivalent (CE) paradigm, the con-
troller estimates the unknown parameter from past observa-
tions and applies the optimal policy as if that estimate were
correct. Mandl [1974] showed that, under identifiability and
irreducibility conditions of the transition kernel for every
stationary policy, the maximum likelihood estimate (MLE)
converges to the true parameter, and the CE policy is asymp-
totically optimal. Agrawal et al. [1989] and Graves and Lai
[1997] extended this to finite and general state spaces. Our
setting differs from this classical framework in three key
ways. First, the standard theory assumes transition densi-
ties under every fixed control policy are uniformly bounded
away from 0 and 1 over the parameter space; which fails
here. Second, hidden departures complicate estimation; al-
though departure counts can be recovered from consecutive
system state observations, the resulting likelihood has no
closed-form maximizer [Adler et al., 2022]. Third, and more
critically, the optimal control policy is discontinuous in µ.
In the “always reject" regime, a CE policy stops learning
because the chain is absorbed at the empty state, making
the transition law identical across parameters. Thus, a CE
policy can prematurely converge to an incorrect policy and
remain there indefinitely.

To address this, Adler et al. [2022] proposed an MLE-based
certainty-equivalent policy with forced exploration. This
policy converges almost surely to the optimal policy asymp-
totically: it eventually accepts all arrivals when µ > µ∗,
and rejects them with a probability approaching one when
µ < µ∗ . They also prove finite-time regret bounds: loga-
rithmic regret in the number of arrivals (n) when µ < µ∗,
and constant regret when µ > µ∗. However, they only con-
jectured the matching Ω(logn) lower bound when µ < µ∗.

Contributions: The remainder of the paper is organized
as follows. In Section 2, we provide our first main re-
sult (Theorem 2.2): an instance-dependent asymptotic lower
bound on the regret (Definition 1.1) of any uniformly ef-
ficient policy with an explicit dependence on the system
parameters. Uniformly efficient policies are informally de-
fined as policies that are asymptotically optimal uniformly
across the parameter space; see Definition 2.1 for a formal
definition. This result states that when µ < µ∗, any uni-
formly efficient policy must incur a regret that is at least
C∗(λ, µ;µ∗) log(n)(1+o(1)), for a system-dependent con-
stant C∗(λ, µ;µ∗). This explicit characterization of the con-
stant allows for comparative statics in three critical regimes
not captured by the results of Adler et al. [2022]: 1) as µ
increases to µ∗, the problem becomes increasingly difficult
at the boundary, even though there is indifference at µ∗; 2)
as λ decreases to 0, the difficulty in learning is due to the
low arrival rate; and 3) as λ increases without bound, the
problem still suffers from the lack of parameter knowledge.

In Section 3, we complement the lower bound result by
providing a hypothesis testing-based scheme for a given
fixed horizon; the regret of this policy matches the lower
bound up to constants when µ < µ∗, and is constant when
µ ≥ µ∗. We extend this scheme to the anytime setting in
Section 4 using the doubling trick; the resulting policy’s
regret matches the lower bound when µ < µ∗ but incurs an
extra log log n factor when µ ≥ µ∗.

Related Work: Following seminal result by Mandl [1974]
on the optimality of CE policy, Borkar and Varaiya [1979]
identified a fundamental limitation: without identifiability,
MLE need not converge to the true parameter, but to an
observationally equivalent one that induces the same closed-
loop transition law. Consequently, a CE policy may prema-
turely settle on a suboptimal control, showing that purely
exploitative strategies are generally insufficient. This moti-
vated exploration mechanisms in adaptive control, including
implicit exploration through optimism or posterior sam-
pling [Kumar and Becker, 1982, Kumar and Lin, 1982,
Agrawal, 1995, Auer et al., 2002, Gopalan and Mannor,
2015], and explicit (forced) exploration [Agrawal et al.,
1989].

Our lower-bound analysis builds on the information-
theoretic framework of Lai and Robbins [1985], who
showed that uniformly efficient bandit policies must sam-
ple suboptimal arms logarithmically often, with the lead-
ing constant determined by a Kullback–Leibler (KL) di-
vergence quantity. This framework was extended to multi-
parameter and nonparametric bandits [Burnetas and Kate-
hakis, 1996], Markovian bandits [Anantharam et al., 1987],
controlled Markov chains [Agrawal et al., 1989, Graves and
Lai, 1997], and parametrized MDPs [Gopalan and Man-
nor, 2015]. Notably, in structured bandits, optimism- and
posterior-sampling-based algorithms can be arbitrarily sub-
optimal relative to the instance-dependent asymptotic lower
bound [Lattimore and Szepesvari, 2017, Combes et al.,
2017] motivating our departure from index-based policies
in favor of sequential hypothesis testing.

Adaptive control in queues differs from classical bandit
and MDP formulations because rewards are delayed and
trajectory-dependent, and exploration creates carryover
costs [Gaitonde and Tardos, 2023]. Despite these differ-
ences, our lower bound follows the information-theoretic
principle from Lai and Robbins [1985]: it quantifies the
minimum rate at which any uniformly efficient policy must
acquire information about the service-time distribution.

Related work on learning in queues includes scheduling with
unknown service rates [Krishnasamy et al., 2018, 2020]
and admission control with unknown arrival and service
rates [Cohen et al., 2024]. All of these works assume service
completions are observed or inferable. Our setting differs
fundamentally in its information structure: departures are
never directly observed and the only available information is
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the occupancy transitions recorded at arrival epochs. Thus,
direct empirical estimation is not possible. While Adler
et al. [2022] address this using an MLE-based algorithm;
we derive an information-theoretic lower bound and use it
to propose a sequential hypothesis testing based scheme.

We refer the reader to Appendix A for a more detailed
exposition of related work.

1.1 PROBLEM FORMULATION

We use the following notation throughout. Consider a k-
server Erlang–B queue with service rate µ > 0 and arrival
rate λ > 0; observed only at arrival epochs, indexed by
t ∈ {0, 1, . . . }; see Figure 1 for state evolution and obser-
vations.

1. Exp(λ) denotes the exponential distribution with rate
λ, Bin(n, p) represents the binomial distribution with
n trials and success probability p, and 1{·} is the indi-
cator function.

2. At ∈ {0, 1} denotes the action at arrival t; At = 1
denotes acceptance – feasible only if an idle server is
available – and At = 0 denotes rejection.

3. Tt ∼ Exp(λ) denotes the inter-arrival time between
arrival t− 1 and t, for t ≥ 1.

4. Nt ∈ {0, 1, . . . , k} denotes the system-state (that is,
the number of occupied servers) immediately prior
to arrival t. Without loss of generality, we initialize
N0 = 0.

5. Ht denotes the history of past actions and
observations up to arrival t, that is, Ht =
{N0, A0, T1, . . . , Nt−1, At−1, Tt, Nt}.

6. ∆(µ) := |R − c
µ | denotes the absolute expected net

reward per admitted arrival.

7. For t < n, Ct(n) ⊂ {t+ 1, t+ 2, . . . , n} denotes the
set of arrivals that observe job admitted at arrival t
still in service upon their own arrival. Its cardinality is
denoted by Ct(n) := |Ct(n)|.

8. Define the inter-arrival KL divergence

Dλ(µ0 ∥ µ1) := Eτ∼Exp(λ)[d(e
−µ0τ ∥ e−µ1τ )]

where d(p ∥ q) is the KL divergence [Cover and
Thomas, 2006, Section 2.3] between two Bernoulli
distributions with parameters p, q ∈ [0, 1], respectively.
This will be the key information-theoretic quantity gov-
erning our regret bounds.

A policy π = {ut}t≥0 is a sequence of decision rules
ut : Ht → P(At), where P(At) denotes the probabil-
ity simplex over the action spaceAt := {0, 1}. We consider
behavioral policies, denoted by Π, under which action At

is randomized only as a function of the history Ht. This

Figure 1: Top: System-state evolution observed only at the
arrivals. Bottom: State of a two-server system before and
after an admission decision. Variables St and Tt denote the
service-time of arrival t and the inter-arrival time between
arrivals t− 1 and t, respectively.

entails no loss of generality under perfect-recall, since any
randomized policy induces the same outcome distribution as
some behavioral policy [Kuhn, 2016]. Throughout, Pπ

µ and
Eπ
µ denote the probability measure and expectation, respec-

tively, induced by the Erlang–B system with service rate µ
under policy π. The objective is to maximize the expected
net reward, namely,

sup
π∈Π

lim sup
n→∞

(
R− c

µ

)
Eπ
µ

[∑n−1
i=0 Ai

]
n

.

Adler et al. [2022] showed that the optimal policy π∗ has a
threshold form: accept arrivals whenever possible if µ ≥ µ∗,
and reject all arrivals if µ ≤ µ∗.

Definition 1.1 (Expected regret). Let Aπ
t ∈ {0, 1} denote

the action at arrival t under policy π. Consider a common
probability space on which the two systems operated under
policies π and π∗ are coupled to the same arrival sequence
and same service times. The sample-path regret of policy π,
up to first n arrivals under service rate µ is defined as:

Reg(n, π;µ) := ∆(µ)

∣∣∣∣∣
n−1∑
t=0

(Aπ∗

t −Aπ
t )

∣∣∣∣∣ ,
where π∗ denotes the optimal policy. The expected regret of
policy π under µ is then defined as:

Eπ
µ[Reg(n, π;µ)] := ∆(µ)Eπ

µ

[∣∣∣∣∣
n−1∑
t=0

(Aπ∗

t −Aπ
t )

∣∣∣∣∣
]
.
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Assumption 1.2 (Erlang–B queue). We will work under the
following assumptions throughout the paper:

(A1) The inter-arrival times {Tt}t≥1 are i.i.d. Exp(λ) ran-
dom variables.

(A2) The sequence of inter-arrival times {Tt}t≥1 is indepen-
dent of the sequence of service times.

2 REGRET LOWER BOUND FOR
REJECT-OPTIMAL REGIME

In this section, we establish an instance-dependent asymp-
totic lower bound on the expected regret in the reject-optimal
regime (Theorem 2.2). We restrict our attention to the class
of uniformly efficient policies, namely policies whose ex-
pected regret grows sub-polynomially with horizon uni-
formly over all problem instances. This is the standard class
of policies considered in the adaptive control literature.

Definition 2.1 (Uniformly efficient (UE) policy). A policy
π is said to be uniformly efficient if, for every service rate
µ > 0 and for every a > 0,

lim
n→∞

Eπ
µ[Reg(n, π;µ)]

na
= 0.

The class of UE policies is non-empty. Indeed, Adler et al.
[2022] proposed a policy that converges almost surely to
the optimal behavior asymptotically. We now present the
main result of this section which demonstrates that in the
reject-optimal regime, any UE policy must incur at least
logarithmic expected regret.

Theorem 2.2 (Asymptotic instance-dependent lower bound
on expected regret). Suppose Assumption 1.2 holds. For
µ, λ > 0, define the complexity parameter

C∗(µ, λ;µ∗) :=
∆(µ)

Dλ(µ ∥ µ∗)
(
1 + λ

µ

) . (1)

Then, any uniformly efficient behavioral policy π must sat-
isfy the following for µ < µ∗ :

lim inf
n→∞

Eπ
µ[Reg(n, π;µ)]

log n
≥ C∗(µ, λ;µ∗).

Theorem 2.2 provides several insights into how the asymp-
totic lower bound scales across three challenging regimes:

1. High-Arrival Rate Regime (λ→∞): As arrival rate
grows arbitrarily large, we observe that

lim
λ↑∞

Dλ(µ ∥ µ∗)

(
1 +

λ

µ

)
=
µ∗

µ
− 1− log

(
µ∗

µ

)
=DKL(Exp(µ)∥Exp(µ∗)).

Consequently, the complexity parameter in (1) denoted
by C∗

∞(µ) := ∆(µ)
DKL(Exp(µ)∥Exp(µ∗)) . This may appear

counterintuitive—one might expect a high arrival rate
to facilitate learning by providing more observations.
Instead, it precisely captures the core difficulty: regret
due to uncertainty about service rate persists even at
arbitrarily high arrival rates. This limit corresponds to
the system being observed at all times, as in Cohen
et al. [2024], so the dispatcher can observe individ-
ual service completion times too. Therefore, we now
have a one-armed bandit problem—distinguishing an
Exp(µ) random variable against the null, which is the
set of exponential distributions with rate at least µ∗—,
and the Lai and Robbins [1985] lower bound applies.

2. Low-Arrival Rate Regime (λ → 0): Conversely,
when the arrival rate vanishes, the complexity parame-
ter denoted by C∗

0 (µ) satisfies

lim
λ↓0

λC∗
0 (µ) =

∆(µ)

−π2

6

(
1
µ −

1
µ∗

)
− ψ (µ/µ∗) + γ

µ

,

where ψ(·) is the Digamma function and γ ≈ 0.5777
is the Euler-Mascheroni constant. This reveals that
sparse arrivals impede learning, making it is a chal-
lenging regime for optimal admission control.

3. Near-threshold Regime (µ → µ∗): When µ ap-
proaches the threshold, expected regret will scale as
C∗

th(λ) logn where,

lim
µ↑µ∗

(µ∗−µ)C∗
th(λ) =

R

λ(λ+ µ∗)
∑∞

m=1(λ+mµ∗)−3
.

Here, R denotes the fixed reward for service comple-
tion. Although the system is indifferent at µ∗, distin-
guishing between the two regimes becomes increas-
ingly difficult as µ approaches µ∗. Consequently, the
complexity term diverges; making this a particularly
challenging regime for learning-based control.

Proof Strategy: The proof of Theorem 2.2 follows the stan-
dard change-of-measure argument for information-theoretic
lower bounds; see Lattimore and Szepesvári [2020, Section
16.1]. In the reject-optimal regime (µ < µ∗), we construct
an alternative instance ν > µ∗, under which accepting is
optimal. Applying the Bretagnolle-Huber (BH) inequality
relates the regret to the KL divergence between the proba-
bility measures induced by the two instances. Lemma 2.3
expresses this divergence is terms of expected number of
accepted arrivals. Combining these results and taking the
limit inferior as n → ∞, yields the instance-dependent
asymptotic lower bound on regret when µ < µ∗.

Proof of Theorem 2.2. Fix µ ∈ (0, µ∗) as in the state-
ment of Theorem 2.2,and choose any ν > µ∗. Let Pπ

µ and
Pπ
ν denote the probability measures induced by n arrivals
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under the service rates µ and ν respectively. Since µ and ν
are on different sides of the threshold value µ∗, their opti-
mal policies are different. However, any UE policy π must
achieve sub-polynomial regret on both problem instances
simultaneously. This fact allows us to set up a contradic-
tion that leads to the required lower bound statement as
we elaborate below. Fix γ ∈ (0, 1) and define the event
E := {

∑n−1
j=0 Aj ≤ nγ}.

Since accepting is suboptimal under µ,

Reg(n, π;µ) ≥ ∆(µ)nγ Pπ
µ(Ec). (2)

While under ν, rejecting is suboptimal, so

Reg(n, π; ν) ≥ ∆(ν)(n− nγ)Pπ
ν (E)

≥ ∆(ν)nγPπ
ν (E),

(3)

where the second inequality holds for n ≥ 2e
1

1−γ . Let
Rµ,ν := Reg(n, π;µ) + Reg(n, π; ν) and ∆µ,ν :=
min{∆(µ),∆(ν)}. Add (2) and (3),

Rµ,ν ≥ nγ∆µ,ν

(
Pπ
µ(Ec) + Pπ

ν (E)
)

(i)

≥ nγ∆µ,ν

(
1− TV(Pπ

µ,Pπ
ν )
)

(ii)

≥ nγ∆µ,ν
1

2
exp
(
−D(Pπ

µ ∥ Pπ
ν )
)
.

In the above display, (i) follows from the definition of total
variation metric, and (ii) uses the BH inequality (recalled
in Theorem B.1 in Appendix B).

Taking logarithms, applying the divergence decomposition
(Lemma 2.3) DKL(Pπ

µ ∥ Pπ
ν ) = Eπ

µ[
∑n−1

t=0 At] × (1 +

λ/µ)Dλ(µ ∥ ν) and rearranging yields

Eπ
µ

[
n−1∑
t=0

At

]
≥ γ log n+ log(∆µ,ν/2)− logRµ,ν

Dλ(µ ∥ ν) (1 + λ/µ)
. (4)

Since the policy π is uniformly efficient (Definition 2.1),
for every a > 0 there exists a constant Ka <∞, such that
Rµ,ν ≤ Kan

a for all sufficiently large n. This implies that
lim supn→∞ logRµ,ν/ logn ≤ a. Using this and dividing
(4) by log n we get

lim inf
n→∞

Eπ
µ

[∑n−1
t=0 At

]
logn

≥ γ − a

Dλ(µ ∥ ν)
(
1 + λ

µ

) .
As γ, a ∈ (0, 1) are arbitrary, for every δ ∈ (0, 1), we can
choose γ and a such that the γ − a ≥ 1− δ. Letting δ ↓ 0
yields

lim inf
n→∞

Eπ
µ

[∑n−1
t=0 At

]
logn

≥ 1

Dλ(µ ∥ ν)
(
1 + λ

µ

) .

When µ < µ∗, the optimal action Aπ∗

t = 0 for all t ≥ 1.
Thus,

Eπ
µ[Reg(n, π;µ)] = ∆(µ)Eπ

µ

[
n−1∑
t=0

At

]
.

This implies the lower bound

lim inf
n→∞

Eπ
µ[Reg(n, π;µ)]

logn
≥ ∆(µ)

Dλ(µ ∥ ν)
(
1 + λ

µ

) .
Since the inequality holds for all ν > µ∗, it remains valid
after taking a supremum of the right-hand side over all
ν > µ∗. By Lemma 2.4 this supremum is attained in the
limit ν ↓ µ∗. Substituting this value yields the desired lower
bound

lim inf
n→∞

Eπ
µ[Reg(n, π;µ)]

log n
≥ ∆(µ)

Dλ(µ ∥ µ∗)
(
1 + λ

µ

) .
This completes the proof.

SUPPORTING TECHNICAL LEMMAS

This section gathers statements of the intermediate results
used to prove the lower bound.

Lemma 2.3 (Divergence decomposition). Suppose Assump-
tion 1.2 holds. For any behavioral policy π and service rate
µ, let Pπ

µ denote the probability measure on the historyHn,
induced by operating the Erlang–B system under policy π
with service rate µ. Then, for any two distinct service rate
µ0 and µ1,

DKL(Pπ
µ0
∥ Pπ

µ1
) ≤

(
1 +

λ

µ0

)
Eπ
µ0

[
n−1∑
t=0

At

]
Dλ(µ0∥µ1).

Proof. We defer the proof to Appendix C.1

Lemma 2.4. For every µ < µ∗,

inf
ν≥µ∗

Dλ(µ ∥ ν) = Dλ(µ ∥ µ∗).

Proof. We defer the proof to Appendix C.2.

3 FIXED HORIZON ACHIEVABILITY

Theorem 2.2 establishes an information-theoretic limit stat-
ing that every uniformly efficient admission policy must in-
cur at least logarithmic expected regret in the reject-optimal
regime. In this section, we show that this lower bound is
tight by constructing an explicit policy that matches the op-
timal leading-order coefficient when the maximum number
of arrivals n is known apriori. Throughout, n denotes ar-
rival horizon, that is, the total number of arrivals, rather than
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elapsed time. Because the optimal policy has a threshold
structure, the central learning task is to determine whether
the unknown service rate satisfies µ < µ∗ or µ > µ∗. Our
proposed idea is to always admit whenever capacity until
there is sufficient evidence to rule out µ > µ∗. If µ > µ∗,
always admitting incurs no regret, and hence the key task
is to detect the µ < µ∗ regime as quickly as possible, and
then reject all subsequent arrivals. This leads naturally to
the sequential hypothesis test

H0 : µ ≥ µ∗, versus H1 : µ < µ∗. (5)

Formally, given a sequence of state observations {Nt : t ≥
1} generated under an always-admit policy, our goal is to
design a level-α power one [Darling and Robbins, 1967,
Robbins and Siegmund, 1974] test for the above hypotheses.
That is, for a prescribed parameter α ∈ (0, 1] we construct
a stopping time τ satisfying:

PH0
(τ <∞) ≤ α, and PH1

(τ <∞) = 1. (6)

Here, τ represents the number of admissions required for
sequential test to conclude µ < µ∗.

A natural approach to constructing tests (or stopping times)
satisfying (6) is by thresholding a stochastic process {Wt :
t ≥ 1} that quantifies the accumulated evidence against H0.
Due to the parametric nature of our problem, such a process
can be constructed using likelihood ratios. For a policy π
and service rate µ, let

Lπ
t (µ) := pπµ(Ht),

where pπµ is the joint density (likelihood) of the observed
history Ht under (π, µ); its explicit construction is given
in Appendix C.1. Since the policy selects actions solely as
a function of observed history, its decision rule given the
history is independent of the service rate. Consequently, the
policy-dependent terms cancel in the likelihood ratio. Using
the factorization in (C.4), we obtain

Lπ
t (µ)

Lπ
t (µ

∗)
=

t−1∏
i=0

Pµ(Ni+1 | Ni, Ai, Ti+1)

Pµ∗(Ni+1 | Ni, Ai, Ti+1)
. (7)

Henceforth, we suppress the dependence on the policy and
write Lt(µ) in place of Lπ

t (µ).

As the alternative in (5) is composite consisting of all param-
eters µ ∈ (0, µ∗), we construct a mixture likelihood ratio
with uniform prior on (0, µ∗):

W0 = 1 and ∀t > 0, Wt :=
1

µ∗

∫ µ∗

0

Lt(ν)

Lt(µ∗)
dν. (8)

This mixture statistic aggregates the evidence for any alter-
native parameter µ against the extremal null parameter µ∗.
Consequently, under the alternative, we expect this process

to grow exponentially fast. We define the stopping time τ
by thresholding this process as follows:

τ = inf

{
t ≥ 1 : Wt ≥

1

α

}
. (9)

The choice of the threshold 1/α is justified by the fact that
{Wt : t ≥ 1} is a nonnegative supermartingale under the
null (µ > µ∗), and hence is subject to a time-uniform analog
of Markov’s inequality called Ville’s inequality (recalled in
Theorem B.2 in Appendix B). With the stopping time de-
fined in (9), we now define our proposed admission control
policy for the known-horizon setting.

Definition 3.1 (Fixed horizon policy πtest). Consider an
Erlang–B system with k identical servers with an unknown
service rate µ. Let n denote the maximum number of jobs
that may arrive, and let τ denote the stopping time (9) in-
stantiated with α = 1/n. Define the policy πtest that takes
the following action at the tth arrival:

Aπtest

t = 1{t < τ, Nt < k} =

{
1, if t < τ & Nt < k,

0, otherwise.
.

That is, this policy accepts all jobs till the sequential test
rejects the null (µ > µ∗), subject to server availability.

In the remainder of this section, we establish that πtest

(Algorithm 1) is optimal with respect to the derived lower
bound. We break down the analysis into two parts, corre-
sponding to the µ > µ∗ (the “always accept” regime) and
the µ < µ∗ (the “always reject” regime). For the former
regime, we show in Theorem 3.2 that the expected regret is
O(1), while in the latter, we show that the regret incurred by
πtest matches the lower bound established in Theorem 2.2
as n→∞.

3.1 CASE 1: OPTIMAL DECISION IS TO ACCEPT

When the service rate satisfies µ ≥ µ∗, the optimal policy π∗

accepts every arrival whenever a server is available. Under
this regime, any arrival rejected by a policy while a server
was idle accrues directly to the expected regret. Theorem 3.2
demonstrates that in the accept-optimal regime, πtest restricts
the expected regret to a finite constant depending on the
service rate.

Theorem 3.2 (Regret bound in accept-optimal regime). For
µ ≥ µ∗, the policy πtest (Definition 3.1) satisfies

Eπtest

µ [Reg(n, πtest;µ)] ≤ ∆(µ).

Proof Strategy: The proof proceeds by analyzing the
sample-path coupling between the two policies – π∗ always
accepts arrivals (subject to capacity), and πtest behaves iden-
tically to π∗, accepting arrivals up until the sequential test

6415



Algorithm 1 Fixed-Horizon Test Policy πtest

1: Input: number of servers k, horizon n, threshold µ∗

Initialize:
2: N0 ← 0, A0 ← 1, τ ← n
3: ζ0(ν)← 0, ∀ν ∈ [0, µ∗].
4: for each arrival t ∈ {1, . . . n− 1} while {t < τ} do
5: Observe Nt, Tt.
6: For all ν ∈ [0, µ∗] update log-likelihood

ζt(ν) = ζt−1(ν) + lt−1(ν)− lt−1(µ
∗)

where,

lt−1(ν)=−νTtNt+(Nt−1+At−1−Nt)log(1−e−νTt).

7: Compute the mixture statistic

Wt :=
1

µ∗

∫ µ∗

0

exp(ζt(ν))dν.

8: if Wt ≥ n then
9: τ ← t

10: Ai ← 0, ∀i ∈ {t, t+ 1, . . . , n− 1}.
11: else
12: if Nt < k then
13: At ← 1
14: else
15: At ← 0.
16: end if
17: end if
18: end for

rejects the null. Consequently, the sample paths of the two
systems match exactly on the event {t < τ}, and regret
can only accumulate after the test terminates (on the event
{τ < n}). Establishing that the mixture process {Wt}t≥0 is
a supermartingale under the null hypothesis in Lemma 3.3,
we apply Ville’s inequality (recalled in Theorem B.2) to
bound the probability of termination, which yields the con-
stant expected regret upper bound.

Lemma 3.3. For µ ≥ µ∗, the process {Wt}t≥0 defined in
(8) is a non-negative supermartingale with respect to the
natural filtration {σ(Ht, At)}t≥0.

This result, proved in Appendix D.1, provides the key tech-
nical step needed to prove Theorem 3.2 as we show next.

Proof of Theorem 3.2. Using Lemma 3.3 and by Ville’s
inequality (Theorem B.2) we conclude that for α = 1/n:

Pπtest

µ (τ <∞)=Pπtest

µ (∃t :Wt ≥ n) ≤
E[W0]

n
=

1

n
. (10)

This statement implies that if µ ≥ µ∗, then with probability
at least 1− 1/n, our proposed policy πtest agrees with the
optimal policy π∗.

Under the policy πtest (Definition 3.1), the regret after n
arrivals satisfies

Reg(n, πtest;µ)

∆(µ)
=

n−1∑
t=0

1{Aπ∗

t = 1, Aπtest

t = 0}

≤ (n− τ)+1{τ < n} ≤ n1{τ <∞},

where 1{·} represents the indicator function. This follows
because the two policies πtest and π∗ differ only after the
random stopping time τ . Taking expectations, we get

Eπtest

µ [Reg(n, πtest;µ)] ≤ ∆(µ)nPπtest

µ (τ <∞)

(i)

≤ ∆(µ)n
1

n
= ∆(µ),

where (i) follows from (10). This completes the proof.

3.2 CASE 2: OPTIMAL DECISION IS TO REJECT

When the service rate satisfies µ < µ∗, the optimal pol-
icy π∗ rejects all arrivals. Theorem 3.4 shows that, in this
reject-optimal regime, the expected regret incurred by our
proposed policy πtest grows at most logarithmically with
the arrival horizon n, matching the information-theoretic
lower bound of Theorem 2.2 up to leading-order coefficient.

Theorem 3.4 (Regret bound in reject-optimal regime). For
µ < µ∗, the policy πtest (Definition 3.1) satisfies

Eπtest

µ [Reg(n, πtest;µ)] ≤ ∆(µ) log(n)

Dλ(µ ∥ µ∗)(1 + λ/µ)
(1+o(1)),

where o(1) denotes a term that vanishes as n→∞.

Proof Strategy: The proof proceeds by establishing an up-
per bound on the expected stopping time of the sequential
test under the alternative. The optimal policy π∗ rejects all
arrivals while πtest continues accepting arrivals (subject to
room) up until τ , after which it rejects all arrivals and co-
incides with π∗. Sample-path regret ceases to accumulate
after τ , so an upper bound on Eπtest

µ [τ ] immediately yields an
upper bound on the expected regret. The analysis proceeds
by introducing an auxiliary likelihood process {W̃t(µ)}t≥0

and associated stopping time τ̃(µ) that dominates τ almost
surely. Consequently, Eπtest

µ [τ ] ≤ Eπtest

µ [τ̃(µ)]. We establish
that {W̃t(µ)}t≥0 is a submartingale and apply Doob’s Op-
tional Stopping Theorem (recalled in Theorem B.3).

Supporting Technical Lemmas
Here, we gather statements of intermediate results used in
proving Theorem 3.4.

Definition 3.5 (Erlang–B blocking probability). The steady-
state probability that an arrival finds all k servers occupied
is given by the Erlang–B formula:

B(k, λ/µ) =
(λµ )

k/k!∑k
i=0(

λ
µ )

i/i!
,
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which follows from the stationary distribution of the associ-
ated birth-death process.

Lemma 3.6 (Stopping-time mixing bound). Let f be a
bounded function on the state space satisfying ∥f∥∞ ≤ m,
and let T be a stopping time with E[T ] < +∞. Let Nw be
a random variable distributed according to the stationary
distribution w of the Erlang–B Markov chain. Then∣∣∣∣∣E

[
T−1∑
i=0

f(Ni)

]
− E[T ]E[f(Nw)]

∣∣∣∣∣ ≤ mG

1− ϕ
,

where G > 0 and ϕ ∈ (0, 1) are the mixing constants
appearing in the Convergence Theorem (recalled in Theo-
rem B.5 in Appendix B).

This ergodic mixing bound, proved in Appendix F.1, will be
used to establish Lemma 3.7 and consequently Theorem 3.4.

Lemma 3.7. Suppose µ < µ∗. Let τ be the stopping
time defined in 9 with respect to the natural filtration
{σ(Ht, At)}t≥0. Then, the expected stopping time satisfies:

Eπtest

µ [τ ] ≤ log(1/α)

γ∗
(1 + o(1))

where the constant γ∗ is given by:

γ∗ = Dλ(µ ∥ µ∗)

(
1−B

(
k,
λ

µ

))(
1 +

λ

µ

)
This result, proved in Appendix E, is the main technical
result of Section 3, and immediately yields Theorem 3.4.

Proof of Theorem 3.4. The optimal policy rejects all jobs
when µ < µ∗. Under the policy πtest (Definition 3.1), the
regret after n arrivals satisfies

Reg(n, πtest;µ) = ∆(µ)

τ−1∑
t=0

1{Aπtest

t = 1}.

Under πtest, arrivals are accepted prior to τ whenever ca-
pacity is available. Thus, for all t < τ , 1{Aπtest

t = 1} =
1{Nt < k}. Taking expectations and invoking the ergodic
mixing bound of Lemma 3.6, together with the stationarity
result Ew[1{Nt < k}] = 1−B(k, λ/µ), we obtain

Eπtest

µ [Reg(n, πtest;µ)]

∆(µ)
= Eπtest

µ

[
τ−1∑
t=0

1{Nt < k}

]

≤ Eπtest

µ [τ ]
(
1−B(k, λ/µ)

)
+

G

1− ϕ
.

Applying Lemma 3.7 yields

Eπtest

µ [Reg(n, πtest;µ)]≤ ∆(µ) log(n)

Dλ(µ ∥ µ∗)(1 + λ/µ)
(1+ o(1)).

This completes the proof.

Remark 3.8. We address the computational tractability of
the finite-horizon testing policy πtest in Appendix H by re-
placing the integral-based likelihood test with an efficient
covering-grid approximation, πalg, whose validity is estab-
lished there. Simulation results for this approximation are
presented in Appendix H.4.

4 ANYTIME ACHIEVABILITY

This section considers the unknown-horizon setting, where
the number of arrivals is not known apriori. Proposition 4.2
shows that the proposed policy π∞ (Definition 4.1) pre-
serves logarithmic regret when µ < µ∗, whereas the price
of removing horizon dependence is merely an additional
log log n factor when µ > µ∗.

Definition 4.1 (Horizon-free policy π∞). Consider an
Erlang–B system with k identical servers and unknown ser-
vice rate µ > 0. The policy π∞ operates over successive
epochs indexed by m ≥ 0. Each epoch consists of a test
phase followed by a clear phase. Let t denote the arrival
index within an epoch, with t = 0 at the beginning of every
epoch. In epoch m, the test phase runs fixed-horizon policy
πtest (Definition 3.1) with horizon nm = e(1+ε)m , where
ε > 0 and associated stopping time τm = τ(αm, nm),
where αm = 1/nm. After the test phase ends, the policy en-
ters clear phase, during which every arrival is accepted until
the system becomes empty. When the queue first reaches 0,
the clear phase ends and epoch m+ 1 begins. The action
taken at the tth arrival of epoch m is

Aπ∞

t =

{
1{t < τm, Nt < k}, t < nm,

1{Nt < k}, t ≥ nm.

Proposition 4.2. For unknown service rate µ, the policy
π∞ introduced in Definition 4.1 satisfies:

Eπ∞

µ [Reg(n, π∞;µ)]

∆(µ)
≤

log log(n), µ > µ∗

log(n) (1 + o(1))

Dλ(µ ∥ µ∗)(1 + λ/µ)
, µ < µ∗.

The policy π∞ (Algorithm 2) is obtained from πtest using
the classical doubling trick [Auer et al., 1995, Besson and
Kaufmann, 2018]: each epoch reruns πtest over a horizon
that doubles (grows exponentially) with the epoch index
m. The subsequent clear phase accepts every arrival until
the system empties. Since empty state is regenerative, each
epoch begins from the same initial condition and can there-
fore be analyzed independently. This regeneration incurs
only a small overhead: Proposition 4.2 establishes that π∞

attains the optimal logarithmic regret rate when µ < µ∗;
while the repeated restarts introduce an additional log logn
factor only in the regime µ > µ∗. Finally, accepting all
arrivals during the clear phase (rather than, for example, re-
jecting all arrivals) is crucial for keeping the regret bounded
in the regime µ > µ∗.
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Algorithm 2 Horizon-Free Test Policy π∞

1: Input: number of servers k, threshold µ∗

2: Initialize: m← 0, N0 ← 0, ε > 0.
3: while arrival are incoming do

Epoch m
Test Phase

4: Set horizon nm ← e(1+ε)m , parameter αm ←
1

nm
5: Discard history, t← 0
6: Define stopping time τm = τ(αm, nm)
7: for t = 0, 1, . . . , nm − 1 do
8: if t < min(τm, nm) and Nt < k then
9: At ← 1.

10: else
11: At ← 0.
12: end if
13: end for

Clear Phase
14: while Nt > 0 do
15: if Nt < k then
16: At ← 1.
17: else
18: At ← 0.
19: end if
20: end while
21: Update: m← m+ 1
22: end while

During the clear phase, the system evolves as a standard
birth-death Markov chain corresponding to an M/M/k/k
queue. Lemma 4.3 stated below, and proved in Ap-
pendix G.1, will provide a key technical step in proving
Proposition 4.2 .

Lemma 4.3 (Expected hitting time to state 0). Let Th
0 de-

note the maximum expected hitting time to the empty state of
an Erlang–B queue operating under the policy that admits
every arrival, where the maximum is taken over all initial
states. Then, Th

0 <∞.

Proof of Proposition 4.2 Let T c
m denote the duration of

clear phase of epoch m. Since every clear phase starts from
some state in {0, . . . , k} and accepts every arrival until the
system empties, Lemma 4.3 implies

Eπ∞

µ [T c
m] ≤ Th

0 <∞, ∀m. (11)

Let Rm denote the expected regret during epoch m. Since
the test horizon in epochm is nm = e(1+ε)m , the number of
epochs completed by arrival n is at most log logn

log(1+ε) . Therefore

Eπ∞

µ [Reg(n, π∞;µ)] ≤
log logn/ log(1+ε)∑

m=0

Rm. (12)

First consider the case µ > µ∗. In this regime, the optimal
action is to accept whenever there is an available server.

Therefore, regret is incurred only during the test phase after
the stopping time τm. By Theorem 3.2 ∀m, Rm ≤ ∆(µ).
Substituting into (12) yields

Eπ∞

µ [Reg(n, π∞;µ)] ≤ ∆(µ)
log log(n)

log(1 + ε)
.

Now consider the case µ < µ∗. In this regime, regret is in-
curred during the test phase, and also during the clear phase
since all arrivals are accepted while clearing the system.
From Theorem 3.4 and (11) we get

Rm ≤ ∆(µ)
(1 + ε)m

Dλ(µ∥µ∗)(1 + λ/µ)
+∆(µ)Th

0 +o(log nm).

Substituting in (12) yields

Eπ∞

µ [Reg(n, π∞;µ)] ≤
(
1 + ε

ε

)
∆(µ) log(n) (1 + o(1))

Dλ(µ ∥ µ∗)(1 + λ/µ)
.

The constant multiplying the leading-order regret term can
be made arbitrarily close to 1 by taking ε sufficiently large.
This completes the proof.

5 CONCLUSION AND FUTURE WORK

We studied learning-based optimal admission control for an
Erlang–B queuing system with unknown service-rate and
unobserved departures. The reward structure of our problem
setting results in two operational regimes: always accept (if
room) if the service rate is high enough, or always reject oth-
erwise. In the latter regime, we prove an instance-dependent
asymptotic lower bound with explicit system-dependent
constants, resolving a conjecture of Adler et al. [2022] and
showing that logarithmic regret is unavoidable. We also char-
acterized how difficulty of learning-based admission control
changes with system parameters. Complementing the lower
bound, we propose a fixed-horizon sequential hypothesis-
testing policy, πtest whose regret matches the lower bound
up to constants in both regimes, as well as an anytime vari-
ant that incurs an additional factor in the “always accept”
parameter regime. Monte Carlo simulations of our algo-
rithm support the theoretical findings. More broadly, our
results show that sequential hypothesis testing is an effective
framework for online decision-making even under partial
observation settings. Future directions include extending the
framework to more general reward structures and service-
time distributions, studying heterogeneous-server systems,
and exploring connections with pure-exploration problems
such as best-arm identification. Designing statistically ef-
ficient algorithms for partially observed stochastic control
problems remains an important direction for future research.

AI Assistance Statement: Generative AI tools were used
to assist with language editing, code development, and the
exploration of proof strategies. All results presented in this
paper were independently verified by the authors, who take
full responsibility for the contents of this paper.
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A EXTENDED RELATED WORK

Following up on the seminal work on adaptive control by Mandl [1974] on the optimality of the CE policy, Borkar and
Varaiya [1979] revealed a fundamental limitation of CE control: once the identifiability condition is relaxed, the MLE need
not converge to the true parameter, but instead to an observationally equivalent parameter—one that induces the exact
same closed-loop transition probability. They further showed that the CE policy can prematurely converge to an incorrect
parameter and thereafter rely solely on a suboptimal control strategy. Purely exploitative strategies are therefore generally
insufficient, and additional exploration is required.

Broadly, two mechanisms have been used to engender this exploration. The first is implicit exploration, where the decision
rule itself balances exploration and exploitation. One prominent approach is “optimism in the face of uncertainty": Kumar
and Becker [1982] and Kumar and Lin [1982] incorporated this by biasing the likelihood function toward parameters with
lower optimal costs, while Agrawal [1995] and Auer et al. [2002] later formalized this principle through the upper confidence
bound (UCB) algorithm. Another approach is based on Thompson or posterior sampling [Gopalan and Mannor, 2015].
The second mechanism is forced, or explicit, exploration in which the controller intentionally takes informative actions
irrespective of the current estimate, as in Agrawal et al. [1989].

This line of work in adaptive control was complemented by Lai and Robbins [1985], who developed an information-theoretic
framework for instance-dependent regret lower bounds in sequential decision-making under uncertainty. Using a change-of-
measure argument, they showed that in the single-parameter multi-armed bandit problem, any uniformly efficient policy must
sample a suboptimal arm at least logarithmically often, with the logarithmic coefficient determined by the Kullback–Leibler
(KL) divergence quantity between the suboptimal arm’s true distribution and the closest alternative under which that arm
becomes optimal. Burnetas and Katehakis [1996] generalized this to multi-parameter and non-parametric bandits, where the
coefficient instead depends on the minimum KL divergence required to make a suboptimal arm optimal. Anantharam et al.
[1987] extended these results to Markovian bandits, and Agrawal et al. [1989] and Graves and Lai [1997] extended them
further to controlled Markov chains. In the MDP setting, Gopalan and Mannor [2015] developed a Thompson sampling
algorithm for general parametrized MDPs achieving logarithmic regret, with the leading constant dependent on problem’s
information complexity.

Closest to our setting, Lattimore and Szepesvari [2017] showed that in structured bandit problems, optimism- and posterior-
sampling- based algorithms can be arbitrarily suboptimal relative to the instance-dependent asymptotic lower bound—
motivating our departure from index-based and posterior-sampling policies in favor of a sequential hypothesis-testing
approach. Combes et al. [2017] generalized this observation to general structured bandit problems, deriving an instance-
specific regret lower bound that specifies the minimum exploration rate required for each suboptimal arm; their algorithm
OSSB, achieves this by directly tracking the optimal exploration rates.

Adaptive control in queues differs starkly from the classical bandits or MDP formulations in two structural ways: rewards
are delayed and trajectory-dependent, and exploration induces a carryover cost [Gaitonde and Tardos, 2023]—for example,
admitting a customer raises the cost of subsequent decisions until the queue is empty. Despite these differences, our lower
bound follows the information-theoretic principle of Lai and Robbins [1985], by characterizing the rate at which information
about the service time distribution can be accumulated under any uniformly efficient policy.

A growing line of work investigates learning-based admission and scheduling control in queuing systems with unknown
parameters under full state observation, with performance measured via cumulative regret against a genie-aided policy.
For scheduling in multiclass parallel-server systems with unknown service rates, Krishnasamy et al. [2018] analyzed the
empirical cµ rule. Under conditions sufficient for stability and geometric ergodicity, they showed that the empirical rule
achieves O(1) holding-cost regret via forced exploration. Krishnasamy et al. [2020] later adopted a multi-armed bandit
perspective for discrete-time multiclass queuing systems, proposing UCB- and Thompson sampling-based algorithms with
forced exploration that achieve polylogarithmic queue regret post-stabilization. For admission control, Cohen et al. [2024]
studied an M/M/1 queue with unknown arrival and service rates under the Naor [1969] reward structure, which induces
a threshold-based admission scheme. Observing the continuous queue-length path, they proposed a batched algorithm
alternating between forced-exploration and exploitation phases, achieving O(1) regret when the optimal threshold is strictly
positive, and O(log1+ϵ(N)) regret otherwise (for any ϵ > 0).

Crucially, in all of these existing works, service completions are directly observed or can inferred. Our setting differs
fundamentally in its information structure: departures are never directly observed, and the only signal available is the
occupancy transition recorded at each arrival epoch. Under this partial-observation model, a direct empirical estimator is
not available. While Adler et al. [2022] addressed this using an MLE-based algorithm; we instead propose a sequential
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hypothesis-testing scheme arising from the information theoretic lower bound.

B STANDARD RESULTS (PROOF OMITTED)

Theorem B.1 (Bretagnolle–Huber inequality). [Lattimore and Szepesvári, 2020, Theorem 14.2],[Tsybakov, 2008, Section
2.3],[Duchi, 2023, Section 2.2] Consider two probability distribution P and Q on same measurable space and let A be any
measurable event. Then,

Q(A)− P (A) ≤ TV (P,Q) ≤ 1− 1

2
e−DKL(P∥Q).

Equivalently, P (A) +Q(AC) ≥ 1
2e

−DKL(P∥Q).

Theorem B.2 (Ville’s inequality). [Ville, 1939] Let {Ln : n ≥ 0} be a non-negative supermartingale. Then, for any λ > 0,

P(∃n ≥ 1 : Ln ≥ λ) ≤
E[L0]

λ

Theorem B.3 (Doob’s Optional Stopping Theorem). [Hajek, 2015, Corollary 10.17] Suppose (Xn : n ≥ 0) is a martingale
relative to (Ω,F , P ) such that:

(i) there is a constant c such that E[|Xn+1 −Xn| | Fn] ≤ c for n ≥ 0, and

(ii) T is a stopping time such that E[T ] <∞.

Then E[XT ] = E[X0].

Theorem B.4 (Bernstein-type bound for MDS). [Wainwright, 2019, Theorem 2.19] Let {(Di,Fi)}∞i=1 be a martingale
difference sequence, and suppose that

E[eλDi | Fi−1] ≤ eλ
2ν2

i /2

almost surely for any |λ| < 1/αi. Then the following hold:

(a) The sum
∑n

i=1Di is sub-exponential with parameters
(√∑n

i=1 ν
2
k , α∗

)
where α∗ := maxk=1,...,n αk.

(b) The sum satisfies the concentration inequality

P

(∣∣∣∣∣
n∑

k=1

Dk

∣∣∣∣∣ ≥ t
)
≤


2 exp

(
− t2

2
∑n

k=1 ν
2
k

)
, if 0 ≤ t ≤

∑n
k=1 ν

2
k

α∗

2 exp

(
− t

2α∗

)
, if t >

∑n
k=1 ν

2
k

α∗
.

(B.1)

Theorem B.5 (Convergence Theorem). [Levin et al., 2017, Theorem 4.9] Suppose P is irreducible and aperiodic with
stationary distribution w. Then the chain converges geometrically fast to stationarity in total variation: there exist constants
ϕ ∈ (0, 1) and G > 0 such that

max
x
∥P t(x, ·)− w∥TV ≤ Gϕt.

C PROOFS OF RESULTS USED IN SECTION 2

Lemma C.1 (Arrival-occupancy counting). Following the notation introduced in Section 1.1 and let Ft denote the natural
filtration generated by the historyHt at arrival t. Then, we have the following:

n−1∑
t=0

Nt =

n−1∑
t=0

AtCt(n− 1), almost surely. (C.1)

Ct(n) := Eπ
µ[Ct(n)|Ft] ≤

λ

µ
. (C.2)
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Proof. For 0 ≤ t < l ≤ n − 1, define the indicator, It,l = 1{arrival t is accepted and still in service at arrival l}, and
observe that

Nl = N0 +

l−1∑
t=0

It,l =

l−1∑
t=0

It,l,

since N0 = 0 by assumption. We now sum over l = 0 to l = n− 1 and interchange the order of summations to get

n−1∑
l=0

Nl =

n−1∑
l=0

l−1∑
t=0

It,l =

n−1∑
t=0

n−1∑
l=t+1

It,l =

n−1∑
t=0

AtCt(n− 1).

The last equality follow because if At = 0, then It,l = 0 for all l > t. So It,l can be non-zero only if At = 1. When At = 1,∑n−1
l=t+1 It,l counts the number of arrivals in {t+1, t+2, . . . , n− 1} during which arrival t is still in service. This is exactly

Ct(n− 1) by definition.

Let job t arrive at time ut and has service time St, then:,

Ct(n) := min
(
n− t,#

{
arrivals during [ut, ut + St)

})
.

On taking expectation:

Ct(n) = E

n−t∑
j=1

j
(λSt)

j

j!
e−λSt

+ E

(n− t) ∞∑
j=n−t+1

(λSt)
j

j!
e−λSt


=

n−t∑
j=1

j

(
λ

λ+ µ

)j (
µ

λ+ µ

)
+ (n− t)

∞∑
j=n−t+1

(
λ

λ+ µ

)j (
µ

λ+ µ

)

=

n−t∑
j=1

j

(
λ

λ+ µ

)j (
µ

λ+ µ

)
+ (n− t)

(
λ

λ+ µ

)n−t+1

=
λ

µ

(
1− (n− t+ 1)

(
λ

λ+ µ

)n−t
)

+
λ

µ

(
(n− t)

(
λ

λ+ µ

)n−t+1
)

+ (n− t)
(

λ

λ+ µ

)n−t+1

=
λ

µ

(
1−

(
λ

λ+ µ

)n−t
)
≤ λ

µ

C.1 PROOF OF LEMMA 2.3

Proof. Let Λ = Λn
Leb × κ be a reference dominating measure over the sample space of realizations hn =

{(at)n−1
t=0 , (tt)

n
t=1, (nt)

n
t=0}, where Λn

Leb is the standard Lebesgue measure on Rn
+ governing the inter-arrival times, and κ is

the counting measure governing the discrete action and state spaces. Let pπµ denote the joint Radon-Nikodym derivative of
Pπ
µ with respect to Λ. Since π is a behavioral policy, the distribution of action At depends only on the realized historyHt.

By Assumption 1.2, we have

pπµ(hn) =

(
n∏

t=1

λe−λtt

)
n−1∏
t=0

pπ(at | ht)Pµ(nt+1 | nt, at, tt+1), (C.3)

where pπ(at | ht) := Pπ
µ(At = at | Ht = ht) is the probability of choosing action at given history ht under π (independent

of service rate µ) and Pµ(nt+1 | nt, at, tt+1) := Pπ
µ(Nt+1 = nt+1 | Nt = nt, At = at, Tt+1 = tt+1) is the state transition

probability under service rate µ (independent of policy π). By memoryless property of exponential distribution, each of
the nt + at servers independently completes the service during inter-arrival time tt+1 with probability 1− e−µtt+1 . Thus,
conditional on Nt, At, and Tt+1, the remaining number of busy servers Nt+1 follows a binomial distribution:

Pµ(Nt+1 = nt+1 | nt, at, tt+1) =

(
nt + at
nt+1

)
(e−µtt+1)

nt+1(1− e−µtt+1)nt+at−nt+1 .
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To evaluate the relative entropy, we construct the log-likelihood ratio between the parameters µ0 and µ1. Because the
inter-arrival time density terms and the policy action probabilities pπ(at | ht) are independent of the service rate µ, they
cancel identically in the ratio, yielding

log
pπµ0

(Hn)

pπµ1
(Hn)

=

n−1∑
t=0

log
Pµ0

(Nt+1 | Nt, At, Tt+1)

Pµ1(Nt+1 | Nt, At, Tt+1)
. (C.4)

Taking the expectation of this log-likelihood ratio under the probability measure Pπ
µ0

, and using the standard identity for the
KL divergence between two binomial distributions, DKL

(
Bin(m, q0) ∥ Bin(m, q1)

)
= md(q0 ∥ q1), we obtain

DKL(Pπ
µ0
∥ Pπ

µ1
) =

n−1∑
t=0

Eπ
µ0

[
(Nt +At) d(e

−µ0Tt+1 ∥ e−µ1Tt+1)
]

(i)
= Eπ

µ0

[
n−1∑
t=0

(Nt +At)

]
Dλ(µ0 ∥ µ1)

(ii)
= Eπ

µ0

[
n−1∑
t=0

(At(1 + Ct(n− 1)))

]
Dλ(µ0 ∥ µ1)

(iii)
= Eπ

µ0

[
n−1∑
t=0

(At(1 + Ct(n− 1)))

]
Dλ(µ0 ∥ µ1)

(iv)

≤
(
1 +

λ

µ0

)
Eπ
µ0

[
n−1∑
t=0

At

]
Dλ(µ0 ∥ µ1).

In the above display, (i) follows from Assumption 1.2, (ii) follows from (C.1), (iii) follows from tower property by taking
conditional expectation given σ(Ht) and (iv) follows from (C.2). The term (1+λ/µ0)D

λ(µ0 ∥ µ1) quantifies the expected
information generated by each accepted arrival to distinguish between the two service rates based on future observations of
ongoing service at arrivals epochs.

C.2 PROOF OF LEMMA 2.4

Proof. By definition of the inter-arrival KL divergence,

Dλ(µ ∥ ν) = Eτ∼Exp(λ)[d(e
−µτ ∥ e−ντ )].

= Eτ∼Exp(λ)

[
e−µτ log

e−µτ

e−ντ

]
︸ ︷︷ ︸

I1

+Eτ∼Exp(λ)

[
(1− e−µτ ) log

(1− e−µτ )

(1− e−ντ )

]
︸ ︷︷ ︸

I2

Calculating the two terms separately gives us:

I1 = Eτ∼Exp(λ)

[
e−µτ (−µτ − (−ντ))

]
= Eτ∼Exp(λ)

[
(ν − µ)τe−µτ

]
= (ν − µ)

∫ ∞

0

te−µtλe−λtdt = (ν − µ) λ

(λ+ µ)2
,

and

I2 = Eτ∼Exp(λ)

[
(1− e−µτ ) log

(
1− e−µτ

1− e−ντ

)]
=

∫ ∞

0

(1− e−µt) log

(
1− e−µt

1− e−νt

)
λe−λtdt.

On differentiating with respect to ν we get:

∂

∂ν
Dλ(µ ∥ ν) = λ

(λ+ µ)2
+

∫ ∞

0

(1− e−µt)
tλe−λt

(1− e−νt)
dt

Observe that λ
(λ+µ)2 > 0 and ∀t > 0, (1 − e−µt) tλe−λt

(1−e−νt) > 0. Thus, ∂
∂νD

λ(µ ∥ ν) > 0, ∀ν > µ. Hence, for µ < µ∗ ,
Dλ(µ ∥ ν) is strictly increasing for ν > µ. The infimum of Dλ(µ ∥ ν) in the feasible set ν ≥ µ∗ is attained at the end point,
that is, at µ∗.
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D ACHIEVABILITY RESULTS IN ACCEPT-OPTIMAL REGIME

D.1 PROOF OF LEMMA 3.3

Proof. Let Ft := σ(Ht, At) denote the natural filtration generated by the observed history Ht =
{N0, A0, T1, . . . , Nt−1, At−1, Tt, Nt} and the action At at arrival t. For any ν < µ∗, define the process {Mt(ν) : t ≥ 0}
as :

M0(ν) = 1 and ∀t > 0, Mt(ν) :=
Lt(ν)

Lt(µ∗)
.

For service rate µ ≥ µ∗, observe that Mt(ν) is non-negative and Ft-measurable as likelihood depends only on
(Ni, Ai, Ti+1, Ni+1) for i = 0, . . . , t − 1, all of which are Ft-measurable. Moreover, Mt(µ) is integrable for each t.
It follow from (7) that

Eπtest

µ

[
Lt+1(ν)

Lt+1(µ∗)

∣∣∣∣Ft

]
=

Lt(ν)

Lt(µ∗)
Eπtest

µ

[
Pν(Nt+1 | Nt, At, Tt+1)

Pµ∗(Nt+1 | Nt, At, Tt+1)

∣∣∣∣Ft

]
.

Under rate µ′ > 0, the conditional distribution of Nt+1 given (Ht, At, Tt+1) is Bin(Nt +At, e
−µ′Tt+1), that is,

Pµ′(Nt+1 = nt+1 | Nt = nt, At = at, Tt+1 = tt+1) =

(
nt + at
nt+1

)
(e−µ′tt+1)

nt+1

(1− e−µ′tt+1)nt+at−nt+1 .

Since the number of servers k is finite, nt+1 and nt + at bounded above by k and k + 1 respectively. As e−µT is strictly
decreasing in µ for a fixed T , we obtain the following:

ν < µ∗ < µ =⇒ e−νT > e−µ∗T > e−µT . (D.1)

To simplify expression, introduce a := e−νtt+1 , b := e−µ∗tt+1 , c := e−µtt+1 , and observe that

Pν(Nt+1 | Nt, At, Tt+1)

Pµ∗(Nt+1 | Nt, At, Tt+1)
=

(
e−νtt+1

e−µ∗tt+1

)nt+1
(

1− e−νtt+1

1− e−µ∗tt+1

)nt+at−nt+1

=
(a
b

)nt+1
(
1− a
1− b

)nt+at−nt+1

.

Taking expectation under service rate µ, we obtain

Eπtest

µ

[
Pν(Nt+1 | Nt, At, Tt+1)

Pµ∗(Nt+1 | Nt, At, Tt+1)

∣∣∣∣Ft

]
=

nt+at∑
nt+1=0

(
nt + at
nt+1

)
cnt+1(1− c)nt+at−nt+1

(a
b

)nt+1
(
1− a
1− b

)nt+at−nt+1

=

(
ac

b
+

(1− a)(1− c)
(1− b)

)nt+at

≤ 1. (D.2)

To see why the last inequality in (D.2) is true, observe that

1− ac

b
− (1− a)(1− c)

1− b
=

(a− b)(b− c)
b(1− b)

≥ 0,

since 0 < c ≤ b ≤ a ≤ 1. For ν < µ∗ < µ from (D.1) and (D.2), we get

Eπtest

µ [Mt+1(ν) | Ft] = Eπtest

µ

[
Lt+1(ν)

Lt+1(µ∗)

∣∣∣∣Ft

]
≤ Lt(ν)

Lt(µ∗)
=Mt(ν) a.s. (D.3)

Thus, under µ ≥ µ∗, {Mt(ν)}t≥0 is a nonnegative supermartingale for every ν < µ∗. Finally, since Wt =

(1/µ∗)
∫ µ∗

0
Mt(ν)dν, we have

Eπtest

µ [Wt+1|Ft] = Eπtest

µ

[
1

µ∗

∫ µ∗

0

Mt+1(ν)dν

∣∣∣∣∣Ft

]
(i)
=

1

µ∗

∫ µ∗

0

Eπtest

µ [Mt+1(ν)|Ft] dν
(ii)

≤ 1

µ∗

∫ µ∗

0

Mt(ν)dν =Wt

almost surely. Here, (i) follows from an application of Tonelli’s theorem, and (ii) uses (D.3). Hence, {Wt}t≥0 is a
nonnegative supermartingale under the null, that is, when µ ≥ µ∗.
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E PROOF OF LEMMA 3.7

This section establishes the key technical result needed for the proof of Theorem 3.4. We establish an upper bound on the
expected stopping time – defined in (9)– under the alternative hypothesis. We first recall the statement of Lemma 3.7.

Lemma 3.7. Suppose µ < µ∗. Let τ be the stopping time defined in 9 with respect to the natural filtration
{σ(Ht, At)}t≥0. Then, the expected stopping time satisfies:

Eπtest

µ [τ ] ≤ log(1/α)

γ∗
(1 + o(1))

where the constant γ∗ is given by:

γ∗ = Dλ(µ ∥ µ∗)

(
1−B

(
k,
λ

µ

))(
1 +

λ

µ

)

Proof Strategy: The proof proceeds in four steps. First, we introduce an auxiliary process W̃t(µ) and an associated stopping
time τ̃(µ) that stochastically dominates τ , so that it suffices to bound Eπtest

µ [τ̃(µ)] (Lemma E.1). Second, we decompose
W̃t(µ) via its Doob decomposition into a martingale part Mt(µ) and a predictable part Yt(µ) (Proposition E.2), and show
Yt(µ) grows at least linearly (Lemma E.4). Third, in Lemma E.5 we verify the hypotheses of Doob’s Optional Stopping
Theorem for {Mt(µ)} at τ̃(µ), which requires showing Eπtest

µ [τ̃(µ)] <∞; we do this by combining the martingale strong
law of large numbers (which shows the linear drift asymptotically dominates the martingale fluctuations almost surely)
with a Bernstein-type concentration bound (which quantifies this domination at a rate sufficient for summability). Fourth,
we combine the optional stopping result with the drift lower bound and an overshoot bound to obtain the stated bound on
Eπtest

µ [τ̃(µ)]; optimizing the auxiliary parameter δ at the end (Lemma 3.7). The rest of this section makes this argument
precise.

Define the auxiliary process as:

W̃0(µ) = 0, and ∀t > 0, W̃t(µ) :=
1

δ

∫ µ

µ−δ

log
Lt(ν)

Lt(µ∗)
dν, (E.1)

and the associated stopping time as:

τ̃(µ) := inf

{
t ≥ 1 : W̃t(µ) ≥ log

(
µ∗

δα

)}
. (E.2)

Both W̃t(µ) and τ̃(µ) depend on the auxiliary parameter δ, which we suppress from the notation until Section E.2, where it
is fixed to an explicit value depending on µ and α.

E.1 SUPPORTING TECHNICAL LEMMAS

Lemma E.1. Suppose µ < µ∗. Then for all δ ∈ (0, µ∗),

Wt ≥
δ

µ∗ exp(W̃t(µ)),

where, the process Wt is defined in (8) and W̃t(µ) is defined in (E.1). Consequently, the stopping time τ̃(µ) (defined in
(E.2)) satisfies τ ≤ τ̃(µ) and so, Eπtest

µ [τ ] ≤ Eπtest

µ [τ̃(µ)] .

Proof. The proof is a consequence of the nonnegativity of likelihood ratios and the convexity of exponential function as
shown below:

Wt :=
1

µ∗

∫ µ∗

0

Lt(ν)

Lt(µ∗)
dν ≥ 1

µ∗

∫ µ

µ−δ

Lt(ν)

Lt(µ∗)
dν

=
1

µ∗

∫ µ

µ−δ

exp

(
log

(
Lt(ν)

Lt(µ∗)

))
dν
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=
δ

µ∗

∫ µ

µ−δ

1

δ
exp

(
log

(
Lt(ν)

Lt(µ∗)

))
dν

(i)

≥ δ

µ∗ exp

(
1

δ

∫ µ

µ−δ

log

(
Lt(ν)

Lt(µ∗)

)
dν

)
=

δ

µ∗ exp(W̃t(µ)),

where (i) follows from Jensen’s inequality applied to the convex function x 7→ ex with respect to the uniform probability mea-
sure 1

δdν on [µ− δ, µ]. This lower bound directly compares the two stopping times: on the event {W̃t(µ) ≥ log(µ∗/(δα))},
the bound above gives

Wt ≥
δ

µ∗ exp(W̃t(µ)) ≥
δ

µ∗ ·
µ∗

δα
=

1

α
.

Since, every crossing of W̃t(µ) above log(µ∗/(δα)), necessarily implies a crossing of Wt above 1/α, and τ is the first time
Wt ≥ 1/α, it follows that

τ ≤ τ̃(µ) almost surely,

and therefore Eπtest

µ [τ ] ≤ Eπtest

µ [τ̃(µ)].

Define the natural filtration generated by past actions and observations up to arrival t:

Ft := σ(Ht, At) = σ(N0, A0, T1, . . . , Nt−1, At−1, Tt, Nt, At). (E.3)

Proposition E.2 (Doob Decomposition). Let W̃t(µ) be the process defined in (E.1) and let {Ft}t≥0 be the filtration defined
in (E.3). There exists an almost surely unique decomposition

W̃t(µ) =Mt(µ) + Yt(µ), ∀t ≥ 0,

where {Mt(µ)}t≥0 is an {Ft}t≥0-martingale under µ and {Yt(µ)}t≥0 is a predictable process. The explicit expression is
given by:

Mt(µ) := W̃t(µ)−
t−1∑
i=0

Eπtest

µ [W̃i+1(µ)− W̃i(µ) | Fi], M0(µ) = 0,

and Yt(µ) :=
t−1∑
i=0

Eπtest

µ [W̃i+1(µ)− W̃i(µ)|Fi], Y0(µ) = 0.

Proof. The process {W̃t(µ)}t≥0 is adapted to {Ft}t≥0 and satisfies Eπtest

µ [|W̃t(µ)|] < ∞ for every t ≥ 0. By (7), the
log-likelihood ratio comparing ν to µ∗ at arrival t is:

log
Lt(ν)

Lt(µ∗)
:=

t−1∑
i=0

log
Pν(Ni+1 | Ni, Ai, Ti+1)

Pµ∗(Ni+1 | Ni, Ai, Ti+1)

=

t−1∑
i=0

(µ∗ − ν)Ti+1Ni+1 + (Ni +Ai −Ni+1) log

(
1− e−νTi+1

1− e−µ∗Ti+1

)
. (E.4)

Each summand in (E.4) depends only on (Ni, Ai, Ti+1, Ni+1) for i = 0, . . . , t− 1, all of which are Ft-measurable. Hence
logLt(ν)/Lt(µ

∗) is Ft-measurable for every fixed ν ∈ [µ− δ, µ], and since W̃t(µ), is a Lebesgue integral over a bounded
interval of Ft-measurable integrands, it is Ft-measurable.

Thus,

Eπtest

µ

[∣∣∣∣log Lt(ν)

Lt(µ∗)

∣∣∣∣] (i)

≤ Eπtest

µ

[
t−1∑
i=0

(µ∗ − ν)Ti+1Ni+1

]
+ Eπtest

µ

[
t−1∑
i=0

(Ni +Ai −Ni+1)

∣∣∣∣log 1− e−νTi+1

1− e−µ∗Ti+1

∣∣∣∣
]
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(ii)

≤ (µ∗ − ν)kt
λ

+ (k + 1)t

∣∣∣∣log ν

µ∗

∣∣∣∣ (E.5)

(iii)

≤ (µ∗ − µ+ δ)
kt

λ
+ (k + 1)t log

µ∗

µ− δ
.

In the above display (i) follows from the decomposition in (E.4) For (ii), we bound the two terms separately. The first term
is controlled using Ni+1 ≤ k and Eπtest

µ [Ti+1] = 1/λ. For the second term, we use the inequality∣∣∣∣log 1− e−νT

1− e−µ∗T

∣∣∣∣ ≤ ∣∣∣∣log ν

µ∗

∣∣∣∣ , T > 0,

together with the almost-sure bound Ni +Ai −Ni+1 ≤ k + 1. (iii) holds because ν ∈ [µ− δ, µ].

Finally, integrating over ν ∈ [µ− δ, µ] and applying Fubini’s theorem gives

Eπtest

µ

[
|W̃t(µ)|

]
≤ K(µ, µ∗, δ, k, λ) t <∞, (E.6)

where K(µ, µ∗, δ, k, λ) := (µ∗ − µ+ δ) k/λ+ (k + 1) log(µ∗/(µ− δ)) is a finite constant. Since {W̃t(µ)}t≥0 is adapted
and integrable with respect to {Ft}t≥0 it admits an almost surely unique Doob decomposition [Hajek, 2015, Example 10.7],
given explicitly by

W̃t(µ) =Mt(µ) + Yt(µ), ∀t ≥ 0,

where, Mt(µ) := W̃t(µ)−
t−1∑
i=0

Eπtest

µ [W̃i+1(µ)− W̃i(µ) | Fi], M0(µ) = 0,

and Yt(µ) :=
t−1∑
i=0

Eπtest

µ [W̃i+1(µ)− W̃i(µ)|Fi], Y0(µ) = 0.

Lemma E.3. Let µ > 0 and suppose δ ∈ (0, µ/2). Then

1

δ

∫ µ

µ−δ

Dλ(µ∥ν) dν ≤ λδ2

3(µ− 2δ)3
+

0.65λδ2

3(µ− δ)3
.

Proof. Evaluating the δ-strip integral of the inter-arrival KL divergence yields∫ µ

µ−δ

Dλ(µ||ν)dν =

∫ µ

µ−δ

∫ ∞

0

λe−λtd(e−µt||e−νt)dt dν
(i)
=

∫ ∞

0

λe−λt

(∫ µ

µ−δ

d(e−µt||e−νt)dν

)
dt,

where (i) follows from Fubini’s theorem.
Let p and q be two Bernoulli distributions with 0 < p < q < 1, and let f = q − p. Then by Taylor’s theorem along with the
mean-value theorem we get,

d(p ∥ q) = d(p ∥ p) +
(
− pf

1 + αf
+

(1− p)f
1− p− αf

) ∣∣∣∣∣
α=0

+
f2

2

(
p

(p+ α̃f)2
+

1− p
(1− p− α̃f)2

)
=
f2

2

(
p

(p+ α̃f)2
+

1− p
(1− p− α̃f)2

)
,

for some α̃ ∈ [0, 1]. Maximizing each term separately over α̃ ∈ [0, 1] we have

d(p ∥ p+ f) ≤ f2

2

(
1

p
+

1− p
(1− q)2

)
. (E.7)

Using (E.7), we have for ν ∈ [µ− δ, µ]

d(e−µt ∥ e−νt) ≤ 1

2
(e−µt − e−νt)2

(
eµt +

1− e−µt

(1− e−νt)2

)
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<
1

2
(e−µt − e−νt)2eµt +

(e−µt − e−νt)2

(1− e−νt)2

(i)
=

1

2
(e−µt + e(µ−2ν)t − 2e−νt) +

1

2
(e−2µt + e−2νt − 2e−(µ+ν)t)

∞∑
n=0

(n+ 1)e−nνt

=
1

2
(e−µt + e(µ−2ν)t − 2e−νt)

+
1

2

∞∑
n=0

(n+ 1)e−(2µ+nν)t + (n+ 1)e−(n+2)νt − 2(n+ 1)e−(µ+(n+1)ν)t, (E.8)

where, (i) follows from geometric series expansion.

For the contribution of the second term in (E.8) to the inter-arrival KL divergence, we interchange the order of integration
and summation by Tonelli’s theorem, since each summand is non-negative. Thus,

∞∑
n=0

∫ ∞

0

λe−λt
(
(n+ 1)e−(2µ+nν)t + (n+ 1)e−(n+2)νt − 2(n+ 1)e−(µ+(n+1)ν)t

)
dt

=

∞∑
n=0

(n+ 1)λ

(
1

λ+ 2µ+ nν
+

1

λ+ (n+ 2)ν
− 2

λ+ µ+ (n+ 1)ν

)

= 2λ(µ− ν)2
∞∑

n=0

n+ 1

(λ+ µ+ (n+ 1)ν)(λ+ 2µ+ nν)(λ+ (n+ 2)ν)

≤ 2λ(µ− ν)2 1

(µ− δ)3

( ∞∑
n=0

1

(n+ 2)2

)
= 2λ(µ− ν)2 1

(µ− δ)3

(
π2

6
− 1

)
≤ 1.3

λ(µ− ν)2

(µ− δ)3
.

Assuming that δ < µ/2, the integral of the first term in (E.8) gives∫ ∞

0

λe−λt(e−µt + e(µ−2ν)t − 2e−νt)dt =
λ

λ+ µ
+

λ

λ+ 2ν − µ
− 2λ

λ+ ν

=
2λ(µ− ν)2

(λ+ 2ν − µ)(λ+ ν)(λ+ µ)
≤ 2λ(µ− ν)2

(µ− 2δ)3
.

Combining the two bounds yields∫ µ

µ−δ

Dλ(µ||ν)dν ≤
∫ µ

µ−δ

(∫ ∞

0

λe−λtd(e−µt||e−νt)dt

)
dν ≤

∫ µ

µ−δ

(
λ(µ− ν)2

(µ− 2δ)3
+ 0.65

λ(µ− ν)2

(µ− δ)3

)
dν.

Therefore, we have

1

δ

∫ µ

µ−δ

Dλ(µ||ν)dν ≤ 1

3

λδ2

(µ− 2δ)3
+

0.65

3

λδ2

(µ− δ)3
.

Lemma E.4. There exists δ∗(µ) > 0 such that for every δ ∈ (0, δ∗(µ)), the process {W̃t(µ)}t≥0 defined in (E.1) is a
submartingale under µ with respect to the filtration {Ft}t≥0 defined in (E.3).

Proof. Let W̃t(µ) =Mt(µ)+Yt(µ) be the the (a.s.) unique Doob decomposition of W̃t(µ) under µ with respect to {Ft}t≥0

defined in Proposition E.2. W̃t(µ) is an {Ft}t≥0-submartingale under µ if and only if Yt(µ) is almost surely non-decreasing
in t [Durrett, 2019, Section 4.2]. From (E.4) we have,

W̃t(µ) :=
1

δ

∫ µ

µ−δ

log

(
Lt(ν)

Lt(µ∗)

)
dν

=
1

δ

∫ µ

µ−δ

(
t−1∑
i=0

(µ∗ − ν)Ti+1Ni+1 + (Ni +Ai −Ni+1) log

(
1− e−νTi+1

1− e−µ∗Ti+1

))
dν
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=

t−1∑
i=0

1

δ

∫ µ

µ−δ

(
(µ∗ − ν)Ti+1Ni+1 + (Ni +Ai −Ni+1) log

(
1− e−νTi+1

1− e−µ∗Ti+1

))
dν. (E.9)

By definition Yt(µ) :=
∑t−1

i=0 Eπtest

µ [W̃i+1(µ)− W̃i(µ)|Fi] for t > 0 and Y0 = 0. The summands of Yt(µ) satisfy:

Eπtest

µ [W̃i+1(µ)− W̃i(µ)|Fi] = Eπtest

µ

[
1

δ

∫ µ

µ−δ

(
(µ∗ − ν)Ti+1Ni+1 + (Ni +Ai −Ni+1) log

(
1− e−νTi+1

1− e−µ∗Ti+1

))
dν
∣∣∣Ni, Ai

]
= Eπtest

µ

[
(Ni +Ai)

(
1

δ

∫ µ

µ−δ

Dλ(ν∥µ∗)dν

) ∣∣∣Ni, Ai

]
= Eπtest

µ

[
(Ni +Ai)

(
1

δ

∫ µ

µ−δ

(
Dλ(µ∥µ∗)−Dλ(µ∥ν)

)
dν

) ∣∣∣Ni, Ai

]
= (Ni +Ai)

(
Dλ(µ∥µ∗)− 1

δ

∫ µ

µ−δ

Dλ(µ∥ν)dν
)

By Lemma E.3,

1

δ

∫ µ

µ−δ

Dλ(µ||ν)dν ≤ 1

3

λδ2

(µ− 2δ)3
+

0.65

3

λδ2

(µ− δ)3
−−→
δ↓0

0.

Since Dλ(µ∥µ∗) > 0 whenever µ < µ∗, and the right-hand side above vanishes as δ ↓ 0, there exists δ∗(µ) > 0 such that
for all δ ∈ (0, δ∗(µ)),

1

δ

∫ µ

µ−δ

Dλ(µ||ν)dν < Dλ(µ||µ∗),

that is,

η(δ, µ) := Dλ(µ∥µ∗)− 1

δ

∫ µ

µ−δ

Dλ(µ∥ν)dν > 0. (E.10)

Fix any δ ∈ (0, δ∗(µ)) for the remainder of this lemma. Combining (E.10) and Ni + Ai = min(Ni + 1, k) ≥ 1 almost
surely yields

Eπtest

µ [W̃i+1(µ)− W̃i(µ)|Fi] = (Ni +Ai) η(δ, µ) > 0,

Hence, the predictable part grows at least linearly in t:

Yt(µ) =

t−1∑
i=0

Eπtest

µ [W̃i+1(µ)− W̃i(µ)|Fi] ≥ t η(δ, µ).

This implies that {W̃t(µ)}t≥0 is an Ft-submartingale under µ < µ∗ for every δ ∈ (0, δ∗(µ)).

Lemma E.5. Let δ ∈ (0, δ∗(µ)) be fixed as in Lemma E.4, let τ̃(µ) be the stopping time defined in (E.2) and let the
{Mt(µ),Ft}t≥0 be the martingale defined in Proposition E.2. Then {Mt(µ)} satisfies the hypotheses of Doob’s Optional
Stopping Theorem (recalled in Theorem B.3) at τ̃(µ); that is,

1. (Bounded increments) There exists a constant c0 <∞ such that

Eπtest

µ [|Mt+1(µ)−Mt(µ)| | Ft] ≤ c0

almost surely on {τ̃(µ) > t} for every t ≥ 0.

2. (Finite expected stopping time) Eπtest

µ [τ̃(µ)] <∞.

Consequently, Doob’s Optional Stopping Theorem applies to {Mt(µ)} at τ̃(µ) and

Eπtest

µ

[
Mτ̃(µ)(µ)

]
= Eπtest

µ [M0(µ)] = 0.
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Proof. This proof will proceed in 3 steps. Step 0 provides a qualitative description. Step 1 and 2 verify the two hypothesis
required for applying Doob’s OST.

Step 0: Martingale difference and the strong law. Define Dt :=Mt(µ)−Mt−1(µ). By the definition of Mt(µ),

Dt = W̃t(µ)− W̃t−1(µ)− Eπtest

µ

[
W̃t(µ)− W̃t−1(µ) | Ft−1

]
,

and hence

Eπtest

µ [D2
t | Ft−1] = Eπtest

µ

[
(W̃t(µ)− W̃t−1(µ))

2 | Ft−1

]
−
(
Eπtest

µ [W̃t(µ)− W̃t−1(µ) | Ft−1]
)2
. (E.11)

By the per-step log-likelihood ratio bound established in (E.5) we have,

1

δ

∫ µ

µ−δ

(µ∗ − ν)Eπtest

µ [Ti+1Ni+1 | Ni, Ai] + Eπtest

µ

[
(Ni +Ai −Ni+1) log

(
1− e−νTi+1

1− e−µ∗Ti+1

) ∣∣∣∣Ni, Ai

]
dν

≤ (µ∗ − (µ− δ))k
λ
+ k log

(
µ∗

µ− δ

)
. (E.12)

Combining (E.9), (E.11) and (E.12) we get,

Eπtest

µ [D2
t | Ft−1] ≤

2k2

λ2
(µ∗ − (µ− δ))2 + k2 log2

(
µ∗

µ− δ

)
+

2k2

λ
(µ∗ − (µ− δ)) log

(
µ∗

µ− δ

)
−
(
Dλ(µ∥µ∗)− 1

δ

∫ µ

µ−δ

Dλ(µ∥ν) dν
)2

< ∞. (E.13)

Since supt Eπtest

µ [D2
t | Ft−1] < ∞, the martingale strong law of large numbers [Hall and Heyde, 1980, Theorem 2.15]

applies, giving
Mt(µ)/t→ 0 almost surely under Pπtest

µ .

By Lemma E.4 the predictable part satisfies
Yt(µ) ≥ η(δ, µ) t,

where η(δ, µ) > 0. Combined with the almost sure convergence Mt/t → 0, it follows that that the linear drift Yt(µ)
eventually dominates the martingale fluctuation Mt(µ) almost surely. Consequently, the event {W̃t(µ) < log(µ∗/δα)}
requires Mt(µ) to fall a linear-in-t amount below its almost-sure limiting trajectory, since Yt(µ) ≥ η(δ, µ)t. This is precisely
a large-deviation event, so its probability must vanish as t→∞. Step 2 below makes this quantitative via a Bernstein-type
concentration bound, yielding a rate of decay fast enough to guarantee summability of Pπtest

µ (τ̃(µ) > t) over t, and hence
Eπtest

µ [τ̃(µ)] <∞.

Step 1: Bounded increments. On the event {τ̃(µ) > t}, it follows from (E.9) and (E.12) that,

Eπtest

µ

[
|Mt+1(µ)−Mt(µ)| | Ft

]
= Eπtest

µ

[∣∣W̃t+1(µ)− W̃t(µ)− Eπtest

µ [W̃t+1(µ)− W̃t(µ) | Ft]
∣∣ ∣∣∣Ft

]
≤ 2Eπtest

µ

[
W̃t+1(µ)− W̃t(µ)

∣∣Ft

]
≤ (µ∗ − (µ− δ))2k

λ
+ 2k log

(
µ∗

µ− δ

)
=: c0 <∞.

Thus, the conditional expectation of the absolute increments of {Mt(µ)}t≥0 is almost surely bounded by c0, uniformly in t.
Step 2: Finite expected stopping time. Since τ̃(µ) is a non-negative integer-valued random variable,

Eπtest

µ [τ̃(µ)] =

∞∑
t=0

Pπtest

µ (τ̃(µ) > t).

For any t > 0, by definition of τ̃(µ) in (E.2) it follows that,

Pπtest

µ (τ̃(µ) > t)=Pπtest

µ

( t⋂
i=0

{
W̃i(µ)< log(µ∗/δα)

})
≤ Pπtest

µ

(
W̃t(µ) < log(µ∗/δα)

)
= Pπtest

µ

(
Mt(µ) + Yt(µ) < log(µ∗/δα)

)
.
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By Lemma E.4, since Yt(µ) ≥ η(δ, µ) t , we obtain

Pπtest

µ (τ̃(µ) > t) ≤ Pπtest

µ

(
Mt(µ) < log(µ∗/δα)− η(δ, µ) t

)
.

Sub-exponential tails for the martingale differences. The following holds almost surely:

|Dt| =
∣∣∣W̃t(µ)− W̃t−1(µ)− Eπtest

µ

[
W̃t(µ)− W̃t−1(µ)

∣∣Ft−1

]∣∣∣
≤ (µ∗ − (µ− δ)) k Tt︸ ︷︷ ︸

linear-in-Tt term

+ 2k log

(
µ∗

µ− δ

)
+ (µ∗ − (µ− δ))k

λ︸ ︷︷ ︸
constant term

=: DU
t .

Define

a := (µ∗ − (µ− δ)) k, C := 2k log

(
µ∗

µ− δ

)
+ (µ∗ − (µ− δ))k

λ
,

we have DU
t = aTt + C. Since Tt ∼ Exp(λ), it follows that

Pπtest

µ (|Dt| > x) ≤ Pπtest

µ (DU
t > x) = Pπtest

µ

(
Tt >

x− C
a

)
= exp

(
−λ(x− C)

a

)
= c1e

−c2x,

where c1 := eλC/a and c2 := λ/a.

By the standard equivalence between sub-exponential tails and sub-exponential MGF bounds [Wainwright, 2019, Theorem
2.6], the tail bound Pπtest

µ (|Dt| > x) ≤ c1e−c2x implies that there exist (νt, αt) depending only on (c1, c2), such that

Eπtest

µ [eθDt | Ft−1] ≤ eθ
2ν2

t /2 a.s. for all |θ| < 1/αt.

Set ν2∗ :=
∑t

i=1 ν
2
i and α∗ := max1≤i≤t αi. Then Mt(µ) =

∑t
i=1Di is sub-exponential with parameters (ν∗, α∗). By the

Bernstein-type tail bound (recalled in Theorem B.4), for all s ≥ 0,

Pπtest

µ (Mt(µ) ≤ −s) ≤


2 exp

(
− s2

2ν2∗

)
, 0 ≤ s ≤ ν2∗/α∗,

2 exp

(
− s

2α∗

)
, s > ν2∗/α∗.

Since log(µ∗/δα) is a fixed constant, there exists T0 such that log(µ∗/δα) ≤ η(δ,µ)
2 t for all t ≥ T0. Hence for t ≥ T0,

Pπtest

µ

(
Mt(µ) < log(µ∗/δα)− η(δ, µ) t

)
≤ Pπtest

µ

(
Mt(µ) ≤ −

η(δ, µ)

2
t

)
.

Set s = η(δ, µ) t/2 and C ′ := max1≤i≤t ν
2
i , so that ν2∗ ≤ C ′t. In the quadratic regime,

Pπtest

µ

(
Mt(µ) ≤ −

η(δ, µ)

2
t

)
≤ 2 exp

(
− (η(δ, µ)2/4)t2

2C ′t

)
= 2 exp

(
−η(δ, µ)

2

8C ′ t

)
,

and in the linear regime,

Pπtest

µ

(
Mt(µ) ≤ −

η(δ, µ)

2
t

)
≤ 2 exp

(
−η(δ, µ)

4α∗
t

)
.

In either case, taking c′ := min

{
η(δ, µ)2

8C ′ ,
η(δ, µ)

4α∗

}
, we obtain, for all sufficiently large t,

Pπtest

µ

(
Mt(µ) < log(µ∗/δα)− η(δ, µ) t

)
≤ 2e−c′t.

This geometric-type decay is summable: for t ≥ T0,

∞∑
t=T0

Pπtest

µ

(
Mt(µ) < log(µ∗/δα)− η(δ, µ) t

)
≤

∞∑
t=T0

2e−c′t =
2e−c′T0

1− e−c′
<∞,
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and the finitely many remaining terms t < T0 contribute a finite sum trivially. Recalling that {τ̃(µ) > t} ⊂
{
Mt(µ) <

log(µ∗/δα)− η(δ, µ) t
}

, it follows that

∞∑
t=0

Pπtest

µ (τ̃(µ) > t) ≤
∞∑
t=0

Pπtest

µ

(
Mt(µ) < log(µ∗/δα)− η(δ, µ) t

)
<∞,

i.e., Eπtest

µ [τ̃(µ)] <∞.

Combining Steps 1 and 2, we conclude that {Mt(µ)} satisfies the hypotheses of Doob’s Optional Stopping Theorem at
τ̃(µ). Thus,

Eπtest

µ

[
Mτ̃(µ)(µ)

]
= Eπtest

µ

[
M0(µ)

]
= 0.

We have now established all the intermediate results required for the proof of Lemma 3.7. We now complete the proof in the
remainder of this section.

E.2 PROOF OF LEMMA 3.7

Fix any δ ∈ (0, δ∗(µ)), so that the conclusions of Lemmas E.1–E.5 all hold; we optimize the choice of δ at the end of the
proof. Lemma E.1 implies that τ ≤ τ̃(µ). Therefore, it suffices to establish an upper bound on Eπtest

µ [τ̃(µ)].

By Lemma E.5, Doob’s Optional Stopping Theorem gives

Eπtest

µ

[
Mτ̃(µ)(µ)

]
= Eπtest

µ

[
M0(µ)

]
= 0.

Recall the decomposition W̃t(µ) =Mt(µ)+Yt(µ). Applying optional stopping to the sum defining Yτ̃(µ)(µ), together with
the per-step drift

Eπtest

µ

[
W̃t+1(µ)− W̃t(µ)

∣∣Ft

]
= (Nt +At) η(δ, µ)

established in Lemma E.4, we obtain

Eπtest

µ

[
W̃τ̃(µ)(µ)

]
= Eπtest

µ

τ̃(µ)−1∑
t=0

Eπtest

µ

[
W̃t+1(µ)− W̃t(µ)

∣∣Ft

] = Eπtest

µ

τ̃(µ)−1∑
t=0

(Nt +At)

 η(δ, µ). (E.14)

Since Nt +At = min(Nt + 1, k), the stationary average is

Ew[Nt +At] = (1 + ρ)
(
1−B(k, ρ)

)
, ρ := λ/µ,

where w is the stationary distribution of the state occupancy and B(k, ρ) is the Erlang–B blocking probability, as defined in
Definition 3.5. Combining this with mixing-time bound from Lemma 3.6 and (E.14) gives

(1 + ρ)
(
1−B(k, ρ)

)
η(δ, µ)E[τ̃(µ)] ≤ Eπtest

µ

[
W̃τ̃(µ)(µ)

]
+
Gk η(δ, µ)

1− ϕ
, (E.15)

Define γ(δ) := (1 + ρ)
(
1−B(k, ρ)

)
η(δ, µ).

Since τ̃(µ) is the first time the process {W̃t(µ)}t≥0 crosses the level log(µ∗/δα), let Bτ̃(µ) denote the overshoot of
W̃τ̃(µ)(µ) above this level, so that

Bτ̃(µ) ≤
(
W̃τ̃(µ)(µ)− W̃τ̃(µ)−1(µ)

)
+
,

and hence

Eπtest

µ

[
W̃τ̃(µ)(µ)

]
≤ log

(
µ∗

δα

)
+ Eπtest

µ

[
Bτ̃(µ)

]
.

It remains to bound Eπtest

µ [Bτ̃(µ)]. Since the martingale difference sequence is square-integrable, Jensen’s inequality together
with the tower property give

Eπtest

µ

[
(W̃τ̃(µ)(µ)− W̃τ̃(µ)−1(µ))+

]
≤
√
Eπtest
µ

[
(W̃τ̃(µ)(µ)− W̃τ̃(µ)−1(µ))2

]
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=

√
Eπtest
µ

[
Eπtest
µ

[
(W̃τ̃(µ)(µ)− W̃τ̃(µ)−1(µ))2 | Fτ̃(µ)−1

]]
,

and applying the bound from (E.13) to the inner conditional expectation shows that this quantity is at most K(δ) < ∞,
where

K(δ)2 =
2k2

λ2
(µ∗ − (µ− δ))2 + k2 log2

(
µ∗

µ− δ

)
+

2k2

λ
(µ∗ − (µ− δ)) log

(
µ∗

µ− δ

)
.

Substituting into (E.15), we obtain

γ(δ) Eπtest

µ [τ̃(µ)] ≤ log

(
µ∗

δα

)
+K(δ) +

Gk η(δ, µ)

1− ϕ
. (E.16)

Choice of δ. The bound (E.16) holds for every fixed δ ∈ (0, δ∗(µ)); we now choose δ as a function of µ and α. As
δ ↓ 0, η(δ, µ) → Dλ(µ∥µ∗) and correspondingly γ(δ) → γ∗ := (1 + ρ)

(
1 − B(k, ρ)

)
Dλ(µ∥µ∗); write η(δ, µ) =

Dλ(µ∥µ∗)− ϵ(δ) with

ϵ(δ) :=
1

δ

∫ µ

µ−δ

Dλ(µ∥ν) dν = O(δ2)

by Lemma E.3. We choose δ small enough, that (i) η(δ, µ) > 0 (i.e. δ < δ∗(µ), so that Lemmas E.4 and E.5 apply) and,
(ii) the term log(1/δ) in log(µ∗/(δα)) = log(1/α) + log(µ∗/δ) is asymptotically negligible relative to the leading term
log(1/α). Concretely, take

δ = δ(α) := min

(
δ∗(µ)

2
,
µ

2
,

1

log(1/α)

)
.

With this choice,

log

(
µ∗

δ(α)α

)
= log(1/α)

(
1 + o(1)

)
.

This holds as K(δ(α)) and Gk η(δ(α),µ)
1−ϕ remain bounded uniformly in α—since δ(α) ≤ δ∗(µ)/2, and both K(δ) and η(δ, µ)

are continuous and bounded on (0, δ∗(µ)/2]—and γ(δ(α)) → γ∗ as δ(α) → 0. Substituting into (E.16) and dividing
through by γ(δ(α)),

Eπtest

µ [τ̃(µ)] ≤
log(1/α)

(
1 + o(1)

)
+O(1)

γ(δ(α))
=

log(1/α)

γ∗

(
1 + o(1)

)
.

Combined with Eπtest

µ [τ ] ≤ Eπtest

µ [τ̃(µ)] from Lemma E.1, we conclude that

Eπtest

µ [τ ] ≤ log(1/α)

γ∗

(
1 + o(1)

)
.

This completes the proof.

F ACHIEVABILITY RESULTS IN REJECT-OPTIMAL REGIME

F.1 PROOF OF LEMMA 3.6

Proof. For each arrival i ≥ 0, let νi(·) := P(Ni ∈ ·) denote the distribution of the Erlang–B Markov chain at the ith arrival,
where the initial state occupancy N0 follows an arbitrary distribution ν0. By Theorem B.5, maxx ∥P i(x, ·)−w∥TV ≤ Gϕi,
and since total variation distance is convex in its first argument,

∥νi − w∥TV = ∥ν0P i − w∥TV ≤
∑
x

ν0(x) ∥P i(x, ·)− w∥TV ≤ Gϕi.

In particular, the resulting bound is uniform in the initial distribution, so we need not specify ν0. Then for any bounded f
with ∥f∥∞ ≤ m, by the definition of total variation distance,

|Eνi
[f ]− Ew[f ]| ≤ m ∥νi − w∥TV ≤ mGϕi.
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Thus, ∣∣∣∣∣E
[
T−1∑
t=0

f(Nt)

]
− E[T ]Ew[f ]

∣∣∣∣∣ =
∣∣∣∣∣
∞∑
t=1

P(T = t)

t−1∑
i=0

(Eνi
[f ]− Ew[f ])

∣∣∣∣∣
≤

∣∣∣∣∣
∞∑
t=1

P(T = t)

t−1∑
i=0

mGϕi

∣∣∣∣∣
≤ E

[
T−1∑
i=0

mGϕi

]
≤ mG

∞∑
i=0

ϕi ≤ mG

1− ϕ
.

This completes the proof.

G PROOFS OF RESULTS USED IN SECTION 4

G.1 PROOF OF LEMMA 4.3

Proof. Let Ti denote the first hitting time to state 0 when system starts in state i ∈ {0, 1, . . . , k} at time 0. Clearly, T0 = 0
almost surely. A one-step analysis yields:

E[Ti] =
1

λ+ iµ
+

λ

λ+ iµ
E[Ti+1] +

iµ

λ+ iµ
E[Ti−1], 1 ≤ i < k,

E[Tk] =
1

λ+ kµ
+

kµ

λ+ kµ
E[Tk−1] +

λ

λ+ kµ
E[Tk].

Rearranging the first equation for 1 ≤ i < k gives

λE[Ti+1 − Ti] = iµE[Ti − Ti−1]− 1.

Define di = E[Ti]− E[Ti−1]. Then {di}ki=1 satisfies the recursion

di+1 =
iµ

λ
di −

1

λ
, if 1 ≤ i < k,

dk =
1

kµ
.

where the boundary condition follows from the equation for E[Tk].

Since dk is know, the recursion can be solved backwards to obtain the unique minimal non-negative solution

di =

k∑
j=i

1

µ

(
λ

µ

)j−i
(i− 1)!

j!
, i = 1, 2, . . . , k.

Finally,

E[Ti] =
i∑

l=1

dl =

i∑
l=1

k∑
j=l

1

µ

(
λ

µ

)j−l
(l − 1)!

j!
, i = 1, . . . , k.

Hence
Th
0 := max

i∈{1,2,...,k}
E[Ti] <∞.

since k <∞ and each expectation is finite.
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Algorithm 3 Fixed-Horizon Implementable Policy πalg

1: Input: number of servers k, admission threshold µ∗, horizon n, covering width δ, grid size M , grid start point ϵ.
Initialize:

2: N0 ← 0 ▷ number of occupied servers.
3: A0 ← 1 ▷ admission decision
4: τ ← n ▷ stopping time; default to "never reject before horizon ends".
5: ζ0(ν)← 0, ∀ν ∈ [ϵ, µ∗] ▷ cumulative log-likelihood-ratio process, initialized to zero.
6: Define C := e log(µ∗/ϵ) ▷ constant controlling the test’s significance level.
7: Construct a deterministic covering grid of [ε, µ∗]:

Gi := ϵ+ (i− 1)
δ

2
, i = 1, . . . , κ+ 1, where κ := 2

⌈
µ∗ − ϵ
δ

⌉
.

8: Partition [ϵ, µ∗] into κ consecutive bins of width δ/2 using the grid points Gi:

Ii := [Gi, Gi+1), i = 1, . . . , κ− 1, and Iκ := [Gκ, µ
∗].

9: for each arrival t ∈ {1, . . . n− 1} while {t < τ} do
10: repeat
11: Draw ν

(t)
1 , . . . , ν

(t)
M

i.i.d.∼ Unif(ϵ, µ∗) ▷ fresh i.i.d. draw at every arrival t.
12: until every bin Ii, i ∈ [κ], contains at least one ν(t)m ▷ rejection sampling: re-draw until coverage holds.
13: Observe Nt, Tt and store them.
14: For all ν(t)m accumulate log-likelihood ratio over all past observations

ζt(ν
(t)
m ) =

t∑
s=1

ls−1(ν
(t)
m )− ls−1(µ

∗)

where, the per-step log-likelihood contribution is

ls−1(ν
(t)
m )=−ν(t)m TsNs + (Ns−1 +As−1 −Ns)log(1− e−ν(t)

m Ts).

15: Compute the mixture statistic

WM
t :=

1

M

M∑
m=1

Lt(ν
(t)
m )

Lt(µ∗)
=

1

M

M∑
m=1

exp(ζt(ν
(t)
m )).

16: if WM
t ≥ Cn2 then ▷ reject H0: the service rate is detected to be below µ∗.

17: τ ← t
18: Ai ← 0, ∀i ∈ {t, t+ 1, . . . , n− 1} ▷ stop admitting for the rest of the horizon.
19: else ▷ fail to reject: continue with the greedy admission rule
20: if Nt < k then
21: At ← 1 ▷ server available: admit.
22: else
23: At ← 0 ▷ system full: block
24: end if
25: Store At.
26: end if
27: end for
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H COMPUTATIONAL TRACTABILITY

Setup: This section follows the same notation introduced in Section 1.1. The continuous mixture statistic defined in (8) is
not directly implementable, since it requires evaluating an integral over continuum of service rates in (0, µ∗). We therefore
approximate the integral using a randomized grid (Algorithm 3). At each arrival epoch, a fresh collection of M points

ν
(t)
1 , . . . , ν

(t)
M

is generated by rejection sampling from Unif(ϵ, µ∗) for some ϵ > 0 until every interval of a deterministic covering grid of
width δ/2 contains at least one sampled point. The resulting empirical mixture likelihood ratio is

WM
t :=

1

M

M∑
m=1

Lt(ν
(t)
m )

Lt(µ∗)
. (H.1)

and the associated stopping time is

τM := inf
{
t ∈ {1, . . . , n} :WM

t ≥ bn
}
.

Here, bn := eη(n+k)K
α and K =

⌈
log(µ∗/ϵ)
log(1+η)

⌉
. We will choose η and α so that eη(n+k)K

α < Cn2 for a constant C independent
of n. Therefore, the implementable stopping rule used by the Algorithm 3 is equivalently

τM := inf
{
t ∈ {1, . . . , n} :WM

t ≥ Cn2
}
, (H.2)

with τ = n if the threshold is never crossed, where C = e log(µ∗/ϵ). In the remainder of this section we establish the
performance guarantees of policy πalg described in Algorithm 3.

Definition H.1 (Fixed-Horizon Implementable Policy πalg). Consider an Erlang–B system with k identical servers with
service rate µ > 0. Let n denote the maximum number of jobs that may arrive, and let τM denote the stopping time defined
in (H.2), where the empirical mixture likelihood ratio is constructed using the randomized grid procedure described in
Algorithm 3.

Define the policy πalg that takes the following action at the tth arrival:

Aπalg

t = 1{t < τM , Nt < k} =

1, if t < τM and Nt < k,

0, otherwise.

That is, the policy admits every arriving job while the randomized-grid sequential test has not rejected the null hypothesis,
provided a server is available. Once the stopping time τM is reached, the policy permanently rejects all subsequent arrivals
for the remainder of the horizon.

H.1 OPTIMAL DECISION IS TO ACCEPT

The level-α guarantee follows immediately when the randomized grid is replaced by a fixed grid across all arrival epochs.
Specifically, for every ν < µ∗ the likelihood ratio process Lt(ν)/Lt(µ

∗) is a non-negative supermartingale under the null
hypothesis µ > µ∗ (Lemma 3.3). As the randomized grid in Algorithm 3 changes from one arrival epoch to the next, the
statistic WM

t is not itself a supermartingale. Nevertheless, we will show that this process is almost surely dominated by a
supermartingale. Applying Ville’s inequality to the dominating process then establishes the desired level-α guarantee.

The proof proceeds as follows. First, we compare each randomly sampled point with a nearby point on a fixed deterministic
geometric grid (Lemma H.2) Second, we show that this comparison implies a pathwise upper bound on the randomized
statistic WM

t in terms of the maximum likelihood ratio over the deterministic grid. Third, we apply Ville’s inequality to
each deterministic-grid likelihood ratio and take a union bound over the grid.

Lemma H.2 (Deterministic Multiplicative Grid ). Let ϵ denote the grid start point and fix η > 0. Construct the geometric
grid G = {g1, . . . , gK}, where gi = ϵ(1+η)i−1 and K =

⌈
log(µ∗/ϵ)
log(1+η)

⌉
. For each ν ∈ [ϵ, µ∗] define g(ν) := max1≤i≤K{gi :

gi ≤ ν}, that is, g(ν) is the largest grid point not exceeding ν. Then, for all t ≤ n,

Lt(ν)

Lt(µ∗)
≤ eη(n+k)Lt(g(ν))

Lt(µ∗)
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Proof. Define ft(ν) := log Lt(ν)
Lt(µ∗) . Since ft is concave in ν, for g(ν) ≤ ν,

ft(ν) ≤ ft(g(ν)) + (ν − g(ν)) f ′t(g(ν))

Now, the derivative of ft at g(ν) > 0 is

f ′t(g(ν)) =

t−1∑
j=0

[
−Nj+1Tj+1 + (Nj +Aj −Nj+1)

Tj+1e
−g(ν)Tj+1

1− e−g(ν)Tj+1

]
(i)

≤
t−1∑
j=0

Nj +Aj −Nj+1

g(ν)

(ii)

≤ 1

g(ν)

( t−1∑
j=0

Aj +N0 −Nt

) (iii)

≤ t+ k

g(ν)

(iv)

≤ n+ k

g(ν)

(H.3)

where (i) holds by dropping the first (non-positive) term, and by xe−x

1−e−x = x
ex−1 ≤ 1 for x > 0 termwise with x = g(ν)Tj+1,

(ii) follows from telescoping sum, (iii) and (iv) follows from bounds on Ni, Ai and t respectively.

By definition of g(ν),

g(ν) ≤ ν ≤ (1 + η)g(ν) =⇒ ν − g(ν)
g(ν)

≤ η. (H.4)

Combining (H.3) and (H.4) gives
Lt(ν)

Lt(µ∗)
≤ eη(n+k)Lt(g(ν))

Lt(µ∗)

Theorem H.3. For µ ≥ µ∗, the policy πalg introduced in Algorithm 3 satisfies

Ealg
µ [Reg(n, πalg;µ)] ≤ ∆(µ).

Proof. Let G = {g1, . . . , gK} be the deterministic grid constructed in Lemma H.2. By Lemma H.2,

WM
t =

1

M

M∑
m=1

Lt(ν
(t)
m )

Lt(µ∗)
≤ eη(n+k) max

g∈G

Lt(g)

Lt(µ∗)
.

Therefore,

{τM < n} ⊆
⋃
g∈G

{
sup
t<n

Lt(g)

Lt(µ∗)
≥ K

α

}
.

For each fixed g ∈ G, the process Lt(g)/Lt(µ
∗) is a nonnegative supermartingale under service rate µ > µ∗ (Lemma 3.3).

Ville’s inequality gives

Palg
µ

(
sup
t<n

Lt(g)

Lt(µ∗)
≥ K

α

)
≤ α

K
.

A union bound over the K grid points yields
Palg
µ (τM < n) ≤ α.

Consequently set α = 1
n and thus

Ealg
µ [Reg(n, πalg;µ)] ≤ ∆(µ)nPπalg

µ (τM < n)

≤ ∆(µ)n
1

n
= ∆(µ).

We choose η = 1/n. With this choice, eη(n+k) is uniformly bounded in n, while the geometric covering number K = O(n).
Taking α = 1/n, the threshold

eη(n+k)K

α
≤ Cn2

for a n-independent constant C := e log(µ∗/ϵ). Hence the stopping rule in Algorithm 3 is implemented using the simpler
threshold Cn2.
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H.2 OPTIMAL DECISION IS TO REJECT

We now prove the expected stopping-time guarantee for the discretized statistic. The argument follows from the continuous-
mixture proof, with two modifications. First, the statistic is now an empirical average over randomly sampled grid points, so
we restrict attention to sampled points that fall in a small neighborhood (µ− δ, µ) of the service rate µ. Rejection sampling
ensures existence of a grid point in each bin of width δ/2, so the number of points falling in any δ length interval in [ϵ, µ∗] is
non-zero. Jensen’s inequality (similar to Lemma E.1) then relates this local log-average to actual likelihood-ratio statistic.
Second, the test threshold is no longer 1/α; due to type-I error correction for the deterministic grid comparison, the relevant
threshold is

bn :=
eη(n+k)K

α
.

Consequently, compared to Lemma 3.7, the stopping-time bound replaces log(1/α) with log(bn) along with an additional
log(M) due to discretization.

Lemma H.4. Suppose µ < µ∗ and δ ∈ (0, µ/2). Let τM be the stopping time introduced in Definition H.2 with respect to
the natural filtration {σ(Ht, At)}t≥0. Then the expected stopping time under policy πalg (Algorithm 3) satisfies

Ealg
µ [τM ] ≤ log bn + logM

η(δ, µ)(1 + λ/µ)(1−B(k, λ/µ))
(1 + o(1)),

where

η(δ, µ) := Dλ(µ∥µ∗)− 1

δ

∫ µ

µ−δ

Dλ(µ∥ν)dν

and o(1) denotes a term that vanishes as n→∞.

Proof. The proof follows from same argument as Lemma 3.7; we highlight only the steps that differ due to the Monte Carlo
approximation. At each arrival epoch t, πalg draws ν(t)1 , . . . , ν

(t)
M independently from Unif(ϵ, µ∗), independently across

arrivals and independently of the system history. Let

Iδ(µ) := (µ− δ, µ), M
(t)
δ := #{m : ν(t)m ∈ Iδ(µ)}.

Condition on the event M (t)
δ ≥ 1 at every arrival. Equivalently, under the rejection-sampling implementation, M (t)

δ has
the zero-truncated Bin(M,p) distribution, where p := δ/µ∗. Define the discretized mixture statistic and auxiliary stopping
time, in direct analogy with (E.1) and (E.2):

W̃M
0 (µ) = 0, and ∀t > 0, W̃M

t (µ) :=
1

M
(t)
δ

M
(t)
δ∑

i=1

log
Lt(ν

(t)
i )

Lt(µ∗)
, , (H.5)

τ̃M (µ) := inf
{
t ≥ 1 : W̃M

t (µ) ≥ log
(M bn

M
(t)
δ

)}
. (H.6)

The same logic as in Lemma E.1 (restricting average to points in Iδ(µ) and applying Jensen’s inequality) gives

WM
t ≥

M
(t)
δ

M
exp{W̃M

t (µ)}.

Therefore, whenever W̃M
t (µ) ≥ log

(
bnM

M
(t)
δ

)
, we have WM

t ≥ bn almost surely and hence

τM ≤ τ̃M (µ) a.s..

It remains to upper bound Ealg
µ [τ̃M (µ)]. Conditional on Ft, the sampled points in Iδ(µ) are i.i.d Unif(µ− δ, µ), so W̃M

t (µ)

is an unbiased estimator of W̃t(µ):

Ealg
µ

[
W̃M

t (µ) | Ft,
]
= W̃t(µ),

6439



The same Doob-decomposition argument as in the continuous-mixture proof (Lemma E.5) gives

W̃M
t (µ) =MM

t (µ) + YM
t (µ),

where MM
t (µ) is a martingale and

Ealg
µ [W̃M

t+1(µ)− W̃M
t (µ) | Ft] = (Nt +At)η(δ, µ),

with

η(δ, µ) = Dλ(µ∥µ∗)− 1

δ

∫ µ

µ−δ

Dλ(µ∥ν) dν.

By Doob’s Optional Stopping Theorem applied to the martingale part,

Ealg
µ [W̃M

τ̃M (µ)(µ)] = η(δ, µ)Eπ
µ

τ̃M (µ)−1∑
t=0

(Nt +At)

 .
Using the same mixing argument as before,

γ(δ)Ealg
µ [τ̃M (µ)] ≤ Ealg

µ [W̃τ̃M (µ)] +
Gkη(δ, µ)

1− ϕ

where γ(δ) = (1 + λ/µ)(1−B(k, λ/µ))η(δ, µ).

The remainder of the proof differs from the continuous case only through the stopping threshold. Since τ̃M (µ) is the first

time W̃M
t (µ) ≥ log

(
bnM

M
(t)
δ

)
, we have

Ealg
µ

[
W̃M

τ̃M (µ)(µ)
]
≤ Ealg

µ

[
log

(
bnM

M
(τ̃M (µ))
δ

)]
+ Ealg

µ

[
Bτ̃M (µ)

]
, (H.7)

where Bτ̃M (µ) denotes the overshoot from the threshold.

To bound the first term in (H.7), let
q := Pr(Mδ = 2 |Mδ ≥ 1).

By the orderliness expansion of the zero-truncated Binomial distribution,

q =
M − 1

2

δ

µ∗ +O(δ2), Pr(Mδ ≥ 3 |Mδ ≥ 1) = O(δ2).

Hence, up to an event of probability O(δ2).

Mδ =

{
1, with probability 1− q +O(δ2),

2, with probability q +O(δ2),

Therefore using q = M−1
2

δ
µ∗ +O(δ2) we have,

E
[
log

(
bnM

Mδ

)]
= (1− q) log(bnM) + q log

(
bnM

2

)
+O(δ2)

= log(bnM)− q log 2 +O(δ2)

= log bn + logM +O(δ),

The overshoot is bounded exactly as in Lemma 3.7 by a finite constant K(δ). Consequently,

γ(δ)Ealg
µ [τ̃M (µ)] ≤ log bn + logM +K(δ) +

Gk η(δ, µ)

1− ϕ
+O(δ).
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Since bn ≤ Cn2 for an n-independent constantC, log bn →∞ as n→∞. Since δ is fixed, the termsK(δ),Gk η(δ, µ)/(1−
ϕ), and O(δ) are all O(1) with respect to n and are absorbed into the (1 + o(1)) factor below. Thus

Ealg
µ [τM ] ≤ Ealg

µ [τ̃M (µ)] ≤ log bn + logM

η(δ, µ)(1 + λ/µ)(1−B(k, λ/µ))
(1 + o(1)).

where the K(δ), Gkη(δ, µ)/(1 − ϕ), and O(δ) terms are all absorbed into the (1 + o(1)) factor. We retain the explicit
dependence on M rather than absorbing it into the (1+ o(1)) in order to highlight the effect of discretization on the stopping
time. Since M is independent of n it may equally be absorbed into the (1 + o(1)) factor.

Theorem H.5. For µ < µ∗, the policy πalg introduced in Algorithm 3 satisfies

Eπtest

µ [Reg(n, πalg;µ)] ≤ ∆(µ)(2 logn+ logM)

η(δ, µ)(1 + λ/µ)
(1 + o(1)),

where

η(δ, µ) = Dλ(µ∥µ∗)− 1

δ

∫ µ

µ−δ

Dλ(µ∥ν) dν

and o(1) denotes a term that vanishes as n→∞.

Proof. The proof follow the same argument as Theorem 3.4 and is immediate by substituting bn = Cn2 in Lemma H.4.

H.3 NOTE ON IMPLEMENTATION

Our simulation uses a computationally efficient variant πfast, which generates the rejection-sampled grid once at the beginning
of each simulated sample path, rather than resampling it independently at every arrival as prescribed by πalg. To verify that
this approximation does not materially affect the stopping time distribution, we conducted a paired equivalence study over
four parameter regimes µ ∈ {0.2, 0.3, 0.5, 0.7}, with n = 2000, M = 1000 and δ = 0.05 using 200 paired replications for
each value of µ. Within each pair, the arrival and service paths were identical; only the randomly generated grids differed.
For each value of µ, let {(τ fasti , τalgi )}200i=1 denote the paired stopping times obtained from the two policies, where each pair
shares the same arrival and service sample path. We report the sample mean stopping times

τ fast :=
1

200

200∑
i=1

τ fasti , τalg :=
1

200

200∑
i=1

τalgi ,

together with the paired t-test p-value (pt), the Wilcoxon signed-rank p-value (pW ), and the sample Pearson correlation
ρ := Corr

(
{τ fasti }200i=1, {τ

alg
i }200i=1

)
, computed from the 200 matched stopping-time pairs. As reported in Table 1 and

Figure 2, the two policies are statistically indistinguishable. In every regime, both the paired t-test and Wilcoxon signed-rank
test yield p-values exceeding 0.33, the mean difference is at most 0.20% of the typical stopping time, and the pathwise
correlation between τ fast and τ alg exceeds 0.994. These results indicate that fixing the rejection-sampled grid has a negligible
effect on performance. Accordingly, we use πfast in all subsequent experiments.

Table 1: Paired equivalence study: πfast vs. πalg (200 paired replications per regime, n = 2000,
M = 1000, δ = 0.05).

µ τ fast τalg τ fast − τalg Relative diff. (%) pt pW ρ

0.2 32.00 31.96 +0.0300 +0.09% 0.3316 0.4669 0.99877
0.3 40.59 40.66 −0.0800 −0.20% 0.3332 0.6354 0.99491
0.5 73.87 73.86 +0.0050 +0.01% 0.8912 0.8153 0.99969
0.7 147.46 147.62 −0.1600 −0.11% 0.5355 0.4354 0.99696

τ fast and τalg denote the sample mean stopping times over the 200 paired replications. The rela-
tive difference is computed as τ fast−τalg

τalg × 100%. Here pt is the paired t-test p-value, pW is the
Wilcoxon signed-rank p-value, and ρ is the sample Pearson correlation between the paired stopping
times {(τ fast

i , τalg
i )}200i=1..
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Figure 2: Sample correlation between matched τ values

H.4 SIMULATION-BASED NUMERICAL RESULTS

In this section, we evaluate the performance of the computationally efficient implementation of policy πalg (Algorithm 3)
through simulation on synthetic data.

Figure 3a compares the regret of πalg for a fixed service rate, with the instance-dependent asymptotic lower bound
(Theorem 2.2) and the corresponding upper bound (Theorem H.5). Both bounds scale as Θ(log n), where n denotes the
number of arrivals. The gap between the leading constants arises from the additional finite-grid correction term in the
upper bound. As shown, the simulated mean regret of πalg lies consistently between the two theoretical bounds—offering
empirical evidence for the tightness of the bounds established in Section 3.

Figure 3b compares the regret of πalg as a function of the number of arrivals for three service rates in the reject-optimal
regime. As expected, the regret increases monotonically as µ approaches µ∗, consistent with the instance-dependent
lower-bound coefficient: instances closer to the threshold are statistically harder to distinguish and therefore require longer
expected stopping times before the policy commits to rejecting the null.

Figure 4 compares the regret as a function of the horizon n for three admission-control policies—πalg (Algorithm 3), πpred

and Algorithm 1 of Adler et al. [2022]. The policy πpred is a structurally simpler alternative to πalg. It uses the same
stopping threshold as πalg, but instead of forming a mixture of likelihood ratios over a grid, it uses a single point estimate.
Specifically, at each arrival t, it computes the maximum likelihood estimate using the history available just before arrival t;
hence, it is a predictable estimator. Algorithm 1 of Adler et al. [2022] is qualitatively different from the other two: rather
than using a stopping-time test, it is a certainty-equivalent dispatching policy with forced exploration.

Figure 4a compares the regret of the three policies in the reject-optimal regime. Across different values of service rate and
horizon, πalg achieves lower regret than πpred—confirming that the mixture-based likelihood yields a statistically more
efficient test than a single point-estimate-based procedure. Algorithm 1 of Adler et al. [2022] attains the lowest regret among
the three in this regime, which is expected because, rather than committing to a stopping decision, it continuously adapts
over the entire horizon.

On the other hand, Figure 4b compares the regret in the accept-optimal regime. Since the stopping-test policies admit
whenever there is available capacity, and the probability of false rejection is low, both πalg and πpred achieve zero regret
in the simulated runs. In contrast, Algorithm 1 of Adler et al. [2022] is not a stopping-time test and continues to actively
explore over the full horizon, regardless of regime. Early in a sample path, the MLE-threshold statistic may be dominated by
few unfavorable observations, causing the algorithm to incorrectly infer the regime. It can then take a long time to recover
from this “blocked" state, leading to nonzero regret even in the accept-optimal regime.
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(a) Regret of fixed-horizon implementable policy πalg (Algorithm
3) in reject-optimal regime as a function of the horizon n, at service
rate µ = 0.9 (with admission threshold µ∗ = 1.3, fixed reward
R = 1, cost per-unit time c = 1.3, number of servers k = 5, grid
size M = 1000, covering width δ = 0.05 and grid start point
ϵ = 0.001). The solid curve and markers show mean regret over
Monte Carlo simulations with shaded band denoting ±1 standard
error of the mean. The number of replications is reduced from
1000 runs at n ≤ 104 to 500 runs at n = 106. The dashed curve
is the instance-dependent asymptotic lower bound (Theorem 2.2)
and the dotted curve is the matching upper bound established for
πalg (Theorem H.5), and we show a log-log plot.
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(b) Comparison of regret of fixed-horizon implementable policy
πalg (Algorithm 3) in reject-optimal regime for different values
of service rate µ ∈ (0.7, 0.9, 1.1) as a function of the horizon n
(with admission threshold µ∗ = 1.3, fixed reward R = 1, cost per-
unit time c = 1.3, number of servers k = 5, grid size M = 1000,
covering width δ = 0.05 and grid start point ϵ = 0.001). The solid
curve and markers show mean regret over Monte Carlo simulations
with shaded band denoting ±1 standard error of the mean. The
number of replications is reduced from 1000 runs at n ≤ 104 to
500 runs at n = 106, and we show a log-log plot.

Figure 3: Comparison of performance of policy πalg (Algorithm 3).

6443



103 104 105 106

Number of arrivals

101

102

R
eg

re
t

µ= 0.9 -- πalg

µ= 0.9 -- πpred

µ= 0.9 -- Adler et al. Alg. 1

µ= 1.1 -- πalg

µ= 1.1 -- πpred

µ= 1.1 -- Adler et al. Alg. 1

(a) Regret versus horizon n for three admission-control policies at
service rate µ ∈ {0.9, 1.1} (with admission threshold µ∗ = 1.3,
fixed reward R = 1, cost per-unit time c = 1.3, number of servers
k = 5, grid size M = 1000, covering width δ = 0.05 and grid
start point ϵ = 0.001). Circles/solid line: πalg (Algorithm 3). Tri-
angles/dash: πpred, the predictable-MLE test, using the identical
stopping threshold as as πalg. Squares/dotted: the dispatching pol-
icy of Adler et al. [2022] (Algorithm 1) with forced-exploration
probability 1/f(x) where f(x) = exp(x0.6) and x counts the
number of forced-exploration acceptances at empty system epochs.
Shaded bands denote ±1 standard error of the mean, and we show
a log-log plot.
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(b) Regret versus horizon n for three admission-control policies at
service rate µ ∈ {1.6, 1.9} (with admission threshold µ∗ = 1.3,
fixed reward R = 1, cost per-unit time c = 1.3, number of servers
k = 5, grid size M = 1000, covering width δ = 0.05 and grid
start point ϵ = 0.001). Circles/solid line: πalg (Algorithm 3).
Triangles/dash: πpred, the predictable-MLE test, using the identi-
cal stopping threshold as as πalg. Squares/dotted: the dispatching
policy of Adler et al. [2022] (Algorithm 1) with exploration proba-
bility 1/f(x) where f(x) = exp(x0.6) and x counts the number
of forced-exploration acceptances at empty system epochs. Shaded
bands denote ±1 standard error of the mean, and we show a log-
linear plot.

Figure 4: Comparison of admission-control policies.
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