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Abstract

Estimating the mean of manifold-valued data is
a central problem in modern statistics, yet it re-
mains challenging due to the lack of a closed-form
expression for the Fréchet mean. The gradient de-
scent algorithm is widely used to approximate this
quantity across various applications. Although gen-
erally effective, it can be computationally intensive
for large datasets, as each iteration requires evaluat-
ing gradients with respect to the entire dataset. To
address these limitations, we propose a tree-based,
Recursive Fréchet Mean Estimator (RFME), tai-
lored to data on manifolds. The proposed method
leverages a hierarchical aggregation strategy to re-
duce computational complexity while preserving
statistical accuracy. We establish the weak con-
sistency of RFME with respect to the population
Fréchet mean and discuss its computational prop-
erties. Through simulation studies and real-world
applications, we demonstrate that RFME achieves
competitive estimation accuracy with substantially
improved efficiency. Moreover, as a generalization
of the incremental Fréchet mean estimator, RFME
also offers enhanced flexibility while maintaining
practical advantages.

1 INTRODUCTION

In statistical inference, the center of a dataset is a funda-
mental measure of data location and is often of interest. The
mean is a cornerstone of many statistical methods such as
regression, principal component analysis, and convex anal-
ysis. In Euclidean space, the sample mean is canonically
defined as Z,, := Y ., x;/n, a definition that aligns with
related concepts such as barycenter, centroid, and expecta-
tion in probability theory. This definition, however, assumes
a linear structure of the space with well-defined addition

and multiplication operations, which do not generally hold
for data residing on nonlinear manifolds.

With advancements in measurement techniques, manifold-
valued data has become increasingly common in many re-
search fields. Unlike data in a vector space (e.g., Euclidean
space, R™), manifold-valued data typically comes from
spaces without an additive structure, making the conven-
tional sample mean ill-defined. Given a space equipped with
a metric, the distance between points can be determined.
The Fréchet mean, which identifies the mean as the point
that minimizes the total squared-distance to all observations,
provides an alternative definition. A standard approach for
estimating the Fréchet mean is through the gradient de-
scent method, as introduced by [Karcher| [[1977] and [Pennec
[[1999], with subsequent work by [Le|[2001]] and [Le|[2004]]
establishing its applicability to complete, simply connected
manifolds.

The Fréchet mean is a primary tool for the statistical anal-
ysis of manifold-valued data. It is widely used in areas
including shape analysis [Bharath et al., [2018]|], computer
vision [[Fletcher and Joshil 2007], and trajectory modeling
[Su et al.| |2014]], where the observations reside in spaces
such as the sphere, matrix spaces, and Lie groups. Beyond
descriptive statistics, the Fréchet mean also plays a central
role in extending classical statistical techniques to manifold
settings. In particular, principal geodesic analysis [Fletcher
et al.,|2004] and k-means clustering [[Tan et al.,|2024] rely
on Fréchet means to characterize dominant variation and to
define cluster centroids on Riemannian manifolds.

Given the computational time and memory requirements of
the gradient descent method, many studies have proposed
incremental mean estimation techniques to address these
challenges. In Euclidean space, the mean can be computed
in an iterative manner as

n—1 1
Tp_1+ —y, (D
n

Ty =

which allows each new observation to be incorporated with-
out storing the entire dataset. This method has been general-
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ized to manifold-valued data, where the underlying space
has a nonlinear structure. |Sturm! [2003]] first introduced an
inductive mean estimator for spaces of non-positive curva-
ture (NPC), and proved its existence and consistency. Later,
Arnaudon et al.| [2012]] presented a stochastic version of the
algorithm, and |Lim and Palfia|[2014a]] extended the method
as the weighted inductive mean on the cone of positive-
definite Hermitian matrices.

The properties of the inductive mean have also been ana-
lyzed on various manifolds, such as the hypersphere [Sale{
hian et al.,|2015]], Symmetric Positive-Definite (SPD) ma-
trices equipped with the affine invariant Riemannian metric
[Ho et al., [2013]], SPD matrices equipped with the Stein
metric [Salehian et al, [2013]], tree-like shape spaces [Fer{
agen et al.,[2011]], Grassmannian manifolds [Chakraborty
and Vemuri, 2015, and the Stiefel manifold [[Chakraborty
and Vemuri, |2019]]. The convergence of the inductive mean
has been well-established on manifolds, primarily through
its stochastic approximation procedure, while the determin-
istic proofs have also been provided to support practical
applications [Lim and Palfia, [2014b} \Holbrook} 2012]. With
the inductive mean, a variety of algorithms for learning
with manifold-valued data have been developed, including
Deep Neural Networks [[Chakraborty et al.l 2020], Recur-
rent Neural Networks [[Chakraborty et al., [2018]], nonlinear
regression [Banerjee et al.,|2016]], and movement primitive
learning [Daab et al., 2024]).

In this paper, we introduce the Recursive Fréchet Mean
Estimator (RFME), a tree-based inductive algorithm to ap-
proximate the mean of a dataset. This is akin to constructing
a binary tree where the leaves correspond to the data points,
intermediate nodes represent the means of their children,
and thus the root of the tree provides the mean estimator for
the entire dataset. RFME can be viewed as a generalization
of the incremental Fréchet Mean Estimator [iFME, |Sale{
hian et al.| [2015]], with the key difference that it computes
the mean in pairs at each step rather than following a fixed
sequential order. We establish that RFME is a consistent
estimator of the Fréchet mean and that it is more computa-
tionally efficient than the gradient descent approach. Addi-
tionally, our simulations on synthetic data and real-world
cases suggest the proposed approach achieves comparable
performance to iFME in terms of time consumption and
convergence rate, while additionally offering the advantage
of parallel computation.

The rest of the paper is organized as follows. Section 2] re-
views the preliminaries of Riemannian manifolds, geodesics,
and inductive means, which form the foundation of our
proposed algorithm. Section [3|introduces our method and
provides the theoretical guarantee for the convergence of
RFME to the true Fréchet mean. Section 4] and [5] present
experiments on both synthetic and real-world datasets to
evaluate the performance of the algorithm, and Section [6]
concludes the paper with a discussion.

2 BACKGROUND

2.1 RIEMANNIAN MANIFOLDS

Here we present a brief introduction into Riemannian mani-
folds and the necessary tools for optimization. For a more
thorough handling of manifolds and differential geometry
we refer to [Do Carmol, [1992]] and [Leel, 2018]|] and for opti-
mization on manifolds we refer to [Absil et al., 2008|] and
[Boumall 2023]].

Let M denote a d-dimensional complete, smooth Rieman-
nian manifold. At each point p € M we have an associated
tangent space, T, M. Each tangent space is a vector space
and consists of all elements tangent to the manifold M at p.
The collection of all tangent spaces is referred to as the tan-
gent bundle, TM = {T,M|p € M}. Each tangent space
has an associated inner product, (-, -),, and the collection
of all such inner products is the Riemannian metric tensor,
{(-,)plp € M]}. This inner product, in turn, allows us to
consider geometric properties of the manifold such as an-
gles and lengths. The length £(-) of a path o : [0, 1] — M

is L(a) = [y la()]5dt, where || - |2 = (-,-), and
&(t) = L (t). The distance between two points p, g on the
manifold is the length of the shortest path between them and
denoted d(p, q) := inf, L(a). A path of minimal length is

referred to as a geodesic.

Geodesics are not always unique, e.g. the antipodal point on
a sphere, however all such geodesics have the same length.
The set of such points, where the uniqueness fails, is known
as the cut locus. The infimum distance from p to cut locus
is the injectivity radius at p and the infimum of injectivity
radius at all points is the injectivity radius of a Riemannian
manifold, denoted as inj M. Given a geodesic « starting
at p and initial velocity &(0) = v, the exponential map at
p, denoted as exp,, : T, M — M, is defined by exp, v =
«(1). The map is a diffeomorphism in a sufficiently small
neighborhood of p, bounded by the cut locus. Within this
neighborhood, the inverse of exponential map, called the
inverse exponential map or log map, is given by log, ¢ = v,
where ¢ = «(1). The Riemannian distance then can also be
given by d(p, q) = ||log, qll, = [|log, pll4-

Convexity on manifolds has been well established where
the notion of straight lines is replaced with the notion of
geodesics. A subset of a manifold A C M is said to be
geodesically (strong) convex if for all p, ¢ € A there exists a
unique geodesic « : [0, 1] — M with a(0) = p,a(1) = ¢
such that «(t) € A for all ¢. Given a function £ : M — R
and a geodesic & whose image is contained in A C M, E
is said to be geodesically convex in A if A is geodesically
convex and E o « is convex. Note that F o v : [0,1] — R,
so convexity is in the usual sense that F(«a(t)) < (1 —
t)E(p) + tE(q). Strict convexity is defined analogously
by requiring strict convexity of E o «. Strong convexity
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is further specified with the condition E(a(t)) < (1 —
t)E(p) + tE(q) — 3t(1 — t)L(c)?, which is also called
geodesically A-strong convex.

2.2 FRECHET AND KARCHER MEAN

Arguably, the most fundamental statistic of a dataset is the
average or mean. On a manifold we do not use the typical
definition of the mean T = 1/n Y x; as there is no guar-
antee this estimate will lie on the manifold. Further, the
addition and multiplication are not intrinsically defined op-
erations in a nonlinear geometric setting. For this reason,
such an estimator is referred to as the extrinsic mean, when
computed in an ambient Euclidean space and interpreted
on the manifold. The classical intrinsic extension of the
Euclidean mean is the Fréchet mean defined as

1
[ € argming B Z d*(x, x;).
i=1

The Fréchet mean is thus the point on the manifold which
minimizes the sum of squared distances from the data (i.e.,
the variance) [Fréchet, [1948|]. This is sometimes referred to
as the Karcher mean after Hermann Karcher who did exten-
sive theoretical work on its convergence [Karcher, |[1977].
Estimating this mean is typically done using a gradient de-
scent approach. Letting U(z) = 1 >°I"; d*(x, z;) be the
variance energy, the gradient is V,U(z) = — Y " log, z;
where log is the log map. We then update the estimate with
exponential map as & = exp,(—nV,U(z)) where 7 is a
tuning parameter, the step size, and proceed to the next it-
eration. This optimization requires computing n many log
maps per iteration which can be costly; for instance, on the
space of symmetric positive-definite matrices with the affine
Riemannian metric, the log map requires matrix inversion
which is inherently costly. Note that some refer to the set
of local minimizers of the variance function as the Karcher
Means. We assume we have a unique global optimizer.

2.3 INCREMENTAL FRECHET MEAN
ESTIMATOR

Computing the empirical Fréchet mean using gradient de-
scent has a time complexity of O(nk), with sample size n
and number of iterations k. This can be computationally de-
manding, as it requires processing the entire dataset during
each iteration. To address this issue, particularly in the con-
text of streaming and incoming data, Salehian et al.| [2013]]
proposed the following generalized form of an incremental
algorithm:

M1 = T1
i, = argmin,e v (wed? (1, 7) + (1 — wp)d (2, 7)),

where pux—1 is the (k — 1)th mean estimator with weight wy.
The weight wy, allows a weighted average to be computed

given the importance of the data point x;. Here p can be
interpreted as an estimate of the empirical Fréchet mean of
k data points. This estimator is consistent and benefits from
not needing to recompute every time new data is introduced.
Further, recomputing the Fréchet mean with the gradient
descent method requires storing the entire dataset on the
server, which imposes a substantial memory burden; the
incremental algorithm alleviates this requirement.

In Euclidean space, the mean of two points always lies
along the line segment connecting them; the analogous idea
on Riemannian manifolds is that the mean of two points
always lies along the geodesic between them. Moving along
a geodesic from an estimate of the mean in the direction of
a new data point is the idea behind the incremental Fréchet
Mean Estimator [iFME, Salehian et al., 2015]]. It is, thus,
useful to characterize a general midpoint of a geodesic. Let
« be a geodesic from p € M to ¢ € M, we further denote
a(p,q) = a(t)(p, q), where t € [0, 1].

The iFME is an algorithm to efficiently estimate the mean
for streaming data and can be formulated for an equally
weighted dataset as follows:

(fik—1, k).

This construction extends equation [I]to the setting of Rie-
mannian manifolds. The resulting estimator evolves along
geodesics: at iteration &, the current estimator fix_1 is up-
dated by moving a fraction 1/k of the geodesic distance
toward the new data point x;. Theoretical guarantees for
this inductive procedure have been established in several
geometric settings, such as non-positive curvature mani-
folds [NPC, Sturm} 2003]] and on the sphere [Salehian et al.,
2015].

3 RECURSIVE MEAN ALGORITHM

Suppose we have a dataset D C M with D =
{x1,29,...,2,}. We aim to combine elements of the
dataset in a binary sort of fashion, thus it makes sense to
consider n = 28 + 1 + r where 0 < r < 2*. This notation
is typical in number theory where r refers to the remainder.

We organize the dataset as the leaves of a binary tree, with
each internal node representing the weighted mean of its
two children. Then the recursive relationship is defined as

~(witwz) _ - (w1) - (w2)
a,b = O‘T(Na+1,2b71a /J’a+1,2b) )
where 7 = 22— is a weight indicating the step size on

the geodesic. The indices may be a bit cumbersome, but the
first subscript index refers to the layer from top to bottom,
and the second index is the element index of that level.
Generally, we have the layer index a € {0,1,2,...,k+ 1},
k+ 2 layers in total, and the node index b with max(b) < 2*
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for each layer. The superscript is a weight with the leaves
having unit weight (unless specified otherwise).

To incorporate all observations, we assume each data with
unit weight so that the total weight of the estimate equals
n, hence we have our Recursive Fréchet Mean Estimator
(RFME) to be ﬂgfl) . To organize the data in a hierarchi-
cal structure, we first assign the data to the leaf nodes of
a binary tree. When n is not a power of two, we perform
pairwise merging at the leaf level by iteratively replacing
adjacent pairs with their midpoint, while leaving the un-
paired elements unchanged, until the number at the level
equals 2, where k is the largest integer such that 2% < n.
The tree then is extended upward in a bottom-up fashion,
where each internal node is given by Equation 2] of its two
children. The resulting structure is a complete binary tree at
all levels except at the bottom level, which may be partially
filled. A detailed description of the algorithm can be found
in Algorithm ]

This organization can be adapted to align with the structure
of iFME if we construct the tree with n + 1 many layers,
where the bottom layer is x; and each subsequent layer in-
cludes one additional data point. As opposed to the iFME,
the proposed algorithm can take advantage of parallel pro-
gramming as, at any layer, each node is independent of every
other node.

The top panel of Figure[T|illustrates an example of the recur-
sive estimation process, where nodes belonging to the same
layer are indicated by the same color. In this case n = 22,
and we have that every 7 = % which greatly simplifies the
notation. The bottom panel of Figure[T] visually compares
the empirical Fréchet mean estimator (eFM) using gradi-
ent descent method, incremental estimator (iFME), and the
proposed recursive estimator (RFME). The samples are gen-
erated uniformly on the hemisphere of S?, as discussed in
Section .11

Algorithm 1 Recursive Fréchet Mean Estimator

1: Given a set of data points {z;}?_; with corresponding
weights {w; }_; (default 1).

2: Assign ﬂ,(cwl) = x;, where k = [log, n].

3: Compute ﬂ,ili"l)’j = aT(ﬂ,%ij),/l,%zf)), where 7 =
ﬁ and w) = waj 1 +waj, forj =1,...,n —

2k—1,
4: Assign ﬂf:‘i"l)j = ﬂ](;‘;l), forj=mn—2F"141,..,2k1
andl = j + (n —2F71). Thensetk = k — 1.

5: Compute ﬂ,(;ijij = aT(ﬂ,(:f’Q"’j:i)7ﬂ,(;‘722;)), where 7 =

ﬁ and U}; = Waj—1 + Waj, forj =1,.., %,
M = {5},
6: If k #£ 1,set k = k — 1, and return to step 5.

7: Output /l(%:?:l ws),

M o s
@ 2
"' ) S @
............ o %, Haz2
= #.1,1 *-. X
T4
7
® (8)
. Ho,1
(2) § ?
Hag ¢
H . '..,"'. o)
z5 pg“; P

o Data points

Figure 1: Top: Illustration of recursive mean estimation
with a sample of size 2°. Bottom: Comparison of the eFM
via gradient descent method (red), iFME (blue) and RFME
(green), using uniformly distributed data on hemisphere.

A related idea of obtaining the mean through pairwise merg-
ing was proposed by |Cisneros-Velarde and Bullo| [2022],
who developed a pairwise distributed algorithm for comput-
ing the Wasserstein barycenter. The Wasserstein barycenter
can be viewed as a special case of the Fréchet mean of
probability measures under the optimal transport geometry.
Their work investigates the computation of the barycenter in
a distributed multi-agent setting, where each agent only has
access to its local distribution and communicates with neigh-
boring agents through a network represented by a (directed)
graph. The proposed algorithm relies on the displacement
interpolation, which defines the geodesic structure in the
Wasserstein space. In contrast, our setting assumes a com-
plete communication setting, where geodesics between any
pair of data points are always available. While the Wasser-
stein space in |Cisneros- Velarde and Bullo| [2022] is a spe-
cific metric space, our framework considers this pairwise
merging strategy in Riemannian manifolds, where the geo-
metric structure is induced by the underlying Riemannian
metric.

3.1 THEORETICAL GUARANTEES

Here we show that the estimator ﬂ(()nl) is a consistent esti-

mator of the expectation, E(X). Since we require a unique
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minimizer for the variance energy U (z), as defined in
we need bounds on the data. Therefore, we make the follow-
ing assumption.

Assumption 3.1. Let M be a manifold with sectional cur-
vature x bounded above by x < «/, the dataset D lies in
a geodesically convex ball, that is, D C B,.(p) with B,.(p)
being an open ball centered at p € M with radius r such
that

V=2t

This condition guarantees the uniqueness of Fréchet mean
[Karcher, [1977]. Specifically, for spaces with non-positive
sectional curvature 1 < 0, the global uniqueness is guar-
anteed. We consider unbiasedness in two regards. We note
that the standard definition of expectation does not apply
directly on manifolds. So, we first consider in Theorem @]
the pushforward density with the standard expectation and
in Theorem [3.4] we consider energy based expectation.

Theorem 3.2 (Unbiasedness). Let (M, d) be a measurable
space, and let X : Q — M denote a random variable
on M, with a reference probability measure ~y, absolutely
continuous with respect to the Riemannian volume form
(see Appendix [A.2). The expectati()n of X is defined as
E(X) = argmingem fM p, x)y(dx) [Fréchet, |1948].
Let {x;};en be a set of n Li.d. samples from the distribution

1
r < 3 min{inj M

of X, then the recursive mean estimator ,&(()"1) of the samples
is an unbiased estimator of E(X).

Proof. Let f : M — R be a density with reference mea-
sure v and z; ~ f(z). There exists a density h(u) defined
on T, M such that h o log,,, f, i.e., the pushforward den-
sity onto the tangent space. Suppose that 1 = Ef(X) =
argming,e v [, d*(p, z)y(dx), then we have that the mean
satisfies the barycentnc equation E¢(log,, x) = 0 [Pennec,
2006]. Thus, we have that if E;(u) = 0 where u = log,, x
then p = 1 [Chevallier et al., 2022]. Lastly, let Z := log,, =
then we have Ep, (Z) = fi.

Consider « : [0,1] — M with a(0) = z1,a(l) = xa.
Let p,q € o and fix p, then on T, M we have that ¢ =
(1—1)log, z1 +tlog, xo for some ¢ since q also lies on the
geodesic. So,

Eh( ) ((1—t)1’1 "r‘ti'g)
= En((1 —1t)log, x4 + tlog, x2)
= (1 = t)Ey(log, x1) + tEx(log, z2)
=(1—t)a+th

= [
Letting p — ¢ we then have that E; (§) = 0 as this makes
the mean the center of the tangent space. Thus, all points
on the geodesic between unbiased estimators are unbiased
estimators. O

Observe that the Fréchet variance function [Fréchet, |1948|]
associated with the random variable X on M is

E((p, X)) = /M &2 (p, X )(dx),

which can be viewed as a stochastic version of the empiri-
cal variance energy U (z) = 3 37", d?(x, z;). The Fréchet
variance of X, defined as var(X) = min,e pm E(d?(p, X)),
is attained at the Fréchet mean E(X). Therefore, the vari-
ance of X is given by

var(X) = E(d*(X,E(X))).

An alternative definition of variance can be found in Ap-

pendix
(n)

Theorem 3.3 (Consistency). Let var(jiy 1 ) be the variance

of the recursive mean estimator, then we have var( ﬂénl) ) —

0.

Proof. By the convexity of the half-squared distance func-
tion, along the geodesic o, we have

< (1 —t)d*(a(0),p) + td*(a(1),p)
A1 — £)d?(a(0), (1))

d*(a(t), p)
forp € Mandt € [0,1]. Here

5= 1 K <0
B VK cot(rvVi') K >0’

where ' is the upper bound of the sectional curvature x of
M [Karcher, (1977, |Afsaril 2011} [Scieur et al., 2026]]. See
Appendix [A.T]for further discussion.

Applying «(0) = z1, a(1) = x5, and p = E(X),

d(a(t),E(X)) < (1 — t)d?* (21, E(X)) + td*(z2, E(X))
—)\t(l — t)d2($1, (L‘Q).

Taking the expectation does not change the inequality, thus

E(d*(a(t),E(X))) <
(1 = O)E(d*(z1, E(X))) + tE(d* (22, E(X)))
— \t(1 — )E(d? (21, 22))
< max{E(d*(z1,E(X))), E(d* (22, E(X)))}
— M(1 = )E(d?(z1, x2)).

Therefore, replacing a pair of points with their weighted
average strictly decreases the maximum expected squared
distance, unless the points coincide. For the bottom layer, we
have E(z;) = E(xs) = E(X), then E(d?(a(t), E(X))) <
var(X) — Mt(1 — )E(d? (21, 22)).
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Let [ = [log, n] — a denote the number of iterations needed
to reach layer a, and define

Vi = max(E(d (A}, E(X)))

which represents the largest expected squared distance be-
tween the estimators of layer a and the true expectation. The
inequality above yields V; > V41, implying that the se-
quence {V}} is non-increasing and typically strictly decreas-
ing whenever the quadratic term is nonzero. Since V; > 0,
by the monotone convergence theorem, V; — Vo, > 0, and
we next show that V, = 0.

Assume V,, = L > 0, then in the limit set, there exists at
least one estimator 27 such that

E(d?(1, E(X))) = L.

By taking the weighted midpoint between 74 and another
distinct estimator 75, we can further reduce the expected
squared distance, which contradicts the assumption that we
are at the limit. If no such D5 exists, then ©; must be biased,
which violates the unbiasedness condition. Therefore, by
contradiction, we conclude that V,, = 0, and consequently,

var(ﬂéﬁ)) — 0. O

From Theorems [3.2] and [3.3] we conclude that RFME is
weakly consistent and that the recursive mean converges
asymptotically to the expected mean.

Lastly, we demonstrate that choosing the weight 7 =
—=2— for a weighted average is equivalent to se-
1 w2 . . .
lecting the corresponding step size along the geodesic

~(w1) ~(w2)
Qr (Naqilmb—p Nali21,2b)~

Theorem 3.4. Given two estimates of p, py and py, and

geodesic aui (g, pir ), the minimizer of the Fréchet variance
’

is qttained att = ﬁ He-re i ([ resp.) is an unbiased

estimator for a sample of size k (k' resp.).

Proof. See Appendix [B] O

4 EXPERIMENTAL RESULTS

In this section, we evaluate the performance of the proposed
RFME in comparison with iFME and the empirical Fréchet
mean (eFM) estimator via the gradient descent method. As
mentioned previously, iFME employs an add-one-at-a-time
strategy, while the eFM estimator is derived by minimizing
the overall squared distance to all data points. In the follow-
ing simulations, we utilize code from Geomstats [Miolane
et al., [2020].

i
eFM 05 ﬁME
iFME RFME
RFME 0.4 = eFM(vec)
REME(vec)

Distance
o I
N w

e (s

e
o

o
o
o
o

200 400 600 800 1000 200 400 600 800 1000
Sample size Sample size

Figure 2: Accuracy and time comparisons of eFM, iFME,
and RFME, with samples drawn from spherical uniform
distribution. The shaded area denotes the confidence interval
based on 2 standard deviations. Results are averaged over
1000 iterations with sample sizes ranging from 50 to 1000.

4.1 UNIT SPHERE

We first employ the uniform spherical sampling method,
which, as the name suggests, selects points from the surface
of a sphere such that each point has an equal probability of
being chosen. To guarantee the uniqueness of the mean, we
bound our sample to one hemisphere. The data generation
procedure is constructed by sampling an azimuthal angle
and a polar angle as
¢ ~U0,7), 0 ~ arccosU(-1,1),

where U denotes the uniform distribution. The sampled
spherical coordinates are then transformed into Cartesian
coordinates through

(z,y,2) = (sinf cos ¢, sin O sin ¢, cos ).

This setting enables us to generate data with an expected
intrinsic mean of (0, 1,0).

The performance of the eFM, iFME, and RFME is assessed
in terms of estimation accuracy and computational effi-
ciency. As illustrated in the left panel of Figure 2] where
estimation accuracy is measured by the distance from the
expected mean, all three methods show convergence toward
the true value as the sample size increases, with progres-
sively narrower confidence intervals. The differences in
estimation errors among the three methods are marginal,
and the confidence interval of RFME nearly overlaps with
those of the other two approaches, indicating comparable
statistical performance.

The right panel of Figure [2| compares the computational
time of estimation methods across varying sample sizes.
Benefiting from the structural properties, both eFM and our
proposed method can be further accelerated through some
computing techniques such as vectorization, which refers to
performing operations on the entire dataset at once instead
of processing elements sequentially via explicit loops, as in
iFME. The comparison of non-accelerated implementations
suggests that the eFM has the lowest efficiency, whereas
RFME performs best. Moreover, the vectorized methods are
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Table 1: Stability analysis. The average runtime (standard
deviation) in milliseconds is reported over 1000 iterations
for sample size n=100, 1000, 5000. To mitigate the impact
of system-related anomalies, 5% of the most deviant obser-
vations are excluded.

Methods n =100 n=1000 n = 5000
eFM  60.1(6.7)  572.6(62.5) 2925(326.9)
iFME  40.3(0.26) 403.9(1.2)  2020.5(8.6)
RFME 31.9(0.26) 319.7(1.1)  1597.3(6.5)
eFM(vec) 2.4(0.28)  3.6(0.40)  8.6(0.96)
RFME(vec) 3.000.02)  4.7(0.02)  8.2(0.06)

substantially more efficient than their non-accelerated coun-
terparts. The numerical results of an independent runtime
variability study, summarized in Table[T] indicate that vec-
torized eFM has better performance for small and moderate
sample sizes. This can be attributed to the fact that the num-
ber of iteration steps eFM requires could vary with sample
distribution, leading to greater variability in runtime, while
RFME involves a relatively fixed number of steps, resulting
in more stable computational cost. For larger sample sizes,
however, RFME is expected to outperform the eFM in terms
of overall efficiency. A more detailed comparison between
vectorized approaches can be found in Appendix

4.2 SPECIAL ORTHOGONAL GROUP
The special orthogonal group, defined by
SO(n) ={R e R"™"|RTR=1I,det R = 1},

consists of all orthogonal matrices with unit determinant
and represents the group of orientation-preserving linear
isometries of the Euclidean space. The group SO(n) is
a compact Lie group and also a smooth submanifold of

n(n=1) - Agsociated with

Euclidean space with dimension
SO(n) is its Lie algebra

so(n) = {R € R"**|RT = —R} = T1S0(n),

which is the set of skew-symmetric matrices and follows
from differentiating the defining relation R” R = I along
smooth curves in SO(n). One special example of SO(n) is
SO(3), which is a three-dimensional Lie group that charac-
terizes the set of all rotations of three-dimensional Euclidean
space about the origin.

We model samples as random variables on SO(3), gener-
ated by isotropic Gaussian perturbations around the mean
rotation R,,. Specifically, data are drawn by first sampling
noise in the Lie algebra

€5~ /\/'(0,0213)7

0.20 oM

0.15 RFME

Distance
o
o
o

0.05

0.00

100 200 300 400 500 100 200 300 460 500
Sample size Sample size

Figure 3: Accuracy and time comparisons of eFM, iFME,
and RFME, with samples on SO(3). The shaded area repre-
sents the confidence interval based on 2 standard deviations.
Results are averaged over 500 iterations with sample sizes
ranging from 50 to 500

with ¢ = 0.5, and mapping it to the group via the exponen-
tial map
€ __ A
Rj - exp(ej )7
where exp(+) denotes the matrix exponential and ()" is the

skew-symmetric matrix operator (see Appendix [C.2). Each
observation is then obtained by

R; = Ry R:.

For the simulation, the identity matrix is chosen as the mean
rotation, i.e., R, = I3. This construction induces a locally
Gaussian distribution on SO(3), and rotations are finally
represented as 3 X 3 rotation matrices.

The evaluation of estimation accuracy, presented in the left
panel of Figure 3] has behavior similar to that observed in
the spherical setting. The three methods produce largely
overlapping results, demonstrating convergence toward the
expected value as the sample size increases, accompanied
by progressively shrinking confidence intervals.

The right panel of Figure [3|reports the corresponding run-
time comparison. In the matrix-valued settings, the compu-
tation of the geodesic, exponential, and log maps is com-
putationally demanding, as it requires repeated matrix in-
versions and multiplications. Consequently, the eFM incurs
substantially higher computational cost, and vectorization
yields only limited improvement. In contrast, both iFME
and RFME achieve much greater efficiency, with the vector-
ized RFME having the best overall performance among the
methods considered.

4.3 PERMUTATION STUDY

To assess the sensitivity of the three estimators to sample
ordering, here we conduct a permutation study of the eFM,
iFME and RFME. Figure [ presents the distance from the
resulting estimators to the expected value under different
permutations of the same dataset, on the unit sphere S? (top
panel) and SO(3) (bottom panel).
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As shown in the figure, the empirical distributions of esti-
mators are approximately Gaussian and share similar cen-
ters across methods. Among the three methods, eFM has
the most concentrated distribution, while iFME shows the
largest variability. Our proposed method has behavior on
SO(3) similar to that of eFM and exhibits greater concen-
tration than iFME in both settings. We note that the default
starting point of eFM is the first observation, thus reordering
the data will affect the resulting estimate. When the initial
point is fixed independently of the sample ordering, the re-
sulting estimate is expected to be invariant to permutations,
yielding identical outputs across different orderings of the
data.

300 [— [ iFME
[ RFME
[ eFM

Frequency
- - N N
o (9] o Q
o o o o

o
=}

0.02 0.04 0.06 0.08
Distance
300 ] £ IFME
[ RFME
[ eFM

Frequency
- A N
o (%)) o
o o o

o
=}

—
0.042 0.044 0.046 0.048 0.050 0.052 0.054 0.056
Distance

Figure 4: Permutation simulation of eFM, iFME and RFME
on unit sphere S? (top) and SO(3) (bottom). The x-axis
denotes the distance to the expected mean. Sample sizes are
set to 512 for S? and 128 for SO(3), with 1000 shuffles in
each setting.

S REAL CASE STUDY

In statistical shape analysis, the geometric shape of objects
are typically studied independently of their location, size,
and orientation. This motivates the idea of defining the
group action on the manifold. Given a Lie group G, the
group action G * M — M is defined such that it satis-
fies both the identity and compatibility properties. Under
this action, each element of the group corresponds to a
smooth transformation of the manifold. For an element

p € M, the orbit of p under a group G, denoted [p], is
defined as [p] = {g *p : g € G}, and the quotient space
M /G is the collection of all such orbits on the manifold
M/G ={[p]: p e M}.

Using the translation group R™, scaling group R*, and rota-
tion group SO(n), Kendall|[1984] introduced the Kendall’s
shape space as a quotient space

Lok/R" x (RT x SO(n)),

where £, = {X € R"**|dim(span(X)) = n} and x is
the semi-product of groups. In this formulation, the object’s
geometric shape corresponds to a point in the shape space.

Let X € L, j be an ordered k-tuple representing the con-
tour of an object, equipped with the Euclidean metric. After
centering and normalizing, we get a representative X of

its orbit [X] under SO(n), where X = % and v is
the column-wise mean. The orbit lies on a unit Ifypersphere
Sn(k=1)=1 5o that we can apply the spherical metric, e.g.,
the log map is given by

. 0 » R
log ¢ ([X2]) = sin(0) (O* X5 — cos(0)X4),
with 6§ =  arccos((X;,0*X,)), and O* =

argmaxoe so(n) (X1,0X,) is the optimal rotation
aligning X, to X;.

In this section, we use two data sets to evaluate the models.
The first one is the glass contour data, extracted from MPEG-
7 image dataset [Thoum et al., 2008, [Thourn and Kitjaidure}
2009]]. The MPEG-7 dataset consists of 70 types of objects
with 20 different shapes, and is widely used in the area of
computer vision. Each contour in the dataset is represented
by an ordered set of 100 landmarks with dimension 2.

The second set contains the corpus callosum shapes from
the ADNI (Alzheimer’s Disease Neuroimaging Initiative)
database [Mueller et al., 2005]]. The corpus callosum is a
wide, thick bundle of nerve fibers that connects the two
hemispheres of the brain. It helps the transmission of neu-
ral signals between the two sides and plays a key role in
coordinating sensory perception, movement, and cognitive
functions of people. The samples are extracted from the
magnetic resonance imaging (MRI) scans, and represented
by an ordered set of 51 landmarks in a 2D plane.

Figure [5 presents some representative samples from the
real datasets, along with the corresponding estimators of
Fréchet mean obtained by the three methods considered.
Visually, the shaded, dashed, and dotted curves are nearly
indistinguishable, with only minor differences in the region
of high curvature, e.g., near corners of the shapes.

To quantitatively assess the estimation accuracy, we employ
the sum-of-squared error (SSE) criterion, as the Fréchet
mean corresponds to the minimum SSE. A table with numer-
ical results is presented in Appendix [C.3] For both datasets,
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30 3 3C

eFM

Figure 5: Three glass samples (out of 8) and corpus callo-
sum samples (out of 409), and mean estimations from eFM
(shaded), iFME (dashed line) and RFME (dotted line).

the SSE values produced by three methods are nearly identi-
cal with differences that are minimal and practically negligi-
ble. These results suggest that the three estimators achieve
comparable estimation performance. For eFM, the gradient
stopping tolerance is set to be 1 x 10™%; using a smaller
threshold could yield more accurate estimation but at the
cost of increased computational time. Overall, both visual
and numerical results indicate that RFME is an effective and
efficient alternative to the traditional gradient-based method
in a wide range of practical settings.

6 DISCUSSION

This paper introduces the Recursive Fréchet Mean Estimator
(RFME), a tree-based inductive algorithm for approximating
the barycenter of manifold-valued data. We establish that
the RFME is a consistent estimator of the true Fréchet mean.
Empirical evaluations from simulations and real-world case
studies demonstrate that RFME achieves higher computa-
tional efficiency compared to existing methods.

Conceptually, REME is a generalization of iFME. While
iFME corresponds to a tree with only two nodes in each
layer: one is the mean estimator and the other represents
a data point, RFME allows for a more flexible structure.
Similar to iFME, the proposed method remains sensitive to
the ordering of the dataset. In terms of the computational
complexity, both iFME and our proposed methods scale
linearly with the number of data points, that is, O(n). The
Geomstats library has an implementation of iFME, which
utilizes the functions for computing the geodesic. While
replacing geodesic evaluations with the exponential and log
maps could improve the efficiency and bring it closer to that
of RFME, the inherently sequential structure prevents fur-
ther acceleration. In contrast, RFME offers greater potential
in both theory development and practical application.

In modern data analysis and machine learning, online learn-
ing has become increasingly important, as data often come
in as a stream. This arises either because the full dataset
is too large to be stored or processed at once, or because
the data are generated continuously over time. This calls
for adaptive systems that can update incrementally without
revisiting the entire dataset. RFME fits into this setting well:

it enables the current estimator to be updated with incoming
data only, thereby reducing computational cost, memory
usage, and storage requirements.

In addition, while this paper focuses on applying RFME
to the sphere, SO(3), and Kendall’s shape space, which
has positive curvature, the estimator itself relies solely on
geodesics. As such, it can be readily generalized to a broader
class of Riemannian manifolds, such as the Grassmannian
manifold, the Stiefel manifold, and Lie groups. Future work
may explore extending the method to more general metric
or geometric settings, and establishing refined theoretical
guarantees, such as non-asymptotic error bounds for finite
samples.
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The source code for reproducing the simulation experiments and real-data analyses is available at: https://github.
com/Castiel578/RFME.git.

A RIEMANNIAN GEOMETRY

A.1 STRONG GEODESIC CONVEXITY
Let f : M — R be a function on a Riemannian manifold. f is strongly convex (or A-convex) if along every unique geodesic
a:[0,1] - M:
A
fla(®) < (1=1)f(a(0) + tf((1)) = Ft(1 = )d*(a(0), a(1)),
for some A > 0. Equivalently,
Hess f(a(t))[c(t), a(t)] > Alla(®)]|*.
We then have the following result

Proposition A.1. Let f € C?(M) be \-strongly geodesically convex, and x* € U C M be a minimizer of f in a
geodesically convex open set, thenVx € U,
V(@) = Ad(z, z7).
Proof. Let o be a geodesic such that a(0) = = and a(1) = z*, we have ||&(t)|| = d(z, z*).
Taking the derivative of the function f(«(t)),

d

2/ (a(t) = (Vf(a(t), &(t))aw

then

@ t)) = d \Y% t)), a(t =H t))|a(t), at
af(at) = 2 (Vf(a(t)), &(t))aw) = Hessf(a(t))[a(t), a(t)].
Since ||&(t)|| = d(z, z*) and Hessf = Ag with metric g,

d2

p7e] (a(t)) > Ad?(z, x*).

Integrating both sides from 0 to 1 with respect to ¢, we have

d d 2 *
S @(D) = SI@(0) 2 M (,a7),
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which is equivalent to

—(Vf(2),6(0)) > Ad*(, ).

Using Cauchy-Schwarz inequality, we have
[(Vf(),a(O)] < [[Vf(@) a0 = IV f(@)]ld(z, z7),
thus

IV (@)lld(z, 2%) > Ad*(z,27).

Since x # z* a.s.,

IV (@)l = Ad(z, z7).

O
Let f(p) = 3E(d?*(p,z)), and {z;} C B,(p), with 7 < 1 min{injM, =7} For m = E(x) = argmin f(p), we have
I 5@ = dip,m) - ming1, r )y
p)ll = ap, A
see [Karcher [1977]], |Afsari| [2011]]. Here
\/1,7 sin(y/ks) k>0 cos(y/ks) k>0
sne(s) =<8 k=0, cse(s) =<1 k=0.
\/1@ sinh(y/|x[s) # <0 cosh(y/|kls) k<O
Therefore,
1 K <0
\Y > d(p,m) - -
V()] = d(p.m) { ST ot/ >0
with
N 1 K <0
VR cot(rvVR) K >0
A.2 RIEMANNIAN VOLUME FORM
Let M be a d-dimensional Riemannian manifold with metric g. In a local coordinate chart (z!, - -, 2%), the Riemannian

volume form is given by
dVy(z) = /| det(g)|dz" A --- A dz?

The volume form induces a measure on M. Let y be a probability measure on M that is absolutely continuous with respect
to dV(z), with density f. Then, for any measurable set A C M, we have

94) = [ ) = [ s@av .
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A.3 RIEMANNIAN VARIANCE

Let f : M — R be a density and p = E(X), then there exists a density h(u) defined on T, M and it satisfies
f(@)dVy(x) = h(u)du

where du represents the Lebesgue measure on ), M and u = log,, z. Including a volume change term, f can be given by

f(x) = Z where a(u) = | det(dlog,, v)|

see (Chevallier and Guigui|[2020]. a(u) here measures the distortion of manifold in a neighborhood of 1 compared to a flat
space. For the second moment of density f, we have

IEf(lllog,t(@lz):/eM Hlogu(ff)ll2f(w)dVg(x)=/ [ul*h(uw)du = Ex(|lull*).

€T, M

It can be checked that Ef(log, x) = Eh( ) = 0 € T, M, thus if we define the Riemannian variance as var(X) =
E (|| log, ()[|?) and var(U) = Ep([|u]|?), we have var(X) = var(U).

B ADDITIONAL PROOF

Proof of Theorem[3.4} Recall that U(z) = 5= Y"1 | d?(x, x;) is the sample variance energy which we aim to minimize.
k/

We have that i, = argmin, ¢ v 37 ¥ d2(x,x;) and gy = argmin, 317 Dop—q d*(x, ). Let a(t) be a geodesic
such that a(0) = p and (1) = pgs. We aim to minimize the energy along the geodesic, i.e.,

k+k

Ulel) = > o
y
P Zd2 D@+ 3 dlalt) )

To find the optimal point on the geodesic we consider the gradient. The gradient with respect to «(t), a fixed point on the
geodesic, is

VamyUla(t)) = RUEYD) k:’ Zloga(t) T + Z log (1) i

i'=1

Since Wy 1s the minimizer of the first summand and puys is the minimizer of the second summand we thus have
(k+k,) klogq ) ik + K log, (1 Mk'] Evaluating this at ¢ = 0 and noting log, ) ux = log,, ur = 0 we get

(k+k, log“k L as desired. O

C ADDITIONAL RESULTS

C.1 SPHERE

Uniform Distribution:

Proposition C.1. For the setting ¢ ~ U(0, ) and 6 ~ arccosU(—1,1), the data generated by
X = (z,y,2) = (sinf cos ¢, sin f sin ¢, cos 0)

has the intrinsic expectation E(X) = (0,1,0).
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Figure 6: Accuracy comparisons of eFM, iFME, and RFME, on samples drawn from spherical uniform distribution. The
shaded area denotes the confidence interval based on 2 standard errors. Results are averaged over 1000 iterations with
sample sizes ranging from 50 to 1000.

Proof. Let

p = arg min E[d?(p, X))
peS?2

with geodesic distance on S? as d(p, q) = arccos({p, q)).

Consider ¢ ~ U(0, ) and cos @ ~ U(—1,1), then we have y = sinfsin¢ > 0, and X is supported on the hemisphere
{(z,y,2) € S% : y > 0}. The distribution is symmetric with respect to y-axis, since the transformation z ~— —z and
z +— —z leave the distribution invariant. Therefore, the energy function

U(p) = E[d*(p, X)]
is invariant under the reflection with respect to the y-axis, and its minimizer must lie on the y-axis, i.e., (0, =1, 0).

It remains to determine the sign. For y; = (0, —1,0), we have

d(p1,X) = arccos({u1, X)) = arccos(— sin 0 sin ¢) > g

Similarly, for p5 = (0, 1,0), we have d(us, X) < 7.

Since sin#sin¢ > 0 with positive probability, we have the strict inequality E(d?(u1, X)) > E(d?(u2, X)), thus the
intrinsic Fréchet mean is E(X) = (0,1, 0). O

The left panel of Figure[§]is a replicate of the left plot of Figure 2] with the confidence intervals constructed by 2 standard
errors, whereas the right panel presents the same comparison as a bar plot.

von Mises-Fisher Distribution: An alternative evaluation framework is conducted to assess the performance of the proposed
method under different levels of data dispersion. The von Mises-Fisher distribution, a Gaussian-like probability distribution
on the (p — 1)-sphere SP~! in R”, has the density function

o3, 52) = Cp(50) exp(sep” )

where C,(#¢) is the normalizing constant. For p = 3, this constant is given by C3(3) = - Smh Trsinh() ﬂ . Here s
is the concentration parameter, with larger values indicating stronger concentration of data around , the mean direction. We

fix the sample size at 1000 and repeat the experiment 1000 times, applying methods with various values of sr.

As suggested in Figure[7] the vectorized approach has greater efficiency. The runtime of eFM increases as the data becomes
less concentrated, while both iFME and RFME remain essentially the same, since the computational cost only depends
on the sample size. Additionally, the von Mises-Fisher distribution does not constrain the samples to lie within a single
hemisphere; it is expected to see the estimation accuracy of methods degrades when the data dispersion increases.
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Figure 7: Time and accuracy comparisons of eFM, iFME, and RFME. The x-axis represents 1/¢, where the rightmost value
corresponds to the most deviated dataset.
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Figure 8: Time comparisons of vectorized eFM and RFME, with samples from uniform distribution (left) and Fisher
distribution (right).

Figure ] compares the runtime of vectorized eFM and RFME on samples drawn from uniform distribution (left) and von
Mises-Fisher distribution (right). It is suggested that eFM is more efficient than RFME in most cases. This is expected, as
the looping operations dominate the runtime in simple cases, such as the sphere, which also results in higher variability in
computation time. However, when the data size is large or widely distributed, RFME becomes more efficient. Furthermore,
for matrix manifolds like SO(n), methods like iFME and REME outperform eFM.

C.2 SPECIAL ORTHOGONAL GROUP

We here provide some details on generating Gaussian distributed samples on SO(3). Specifically, the samples are generated
as

Rj = Rp RS

where we set the mean rotation R,,, = I3 and R} = exp(eé\). The perturbation vector is set as €; ~ N(0,0.5%I3) C R? and
the skew-symmetric matrix operator ()", defined as

Wy 0 —Ww, Wy
€= |wy — = w, 0 —wel,
Wy —Wy Wy 0
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Figure 9: Accuracy comparisons of eFM, iFME, and RFME, on samples from SO(3). The shaded area denotes the confidence
interval based on 2 standard errors. Results are averaged over 1000 iterations with sample sizes ranging from 50 to 1000.

Table 2: Total error of eFM, iFME and RFME on datasets.

Dataset eFM iFME RFME

glass 0.529 0529  0.529

corpus callosum 24.260 24.259 24.258
hammer 1202 1.202  1.202
hand 1.805 1.805 1.805

turn vectors from R? into the Lie algebra s0(3). The matrix exponential is defined through its power series expansion as

(M
exp(e") = Z ( k‘!) .

=0

For practical implementation, the exponential map admits a closed form expression given by Rodrigues’ formula

in(@ 1-— 0
exp(e’) =1+ sme( )eA + ;gs( )(eA)z,

where 6 = ||e]|.

The left panel of Figure[J)is a replicate of the left plot of Figure 3] with the confidence intervals constructed by 2 standard
errors, whereas the right panel presents the same comparison as a bar plot.

C.3 KENDALL’S SHAPE SPACE

Table|2| and Table@present the total error (TE) and sum-of-squared error (SSE) of estimators obtained from eFM, iFME
and RFME on the MPEG-7 image dataset and ADNI database. The results indicate that the values are nearly identical
across all three approaches, suggesting that the corresponding estimators show comparable performance and are statistically
equivalent.

Figure [T0]illustrates representative samples from the hammer and hand categories of the MPEG-7 dataset along with the
estimators produced by each method. The visual comparison further supports the quantitative findings, demonstrating a high
degree of similarity among the estimators.
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Table 3: Sum-of-squared error of eFM, iFME and RFME on datasets.

Dataset eFM iFME RFME

glass 0.041 0.041 0.041

corpus callosum 1.621 1.621 1.621
hammer 0.178 0.178  0.178

hand 0.411 0411 0411

(===

Figure 10: Hand samples and hammer samples, and mean estimations from eFM (shaded), iFME (dashed line) and RFME
(dotted line).
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