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Abstract

We present the first analytical study of ECD, fo-
cusing on the one-dimensional setting for this first
installment. We formalize a stochastic ECD dy-
namics (SECD) with energy-preserving noise, as
well as a quantum analog of the ECD Hamilto-
nian (QECD), providing the foundation for a quan-
tum algorithm through Hamiltonian simulation
in a tractable model where the barrier-crossing
mechanism can be computed explicitly. For one-
dimensional double-well objectives in the under-
guessing regime, we compute the expected dy-
namical hitting times from a local minimum to
the global minimum. We prove that both sECD
and qECD exhibit exponential improvements in
continuous hitting time relative to their respective
gradient-based baselines, stochastic gradient de-
scent (SGD) and quantum tunneling walk (QTW).
For objectives with tall barriers, qgECD admits a fur-
ther hitting time improvement over SECD. Mecha-
nistically, ECD sidesteps the exponential cost as-
sociated with rare-escape events of SGD from lo-
cal minima by moving from dissipative to energy-
conserving dynamics.

1 INTRODUCTION

1.1 BACKGROUND

Gradient descent methods are the dominant approach for
large-scale non-convex optimization due to their scalability.
The recently proposed Energy Conserving Descent (ECD)
framework [De Luca and Silverstein, 2022] [Luca et al.,
2023| has been reported to achieve competitive—and in
some settings improved—performance relative to widely
used gradient-descent-based optimizers such as stochastic
gradient descent (SGD), Adam [Kingma and Ba, [2015]] and

SGD with momentum (SGDM) [Sutskever et al.l [2013]].
These results are given across a range of small to medium-
scale benchmarks, including ImageNet-1K fine-tuning and
Open Graph Benchmark node-classification tasks.

ECD is a physics-inspired dynamical system governed by a
Hamiltonian with a purely kinetic term, where the particle’s
position-dependent mass is inversely proportional to the po-
tential function that encodes the objective. ECD preserves
an energy invariant, which prevents the dynamics from con-
verging to strict local minima in the absence of explicit
stopping criteria [Luca et al.l [2023]]. In contrast, rigorous
guarantees for SGD to avoid or escape strict local minima
typically require additional structural assumptions, such as
smoothing or one-point convexity [Kleinberg et al.l 2018].
Moreover, in small-stepsize regimes relative to the height
of escape barriers, diffusion-approximation theory predicts
that escape times from local minima scale exponentially in
an inverse-noise or inverse-stepsize parameter [Hu et al.|
2019L Mori et al., [2022].

This frames gradient-based escape in the classical metasta-
bility picture: for Langevin-type dynamics and diffusion
approximations of SGD, Kramers—-Eyring—Kramers and
Freidlin—Wentzell theory predict rare-event escape times
with exponential dependence on a barrier-to-noise ratio
[Kramers, |1940, [Freidlin and Wentzell, 2012, Berglund,
2013, Hu et al.,2019,[Mori et al., 2022]. The sECD noise has
a different role: it randomizes direction while preserving the
energy invariant, so barrier crossing in the under-guessing
regime is not powered by a rare escape event.

The existence of a Hamiltonian description also motivates
a natural extension of the classical optimization dynam-
ics into a quantum problem. An analogous quantization of
SGD called guantum tunneling walk (QTW) has previously
been studied where a quantum advantage over SGD driven
by quantum tunneling effects has been observed when the
objective function has tall barriers [[Liu et al.,[2023]].

Our contribution is the first formulation and analytical study
of a continuous stochastic ECD dynamics (sECD) and a
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Table 1: We study general one-dimensional positive double-well objectives, but instantiate our results to the symmetric case
V(0) = w?(0?% — a?)?/8a% + V; with Vj > 0. Here, 3 := V(0) = a?w? /8 is the barrier height (see figure in [Section Al).
We compare hitting times from local minimum at —a to global minimum at +a for standard gradient descent methods (SGD
Shi et al [[2023]] and QTW [Liu et al.|[2023])) and for sECD and gECD dynamics. The parameters s, h, I/, A., A4 are tunable

in the respective dynamics and treated here as constants. Our results are asymptotic as 5 — oo.
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quantum analog of the ECD Hamiltonian (QECD). We eval-
uate them through expected hitting times from a local min-
imum to the global minimum on one-dimensional double-
well potentials in the under-guessing regime. We observe
exponential improvements in hitting time scaling relative
to the respective baselines SGD and QTW. For tall barriers,
gqECD has a further hitting time improvement over sECD
in our one-dimensional model. While a query-complexity
version of the statement is beyond the scope of this paper,
we emphasize the mechanistic improvement of ECD: by
changing the underlying motion to be energy-conserving,
ECD in the under-guessing regime sidesteps the exponential
cost of the rare escape mechanism of dissipative algorithms
like SGD; it is not a speedup of the same mechanism.

1.2 MAIN RESULTS AND ORGANIZATION

In non-convex optimization, we seek to minimize an ob-
jective function F(0) over © € R?. ECD requires an a
priori guess Fp for the global minimum min F', which de-
fines the potential V(©) := F(0) — Fp, and simulates a
classical or quantum dynamics that conserves a total energy
E (classical) or an energy distribution w(F) (quantum).

In we describe the qualitative regimes of ECD
determined by comparing F and min F'. This work focuses

on one-dimensional double-well objectives in the under-
guessing regime Fy < min F', equivalently Vy := min F' —
Fy > 0. Our primary performance metric is the expected
hitting time for the dynamics from the local minimum to the
global minimum.

In and[2.3] we formalize the SECD and qECD

dynamics: to make sECD a viable optimizer, we introduce
energy-preserving noise with tunable rate A, > 0 and hitting
time is defined for this dynamics; in the quantum setting
where continuous monitoring is unavailable without algo-
rithmic overhead, the hitting time is defined via a quantum-
walk-like protocol. Although Planck’s constant 7 sets an
overall energy scale for the semiclassical limit, we isolate
the dynamical structure of the Hamiltonian via nondimen-
sionalization, so that the dependence on physical constants

is absorbed into a tunable rate A, > 0 analogous to A..

In and 4] we compute expected hitting times

for sECD and qECD on general one-dimensional positive
double-well potentials. Our assumptions on V' and the main
results are stated in[Section 2.4] and [Theorems 3.2]and .11
For concreteness, instantiates these results for

W2

V(©) (0% —a®)* + W,
The tunable parameters in ECD are the energy E (classical)
and the learning rates A (classical) and A, (quantum); the
latter are morally analogous to learning rates s and h in
SGD and QTW. The notation table is given in[Table 2] Let
B = V(0) = a?w?/8 denote the barrier height; [Liu et al.
[2023]] observes a quantum improvement in expected hitting
time for QTW over SGD as 8 — oc.

We compare the expected time for dynamics initialized at
—a to reach +a, separated by how under-guessing error Vj
compares to barrier height 5. In both regimes, we show that

* sECD and qECD exhibit exponential improvements in
continuous hitting time scaling relative to their respec-
tive baselines, SGD and QTW. This reflects a change
in escape mechanism: gradient-based dynamics follow
a rare-event barrier-crossing [Freidlin and Wentzell,
2012, [Kramers, [1940f], while ECD crosses barriers
through energy-conserving motion with directional ran-
domization or quantum propagation.

* As conserved energy F is a tunable parameter for
SECD but not for gECD, we compare qECD to the
energy-independent lower bound on the SECD hitting
time. As barrier height 5 — oo, qECD attains a fur-
ther ©(3/ log 3) asymptotic hitting time improvement
over sECD, mirroring the separation between QTW
and SGD in Liu et al.|[2023]).

We expand and justify these comparisons in[Section 3] in-
cluding experimental validation for with code found

in this repositoryl In[Section 6] we conclude with a discus-
sion of forthcoming work and future directions.
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2 PRELIMINARIES
2.1 DETERMINISTIC ECD

The deterministic ECD algorithm in R¢ was proposed by
De Luca and Silverstein|[2022]], Luca et al.|[2023]], De Luca
et al.| [[2025] as the first-order discretization of the coupled
differential equations of position ©; and momentum 11y, i.e.
de,  2IL d dIl;

a I M T

Y
= ve,) s @

The equations have a time-independent Lagrangian formu-
lation and, therefore, a conserved energy, giving ECD its
name. We view it as a tunable parameter £.

Lemma 2.1 (Luca et al.[[2023])). Let E = ||TI,||?V (Oy).
Then, E = ||I1;||*V (©;) forall t > 0.

We decouple the momentum II;: its norm is given by

1L = p(©)) where p(0) ::,/%Wo. 3)

Hence, for direction wu, of I1;,|(2)[ simplifies to

d@t Qut Ht d—1
— = where u; = —— €8 4
it~ p(©y) S @

To define the algorithm, we set V(©) = F(©) — F, where
F(©) is the objective function to minimize and Fj is the
guess for the true minimum min F' of F'. We qualitatively
describe the three regimes, depending on how they compare:

* Exact-Guessing: if Fy = min F’, then min V' = 0. As
we approach the global minimizer, V' — 0 and p — oo.
Hence, dO©;/dt — 0 byand we slow to a stop.

e Over-Guessing: if Fy > min F, then the same slow-
down mechanism means we approach some © where
V(©) = 0and so F(O) = Fp, not the true minimizer.

e Under-Guessing: if Fy < min F’, then V is bounded
above zero everywhere, so p is bounded above. Hence,
O, never stationary, and the dynamics is recurrent.

ECD behaves fundamentally differently than gradient de-
scent methods like SGD: ECD slows down due to a diverg-
ing effective mass, while SGD slows down due to energy
dissipation. It also has different failure modes: ECD is sensi-
tive to the guess Fp, but it does not get stuck in local minima
as long as V' is positive. These mechanisms are counterin-
tuitive and are the source of the hitting time separations
studied below. In this paper, we focus on the under-guessing
regime, which is the simplest theoretically and already ex-
hibits the ECD barrier-crossing mechanism.

2.2 ONE-DIMENSIONAL STOCHASTIC ECD
(SECD)

Fix energy E > 0 and recall the decoupling IT; = p(©;)uy.
In one dimension, direction u; € {—1,1}. By [Theorem 2.1]
11, is never zero, so sign u; = ug never flips. In the under-
guessing regime, p(O;) is bounded above, so in fact ©,
moves in direction ug forever and never returns.

Unlike gradient descent, if ECD starts climbing up a poten-
tial barrier, it will continue to do so forever, and at increasing
speed; although momentum decreases, effective mass van-
ishes. This is the negative counterpart of the miraculous
slow-down mechanism in the exactly-guessing discussion.

To mitigate this, noise must be introduced while conserving
energy. For the discrete algorithm in R?, Luca et al.[[2023]]
proposes a random rotation of momentum after every time-
step ¢: pick v > 0, sample z ~ N (0, I;), and update

[[1L¢ ]

Ht — (Ht -+ I/Z) 7HHt T VZ”

®)

which is observed empirically to induce turnarounds.

Definition 2.2. In a forthcoming paper, we derive the con-
tinuum limit as time-step A — 0 and v ~ nv/A to get

_( a—wul)VV(O) n°(d-1) )
‘““‘( MLV (6:) ZmE )Y

+ (Iq — uiu) )dB;

/.
(ITL |

and|(4)|as the sECD dynamics in R? for d > 1.

In one dimension, however, rotations are sign flips of u; €
{—1,1} and do not admit a continuous stochastic analog:
flipping probability decays to 0 exponentially quickly as
step-size A — 0, and we also see that [(6)] degenerates to
duy = 0 for d = 1. To recover something meaningful in the

spirit of we define the time-change

ds 2 dO,

7oy = @ = us p(O,). )

Equivalently, dt/ds = p(©)?/2 = E/(2V(Oy)). Thus
the Poisson clock is homogeneous only in intrinsic s-time.
In real time ¢, its instantaneous flip intensity is

ds — 2X.  2X.V(6y)

At = p(©;)? E

All hitting times in are reported in real time. It
turns out that this is the intrinsic time of SECD for d > 1

and that us € S?1 is a diffusion with time and momentum
independent parameters, so it flips at some constant rate
Ad > 0. Motivated by the intrinsic-time angular randomiza-
tion in d > 1, we introduce the following one-dimensional
continuous-time model: a Poisson clock of constant rate A,
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in s-time flips us. We do not claim here that this Poisson-flip
process is the weak limit of any discrete one-dimensional al-
gorithm; rather, it is a tractable proposed model that isolates
the turnaround mechanism.

Definition 2.3. The one-dimensional sECD dynamics is|(7)
where u, == ug(—1)* for a Poisson process P, with con-
stant rate \. > 0 in s-time, and initial conditions (O, uo).

Our goal is to analyze the escape time of SECD from a local
minimum to the global minimum in the one-dimensional
under-guessing regime for double-well potential V' satisfy-

ing the assumptions in [Section 2.4] We initialize ©p = —a

at a local minimum, and compute the expected hitting time
Thit = inf{t > 0:0; = a} ®)

in real time to the global minimum at a.

2.3 QUANTUM ECD (QECD)

For the quantum dynamics, we employ Dirac notation. A
(pure) quantum state is a unit vector |¢) in a complex Hilbert
space H = L*(R?), with a dual vector (¢| = (|¢)) and
inner product (1)|¢). A Hamiltonian H is a self-adjoint op-
erator that generates unitary time evolution of the quantum
system. Over H, position basis {|x) : = € R?} yields the co-
ordinate representation of the wavefunction ¢(x) := (x|¢p).

The quantum ECD dynamics simulates the Schrodinger
equation: for imaginary unit ¢ and Planck’s constant 7

.0
ih; [D(6) = H [2(1) ©)

H is the Hamiltonian describing the quantized ECD dynam-
ics. There is some freedom in defining a quantum mechani-
cal version of classical deterministic ECD, which requires
promoting the classical variables to quantum operators while
preserving self-adjointness. In this work, we consider the
simplest quantization, addressing the ambiguity in operator
ordering by using the symmetric ordering.

Definition 2.4. Given a potential function V'(0), starting
from an initial quantum state 1o (©), the one-dimensional
qECD dynamics is a continuous simulation of the unitary
evolution U (t) = e~*#* with the Hamiltonian H given by

H = —h*06(V(0)de). (10)

To employ standard semiclassical analysis, we perform
asymptotic expansion as i — 0. To compare the optimiza-
tion dynamics rather than physical units, we introduce a
dimensionless time-scale parameter A\, > 0 in analogy with
A in SECD via

1 1
= wH = —A—g@I(V(x)am), 1n

and compare the expected hitting time for H with that of
SECD. This rescaling is interpreted only as a choice of
hitting time units in the present paper. We do not claim a
query-complexity separation here. See further discussions
in[Section 6| We note the following features in gECD, which
introduces further complexity in performance analysis.

While sECD initializes with position Oy and conserved
energy E, qECD initializes with a quantum wavefunction
10(©) which prescribes an energy spectral measure w(F).
This subtle difference is further discussed in[Section J. 1l

Since the quantum algorithm cannot be continuously moni-
tored without affecting the state of the system, we choose the
standard randomized protocol from quantum walks litera-
ture [|Childs et al.,2003]], which evolves the quantum system
for a randomly chosen time ¢ € [0, 7]. At time ¢, we denote
the amplitude of the quantum state by ¢ (O, t), so the proba-
bility density of the wavefunction is © — |1)(©,t)|2. Then,
the probability of successfully detecting the state within a
o-neighborhood around the global minimum a at time ¢ is

a+o
palt) = / d0J3p(0, 1) 2, (12)

—0

for some small ¢ = O(v/h) we choose. Physically, this is
a natural choice of length scale set by the ground state of
a harmonic potential. This protocol is then repeated inde-
pendently to ensure at least one successful detection. Based
on this protocol, we introduce the notion of hitting time for
comparison with classical results.

Definition 2.5. The expected hitting time of the gECD dy-
namics starting from ,(0) to a o-neighborhood of a is

T dt
—po(t
Tp()

13)

T. a) = inf —— where py(7) =
(vola) = inf — po(r) = |

is the averaged success probability for one trial.

2.4 ASSUMPTIONS AND NOTATIONS

We focus on a one-dimensional double-well objective F :
R — R in the under-guessing regime (Fy < min F') and
make two assumptions on the potential function V = F' —
Fo:

» V is a C'-function with exactly two local minima
which we assume without loss of generality to be
{—a,a} fora > 0.Let V := V(a) > 0 be the global
minimum and let V; := V(—a) > V; be the local
minimum.

* Tail condition: V' (0) — oo as |§] — oo, and

de

om0 VO

A sufficient condition is super-quadratic growth: there
exists ¢ > 2 such that V(0) 2 |6]° as |0] — oc.

(14)
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We adopt standard asymptotic notation, with the limiting
regime clear from context: f < gdenotes f = O(g), f < g
denotes f = o(g), f < g denotes f = O(g),and f ~ g
denotes f/g = 14o0(1). For a Markov process X;, we adopt
standard notation [E, and P, as expectation and probability
conditioned on Xy = x.

3 ANALYZING STOCHASTIC ECD

3.1 SETUP AND MAIN RESULT

We begin with a coordinate-change: let z; := ¢(©;) where

_ [ de 1
o(0) = / e = vE ), V@ 1)

Then, local minima §# = famaptoz =0andz = L =
¢(a). By[(7)] the z-dynamics is dz,/ds = us € {£1}, and
for any s-time stopping S, the corresponding real time is

1

S
7(8)= 5 [ @) a6)

We can compute the hitting time for the noiseless dynamics.

Proposition 3.1. If us = 1 is constant, and initially ©y =
—a, then the deterministic real time to hit a is

L a
Taet = %/0 p(¢™ () de = %/ p(0)do. (17)

—a

Our main result for the classical case is the following analog

for double-wells when we inject noise as in[Section 2.

Theorem 3.2. For V satisfying assumptions in
and the stochastic ECD (sECD) dynamics in

with ©¢ = —a, the expected hitting time to a is given by

L g0
+ (AL + Liy=—1}) /_O: p(6)do

with Taet from[(17)] L = ¢(a) from[(15)] and p from|(3)]

Tdet + /\c
(18)

We observe that the first line corresponds to the time spent
exploring [—a, a] and it converges to the deterministic hit-
ting time as noise A\, — 0; the second line corresponds to
time spent exploring the tail [—o0o, —a], and there is an extra
term if we initialize towards the tail, i.e. ug = —1.

We simplify if V' is symmetric,i.e. V(§) = V(=¢) for all €.

Corollary 3.3. If V is a symmetric double-well, then the
expected hitting time to a of SECD with ©g = —a is

A AL) [ 0088 1y [ pOYB. 19)
0 a

3.2 EMBEDDED FOUR-STATE MARKOV CHAIN

Under the space-change in[(I5)] let S, be the s-time of the
n-th visit to minima {—a, a}, and let Z,, .= (X,,,U,) =
(zs,,us, ). Then (Z,) is a Markov chain on four states

zZ = {(077)7(074»)7([’7 7)7(Lv+)}~ (20)

We call (0, +) and (L, —) inward states, while (0, —) and
(L, +) are outward states, relative to the interval [0, L].

The transitions (0, —) — (0,+) and (L, +) — (L, —) from
outward states are deterministic: we must return to the in-
ward state at the same well before hitting the other well.
Starting at an inward state, we could either cross the barrier
and preserve signs, or return to the starting position and re-
verse signs. Let ¢ be the crossing probability. These notions

are spelled out in via the telegraph process.

The transition matrix with states listed in order as [20)]is

0 10 0
_|1-¢ 0 0 ¢

P = e 00 1-4| 1)
0 01 0

Let Dy be the number of discrete steps until first arrival
to the global well q, i.e. the smallest n such that z,, = L.
Without computing g, we make the following observation.

Proposition 3.4. The stationary distribution of P is uniform
on Z, and the expected hitting time is

2

2
E(0,+)[Dnit] = i 1, E(o,—)[Dnit] = 7 (22)

3.3 THE TELEGRAPH PROCESS

We now isolate and analyze the key process governing g and
barrier crossing, which will allow us to compute transition
times of Z,, and hitting times of ©; and x.

Let (X, Us) be the telegraph process with Xg = 0, Uy = 1,
and dX/ds = U, which flips with rate A > 0. Define

S=inf{s >0: X, €{0,L}}. (23)

as the exit time on [0, L]. All results below are proved by
solving the corresponding boundary value problems £h = 0
(harmonic) or Lg = —w (Poisson) for generator £. They
are standard exercises deferred to

Proposition 3.5. Define q .= Py 1 )(Xs = L). Then,

1
WA @Y
For an integrable running cost w : R — [0, co) define
s
Gi(r) =Eg 1) / w(X;)ds| . (25)
0
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Lemma 3.6. Assume G_(0) = 0 and G (L) = 0. Then

G (0) = q/ (14 27(L — 2)) w(z) dz,
0 (26)

L
G_(L) = q/o (142 2) w(x) de.

We also need the analogous statement on a half-line R
instead of an interval. The computation follows the interval
[0, L] case upon taking L — oo. We record this formally.

Lemma 3.7. For stopping time o = inf{s > 0: X, =0}
and integrable w, then o < oo almost surely and

E,t) MJ w(Xs)ds] :2/]R w(z)de. (27
+

We will apply this to the ECD running cost w to the tails of
V, so the tail condition gives integrability of w.

3.4 TRANSITION AND HITTING TIMES

Consider the semi-Markov process given by Z,, = (X, Uy,)
and real time T, associated with Z,,. Let At be the real time
associated with one transition step of Z,,, analogous to Tt

from [(T7)} We compute At by and[3.7] with
it 1
= — = — . 28
w(@) =% = Lp(e1(a) e
Proposition 3.8. For outward states z € {(0,—), (L, +)}

E(Oy_)[At} :/ p(e) d0,
o (29)

EL,4)[At] :/ p(0) db,

are finite by For an inward state z € {(0,+), (L, —)}
E.[At] = (Taet + AeB-) g, (30)
where q and Tyey, are defined in[(17)|and[(24)] as well as

o (] 25
B,y = /Z (/i ;gé) p(0)db. (31)

Let T1,;¢ and Sh; be the real time and s-time to first hit the
global well a, analogous to Dy;;. With ¢ in [24)] we now

compute their expectations, similar to[Theorem 3.4

Proposition 3.9. Under[(14)] the stationary distribution of
the semi-Markov process is proportional to E,[At], and

Eo,+)[At] + (1 — q)Eo,—[At]
E o) [Thie] = — 2 q S
E At +Eqg _\[At
o 1) S B30

(32)

Combining and [ gives we
remark that the key simplification via symmetry in

is B(,+) = B(r,—) and they sum to 2LTyc.

4 ANALYZING QUANTUM ECD

4.1 SETUP AND MAIN RESULT

A quantum state evolving under the gECD dynamics has a
position-dependent local momentum p given by [(3)] Analo-
gous to[(I5)} we define the Liouville coordinates

©  dx
y(©) = /O o) (33)

To simplify notation, we also define the distance integral
1(01,02) == y(02) — y(©1).

We fix objective function V' satisfying and take
the semiclassical limit 4 — 0 to compute the expected

hitting time from 1) to a for gECD and a
general positive double-well V. Before stating our main
results on hitting times of qECD, we formalize parameter
choices for the gECD dynamics.

(34)

* The initial quantum state is a zero-momentum Gaus-
sian wavefunction of width ¢ = O(v/h) centered at
the local minimum —a, i.e.

1 O +a)’
’(/Jo(@)I:WeXp{—(;O—_Za)}. (35)

* The detection window [a — 0, a + o] around global
minimum a has the same width, following[(T2)]

Heuristically, the choice of o guarantees that as 7 — 0, the
potential function in the respective windows is O (%) away
from V(a) = Vj and V(—a) = V4, respectively.

Theorem 4.1 (Quantum Hitting Time). For V satisfying
assumptions in and 0 = O(\/h), there exists
an absolute numerical constant ¢ > 0 such that the ex-
pected hitting time of the gECD dynamics
with Hamiltonian H, as h — 0, is at most

H‘;L’“)\/E)[wom)].

As discussed in[Section 2.3 we compare the expected hitting
time for sSECD with that of qECD under the time-evolution

of the rescaled H in for sufficiently small 7 to obtain

Corollary 4.2. In the setting of[Theorem 4.1] the expected
hitting time for the gECD with rescaled Hamiltonian H is

(36)

Vi
Thit(ola) < 2 I(—a,a)? ?0 (37)

1
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4.2 ENERGY-DOMAIN ANALYSIS

The energy eigenstates of the Hamiltonian H can be derived
from the time-independent Schrédinger equation

—1h%(0eV e )t = E1p. (38)

Naively, the absence of "turning points" in the under-
guessed landscape suggests a continuous spectrum. Upon
closer inspection, the super-quadratic tails assumed in

‘ection 2.4] enforces a discrete, quantized spectrum due

to domain compaction in Liouville coordinates.

Lemma 4.3. Under assumptions in the gECD
Hamiltonian has a discrete energy spectrum bounded below
by 0, and a finite effective domain length given by

L =1(—00,00) < 0. (39)
We separate the low energy (non-semiclassical) and high
energy (semiclassical) contributions according to the WKB

approximation. Define the WKB energy cut-off

V'(x)]?
V' ()| sup

— V/l T
V(I) 1’6[—2a,2a]| ( )|

E..; = h? max { sup
z€[—2a,2a]
(40)
Within the semiclassical regime where E > FE.,;, we take
the asymptotic expansion of the plane wave ansatz 1)(0) =
explip(©)/h] as h — 0 to obtain the following approximate

solution to the Schrodinger equation [(38)]

Lemma 4.4. For E > FE_.:, the gECD Hamiltonian as
h — 0 has quantized energy eigenstates (indexed by n)

\/§

dx + O( )>
4D

o (7

4.3 TIME-DOMAIN ANALYSIS

Given the time-propagator kernel K(Os,¢;01,0) =
(O,] e~ /7 |@,), and an initial wave packet 1(0), its
amplitude at time ¢ under the Hamiltonian evolution is

v(o.1) = [ dO'K(0.66.000(®),  (2)
and the time-propagator kernel admits expansion
K(02,t,01,0) = > e Fnt/Mp (0,)17(01).  (43)

En

We analyze the semiclassical (E > E.,;) and low-energy
(F < E¢yt) contributions to K separately as follows.

Lemma 4.5. Asymptotically as h — 0, the low-energy
contribution to the time-propagator is

Z —iEn,t/h¢n(®2)m§ L

n: B, SEcut

nS

Klow = (44)

Lemma 4.6. There exists a constant § > 0 depending only
on potential V such that asymptotically as h — 0, for any

- 5](@711, @2)7

the semiclassical contribution to the time-propagator is

(45)

Kwkb = Z eiiEnt/hd}n(@?)w:(@l)
n:E,>FE.ut
46
exp{i |19 — =+ o(n)] } “0)
S VRV (O)V(O2))

Up to the time scale[(45)|that will cover our hitting time (see
[Theorem 4.9)), the phase saddle point lies in the semiclassical
region, so the integral in [(46)] can be evaluated using a
quadratic stationary-phase approximation. We now note that
K 1s asymptotically smaller than K,k as i — 0.

Corollary 4.7. For any time t satisfying asymptotically
as b — 0, the time-propagator of the gqECD dynamics is

ool 222 ]

2V/mht(V (01)V(©2))1/*

K(02,t;01,0) = +0(1).

(47)

44 HITTING TIME

Using the qECD time-propagator, we analyze the time-
evolved quantum state |(42)| via a saddle-point expansion
of the integral.

Lemma 4.8. Starting with an initial state[(35)|and evolv-
ing under qECD dynamics for time t satisfying [(45)] the
probability density of the quantum state is given by

[1 4+ O(h)] exp{ 2 Re{®(0.)}}
2t\/27ra2hV1|V en)[|@" @)’
where o = o /v/h < 1 and ©', is a complex saddle point of

(©+a? 10,0
1z T

[w(©. )" =

(48)

(0) = — (49)

With measurement window [a — o, a + o], the instantaneous
transition probability p, is given in This allows us to
derive the following result for its time-averaged counterpart.

Lemma 4.9. Fort satisfying with (01,02) = (—a, a),
the average transition probability P (T) in is given by

A [ e*
Do (T O(h dz, 50
)=o) g [ o0
asymptotically as h — 0, where
2 272
_ V20?0 B N (51)
ViV hV
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Now, we upper bound the expected hitting time in
[(I3)] by choosing 7 to be a numerical constant times
I(—a,a)/+/hV;. In the appendix, we check that this sat-
isfies [(45)] and recovers the upper bound in
on the expected hitting time. We remark that we believe a
matching lower bound up to numerical constants holds; an
analysis of K, for time ¢ beyond [(45)]is required.

S CASE STUDY COMPARISON

5.1 SETUP AND CONFIGURATION

Recall from [(T)] the particular symmetric double-well po-
tential in the under-guessing regime, corresponding to
objective F(0) = w?(0? — a?)?/8a? and under-guess
Fy = =V < 0. Note that V" satisfies assumptions in [Sec]
We define the barrier height of V as

1
B=V(0)= §a2w2. (52)
We further specify sECD and gECD configuration beyond
[Section 2]to enable a fair expected hitting time comparison.

1. In qECD, we assume the initial Gaussian wavepacket
1 centered at —a and the detection neighborhood at
+a to both have sufficiently small width o = O(v/h).
Our results in the classical setting have no window,
but the corresponding expected hitting times for SECD
with sufficiently small nonzero initialization and hitting
window width o recover E[T},;;] asymptotically.

2. In qECD, direction uq and energy E are fixed by .
To guarantee a quantum advantage, we lower bound the
classical hitting time by terms independent of E and u,
and show that the qECD hitting time is asymptotically
smaller. In particular, this lower bound corresponds to
the favorable initialization with ug = 1 and E small.

3. We treat tunable learning rates s, h, A., A, for the re-
spective dynamics as constants in the 5§ — oo limit.

Next, we justify and conclusions in

We compute the expected hitting times for V' in [(T)] and
compare the resulting dynamical scalings with the SGD
and QTW baselines in [Shi et al.|[2023], [Liu et al.| [2023]].
Our results in this section are asymptotic as 5 — oo and
separate into cases according to how the under-guessing
error V compares with (3.

The comparison is best read mechanistically: the SGD and
QTW baselines are associated with the original objective-
landscape geometry, while ECD uses the energy-conserving
geometry. Thus the separation is not a smaller Arrhenius
prefactor, but a change from rare-event escape to barrier
traversal under a different dynamics.

5.2 SMALL UNDER-GUESSING ERROR: V, <

We compute via[Theorem 3.3|and [Theorem 4.1| polynomial

expected hitting times of the SECD and qECD dynamics,
in contrast with the exponential hitting time scaling of the
SGD and QTW baselines in [Shi et al.| [2023]], Liu et al.
[2023]]. This gives the hitting time separation between ECD
dynamics and gradient-based escape baselines.

Theorem 5.1. For potential V in with Vo < B, the
expected hitting time of SECD is asymptotically
E
T, = (Aca“' + f) log <6) (53)
w Vo

for both uy € {£1}, the expected hitting time of gECD is

T</\

2 B
qu—glog (Vo>

We lower bound 7. uniformly over £ > 0 by its first term
to see a 2(3/ log ) factor quantum advantage as 8 — oo.

(54)

Corollary 5.2. Under configuration assumptions in
ife=9WP) <V < B as barrier B — oo, then

1
T, > a®log (é;) > — log? <50) >T,. (55

The lower bound on under-guessing error V; ensures the log-
term does not dominate; when V) is exponentially smaller
than 3, we are essentially in the exact-guessing regime.
Moreover, a natural algorithmic design is to run ECD itera-
tively in a bisection-style search so F{y converges to min F’
from below. Then, quantum speedups persist when Vj is
halved for Q(3) iterations, starting from Vj =< S.

5.3 LARGE UNDER-GUESSING ERROR: V; 2 3

Here, in[Theorem 3.3] the tail integral dominates, so most

of the running time classically is exploring (—oo, —al.

Theorem 5.3. For potential V in[(D)| with Vo 2 B, the
expected hitting time of SECD is asymptotically

Vo aw \/TE “1/4
E+V01/4> W
(56)

depending on ug, the expected hitting time of gECD is
2

T, = (1{u0—1} + Aeca

A
T, < "J/Z

(537)

We lower bound T uniformly over £ > 0 and initial direc-
tion ug € {—1, 1} by its middle term in to see a ()
factor quantum advantage as barrier height 5 — oo.

Corollary 5.4. Under configuration assumptions in
if Vo 2 B as barrier height B — oo, then

2
T, > a3/2w71/2V01/4 > (‘LO > T, (58)

v

6561



54 NUMERICAL SIMULATIONS

We numerically check the hitting time scalings in the under-
guessing regimes with symmetric quartic double-well po-
tential V' with barrier height 3 := V(0) = a?w?/8:

V(O) = ;“?(@2 —a?)? + Vh.
Let classical energy £ = 1, Poisson rate A, = 0.5, and
initial direction ug = 1. We fix a = 1 and let w — o0 so
B — o0, and plot V) = 1 for the small V < (3 regime and
Vo = 10 for the large Vy = 3 regimes. Both plots have log-
scaled axes and are intended to be hitting time comparisons
of the dynamics, not query-complexity benchmarks.

Fixed Vo =1 qECD/SECD comparison
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Figure 1: Comparison of qECD and sECD hitting times for
the symmetric double-well potential with V) = 1.

Vo = 10B qECD/sECD comparison
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Figure 2: Comparison of gECD and sECD hitting times for
the symmetric double-well potential with V) = 108.

For sECD, we evaluate the exact integral formula in [The]
orem 3.3| numerically and independently simulate the em-
bedded telegraph process with 8000 Monte Carlo trajecto-
ries. These hitting times match, confirming the validity of
in this toy model. For gECD, we discretize
H = —0,(V(x)0,), initialize a Gaussian packet of width
o = 0.1/w centered at the left well, and record the proba-
bility of detection in a window with width e = ¢ around
the right well. The reported qECD hitting time proxy is the

discrete analogue of whereas the theoretical
curve is an upper bound from [Theorem 4.1] up to a multi-

plicative constant. describes details on the gECD
simulation and this repository contains the code.

These experiments support the asymptotic hitting time sep-
arations as barrier height 5 — oco: we observe for sECD
hitting time the ©(log §) growth in with fixed
Vo = 1 and the plateau in|[Figure 2|with V; = 103, whereas
the qECD hitting time decays to 0 in both cases, consistent
with the theoretical conclusions of [Theorems 3.1] and 3.3}
The small discrepancies between the theory and simulation
results reflect the nature of the semiclassical approximation.

6 FUTURE DIRECTIONS

Landscape Generalizations. We provide a first analyti-
cal proof of concept for ECD by establishing hitting time
improvements on one-dimensional double-well objectives
in the under-guessing regime. This is the simplest nontrivial
setting in which the ECD barrier-crossing mechanism and
the hitting times can be computed. Our techniques naturally
extend to broader one-dimensional landscapes: multi-well
objectives can be coarse-grained into semi-Markov chains
whose edge costs are determined by the Liouville distances

with real-time conversion following [Theorem 3.

A further extension to higher-dimensional objectives via

and [2:4]is a key direction, as this setting is
most relevant for practical applications. Classically,

replaces the one-dimensional Poisson sign flip
by angular diffusion on S, so basin transitions depend
on the basin geometry of landscape V' rather than a single
interval crossing probability. For qECD, the difficulty lies
in metric rigidity: the one-dimensional Liouville coordinate
used in our analysis has no general global analogue ind > 3
because Liouville’s theorem in conformal geometry restricts
conformal coordinate changes, so high-dimensional gECD
requires new semiclassical analysis for variable-coefficient
Hamiltonians. Extending this analysis to general landscapes,
as well as to other guessing regimes corresponding to sign-
indefinite potentials, is the focus of forthcoming work.

Algorithmic Considerations. A complete notion of algo-
rithmic speedup requires analyzing query complexity and
overhead. In forthcoming work, we analyze the speedup
by specifying an oracle model for V, a discretization and
truncation scheme, and error bounds for Hamiltonian simu-
lation. This is then compared with the discretization effects
of for sECD. We also study robustness to ini-
tialization via mixing-time analyses. For sECD, mixing time
characterizes convergence to a stationary distribution. For
qECD, where unitary dynamics do not converge pointwise,
we instead analyze convergence of time-averaged distribu-
tions to a dephased limit. This perspective also illustrates
the robustness of both ECD dynamics.
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In this section, we include an illustration of the double-well potential with parameters given in a notation table.

V(0)

Figure 3: Symmetric double-well potential in the under-guessing regime.

Table 2: Frequently used notation.

Meaning

Symbol

F

Fo
V=F-F
Vo =V(a)
Vi =V(-a)
B=V(0)

E

AC

Aq

o

€

objective function

scalar guess for min F'

ECD potential

potential value at the global minimum
potential value at the local minimum
barrier height in the quartic double well
conserved classical ECD energy
Poisson flip rate in intrinsic s-time
qECD hitting time scaling parameter
qECD initialization Gaussian width
qECD hitting time detection window width
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B PROOFS OF TELEGRAPH PROPOSITIONS IN SECTION

Let A = \.. We sketch the proofs of the boundary value problems with the same template: define the quantity of interest
depending on state (z,u) € R x {+}, write Lh = 0 or LG = —w, impose boundary conditions, and solve the resulting
ODE system. The generator on (0, L) is

(59

Proof of[Theorem 3.3 Let hy(x) =P, +(Xr = L).On (0,L), Lh = 0 gives
Ho@) + A (@) — by (£) =0, —H. () + Aoy () — h_(2)) = 0.
Note that A_(0) = 0 and h4 (L) = 1. Subtract the equations to get (h4 — h_)" = 0, hence hy — h_ = D is constant.
Then 7/, (x) = AD, so hq(x) = h4(0) + ADx and h_(x) = hy.(x) — D. From h_(0) = 0 we get i, (0) = D, and from
hy(L)y=1weget D(1+AL)=1,s0¢=h4(0) =D =1/(1+ AL). O
Proof of[Theorem 3.6] Recall that G_(0) = 0 and G4 (L) = 0. Then, LG = —w on (0, L) gives
Gy +MG- — G4) = ~w, —GL + MG - G-) = ~w,

Set D=G. —G_and S =G4 +G_,s0 D' = —2wand S’ = 2XD. As G_(0) = 0, ¢ := S(0) = D(0). We have

Let W(z) = [, w(u)duand V(z) = [ (z — w)w(u)du, so
D(x)=c—2W(x) = S(z) =c+2A /w D(u)du = ¢+ 2 cx — 4NV (x)
0

Now, as G4 (L) =0

W (L) 4+ 2AV (L)

0=D(L)+S(L) = ¢ = 2W(L) + ¢+ 2eAL = V(L) = c= —— -

This is exactly G4 (0). To solve for G_ (L), we plug c into D(L). O

Proof of[Theorem 3.7} Let oy, = inf{s > 0: X, € {0, L}}, so by[Theorem 3.5

. 1 1
Pop(o=00) = lim P )(Xo, = L) = lim =7 =

Hence, o is finite almost surely. Conditioned on this event, the path maximum M = SUP,¢[0,0] X is finite, so along each
sample path fOUL w(Xs)ds = fog w(X,)ds for any L > M is eventually constant. By monotone convergence as L — oo

o oL
E(O +) |:/ w(Xe)ds] = lim ]E(O +) |:/ w(Xs)ds}
’ 0 L—oo ’ 0
To compute the right-hand side, we use and[3.6)and integrability of w to compute

(1+2)\L) fOL w(z)dr — 2\ fOL rw(z) dx
1+ AL

L e
q/o (14 2ML — z)) w(z) de = — 2/0 w(z)dz (60)

as L — oo, where the fact that % fOL zw(x)dr — 0 as L — oo for integrable w is a standard exercise in real analysis. [
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C PROOFS OF OTHER RESULTS IN SECTION
Proof of [Theorem 3.1} Since us = 1, then dz/ds = 1, so by [(7)]and [(16)]

S L a
Toow =5 [ 067 (X2ds =5 [ pto7 @)= 5 [ pio)an G
where we observe dx/df = ¢'(0) = 1/p(). O

Proof of [Theorem 3.4 From (0, +), with probability ¢ we hit the right well in one leg; with probability 1 — ¢ we return to
(0, —) in one leg. From (0, —), we always take one outward-return leg to (0, +). Thus, we have a linear system

E(0,+)[Dhit] = ¢+ (1 — q) (1 +E(o,—)[Duit])

(62)
Eo,—)[Dnit] = 1+ E(o 4+ [Dnit]
which gives to the desired result. O
Proof of [Theorem 3.8} Recall that w(z) = p(¢~(x))?/2. By [Theorem 3.7, we compute
oo 0 —a
Eo,-)[At] = 2/ w(x)dr = / (o (x))%dx = / p(0)dh. (63)
0 —o0 oo
where we observe dz/df = ¢'(6) = 1/p(0). The same holds for the other outward state, i.e. E(y, 4)[At].
From (0, +), we recall w to compute that
L q " L
Bolat] =g [ (2@ -o)ulade =1 [ (o7 @)de 200 [ (L-apule)ds = T+ irBos) (64
0 0 0

where we recognize the first term as ¢7get by @ and the second term follows from

2 [Cw o= [ ( | dy> s wra= [ ([ o =n0, 6

where dx/df = ¢'(0) = 1/p(0) and similarly dy/d¢ = 1/p(€). The same holds for (L, —). O

Proof of [Theorem 3.9, We follow the proof in The statement on stationary distribution follows from the fact
that the embedded chain has uniform stationary distribution and the expected transition times given in For the

hitting times, starting at (0, —), we always transition to (0, 4-) in expected real time given exactly by Ey _)[At], so
E(O,—)[Thit} = E(()’-t,-)[Thit} + E(@_)[Af]. (66)

The first-step analysis starting at (0, +) is more complicated: with probability ¢ we have the event E that next state of Zy is
(L, +). Then, the expected hitting time is the expected time of this transition, i.e. E(q 4 [A¢|E]. On the complement F of
E, the next state is (0, —), in which case the expected additional hitting time is E(o,_)[Thi]. Together, we have

E 0,4+ [Thit] = qE(0,4)[AE] + (1 — q) (E(o,4)[AtE] + E(o,—) [Thit])

= (1= @)E(0,)[Thit] +P(o,+)(E) - E(o,)[At|E] + P(o,4)(E) - Eo,1)[At|E] (67)
= (1= @)E0,—)[Thit] + E(o,+)[At].
Solving[(66) and [(67)] gives the desired. O

Proof of| Combining B-8]and[3.9] we obtain

1
E(0,u0) [Thit] = . (Eqo,1)[A] + (1 — qLlpu,=1})E (0, [At])

1 1
= Tdet + )\B(O,-i-) + (1{u0:—1} + )\L) / p(@)d@
which is exactly [Theorem 3.2upon plugging in B 1. O
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Proof of [Theorem 3.3) Recall that w(z) = p(¢~'(x))?/2. Since V is symmetric about 0, so is p, and so w is symmetric
about L/2. Therefore, by (65)| in z-space

L L L
B4y = 2/0 (L — 2)w(x)dx = 2/0 (L —2)w(L — x)dx = 2/0 yw(y)dy = B, - (69)

Moreover, by [(I7)]
L L
Bo,+)+ B,—) = 2L/ w(z)dr = L/ (¢ (x))?dx = 2L T ge (70)
0 0

Therefore, B, y) = B(1,~) = LTuet. Together, by symmetry and [(T7)]

oo

E(0,u0) [Thit) = (1+-AL) Taet+(AL+1 = 1y) / p(0)df = (1+AL) / p(O)d0+(AL+1 10— 13) / p(0)do (71)
a 0 a

which simplifies to the desired equation. O

D PROOF OF RESULTS IN SECTION

Remarks on quantization uniqueness. Quantization of the ECD Hamiltonian is not canonical because © and p do not
commute. This operator ordering ambiguity is a well-known issue [von Roos| [1983]]. In this paper, the symmetric ordering
we chose R

Hy = pV(©)p = —h*0e(V(8)de) (72)

is not unique. More generally, one can consider a family of symmetric quantum Hamiltonians
H(a,b,c) = %(V“;ﬁV”;ﬁVC +VPVIHVY), a+b+c=1, (73)
where V = V(©) > 0 and p = —ihde. The choice (a, b, c) = (0,1,0) gives Hy. Equivalently, the different orderings can
be expressed in terms of H with subleading O(A?) quantum potentials
H(a,b,c) = Hy — h? "T‘LCV”(G) — acw . (74)

Proof of[Theorem 4.3] Setting A = £ as the rescaled energy, the time-independent Schrédinger equation becomes

—(Vy) = M. (75)
Define the Liouville transformation under coordinate change
o)
do
y(0) = / . (76)
0 V(0)

From [Section 2.4] V' (6) has super-quadratic tails as |#| — oo, so the original domain © € R gets compactified with this
redefinition onto a finite interval (y_, y ). The wavefunction unitarily transforms via

u(y) = V(O) " "¥(O()), d&=Vdy (77)
such that
2 o 2
v [ 1@k = [ ut). 78)
Yy
then transforms into the Liouville normal form, a standard Schrodinger equation on a bounded interval (y_, y )
—u”(y) + Qy)uly) = Mu(y), 9
where Q(y) is an effective potential
1 1 (V'(e@w))? 1V, 3 ()?

Qly) = 7V"(0(y))

1 — w2 (80)



Therefore the resolvent is compact by standard spectral theorem result, so the spectrum of H is pure point and discrete.

To show semi-boundedness of the spectrum, for any ¢ € C°(R), since V' (x) > 0 we have
. 10) = [ D@0,V @) @)de 21 [ V(' (@)do > 0 1)
R R

Using the Friedrichs extension associated with the closed quadratic form ¢(v¢) = (v, Hy) > 0, we have a Hamiltonian that
is self-adjoint and bounded below by 0. Therefore o (H) C [0, c0). O

Proof of[Theorem 4.4) For E > E.,;, the WKB eigenstates take the form of a plane wave ansatz
v
Y(O) = exp {hqﬁ(@)] , (82)

where ¢(0) is a complex phase. Expanding ¢ in power series in & up to O(h), such that ¢ = ¢g + h¢1 + O(h?), and
substituting into gives

m% [V(©)(¢h(8) + i (©) + O(h*))] = V() [¢6(6) + hé,(©) + O(h*)]* + E =0 (83)

Solving the leading order O(h") terms of the Schrodinger equation assuming h|¢} (0)| < |¢(©)| (we state the exact
condition at[(92)) gives the phase contribution to the eigenstate in terms of an integral of the local momentum p(©) :=
E/V(©)

@
60(0) = + / p()dz. (84)

Taking ¢}, = +p(O) such that the leading order term vanishes, solving the next order O(%) terms gives the amplitude of the
eigenstate

$1(0) = iln EV(O) + const. (85)

Combining both terms and assuming /%|¢5(0©)| < |¢}(O)| so the higher-order phase contribution is asymptotically small
(we state the exact condition at i , we obtain the desired equation. For completeness, we also solve the next order O(hz)

terms and present it her
[y [l 1 (V@)
00 =% [ s |V - | (56)

Interestingly, the numerator of the integrand is exactly the effective quantum potential in the transformed y-space. This
confirms the intuition that the next order phase correction to the semiclassical approximation is a purely quantum one.

Due to[Theorem 4.3] the energy eigenstates of the gECD Hamiltonian are bound states given by a linear combination of the
orthogonal traveling-wave solutions

©
YwipE(©) = (EV(fCi)))l/‘l sin <\/hE o, Ii(x) dr + O(h) + ¢> . (87)

where A, ¢ are amplitude and phase constants to be determined by normalization and boundary conditions, respectively. The
hard wall boundary conditions as enforced by the Friedrichs extension require the wavefunction to vanish at infinity

lim ¢WKB,E(@) = O (88)

O—+to0

This means that the sine functions must be integer multiples of 7 at the boundaries, leading to the quantization rule where

n=1,2,3,--
VE, n\?
L=nx, E,= (m) . (89)

h L

This confirms the Liouville coordinate picture, where the system is effectively a particle in a rigid box of length L.

'In the WKB eigenstate, this gives the next order contribution to the phase term, scaling as exp{O(%)}.
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A is a normalization constant such that the wavefunction satisfies
[o ]
/ |¢ (x)|?de = 1. (90
— 00

Therefore the wavefunction simplifies to the desired expression

’(/)WKBJL(@):\/gW i ( / \/76133-"-0 )) 91)

To the O(h) order in the phase expansion, the semiclassical approximation holds when the perturbation series for the phase
converges rapidly. This requires the following conditions to be satisfied:

1. In solving the leading order terms in the Schrodinger equation, we assumed that 7i|¢) (©)| < |¢,(O)|. This reduces to

hV'(©)]

1. 92
EV(©) < ©2

Physically, this validity condition means that V' (©) changes slowly over the distance of one local de Broglie wavelength.
2. In dropping higher order corrections to the phase term, we assumed that 42|¢5(0)| < |¢5(©)|. This reduces to

V”(@) V/(®)2

2 p—
L N T C)

< 2F. 93)

Physically, this validity condition means that the second-order phase correction is small compared to the leading-order
classical phase contribution. Interestingly, in the Liouville coordinate, this condition implies that the effective quantum
Hamiltonian @)(y) is negligible compared to the kinetic term.

The WKB condition for gECD can therefore be summarized as

BV'(©) RAV"(©)]
. 4
* <4 EV(©)  4FE > <1 O

In this work, we are interested in studying the transition between local minima under the gECD dynamics. To separate low
energy from semiclassical physics, we define the semiclassical (WKB) energy cutoff within the region of interest

V()
Eout = h? max sup |7, sup |V"(z)|p. 95)
! {ze[—Qa,Qa] V(ZL’) z€[—2a,2a] | ( )‘

O

E PROOF OF RESULTS IN SECTION
Proof of| We start with the discrete spectrum expression for K45, assuming no degeneracy:
Kiow(©2,1,01,0) = > e "t/ (02)7(01). (96)
n:E, <FEcyut

By Weyl’s law, we can estimate the number of energy eigenstates below E.,¢, Niow, via the WKB quantization rule up to an
O(1) error, giving
L V' (x)[? "
Nipw = — max sup ———, sup |[V'(z)];+O(1). o7
27 {16[ V(z) &

—2a,2a] —2a,2a]

Observe that the number of states residing in the non-WKB regime is independent of 7 at leading order. Assuming the
geometric features of the landscape are O(1) and 1),, have unit norm, we have

Kiouw(©2,1501,0) < Nigu sup [e~ 5/, (02)1,(01)| = O(1). (98)

O
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Proof of [Theorem 4.6) WLOG, assume ©5 > ©;. We start with the discrete spectrum expression for Ky, assuming no
degeneracy:

Kup(02,£,01,0) = Y e Bt/ (09)97(61). (99)

niEp>Ecut

Substituting the WKB wavefunctions derived in|[Theorem 4.4] we have

2
Kuin(©2,4,01,0) = e Bt/ gin (\/E,1(02) + O(h VE.I(© :
S I COIUCLE nE%:E sin (VEI(©2) +0(0)) sin (V/E om)
(100)
where we define the phase constant
e
1(0) ::/ ! dz. (101)
—o0 / V()

We can expand the product of the sine functions

. . 1 S| —1.5, 5 -5,
sin (0,(02)) sin (0,(01)) = 1 [exp ?0 + exp - 0 _ exp?l —exp — L, (102)
where S, Sy, are action-like quantities defined via
So :=hyVE,(I(02) = I(©1)),  Sy:=h\/E,(I(02) 4+ 1(61)). (103)

Physically, Sy denotes the action of a direct path from ©; to ©5, while .S; denotes the action of a path starting from ©1
going into negative infinity and reflecting back to O, ("left-reflecting"). To extract analytical behavior of this infinite sum,
one can utilize the Poisson summation formula

Y. f) Z/E dE( )f()w’”‘ (104)
n:Ep>FEeut cut

to rewrite the sum over discrete energy level n as an integral over energy E. The density of state dn/dF can be derived
from the quantization condition

L
S(E)=VEL=nrh = dn=———dE. 105
(E) 2V Erh e
Substituting back to the K,k expression gives
e~ Ent/hi2kS(E)/h iSo —iSo i —iS
Kurp(02,t;01,0) / exp — + ex —exp — — ex
e s kzm B L R e

(106)

The factor e~*2#5(E)/" introduced by the Poisson summation formula physically represents the path action accumulated
during k round trips. The sum over k can therefore be interpreted as summing the propagating waves over all winding
numbers. For every k, the four terms represent a full set of topological reflections as follows:

1. So + 2kS ("direct" path): ©; — O + k full round trips

2. —=Sp + 2kS ("leftright-reflected" path): ©; — —o0 — 400 — O3 + (k — 1) full round trips
3. S; + 2kS ("left-reflected" path): ©; — —oco — O + k full round trips

4. —S; + 2kS ("right-reflected" path) : ©1 — +o0o — @5 + (k — 1) full round trips.

Therefore we see that the Poisson summation expression indeed sums over all possible paths that the quantum system can
take between ©; and O,.

It is easy to see that every summand in this infinite sum takes the general form

*° 1 )
Jpath = /Ewt 47Th\/7( ( ) (@1))1/4 eXp{hq)(E)}7 Q(E) = Spath — FEt. (107)
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The integral can be analyzed via a saddle point expansion

Igath I = Spath _ ds 1
42’ P \/E path \/V(S)

It is crucial for the saddle point approximation that £, > E.,;. Recalling the definition of E.,; due to the WKB condition,
we have

¥(E)=0 = E, =

(108)

2

L V' ()]
inf 29" S B2 max sup , sup  |V'(z (109)
path 42 z€[—2a,2a] V(l’) z€[—2a,2a] | ( )|

Therefore, it suffices to ensure t < % for some ¢ > 0 depending only on landscape V' (and not 7). This sets the time scale
where this semiclassical analysis remains valid, as stated in the lemma.

Assuming that the time scale condition is satisfied, at the saddle point,

I? 213
(I)(E*) — Path’ cI)"(E'*) = —% < 0. (110)
4t Ipath

Expanding the integral around the saddle point with E = E, + ¢, we can keep terms up to O(€?) in the integrand and
perform Gaussian integration to get

— 1 . Igath 7T
Jpath = WAV (09)V (@)1 exp{z ( T 4> }(1 + O(h)). (111)

Note that the amplitude prefactor is independent of k. To further simplify the summands, observe that

o0 ’[, ) B o0 ’L ) B o0 7, )
k:z_:oo eXp{WIdirect(k)} = k:z_:oo eXP{W(So + 2kS) } = k;m exp{mIZEft,right(_k)} (112)

= - e i 2w -
k_z_ exp{m]left(k)} = k_z_ eXp{4ht<Sl + ka) } = _Z_ exp{mlright(_k)} (] ]3)

Collecting all terms:
Kwkb(GQa t7 617 0)
_ e~in/4 i [exp{ i(1(©) — 1(01) + 2kL)? } B exp{ i(I1(©3) + 1(©1) + 2kL)? H
2V mht(V(02)V(04))1/4 ant 4ht (114)

i(1(©2) — 1(©1))? i(1(©2) + 1(©1))?
NAhL(V(02)V(0,))1/4 {GXP{ ant }’93(2—’7) - eXP{ T }193(2477)} :

where ¥3(z1, 7) are Jacobi Theta functions with

k=—oc0

e—zrr/4

LUI(©) £1O1) L
2ht ’ wht'

We now show that only the £ = 0 term contributes to the evolution of a physical wave function, to leading order in /. Now,
recall from [(42)] that an initial wave function evolves under the Hamiltonian via a spatial integral over the propagator kernel

2t = (115)

(B2, t) = /d91K(@2,t;@170)¢0(@1)- (116)
For the set up considered in this work, 1y has zero momentum, so the integral contains fast oscillating terms taking the form

¥(01) i(I(©3) £ 1(01) +2kL)?
/d@l(const) . V(0773 exp{ i }7

where the constant term contains amplitude information of vy and K, k. The leading order contribution to this oscillatory
integral can be analyzed using a saddle point expansion. The saddle points for these terms, for any fixed &, take the form

(117)

1(©5,) = £1(6,) + 2kL. (118)
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Since 1(©) € [0, L], as discussed in the Liouville transformation section, the only physically permitted saddle point is
I(©3 ) = I(O1). This saddle point comes from the k = 0 direct path term. Every other saddle point lies outside the
integration domain, and therefore has negligible contribution to the dynamics of the quantum state. Therefore the effective
time-propagator is given by

—im/4 i(I -7 2
Kuko(02,;01,0) = - exp{z((GZ) ©) -%CMHJ}, (119)
2Rt (V (02)V (0,))1/4 4ht
thus proving the desired time-propagator result. O

Remark E.1 (The Continuum Approximation). Remarkably, the requirement that the first saddle point sits above the WKB
energy cutoff sets a time scale where the semiclassical physics exhibits identical behavior to a system with a continuous
spectrum, as can be seen by examining the k£ = 0, direct path term in the Poisson sum before performing the saddle point
expansion.

Proof of| Starting from [(42)] we substitute the initial Gaussian state defined in[(35)|and the time-propagator
derived in[Theorem 4.7|to get the time-evolved quantum state. Let 0 = av/F, where o is an O(1) initialization constant we
can choose. The state at time ¢ is

e~im/4 > 1 1 (©+a)? 1(6,0)
0,t) = / d®' ——————ex {<I> e’ }, P(O) =— +1 : .
VO = S iarammven i | " ey P ) (&) 1a? 4t
(120)
The integrand is a sharp Gaussian envelope with an oscillatory part. The derivatives of the phase are
©'+a iI(0,0) 1 7 iI(©,0)V'(e)
P'(O) =— — e "(0) = —— : 121
() 202 2t4/V(0) ©) 2a2 - 2tV (0") 4tV (97)3/2 1z
The saddle point of this integral can be expressed as an implicit equation
;2
0 =—a— 2 __[(—a,0). (122)
ey )
The phase function and its second derivative at the saddle point are then
2 2 2
,_ a’I(—a,0) il(—a, ©)
®(6,) = 442V (0") a7 (123)
1 i a?I(—a,©)?V'(0.)
®"(O) = —— ’ x 124
O =52 awe) T wmve) (124)

As i — 0, this integral is overwhelmingly dominated by an O (%) region around the saddle point. Since V' (©) is independent
of h, within this effective integration region,

V(e) Tt =v(e,) 1+ 0n), (125)
so we can evaluate the slowly varying amplitude V' (©')~1/4
error. The state at time ¢ can therefore be simplified into
_ eim/4 exp{%fb(@;)}

2V ht(2ra2hV (©)V;)1/4

at the saddle point and pull it in front of the integral with O(h)

! i/// A=YAY: i(4)/ =AY T
/Cd@ exp{Qh@ (0)(6" ~ ©L)% + 5@ (0)(6) ~ O) 4+, (126)

¥(©,1)

where we integrate over the contour of steepest descent C' across the complex saddle point ©,. Let z = © — ©,. The
contour integral is dominated by the leading order Gaussian integral, with subleading contribution coming from the quartic
term:

_ i "\ a.2 1 @) \,.4 _ 2rh
Ic—/cdxexp{zhfb (002 + g V(O 4 =\ [T (14 O(0). (127)
Combining all ingredients, we arrive at the final expression of the quantum state at time ¢:
e=im/4 2mh i (a?I(—a,0)? il(—a,0)?
0,t) = expl — . + . 1+0(m)]. (128
V(6:1) 2V/wht(2ma2hV (©)V (01)1/4 || —@"(O)) p{ﬁ ( 42V (05) 4t )}[ (. d28)
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The probability density of the quantum state is given by

2_ 1
2t1/2rhV (0)[V(6L)]|®" (L))

0(6,0) exp{ 3 Ref(61)} b1+ O], 129)

giving the desired result. 0

Proof of[Theorem 4.9 and[Theorem 4.1] Recall that the instantaneous transition probability is given by

a+to
po(t) = / dely(e, ). (130)

—0

Since we are integrating around an interval 2a.v/7 that only contributes to higher-order 7 corrections, the leading-order
instantaneous probability density is effectively constant over the integration window. Therefore

— (%2a a.t)? = ! ex 2 e !
polt) = VRN ) = e e RO} O] )

1 o’1(8,,0)
Recall that Im{©’,} = D
real axis. We will later confirm that this is indeed the characteristic time scale of the dynamics. At this time scale, we can
approximate

, s0 at time O(1/+/h) and above, the saddle point becomes asymptotically close to the

/ "y 1 / aQI(_av a)2
V(@) =Vi+0(h), [29(6))|=:5—5+0(h), Re{®(©))}=—7Fz—+0(). (132)
2« 2t2V)
The average transition probability is therefore
Tdt V202 a?I(—a,a)? A B
Py (T) = — ———————3dt=—E; [ = | [1+O(h)], 133
)= | e e"p{ 22V, } 27 <72> 1+ O] (139
where By () := [ %du is the exponential integral, and A, B are
2 27(_ 2
_ V2 g ofl(caa)? (134)
vV 7TV1‘/0 th

With a change of variable = B/72,

T _2B 1  (cons .I(—a,a)Q Vo
=2 o) = ot T B o 13)

Note that the minimum of ﬁ(@ can be reached at xy, where xg is an O(#) constant, so we can extract the leading-order
characteristic time scale up to a constant
I(—a,a
T« = (const) - M (136)
hVi

This O(1/+/h) time scale confirms the vanishing complex shift of the saddle point, and satisfies the limit imposed by
This proves the desired result in

vh
. I(_n‘va‘) \/‘70
This concludes the quantum hitting time proof. O

The desired upper bound in|[Theorem 4.1|is achieved with 7., with D, (7.) = (const) -

to leading order in A.

F CASE STUDY COMPUTATIONS IN SECTION

We prove [Theorems 5.1 andtogether. By a change of variables, with § = Vj/ and 6 = au, we have
Viau) = B (6 + (1 — u?)?) (137)
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Therefore, the cases of guessing error correspond to § < 1 versus 6 2 1. We compute integrals

_a\/B ! — . 2)2
L—@[1\/6+(1 w?)2du (138)

and as a/y/B =< 1/w, we have

(139)

/ p(0)do = “\F/ / p(0)do = “‘F/
a m 0 VO + (1 —u?)?
Also, note that for I defined in[(34)|

1(_a,a>xE—1/2/ p(6)dh
0

Hence, to compute T¢. and T, it suffices to compute the three integrals over u above and apply [Theorem 3.3|and[Theorem 4.1|

Proof of[Theorem 5.1| Here, § < 1. Then, the integral in[(138)]is a constant. For the integrals in[(139)] we note a divergence
near u = 1: lett = u — 1, then (u? — 1)% = (2t + t2)? ~ 4¢* for u € [0, 2], so

! du 2 du ¢ dt .
= = ——— =< log(67")
0 \/6+(1—u2)2 1 \/5+(1—u2)2 o Vo +4t?
This shows the second integral in[(T39)] For the first one, we split at u = 2 and use the equation above as well as

/¢a+1—_u2/3du:)

since /0 + (u? —1)2 > u? — 1 > u?/3 for u > 2. Together

/m /m / mvlog( )

so both integrals in|(139)| must be asymptotically log(6~!). O
Proof of[Theorem 5.3} 1f 6 2 1, then (1 — u?)? € [0,1] foru € [—1,1], so

1 1
d
/ Vo4 (1 —u2)2du =5 and / "~
—1 0 w/§+(1—u2)2
Now, we split the last integral to bound the denominators and conclude

§1/4

o] st/ oo

I e e e A W e M A O L

1 J+ (1 —u?)? 0 0+ (1 —u? 514 /0 + (1 —u? f siaut =17
and we obtain an asymptotically matching lower bound:

§1/4 §1/4 61/4
| o=zl vma=mih wetl w
5+ (1 —wu? 04 (1 —u? 0+ ut

so the tail integral in u must be asymptotically 6 —1/4. O
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G QECD SIMULATION DETAILS

The analytical results for hitting times of SECD and qECD are verified numerically in|Figure 1|and [Figure 2| The code can
be found in this repository. Here, we discuss implementation details of the gECD simulation.

The qECD simulation discretizes the simulated spatial region [—R, R| into N grid points at positions ;. The initial state
is a normalized Gaussian wave packet with default center o = —a defined on these grid points. Throughout this paper,
we chose R = 6 and N = 25000. The potential landscape V'(x) is evaluated on midpoint grid points x4 /o, creating a
tridiagonal stencil

Vici2 + Vigi2 j+1/2 1/2
gy = et ey, Y, | Yo, | (140)
The discretized time evolution is then performed using the Crank—Nlcolson method to the interior grid points, with Dirichlet
boundary conditions
HAt i H At
() o o 20) .

The computational domain is chosen to be sufficiently large such that boundary effects are negligible. The initial state is a
normalized Gaussian wavepacket centered at the left minimum. The Gaussian width is chosen as 0 = 0.1/w, so that the
wavefunction stays localized relative to the narrowing well as w increases. The detection window is chosen to be the same as
the initial Gaussian width. visualizes the time evolution of the wavefunction probability density under the gECD
Hamiltonian for a chosen symmetric double-well potential.

Wavefunction Probability Density and Potential

1.0

[wix, O

Time t
o o o o o o
O [ N w = [V,

0.0

V(x)

Position x

Figure 4: Time evolution of the wavefunction probability density under the symmetrical double-well potential, simulated
over x € [—6, 6]. The top panel shows the normalized probability density |1)(x,t)|? for x € [—3, 3]; red dotted lines mark
the location of the wells. The bottom panel shows the corresponding potential V (z) = 2(z2 — 1)2 + 0.6.
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