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Abstract

In multiwinner approval elections with many candi-
dates, voters may struggle to determine their pref-
erences over the entire slate of candidates. It is
therefore of interest to explore which (if any) fair-
ness guarantees can be provided under reduced
communication. In this paper, we consider vot-
ers with one-dimensional preferences: voters and
candidates are associated with points in R, and
each voter’s approval set forms an interval of R.
We put forward a probabilistic preference model,
where the voter set consists of different groups;
each group is associated with a distribution over
an interval of R, so that each voter draws the end-
points of her approval interval from the distribu-
tion associated with her group. We present an al-
gorithm for computing committees that provide
Proportional Justified Representation + (PJR+),
which queries voters’ preferences, and show that,
in expectation, it makes O(log k) queries per voter,
where k is the target committee size.

1 INTRODUCTION

The problem of selecting a set of winning candidates from a
wider pool, given the preferences of many agents, arises in a
wide variety of settings. This problem is formalized as Mul-
tiwinner Voting (MWYV). Real-world examples include, but
are not limited to, committee selection, parliamentary elec-
tions, group recommendations, and opinion summarization
[Lackner and Skowron, 2023| [Halpern et al., 2024, Revel
et all,[2025]. Often, we wish to select a committee of size
k in a way that is “fair”; this is captured by the concept
of Justified Representation (JR) and its extensions, such as
PJR, PJIR+, EJR, EJR+, FPJR, and FJR [Sanchez-Fernandez
et all, [2026, Brill and Peters, 2023l |Aziz et al.| 2017, [Peters
and Skowrorl, 2020, [Kalayci et al., |2025[]. These extensions

capture the idea that groups making up at least an ¢/ k frac-
tion of the voter population should be represented by at
least ¢ of the k candidates in the winning set. E.g., for the
winning set W to provide PJR+—the axiom we focus on
in this work—for each group of voters S that forms an ¢/k
fraction of the population and approves of a candidate not in
W, the set W must contain ¢ candidates approved by some
voter in S.

Importantly, some multiwinner elections have a large num-
ber of candidates in consideration. E.g., in the well-known
participatory budgeting setting, in which residents of a city
can propose projects to be completed, and then vote on
the proposals, there may be dozens of projects to choose
from: indeed, there are real-life examples of participatory
budgeting elections with more than 150 candidate projects
[Faliszewski et al.l [2023]]. Another example is debates on
Pol.is [Small et al.,[2021]], an online platform for civic par-
ticipation. Here, citizens vote on comments (candidates) that
are made by others, and we wish to select a representative
slate of opinions. In some debates, e.g., during an online
citizens’ assembly meeting on climate law in Austria, over
1000 comments were made [[The Computational Democracy
Project, [2022]]. In such circumstances, one cannot realisti-
cally expect the voters to accurately evaluate all candidates.
Therefore, it is of interest to consider multiwinner voting
mechanisms that operate when some preference information
is unknown or uncertain, but still provide guarantees on the
social desirability of the outcome.

In this paper, we introduce the general problem of mul-
tiwinner voting with incomplete information in a spatial
preferences setting, where voters and candidates are asso-
ciated with points in R?, and each voter approves candi-
dates within a certain distance from her. We focus on the
one-dimensional case of this general problem, where each
voter’s approval set forms an interval of R (her approval
interval). Such a model may be appropriate, e.g., in a politi-
cal setting, where candidates are positioned on the left-right
political spectrum; then, each voter only disapproves of
candidates they find too extreme (to the left or to the right).
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We put forward a rich probabilistic model to represent the
voters’ preferences in this setting: the Random Interval Voter
model (RIV). In RIV (Definition[6)), we assume that voters
are divided into groups, so that each group is associated
with a subinterval of R and a voter’s approval interval is
obtained by independently sampling two points from a given
distribution over the interval associated with their group. In
particular, the intervals associated with different groups
may overlap, so a candidate can be approved by voters from
several groups whenever their intervals intersect.

When the voter population is large, a probabilistic model
can be thought of as providing aggregated preference in-
formation, based, e.g., on historical data. In particular, an
attractive feature of RIV is that it can express both large-
scale trends and small-scale behavior. Indeed, by associating
each voter with a subinterval of R, we can capture settings
where voters are partitioned into well-defined groups (par-
ties), so that voters’ preferences are consistent with this
partition; in this setting, each party naturally corresponds
to a subinterval of R. Thus, the RIV model can be thought
of as a generalized probabilistic variant of open party-list
elections, where candidates may appear within multiple par-
ties’ lists, so long as their appearance is consistent with the
overall party ordering. By sampling voters’ endpoints from
a party-specific cumulative distribution function, we capture
voters’ within-party preferences. Together, both factors give
RIV sufficient depth to be a nuanced model of how agents
might vote in practice.

Our contributions. We develop a preference elicitation
framework that is tailored to the RIV model. Our framework
allows for interval queries, where a voter is asked if her set
of approved candidates is contained within a given interval.
We show that, in this model, we can elicit the preferences of
each voter using O(logm) queries per voter in expectation,
where m is the number of candidates; this enables us to con-
struct an outcome in the core [Aziz et al., 2017, |Pierczynski
and Skowron, |2022]]. Then, our main technical contribu-
tion is an algorithm that outputs committees providing a
notion of proportionality that is slightly weaker than core
stability, namely, PJR+ [Brill and Peters| [2023]], and only
requires O(log k) queries per voter in expectation, where
k is the target committee size. Notably, unlike for the core,
our bound for PJR+ does not depend on the total number
of candidates. Moreover, while the bound on the running
time holds in expectation (and also with high probability),
the PJR+ guarantee holds with probability 1.

Related work. There is substantial literature on approval-
based multiwinner voting (see [Lackner and Skowron| 2023
for an overview). The preference elicitation aspect of voting
has also been studied extensively, especially in the single-
winner context (e.g. [Conitzer and Sandholm), [2002, Meir|
etall, 2014} |Dey and Bhattacharyyal 2015} Dery et al.|[2016|
Zhao et al., [ 2018]]).

A number of papers on preference elicitation in multiwinner
voting optimize objectives other than proportionality, e.g.,
minimax regret [Lu and Boutilier, 2013|], diversity [Linde{
boom et all, 2025]], or social welfare [Mandal et al.,[2020].

Imber et al. [2022]] consider winner determination with in-
complete preferences, under several voting rules that guaran-
tee forms of justified representation. However, their model
does not allow for preference elicitation: In their setting,
each voter reports a subset of her approved candidates and
a subset of her disapproved candidates, with the remaining
candidates being unknown, and the goal is to decide which
candidates are possibly or necessarily in the winning set.
Subsequently, Imber et al.|[2024] considered the same prob-
lem under the assumption that voters and candidate lie in
a d-dimensional Euclidean space. There are two key differ-
ences between this line of work and our contribution: (1)
we allow the algorithm to query the voters, and (2) we take
a probabilistic rather than a nondeterministic perspective.

The closest in spirit to our approach is the work of Halpern
et al] [2023]], who also consider querying voters in order to
achieve a form of justified representation. They formalize
an idea of approximate justified representation, by scaling
up the size of a voter group that “deserves” representation
by a factor of (1 + ¢), and provide adaptive algorithms to
achieve approximate EJR (a notion that is similar to PJR+,
but incomparable with it). They also provide a lower bound
on the number of voters that need to be sampled to achieve
EJR with probability of at least 1 — . [Brill and Peters|[2023]]
discuss a similar technique for achieving EJR+ with high
probability in the general preference setting. Our work dif-
fers from|Halpern et al.|[2023]] and Brill and Peters|[2023]] in
two main ways: (1) while their model allows for unrestricted
approval preferences, we assume that voters and candidates
are located in a metric space; (2) our model is Bayesian, i.e.,
our algorithm makes use of distributional information and
our bounds on the number of queries hold with high prob-
ability and in expectation. In particular, our query model
allows for queries that ask a voter if her approval set is
fully contained within a given interval; such queries are very
natural in the metric setting, but their non-metric analogue
(asking a voter whether all her approved candidates belong
to some subset of candidates) has a higher cognitive and
communication cost. The metric and distributional assump-
tions, together with the richer query model, enable us to
obtain stronger results: while the number of queries in the
work of Halpern et al.|[2023]] scales linearly with the num-
ber of candidates m, our algorithm achieves PJR+ using a
number of queries that, in expectation, does not depend on
m. Moreover, we achieve proportionality with probability 1,
whereas [Halpern et al.[[2023]] and |Brill and Peters| [2023]]
aim for EJR+ with probability 1 — ¢.

Since this paper was accepted, we have extended these re-
sults to a more general setting [[Springham et al.| 2026],
encompassing general joint distributions over voters’ ap-
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proval regions in d dimensions and attaining exact EJR+;
see Appendix [G]for further discussion.

Outline. In Section [2| we introduce the preliminary defini-
tions and results. In Section[3] we describe our probabilistic
model, and formulate the general problem of multiwinner
voting with incomplete information in a spatial setting. Sec-
tion [3.2] discusses our preference elicitation framework. We
also formulate accompanying lemmas, which we put to use
in Section [ where we prove that we can construct a com-
mittee that provides PJR+ using limited queries per voter in
expectation. Section[5]concludes.

2 PRELIMINARIES

All our indexing of ordered sets (or lists) starts at 0. We
write X[a : b] := {X[i] : @ < i < b}. We also use the
notation [t] := {i € N : 1 < ¢ < ¢} and 1[P] as the
indicator function that event P has occurred.

Definition 1. (Approval-based MWV election) An MWV
election is a tuple E = (V,C, k, A), where V is a set of
n voters, C is a set of m > 2 candidates, k € N is a
total number of candidates to elect, and A . V — 2C isa
function that maps each voter to the set of candidates she
approves. For each G C 'V, we write A(G) = (e A(v).
The primary task associated with an MWV election is to
select a set, or committee, of winners W C C with |W| = k.

The literature on multiwinner voting with approval prefer-
ences defines a number of fairness axioms, ranging from
Justified Representation (JR) to core stability [Lackner and
Skowrom, 2023]. All these axioms aim to capture the idea
that large groups of voters with similar preferences should
be represented in the committee in proportion to the group
size; they differ in how they define which groups of vot-
ers are considered to have similar preferences and what it
means to represent a group. Below, we define three axioms
from this hierarchy, namely, PJR+, EJR+ [Brill and Peters|,
2023], and core stability [Aziz et al.,[2017]]. We will show
that our method always selects PJR+ committees while ask-
ing a small number of queries in expectation and with high
probability; obtaining a similar result for more demanding
axioms such as EJR+ remains a direction for future work,
discussed in Section

Definition 2. (a-PJR+) A committee W satisfies a-PJR+
[Brill and Peters| 2023ﬂf0r a > 1if |W| = k and for every
¢ € [k] and every group G C V that satisfies |G| > a-nl/k,
A(G)\ W # @it holds that [W N J,cq A(v)| > L. If W
satisfies 1-PJR+, we say that it satisfies PJR+.

Definition 3. (a-EJR+) A committee W satisfies a-EJR+
[Brill and Peters| 2023|] for « > 1 if |W| = k and for

'PJR+ is also known as IPSC [Aziz and Leel 2021].

every ¢ € k] and every group G C V that satisfies |G| >
a-nl/k, A(G) \ W # @ it holds that some voter v € G
has |[W N A(v)| > L. If W satisfies 1-EJR+, we say that it
satisfies EJR+.

Remark 1. A committee W satisfies PJR+ if there is no
group of voters who (i) deserve { representatives, (ii) can
all agree on a candidate not in W, but (iii) collectively
approve fewer than ¢ members of W. For a > 1, a-PJR+
(resp. a-EJR+) is a relaxation of PJR+ (resp. EJR+): if
W satisfies PJR+, then it satisfies a-PJR+ for o > 1. For
a > 1, a-PJR+ is also a relaxation of a-EJR+.

Definition 4. (The core) A committee W satisfies core
stability [Aziz et al.| |2017, |Lackner and Skowron| 2023|], or
is said to be in the core, if |W| = k and for every ¢ € [k,
every T C C with |T| < £, and every group G C 'V with
|G| > nl/k there is a voter v € G with |W N A(v)| >
|T N A(v)l.

Core stability is more demanding than PJR+: if a committee
fails PJR+ then it is not in the core, but the converse is
not trueﬂ It is a prominent open problenﬂ whether every
approval-based MWV election has a core stable committee
[[Aziz et al.,[2017, |[Lackner and Skowronl 2023]].

Every MWV election has a committee that satisfies EJR+.
In particular, the Method of Equal Shares (MES) [Peters
and Skowrom, 2020] runs in polynomial time and outputs
committees that satisfy EJR+, and therefore PJR+. In the al-
gorithms we propose later, we will use MES as a subroutine,
serving as a “fallback” method to find a PJR+ committee
(Algorithm [2).

We will consider one-dimensional approval preferences.

Definition 5. (Candidate-Interval (CI) preferences) Given
a set of candidates C and a linear order <1 over C, we say
that a subset of candidates T C C' is consecutive if for every
z,z2 € Tandy € C withx <y < z it holds that y € T.
An election E has Candidate Interval (CI) preferences if
there exists a linear order < over C where the set A(v) is
consecutive for every voter v [Elkind and Lackner, | 2015]].

If C C R, each voter approves of an interval of candidates:
T C C is consecutive if T = C N I for some interval
I = [a, b]. CI preferences are single-peaked preferences in
the dichotomous setting; this class of preferences has been
explored in a number of papers, e.g., [Peters and Lackner]
2020\, |Godziszewski et al.,[2021} [Terzopoulou et al., 2021
Pierczynski and Skowron), 2022].

We say an event occurs with high probability (w.h.p.) when
its failure probability tends to 0 as m — oo under the

’This is claimed by [Kalayci et al.|[2025] without proof; for
completeness, we provide a proof in Appendix

3However, the core can be empty in participatory budgeting
elections with approval preferences [Maly| |2025].
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sample-size hypothesis of the relevant theorem; the precise
bound is stated in each result.

We use the following concentration inequality in our proofs.

Fact 2 (Bernstein inequality [Boucheron et al. 2013]).
Let X4,...,X, be independent random variables with
|X;| < 1 and Var(X;) < o2 Then for any t > 0,

n t2/2

3 RANDOM INTERVAL VOTER MODEL
(RIV)

In this section, we introduce the probabilistic model for
CI preferences that will be used throughout this paper; we
briefly discuss an extension of this model to more than one
dimension in Section

Definition 6 (RIV). An RIV model is a o-length list of
pairs M = (Fy, pt)ielo), where o € N, (py)ieo] is a prob-
ability vector, and for each t € [o] it holds that Fy is an
invertible cumulative distribution functiorﬂ on [0,1]. Given
a candidate set C' C [0, 1], we say that a voter v is sam-
pled according to M if her ballot is obtained as follows: A
single distribution index t is drawn, where t is chosen with
probability p;; two positions Z1, Zs € [0,1] are drawn in-
dependently from distribution F}; we set a,, = min(Z1, Zs),
b, = max(Zy, Zs), and the voter’s approval ballot is de-
fined as A*(v) = [ay, b,], A(v) = A*(v) N C.

The independence of Z; and Z5 in the RIV model is a
substantive assumption: when relaxed to allow the two end-
points to be drawn jointly (the Generalized Interval Voter
model, Appendix [E), the proportionality guarantee degrades
from PJR+ to 2-PJR+ (Theorem [T3).

We now define some notation that will be used throughout,
and state a useful lemma.

Definition 7. We abuse notation and say that v € F; if
distribution t is chosen for v. We have that Pr[Z; <z |v €
Fy] = Fy(z), and so we define the combined cumulative dis-
tribution function G(x) := Pr[Z1 < ] =3, () P ().
We consider p = (pt)ic(o], F(c) = (Fi(c))ie[o] as vectors,
so G(c) = p-F(c). ForeachT C C and z € [0,1], let
v =max({c € T :c< a}),zf =min({c € T : ¢ >
x}). where min & = 1 and max @ = 0.

xp (Tesp., 33;) is the closest candidate in 7 to the left (resp.,
to the right) of x, or 0 (resp., 1) if no such candidate ex-
ists. The following lemma gives a useful expression for the
probability of approving and disapproving candidates.

“This means F} is continuous: it assigns no point mass for any
xz €1[0,1],ie., Pr(X =2) =0forall z € [0, 1] where X ~ F;.

Lemma 3. For an RIV instance, a subset of candidates
S C C, and a candidate ¢ € C'\ S we have

Prlc e A(v) AN A(v) N S = 2]
= > 2p; (Fi(c) = Fi(cg)) (Fil(ch) — Fi(c)) .
]

tefo

Proof. Let X be the event that c € A(v) A A(v) NS = .
For ¢ € A(v), we need a,, < ¢ < b,. Then if ¢ € A(v), in
order for A(v) NS = @, we also need cg < ay, by < c:g.
Note that there are two ways in which this can occur: with
Z1 = Qy, Zy = by, and Zs = a,, Z1 = b,,.. So, we have

PriX] =Y Pr[X v e F]Pr[v € F]
t€lo]

= ZptPr[cggachSvacg|veFt}
t€fo]
= Z 2pt (Ft(c) — Ft(Cg)) (Ft(Cg) — Ft(C)) 5
te(o]
our desired result. ]

3.1 QUERIES

We use a type of query called an interval query INT(z,y, v).
We communicate two positions z,y € C'U {0, 1} to v, who
responds with 1[A*(v) C [z,y]]. Note that the response
is a single bit, and so the number of bits communicated
by the voter is the same as the number of queries made to
the voter. We refer to a sequence of queries, together with
voters’ responses, as a dialogue; e.g., a dialogue can take the
form Z = (A*(v) C [e1, o], A*(v') € [c3, c4]). INTERVAL

queries allow us to effectively ask a voter “Would you only
approve of some compromise between z and y?”

While one could alternatively use point queries (asking
whether a voter approves a specific position z € [0, 1]),
interval queries offer significant advantages. First, interval
queries achieve O(log | P|) queries in the worst case via
the binary search in Algorithm |1} whereas point queries
only guarantee this in expectation. Second, using only point
queries requires asking voters about arbitrary positions
throughout [0, 1], not just at candidate positions, which
imposes cognitive demands on voters. In contrast, inter-
val queries ask naturally about ranges of actual candidates,
which we believe aligns with how voters would naturally
reason about preferences in spatial settings.

We note that under CI preferences each voter’s ballot is
fully determined by her leftmost and rightmost approved
candidates; thus, there are at most m? distinct ballots. Con-
sequently, if we consider a richer elicitation framework in
which each voter can directly communicate which of the
possible m?2 ballots she holds, we could elicit full infor-
mation regarding the voters’ preferences with log (mQ) =
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Algorithm 1: Algorithm for resolving a voter v’s pref-
erences over a set of candidates PP

Function resolve (v, P):
((ay)p, (av);) +search (v, PU{0, 1}, left);
((by)p, (by)}) <—search (v, PU{0,1}, right) ;
return P N [(ay) 3, (by) 5]
Function search (v, P, dir) :
(Z,2) =(0,1);
while P # & do
p < median of P;
if dir = left :

‘ goRight < response to INT(p, 1, v);
else

| goRight < —(response to INT(0, p, v));
if goRight :

| @< p P {yeP:y>ph
else

| e pP{yeP:y<p)
return (&, &)

O(logm) communication complexity per voter. In what
follows, we show that we can elicit full preferences with
O(logm) communication complexity per voter in our
model as well (Section ; moreover, it turns out that,
with a much smaller number of queries (which, crucially,
is independent of m), we can usually find a PJR+ outcome
(Sectiond).

3.2 ELICITING PREFERENCES

We shall now show that we can elicit a voter’s full prefer-
ences using O(log m) queries. We formalize the problem of
eliciting a voter’s preferences regarding a candidate subset
P C C as follows.

Definition 8. A voter v is resolved for P C C given a
dialogue T if Prjx € A(v) | Z] € {0,1} forall x € P. We
drop L from the phrase when it is clear from the context.

Our algorithm for resolving a given voter v (Algorithm
uses INT queries to perform two binary searches over set
P. These searches determine the consecutive elements
(av)p,(ay)p € P and (by)p, (by)s € P with a, €
((ay)ps (ay)F) and b, € ((by)p, (by)}p). From there, we
know that A(v) N P = [(a,)}, (by)p] N P. For each end-
point a,, b,,, we are using INT queries as a comparison func-
tion in a binary search, so we need to use only O(log |P|)
INT queries in total to resolve v on P.

By executing Algorithm [I| with P = C, we can learn all
voters’ complete preferences using O(logm) queries per
voter. This enables us to find proportional committees. In
particular, since for CI preferences the core is always non-
empty, and a committee in the core can be computed in

polynomial time given the voters’ preferences [Pierczynski
and Skowron, 2022], we obtain the following corollary.

Corollary 4. Let E be an election with candidate set C,
|C| = m, obtained by sampling the voters’ preferences from
an RIV. One can compute a committee in the core of E using
O(log m) queries per voter.

4 FINDING PJR+ COMMITTEES FOR
RIV

We have seen that if voters’ preferences are sampled from
an RIV model, one can find a core stable outcome using
O(log m) queries per voter. We will now present our main
result: for a slightly less ambitious notion of proportion-
ality, namely, PJR+, one can find proportional outcomes
using O(log k) queries per voter in expectation; notably,
the expected number of queries does not depend on m. In
particular, this means that our algorithm for PJR+ does not
elicit voters’ full preferences; in that sense, it follows the
line of work on learning solution concepts in games [Balcan
et all, 2015, Jha and Zick! 2023]].

Theorem 5. For an RIV, Algorithm [] finds a PJR+
committee. When the number of voters n satisfies n =
Q (k3 log (klog m)) the algorithm uses O(log k) queries
per voter in expectation and with high probability.

The proof of Theorem [3]is based on a sequence of algo-
rithms (Algorithm 2)). Briefly, our algorithm first “guesses”
a committee W; we will argue that W provides PJR+ with
high probability. It then elicits preference information from
each voter to obtain an approximation to the voter’s true
approval window [a,, b, ]. Given this information, the algo-
rithm then checks whether 1 necessarily provides PIR+. If
the check fails (which happens with low probability), the
algorithm elicits voters’ full preferences, and computes a
PJR+ committee using MES.

The stage that computes W proceeds as follows. For each

i € [k], we find w; = argmin, . .\ |G(c) — 77| and we

add w; to W. Recall that G (¢) = p - F(c), the combined
cumulative distribution function. We shall refer to the points
{k%_l .1 € [k]} as marked points. So, we select the candi-
dates that are closest (with respect to GG) to these equally
spread marked points. Intuitively, in this way we ensure
that the selected candidates are approximately uniformly
distributed with respect to G.

Example 6. We provide an example of how we construct
W. Let 0 = 1 (an extension to multiple distributions is

SWhen ¢ = 1 (all voters share a single CDF), this bound
improves to n = Q(k*log(klogm)): using AM-GM gives
Pr[Y] < 202/(k + 1)?, and taking A = (4k)™' yields
Pr[X.] < ¢/k—Q(1/k), so Bernstein gives Pr[s¢.c ; > ¢n/k] <
exp(—$2(n/k?)).
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Algorithm 2: Finding a PJR+ committee

C5C6  C1 (&

Function RIVPJR+ (An RIV M, candidates C, k):

A:(4k)_2;G:p-F;W:®;

fori € [k] :

¢ argmin |G(c)

W« Wu {c};

Sort /W;

P+ WU {(G_l (TA))Z, S [1/A]};

P PU{(G(ra))g i re1/Al):

forve V: A(v) « resolve(v, P);

E « (V, Pk, A);

if validate (W, E, C) : return /V[7;

forve V: A(v) < resolve(v,C);

return W* = MES(V, C, k, A);

Function validate (/V[7, E C):

for ¢ € [k],ceC'\/VV:

p<—|{m€W:x<c}\;
forje ¢ —1uU{0}:

R%W[pfj:p+fflfj];
Sej — {veV: poss(mc,W\R)H;
ifsgc;> %‘) : return False ;

return True;

Function poss (v, ¢, S) :

Hi, Hy < ((ay)ps (a0) 1 [(bo) s (bv);) (found

previously using resolve);

/+ Do there exist positions for
ay,,b, that are compatible with
query info AND approving c but
none of S? x/

return H; N (cg,c] # @ A HyN e, cd) # @5

s

_
k+1

straightforward), assume G = F1 is the uniform distribution
here, and consider candidate positions in Figure [I| with
k = 8. We iterate over marked points from left to righf]
selecting the candidate that is closest (with respect to G) to
the marked point. Among all candidates, cy has the minimum
distance to marked point 1, so we select it. We then pick cs
for marked point 2 and cs for marked point 3. For marked
point 4, note that cs was already selected, so the closest
unselected candidate is c4, which is further from marked
point 4 than cs. Eventually, we obtain W= {c1,...,¢c8},
\/VI7| = k = 8. We see that the k candidates are spread
across the interval as uniformly (w.r.t. G) as possible.

Given our guessed committee W, we verify whether it pro-
vides PJR+. With A = (4k)~2, we pick the two candi-
dates closest to the left and right of G=!(jA) for each

®1teration over marked points in this step can be performed in
arbitrary order, but we choose left to right for simplicity.

| Liil Hl
1 2 3 4 5 6 7 8

Figure 1: The algorithm selects candidates ¢ for the com-

mittee W, in order cq,...,cs. Unelected candidates are
indicated by dashed red arrows.

j € [1/A] = [16k?], along with W, and use Algorithm
to resolve each voter on these candidates. This provides an
approximation for the voter’s approval interval “up to P”, in
that we discover the candidates in P that are closest either
side of a,, and b,,. In particular, we discover with certainty
which of the TV candidates each voter approves.

For every ¢ € [k], every candidate ¢ € C'\ W and for every
0 < j < £, we count the number of voters for which it
could be possible (given the information we have elicited
from the voter) that they approve of: (1) ¢, (2) at most
J candidates in W to the left of ¢, and (3) fewer than ¢
candidates in W. If there are at least n¢/k such voters for a
given choice of /, ¢, and j, then W possibly violates PJR+
(given what we know about those voters’ preferences), as
this set of voters possibly satisfies conditions (i-iii) stated in
Remark|I] This count is performed by the algorithm through
the calls to poss. Each voter for which the above three
properties hold, contributes to sy . ;, and if s, ; < nl/k
for all £ € [k], ¢ € C\/W,O <jc< Z,weoutput/W.
Otherwise, we query all voters in V' about all candidates
in C to get full information about F, and then run MES to
output a committee W* that provides PJR+.

In Appendix [C|we show that if s, . ; < né/k forall £ € [k],
ce C\ I//V\, 0 < j </, then W is guaranteed to provide
PJR+. The main insight we use for proving this is that if a
group of voters violates PJR+, then the (at most ) members
of W they support are consecutive, which corresponds to
the sets that are assigned to R in Algorithm

If on the other hand sy . ; > nf/k for some ¢, ¢, j, then we
use O(logm) queries per voter in order to obtain full infor-
mation about A(v) for each v € V. However, we show that
the latter event is rare, so with high probability and in ex-
pectation we require O(log k) queries. The time complexity
of Algorithm 2| (without MES, which runs in O(m?nlogn)
[Peters et al., 2021]) is O(nmk?).

To prove Theorem[5] we require additional notation; we first
discuss it informally, and then provide rigorous definitions.
The quantities w, S¢,c,; are defined in Algorithm [2[in the
RIVPJR+ and validate functions (in what follows, we
consider the values of these variables at the termination of
the respective algorithms). We will consider a fixed 0 <
j<t<kandceC\ W for convenience.
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Assume that T is ordered from left to right. The function p
counts the candidates in T to the lefi of c, so that W[p —7]
is the 7-th candidate in W to the left of c. If r > p, We say
that W[p —r] =0.Y is the event that an arbitrary voter v
drawn from the RIV model approves candidate c, at most
7 candidates in /V[7 to the left of ¢, and strictly fewer than ¢
candidates in W in total.

The j + 1’th candidate in W to the le/fL of ¢ we define as w—,
and w is the £ — j’th candidate in W to the right of c: if v
can only approve at most 7 candidates to the left of ¢, and
< £—j candidates in W to the right of ¢, then w™ is the first
candidate in W to the left of ¢ that v cannot approve, and
w is the first candidate in TW to the right of ¢ that v cannot
approve. We also define events Y~ and Y *: Y~ is defined
as the event that the voter’s left endpoint lies between ¢ and
w™ and YT is defined as the event that the voter’s right
endpoint lies between ¢ and w™. This means that the event
Y occurring is equivalent to both Y~ and Y+ occurring.
Finally, the vector d~ is the vector of probabilities where
element d; is the probability, conditioned on v € F}, that
a,, will sit between ¢ and w™. d7 is defined similarly.

Definition 9. We define /W[s] = 0fors <0, and /W[s] =1
fors >k Setp=|{xeW :x<c}.For0<j<{l<k
and ¢ € C\ W, define random event Y as

ceAWw)and AW)NW CWp—j:p+t—1—j.

Letw™ = ﬁ/\[p—j —1]and wt = W[p—!—é— 1—j]. Let Y~
be the event that a,, € (w™,c] and Y the event that b, €
[c,w™T). Letdt = F(w™) — F(c), d™ =F(c) — F(w™).

The proof of Theorem|[5|proceeds in five steps: (1) Lemmal[7]
shows that the G-probability mass between the boundary
committee members w™ and w™ is at most 2¢/(k + 1), ex-
ploiting the greedy placement of W at G-quantiles i /(k+1).
(2) Lemma||applies this to show Pr[Y] < ¢/(k+ 1), where
Y is the event that a voter belongs to a group potentially
violating PJR+. (3) Lemma [0 bounds the probability that
enough voters satisfy Y, accounting for query uncertainty
via A; Fact] gives Pr[s¢.c; > nl/k] < exp(— n€/24k:3)
(4) By Lemma. 0 for each (¢, j), the union over ¢ € C'\ W
reduces to at most 68k “cells” (one per open query in-
terval in P, plus one per candidate in P \ W). There are
k(k+1)/2 < k? pairs (¢ € [k], 0 < j < {), so the total
union has at most 68k terms, giving a validation failure
probability of at most 68%* exp(—n/24k>) (Appendix [C).
(5) When n = Q (k? log (k log m)), this failure probability
is O(1/logm), so the expected queries are O(log k) per
voter.

We now find a bound for Pr[Y] in terms of ¢ and k First,
we shall show that G(¢) — G(w™) =p-d~ < k+1 + 2
and G(w™) —G(c) =p-dT < ( ) — 2¢ for some € we

shall define later, and so p - (d ™ + d ) < 25

<2(pg —ps +e)=2s/(k+1)+2

cg W
ws, cand. selected for p7 € 1/(k+1)—¢
. —
[ W
By Mo T

Figure 2: Intuition for Lemma The w, cannot be further in
probability from p; than a candidate ¢ ¢ W, as otherwise
c would have been chosen by p_ instead.

Lemma7. G(w™) —Gw™)=p-(d"+d7) < ,ffl

Proof. A diagram of the argument is provided in Figure 2|
Let pg be the marked point closest to the left of c. That is,
to = 737 for a € [k] such that 37 < G(c) < i‘ﬂ for
some « € [k]: these inequalities are strict since otherwise
¢ would be selected by the marked point. Let pi; = 777
be the (s + 1)’th closest marked point to the left of c. First,

we shall show that p - d~ < k+1 + 2¢ where ¢ = G(c¢) —
o - We have that p - d~ = G(¢) — G(w™). Consider the
selection process for W: for each marked point p;, we

select a candidate ws € W for 15, and in particular since
cé W, we know that |G(ws) — py | <|G(c)
this, we know that for any candidate w € W, w < ¢ if and
only if it is selected for some marked point p; < c. This

— w5 | From

means that the number of W candidates to the left of ¢ is

\W N1[0,¢)| = a. If j > «, then we have thatw =0 and
sowehavep-d~ = G(c) = 37 +e < k:+1 + 2¢.
Now, if j < a, then since p; — G(w;) < G(c) — py , we

can say that G(w;) € [2u; — G(c), G(c)). Therefore we

know that there exist at least j 4 1 candidates from W in the
interval [241; — G(c), G(c)), and thus G(w™) = G(W[p—

j—1]) € [2u; — G(c), G(c)). From this, we can say that

prd- = Gle) - G(w™) £ 2AG(e) - 7)) = 2= + ).
We can argue similarly that p - d* < 2557;1]) — 2¢, and thus
p-(dt+d7) <25 O

We apply this bound p - (d* +d ™) < k%fl to Pr[Y].

Lemma 8. Pr[Y] < .

Proof. Applying Lemmas [3| and [7} Pr[Y*T A Y] =

Zte[a] 2ptd:rdt_ < %Zte[g} Pt (dj + dt_) < kf—l’ where
+

0 < df +d; < 1implies that df dj < %5 O

Using Lemma|§] we can obtain a probabilistic bound on the
event sg . ; > nl/k.

Lemma 9. For (¢ € [k],c € C\W,O < j < £, we have
Pr [Sg’cyj > %"} < exp (—n£/24k3) .
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Figure 3: Intuition for Lemma@ Since ¢ € P, q,q’ exist.
The probability between ¢, ¢’ is at most A, so the probability
of Pr[X, Ac & A(v)] < 2A.

The full proof can be found in Appendix |B| Briefly, for a
given voter v, let X, be the event that poss(v, ¢, W \ R)
returns true. Then Pr[X,] < Pr[Y] 4 Pr[X, A =Y. The
event X,, A Y can be considered a “false positive” event.
Since all of TV is part of the query set P, we cannot return
a false positive if the voter approves of some candidate in
S=W \ R. Instead, we can only return a false positive if
¢ & A(v). In this case, at least one of the voters endpoints
ay, by, sits between the two closest query points ¢, ¢’ left and
right of ¢; otherwise either ¢ € A(v) or we can detect from
the queries that ¢ ¢ A(v), both contradictions. See Figure 3]
for a diagram. Then Pr[ X, A—Y] = Pr[|{a,, b, }N[q, ¢']| >
1] is upper bounded by < 2A, and so using Lemma
Pr(X,] < Pr[Y]+2A <{¢/(k+ 1) + 2A. We then apply
Fact |2/ to show that Pr [sg.; > G2 < exp (—nl/24k?)
(full proof in Appendix [B).

Lemma 10. For any consecutive query points q,q' € P,
forany l € [k],0<j < {landc,d € CN(q,q"), we have
St,c,j = S, ,j-

Proof. Consider a voter v, and H;, Hy computed in poss.
The values Hi, Hy are identical in poss(v,c,S) and
poss(v,d, S). Also, since W C Pand ¢, € CNiq,q),
for a given /, j, the set R computed in validate, and
thus the S parameter in poss, is the same for ¢ and ¢’
Therefore Hy N (cq,c] # @ iff Hy N ((d)g,c] # 2,
and Hy N [c,cd) # @ iff Hy N [, ()E) # @, so
poss(v, ¢, S)=poss(v,c,S), and sp . ; =S¢,/ ;- O

We can now prove Theorem [5

Proof of Theorem[3] First, the output of Algorithm [2] al-
ways provides PJRH'} if W is output, the voters in any
group satisfying (i-iii) of Remark [T] are counted by some
S¢,c,j> and otherwise W* satisfies PJR+.

We bound s;.; with Lemma E} Let Q; = (pi,pi+1) be
the open intervals between consecutive elements p; € P.
For { € [k],0 < j < £,c € C\ W, let X, be the
event that sy . ; > nl/k. By Lemmal[10] for any two ¢, ¢’ €
Qi, X¢c,;j = Xy, 55 thus the union over ¢ in any open
interval reduces to one term per interval. Candidates in

"Details can be found in Appendix

P\W (at most | P| < 34k?2 boundary points) each contribute
an individual term, also bounded by Lemmal9} Since |P| <
k + 32k?2, there are at most 34k open intervals plus at most
34k? boundary candidates, giving at most 68%? cells in total,
and

4 n
Pr U Xoej| <68k exp (— 24k3) .
£.jsc
Therefore, the expected number of queries per voter is

n

< 68k* —
E(Q) < 68k" logmexp ( S

)+0(logk) < Olog k),
if n € Q (k3 log(k*logm)) = Q (k*log (klogm)). O

Note that PJR+ still holds if n = o(k3log(klogm)), but
we may need w(log k) expected queries per voter (though
still O(log m) per voter).

Remark 11. Algorithm [2] requires access to G = p - F.
If only a strictly increasing approximation G satisfying
|G = Glloe < e < AJ2 = (32k2)71 is available, the
algorithm remains correct with the same sample bound
n = (k3 log (k log m)) the quantile-position error of
at most 2e¢ per winner increases Pr[Y] by 2ec and the
false-positive probability by 4, while the validation gap
shrinks from £/(k(k+1)) —2A to £/(k(k+1)) —5A >0,
so Bernstein still applies. See Appendix|[F]

We now briefly discuss EJR+ in this setting. For a committee
W,define Ny ; ={veV:ce Aw),Alv)NnW C R}
where R = W[p—j : p+ € —1—j], and let w; be
the 7’th candidate in W to the right of ¢ € W and w,
be the ¢’th candidate in W to the left of c. We have seen
that a committee W satisfying PJR+ is equivalent to all
|Ne el < %. For W to satisfy EJR+, we require that all
Ny = Uﬁ;(l)Ngﬁc’j have size at most |[Np .| < % The
conditions for a voter to exist in Ny ; simplify to their
endpoints satisfying a,, € (wj__s_l,c],bv € [e, wZ‘_ j). How-
ever, considering disjoint conditions for a voter to exist
in Ny ., we need the voter to approve of at most j can-
didates in W to the left of ¢ and exactly ¢ — j — 1 can-
didates in W to the right of ¢ for some j, i.e. the event
|_|§;(1]{av € (wy, 1, ¢, by € [w) ;1w ;)}; See Figure@
for an illustration. In Lemma([7] we present a straightforwar

technique for bounding the probability between c and e.g.
wz'_ ;» however a technique for bounding the probability be-
tween [wZ‘_ -1 wZ‘_ j) is significantly more complex, hence
why we have primarily discussed PJR+. While guaranteeing
EJR+ is a direction for future work, we believe that W con-
structed in Algorithm[2]provides EJR+ with high probability,
and we note that we can adapt Algorithm[2]and the proof to
show that W provides at least 2-EJR+ with high probability,
and 4/3-EJR+ when o = 1: the proof of this can be found

in Appendix
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Figure 4: An example of the difference between PJR+ and
EJR+ with £ = 4,j = 1. For a voter to be in N, ;, the
voters endpoints must sit in the two blue regions above the
line. For a voter to be in Ny ., the voter’s endpoints must sit
in one of the 4 blue configurations below the line.

Theorem 12. For an RIV, an adaptation of Algorithm2|finds
a 2-EJR+ committee. When the number of voters n satis-
fiesn = Q) (k3 log (k log m)) the algorithm uses O(log k)
queries per voter in expectation and with high probability.
When o = 1 (all voters share a single CDF), we can achieve
4/3-EJR+ withn = Q (k* log (klogm)).

When o = 1 (all voters share a single CDF), we can achieve
4/3-EJR+. The bound on the probability that a voter ap-
proves c but few winners decomposes as a sum over types
t € [o], each contributing a product of two probability terms.
For general o > 1, we have only linear bounds on each term
averaged over types, and converting these into a bound on
the averaged product requires a product-to-sum inequality
that is loose. When o = 1, there is no averaging step, and
the product can be bounded sharply, yielding the tighter
4/3-EJR+ bound.

We also note that Algorithm 2]can be adapted to work with
any random distribution over intervals to guarantee 2-PJR+.
We use G(x) as half the sum of the two cumulative marginal
distributions over the two voter endpoints a,, b, and by
changing validate to use a quota of QTTLZ instead of %Z.
The full proof can be found in Appendix [E]

Theorem 13 (Informal). For a random interval voter model
where voters’ endpoints are drawn jointly from an arbitrary
distribution over pairs, a variant of Algorithm [2] finds a
2-PJR+ committee using O(log k) queries per voter in ex-
pectation and w.h.p. if n = Q(k®log(klogm)). However,
there is a joint distribution such that for any € > 0, Wfails
(2 — €)-PJR+ w.h.p.

Proof idea. We use G as the mean of the two marginal cu-
mulative distributions F'z, , F'z, of the two voter endpoints.

The result that G(wt) — G(w™) < k2+[1 from Lemma

still holds, and so we wish to show that Pr[Y] < kz—fl
We have that Pr[Y] < min(Pr[Y ],Pr[Y ~]). We also

have that Pr[Y*] = Fy,(wt) — Fz,(c) and Pr[Y’] =

Fz, (¢)—Fz (w™).Now, Pr[YT]+Pr[Y ] < 2(G( -
G(w™)) < 25, and thus Pr[Y] < 325 = 25. We can

apply a technique as in Lemma E] to bound Pr[sy.; >
2nl/k], and show that W is 2-PJR+ w.h.p. O

S CONCLUSION AND FUTURE WORK

We introduced a new random voter model for multiwinner
voting with one-dimensional approval preferences called
the Random Interval Voter model (RIV), as well as a query
framework for this model. Given an RIV election, we can
find a committee that satisfies PJR+ using O(log k) queries
per voter in expectation.

The query complexity, as defined in our work, can be seen
as a crude heuristic for cognitive burden. We believe that
O(log k) is a reasonable measure of what a voter can eval-
uate; however, the constant in the analysis may still be too
large. We note that we can reduce | P| used in Algorithm
by a constant factor, at the expense of requiring n to be
larger by a constant factor.

As discussed in Section [ an immediate open question
is whether our approach can be extended to EJR+. To
adapt our analysis to EJR+ we would have to bound
Pr[\/z VYer] < £ pol @~ To use a technique similar
to in Secnon M, we would need to obtain a bound for the
probability between consecutlve candidates in TW. We can
obtain a bound on G( [r]) — G(W[r — 1]) that is tight for
each individual value of 7, in that there exists an election
where the bound matches for a given r; however, this bound
is loose in that we cannot construct an election such that the
bound is tight for all r, and it is too loose to prove EJR+.
Indeed, the elections that are tight for a given r are often
very loose for other values of r, so we would need a more
sophisticated bound that simultaneously considers multiple
values of r.

Another important direction is to establish lower bounds
on the amount of information required in this model to
guarantee forms of justified representation. The fact that we
focus on expected rather than maximum number of queries
makes it more challenging to establish lower bounds.

It would also be interesting to explore an alternative prob-
abilistic model where each voter has an ideal position and
a radius around that position they are willing to approve,
with both the ideal position and the radius drawn from given
distributions [Bredereck et al.l 2019, [Elkind et al., 2023,
Szufa et al., [2022].

Finally, it is natural to ask if our results can be extended be-
yond one dimension. Indeed, spatial models with d > 1 are
popular in the literature [Miller, 2018, |Godziszewski et al.,
2021}, Imber et al.,[2024]: each dimension corresponds to an
issue, and a point in this space (a candidate) represents a spe-
cific stance on all of the issues simultaneously. Lewenberg
etall [2016] suggest that political opinions in the UK lie in a
10-dimensional space, so expanding our model to higher di-
mensions may be necessary to accurately model real-world
political elections. We refer the reader to Appendix [G] for
further discussion, and to|Springham et al.| [2026] for a full
treatment of this d-dimensional generalization.
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A CORE IMPLIES PJR+

Proposition 14. If W fails PJR+, then W is not in the core.

Proof. Suppose that committee W fails PJR+. Then there exists some ¢ € [k],G C V such that |G| > nf/k and
AG)\W # @,but [WNJ,eq AWw)| < L. Letc € A(G)\ W, letT' = W N J,eq A(v) and T = {c} UT". Then
|T| < ¢, but for all v € G it holds that [W N A(v)| = |[T" N A(v)| = [T N A(v)] — 1 < |T N A(v)|. Hence, W is not in the
core. O

B PROOF OF LEMMA@
Lemma@ Fort e [k]l,ce C\ W,O < j < ¥, we have Pr [sf,c,j > %] < exp (—n€/24k3) .

Proof of Lemma[9) Fix ¢ € [k],c € C'\ W,0 < j < £. Let us bound Stcj- Let Rand S = W \ R be as defined in the

algorithm. Let X, be the event that poss(v, ¢, W \ R) evaluates to true. This is the event that the voter’s responses to the
queries are consistent with the voter approving ¢ and none of S. Recall that Y is the event that the voter actually approves of
¢ and none of S. We decompose Pr[X,] < Pr[Y] + Pr[X, A =Y and we look to upper bound Pr[X, A —Y]. First, see that
event Y occurring is equivalent to ¢ € A(v) and A(v)NS = @. So, Pr[X,A—Y] < Pr[X,Ac & A(v)]+Pr[X,AA(v)NS #
@]. If a voter approves of some candidate w € .S, then it cannot be the case that X,, occurs, since w is queried, and so poss
would return false. Therefore Pr[X, A A(v) NS # @] = 0 and Pr[X, A °Y] < Pr[X, Ac & A(v)].

If c € P, then Pr[X, A c & A(v)] = 0, so suppose ¢ ¢ P. For some r, we have that G(c) € (rA, (r + 1)A). There exist
queried positions ¢, ¢’ either side of ¢, such that ¢ € [G~1(rA), ¢) and ¢’ € (¢, G~((r+1)A)]; if no queried position exists
in [G71(rA),c), then (G71(rA)){5 = cand then ¢ € P, a contradiction, so ¢ € [G~1(rA), ¢) exists (and symmetrically
for q").

Suppose that both a,,b, € [q,¢']. Then we have 2 cases: 1) a,,b, < ¢ or a,,b, > ¢, in which case X,, cannot have
occurred, as it is clear based on the query information that c is not approved, or 2) a, < ¢ < ¢ < ¢’ < b, in which case

¢ € A(v). Contrapositively, if X, and ¢ ¢ A(v) both occur, then at least one of a,, b, sits in [g, ¢'] and the probability of
thisis < 2 (G(¢') — G(q)). So Pr[X, Ac & A(v)] < 2(G(¢') — G(q)) < 2A since G(¢') < (r+ 1)A and G(q) > rA.

Combining, Pr[X,] < p where p = k%;l +2A.Let X =" | X,, and seta = ﬁ — 2A (positive since 8¢k > k + 1
for all £, k > 1). The bounds k£ + 1 < 2k and 2A = ﬁ < % give a > % and p < %. Applying Factto Xy, — p with

0% = p(1 — p) < p, deviation t = 2£ — np = na, and bound no? + £ < 9L 4 g—,f = %’}f:

Prlx > nt <e t2/2 <e 9n2¢? /(128k*) . 27nt <e nt
T — Xp | ——————= Xp| ———F—~" | =exp | — Xp | ——=
=% | =P\ ot +1/3) = TP\ T T ssne/(24k) P\ 756063 ) = P\ Toaks )

since 27 - 24 = 648 > 560. ]
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Algorithm 3: Finding a 2-EJR+ committee

Function validate (W, E C):
forﬁzltok,ceC\/W:
pe|{x€W:x<c}
forveV:
forj=0t0f—1:
R(—W[p—j:p—l—ﬁ—l—j];
if poss(v,c,W\R):
Sg.c & Sp.c+ 1
if sp. > QT"Z : return False ;
continue to next v;

s

return True;

C PROOF THAT W PROVIDES PJR+

Lemma 15. Ifall sy ; < %, then /Wprovides PJR+ with certainty.

Proof. Suppose that there exists an £ € [k] and a subset of voters G C V with |G| > n{/k such that |W NUpeq AW)| < 4,
but there exists a candidate ¢ € A(G) \ W. Given that such a G, ¢, £ exists, assume that £ is the minimum such value, so
\W NUyeq A(v)| = £ — 1. We will show that this implies s, .. ; > nf/k for some j € {0} U [ — 1], i.e., Algorithmdoes
not output W. Let

H=Wn|JAw), S=W\H, L={tcH:t<c}, j=ILI
veG

Since ¢ € A(G), we know that all A(v) for v € G overlap at ¢, and so therefore | J, ., A*(v) = [a, 3] for some
0 < a < B < 1. Therefore, H = wn [a, B]. We also have |H| = ¢ — 1 since ¢ was minimal.

In the iteration of the algorithm using the above ¢, ¢, j, we use R = W[p —j:p+{—1—j]. We shall show that H = R.
First, L = W{p — j : p|; L is the closest j candidates of H that are to the left of ¢, and W[p — j : p] is the closest j
candidates in W to the left of c. Since H = W N [« 8], these two sets are the same.

We also have H \ L = ﬁ/\[p p+l—1 fj].W[p cp+L€—1—jlisthel/ — 1 — j candidates of W to the right of ¢ and
H \ L is the remaining |H| — j = £ — 1 — j candidates in H. Again, since H = wn [a, O], these two sets are the same,
and so H = R, and therefore in this iteration of the algorithm, we call poss(v, ¢, S) for each voter, where S is the set of
W candidates that are not approved by any voter in the group.

Now, for each v € G, we have poss(v, ¢, S) returns true: Since v approves of ¢ and none of .S, we know that a,, € (cg, c] and
by € [c,cd). We also have a,, € ((ay)p, (ay)p) and b, € [(by)p, (by)}F), Where the quantities (a,) 5, (av)p, (by) 5, (b)) 5
are found in Algorithm [I| Therefore ((a,)p, (ay)p] N (cg,c] # @ and [(by)p, (by)}) N [e,cd) # @, and we have
poss(v,¢, S) forall v € G. Hence sy ; > |G| > nt/k. Therefore, if W is output by Algorithm , then it provides PJR+
for the election. O

D 2 APPROXIMATION TO EJR+

Theorem[12} For an RIV, an adaptation of Algorithm2|finds a 2-EJR+ committee. When the number of voters n satisfies
n = (k3 log (k log m)), the algorithm uses O(log k) queries per voter in expectation and with high probability. When
o = 1 (all voters share a single CDF), we can achieve 4/3-EJR+ with n = ) (k:4 log (k log m))
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Proof roadmap. The proof centers on bounding 7(C') = Pr[c € A(v), |A(v) N ﬁ/\| < /], the probability that a random
voter approves the non-winner ¢ but fewer than ¢ winners.

Step 1: structural reductions. Lemma shows that it suffices to consider |C| = k + 1. Lemmaestablishes that relocating
winners away from c cannot decrease 7(C'). Using these, Lemma shows WLOG each marked point selects a winner on
the far side of itself from c.

Step 2: geometric analysis. Definition [TT]introduces variables measuring the fractional offsets of ¢ from its surrounding
marked points and the alignment between winners and marked points on each side of ¢. Lemmas[20[and [21] show that at least
£/2 of the first £ winners on each side lie in the region where winners and marked points are in one-to-one correspondence,
bounding the cumulative misalignment.

Step 3: decomposing 7(C'). Lemma 22| writes 7(C')/2 as a sum of products of probability gaps di. Applying djdj_ <
(df + d;)/4and Lemmastoyields Theorem w(C) < 20/(k+1).

Step 4: concentration. Lemma 27] gives Pr[X,] < 2¢/(k + 1) + 4A; a Bernstein bound yields Prlsy. > 2¢n/k] <
exp(—n/12k3). A union bound over (¢, Q) pairs (where ) ranges over intervals between consecutive query points)
completes the proof.

Sharpening to 4/3-EJR+ when o = 1. The step d; d; < (d +d;)/4in Lemmais lossy. When o = 1, 7(C') /2 becomes
a polynomial in five real variables (g,7, ¢, at, ™) which is maximized directly via sequential one-variable maximization,

yielding the sharper bound 7(C) < 4¢/(3k) — 1/(2k?) and the 4/3-EJR+ guarantee.

We note a couple of differences between validate in Algorithm [2] and Algorithm E} We add a voter to counter sy . if
poss(v,c, W\ R) for any 0 < j < £. We also change the quota size to QT”Z instead of %. Now, we look to bound the

probability that a voter will approve of a candidate c and less than ¢ candidates in W. We first show that we can make some
assumptions WLOG about the structure of candidates.

Definition 10. Fix some c € [0, 1], some k € N, and { € [k]. We aim to find C such that ¢ € C, ¢ ¢ W(C) and where
m(C) = Pr[c € A(v), |A(v) N W(C)| < £] is maximized over all C C [0,1]. We consider a candidate set valid if c € C,
but ¢ ¢ W(C), where W (C) is the set of winners that Algorithmwould find on the candidate set.

Lemma 16. WLOG, we only need to consider C where |C| = k + 1, so C is comprised of ¢ & W, and some set W.

Proof. If C contained other unelected candidates, then 7(C') = 7r(/V[7(C’ ) U {c}) remains the same. O

Lemma 17. Let C be a valid candidate set. Suppose there exists an injective function ¢ : C' — [0, 1] such that ¢(c) = ¢,
and for every x € C, |G(c) — G(¢(x))| > |G(c) — G(x)|. Let C" = ¢(C). If C" is still valid, then 7(C") > = (C).

What we are saying with this lemma is that if we can move the winners away from ¢ without ¢ becoming elected, then this
cannot decrease 7.

Proof. Let W+ = {w € W(C) cw > ¢} and w- = {w € /W(c) : w < c}. Consider breaking ¢ into two functions,
where ¢l\ moves on/lz the candidates 1o the right of\c, and ¢o ‘moves only the cimdidates to the/l\eft of c: c;Sl/(\ﬁ/\*) =W+
and ¢1(W™) = ¢(W™) and da(1(W)) = ¢o(WT) = (W) and ¢(¢1(W 7)) = d2(¢(W7)) = ¢(W 7). 7(C) =
Zf;é Prlc € A(v), |[A(v)NW | =i, |[A(v)NWT]| < £—i] = Zﬁ;é Prlc € A(v), |[A()NW | < £—j,|A(v)NW ]| = j].
By moving the winners on the right of ¢ away from ¢, then Pr[c € A(v),|A(v) "N W™| = 4, |A(v) "N W] < £ — 1]
cannot decrease. Similarly when we move only the winners on the left of ¢ away from ¢, Pr[c € A(v), |[A(v) "W | <
¢ —j,|A(v) N WT| = j] cannot decrease. Now, we see that by applying ¢y, 7(¢1(C)) > 7(C). We can then apply ¢s to
get m((C)) = 7(¢2(61(C))) = m(¢1(C)) = w(C). .

Lemma 18 (No backpicking). WLOG, we can assume that marked points p must select their corresponding candidate w
suchthatw > pifu>corw < pifp <c

Marked points must select candidates further away from c than .

Proof. Suppose that we have ¢ < w < p where p selects w. Consider the alternate candidate set where we just move w to f.
We assume Lemma([T6] so there does not currently exist a candidate at 4. Then £ must still pick w, no other winner selection

6525



= r1 cand. from W in interval

= z1 cand. from W in interval
A
+

0 o]
¢ e

|
|
wf‘ |
[ all
] T T
_em et oo T NS T PR VA (A (A
Ho Ho

!
|
|
|
le
|

Figure 5: A diagram of the variables introduced in Deﬁnition

is changed, but we have moved w away from ¢, and so by Lemma([I7] 7 cannot have decreased. We can think similarly if
p<w<e. O

Now, taking Lemma |16|and Lemma |1 8|as assumptions, we will analyze 7(C').

We shall act as though there exist at least £ marked points, and therefore W candidates, to the left and right of c. If this is
not the case, we note that Lemmas [23|to|25|still hold, since in this case we are acting as though the marked points and W
candidates extend beyond [0, 1], only increasing 7(C'), and so for deriving bounds on 7(C') /2 and for proving Theorem|[13]
we make this assumption for the simplicity of presentation.

We first make some definitions. Before the formal definition, we shall give some intuition. We shall discuss only the
definitions with a + superscript, as the — superscript definitions are analogous. See Figure 5| for a diagram. For a C' valid
candidate set, we define 1, as the (¢ + 1)’th marked points to the right of c respectively. 7 is the largest index such that
between ¢ and the z+ + 1’th marked point u; to the right of ¢ (non-inclusive), there exists exactly 2™ W candidates.

In other words, between these points there exists 1 marked points and z T W candidates. These candidates must have
been picked by these marked points, since Lemma [[8]does not allow any other marked point to have selected any of these
candidates.

g™ is the probability between ¢ and the marked point directly to the right of c. @ is the probability between the z’th
winner to the right of ¢, and the 2 th marked point. Finally, 87 is the probability between 4 and the ¢’th winner to the
right of c.

Definition 11. For a C valid candidate set, we define 1} as the (t+1) th marked points to the right of c respectively. We define
_ (G(cz(kJrl)]th _ [G(c)((kJrl)]ftfl
= XSy = E+1) :

We define x+ € [{] as the largest number such that |/I/17 N(G(e),uly )| = ™, and = € [(] as the largest number such
that \/VI? N(u,,G(c))| = x~. Wedefinec™ = ui — G(c) ande™ = G(c) — pg . Let w] be the t’th candidate in W to
the right of c and w; be the t’th candidate in W to the left of c with wi = wy = c. We define a™ = |G(w;r+) — u;r+_1|
and o~ = |G(w__) —p__ | Wedefine r™ > x™ to be smallest such that |W N(G(c), ut )| =r* and r~ 1o be smallest
such that |ﬁ/\ N (p_,G(e)| =r~. Wedefine B+ = |ty — G(w))|and B~ = |, — G(w;)|.

r—?

;. as the (t + 1)’th marked points to the left of c respectively. Formally, i ,and p;

Note that we can never have |W N (G(c), )| > t and similarly on the left: If so, then (G(c), s1;) contains exactly ¢
marked points but > ¢ + 1 W candidates, implying that some marked point has violated Lemma

We establish some relationships between these variables.

Lemma19. ¢t = =5 —¢ ", ande™, e € (0,1/(k +1))

This can be seen easily from Figure 5]

Proof. Follows from the fact that yuj — g = 727 Wealsohavee®, e~ € (0,1/(k+1)) sinceif et = Qore™ = 1/(k+1),
then ¢ must be elected. O

Lemma 20. x" and x~ exist. ,u;Q selects a candidate from (M:ﬁ,p u;r) and similarly for p~
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Since 7 is the first index after 7 that we have |ﬁ/\ N (u; ,G(c))| = i, it must be that the marked point 4", selects a
candidate from (p,", _,pt)).

Proof. First, zT exists: |ﬁ/\ N (G(c), ui)| = 1, since otherwise if |ﬁ/\ N (G(c), )| = 0, then u would select c instead,
so 1 < x* < £. This can be seen from Figure

We know that [W N (G(c), ut,)| = =%, and 7+ is the smallest > =+ such that [W N (G(c), i, )| = 1+, so for any
at <t <1+, wecansay W N (G(c), )| < t, and in particular [ N (phophH <t—at -1

We also have that ., cannot select its candidate > 1.7, : since |W N (G(c), ;)| = r*, and marked points always select
away from c, there are r marked points in (G(c), ', ) and 7 candidates in that interval, 1., must elect from (G(c), u", ).
We now prove that ,u + C cannot select it’s candidate from ( ﬂ; ,ui) for any + < ¢ < r* by induction. If we consider
t =27 + 1, we know |W N (s, )| = 0, so clearly no candidate is selected in (1, , 11;"). Suppose for our inductive
hypothesis that uz - does not select it’s candidate from (,uz 1) for some 2t < ¢t <7t — 1. Can /‘L select its candidate
from (1, , i, 1)? By the inductive hypothesis, if it does, then it must select from (u;", i, 1 ). But [W N (ut,, uif )| <
t — x*: there are ¢ + 1 — ™ marked points in [, , 1, ;) but only < ¢ — z elected candidates in (., , 17, ;). Therefore
/‘L cannot select its candidate w from (M;Q T 1)» since w would otherwise be closer to some other marked point that has
not selected a candidate.

Therefore it must be that ,u;ﬂ selects a candidate from (u:'+_1, ,u:r) and similarly for p~. O
Lemma 21. k; <5 Lot + Bt and so xt > £/2. - i < 211 +e + B andsox™ > L)2

Since 7, selects a candidate from (4, |, ., ), this allows us to bound the probability between 1f, and 4., , since we
need to avoid c being selected for u;ﬁ instead.
+ +

Proof. By Lemma we know that i, = i selects its candidate w from (uf, |, '), s0 G(w) € (u |, put). We

also know that u — G(c) > G(w) — p (recall that G(w) > p WLOG) since otherwise p would have selected ¢ instead. We
e

+
have 2g + et = p—puf +et =p—Glc) > ph — B —p= "% ~ _ B and thus 2 = 4t > k+1

Suppose to the contrary that ™ < £/2. Then 2+ < (£—1)/2. Then we have {4 < = < TH—I—E"' < et < 2,
a contradiction. We get an analogous result for x = > £/2 U

We now make some definitions that will be used to bound 7(C').

Definition 12. Define 5t |Fy(wf, ) — Fy(w;")|, and dt |Fy(wf, ) — Fi(c)|. Define 6p = [Fi(wiyy) — Fir(w )],
and d; ; = |Fy(w;, 1) — Fi(c)|. Define di = Zte[o] ptd::i. Define d; = Zte[a] ped; ;

Using these definitions, we can bound 7(C).

T

Lemma 22. 7(C)/2 < § (dF. 4+ dy  +(diy —df ) +dp o +df 4 (A, —di )

Proof. Let W+ = {w € W:w> ¢} and w- = {w e W:w< c¢}. Consider 7(C) = Prfc € A(v), |A(v)ﬂﬁ/\(0)| <.
We can break this down as

zi; = Prjc € A(w),|A(v) "W ™| = i,|A(v) N W] = j],

somw(C) = Zlf ! Zﬁ (1)_ z;, 5. We further have

zij= Y Prlce A(v),|A(v) N W=i,|Aw)NnW|=j|veF]p
te(o]

We can then further break this down as

Prlc € A(v),|A(w) N W™ | =i, |A(w) "N WT| =j | v € F] = 26,6,

t,iot,g
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and thus

N

—14—1—14

1—
Z 6 6;

=0

g

%

I§
=)
<.

Now, since x+,x~ > £/2, we have 2T + 2~ > /, and so we have that

(—10—1—i zt -1z —1 =1 (—1—z™t l—x~—1 £—1
PO IDIRIUTED A DD ZW,ﬁZ PBRTTEEDS Z@m}
telo] =0 ;=0 telo] i=0 j= i=zt+  j=0 i=0 j=
Zpt( t,xt—1 t f—1+(dt+,z 1 d;rgfr 1)dtl 1— z++dt£ 1—g— (d;,e 1 d;z —1)>
telo]

Recalling Lemma 8] we have that

dr +d
+ — t,xt—1 tx——1
d“ﬁ 1dt93 1S 4 )
Ay —df o ) +d,
(di—;éfl_d::zﬁ-fﬁdt_( L < t,0—1 t,a:+41 t,0—1 a:+7
df + (g —d, )
- - t0—1— t0—1 to——1
d:ré 1—x— (dt,éfl_dt,szl) < — 1 T .

Hence we get

dr - + + - + - -
2 : t,xt— +d T — +(d 0— —d zt— )+d —1—zt +d —1—z— +(d {— —d T — )
0)/2 < i ( 1 ¢, 1 t0—1 ot —1 4t,e 1 t0—1 te—1 , 1

te(o]

1 _ _ - _
< 4 (d;rq (A —d ) R T (- dw—71)>

Now, we shall bound the components of this sum.

:”_1+s++a+andd = Lie~+a™

+
Lemma 23. d7, | ) 1 =5F

Proof. First, we know that |[W N (G(c), )| = & There are 2 marked points in (G(c), ;ﬁ ), and = elected winners
in (G(c), it ), so we know that the 2 ’th winner to the right of ¢ exists in (G(c), u', ). Since pf, | cannot select a winner

rt—1
towards c, it must select a winner in (u;fl, u; ).

So,df, | =Gw)-Gle)=at+puf, | —pf+et= % +et +at. a
Lemma 24. d | — d:ﬁr+ L < “”k +11 +et —atandd,_, —d_ | < 9”,;++11 +e  —a

Proof.

B = Gl )G < ot = T T e e (BT s

Lemma25. df | <2 (z’,f;l’l +5+) andd;, | ., <2 (47;:171 +5_>.

Proof. By a similar reasoning to Lemma | there must exist £ — 2~ W candidates in (G(c),2u) | — G(c))). Therefore
a2t - Gle) =2 (gt +et). O
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Theorem 26. 7(C) < ,ffl

Proof. Recall from Lemma 22] that

1 _ _ _ _
m(C)/2 < ¢ (A5 g +dy 4 Gy —dE ) dy e df o+ —dy )

With Lemmas 23]to[23] we get
1 _ _ _ _
71’(CY)/2 < Z (d:+71 +d z——1 + (dzt1 - d;hrfl) + d57171+ + détlfm, + (dzfl - dxffl))
1 -1
<= (4et +4 4
=7 ( e’ +4e + (k;—i—l))
1 ‘-1
== S 41 —=
4( (k+1 5>+ <k+1>)
B E
T k+1
so hence 7(C') < kal O

Lemma 27. For A = (4k)~2, and for every { € [k],c € C'\ W, it holds that Pr (50,0 > 2] < exp (— ).

Proof. Fix ¢ € [k],c € C'\ W. Let Y, be the event that voter v approves of ¢ and less than ¢ candidates in . We have
Pr[Y,] = n(C). Let X, be the event that poss(v,c, W \ R) evaluates to true forsome R =W([p—j:p+£¢—1—j]. We
want to find Pr[X,] = Pr[X, A Y,] + Pr[X, A =Y.

First, we have Pr[X, A Y,] = Pr[Y,] < w(C), since Pr[X, | Y,] = 1: if the voter approves of ¢ and less than ¢ candidates
in W, then certainly for some R, it is true that poss(v, ¢, W \ R). In particular, we can choose any R 2 A(v) N W.

Let us consider Pr[X, A =Y, ] < Pr[X, | =Y, ], the probability that poss(v c, W \ R) for some R despite the fact that the
voter either does not approve of ¢, or approves of > ¢ candidates of W.If |A(v) N W\ > /£, then there cannot exist t any R

such that poss(v, ¢, W \ R), so it must be the case that the voter does not approve of ¢, but we still have poss(v, ¢, W \ R)
for some R. It must be the case that ¢ & P.

Let ¢, = Gil(rA) be the r-th position around which we query. Then consider r with ¢, < ¢ < ¢,41. Since ¢ € P,
we know that ¢, < (qT)JCT < ¢ < (gr+1)¢ < Gry1, and so there exist queried positions either side of ¢ with probability
(with respect to G) at most A between them. With a,,, b, as the endpoints of v’s approval interval, then if X,, occurs, then
a, € (cg,(¢r41)c] and b, € [(qr)c, cS) for some S = W\R Indeed, if a, < c¢g or a, > (gr+1). then given the elicited
information, it would be impossible for both ¢ to be approved and cg to be disapproved, and analogously for b,,. Since -Y,
has occurred, we know that either a,, > c or b, < c. Let §~ be the event that ¢ < a,, < (q,,Jrl)(_j and let 6 be the event that
(g-)& < by < c. We then have
20

Pr[X,] < Pr[Y,] + Pr[dT viT] < i1t 4A.

Let X = Z"_l X,, withp = + 4A and set a = 4A (positive since 8¢k > k + 1 for all /,k > 1). The

k+1 k(k+1)
bounds k + 1 < 2k and 4A = 41& < 4k2 glve a > 4kz andp < Applymg Factto X,, —pwitho? = p(1 —p) <p,
deviation t = 2 — np = na, and bound no? + £ < 2L 4 2375 = 3152722.
20n t2/ 9202 /(32k*) 2Tnt n
Prix>2"|< < AU AVA LAV _2mt o (_ ) 7
g [ =k } =P ( no? + t/3> P ( 350/ (12k) ) P ( 280k3> = P AT 1283
since 27 - 12 = 324 > 280. O

We can now prove Theorem[12]
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Proof of Theorem[I2] 2-EJR+ claim. First, the output of Algorithm [3| always provides 2-EJR+: if W is output by the
algorithm, then for any group Gy, = {v € V : ¢ € A(v),|A(v) N W| < £}, the voters of G, . are counted in sy ¢, SO

St > |Grel. W is output if 54, < 20t for all £, c, giving |Gy,c| < 22£, so 2-EJR+ holds. Otherwise ¥ * is output and
satisfies EJR+.

We bound s, with Lemma Let Q; = (pi, pi+1) be the intervals between consecutive elements p; € P, with |P| <
k + 32k? < 34k%. By an argument analogous to Lemma all ¢, ¢’ € Q) satisfy X, . = X o (where X, . is the event

S1.c > 20n/k), so the union over ¢ € C'\ W reduces to a union over intervals Q;:

U U Xeo| <(PI+1) Zexp( 12k3)§0(k3)exp(—12nk3).

Celk] cec\W
Therefore, since |P| = O(k?), the expected number of queries is

E(Q) < O(k*)logmexp ( + O(log k) < O(log k),

12k3)

if n € Q(k*log(k®logm)) = Q (k* log (klogm)). O
In fact, if o = 1, we can achieve 4/3-EJR+.

Proof of Theorem|[I2] 4/3-EJR+ when o = 1 claim. We use Algorithm I w1th the quota changed from %” to 4‘7" . From
Lemma[22] we have that

2 < Z bt ( t+x+ 1 t = —1 (d;fzq - d;fgfrfl)d;[flfx* + dzéflfz* (d;efl - dti_,:cffl))
te(o]

d;r 1d; 1 (djl d;:r+ 1)d71 x++d+ (dZ—l_d;f—1)'

With Lemmas 23] to 23] we get
T —1 x~ at +1 0—at
/2 < + + _ -t - 9 + _ ot _ -t
( )/_(k:+1 +e +a)<k+1 5+a>+ <k+1 +em —a P

R . | Tz~ +2
2| ——— + —et—a .
() (e )

Let h = + . We now look to maximise the function
+_1 - +11 0 — ot
fl@t,z™,at,a,e) = (:rk+1 +5++a+> <If+1 —5*4—04) +2 (xk _:—1 +et —oﬁ) ( k+z1 —5*)

-z~ —1 T +2
9 —= = + I
+<k+1 +E)(k+1 © O‘)
Lety =27 —2~ and { = ™ + x~. We can rewrite f as

fy, ¢ at,a™,e) = %Ch (3a” +3at +h(40—9)) +a” (at —2hl+h—¢€) + }’yh (aF —a~ 4+ 5h —10¢)

h2
+at (e —2hl) — §72h2 S

2 42 _
1 1 + 6h%0 — 4h? 4 5he — be?

We now treat f as a continuous function over R®, with only the constraints that 0 < o™, a~ < h. Since we are removing
constraints, the maximum of f cannot be less than the max of 7 (C). f is quadratic in its 5 variables, and so we proceed by
sequential maximization.
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Maximization over . For any fixed (¢,~,a™", ™), the function is quadratic in € and % = —10 < 0. Hence f is
strictly concave in e. The first-order condition 8 f /0c = 0 therefore yields the unique global maximizer ¢*(¢, vy, at,a™) =
& (—a” +at +5n(1—7)).

Substituting € = £* into f yields the reduced objective, which is now independent of ~y
filGat,a7) = f(¢y, a0 €Y)
= 2% ((a—)2 + (@*)? = 15¢2h? + Ch (10h(4€ — 9)) + 18aTa™
+10h(1 — 40+ 3¢)(a + a~) + 5h*(24¢ — 11)),

Maximization of f; over (. The second derivative of f; with respect to ( is

Since h = H% > 0, this quantity is strictly negative. Therefore f; is strictly concave in ¢ for every fixed (v, a™, ™).

The unique maximizer in ( satisfies

9f1
L,
¢
which yields
- oW
(at,a7) = @ Za 3 -3

Substituting { = ¢* into f; gives

where
4
fala*.a7) = o (<15h (a” +a*) +9a7a" +3(a7)" +3(a¥)’ + 5h% (12 +3)).
Thus the problem reduces to maximizing f> over (o™, a™) subject to the box constraints that 0 < o™, a™ < h.

Maximization of f, with respect to o™ Wehave that0 < o™ < hand0 < o~ < h.

Since the constant factor % does not affect maximization, we focus on the terms involving a*:

g(a™) =3(a™)? + (9a~ — 15h)a™ + (terms independent of ™).

2
The second derivative is % = 6 > 0. Hence g is strictly convex in a™. Therefore, there is no interior maximum; any
maximizer must lie on the boundary of [0, h]. We compare f> at a™ = 0 and o™ = h. The difference is

fa(h,a™) = f2(0,a7) = %(3}# + (9a™ — 15h)h) = % (9ha™ —12n%) = % (3a™ —4h) <0,
since 0 < o~ < h, so that 3aa— — 4h < 0.
For every admissible o~ € [0, h],
fa(h,a™) < f2(0,a7).
Hence the maximizer satisfies a™* = 0, and symmetrically, we find o= * = 0. So f5(0,0) = AL 43)

3(kt+1)?

We now know that 7(C) /2 < ;f((,‘ffﬁ% and thus 7(C') < 73((512 .

We now proceed by cases:

Case 1: / = 1. 'We can use the result from Lemma 8] since we need the probability that a voter approves of ¢ and no

candidates from /V[7 which is the same as when working with PJR+ with £ = 1. We get 7(C') < ﬁ < % — ﬁ

6531



Case2:2 < (< k)and { > 1E. Then we have Pr[c € A(v)] <

Case3:2<k<5and2</{< 15k Note that we only have 2 < 1ok for ¢ € [k] when k > 5, so we only need to focus

32
onk = 5and ¢ = 2. Again, we have that Prlc € A(v)] < 3 < 2 — L.
Cased: k> 6and 2 </ < 15k Define f(¢) = g—f - # - 8((,!;_;;’2 f is quadratic in ¢, and is concave. We’ll show that
f(6)>0atl =2andl = 15’“ to show that it is nonnegative on the interval [2, 15%). We have f(2) = @—ﬁ—m >0
15ky _ 15 _ _1__ 225k%+3072 40 1~ 8(£243)
for k > 6, and f(12% )*ﬂfﬁfm > 0 for k > 6. Hence 5; — 55z > SICESOER

- 4 _ 1
So in any case, we get that 7(C') < 37 — 5.

We apply Factto X = Z X, with threshold M” . As in Lemma. Pr o] < 7(C) +4A < % — 55 + i =
% — ﬁ =:p.For ¢ > the threshold exceeds 7, so Pr[sy,. > 4é”] = 0 trivially. For £ < = 3k the gap a= 4—€ - p > 4k2
gives €2 = n%a? > 16k4 For the denominator, 2p(1 — p) < 2p < %‘; and 2a < Sf;, s02p(1 —p) + 2a < 32@ < 8 (using
! < 34"). Therefore

g2 o n?/(16k*)  3n

2np(1—p)+2¢ = n-8/3  128kY

and Pr [Sgyc > %] < exp (71235#1&)‘ By the union bound argument of Theorem when n = () (k4 log (k log m)) , the
expected number of queries is O(log k). O

E PROOF OF THEOREM

Definition 13 (Generalized Interval Voter (GIV) model). A Generalized Interval Voter (GIV) model is a joint probability
distribution Fz, z,(x,y) over two random variables Zy < Z5 € [0, 1]. Given a candidate set C C [0, 1], we say a voter v
is sampled according to the model if her ballot is obtained by sampling Z1, Zs jointly (possibly dependently) from Fz, z,,
and so that A*(v) = [Z1, Zs], A(v) = A*(v) N C. We call a,, = Z1,b, = Zs for convenience, so A* = [ay, b,].

Note that GIV generalises RIV: Given an RIV M = (I, p;)¢c|o), We can define (for z < y)

Fz,.2,(x,y) Z pe (2F:(2)Fy(y) — Fy(2)?)

te(o]

Theorem (13| For a GIV, Algorithm H) finds a 2-PJR+ committee. When the number of voters n satisfies n =
Q(k3log(klogm)), the algorithm uses O(log k) queries per voter in expectation and with high probability.

The proof of Theorem [I3]is based on a sequence of algorithms (Algorithms 4] and [5). Our guessing stage is the same as

FZ1 (w)-‘,—FZ2 (ZD)
2

before, using G(x) = , where Iz, , F7, are the marginal cumulative distribution functions of the left and

right endpoints respectively:

Fz,(x) = Fz, z,(z,1)
FZ2 (y) = FZ1,22(17y)'

Given our guessed committee W\, we verify whether it provides 2-PJR+. We perform the same queries as before. We check
for every ¢ € [k], every candidate ¢ € C'\ W and for every 0 < j < £ whether it could be consistent, given the information
we have elicited from the voter, for the voter to approve of: (1) ¢, (2) at most j candidates in W to the left of ¢, and (3) fewer
than ¢ candidates in 7. If this event has positive probability, captured by the poss function, we add the voter to the counter
S¢.c,;j- Finally, if s¢ . ; < 2nf/k forall £ € [k],c € C'\ W, 0 < j < ¢, we output w. Otherwise, we query all voters in
V' about all candidates in C' to get full information about F, and then run MES to output a committee W * that provides
(2-)PJIR+.

To prove Theorem we use the same definitions as before. The quantities W, sy . ; are defined in Algorithms and (in
what follows, we consider the values of these variables at the termination of the respective algorithms). We will consider a

fixed0<j<{<kandceC\ W for convenience.
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Algorithm 4: Finding a 2-PJR+ committee
input :AGIV Fy, 7,
A= (4k)_2 G(l‘) = %(le ((E) + FZ2 (LL‘))
fori € [k] :
¢ argmin, |G(c)
W« Wu {c};
Sort W;

—~ a4+ .
P+ WU {(G L(jA), g€ [1/A]};
P+ PU {(G—1 (jA) € [1/A}};
forv e V: A(v) « resolve(v,C, P);
E « (V, Pk, A);
if 2-validate (W, E,C) (Algorithm[5) : output:WW
forve V: A(v) < resolve(v,C);
output : W* =MES((V,C, k, A))

)

_
k+1

Algorithm S: Validating if a committee % provides 2-PJR+

Function 2-validate (W, E, C):
forézltok,cEC\W:
p<—|{x6ﬁ/\:x<c}\;
forj =0tol —1:
ReWip—j:ip+l—1—jl;
Stej — {veV: poss(v,c,W\R)H;
ifspc; > % : return False ;
return True;

Definition 14. We shall interpret W[s] = 0fors < 0, and /W[s] = 1fors > k. Set p = |{c € W:d < c}|. For
0<j<t<kandceC\W,define the random event Y as

ceA(v)andA(v)ﬂ/Wgﬁ/\[,o—j:p—i—E—l—j].
Letw™ = ﬁ/\[p —j—1]and wt = ﬁ/\[p + € —1—j]. Let Y~ be the event that a,, € (w™,c| and Y be the event such
thatb, € [c,w™), sothatY =Y T ANY ™.

We now find a bound for Pr[Y] in terms of ¢ and k. Consider a fixed ¢ € [k],c € C'\ W,0 < j < (. First, we shall
show that G(c) — G(w™) < % + 2¢ and G(wt) — G(c) < 2U2J) _ 9¢ for some ¢ we shall define later, and so

k+1
Glwt) - Gw™) < 24.

Lemma 28. G(w*) — G(w™) < £25.

Proof. Let p, be the marked point closest to the left of c. Thatis, g = 95 for @ € [k] such that %5 < G(c) < %

for some o € [k]. Let uy = 777 be the (s + 1)’th closest marked point to the left of c. First, we shall show that

G(c) —Gw™) < k2—+71 + 2¢ where ¢ = G(c) — g - Consider the selection process for W: for each marked point Wy s We

select a candidate w, € W for 5 , and in particular since ¢ ¢ W, we know that |G(ws) — py | < |G(c) — py |. From this,
we know that for any candidate w € W, w < cif and only if it is selected for some marked point p; < py < G(c). This
means that the number of candidates of W to the left of cis |{w € W : w < ¢}| = a. If j > «, then we have that w™ = 0

and so we have G(c) — G(w™) = G(c) = 57 +e < kLJZl + %.

Now, if j < «, then since |G (ws) — p5 | < |G(c) — 5 |, we can say that G(w;) € [2u; — G(c), G(c)). Therefore we know

— o~

that there exist at least j + 1 candidates from W in the interval [2; — G(c), G(c)), and thus G(w™) = G(W[p—j —1]) €
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[2u; —G(c), G(c)). From this, we can say that G(c) — G(w 2(G(c) —p; ) = 2(G(e) —pg +pg —p; ) =2(e+ k%_l)

7)<
We can argue similarly that G(w™) —G(c) < 2(41;7_{;1)+2(% e) = Ef_:lj) —2¢, and thus G(w™) —G(w™) < ,f—_fl. O

We apply this bound G(w™) — G(w™) < k%fl to Pr[Y].

Lemma 29. Pr[Y] < k%fl

Proof. We know that Pr[Y] = Pr[Y ™ A Y] < min(Pr[Y+], Pr[y—]) < PP ] Now we have
2

20

S 2 Gl - Gl
:%(FZI( ) = Fz, (w™) + Fz,(w") = Fz,(w™))
> 2 (Fau(0) — Fa, (w7) + Fay(wh) = i (c)
= L (PrlY ]+ PrY )
> Pr[Y]

Lemma 30. For{ € [k],c € C\W,0 < j < {, we have Pr [Sg,c,j > 2%] < exp (—22870%).

Proof. Fix £ € [k],c € C\ W, 0 < j < £ Let X, be the event that poss(v, ¢, W \ R) evaluates to true. By the same
argument as Lemmal9] since G = (F, + F,)/2 and Fz, is non- decreasing, Fz,(¢)—Fz (c) <2(G(¢) — G(e)) <2A
and symmetrically F,(c) — FZZ( ) < 2A, giving Pr[X,] < k +1 + 4A. Let X = >" | X,,. The same argument as

Lemmaapplies with p = k+1 +4A, a = k(lfil) 4A > 4k2, 0?2 <p< <9 4,@, and t = na. By Factl

20n t2/2 2nt
>0 < 7 )< - ).
Pr [X k } eXp( n02+t/3> eXp( 280k:3>

We can now prove Theorem [I3]

Proof of Theorem|I3] First, the output of Algorithmalways provides 2-PJR+: if Wis output by the algorithm, the voters
in any 2-large cohesive group would be counted by some sy . ;, and otherwise W* is output and satisfies PJR+.

We bound sy . ; with Lemma @LBy Lemma@l (which holds for the GIV by the same argument, since its proof uses
only the structure of poss and W C P), for any two ¢, ¢’ € Q; = (p;, pi+1) between consecutive query points we have
X¢.c,j = X, ;5 thus the union over c reduces to one term per interval. With |P| < k + 32k? < 34k2, there are at most
68k? cells (open intervals plus boundary candidates), giving at most 68k terms after a union over k2 (¢, j) pairs, and

2Tn
U Xt | <68k*exp < 3> :
e 280k

Hence, if n = Q (k3 log (k*logm)) = Q (k?log(klogm)), and since |P| = O(k?), the expected number of queries is
E(Q) < 68k*logmexp (— 5otz ) + O(log k) < O(log k). O

Unfortunately, we cannot achieve a stronger form of PJR+ for arbitrary joint distributions.

Proposition 31. Fore > 0, W from Algorithmdoes not provide (2 — €)-PJR+ on some distribution and choice of C, k.

6534



Proof. Consider the cumulative probability distribution given by Fz, z,(z,y) = min(2z, 1) max(2y — 1,0). In words, Z;
is drawn uniformly at random from [0, 1/2], and Z5 is drawn uniformly at random, and independently of Z;, from [1/2, 1].
Then Fz, (z) = min(2z, 1), Fz,(y) = max(2y — 1,0), and G(z) = 3(Fz, (z) + Fz,(z)) = x forz € [0,1]. Let k = 4t
for some t € N with ¢ > £~ 1. The marked points are then {i/(4t + 1) : i € [k]}.

We construct our candidate set. We have a single candidate ¢* at 1/2. Then for each t + 1 < ¢ < 3t, set a candidate at the 7’th
marked point i/(k + 1). Finally, place ¢ candidates arbitrarily within X = [0, §) and ¢ candidates within X; = (1 — 4, 1],
with § = £/100. For each marked point i /(k + 1) with ¢ + 1 < 4 < 3t, it will select the candidate that sits at its position. For
each other marked point, there will exist a candidate either within X or X which is closer to it than ¢* = 1/2. Therefore
c* is not selected. Take ¢ = 2t + 1 and j = t. Then the j + 1’th candidate left of ¢ is in Xy, and then ¢ — j’th candidate right
of cisin X;. Let Y be the event that the voter approves of c*, < j candidates in W to the nght of ¢, and < ¢ candidates in
W in total. We have Pr[Y] > (Fyz,(1/2) — Fz,(0)) (Fz,(1 — 8) — Fz,(1/2)) = (1 — 26)* > 1 — 45. However, we have
that 27208 = B=2)BHD < /4 <1 /25 =145 < Pr[Y].

Thus the probability that sy . ; < (2 _ )nt i, by Factapplied to the lower tail, with variance p(1 — p) < 46 = /25 and

gapg=(1—40)— (2—¢e)l/k > /5,

Pr (Binom (n,1 — 46) < (2 — e)nl/k) < exp (_317166> .

> (2—¢)nt a)ni

and thus for large enough n, s¢ . ; > with high probability and we use O(log m) queries in expectation. O

F ROBUSTNESS TO APPROXIMATE KNOWLEDGE OF G

We verify the claim in Remark |11} if the algorithm uses G with |G — G| < ¢ < A/2, then Theoremholds with the
same sample bound n = Q (k* log (klogm)).

When G replaces G, the algorithm selects winners at @-quantiles and places query points at G1 (rA).

Perturbed Lemmal Assume (3 is strictly increasing (i.e. a strictly monotone CDF approximation). Since ;. < G (o),
the selection criterion |G(w,) — ps | < |G(c) — u | gives G(w,) < G(c), hence wy < ¢ (by monotonicity of (), hence
G(ws) < G(c) (by monotonicity of G). Moreover, |G(ws)—p; | < |G(c)—puy |+2ea, s0 G(ws) > 2u; —G(c)—2e¢. Thus
there are at least j + 1 winners in the G-interval 215 — G(¢) — 2e¢, G(c)), giving G(¢) — G(w™) < 2(G(¢) — ;) +2e6-
Analogously, G(wt) — G(e) < 2(;@; — G(c)) + 226, and summing: G(w™) — G(w™) < 2(,uzrfj - M;) +deq =
20/(k+ 1)+ 4eq.

Perturbed Lemma By the AM-GM step (d; d; < (df +d; )/4), Pr[Y] < $(G(wt) = G(w™)) < ¢/(k+1) + 2e¢.

Perturbed Lemma@ Consecutive query points G~ (rA) and G~1((r + 1)A) enclose a G-interval of mass at most
A+2e¢. Hence Pr[X, A-Y] < 2(A+2¢e¢), giving Pr[X,] < ¢/(k+1)+2A+6¢¢. The validation gap is ¢/k —Pr[X,] >
0/(k(k+1)) —2A —6ec > £/(k(k +1)) — 5A > 0, where the last inequality uses e¢; < A/2 and the positivity follows
forall ¢ > 1,k > 1since ¢/(k(k + 1)) > 5/(16k?).

The Bernstein bound of Lemma [9] and the union bound of Theorem [5|then apply unchanged, yielding the same failure
probability O(k* exp(—$2(n/k?*))) and sample bound n = 2 (k® log (klogm)).

G DISCUSSION OF MULTIDIMENSIONAL MODELS

It is natural to ask if our results can be extended beyond one dimension. Towards this goal, we propose the d-dimensional
Random Euclidean Voter Model, which is a generalization of RIV.

Definition 15. Every bounded interval I of R together with a finite set C C 1%, a probability distribution D over convex
subsets of 1%, and n € N define a d-dimensional Random Euclidean Voter Model (d-REV) as follows: we draw n samples
Aj,..., Al ~ D, let V = [n], and define the approval set of voter v € V as A(v) = Al N C. We define a new type of query
called a PLANAR query: Given a candidate ¢ € C, a vector p € R4, a direction <€ {<,>} and avoter v € V, the query
PLANAR(c, X, =<, v) computes the half space defined by H = {x € I* : p-x < p - ¢} and returns 1[A*(v) C H].
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We note that PLANAR queries in the d-REV model correspond exactly to INT queries in the RIV model. In general, voters’
approval sets may have complex geometries, so that communicating (a description of) a voter’s approval set may require a
significant amount of information. However, PLANAR queries enable efficient communication; each query consists of two
d-dimensional vectors and a direction, and the voter’s response is always a single bit.

The spatial model with d > 1 is more expressive than the RIV model; in particular, it can capture important aspects of
participatory budgeting. Indeed, consider a 2-REV model representing the geographical layout of a city, where each project
is associated with a particular location, and voters approve of all projects that lie within some area around their residence.
We are able to query voters using PLANAR queries to ask a voter whether all of their approved projects lie half space
on the map. We hope that our investigation of the 1-dimensional model may provide useful insights into how to tackle
higher-dimensional settings.

Springham et al.| [2026] pursue exactly this direction, developing a general theory of committee-selection rules (“W-
selection modules”) for the d-REV model that subsumes the present results and closes several of their gaps. Relative to the
present paper, that work (i) targets general joint distributions over voters’ approval regions rather than the structured RIV
mixture considered here; (ii) attains exact EJR+ rather than the 2-EJR+ (for RIV, Theorem [I2)) and 2-PJR+ (for general
one-dimensional distributions, Theorem guarantees obtained here; and (iii) does not require the distribution to be known
exactly. In the one-dimensional case, their construction specializes to a rule that closely mirrors Algorithm [2} both place
committee members near equally spaced quantile positions, but where Algorithm [2]selects the candidates closest to the
marked points under the combined mixture CDF G, their rule instead quantizes the left-endpoint marginal CDF alone — a
change that is enough to carry essentially the same construction from PJR+ to exact EJR+.
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