Robust and Computationally Efficient Linear Contextual Bandits under
Adversarial Corruption and Heavy-Tailed Noise

Naoto Tani'2

Futoshi Futami'2?>

!Graduate School of Engineering Science, The University of Osaka, Osaka, Japan
ZRIKEN AIP, Tokyo, Japan
3Department of Complexity Science and Engineering, The University of Tokyo, Tokyo, Japan

Abstract

We study linear contextual bandits under adversar-
ial corruption and heavy-tailed noise with finite
(1 + €)-th moments for some € € (0, 1]. Existing
work that addresses both adversarial corruption
and heavy-tailed noise relies on a finite variance
assumption and suffers from computational inef-
ficiency. We propose the first computationally ef-
ficient algorithm based on online mirror descent
that is robust to both adversarial corruption and
heavy-tailed noise. While the existing algorithm
incurs O(tlogT) computational cost per round,
our algorithm reduces this to O(1) per round. We
establish an additive regret bound consisting of a
term depending on the (1 + €)-moment bound of
the noise and a term depending on the total amount
of corruption. This bound unifies and extends previ-
ous guarantees for (generalized) linear contextual
bandits under adversarial corruption and heavy-
tailed noise. In particular, when € = 1, it recovers
existing guarantees under finite-variance assump-
tions. When no corruption is present, it achieves
the same regret rate as existing results for linear
contextual bandits with heavy-tailed noise in the
general setting. Moreover, the algorithm requires
only upper bounds on the noise moment and the
total amount of corruption, while still guaranteeing
sublinear regret.

1 INTRODUCTION

Linear contextual bandits provide a general framework for
sequential decision-making with side information [Latti{
more and Szepesvari, [2020]]. Specifically, over a time hori-
zon 7', in each round ¢, the learner selects an action associ-
ated with a d-dimensional context vector X; and observes
a stochastic reward r; = (0*, X;) + n;, where 6* is an d-

dimensional unknown parameter and 7, is zero-mean noise.
The learner’s goal is to select high-reward actions to maxi-
mize the cumulative reward over T'. Most existing analyses
assume that the noise is conditionally sub-Gaussian [[Abbasi{
Yadkori et al.| [2011} |Agrawal and Goyal, [2013]], which en-
ables the use of self-normalized concentration inequalities.

However, in practical applications, this reward model can
be violated due to two major challenges. First, the stochas-
tic reward may be adversarially corrupted. Adversarial
corruption arises in many real-world systems, including the
presence of spam or malicious reviews in recommendation
systems [Lykouris et al 2018]]. It can strategically bias
parameter estimation, preventing the learner from maximiz-
ing cumulative reward. Second, the noise can be heavy-
tailed. Heavy-tailed noise is commonly observed in domains
such as finance [Rachevl, 2003|]. Unlike sub-Gaussian noise,
heavy-tailed noise may yield extreme rewards, preventing
standard concentration arguments for least-squares estima-
tors from applying directly.

Since adversarial corruption and heavy-tailed noise can arise
simultaneously in practice, algorithms must be robust to
both challenges at the same time. In online advertising sys-
tems [L1 et al., 20101, click fraud introduces adversarial cor-
ruption [Lykouris et al.| |2018]], while value return can also
exhibit heavy-tailed behavior [Jebarajakirthy et al., 2021]]. In
such a situation, existing methods that address only one of
these challenges [He et al., [2022] Wang et al., | 2025] cannot
guarantee robustness to the other challenge.

Although |Yu et al.| [2025]] are the first to study contex-
tual bandits under simultaneous adversarial corruption and
heavy-tailed noise, they assume that the noise has a bounded
second moment (i.e., finite variance). This requirement is
stronger than the bounded (1 4 €)-moment assumption for
some ¢ € (0, 1] adopted in linear contextual bandits with
general heavy-tailed noise [Huang et al., [2023] Wang et al.}
2025]. Therefore, their results do not cover the more general
bounded (1 + ¢)-moment setting.

In addition to this statistical limitation, the algorithm of

Proceedings of the 42" Conference on Uncertainty in Artificial Intelligence (UAI 2026), PMLR 337:6645-6676.


mailto:<u168727h@ecs.osaka-u.ac.jp>?Subject=Your UAI 2026 paper

Yu et al.| [2025] is computationally inefficient. At each
round ¢, their estimator is obtained by solving a convex
optimization problem over all past observations, resulting
in an O(tlog T') per-round computational cost. Such a per-
round computational cost that grows with ¢ is undesirable
in large-scale or real-time applications. This contrasts with
recent algorithms that achieve O(1) per-round computa-
tional cost when handling either adversarial corruption or
heavy-tailed noise [He et al.,[2022, |Wang et al.| [2025].

Taken together, existing works do not provide an algorithm
that is simultaneously robust to adversarial corruption and
heavy-tailed noise under bounded (1 4 ¢)-moment assump-
tions while also achieving per-round O(1) computational
cost. Robustness, in this context, means achieving sublin-
ear regret despite the presence of adversarial corruption or
heavy-tailed noise. In this paper, we study linear contex-
tual bandits under simultaneous adversarial corruption and
heavy-tailed noise satisfying a bounded (1 + ¢)-moment
assumption. Under this setting, we address both robustness
and computational efficiency. We summarize our main con-
tributions below.

* We propose a new algorithm, corruption-robust heavy-
tailed UCB (CR-Hvt-UCB, Algorithm[I). It achieves
robustness to both adversarial corruption and heavy-
tailed noise with bounded (1 + ¢)-th moments for any
e € (0, 1], while admitting O(1) per-round updates.
This generalizes the finite-variance setting of exist-
ing work while improving its computational efficiency.
The key idea is to perform an online mirror descent
(OMD) update (TI) on an adaptively scaled Huber-
based loss (3)). The adaptive scaling controls the influ-
ence of both adversarial corruption and heavy-tailed
noise, enabling the algorithm to achieve both robust-
ness and computational efficiency.

* We establish regret guarantees for Algorithm [I]when
the noise moment bounds and the total amount of cor-
ruption are known (Theorem [4.3). The regret-bound
scales with the square root of the cumulative squared
(1 + €)-moment bounds of the noise, plus an additive
term linear in the total amount of corruption. In partic-
ular, when € = 1, our bound recovers the regret guar-
antee of [Yu et al.|[2025]] in the linear case with finite-
variance noise. In the absence of adversarial corruption,
the bound matches the best-known rate for linear con-
textual bandits with heavy-tailed noise. Importantly,
our algorithm works even when the total amount of
adversarial corruption and the (1 + ¢)-moment bounds
of the noise are unknown, while retaining theoretical

regret guarantees (Corollary 4.10).

The remainder of the paper is organized as follows. Section[2]
discusses related work and Section [3|formalizes the problem
setting. Section [] presents our algorithm together with its
regret guarantees. Section[5]offers a proof sketch of the main

result. Section[6|reports experimental results, and Section
concludes the paper.

2 RELATED WORK

We first position our work relative to prior studies along two
key aspects: adversarial corruption and heavy-tailed noise.
In our setting, stochastic rewards are corrupted by an addi-
tive adversarial corruption with total magnitude constrained
by a budget C, and the heavy-tailed noise 7, satisfies a
bounded (1+¢)-moment condition, i.e., E [|n,|'+<] < v}
for some € € (0, 1]. A detailed and formal problem setting
is deferred to Section[3.1] Comparisons with additional ex-
isting works are provided in Appendix [A]

He et al.|[2022] study linear contextual bandits under ad-
versarial corruption and adopt the same additive corruption
model as ours. Assuming R-sub-Gaussian noise, they estab-
lish a nearly optimal regret bound of O(dv/T + dC'). Their
analysis relies on self-normalized concentration inequali-
ties for sub-Gaussian noise. Since bounded (1 + €)-moment
noise need not be sub-Gaussian, their framework does not
directly extend to our setting. In contrast, we develop a ro-
bust algorithm and analysis that remain valid under bounded
(1 4 ¢)-moment noise. In the finite-variance case € = 1 with
a constant moment bound, our regret bound recovers the

same order O(d\/T + dC') (see Table .

Wang et al| [2025] study linear contextual bandits
with heavy-tailed noise under the same bounded (1 +
€)-moment assumption as ours. Under this assump-
tion, they establish instance-dependent regret bounds of
@(dTﬁ VI 2+ dTﬂlTi)). However, their algo-
rithm and analysis cannot be directly applied to our setting.
In our setting, the quantities controlled by their concentra-
tion inequalities include an additional adversarial corruption,
which invalidates the stochastic structure required by their
concentration arguments. Therefore, we develop a new al-
gorithm and a corresponding analysis that are robust to both
adversarial corruption and heavy-tailed noise. Moreover,
when the corruption budget satisfies C' = 0, our regret
bound recovers their rate (see Table ).

Yu et al.| [2025] study generalized linear bandits (GLBs)
under simultaneous adversarial corruption and heavy-tailed
noise, and adopt the same additive corruption model as
ours. Under the finite-variance assumption E[?] < 12, they

establish regret bounds of @(d\ / Zthl vi+d-1vV C’).
Their guarantees are restricted to the finite-variance setting.
In contrast, we relax the finite-variance assumption to a
bounded (1+¢)-moment assumption for some € € (0, 1] and
establish regret guarantees under this weaker assumption.
In the finite-variance case € = 1, our regret bound recovers
the same order as theirs (see Table[T).

More closely related to our setting, Zhao et al.|[2025] pro-
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Paper C-Robust | HT-Robust | Efficiency Regret
Abbasi-Yadkori et al.|[2011] No No o) O(dVT)
Zhang et al.|[2026] No No o(1) O(dVT)
He et al.|[2022] Yes No o(1) O(dVT + d0)
~ 1—e T 1—e
O dT 2070 4/ 2 4 dT2079
Wang et al.|[2025] No Yes o(1) ( i Vit )
~ 1
O(dT T+ )
~ /T 2., ;.
Yu et al.|[2025] Yes e=1lonly | O(tlogT) o <d~ DiamVitd- 1V C>
OdVT +d-1Vv0O)
~ 1—e 1—e
O (dT==a /S w2 +dT=0Fa .1V C
Our work Yes Yes o(1) ( L1 Vi i )
O(dT T + dT=F9 -1V C)

Table 1: We compare our algorithm with existing methods in terms of three key aspects—robustness to adversarial corruption
(C-Robust), robustness to heavy-tailed noise (HT-Robust), and per-round computational cost (Efficiency)—and summarize
their regret bounds. The second row in the Regret column gives the simplified bound for uniformly bounded moments,

vy <v = 0O(1) for all t. We define 1 V C = max{1, C}.

vide the first study of heavy-tailed linear bandits with adver-
sarial corruption from a best-of-both-worlds (BOBW) per-
spective. However, their setting differs from ours in several
important respects. First, they consider linear bandits with
a fixed finite decision set, where their algorithm employs
Follow-the-Regularized-Leader (FTRL) over distributions
on the fixed arms. In contrast, we study general contextual
decision sets, and it is unclear whether such a finite-action
distributional update can be directly applied to our setting.
Second, their heavy-tailed assumption is imposed on the
observed losses, while we assume bounded (1 + ¢)-moment
noise. Moreover, they assume a uniform upper bound on
the (1 + ¢)-th moments over the time horizon 7', whereas
our framework allows time-dependent moment bounds. We
do not include a direct comparison with their regret bound,
since their guarantee is gap-dependent, whereas our result
provides a worst-case regret bound.

We next discuss prior work from the perspective of per-
round computational efficiency. Further comparisons are
deferred to Appendix [A]

In linear bandits, the OFUL algorithm [Abbasi-Yadkori
et al., 2011] achieves O(1) per-round computational cost
via closed-form updates based on ridge regression. In lin-
ear contextual bandits with adversarial corruption, He et al.
[2022] also achieve O(1) cost through similar closed-form
updates. By contrast, |Yu et al.|[2025] consider GLBs with
both adversarial corruption and heavy-tailed noise, where
the estimator is defined as the solution to a regularized em-
pirical risk minimization problem over all past observations.
Consequently, the estimator is recomputed by solving a
convex optimization problem at every round, leading to an
O(tlog T) per-round computational cost.

More broadly, even when closed-form estimators are not

available, efficient per-round updates can still be achieved
through OMD. [Zhang and Sugiyamal [2024]] first demon-
strated O(1) per-round OMD updates in logistic bandits,
and |Zhang et al|[2026] extended this framework to GLBs.
Building on this development, Wang et al.|[2025]] applied
an OMD-based estimator to linear contextual bandits with
heavy-tailed noise, showing that efficient updates remain
possible even under heavy-tailed noise. More recently, Kim
et al.|[2026]] improved the computational efficiency of |[Yu
et al. [2025]] via OMD updates. Their work considers a more
restrictive heteroskedastic exponential-family GLB model
than the finite-variance noise model of [Yu et al. [2025],
which enables sharper instance-wise regret bounds. In con-
trast, our work develops OMD-based efficient updates under
bounded (1 + €)-moment noise with adversarial corruption.

3 PROBLEM SETTING AND
CHALLENGES

In this section, we introduce the problem setting (Sec-
tion [3.1)) and review the limitations of existing work (Sec-

tion 3.2)).

3.1 PROBLEM SETTING

Notation. Let I; be the d x d identity matrix. Forn € N,
we define [n] := {1,2,...,n}. For a,b € R, we write
aV b :=max{a,b}. For a scalar z € R or a vector x € R?
and a positive semidefinite matrix A, we denote the vec-
tor’s Euclidean norm as ||x||2 and the Mahalanobis norm
as ||x]|a = vVx T Ax. We denote by 1{-} the indicator func-
tion, that is, 1z = 1 if F is true and 0 otherwise. For two
positive functions f and g defined on the positive integers,
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we write f(T) = O(g(T)) if there exist constants ¢ > 0
and Ty € N such that f(T) < ¢g(T) forall T > Tp. We
also use O(-) to hide polylogarithmic factors.

We define linear contextual bandits with adversarial cor-
ruption and heavy-tailed noise. At each round ¢t € [T, the
learner observes a decision set X; C R? and selects an
action X; € A&;. After choosing the action X, the environ-
ment generates the stochastic reward based on the linear
model

ry = (X0, 0%) + i, (1)

where 6* € R is an unknown parameter vector and 7 is
a heavy-tailed noise term specified later. After generating
the stochastic reward, an adversary may corrupt it by adding
a corruption term c¢;. This corruption may depend on the
decision set X3, the action X, and the stochastic reward 7.
Finally, the learner observes the corrupted reward

re =711+ ¢ = (X4, 0%) + e + ¢ ()

To measure the total corruption, we define the corruption
level C = Zthl |ct|, which may be known or unknown to
the learner.

Following prior work [Wang et al., 2025} |Yu et al., [2025],
we make the following assumptions on this setting.

Assumption 3.1. For each round t € T, the
heavy-tailed noise mn; satisfies, for some ¢ € (0,1],
E[Ut | Xl:tﬂ]l:t—hclzt—l] = 0 and EH%|1+E |
X1y Mt—1,C1i0—1] < l/t1+5, where vy > 0 is a known or
unknown constant to the learner.

Assumption 3.2. For all t and all x € X;, we assume
Ix|l2 < L for some L > 0, and 0* € © := {0 : ||0]|2 < S}
for some S > 0.

Under this model, the goal of the learner is to maximize the
cumulative uncorrupted rewards. Accordingly, we define the
regret with respect to the stochastic reward model (1) as
T T

max(x, %) — Y "(X;,07).

xEX,
t=1 ¢ t=1

Reg(T) =

3.2 LIMITATIONS OF EXISTING WORK

To understand the statistical and computational limitations
of existing work, we examine the method of |Yu et al.| [2025].
They employ the Pseudo-Huber loss [[Charbonnier et al.|
1997, |[Li and Sun, [2023]], which is a smooth approximation
to the Huber loss [Huber, [1964]).

Definition 3.3 (Pseudo-Huber loss). Let 7 > 0 be a ro-
bustification parameter. For x € R, the Pseudo-Huber loss
¢-(x) is defined as

¢ () :T<\/m—r).

Based on this loss, their estimator is constructed at each
round ¢ by performing adaptive Huber regression [Sun et al.,
2020] using all past observations.

t
Ao . s — <XS7 0) )\ 2
0, = argggnm 8521 br, (Ug> + 5”9”27 3)

where A > 0 is a regularization parameter and o, > 0
denotes a scale parameter. They propose an OFUL-type
algorithm built upon this estimator.

Their robustness to heavy-tailed noise guarantees relies on
a finite-variance assumption on the noise, namely E[n? |
X1ty Mit—1,C1op—-1] < 1/,52. This is because their analysis
builds upon that of |Li and Sun|[2023]], which fundamentally
assumes bounded second moments. In particular, the scale
parameter o, in their estimator (3) explicitly requires an
upper bound on the variance. As a result, it does not naturally
extend to our setting where only a bounded (1 + ¢)-moment
assumption holds.

Their algorithm is computationally expensive. This com-
putational burden stems from its reliance on the adaptive
pseudo-Huber regression of |Li and Sun|[2023]], in which the
estimator is defined as the solution to a regularized empiri-
cal risk minimization problem over all previously collected
observations. Consequently, the estimator is recomputed by
solving a convex optimization problem at every round. In
particular, [Wang et al.|[2025] show that, for this class of
optimization-based estimators, achieving the best-known
regret bound incurs an O(tlog T') per-round computational
cost.

4 METHOD

In this section, we present our algorithm (CR-Hvt-UCB, Al-
gorithm I)). Section[4.1]describes its design, and Section[4.2]
establishes the corresponding regret guarantee.

4.1 OUR ALGORITHM

Our algorithm achieves robustness to adversarial corruption
and heavy-tailed noise with bounded (1 + ¢) moments while
achieving O(1) per-round updates. It is built upon a Huber-
based robust estimator combined with an update rule based
on OMD.

Following prior Huber-based approaches for linear contex-
tual bandits under bounded (1 + €)-moment assumptions
[Huang et al., [2023] Wang et al.,|2025||, we adopt the Huber
loss [[Huber, |1964].

Definition 4.1 (Huber loss). Let 7 > 0 be a threshold
parameter. For x € R, the Huber loss is defined as

ﬁm%Z{g’ o 0

Tle| =%, |z|>7T
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The Huber loss coincides with the squared loss when
|z| < 7 and transitions to the absolute loss when |z| > 7.
Consequently, its gradient is bounded by 7, which prevents
extreme rewards from dominating the parameter estimation.

We employ the following Huber loss applied to the normal-
ized prediction error z;(6) := (r; — 0" X;)/o:, where the
scale parameter oy > 0 will be specified later in (6).

1 2
W:{me), L OIS

2
Tz (0)] — 5, |2(0)] > 7
The threshold parameter 7 will be specified later in (7).

Existing Huber-based approaches [Huang et al., 2023} |Wang
et al., [2025]] design the parameters o, and 7; to ensure ro-
bustness to heavy-tailed noise. To achieve robustness to both
adversarial corruption and heavy-tailed noise, we redesign
o and 7; as follows:

. 2811
O¢ := IMaxXy V¢, Omin, — 11—

T/t 2059
VOV X, |12 } ©6)

—1
Vi
2 l1—e
7V1+wttz(1+e)_

Wy

HXtHvt:ll’

Ty 1= To @)
The matrix V; denotes the data-dependent positive definite
matrix specified in (I0). Here, oynin > 0 is a small constant
specified in Lemma[4.4] and j3; denotes the confidence ra-
dius defined in the same lemma. The parameter o > 0 will
be specified following (I0). We further define the problem-

dependent constant Kk = dlog(l + 2L2T ) . The auxil-

oL inAad
iary quantities 79 and w; are given by

V2k(log 3T) e 1

Xy
1 = 7 :
(log 2%“2) T+e \/a g¢ Vt_—ll

®)

Intuitively, the robustness to corruption stems from the
adaptive normalization scale o;. When large corruption is
present, the corruption-dependent term in oy inflates the
normalization scale. Consequently, the normalized predic-
tion error z;() = (r; — 0 X;)/o, shrinks in magnitude,
leading to a smaller gradient of the loss (3). This smaller
gradient suppresses the influence of corruption on the pa-
rameter estimation. With this design, the loss @ is robust
to both adversarial corruption and heavy-tailed noise.

Remark 4.2. Our definition of o, can be viewed as a direct
generalization of the scheme of|Wang et al.| [2025]]. When
C = 0, the corruption-dependent component in (6) vanishes,
and o reduces exactly to the form used by Wang et al.
[2025]].

Remark 4.3. Since k = O(d), the corruption-dependent
component of oy in (6) scales as @(\@d*l/‘lHXth/,z1 ).
t—1

This matches the order of the corruption-dependent compo-
nent in the scale parameter o, of |\Yu et al.|[2025|] defined
in (B). Moreover, the corruption-dependent weight in the
weighted squared loss of He et al.| [|2022|] can be expressed
in terms of z:(0), under which it matches the order of the
corruption-dependent component of oy in ().

While the loss (3) ensures robustness to both adversarial
corruption and heavy-tailed noise, empirical-loss minimiza-
tion at each round over all past observations would incur the
same computational cost as in|Yu et al.|[2025]]. To overcome
this issue, we build on the estimator proposed by |Wang et al.
[2025]], which is based on the online mirror descent (OMD)
update [Orabona, [2019].

Given the current estimate ét € 0O, the OMD update takes
the form

8,41 = arg min <0, wt(ét)> Dy, (0,6,), ()
0cO

where Dy, (8,60") := 1:(0) — ¥ (0") — (Ve (6'),6 — ¢')
denotes the Bregman divergence induced by the regularizer
1. We choose a quadratic regularizer

1 XX,

=t
o  of

1
vi(0) = 5lI6l%,  Vii= Vi + (10)

with Vy = AI;, where A > 0 is a regularization parameter
and a > 0 is the step-size parameter of the OMD update.
The positive definite matrix V; modulates the contribution
of each round via the weight 1/02, ensuring that observa-
tions more strongly influenced by adversarial corruption
or heavy-tailed noise exert a smaller impact on the update.
This choice of regularizer aligns the update geometry with
the elliptical norm used for constructing confidence sets
in Lemmaf.4] The OMD update (9) admits an equivalent
two-step representation:

ét+1 =0, — VflVft(ét),

Oyp1 = argmin [0 — Oy |lv, .
0cO

(1)

Focusing on the dependence on ¢ and T, our update (T}
admits a per-round computational cost of O(1), whereas
the update of [Yu et al.|[2025] in (B) requires O(tlog T') per
round. Our update only requires maintaining the inverse ma-
trix via the Sherman—Morrison—Woodbury formula [Horn
and Johnson| |2012] and performing a projection, which can
be computed in O(d?) and O(d?) time, respectively.

By combining the loss (3] using two parameters (6 and
with the OMD-based update (IT]), we obtain the estimator
that is robust to both adversarial corruption and heavy-tailed
noise, while maintaining O(1) per-round computational
cost. With this estimator (TT)) in place, we now specify the
arm-selection rule.
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Algorithm 1 CR-Hvt-UCB

1: Input: time horizon 7', corruption level C, moment pa-
rameter €, norm bounds S, L, confidence ¢, regularizer
A, algorithm parameters Omin, Q.

2: Set k = dlog (1 + Md> 70 as @), Vo = Ay,
0, = 0, and compute ﬁo by (13).

3: fort=1,2,...,T do .

4 X; = argmax,cy, (x,0;) + ﬁt,1||x||vti11.

(ties broken arbitrarily.)

5 Observe r; and v4.
Set 0; as
1 Xt
f V—l

7\/—"_"‘t2(1+e)

Ty = T0
V, = Vt1+a atZXtXT

10: Update 6, , via (TT), and compute 3 by (T3).
11: end for

We adopt a standard UCB-based arm-selection rule [[Auer
et al., 2002, |Abbasi-Yadkori et al., 2011]].

X; = arg max {(x,éﬁ + Be—1[|x]ly -2 } . (12)
XEX, t—1

Here, when the corruption level C' and the (1 + €)-moment
bound v, are known, the confidence radius f; is specified in
the following lemma.

Lemma 4.4. Let 0, and 1, be defined as in () and (),
where o iy = 1/\/T and k = dlog(l + i fmn)\d) Set the
auxiliary parameters 19 and wy as in (). Let the step size
a=38. Forany ¢ € (0, %), with probability at least 1 — 49,
foranyt € [T), ||0s41 — 0*||v, < B: holds, where

272
B, = 409 log ( 5 ) Tt TR + /A2 +452).  (13)

The overall procedure is summarized in Algorithm|[I]

4.2 REGRET GUARANTEE

In this section, we now present the regret guarantee for Al-
gorithm|[T] We first establish the result under the assumption
that the corruption level C' and (1 + ¢)-moment bounds v,
are known to the learner. We then extend the analysis to the
case where one or both of these quantities are unknown.

When both C' and v; are known to the learner, our algorithm
achieves the following instance-dependent regret bound.

Theorem 4.5. Let oy, 14, 19, Wy, and a be set according to
Lemma Choose \ = d, omin = %, and § = E%T. Then,
with probability at least 1 — 1/T, the regret ofAlgorithm

satisfies

T
Y w24 dTET 1V C

t=1

Reg(T) = O | dr=+a

A complete proof is provided in Appendix [C.T}

Remark 4.6. Our result can be viewed as a generalization
of existing bounds. When ¢ = 1, our regret bound coincides
with the bound established by |Yu et al.| [2025]] for finite-
variance noise. Moreover, in the absence of adversarial
corruption (C' = 0), our bound recovers the regret order for
linear contextual bandits with heavy-tailed noise [|[Huang
et al.| 2023, |\Wang et al.| 2025]].

We now consider the setting where C' and/or v; are un-
known to the learner. This includes the cases where only
C is unknown, only »4 is unknown, or both are unknown.
In each case, the unknown quantities are replaced by avail-
able upper bounds (C,v) in the definition of o;, where
C and v are a positive constant such that C > C and

E[|n:|*T¢ | X1.6,m1:0-1, c1:4—1] < 1T, Under these sub-
stitutions, Lemma [4.4] continues to hold.

When C'is unknown, the regret is bounded as follows.

Corollary 4.7. Under the parameter choices of Theorem[d.5]
replace C by C' in the definition of 0. Then, with probability
at least 1 — 1/T,

T
S v drTET 1y e

t=1

Reg(T) = O AT =79

A complete proof is provided in Appendix [C.2]

When v, is unknown, the regret satisfies the following upper
bound.

Corollary 4.8. Under the parameter choices of Theorem{d.3]
replace vy with v in the definition of o,. Then, with proba-
bility at least 1 — 1/T,

Reg(T) = O (dTﬁe 4TS 1V c) .

A complete proof is provided in Appendix [C.3]

Remark 4.9. If C = O(VT), the regret reduces to
(’j(dT%ﬂ), which coincides with the uncorrupted rate
(C = 0). This bound does not match the lower bound of or-
der Q(d% T%ﬂ) under bounded (1 + €)-moment assump-
tions [[lajdini et al.| 2025|]. Nevertheless, it matches the
best-known regret order achieved by algorithms for linear
contextual bandits with heavy-tailed noise.

When both C' and v; are unknown, we obtain the following
regret guarantee.
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Corollary 4.10. Under the parameter choices of Theo-
rem replace (C,vy) by (C,v) in the definition of oy.
Then, with probability at least 1 — 1/T,

Reg(T) = O (dTﬁe AT 1Y C) .

Proof. The claim follows by combining the proofs of Corol-

lary .7 and Corollary O

S PROOF SKETCH

In this section, we focus on the technical ideas underlying
the proof of Lemma.4] Once this lemma is obtained, the
regret guarantee follows from standard UCB arguments.

Lemma4.4]is established by adapting the OMD-based error
decomposition introduced in Lemma 3 of[Wang et al.|[2025].
The main additional challenge is that the gradients of the
Huber loss (3) depend not only on the heavy-tailed stochas-
tic noise but also on the adversarial corruption through z;(6).
Therefore, unlike in|Wang et al.|[2025]], we cannot directly
apply concentration arguments based only on the stochastic-
noise assumptions. To overcome this difficulty, we separate
the corruption-independent and corruption-dependent con-
tributions throughout the OMD analysis. This separation
allows us to handle the corruption-independent terms using
arguments similar toWang et al.| [[2025]], while controlling
the corruption-dependent terms via the scale parameters
{0}, and the corruption level C.

Adapting Lemma 3 of [Wang et al.|[[2025]], we first imple-
ment this separation at the level of the estimation error.
The estimation error can be decomposed as follows (formal
statement in Lemma[B.T)):

t
10 =073, < A2+ D VL[5

regularization term s=1

stability term
t

#23 (V) - V0.0, o)

s=1

generalization-gap term
t
1 ~
+(—1 > |los — o
«
s=1

negative term

X XT o2 (14)

Here, £,(6) is the loss in (3, while Z,(0) denotes the noise-
and corruption-free Huber loss (@), evaluated at Z,(0) =
(X5, 0" —0)/os.

In this decomposition, the effect of adversarial corruption
appears in both the stability term and the generalization-

gap term through the gradient V/,(65). Thus, the key step

is to separate the corruption-independent and corruption-
dependent contributions within these two terms. We explain
this separation and the resulting bounds for each term below.

Stability term analysis. To isolate the contribution of
adversarial corruption, we first decompose the squared gra-
dient norm at each round s as follows:

2 2
Ns X
» Ts —
Os Os ||yt

Ve @) <3 (min{’

stochastic term

N 2
X, 0% — 0, X, |7
+3<m>> X,

o
c 2
3 ()
o

corruption term

deterministic term

X 2

Os

vt

Summing over s = 1,...,¢, the first two terms coincide
with the corresponding quantities inWang et al.|[2025]] and
therefore admit the same bound @(dt}% ). The main new
difficulty is the third term, which captures the cumulative
effect of adversarial corruption and has no counterpart in
Wang et al.|[2025]]. Although bounding each c, by the cor-
ruption level C' introduces a C* factor, this factor is offset by
the corruption-dependent component in the scale parameter
0. As aresult, the cumulative contribution of the corruption
term is only @(d) and does not affect the overall order of
the stability bound. The complete proof of this analysis is

given in Appendix [B.2]

Generalization-gap term analysis. For the
generalization-gap term, we first follow Wang et al.
[2025]] and further decompose it into the Huber loss term
and the self-regularization term at each round s:

(VL) = Ve.(0.).0, - 0")
= (VL(0) + VE,(07) = VL,(0,), 6, — ")

Huber loss term

+ <—ws(9*), f, — 9*> .

Self-regularization term

As inWang et al.[[2025]], the Huber loss term is supported
only on the event {|z,(6*)| > 7,/2}. The main difficulty is
that z5(6*) = (ns + ¢s)/0s depends on both the stochastic
noise and the adversarial corruption. Consequently, the tail-
event argument of [Wang et al.| [2025] cannot be applied
directly. To separate these two effects, we apply a union

bound:
1|z > 5} <1{]z| > 2} +1{|=]> %}

Ns Cs
o5 o5
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The corruption-independent part can be bounded exactly
as in|Wang et al.|[2025]]. Meanwhile, our corruption-aware
choices of 74 and o, ensure that the corruption-dependent
part is no larger in order. Consequently, the Huber loss term

admits the same bound @(ﬂtﬁﬂt) as in [Wang et al.
[2025]]. For the self-regularization term, by the chain rule,
we have V{s(0) = —hs (25(0)) f , where hy : R — R de-
notes the derivative function of the Huber loss (). Although
hs satisfies |hs ()| < 75, directly using this boundedness to
control the corrupted gradient would introduce an additional
dependence on 7, leading to a looser dependence on ¢. To
address this issue, we instead exploit the 1-Lipschitz prop-
erty of hg: |hs((1s+¢5)/0s) — hs(ns/0s)| < |es|/os. This
inequality explicitly isolates the corruption contribution:

o X. -~
(~Ve(07),0,-0") = ’<h (’7“) L, 9>‘
Os Os
() e
O O O o

Summing over s = 1,...,t, the corruption-independent
part is bounded exactly as in [Wang et al.| [2025]]. For the
corruption-dependent part, we apply Cauchy—Schwarz to
separate the feature-dependent factor from the parameter-
error factor. The former is controlled together with |c, |/
using the corruption level C and the corruption-aware scale
parameter o, while the latter is bounded by the confidence
radius ;. Combining these bounds, the resulting contribu-
tion is of the same order as the Huber loss term. Conse-
quently, the overall bound for the self-regularization term
coincides with that of Wang et al.| [2025]. The complete
proof of this analysis is given in Appendix [B.3]

<

Therefore, despite the presence of adversarial corruption,
both the stability and generalization-gap terms are con-
trolled at the same order as in [Wang et al.| [2025]]. Com-
bining these bounds in the OMD-based error decomposi-
tion @I) yields the same overall rate, so a confidence radius

of @(\/&1%2(11?6) ) suffices to establish Lemma The com-
plete proof of Lemma4.4]is given in Appendix [B.4}

6 EXPERIMENTS

In this section, we numerically evaluate the effectiveness of
our algorithm (Algorithm[I]) by comparing it with existing
algorithms. Additional experiments comparing our method
with a rarely-switching variant of GAdaOFUL [Yu et al.,
2025[ based on |Abbasi-Yadkori et al.| [2011] are presented
in Appendix [E] We further evaluate the robustness of our
algorithm under different heavy-tailed noise distributions,
including Fisk and Lomax distributions, in Appendix [E]
We consider a linear contextual bandit with time horizon
T = 5000 and feature dimension d = 10. We sample 6*
uniformly from the unit sphere in R?. At each round ¢, the
decision set & consists of 20 independent random unit

vectors in R¢ generated in the same manner. Thus, in ac-
cordance with Assumption[3.2] we set L = 1 and S = 1.
The stochastic reward r; is generated as in (2)). Following
Bogunovic et al.|[2021]], we adopt the #-flipping corruption
mechanism. The adversary flips the sign of (X¢, 0*) until
the cumulative amount of corruption reaches C'. Specifically,
for corrupted rounds we observe ry = —( Xy, 0*) +1;, while
the remaining rounds are left uncorrupted, i.e., r; = r}. In
our experiments, we consider the cases C' = 0 and C' = 100.
We investigate two noise models:

* In the case of ¢ = 1: Following |Yu et al. [2025],
we generate the noise from a Student’s ¢-distribution
with 3 degrees of freedom. This distribution has finite
variance (E[?] = 3) and satisfies Assumption[3.1|with
e=landy, = v =+3.

* In the case of ¢ < 1: We generate the noise from
a Pareto distribution with shape parameter « = 1.5
and minimum value x.,;, = 1. This distribution has
a finite (1 + €)-th moment for ¢ = 0.4, and satisfies
Assumptionwith v =v =15,

We first compare CR-Hvt-UCB with representative existing
methods under finite-variance noise, corresponding to e = 1,
namely CWOFUL [He et al.,|[2022], HvtUCB [Wang et al.,
2025]), and GAdaOFUL [Yu et al.,[2025] (Figures Ta]and[Tb).
We aim to evaluate whether CR-Hvt-UCB can achieve re-
gret performance comparable to existing corruption-robust
methods, while retaining the computational efficiency of
O(1)-update methods. We then compare CR-Hvt-UCB with
GAdaOFUL under heavier-tailed noise with ¢ < 1 (Fig-
ure [I] and [Id). This experiment highlights the effect of
noise robustness on empirical performance, as GAdaOFUL
relies on a finite-variance assumption while CR-Hvt-UCB
only requires bounded (1 + €) moments. We also compare
their running times to assess the computational efficiency
of the two approaches. Each experiment is averaged over
10 independent runs, and the shaded region indicates one
standard deviation from the mean.

Figure shows the regret comparison. When C' = 0,
Ours and HvtUCB exhibit almost identical regret, as ex-
pected, since the two algorithms coincide in the absence
of corruption. GAdaOFUL also achieves a comparable re-
gret in this setting, whereas CWOFUL suffers nearly linear
regret. When C' = 100, Ours and GAdaOFUL maintain
similar regret performance, while HvtUCB deteriorates sig-
nificantly and performs comparably to CWOFUL. This in-
dicates that HvtUCB is not robust to adversarial corruption,
whereas Ours preserves robustness to corruption comparable
to GAdaOFUL. Figure [Ib]shows the computational cost. In
both the C' = 0 and C' = 100 settings, the algorithms with
O(1) per-round updates have comparable running times. In
contrast, GAdaOFUL requires substantially larger running
time, despite achieving similar regret to Ours. Thus, Ours
achieves regret performance comparable to GAdaOFUL
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Figure 1: Comparison of Ours and existing works

while being much more computationally efficient.

Figure [Ic|reveals a clear contrast between the two methods.
For GAdaOFUL, the regret exhibits nearly linear growth
both in the absence of corruption (C' = 0) and under cor-
ruption (C' = 100). This indicates that GAdaOFUL fails
to achieve sublinear regret even without corruption in the
case of ¢ < 1. In contrast, although corruption worsens
the regret, our algorithm achieves sublinear regret for both
settings. Moreover, Figure[Id further confirms the computa-
tional advantage of Ours in the heavy-tailed setting. Even
under heavy-tailed noise, Ours runs several hundred times
faster than GAdaOFUL.

7 CONCLUSION

In this work, we study linear contextual bandits under ad-
versarial corruption and heavy-tailed noise. We highlight
the limitations of existing approaches in terms of robust-
ness to heavy-tailed noise and computational efficiency. To
address these limitations, we propose CR-Hvt-UCB (Algo-

rithm [T). The algorithm is designed to be robust to both
adversarial corruption and heavy-tailed noise and is compu-
tationally efficient via OMD update. The central mechanism
underlying our algorithm is the adaptive scaling oy, which
mitigates the effect of adversarial corruption on parame-
ter estimation. When both the corruption level C' and the

(1 + €)-moment upper bounds v; are known, our algorithm
-

achieves O(dT' 2070 v/ Zthl V2 4+dT =059 (1V C)) regret.
We further provide regret guarantees for the settings where
C or v, or both, are unknown.

In the corruption-free case (C' = 0), our regret rate is opti-
mal among algorithms designed for linear contextual bandits
with general decision sets under bounded (1 + €)-moment
assumptions. However, it does not attain the lower bound
for heavy-tailed linear bandits [Tajdini et al., 2025]]. Achiev-
ing this lower bound while allowing general decision sets
remains an important direction for future work. Another
direction is to extend our framework beyond linear models
to GLBs [Yu et al., 2025]].
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A ADDITIONAL RELATED WORK

This appendix provides a broader overview of related work beyond the main comparisons presented in Section [2] Rather
than focusing only on the closest comparisons, we summarize existing studies according to three themes: (1) bandits with
adversarial corruption, (2) heavy-tailed bandits, (3) computational efficiency.

A.1 BANDIT WITH ADVERSARIAL CORRUPTION

Research on adversarial corruption in bandits has mainly followed two modeling paradigms. One models an underlying
stochastic bandit corrupted by an adversary with a bounded corruption budget. The other approaches the problem from
the best-of-both-worlds (BOBW) perspective, aiming to perform well in both stochastic and adversarial environments. We
briefly review both directions below.

Adversarial corruption under a bounded corruption budget was first studied in the multi-armed bandit setting by [Lykouris
et al.,2018| |Gupta et al., [2019]]. |Lykouris et al.|[2018]] derived regret bounds in which the total corruption level C' appears
multiplicatively with the time horizon 7'. In contrast, (Gupta et al.| [2019] proposed an algorithm achieving an additive
regret bound of the form Reg(T") = o(T") + O(C). This additive regret bound has since become a standard benchmark for
corruption-robust bandit algorithms. This line of work was later extended to linear bandits [Li et al.,|2019} Bogunovic et al.,
2021]. L1 et al.|[2019] proposed the Support Basis Exploration algorithm for stochastic linear bandits under adversarial
corruption. Bogunovic et al.|[2021]] later developed an arm-elimination algorithm. Both algorithms assume a fixed decision
set and therefore do not directly extend to the general linear contextual bandit setting considered in this work. In particular,
the arm-elimination approach of [Bogunovic et al.|[2021]] additionally relies on a finite decision set. Subsequent works
[Zhao et al., 2021}, |Ding et al.,|2022]] proposed OFUL-type algorithms that are robust to adversarial corruption, and Wei
et al.|[2022] also studied corruption robustness under a different definition of the corruption level C. However, their regret
guarantees are not optimal. These limitations were overcome by He et al.| [2022]], who proposed an algorithm achieving the
optimal regret bound @(d\/f + dC). More recently, [Yu et al.|[2025]] studied generalized linear bandits (GLBs) under the
same additive corruption model. Our work follows the same corruption model, while differing in the noise assumptions and
computational efficiency, which are discussed in the following section.

A complementary line of research studies adversarial corruption from the BOBW perspective. Zimmert and Seldin/[2021]]
showed that adversarial corruption can be expressed through the self-constraint framework used in BOBW analyses. This
perspective has also been studied in several structured bandit settings, including linear and linear contextual bandits [Lee’
et al.} 2021 [Dann et al.} 2023 [Kong et al.||2023| [Ito and Takemura, [2023alb) Ito et al.l 2024, |Kato and Ito| 2024, |Kuroki
et al., 2024, Kato and Ito, |2025]]. More recently, Zhao et al|[2025] extended this line of research to heavy-tailed linear
bandits. Unlike our work, this work considers linear bandits with a fixed finite decision set under the BOBW framework.
Their algorithms are based on FTRL over distributions on a fixed finite decision set, so the policy update reduces to a
finite-dimensional optimization over the simplex. In contrast, our setting considers general contextual decision sets, which
may be infinite and vary with the context, rather than a fixed finite decision set. As a result, it is unclear whether such
finite-arm distributional updates can be applied to our setting. We discuss the differences in the noise assumptions in the
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next section.

A.2 HEAVY-TAILED BANDITS

Research on heavy-tailed bandits began in the multi-armed bandit setting. Bubeck et al.[[2013] studied multi-armed bandits
under the assumption that the rewards admit bounded (1 + €)-th moments for some ¢ € (0, 1]. They proposed robust
algorithms based on truncation and median-of-means (MoM) estimators. Building on the truncation- and MoM-based
approaches of Bubeck et al.| [2013]], Medina and Yang| [2016] studied linear bandits under the assumption that the noise
admits bounded (1 + €)-th moments. Under the same bounded (1 + €)-th moment assumption on the noise, (Shao et al.|[2018]]
established a lower bound of order Q(dTTlfe) for heavy-tailed linear contextual bandits. This was the best-known lower
bound at the time. They also proposed truncation- and MoM-based algorithms achieving regret of the same order as this
lower bound. For linear bandits with a finite decision set, [Xue et al.|[2021] established a lower bound of order Q(dﬁfTﬁ)

and proposed truncation- and MoM-based algorithms attaining the regret rate of @(d%Tﬁ). Subsequently, Xue et al.
[2023]] extended this line of work to GLBs with general (possibly infinite) decision sets and proposed truncation- and
MoM-based algorithms achieving the best-known regret rate, matching the lower bound of [Shao et al.| [2018]. An alternative
line of work is based on Huber-type estimators. Under a fixed finite arm set with i.i.d. contexts, [Kang and Kim|[2023]]
proposed a Huber-type algorithm and established regret guarantees under bounded (1 + ¢)-moment noise. In the general
linear contextual bandit setting, |Li and Sun| [2023]] proposed an algorithm based on adaptive Huber regression [Sun et al.,
2020], assuming finite-variance noise and deriving variance-aware regret guarantees. This direction was further developed
by Huang et al. [2023]] and [Wang et al.|[2025]], who relaxed the finite-variance assumption to bounded (1 + ¢)-th moments.

Under this weaker assumption, they obtained regret bounds of order @(dT D) \/ Z?:l v +dT v ), where v; denotes
an upper bound on the (1 + ¢€)-th moment of the noise at round ¢. In particular, when the moment bounds are uniformly
bounded as v, < v = O(1) for all ¢, this regret bound reduces to @(dTﬁ ). More recently, [Tajdini et al.|[2025] derived
an improved lower bound of order Q(deTEe T%ﬂ) for linear contextual bandits with heavy-tailed noise, and proposed an

algorithm achieving @(d 2ve Tt ). However, their algorithm assumes a fixed decision set and therefore cannot be directly
applied to general contextual settings. Consequently, among algorithms applicable to general linear contextual bandits, the
order @(deL) remains the best-known regret rate. On the other hand, |Yu et al.[[2025] studied linear contextual bandits
under both heavy-tailed noise and adversarial corruption, but their analysis assumes finite-variance noise. We extend this
line of work to the more general bounded (1 + €)-moment noise setting.

Another line of work studies BOBW algorithms under heavy-tailed noise. [Huang et al.|[2022] first studied multi-armed
bandits with heavy-tailed losses (rewards) under bounded (1 + €)-moment assumptions, and proposed the first best-of-both-
worlds algorithm in this setting. Subsequent works further developed this direction [[Cheng et al., 2024, |Chen et al.| 2025]].
More recently, Zhao et al.| [2025] extended this line of work to heavy-tailed linear bandits and established the first BOBW
guarantees in this setting. However, unlike our setting, their heavy-tailed assumption is imposed on the losses, whereas
we assume bounded (1 + €)-moment noise. Moreover, they assume a uniform upper bound on the (1 + ¢)-th moments
throughout the entire horizon, whereas our framework allows time-dependent moment bounds.

A.3 COMPUTATIONAL EFFICIENCY

In linear bandits, the OFUL algorithm of |Abbasi-Yadkori et al.|[2011]] maintains a regularized least-squares estimator with a
closed-form update, which admits O(1) computational cost per round. Similar OFUL-based methods for contextual bandits
under adversarial corruption also rely on least-squares-based updates, including weighted least-squares estimators in|Zhao
et al.|[2021]] and He et al.|[2022], and a bandit-over-bandit scheme combining least-squares-based UCB with EXP3 in
Ding et al.|[[2022]. Bogunovic et al.|[2021] proposed an arm-elimination-based algorithm, whose action selection can be
implemented by a polynomial-time Frank-Wolfe procedure, while its parameter estimation is still based on least squares. In
GLBs with heavy-tailed noise, |[Xue et al.|[2023]] proposed algorithms based on truncation and MoM estimators that admit
O(1) per-round computational cost. In contrast, algorithms that compute a Huber-type estimator by solving a regularized
empirical risk minimization problem at each round generally require iterative optimization [Huang et al., 2023} [Li and Sun|
2023, |Yu et al., [2025]]. These methods incur a per-round cost of O(tlogT'). To avoid such repeated optimization, recent
work has used online updates for parameter estimation.|Zhang and Sugiyama [2024] first demonstrated that OMD-based
estimators can achieve O(1) per-round updates in logistic bandits, and [Zhang et al.[[2026] extended this framework to GLBs.
Building on this idea,|Wang et al.|[2025]] developed an OMD-based estimator for heavy-tailed linear contextual bandits under
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bounded (1 + €)-moment noise. More recently, [Kim et al.[[2026] improved the computational efficiency of|Yu et al.| [2025]]
by introducing OMD-based updates for GLBs with adversarial corruption. As discussed in Remark 3 of |Kim et al.|[2026]],
however, their model is more structured than that of [Yu et al.|[2025]]: they assume a heteroskedastic exponential-family
distribution, whereas [Yu et al. [2025] only require an upper bound on the conditional variance of the noise. Under these
stronger structural assumptions, including self-concordance, they obtain sharper instance-wise regret bounds. Consequently,
their proof technique does not directly carry over to our moment-based heavy-tailed setting. In contrast, our work develops
OMD-based efficient updates under bounded (1 + ¢)-moment noise with adversarial corruption.

B ANALYSIS FOR THE CONFIDENCE INTERVAL

We first introduce the notation used in the proof of Lemma[4.4] In particular, we formalize the properties of the Huber loss,
define the clean (corruption- and noise-free) counterpart of the loss, and specify the scale and threshold parameters that
control the effect of heavy-tailed noise and adversarial corruption.

Property 1 (Property 1 of[Huang et al.|[2023]] and [Wang et al.| [2025])). Let f.(x) be the Huber loss defined in {@). The
following properties hold:

1 1f()] = min{lal, 7).

2. fi(@) =7 (%).

3. Foranye € (0,1], f{(z) satisfies —log (1 — z + |z|'*¢) < f{(z) <log (1 + z + |z[**°) .
4. f7(x) = Yz < 7}

Recall that z:(0) := w is the normalized prediction error. Based on Property the gradient of the loss (3) can be
written as

X .
—Zt(e)?;, 1f|Zt(9)| STt,

X
Vﬁt(e) = —Tt?t, if Zt(e) > Tt, (15)
t
Tt&, 1fzt(9) < —T%.
Ot

Moreover, the norms of the gradient and the Hessian are given by

X,
[Ve:(0)], = Hmin{|zt(9)|,7}}t , (16)
Ot 2
1
V2,(0) = 1{[2(0)] < n}XtXt : (17)

2
O

Clean Huber loss. We introduce the clean (noise-free and corruption-free) loss to separate the stochastic noise and
adversarial corruption effects. We define

X, (0 -0
2}(9) = kel 20 A ( ),
Ot
which we call the clean normalized prediction error. Based on Z; (), we define the corresponding clean Huber loss:
1z (9)2 P
~ =Z4(0)%, if |Z4(0)| < 73,
gt(e) — 2 t~( ) " . |~t( )| > T
Tt‘Zt(9)|—7t, lf|Zt(0)| >’Tt.

Similarly to £,(), the gradient and Hessian of /() take the form

t

oo X
—Zt(e)g, 1f|zt(9)| S Tty
~ Xy

Vﬁt(ﬁ) = —Tt?, if ét(g) > Tty (18)
t
Tt&, lf%t(o) < —Tt,
Ot

X X,"
5
0%

V20 (0) = 1{|2,(0)| < i}

19)
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Huber threshold parameter. Recall that the threshold parameter 7; is defined as

1+ wt2 t2(117+€6) 7 2V 2/@(10g 3T) 3(1+e)

T i=To " To = e . (20)
' (log #5=) "
Here, w;, is given by
1 || X
wy = — || — . 21
¢ \/a Ot Vt:ll
Scale parameter. Recall that the scale parameter o is defined as
28— _
Ot 1= mafx{l/t,aminv Pt 11—e HXtHV*l ’ \/EH 1/4||Xt||‘1/31 } 22
To\/at 2049 e -1
Good event. To state high-probability guarantees, we define the following confidence event
A = {VS € [t ‘ b, —0" B ﬂs_l}- (23)
s—1

B.1 KEY LEMMA

In this section, we present three lemmas that are key to the proof of Lemma[4.4] The Lemma [B.T} established by Lemma 3
of Wang et al.| [2025]], provides a decomposition of the estimation error into four components. Based on this decomposition,
Lemma[B.2]analyzes the stability term, while Lemma [B.3]analyzes the generalization-gap term.

Lemma B.1 (Lemma 3 in[Wang et al| [2025]]). Suppose the good event A; holds, and let T; be chosen as in (20). Assume
that o satisfies

21X l2 1 By
12 o

Oy = 1—e
Vargt2aFa

(24)

Then the estimation error admits the decomposition

t t
l6ri1 — 072 < 4AS> +Z|yws(és)uzvs,l+zz<vés(és)—ws(és),és—e*>
s=1

(i) regularization term s=1

(ii) stability term (iii) generalization-gap term

1 S
#(5-1) 0=l sz @)
s=1 s

(iv) negative term

The proof follows the same argument as in|Wang et al.|[2025]]. Although our model additionally allows adversarial corruption,
the Lemma [B.T| depends only on the good event A, condition (24)), and the construction of 7, all of which are independent
of the adversarial corruption. Hence, the same argument applies.

The four terms respectively correspond to (i) the regularization term reflecting prior knowledge, (ii) the stability term, which
quantifies how stably the iterates evolve, (iii) the generalization-gap term, which captures the effect of adversarial corruption
and heavy-tailed noise, and (iv) a negative term characteristic of OMD analyses, involving the estimation error.

Lemma B.2 (Stability Lemma). Let 7, be defined in 20) and choose oy as

—1
thl

op = max{l/t,amim2\/§||Xt||vt—_11, \@5—1/4“Xt”1/2 }7 (26)

where Kk = dlog(l + afi

min

least 1 — 0, forallt > 1,

) . Let a > 0 be a constant stepsize parameter in the OMD update. Then with probability at

2 t

3
+32|

s=1

13

t
S |IVE(ba)][; - < 18a [twllfa V2r(log 3T) 71175 (log (212 /) T+
s=1

0 — HASHQXXT + 3k.
o2
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Lemma B.3 (Generalization-gap Lemma). Let 7; be defined in 20). We choose o as

2
:maux{yt,ormin,Z\/§||Xt||Vt117 Lth”V VOV X, H1/2 } 7

aTpt 20+

The event A, is defined as in ([23). Then, with probability at least 1 — 36, for any t > 1,

Z< — v, (és),é5—9*>nA

s=1
T, 2T ; 1 X, ?
< 65¢/a+ glog —Tot2<1+f> max Bu_1+ 12\/E\/Et2<1+£ max Su_1 + Ao+ Z — 9 — 0"
0 w€[t+1] o uwE[t+1] o

1—e 1—e 272\ T+
+ | 8t20%9 v/2k(log 3T) 20+ ( log —— + vk max Bu_i.
1) u€lt+1]

B.2 PROOF OF LEMMA

Proof. For any t > 1, the squared V[l—norm of the gradient can be written as

2
Xt
s Tt
o

‘/t—l

Xt—re*—f—?]t—f—Ct—XtTét

V)],

‘/t—l

Tt —Xt—rét

Ot

2

Xt
s Tt -
Ot

= ||min
Ot Vt_l
T(px _ P
_nm{m+a+&“*0am}&
ot Ot Ot Ot .
Vi
2
X, (6 -0 X, |I?
g(min{m+(t)+ct’7—t}> St
Ot Ot o ot |ly, -1
. 2
X (6" -6 X, |2
L e e e I
t Ot (o ot 7
2 2 T A 2
X X, (0* -0
ool ) 3 oo o252 o)
(o) O¢ Vt_l Ot ‘/t_l
2 2
X
—|—3<min{’ct ,Tt}> L
Ot Ot Vt—l
2 2 T 2 2 2 2
X X, -0 X X
gs(m{‘"ﬁ ,Tt}> X +3<<t)> Xe +3<Cf> X (28)
Ot It |y, Ot ot |ly,-1 ot Tt ||y,

The first equality uses the definition of the gradient in (T6)), the second equality uses the observed reward r; = X, 0% +1;+c;
in (2). The first inequality follows from the triangle inequality. The second uses min{a + b, ¢} < min{a, ¢} + min{b, ¢}
for all a, b, ¢ > 0. The third uses (a + b + ¢)? < 3(a? + b2 + ¢?) for all a, b, ¢ € R, and the last uses min{a, b} < a for all
a,beR.

To simplify the expression of the weighted norm H f—:

. define

t

V, = \al, +

= aV,. (29)
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Using V; = aV;, w; defined in can be rewritten as

1
Wt = ——=

Ja

Xy
Ot

Xy
gt

(30)

-1
Vi

7 —1
thl

Since V; = V,_; + X X," /o2, applying the Sherman—-Morrison-Woodbury formula [Horn and Johnson, 2012] gives

_ - X, x"\' -, X X7 - X\ CXT - - Vixx[ v
I
t t

o2 o o T of (1+wg)
Then,
X _XVOX 1 (o VXXV s e wf
P | 2 = 3 t—1 2(1+ w?) E T T2 T T+l
t |y o7 7 o7 w3 w3 w;
Recalling that (30), we obtain
X, |2 ?
2t =a—t . G1)
O¢ Vt_l ]. + ﬂ)t
Plugging (31) into (28) and summing over s = 1,...,¢, we can obtain
t 5 t n 2 ’lU2
~ . S <
SV <3 (min {2 n )
s=1 s=1 S
TERM (A.1)
t A0\ 2 ¢ 2
XTI -0, w? Cs w?
+ 3o 2 f— 43« — .
; ( Os 14 w? ; os) 1+ w?
TERM (A.2) TERM (A.3)

TERM (A.1) is the stochastic term corresponding to the Huber gradient induced by the noise 7, TERM (A.2) is the
deterministic term corresponding to the estimation error 6* — 6, and TERM (A.3) is the term induced by the corruption c.
We now control each of the above terms separately.

Bound on TERM (A.1). This term can be bounded by the same argument as in|Wang et al.|[2025]]. Applying Lemma|D.2
under our choice of 7; in (20) and b := max;c|7) % < 1, we obtain the following bound that holds with probability at least
1—4¢forallt > 1:

3 ({2

s=1

2 2 1—c 1te 1—e 2
T}> Ys <4 (\/75—6(25)%(1og3T)T +Tm/21og(2T2/5)) . 32)

14+ w?

With the choice of 7y in (20)), we observe that \/ 70 (2K) 2 (log 3T) =" = 791/10g(2T2/3). Therefore, both terms inside
the parentheses of (32) coincide, and hence

t
: Ms
3; (mln{’as

2 2 1—e l1—e¢ € 2
T}> ol §3tm(1+\/5)2(\/2&(10g3T)2<1+6>(1og(2T2/6))1+e>

14 w?

l1—¢ 1—e A 2
< 18t55 (\/ﬂ(log 37) 7074 (log (212 /5))1?) . (33)

Bound on TERM (A.2). This term can be bounded in the same way as in[Wang et al.|[2025]]. By the choice of o; in (26)),
we have o} > 2‘/§HX75||V;11 for all ¢, and hence

2 1 1 1
= |1 Xelly— — < IXel2 s ——————— = <. (34)
vl t-1 g} Vit (2\/§||XtHV;11) 8

9 X
aw; = ||—
Ot
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<1 and aw < £ for all s, we obtain

1
8

‘ N2 . N2
XTI —0,) w? 3 X0 -0,
3a§( O, ) 1+w§§§; O

3 < . A2
:§;y|e —95\]%.

Bound on TERM (A.3). Using the definition of o in (26)) and the fact that
¢ 2 t 2
3az<0_s) 1+w2* z::if
Z 2o

S

Since 1+ TFa?

1+ TFw? < 1, we obtain

< 3052 QCQ |X ”2 (afwf)

t
K 1
§ 2 2
=3 Co—F—~ W
SC’Q HXS 271 s
s=1 os 'V

(35)

(36)

where the first inequality uses 1/(1+w?) < 1, the second inequality follows from the definition of o in (26)), which ensures
that o, > Cr~ /4| X, ||1/_21 , and the last equality uses || X /09|| -1 =0 ~Lw?, which follows from the definition of wj

in @0).
Since the corruption level C satisfies

- (iws)Q > ()’ = Z

we conclude from (36) that
2

t 2
Cs w
3 E — 5 — < 3k.
as:l (US) 1+w§_ :

Combining (33), (33), and (37), we obtain that, with probability at least 1 — ¢, forall ¢ > 1,

2

t
S IVE@)]; -+ < 18a ltaéfo V2r(log 3T) 54 (log (217 /8)) T

B.3 PROOF OF LEMMA

Proof. Following|Wang et al.|[2025], we decompose the generalization-gap term as
<vz@(9}) —V4,(0,), 6, — 9*> I,
- <w}(ét) FV(0%) — VO(07) — VE,(0,), 6, — 9*> I,

_ <w7t(9}) £ V0(0%) — V(8,), 0, — 9*> Iy, + <—wt(0*),9} . 9*> I, .

TERM (B.1) TERM (B.2)
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Since V@(G*) = 0, TERM (B.1) compares the gradient increments between 0* and 0,, namely Vgt(ét) — V@(G*) and
Ve (6;) — VE(6%). Hence, TERM (B.1) measures how adversarial corruption and heavy-tailed noise distort these gradient
increments. TERM (B.2) corresponds to the gradient evaluated at 8%, capturing the direct effect of adversarial corruption

and heavy-tailed noise. Since adversarial corruption enters both terms through the gradient V/;(-), we further decompose
each term. We now analyze TERM (B.1) and TERM (B.2) separately.

Analysis of TERM (B.1). To isolate the nonlinearity of the Huber loss, we introduce its derivative h;(-), defined for any
z€Ras

2, |Z| S Tt,
ht(Z) = Tt z > Tt, (38)

—Tt, 2 < —Ty.
With this notation, the gradients of the loss (15 and the clean loss can be written as

ha(2:(0)) X: he(2(6) — 2(07)) Xe

b)) = ———— 0,(0) = — 3
v(6) 0 - (39)
Substituting these expressions into TERM (B.1), we obtain
<w?t(ét) £ V0(0%) — VE(6,), 0, — 9*> I,
X X X, 0, — 6%
t

The linear factor (X, 6, — 6*) /o, can be controlled using the condition of A;. Hence, we focus on analyzing the inner
difference term h¢(2:(6:)) — he(2¢(6%)) — he(2:(0:) — 2:(6%)).

Under the event A;, we have

~ 1—e
X X, (6, — 6* X . t20Fa 1 V14w, 1
|2¢(0;) — 2(07)] = X (6 07) <= 0, — 0" < Lﬁtq < *Toﬁfﬂl“‘) = E,
ot ot lly-1 Vit 2wy 2 wy 2

which follows from Cauchy—Schwarz and the definitions of o and 7. Hence, hy (2 (0;) — 2:(0%)) = 2,(6;) — 2:(0*). Since
the value of

hi(2(0:)) — he(26(07)) — (2¢(0¢) — 2:(07))

depends on the magnitude of z;(6*), we distinguish two cases.
When |z:(0*)| < 7¢/2, we have
120(00)] < [20(0:) — 2(07)] + 24(0%)] < 7,

and also |z,(0;) — 2(0%)] < 7,/2 < 7. Hence all the arguments of h, lie in its linear region, i.e., i (u) = u whenever
|u| < 7. Therefore, the difference equals zero:

ht(Zt(Ht)) - ht(zt(ﬁ*)) — ht(Zt(ét) — zt(ﬁ*)) =0. (41)
In general, regardless of the values of z;(6*), the uniform bound |h;(u)| < 74 for all u € R implies

[ (00)) = Be(z0(67) = I ((00) = =(07))|

< [P @) + 1he(ee(8 )] + [Re(20(80) = 2(0%))] < 3. 42)
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Applying @T) and (@2) to (@0), we obtain the following bound for TERM (B.1):

(V0B.) +VE(0") = V0(8,).6,— 0" ) 14,

) X Xy, 0, — 0%
= [P (26(01)) — he(2(07)) — he(ze(0:) — 2(67))] %7%1&
t
A X R
< ha(2(00) = ha(2(0%)) = he(22(6e) — 2(0%)] | = Or — 0" 4,
Ot ‘/t_—ll Viea
@) < 2} 041 {20 > Ehan |2 oo
- 2 Ot (] Vi1
1 2 . A
= 1{]=(07)] > = 30 YTt S o~ o]
2 Wi Vi

IN

1 {|Zt(9*)| > %} BTomtﬁﬂt_l
< 1{lz(0")] > 2} 3ot Srot 7595,

The first inequality follows from Cauchy—Schwarz, the second from (@1)) and {@2)), and the third from the condition of A,
and the last from (34).

1—¢
Summing over s = 1,...,t and using the monotonicity of s20+9 together with the fact that max,cp) Bu—1 <
max, ;1) Su—1, We obtain

i< O+ VE(0) = V(0,),0,— 07 ) s, Sgﬂ{lzs(é’*)b728}3\/a+§ms’4‘<11+1>ﬁs1

s=1

1—e
<3y a+ Lot 9 max By_ ]l{ zs(0")] > —}
- 80 ue[t-i-l]ﬂ ' Z | )

Since z4(0*) = (ns + ¢s)/0s contains both the heavy-tailed noise and the corruption term, we further decompose the
indicator. Using the union bound, namely that for any z,y € Rand z > 0, I{|z+y| > 2} < U{|z| > 2/2} + W{]y| > 2/2},
we obtain

Xt:n{m 0%)| ;}_211{

s=1 s

t t
Ts Ts Cs Ts
< 1<|—|>—(+ I<|—|>—>¢.
sy a{Z)> 2l ya{]e]> 2
s=1 s=1
TERM (B.1.1) TERM (B.1.2)

TERM (B.1.1) represents the stochastic contribution from the heavy-tailed noise 75, whereas TERM (B.1.2) represents the
adversarial contribution due to the corruption term c,.

Bound on TERM (B.1.1). By applying Lemma with the threshold 7 /4 in place of 7,/2, we obtain that, with
probability at least 1 — ¢, forall ¢ > 1,

. 272
Uil >}<65log. (43)
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Bound on TERM (B.1.2). We bound the exceedance count directly:

Cs Ts i 4 | cg
~ 4 e
<2

t

11 1 Ja
R Y/ S P
\/&TQ ; C ||XVS/O'S||V;711
11 VE
:47— s
Ty ;'C | C
1
<4—YE (44)
a Tp

The first inequality uses the elementary fact that 1{u > 1} < wu for any u > 0. The first equality that follows comes from
the definition of 7, in (20). For the second inequality, we use s~ (1=<)/(2(14€)) < 1 and \/11? < 1, together with the lower

w2 T
bound o5 > \/C’/£’1/4||XS||;/_21 from 27).
s—1

Combining the bounds @3) and (44)), we conclude that, with probability at least 1 — 4, for all ¢ € [T7],

M=~

<w75(és) LV (07) — Ve (6,), 0, — e*> I,
1

1—c 65 2772 1 V&
<3 1 420F0 o1 | — log — 4+ 4—Y2
= syatgn Dax B 1(3 g5t \/570)

2T2 _l—e _l—e
= 65\/@ <log 5) Tot20+9 max f,_1 + 124/1 + g /Kt 20+ max]ﬁu_l. (45)

wet+1] u€et+1

V)
Il

Analysis of TERM (B.2). Recall from (39), the self-regularization term satisfies the following inequality:

§j<—V@Wﬂﬁs—e§1As=§ih4a@ﬂ)<x9ﬁs—m>ﬂA

m%ww<&ﬁfw§« (46)

To separate the corruption term ¢, from the stochastic noise 7, inside hs(zs(0*)), we exploit the Lipschitz continuity
of hs. Since hg(-) is 1-Lipschitz, it satisfies |hs(z) — hs(y)| < |z —y| forall z,y € R. Applying this property to

x=(ns+cs)/os and y = n; /o, yields
() ()<l
o O
Moreover, we decompose

hs(zs(e*)) = hs (775—’_08) = hs <77s> + {hs <7]s+cs) — hg <ns) } (48)
Og Og Og Os

(47)




Substituting into gives

t

N . Ns + Cs Xs A
Z <—V€S(9*),95 - 9*> ]IAS = Zhs (0’) <O_S;95 - 9*> ]lAs

s=1 s=1

1
t
Ns X *
< hs | — — . 0,—0" )1
- ; <OS><06 > A
t
s G s Xs A
=3l (25) = ()| I5 0o 1
= O O O
! X, e |/ X
<> h, =20, -0 )1 = =6,-6* )1
_Z ( )<US >A +; Os ’<Us >AS
t c ;
<o (2) G- sfzllGe o) @
TERM (B.2.1) TERM (B.2.2)

where the second equality follows from (@8], the first inequality from the triangle inequality, the second inequality from (@7),
and third inequality from 14, < 1. TERM (B.2.1) corresponds to the stochastic noise component, while TERM (B.2.2)
captures the bias term induced by c;. We analyze them separately.

Bound on TERM (B.2.1). This term can be handled in the same way as in|Wang et al|[[2025]]. Applying Lemma
under our choice of 7; in (20) and b := max;¢[7] o- < 1, we obtain that, with probability at least 1 — 24, the followmg
holds for all t > 1:

(%)

where V, is defined in [29). As in Wang et al.|[2025]], this vector bound reduces to the scalar form corresponding to
Zs = (Xs,0s — 0*), yielding

(%) 2] <

Bound on TERM (B.2.2). By triangle inequality and Cauchy—Schwarz inequality, we obtain

X. 4
(528=)
Os

< 8777 /25 (log 3T) 19 (log 222 ) T (50)

vt

1 e - c N2
<4 (,\ +Z >+ (8t2<11+<> 2(log 3T) =59 (log 222) T ) . (51)

t
>
Os

s=1

X

Os

0, — 0

t

< Z lesl

S os Vi1
e

S Z 0_52 ||Xs||\/51115571
s=1

-1
stl

t
S \/EZ ‘g|/8871
< VK max B, 1, (52)

uG t+1

where we used the definition of A, in the second inequality, and the third inequality follows from o, > v/Cr~ /4| X, || 1/2 %

n 27), and the last follows from 3,1 < max,c[;41] fu—1 forall s <tand C' = 2321 les] > S el
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From and (52)), with probability at least 1 — 24, the following holds for all ¢ € [T7],

t

3 <fws(9*),és - 0*> I

s=1

1 X, . 2 1—e . T2\ THe 2
< da+ Z <s, 0s — 0*> + | 8t20F9 vV2k(log 3T)20+9 | log —— + VK& max By_1. (53)
4 =\ os ) wE[t+1]

Combining (@3) and (53) and applying the union bound, we obtain that, with probability at least 1 — 34, for all ¢ > 1,

t

> (Vi) = Ve (6.).6,—67) 14

s=1
1 2772 1—c
<65y/a+ 3 (log — | 70t>TF9 max f,_1 +124/1+ 5= ft2<1+f> max Bu_1
) wE[t+1] u€[t+1]
1 ! X 4 2 l1—e¢ 1—e 2T2 16? 2
+ - | A+ Z .0, -0 + | 8t20+9 v/2k(log 3T) 2 +9 ( log —— + vk max Bu_1,
4 =\ os 1) wE[t+1]
which completes the proof of Lemma|[B.3] O

B.4 PROOF OF LEMMA

Proof. The proof proceeds in four steps.

Step 1: Collecting the two high-probability bounds. To upper bound the right-hand side of Lemma [B.1| we consider an

expression of a similar form and apply Lemma[B.2]and [B.3] Applying a union bound, we obtain that, with probability at
least 1 — 44, for all t € [T],

t t t
INS®+ SV 012 +2 <vé‘s(és) — Ve, (8,),0, — 9*> Iy + (g - 1) 36 - o o
s=1 ° s=1 s=1 T
) 27?2
< 4NS° 4+ 18« ) V2k(log 3T) Ee) log 5 xexT + 3k

+ 130 a+%<log 2? )Tot2<1+e) max fS,_ 1—|—24\/1—|— \ftz(ue) max [,—1

uet+1] u€t+1]

t e\ 2
1 Xs 5 —c —c 272\ T
+ - | A+ g <‘, 05 — 9*> o sty 2k (log 3T) D) <log )
2 s=1 Os (S

+2vKk max f,_ 1—|—(—1)zt:

~ 2
0 — 6"
we[t+1] oy

XsxJ °
2

s

Step 2: Simplifying the coefficients. For ¢ € [T, our parameter choices ensure that
V2L (log 3T) 2170 (10g 2T2) s

Hence, we multiply the terms of 3« or 21/K maxX,e[s4+1] Su—1 by this factor to match the scale of the other terms. Recall that

(log 2= )Tot"’(l‘*") = 707 Vv 2k(log 3T)2<1+‘ (log 2= )

7

so that all terms on the right-hand side of the above form can be rewritten in terms of (log )Tot e
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Substituting o = 8 into the bound obtained in Step 1 and collecting terms of the same form, we obtain that, with probability
atleast 1 — 44, for all ¢ € [T,

t t
4)\52 4 Z vas(és)‘P;l + 22 <V!Z(9Aé) — vgs(és%és - 0*> ]1.As
s=1

s=1

t
N 2
+(L=1) 26 -0 ns
s=1 02

1—¢ 2
< (457 + DA+ (144 + 128 + 3) ((log )7t 7179 )

1—¢

+ (130y/8 + £ +24/1+ & +2) (log 222t 2079 max

. 1—e |2
< (2+ 4821 + 275 (log 27t 2079 )

1—e

+ 397(log g)n)t?(l‘“) max Su_1.
u€e[t+1]

Here, the term Y!_, 16, — 6% x.xT cancels out because of the choice a = 8.

Ts

To match the standard confidence bound form |6, — 6*||y, < B, it suffices to choose f3; so that, for all ¢ € [T,

> _l—e (2 ; _l—e
B2 > (24 4S%)\ + 275 ((1og 22 4201+ ) +397(log 2L )7t 20+ max Bu_1.
uet+

To simplify the notation, define

1—¢

_l—e (2
b=397t20F9 ¢ = (45% + 2)A + 275((log ?)mﬁ(”ﬁ)) .

Then the above condition can be written as

b max (B,_1+c< Btz.
uet+1]

Step 3: Choosing the confidence radius. By choosing the sequence {f3;}7_, to be non-decreasing, we have
maXy<¢+1 Pu—1 = Pt. Therefore, it suffices to require

b3, + ¢ < B? forall ¢t € [T].

R

Using the inequality v/a + b < v/a 4 v/b for a,b > 0, we obtain the simpler sufficient condition

The quadratic inequality holds whenever

B > b+ /e

Recalling the explicit form of b and ¢, and slightly enlarging the numerical constant for simplicity, we define

1—e
By = 409(log 2L )rpt 20+ /(2 1 452) A,

With this choice, with probability at least 1 — 40, the following inequality holds for all ¢ € [T]:

t t t
B2 > A%+ 3 IVLB) 20 + 2 <vés(és) — Ve, (6,),0, — e*> L, + (§ - 1) 3 ’ b, — 6" (54)
s=1 s=1

s=1

2
Xsx] °
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Step 4: Verifying the confidence radius via induction. Let 3 denote the event that the conditions in hold for all
t > 1. By construction, P(B) > 1 — 46. We define the event

Ci= ({16 ="y < Broa } = () A
t>1 51

We show that B C C by mathematical induction, which immediately implies P(C) > P(B) > 1 — 44. By definition, .4;
holds since || — 6% ||y, < V4AS2 < \/A(2 + 452) = B.

Assume that at iteration ¢ > 1, A, holds for all s € [t]. We now show that 4, also holds. By Lemma we have

16¢41 — 6713,

t t
<SANS® Y (V0[5 + 2 (VEs(8s) = VE(6,), 05 — 67) (*—1)ZIIH —9*|IxsxT
s=1

s=1

t t
A ~ A PN 1
= AAS? + S V03— +2Y (VEu(B) — VE(B,), 6, —67)1a, + (— 1) § 18, — 07|12 o

S= S= s=1 s
< ;

Here, the first inequality follows from Lemma [B.1] the first equality uses the induction hypothesis that .4, holds for all
s € [t], and the second inequality follows from (54). Consequently, .4; 1 holds. Since ¢ > 1 was arbitrary, we conclude that
A holds for all ¢ > 1, which implies that P(C) > 1 — 4¢.

Moreover, we can verify that

2 409 (log 2L2) 76t =575 + /A2 + 452) 09
B = | 20T T DiXllyt 2 22 > 23Xy
7'0\/>t2(1+€) f70t2(1+5) t— \/i t—1 t—1

Hence, our choice of o satisfies the lower bound condition required in LemmaB.2}

Consequently, under the choice of o; and 7,

1 2 A/1 —e
O¢ = max{ vy, —, 7& 1 ||Xt||v ,VCK 1/4HX ||1//_21 , Tt:T07+ t2(1+€>
VT Toft2(1+e t—1 Wi

we obtain that for any § € (0, ) with probability at least 1 — 49, the following holds for all ¢ > 1:

. 272 —e
1601 — 0.1y, < 4091og me?w + /(2 + 452).

C REGRET ANALYSIS
C.1 PROOF OF THEOREM

Proof. We define X = argmax, y, x'0*. By Lemma and the fact that X, X; € &}, we have, with probability at
least 1 — 40, for all ¢ € [T,

(X707 = 0) < 0% = Oullvi | X Nl < Bra X7 1, 43)

which can be rewritten as .
X707 < X0+ B | Xy (56)

Similarly, by Lemma with probability at least 1 — 44, for all ¢ € [T,

(X2,0" = 00) = =Be—1 | Xelly (57)
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which implies
X[ 07> X[ 0 = Bl Xelly - (58)

By applying the union bound to (36) and (38), we obtain that, with probability at least 1 — 84, the following holds for all
telT):

X0 = X0 < (X700 + B | X7 1) = (X0 = Bia | Xy )
= X770, = X700+ Beoa (1X7 1+ 11Xy 1) (59)
On the other hand, by the arm selection rule @),
X7 0, + Bl Xilly -1 < X, 60, + Bl Xelly -1,

which implies
X0 = X, 00 < B (1Kl = 16 Ny 1) (60)

Substituting into (39) yields
Xt*To* - Xt—rg* < Bt—l(HthHVt—_l1 - ”Xt*”vf—_ll) + Bt—l(”Xt*Hvt—_ll + ”Xt”Vf—_ll) = 25t71HXt||vt—_11'

Therefore, the regret satisfies

T

T T T
Reg(T) = D> (X7 70° = X0°) <2 Bl Xilly 1 <260 Y [ Xilly—r = 2vaBr Y opwy,

t=1 t=1 t=1 t=1

1—e

where 3; = 409 (log g)’ﬁ)t%l"'_e) + /(452 + 2)\.

Next we bound the sum of bonuses ZtT:l orw; by splitting the time indices [T] into three cases depending on which the
candidate term attains the value of o,. If the maximum is attained by multiple candidate terms, we assign the index ¢ to an
arbitrary one of them. We define

jl = {t c [T] L0t € {Vt,amin}}a
2
Jo = {tE[T]:Ut L“thv 1}’
7'0\/»152(1*6)
J3 = {t e :0:= \/aff_l/4\|Xt|u//§l }

We first bound the contribution from the indices in ;. Recalling that o, = 1/ VT, by the Cauchy—Schwarz inequality
and Lemma[D.4 we obtain

Z oWy = Z max{ V¢, Omin fwe < Zmax{ut, Omin } Wt

te teT1

Ma

T
(2 +02) Zw%<v2n 1+> w2, ©1)

t=1

where in the last inequality we used 23:1 Oiin = 1 and Lemmato bound Zt L wi < 2k,

For the indices in J5, we use the fact that Lemma- 4.4 holds, and hence the confidence radius ; takes the form
272 1-c
Bt = 409 IOgT Tot2(1+€) —+ \ )\(2+4S2)
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Therefore,

2
2 <409<log 2§>70t2<1+f> + /A2 + 452 ) NCEYE) )

28— 2T
wi2= — 2P +409log ——,  (62)
Toy/at 20+ Toft2<1+e> 70 0
and letting
A(2 + 452 2772
co = 7( + ) + 409 log —
T0 §
we obtain
1 CoL 260I€L
Yow=Y — — —5 | Xellg 1 wf < Z w? < W’ (63)
teds teds t Ve &7, ai

where the first inequality follows from V;_; > Aady, which implies || X|| g1 <L /v a, and the second inequality follows
from Lemma which gives Y7, w? < 2r.

Finally, we bound the contribution from the indices in J3:

S o= @wf < 2y/arC, (64)

teT3 teT3 \/E

where the inequality follows from Lemma

Choosing 0= 1/(8T) and \ = d, we obtain x = O(d) and 7 = O (\fT2<1+‘ ) Plugging these orders into the bounds
, and (64), and summing them up, with probability at least 1 — =, we have

Reg(T) <

C.2 PROOF OF COROLLARY

Proof. The argument follows the same structure as in the proof of Theorem[4.5] The only difference is that we replace C'
with C' in the definition of 73, i.e.,

Jy =t € [T):00 = VOr X, /2 )
With this definition of 73, we obtain the bound on the contribution of indices in 73:

Z oy < 2v/akC.

teTs

The bounds for 77 and /5 remain identical to those in Theorem Under the same choice of § and A as in Theorem [4.3]
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with probability at least 1 — % we have

Reg(T) < 2v/afr | V2r

T
N v+ dTT D TR C

t=1

C.3 PROOF OF COROLLARY.

Proof. The argument follows the same structure as in the proof of Theorem[.5] The only difference is that v is replaced by
v in the definition of 77, namely,

T ={t€[T]: 0 €{V,omin}}

With this definition of 7;, we obtain the bound on the contribution of indices in J;:

Z oWy = Z max{v, Opmin Wt

teg teTr
< Z (2 +02.) Z w? < V2kvVT + 1.
teg teg

The bounds for > and J3 remain identical to those in Theorem [4.35] Under the same choice of § and X as in Theorem 4.3}
with probability at least 1 — &, we have

T
Reg(T) < 2v/afr Z ot Wy

t=1

< 4By <\/2W\/T 14 ke 2\/ou<cC)

va
=0 (dTﬁ + AT 4 dTﬁc) .

C.4 DISCUSSION ON THE DEPENDENCE ON CORRUPTION LEVEL

For adversarially corrupted linear bandits with sub-Gaussian noise, Bogunovic et al.|[2021]] showed that the linear dependence
dC on the corruption level is optimal. Our regret bound (Theorem [.5)) recovers the same dependence in the finite-variance
case (¢ = 1) under a constant moment bound. For ¢ < 1, however, our regret bound contains an additional 7-dependent factor
in the corruption-dependent term. This should not be interpreted as evidence that a stronger dependence on the corruption
level is fundamentally necessary under bounded (1 + €)-moment noise, since this noise class includes sub-Gaussian noise
as a special case. Rather, the additional factor arises from our current analysis. In particular, as shown in Appendix
the corruption-dependent term in the regret decomposition is multiplied by the confidence radius ;. Under bounded

1—e
(1 + €)-moment noise, the confidence radius scales as ¢t 20+ and therefore depends explicitly on ¢. Consequently, this time
dependence propagates to the corruption-dependent term, leading to the additional T-dependent factor in our regret bound
fore < 1.
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D AUXILIARY LEMMAS

We collect several auxiliary lemmas adapted from Huang et al.| [2023]] and Wang et al.| [2025]]. For clarity, let F; =
o (X1.4,M1:t—1, c1:4—1) denote the filtration associated with our process. Compared to the filtrations used in the above works,
ours additionally includes the corruption sequence c;.;—1. This difference is immaterial, since the lemmas in|Huang et al.
[2023]] and [Wang et al.|[2025]] only require a conditional moment bound with respect to the underlying filtration.

Lemma D.1 (Partial result of Lemma C.2 in [Huang et al.|[2023])). Let {F;}{2, be a filtration and {n,}32, be a sequence of
random variables such that for all t > 1,
]-"t] =0, E [

E {”t
Ot

For eacht € N, let X; be an R%-valued random variable satisfying || X||o < L. Define Uy = A\ g and Uy = U;_1 +

fort > 1, where \ > 0. Moreover, fort > 1 set

1+e
L3

Ot

ft] < bite

XX,
2
9%

V1+w? - . V2kb(log 3T) D)
0= .

Ty = To————t 20+, P
(log 55=)

Wy
Then, with probability at least 1 — 20, for all t > 1,

t
Ns \ Xs
Y (US) .

s=1

1—e 1—c 2\ T+e
< 8t20+9 v/ 2k(log 3T') 20+9) (1og 5) .

Ut

Lemma D.2 (Lemma C.5 in [Huang et al. [2023]]). Let {F;}52, be a filtration and {n;}$2, be a sequence of random
variables such that for all t > 1,
ft] =0, E l

\/ 7 . v Bl
throﬂtﬁ, o = 2kb(log 3T) i

Wy (log(212/5)) ™+
Then, with probability at least 1 — 0, forall t > 1,

t 2 2 ’
2 Ns Wy 1-c —€ loe 2t
Zf;s (Us) Tw% < {17 (\/Tol (\/ﬂb)we(log 3t)2 +7104/2log 6)

Lemma D.3 (Eq. (C.12) in[Huang et al.[[2023]). Letr {F:}$2, be a filtration and {n. }$2, be a sequence of random variables
such that for all t > 1,

1+e€
3

E {m
Ot

Ot

ft] < plte,

Moreover, fort > 1 set

1+e€
E |:77t ff:| = O’ E [ & ft‘| < b1+6.
Ot Ot
Moreover, fort > 1 set
2 e 1;2
T, = Toﬂtﬁ7 To = V2rb(log 3T) 2(1: ) .
Wy (log(2T2/6)) TFe
Then, with probability at least 1 — 6, for all t > 1,
t
Ns Ts 23 272
IS | 2| > 2 ¢ < = log—.
z:: { os| 2 } =3 %7

s=1

Lemma D.4 (Elliptical potential lemma, Lemma 7 inWang et al.[[2025])). For eacht € N, let X; be an R9-valued random
variable satisfying | X¢||2 < L. Let Uy = Ay and Uy = U;_1 + Xy X,' fort > 1, where \ > 0. Assume that for all t > 1,

||Ut:11/2Xt||§ < Cmax. Then,

T

_ L2T
STIUZ X3 < 2max{1, cpaxfdlog (1 + M) .
t=1
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Figure 2: Comparison of Ours and GAdaOFUL

E ADDITIONAL EXPERIMENTS
E.1 ADDITIONAL HEAVY-TAILED NOISE MODELS

We further examine whether the empirical robustness of our algorithm persists under different heavy-tailed noise distributions.
To this end, we conduct additional experiments with Fisk and Lomax noise distributions, both with shape parameter 1.5, as
representative heavy-tailed distributions. Except for the heavy-tailed noise distribution, we use the same experimental setup
as in Section[6] including the problem instance, corruption levels, horizon, and number of independent runs. We compare
our method with GAdaOFUL.

Figure [2] shows the results for the Fisk and Lomax noise distributions. Across both noise distributions, our algorithm
exhibits sub-linear regret behavior under both the corruption-free case (C' = 0) and the corrupted case (C' = 100). In
contrast, GAdaOFUL shows an approximately linear growth of regret in both cases, indicating that it is less robust to these
heavy-tailed noise distributions. The runtime results further highlight the computational advantage of our method: our
algorithm requires less than one second per run, whereas GAdaOFUL takes more than 300 seconds per run. Thus, our
method is several hundred times faster than GAdaOFUL while maintaining robust regret performance under heavy-tailed
noise and adversarial corruption.

E.2 COMPARISON WITH RARELY SWITCHING BASELINES

[Abbasi-Yadkori et al.|[2011]] proposed the rarely switching OFUL algorithm, which avoids recomputing the estimator at
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Figure 3: Comparison of Ours, GAdaOFUL, and rarely switching variants of GAdaOFUL

every round. Instead, it recomputes the estimator only when the determinant of the regularized design matrix V; increases
by a factor of 1 + ¢ for some constant ¢ > 0. This reduces the total number of estimator recomputations up to time 7" to
essentially O(log T'). The switching parameter ¢ controls the trade-off between computational efficiency and the theoretical
regret guarantee: larger values of ¢ reduce the recomputation frequency but generally lead to larger regret. Motivated by
this idea, we apply the rarely switching strategy to the optimization-based GAdaOFUL to investigate how much its total
computational cost can be reduced in practice. We then compare this rarely switching variant with Ours in terms of both
cumulative regret and running time.

We use the same setting as the finite-variance experiment in Section [6} except that the time horizon is set to 7" = 2000. Each
experiment is averaged over 10 independent runs. As in the previous experiments, each line represents the mean, and the
shaded region indicates one standard deviation from the mean.

Figure [3a shows the cumulative regret. As observed in Section[6] Ours and the original GAdaOFUL, which corresponds
to the case ¢ = 0, achieve comparable regret in both the corruption-free case (C' = 0) and the corrupted case (C' = 100).
When C' = 0, increasing the switching parameter from ¢ = 0.25 to ¢ = 0.5 gradually worsens the regret performance.
This degradation becomes more pronounced under adversarial corruption: when C' = 100, both rarely switching variants
suffer substantially larger regret than the original GAdaOFUL, and the variant with ¢ = 0.5 performs worse than that with
¢ = 0.25. These results may suggest that the performance degradation caused by rarely switching is more pronounced under
adversarial corruption.

Figure [3b| shows the running time. As expected, increasing ¢ reduces the running time because the number of estimator
recomputations decreases. However, even with rarely switching updates, GAdaOFUL remains slower than Ours. These
results suggest that the rarely switching strategy reduces the running time of GAdaOFUL, but appears to degrade its regret
performance as the switching parameter increases, especially under adversarial corruption.
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