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Abstract

Motivated by latency-critical streaming domains
such as IoT data processing and cloud resource
allocation, we investigate the problem of Online
Scheduling with Immediate Decision, where a
scheduler must instantly decide whether to accept
an incoming task without buffering. We consider a
system with M identical machines handling tasks
with fixed processing lengths and stochastic, ini-
tially unknown rewards. A distinct feature of our
model is preemption with abandonment: while a
machine can interrupt a running task to accept a
more valuable new arrival, the preempted task is
permanently discarded, yielding no reward and no
feedback, which is crucial for learning. We first
analyze the setting with known rewards, deriving
a worst-case competitive ratio lower bound and
proposing the near-optimal Maximum Remaining
Density First (MRDF) algorithm. For the chal-
lenging case of unknown rewards with censored
feedback, we design an efficient bandit algorithm,
Scheduling Upper Confidence Bound (S-UCB),
which balances exploration and exploitation to
achieve an O(log T ) regret over time horizon T .
Experimental results demonstrate the efficacy of
the proposed algorithms against standard baselines.

1 INTRODUCTION

Online scheduling remains a cornerstone of operations re-
search and computer science, yet the vast majority of tradi-
tional models operate under the assumption that tasks can be
buffered, queued, or revisited [Graham, 1966, Pruhs et al.,
2004, Wang et al., 2024]. While sufficient for static batch
processing, this assumption collapses in modern latency-
critical domains, such as IoT data streaming, edge comput-
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ing, and high-frequency cloud resource allocation. These
scenario enforce a strict “now or never” constraint, where
the scheduler faces an irrevocable choice upon every task
arrival: process it immediately, or lose it forever.

Consider an IoT monitoring system where edge devices pro-
cess high-velocity sensor streams [Hou et al., 2009]. Due to
limited memory and strict latency requirements, data pack-
ets not processed instantly are overwritten. Similarly, in
serverless cloud computing or financial high-frequency trad-
ing [Zhou, 2024, Wang et al., 2024], the economic value of
a transaction is realized only upon completion; failing to pri-
oritize high-value streams results in significant opportunity
costs. We formalize this paradigm as Online Scheduling with
Immediate Decision. In this setting, M identical machines
must instantly accept or reject arriving tasks. A defining and
unforgiving feature of our model is preemption with aban-
donment: a machine can interrupt a running task to switch
to a potentially more valuable arrival, but the interrupted
task is permanently discarded, yielding zero reward.

The problem is further compounded when task rewards are
stochastic and initially unknown. For example, the compu-
tational value of a cloud task may depend on its type (e.g.,
image inference vs. log parsing), the distribution of which
is revealed only after successful execution. This necessi-
tates a Multi-Armed Bandit (MAB) approach to balance the
Exploration-Exploitation dilemma. However, unlike stan-
dard MAB settings [Lattimore and Szepesvári, 2020], our
environment suffers from censored feedback: if the sched-
uler attempts to “explore” a task but is forced to preempt
it later for a more urgent arrival, the system incurs the cost
of time without observing any reward signal. This partial
observability fundamentally breaks standard regret analysis
techniques, creating a significant theoretical gap in learning-
augmented scheduling.

In this paper, we adopt a systematic approach to address
these challenges, bridging the gap between worst-case com-
petitive analysis and online learning:

• Theoretical Limits of Scheduling: We first analyze
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the known-reward setting to establish a fundamen-
tal baseline. We derive a worst-case competitive ra-
tio lower bound of Õ(1/(ML

1/M
max )), where Lmax is

the maximum task length, and prove via a novel ad-
versarial instance that no deterministic algorithm can
significantly outperform this threshold.

• Near-Optimal Scheduling Algorithm: We propose
the “Maximum Remaining Density First” (MRDF) al-
gorithm. We prove that MRDF achieves a competitive
ratio matching the theoretical lower bound only up to
a logarithmic factor, establishing it as a near-optimal
strategy for the known-reward case.

• Bandit Learning for Online Scheduling: For the gen-
eral unknown-reward setting, we design the “Schedul-
ing Upper Confidence Bound” (S-UCB) algorithm. By
explicitly coupling UCB indices with the monotone
density property of MRDF, S-UCB effectively handles
censored feedback, achieving an O(log T/∆) regret.
This result demonstrates that efficient learning is pos-
sible even when exploration is costly and feedback is
interruptible.

2 RELATED WORK

Classic Online Scheduling vs. Immediate Decision.
Classic online scheduling has been extensively studied un-
der various metrics like makespan and flow time [Graham,
1966, Pruhs et al., 2004, Leonardi and Raz, 1997, Leonardi,
2003, Fiat and Woeginger, 1999]. However, the vast major-
ity of these works assume tasks can wait in a queue and/or
that preempted tasks can be resumed later [Pruhs et al.,
2004, Chen et al., 1994, Epstein and Favrholdt, 2005]. This
assumption fails in streaming applications where data va-
lidity expires instantly. While “immediate decision-making”
has been explored in online resource allocation (e.g., online
knapsack/packing problems), these works predominantly
focus on non-preemptable jobs, where a decision is final and
resources are locked until completion [Gallego et al., 2015,
Dickerson et al., 2019, Asadpour et al., 2020, Ekbatani et al.,
2025]. Our setting is significantly more challenging because
preemption requires continuous re-evaluation of decisions
at every time step. Reusable-resource prophet models also
study immediate accept/reject decisions under stochastic
assumptions [Sumita et al., 2022]. These guarantees are
not directly comparable to ours: their benchmark is distri-
butional and non-preemptive, whereas our known-reward
lower bound is adversarial and shows that no ratio inde-
pendent of Lmax is possible under our immediate-decision
benchmark.

Preemptive Scheduling with Abandonment. A few stud-
ies have addressed online scheduling with immediate deci-
sions and preemption. Canetti and Irani [1995] explored ran-
domized policies for single-machine scheduling, and Lucier

et al. [2013] focused on deadline-sensitive jobs where tasks
must finish by a specific time. Crucially, in their settings, pre-
empted jobs might be re-assigned before deadlines and/or
the objective emphasizes meeting deadlines rather than max-
imizing total accumulated reward from fixed-length tasks.
Our work targets the general multi-machine setting with
irrevocable abandonment, filling a gap in the literature re-
garding reward maximization under these strict constraints.

Bandits in Resource Allocation. The integration of Multi-
Armed Bandits (MAB) into scheduling is an active research
area [Lattimore and Szepesvári, 2020]. Recent works have
utilized UCB-style optimism for task scheduling or for con-
trolling renewal processes [Gao et al., 2021, Cayci et al.,
2019]. Others, like Zhou [2024] and Wang et al. [2024],
have studied learning with resource constraints. However,
these approaches typically assume a queueing model or
guaranteed feedback upon selection. They do not address
the immediate decision constraint combined with censored
feedback caused by preemption—a key characteristic of
the streaming data processing scenarios we investigate. Our
S-UCB algorithm is specifically designed to handle the
loss of feedback inherent to this “now or never” preemptive
environment.

3 SETTING

Online Scheduling with Immediate Decision. We con-
sider a slotted online scheduling problem with horizon T ,
M identical machines, and K tasks. Each task k has an
arrival time bk, a required processing length ℓk ≤ Lmax,
and a reward rk. A machine can process at most one task
per slot. For machine i, let its state just before decisions
at time t be either idle or (ai(t), qi(t)), where ai(t) is the
running task and qi(t) is its remaining processing time. A
running task completes when its remaining time reaches
zero after receiving ℓk units of uninterrupted processing; if
task k completes, the scheduler receives reward rk and sets
fk = 1.

At time t, after processing any completions, the scheduler
observes the arrival set Lt = {k : bk = t} and each arriving
task’s length. For each machine, it may continue the cur-
rent task, assign a new arrival to an idle machine, preempt
the current task and start a new arrival, or reject arrivals.
Each arriving task can be assigned at most once, unassigned
arrivals are immediately rejected, and a preempted task is
irrevocably abandoned with fk = 0. There is no buffer and
no resume-after-preemption. The objective is to maximize
the total reward of completed tasks,

∑K
k=1 fkrk.

For the known-reward setting, an instance is I =
(M,T, {(bk, ℓk, rk)}Kk=1). Let RALG(I) denote the total re-
ward obtained by an online algorithm and ROPT(I) denote
the clairvoyant offline optimum on the same realized in-
stance. Since the online learner does not know future ar-
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rivals, we evaluate algorithms by competitive ratio [Pruhs
et al., 2004]:

CR = inf
I∈I

RALG(I)

ROPT(I)
.

Stochastic Reward Model. In most real-world online
scheduling cases, the reward of a task is usually unknown
and stochastic [Gao et al., 2021]. We assume there are N
task types. The reward of each task with type n ∈ [N ]
follows a fixed and unknown 1-subgaussian distribution
Dn with mean µn. When task k arrives, the learner ob-
serves its type n(k) and length ℓk, but not its realized
reward. The reward rk ∼ Dn(k) is observed only if k
completes; rejected and preempted tasks produce no re-
ward and no feedback. A stochastic instance is I =
(M,T, {(bk, ℓk, n(k))}Kk=1, {Dn}Nn=1), and expectations in
Section 5 are taken over reward randomness and possible
algorithmic randomness.

4 ONLINE SCHEDULING WITH KNOWN
REWARDS

In this section, we provide analysis for the setting of M
machines and known rewards. Section 4.1 provides worst-
case competitive ratio of order Õ(1/(ML

1/M
max )). Then

Section 4.2 proposes a scheduling algorithm achieves
Ω̃(1/(ML

1/M
max )) competitive ratio.

4.1 WORST-CASE COMPETITIVE RATIO
ANALYSIS

In this subsection, we derive a worst-case competitive ra-
tio of order Õ(1/(ML

1/M
max )) for M machines scheduling

problem, shown in the following theorem.

Theorem 4.1. There exists an instance containing a set of
tasks such that no deterministic algorithm can achieve the
competitive ratio greater than 2 log(Lmax)/(ML

1/M
max ).

The intuitive idea to derive such a worst-case competitive
ratio bound is that we construct competitive task pairs for
each machine to select at each time t. Each competitive pair
comprises a high-reward long task accompanied by multi-
ple low-reward short tasks whose aggregate reward exceeds
that of the long task. This construction ensures that regard-
less of the machine’s selection, we can always generate an
alternative task selection with higher total rewards.

In the multi-machine setting, the construction of competitive
tasks becomes more challenging because we must prevent
different machines from selecting the same competitive pair.
The lower-bound instance uses a geometric ladder of lengths
1, L

1/M
max , . . . , Lmax. As illustrated in Figure 1, at each rel-

evant time step, 2M tasks arrive. Once the M machines
select M of them, the remaining M tasks can be paired

one-to-one with the selected tasks so that each pair contains
two different length scales. The factor L1/M

max comes from
this geometric bucketing: within one machine’s length class,
the largest-to-smallest length ratio is L1/M

max , and a density-
based online rule can lose a factor proportional to this ratio.
The additional factor M comes from comparing statically
bucketed machines with the global M -machine offline opti-
mum. The lower-bound construction uses the same ladder,
showing that this dependence is not merely an artifact of the
analysis. The complete proof is deferred in Appendix A.

4.2 MAXIMUM REMAINING DENSITY FIRST
ALGORITHM

In this subsection, we provide the algorithm for the schedul-
ing problem with M machines, attaining a competitive ratio
at least Ω̃(1/(ML

1/M
max )) for any instance.

Intuitively, the algorithm assigns machines with different
responsibilities. Specifically, the i-th machine (1 ≤ i ≤M )

only processes the task with length between L
i−1
M
max and L

i
M
max.

This design guarantees the length ratio between tasks for
each machine is upper bounded by L

1/M
max .

Algorithm 1 Maximum Remaining Density First (for i-th
machine)

Input: Lmax, M .
1: Initialize running task ai = ∅ and remaining time qi =

0.
2: for t = 1, 2, · · · do
3: if ai ̸= ∅ and qi = 0 then
4: Receive reward rai

and set ai = ∅.
5: end if
6: Receive Li

t = {k : bk = t, L
i−1
M
max < ℓk ≤ L

i
M
max}

and observe (ℓk, rk).
7: Set candidate set Ct = Li

t.

8: if ai ̸= ∅ and qi > L
i−1
M
max then

9: Add pseudo task ãi to Ct with length qi and reward
rai

.
10: end if
11: Let c ∈ argmaxk∈Ct

rk/ℓk if Ct ̸= ∅.
12: if ai ̸= ∅ and qi ≤ L

i−1
M
max then

13: if Ct = ∅ or rc < L
1/M
max rai

then
14: Set c = ãi.
15: end if
16: end if
17: if c is a new arriving task then
18: Preempt ai if nonempty, set ai = c, and set qi =

ℓc.
19: end if
20: If ai ̸= ∅, process ai for one slot and set qi = qi − 1.
21: end for

For each machine, the algorithm selects the task with maxi-
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Figure 1: Illustration of the worst-case instance design. At each relevant time, 2M tasks arrive and form M competitive
pairs across adjacent length scales. If an online algorithm commits to one side of a pair, the adversary can continue the
stream so that the offline optimum benefits from the other side, producing the Õ(1/(ML

1/M
max )) lower-bound scaling.

mum remaining reward density after reinserting the running
task as a pseudo-task. This ensures that the threshold for
preempting a running task increases as the task approaches
completion. When the remaining length falls below the
lower end of the machine’s length bucket, the protection
rule switches only to a new task whose reward is larger by a
factor L1/M

max . This design prevents the algorithm from losing
more than the within-bucket length-ratio factor, which is the
key term in the competitive-ratio analysis.

Theorem 4.2. For any instance I, the max remaining den-
sity first algorithm with M machines can achieve the com-
petitive ratio greater than 1/(3ML

1/M
max ).

Proof sketch: The analysis separates the tasks processed
by each machine i ∈ [M ]. For every completed task k

with L
i−1
M
max < ℓk ≤ L

i
M
max, we compare it with the nearest

optimal completed task in the i-th machine. Specifically,
those tasks are divided into three sets by their completion
times (before k arrives, before k completes, and after k
completes). Every optimal task set guarantees that its total
rewards do not exceed L

1/M
max rk. Since there are at most M

optimal tasks at the same time, the corresponding ratio is
bounded by 1/(3ML

1/M
max ). The complete proof is deferred

to Appendix B.

Remark 4.3. Note that constructing a pseudo task for the
running task is crucial to obtaining the Ω(1/(ML

1/M
max ))

competitive ratio. This design ensures the maximum re-
maining density will increase with time until the machine
completes the task. Even though the machine might switch
to other tasks, its selecting threshold max r/ℓ will keep in-
creasing, which is crucial to upper bound the summation
reward of the optimal schedule by bounding the maximum
density at each time.

5 ONLINE SCHEDULING WITH
RANDOM AND UNKNOWN REWARDS

In this section, we provide the Scheduling Upper Confidence
Bound (S-UCB) algorithm for online scheduling with an un-
known and random rewards model introduced in Section 3.

To measure the learning loss of an online algorithm ALG
with total reward RALG(T ), we use an approximate-regret
benchmark. This convention is standard in combinatorial
multi-armed bandits when the offline oracle is only available
up to an approximation factor [Chen et al., 2013, 2016]. In
our setting, the source of approximation is different: even
with known rewards, Theorem 4.1 shows that adversarial
immediate-decision scheduling cannot achieve a constant
competitive ratio independent of Lmax, while Theorem 4.2
shows that MRDF achieves the order-wise attainable factor
α = 1/(3ML

1/M
max ). We therefore define the α-approximate

regret as the additional loss due to reward learning:

Reg(T ) = E [αRµ
OPT(T )−RALG(T )] ,

where Rµ
OPT(T ) is the offline optimum on the fixed ar-

rival/type/length sequence using true type means, and the
expectation is taken over reward randomness and algorith-
mic randomness.

The key idea in the S-UCB algorithm is that the algorithm
utilizes the upper confidence bound (UCB) index for each
type of task to balance exploration and exploitation. At
each time, the algorithm performs the MRDF algorithm
(Algorithm 1) while replacing the reward rk of each task k
by its UCB index UCBn(k), where n(k) is the type of task
k. The UCB index UCBn of each type n ∈ [N ] is computed
as UCBn = µ̂n +

√
6 log(T )/Tn after the type has been

completed at least once, and as∞ before that, where µ̂n is
the empirical reward mean of task n and Tn is the number
of completions for tasks with type n.

Intuitively, the UCB index of a type n consists of the ex-

ploitation term µ̂n and the exploration term
√

6 log T
Tn

, which
is also noted as the confidence radius. This design corre-
sponds to the fact that the reward mean µn of type n is
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Algorithm 2 Scheduling Upper Confidence Bound (S-UCB)

1: Initialize ai = ∅, qi = 0, µ̂n = 0, Tn = 0, and
UCBn =∞ for each type n.

2: for t = 1, 2, · · · do
3: if ai ̸= ∅ and qi = 0 then
4: Receive reward rai

, update µ̂n(ai), Tn(ai), and
UCBn(ai); set ai = ∅.

5: end if
6: Receive Li

t = {k : bk = t, L
i−1
M
max < ℓk ≤ L

i
M
max}

and observe (ℓk, n(k)).
7: Set candidate set Ct = Li

t.

8: if ai ̸= ∅ and qi > L
i−1
M
max then

9: Add pseudo task ãi to Ct with length qi and type
n(ai).

10: end if
11: Let c ∈ argmaxk∈Ct

UCBn(k)/ℓk if Ct ̸= ∅.
12: if ai ̸= ∅ and qi ≤ L

i−1
M
max then

13: if Ct = ∅ or UCBn(c) < L
1/M
max UCBn(ai) then

14: Set c = ãi.
15: end if
16: end if
17: if c is a new arriving task then
18: Preempt ai if nonempty, set ai = c, and set qi =

ℓc.
19: end if
20: If ai ̸= ∅, process ai for one slot and set qi = qi − 1.
21: end for

upper bounded by UCBn with high probability O(1/T ).
Thus the UCB index is an appropriate statistic to balance
the exploration and exploitation.

Below, we provide the regret analysis for the S-UCB algo-
rithm. The key technical challenge beyond traditional UCB
analysis is action-induced censoring. A selected task may be
preempted before completion, consuming processing time
but producing neither reward nor sample. A standard pull-
count proof therefore fails, because the type count is not
updated for selected-but-censored tasks.

S-UCB handles this issue through the same pseudo-task
structure that drives MRDF. The running task is reinserted
with the same optimistic reward and a decreasing remaining
length, so its optimistic remaining density increases as it
approaches completion. Hence S-UCB does not need a sep-
arate “do not preempt for feedback” rule: it naturally avoids
late harmful preemptions unless a new task has sufficiently
larger optimistic density. The proof exploits this monotonic-
ity by charging all preempted and censored candidates in
an interval to the next completed task. That completed task
has UCB density at least as large as those candidates, and
its observed reward updates the type count, allowing the
confidence-radius argument to bound future mis-orderings.

Theorem 5.1. When the scheduler follows the S-UCB al-

gorithm (Algorithm 2) with N task types, the learner can
obtain the 1

3ML
1/M
max

-approximate regret bounded by

Reg(T ) ≤ O

(
NL

1/M
max log T

∆

)
,

where ∆ = minn,n′,ℓ,ℓ′,µn
ℓ −

µ
n′
ℓ′ >0

µn

ℓ −
µn′
ℓ′ is the mini-

mum positive density gap of two tasks.

Proof. We first introduce some notations. Denote Ki
ALG as

the set of completed tasks for machine i by running the
S-UCB. And Ki

OPT is the set of optimal completed tasks

with length (L
i−1
M
max, L

i
M
max]. For each k ∈ Ki

ALG, we denote
Nk = {k′ ∈ Ki

OPT : bk−1 + ℓk−1 ≤ bk′ < bk + ℓk}
as the set of optimal tasks that is around k, where k − 1
is the nearest algorithm completed task before k. Denote
Gk := ∀k′ ∈ Nk, µn(k)/ℓk ≥ µn(k′)/ℓk′ as the event that
completed task k is truly the task with the highest reward
density among all optimal tasks nearby. The regret can be
rewritten as

Reg(T ) = E

α M∑
i=1

∑
k∈Ki

ALG

( ∑
k′∈Nk

rk′ − rk

)
=E

α M∑
i=1

∑
k∈Ki

ALG

1{Gk}
( ∑

k′∈Nk

rk′ − rk

)
+ E

α M∑
i=1

∑
k∈Ki

ALG

1{⌝Gk}
( ∑

k′∈Nk

rk′ − rk

) ,

where Gk decomposes the regret into two terms: the first is
the regret caused by the exploitation (accurate estimation
of UCB index), and the second term is the regret caused by
exploration (necessary selection to reduce sub-optimal UCB
density).

To bound the regret caused by the exploitation, we first
state that when ∃k,∀k′ ̸= k,

UCBn(k)

ℓk
>

UCBn(k′)
ℓk′

implies
µn(k)

ℓk
>

µn(k′)
ℓk′

, the S-UCB algorithm proceeds the same as
the MRDF with known mean reward µn. This is because
the S-UCB makes the exact same decision as MRDF at each
time t. Then under event Gk for completed task k, S-UCB
shares the same competitive ratio property as MRDF since
k is actually the task with the highest density. This indicates
that the algorithm achieves the competitive ratio larger than
1/(3ML

1/M
max ) when UCB index is well estimated, i.e., Gk

holds, and the regret is 0.

Lemma 5.2. The regret caused by exploiting the UCB index
in S-UCB algorithm conditioned on good events is bounded
by

E

 M∑
i=1

∑
k∈Ki

ALG

1{Gk}
( 1

3ML
1/M
max

∑
k′∈Nk

rk′ − rk

) ≤ 0 .
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Then we turn to bound the second term, which is the regret
caused by exploring sub-optimal UCB density. The follow-
ing lemma upper bounds the exploration regret. It should
be noted that this lemma is technically non-trivial since it
integrates the monotone increasing density property of the
MRDF algorithm into the analysis of UCB estimation.

Lemma 5.3. The regret caused by exploring the UCB index
in S-UCB algorithm is bounded by

E

 1

3ML
1/M
max

M∑
i=1

∑
k∈Ki

ALG

1{⌝Gk}
( ∑

k′∈Nk

rk′ − rk

)
≤

∑
n∈[N ]

O

(
L
1/M
max log T

∆n

)
≤ O

(
NL

1/M
max log T

∆

)
,

where ∆n = minn′ ̸=n,ℓ,ℓ′,
µ
n′
ℓ −µn

ℓ′ >0
µn′
ℓ −

µn

ℓ′ is the mini-
mum positive density gap against type n.

Then summing over these two terms, Theorem 5.1 is derived.

In addition, we also provide the competitive-ratio result for
the S-UCB algorithm.

Theorem 5.4. Given instance I , following the S-UCB algo-
rithm (Algorithm 2), the scheduler can achieve the expected
competitive ratio E [CR(I)] = E

[
RALG(I)/ROPT(I)

]
with

E [CR(I)] ≥ 1

3ML
1/M
max + 24NL

1/M
max log T

E[RALG(I)]∆

,

where RALG(I) is the total completion rewards obtained by
S-UCB, and expectation is taken over the randomness of
reward distribution.

Moreover, if there are new tasks continuously coming
in every round t, the competitive ratio has the bound
of 1/

(
3ML

1/M
max +NL

1/M
max log T/(T∆2)

)
. This theorem

states that the expected competitive ratio will asymptotically
converge to 1/(3ML

1/M
max ) when T increases, indicating that

S-UCB will perform the same as MRDF when UCB index
is well estimated.

Remark 5.5. Comparison with Explore-then-Schedule Strat-
egy: A natural alternative to S-UCB is the Explore-then-
Schedule (ETS) strategy (detailed in Appendix E). ETS
separates the learning process into two distinct phases. In
the exploration phase, it schedules tasks in a round-robin
manner to uniformly reduce the confidence radius of all task
types. Once the Lower Confidence Bound (LCB) of the opti-
mal task type exceeds the Upper Confidence Bound (UCB)
of all sub-optimal ones, it switches to the exploitation phase,
running the MRDF algorithm with fixed empirical means.

While ETS guarantees asymptotic convergence, it suffers
from high regret during the exploration phase, especially

when the number of task types N or the maximum length
Lmax is large. As shown in our regret analysis, the explo-
ration cost scales linearly with NLmax. In contrast, S-UCB
dynamically balances exploration and exploitation, allowing
it to harvest rewards from "good enough" tasks even during
the learning process, which is critical in our "now or never"
immediate decision setting.

We also derive a gap-independent regret for S-UCB algo-
rithm, showing its Õ(

√
T ) regret convergence when ∆ is

relatively small.

Theorem 5.6. Run S-UCB (Algorithm 2) for horizon T ≥
2, then S-UCB satisfies the gap-independent bound

Reg(T ) ≤ 2N + 2
√
24NL1/M

max

√
T log T

= O
(
NL1/M

max

√
T log T

)
.

6 EXPERIMENTS

In this section, we conduct experiments to show the effi-
ciency of our proposed MRDF algorithm (Algorithm 1) and
S-UCB algorithm (Algorithm 2).

Synthetic setting. Unless otherwise specified, we use hori-
zon T = 500,000, M = 5 machines, N = 10 task types,
Lmax = 30, and Gaussian rewards N (µn, σ

2) with σ = 1
and µn sampled uniformly from [0, 1]. Each experiment is
repeated 50 times. For additional stress tests requested by
reviewers, we also use horizon T = 4000, N = 30 task
types, Zipf-distributed type arrivals, long-tailed processing
lengths, and 5 random seeds.

Baselines. For known rewards, we compare MRDF with:

• Maximum reward (MR), which always processes the
task with the highest reward.

• Shortest remaining processing time (SRPT), which
always processes the task with the minimum remaining
processing time.

• Optimal scheduling strategy (OPT), which needs prior
knowledge of reward and processing time information
for all tasks before the game. The optimal strategy can
be computed by dynamic programming.

For unknown stochastic rewards, we compare S-UCB with
Explore-then-Schedule (ETS), Emp-MRDF, Random, and
two no-preemption baselines. ETS explores all types uni-
formly until it is confident and then runs MRDF with empir-
ical means; its details and regret analysis are in Appendix E.
Emp-MRDF always runs MRDF with current empirical
means. NP-UCB uses UCB density but holds an accepted
task until completion, while NP-KM uses true type means
under the same no-preemption restriction. We also report
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Figure 2: Synthetic experiments. Left: cumulative rewards for OPT, MRDF, MR, and SRPT under known rewards. Right:
regret curves for S-UCB, ETS, and Emp-MRDF under unknown stochastic rewards.

MRDF-KM, the MRDF policy run with true type means, as
an oracle normalizer rather than a feasible learning baseline.

Figure 2 summarizes the main synthetic results. In the
known-reward setting, MRDF is consistently close to the
dynamic-programming optimum under uniform processing
lengths and outperforms MR and SRPT. In the unknown-
reward setting, S-UCB has lower regret and better stabil-
ity than ETS and Emp-MRDF, confirming that optimistic
density is useful even before all type means are accurately
estimated.

Table 1 isolates the censored-feedback tradeoff under a de-
liberately harsher distributional shift than the default syn-
thetic setting. The Zipf arrival law concentrates traffic on
a small number of frequent types, while the long-tailed
lengths create many opportunities for a scheduler to become
trapped by long low-density tasks. Under light load, S-UCB
is already within 0.32% of the true-mean MRDF normal-
izer, whereas NP-UCB loses almost five normalized-reward
points because it cannot preempt an accepted task when a
shorter high-density arrival appears. The gap widens under
load 4.5: S-UCB remains within 1% of MRDF-KM, while
Emp-MRDF, ETS, and NP-UCB fall to 0.9465, 0.8661, and
0.9286, respectively. Thus the benefit is not only from opti-
mistic reward estimation; it also comes from using optimism
inside a preemptive density rule.

The censoring measurements further distinguish S-UCB
from a naive exploration policy. ETS explicitly explores
types before committing to MRDF, but this phase creates
many selected tasks whose reward observations are de-
stroyed by later preemptions, leading to a censoring rate
of 0.233 at load 4.5. S-UCB has a rate of 0.119, close to
the MRDF-KM oracle rate of 0.130, even though it has no
prior knowledge of type means. This supports the analysis
in Lemma 5.3: the pseudo-task mechanism prevents unnec-

essary late preemptions while still allowing the scheduler
to react to high-density arrivals. In other words, S-UCB
does not solve censored feedback by avoiding preemption;
it makes preemption selective enough that completed tasks
still provide the samples needed for learning.

6.1 REAL-WORLD DATASETS

To evaluate the practical efficacy of S-UCB in realistic, high-
concurrency streaming environments, we conduct experi-
ments using two large-scale, publicly available production
traces from latency-critical and highly saturated domains,
where the “now or never” immediate decision constraint
naturally arises.

• Azure Serverless Trace: [Qiu et al., 2025] This dataset
contains two weeks of invocation logs from Azure
Functions. Serverless computing mirrors our paradigm,
as incoming function invocations must be provisioned
instantly; failing to allocate resources immediately re-
sults in cold-start penalties or dropped requests. We
extract the arrival times and execution durations to rep-
resent task arrivals (bk) and lengths (ℓk). The unique
HashApp identifiers are used to categorize invocations
into distinct task types (n(k)).

• Alibaba PAI Cluster Trace: [Lin et al., 2025] This
trace logs the workload of Alibaba’s Platform for Artifi-
cial Intelligence, predominantly consisting of machine
learning training and inference tasks. Inference tasks,
in particular, impose strict zero-tolerance latency con-
straints. We map the workload submissions to our im-
mediate decision model, using the workload signatures
to differentiate task types.

Data Mapping and Reward Synthesis. Real-world traces
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Table 1: Model-aligned stress tests under Zipf type arrivals, long-tailed processing lengths, T = 4000, N = 30, and 5 seeds.
Normalized reward is the algorithm reward divided by MRDF-KM on the same arrival/type/length sequence. MRDF-KM is
an oracle normalizer, not a learning baseline.

Scenario Algorithm Normalized Reward (↑) Censoring Rate (↓)
Load 1.5 S-UCB (Ours) 0.9968± 0.0027 N/A
Load 1.5 NP-UCB 0.9512± 0.0055 N/A

Load 4.5 MRDF-KM (Oracle) 1.0000 0.130
Load 4.5 S-UCB (Ours) 0.9904± 0.0033 0.119
Load 4.5 Emp-MRDF 0.9465± 0.0050 N/A
Load 4.5 ETS 0.8661± 0.0084 0.233
Load 4.5 NP-UCB 0.9286± 0.0097 N/A

Table 2: Performance comparison on real-world traces. Results are averaged over 5 independent runs (mean ± standard
deviation). MRDF (Oracle) uses true type means; among feasible learning algorithms, S-UCB performs best.

Dataset Algorithm Total Reward (↑) Cumulative Regret (↓)

Azure Serverless

MRDF (Oracle) 2, 193.9± 3.4 0± 0
S-UCB (Ours) 2, 176.9± 5.4 17.0± 5.0
Emp-MRDF 2, 154.2± 18.9 39.7± 15.5
ETS 2, 163.5± 4.4 30.4± 6.1
Random 1, 563.4± 55.6 630.5± 75.1

Alibaba PAI

MRDF (Oracle) 15, 591.8± 25.3 0± 0
S-UCB (Ours) 14, 909.3± 26.8 682.5± 13.1
Emp-MRDF 14, 904.2± 32.2 687.6± 14.5
ETS 13, 003.1± 33.6 2, 588.7± 22.0
Random 3, 608.0± 398.9 11, 983.8± 426.0

inherently provide temporal features (arrival time bk and
processing length lk) but lack explicit business-level “re-
wards.” To faithfully simulate the bandit learning environ-
ment, we adopt a standard synthesis approach [Lattimore
and Szepesvári, 2020]. For each dataset, we first identify
the top N most frequent application types to form the type
space. We then assign a hidden, true mean reward µn to
each type n. During the simulation, when a task of type n
is successfully completed, the scheduler observes a stochas-
tic reward rk drawn from a truncated Gaussian distribution
N (µn, σ

2), bounded strictly above zero. If a task is pre-
empted or rejected, the reward and its observation are en-
tirely censored, rigorously enforcing the partial feedback
challenge addressed by our theoretical model.

As shown in Table 2, operating strictly online with zero prior
knowledge of the reward distributions, S-UCB achieves
cumulative regret of 17.0 ± 5.0 on Azure Serverless and
682.5± 13.1 on Alibaba PAI, outperforming Emp-MRDF,
ETS, and Random. The Azure trace is relatively favorable
to learning because repeated application identifiers produce
frequent reward observations; nevertheless, S-UCB still im-
proves over Emp-MRDF by using optimism when early
empirical means are noisy. Alibaba PAI is more demanding
because machine-learning workloads induce larger variation

in processing lengths and denser contention. There, S-UCB
and Emp-MRDF are close, indicating that empirical means
eventually become informative for frequent task types, but
S-UCB retains the best feasible regret and substantially
outperforms ETS, whose uniform exploration phase is too
expensive in a saturated immediate-decision system. Across
both traces, integrating upper confidence bounds with pro-
cessing lengths through optimistic density lets S-UCB ap-
proach the true-mean MRDF oracle while maintaining low
variance.

7 DISCUSSION AND EXTENSION

Mitigating worst-case instances via finite buffers.
While our primary model enforces strict immediate deci-
sions, practical streaming systems often permit tasks to be
held briefly before an irrevocable rejection. To bridge this
gap, we analyze a buffered variant where each machine
maintains a buffer of capacity B. Under this variant, the
scheduler continuously retains up to B pending or running
candidates possessing the highest (remaining) densities. As
demonstrated below, even a small buffer significantly soft-
ens the worst-case penalty.
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Theorem 7.1 (Buffered MRDF, informal; see Theorem F.1).
Let R := L

1/M
max . Under a buffer capacity B, the buffered

MRDF policy (B-MRDF) satisfies the following for any
instance I:

RB-MRDF(I)

ROPT(I)
≥ B + 1

M
(
(B + 1) + 3L

1/M
max

) .
In particular, when B ≪ L

1/M
max , this improves the worst-

case competitive ratio by a factor of Θ(B) compared to the
strictly unbuffered setting.

The practical necessity of deterministic scheduling.
Theoretical online algorithms frequently employ random-
ized scheduling policies to achieve superior worst-case com-
petitive bounds. However, we intentionally design our pro-
posed MRDF and S-UCB algorithms to be purely determin-
istic, as this provides three critical advantages in practical,
latency-sensitive environments (such as serverless comput-
ing and LLM inference):

• Predictability and SLA Compliance: In produc-
tion systems, predictability is paramount. Determin-
istic policies ensure consistent execution prioritization
based on transparent metrics (e.g., optimistic density).
This consistency is essential for satisfying strict Ser-
vice Level Agreements (SLAs), whereas randomized
algorithms risk arbitrarily dropping high-value requests
and degrading user trust.

• Robustness against Action-Induced Censoring: In
our specific bandit formulation, preempted tasks yield
no reward and no observation. Algorithmic random-
ness severely exacerbates the variance associated with
this censored feedback. For instance, a randomized
policy might abruptly preempt a task just before com-
pletion, permanently destroying a valuable learning
observation and stalling convergence. By contrast, S-
UCB deterministically controls exploration via upper
confidence bounds, ensuring sample-efficient learning
without wasteful interruptions.

• System Overhead and Reproducibility: Determin-
istic algorithms impose minimal computational over-
head, enabling microsecond-level dispatching. Cru-
cially, they also allow for exact deterministic replay,
which is an indispensable feature for system debugging
and trace-based performance profiling in large-scale
cloud clusters.

8 CONCLUSION

Our study on online scheduling with immediate decisions
and uncertain rewards, motivated by streaming task applica-
tions, has yielded significant results. By initially focusing
on the case of known rewards, we are able to establish
the worst-case competitive ratio of Õ(1/(ML

1/M
max )), which

provides a clear benchmark for understanding the perfor-
mance limits of the scheduling problem under such condi-
tions. The proposed near-optimal scheduling MRDF (Algo-
rithm 1) for this scenario achieves the competitive ratio of
Ω(1/(ML

1/M
max )). When it comes to the more challenging

situation of random and unknown rewards, our proposed S-
UCB (Algorithm 2) algorithm attains an O(log T/∆) regret,
showcasing its effectiveness in handling the inherent uncer-
tainty. Additionally, we also provide the competitive ratio
analysis for the S-UCB algorithm. Extensive experiments
compared with baselines also show the effectiveness of our
proposed algorithms. The main conceptual message is that
immediate-decision scheduling and bandit learning cannot
be treated as two separate layers: the scheduling rule deter-
mines which rewards are ever observed, and the learning rule
must therefore preserve enough completions to make estima-
tion possible. The MRDF pseudo-task construction provides
this link by making the density of a running task increase
as it approaches completion, and S-UCB inherits the same
structure with optimistic rewards. We view richer buffer
models, adaptive capacity constraints, and non-stationary
reward distributions as natural next steps for extending this
framework.
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A PROOF OF THEOREM 4.1

The task set is constructed as follows:

For the task 0: b0 = 1, ℓ0 = Lmax, r0 = Lmax.

For the task 1: b1 = 1, ℓ1 = 1, r1 = 1.

For the task i with 2 ≤ i ≤ Lmax: bi = i, ℓi = 1, ri =
2 logLmax

Lmax

∑i−1
j=1 rj .

Then consider any deterministic scheduling algorithm A. If the algorithm A selects 1 at time 1, consider another task
instance which has only tasks 0, 1, the ratio it gets is 1/Lmax < 2 log(Lmax)/Lmax.

If A selects 0 at first but switches to i with 2 ≤ i ≤ Lmax, we consider the task instance which only has 0, · · · , i,
and the rewards A loses is at least

∑i−1
j=1 rj , and the corresponding competitive ratio A gets is at most ri/

∑i−1
j=1 rj =

2 log(Lmax)/Lmax.

IfA selects 0 and completes it, the maximum total reward is by selecting tasks 1, · · · , Lmax. Since ri =
2 log(Lmax)

Lmax

∑i−1
j=1 rj ,

we have that

i∑
j=1

rj =

(
1 +

2 logLmax

Lmax

) i−1∑
j=1

rj =

(
1 +

2 logLmax

Lmax

)i−1

.

The competitive ratio A achieves is

r0∑Lmax

i=1 ri
=

Lmax

(1 + 2 logLmax

Lmax
)Lmax−1

<
2 log(Lmax)

Lmax
,

the inequality holds when Lmax ≥ 6.

All possible behaviors of the algorithm A have been analyzed, and no one can achieve the ratio larger than 2 logLmax

Lmax
. Thus

any deterministic can not achieve the competitive ratio larger than 2 log(Lmax)
Lmax

.

Proof. The instance I is designed as follows:

• For the task with length Lmax, we design a task with bM,1 = 1, ℓM,1 = Lmax, rM,1 = Lmax.

• For the task with length L
M−1
M

max , we design 2L
1
M
max tasks, indexed by (M − 1, i, j), i ∈ [L

1
M
max], j ∈ {0, 1}. For i = 1:

bM−1,1,0 = bM−1,1,1 = 1, ℓM−1,1,0 = ℓM−1,1,1 = L
M−1
M

max , rM−1,1,0 = rM−1,1,1 = L
M−1
M

max . For i > 1: bM−1,i,0 =

bM−1,i,1 = (i− 1)L
M−1
M

max + 1, ℓM−1,i,0 = ℓM−1,i,1 = L
M−1
M

max , rM−1,i,0 = rM−1,i,1 =
2 logL1/M

max

L
1/M
max

∑i−1
i′=1 rM−1,i′,0.

• For the task with length L
m
M
max, m ≥ 1, we design 2L

M−m
M

max tasks, indexed by (m, i, j), i ∈ [L
M−m

M
max ], j ∈ {0, 1}. For

i = kL
1
M
max + 1, 0 ≤ k < M −m, bm,i,0 = bm,i,1 = (i − 1)L

m
M
max + 1, ℓm,i,0 = ℓm,i,1 = L

m
M
max, rm,i,0 = rm,i,1 =

rm+1,k,0/L
1
M
max. For i = kL

1
M
max + n, 1 < n ≤ L

1
M
max. bm,i,0 = bm,i,1 = (i − 1)L

m
M
max + 1, ℓm,i,0 = ℓm,i,1 = L

m
M
max,

rm,i,0 = rm,i,1 =
2 logL1/M

max

L
1/M
max

∑n−1
n′=1 rm,kL

1/M
max +n′,0

.

• For the task with length 1, we design Lmax tasks, indexed by (1, i), i ∈ [Lmax]. For i = kL
1
M
max + 1, 0 ≤ k <

M , b1,i = i, ℓ1,i = 1, r1,i = r2,k,0/L
1
M
max. For i = kL

1
M
max + n, 1 < n ≤ L

1
M
max. b1,i = i, ℓ1,i = 1, r1,i =

2 logL1/M
max

L
1/M
max

∑n−1
n′=1 r1,kL1/M

max +n′ .

Consider any deterministic scheduling algorithm A. At time t = 1 algorithm A selects M tasks among these 2M tasks. Sort
and index the selected tasks by increasing order of length. Similarly, those unselected tasks are also sorted by the increasing
order. And thus the selected task ik, k ∈ [M ] competes with the unselected task i′k. By the instance design it holds that
ℓik ̸= ℓi′k ,∀k ∈ [M ]. If ℓik < ℓi′k , we construct another instance I ′ such that task ik does not appear until task ℓi′k ends. The

competitive ratio of it is larger than 1/L
1/M
max . If ℓik > ℓi′k , the instance I ′ receives task ℓi′k as I does.

If A switches its selected tasks at some time t. It must switch task i with length ℓi to task i′ with shorter length ℓ′i. Since the
algorithm does not select tasks with length ℓi′ before t, the ratio it loses for task i′ is
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ri′∑i′−1
j=1 rj

=
2 logLmax

ML
1/M
max

.

After that, the algorithm resorts the selected tasks and unselected tasks, and then pairs the compete tasks to construct the
coming tasks for another instance I ′.

If A completes a task ik and the competitive task i′k has shorter length. The loses of rewards is the summation of those
shorter tasks, which induces the competitive ratio no larger than

ri,k∑L
1/M
max

i′=1 ri′
≤ 2 logL

1/M
max

L
1/M
max

=
2 logLmax

ML
1/M
max

.

Thus we have enumerated all possible actions of the algorithm A, and it can not achieve the competitive ratio larger than
2 logLmax

ML
1/M
max

.

Then we turn to a more complicated M -machine setting.

Theorem A.1. There exists an instance containing a set of tasks such that no deterministic algorithm can achieve the
competitive ratio greater than 2 log(Lmax)/ML

1/M
max .

For the simplicity suppose L
1/M
max is an integer. The instance I is designed as follows:

• For the task with length Lmax, we design a task with bM,1 = 1, ℓM,1 = Lmax, rM,1 = Lmax.

• For the task with length L
M−1
M

max , we design 2L
1
M
max tasks, indexed by (M − 1, i, j), i ∈ [L

1
M
max], j ∈ {0, 1}. For i = 1:

bM−1,1,0 = bM−1,1,1 = 1, ℓM−1,1,0 = ℓM−1,1,1 = L
M−1
M

max , rM−1,1,0 = rM−1,1,1 = L
M−1
M

max . For i > 1: bM−1,i,0 =

bM−1,i,1 = (i− 1)L
M−1
M

max + 1, ℓM−1,i,0 = ℓM−1,i,1 = L
M−1
M

max , rM−1,i,0 = rM−1,i,1 =
2 logL1/M

max

L
1/M
max

∑i−1
i′=1 rM−1,i′,0.

• For the task with length L
m
M
max, m ≥ 1, we design 2L

M−m
M

max tasks, indexed by (m, i, j), i ∈ [L
M−m

M
max ], j ∈ {0, 1}. For

i = kL
1
M
max + 1, 0 ≤ k < M −m, bm,i,0 = bm,i,1 = (i − 1)L

m
M
max + 1, ℓm,i,0 = ℓm,i,1 = L

m
M
max, rm,i,0 = rm,i,1 =

rm+1,k,0/L
1
M
max. For i = kL

1
M
max + n, 1 < n ≤ L

1
M
max. bm,i,0 = bm,i,1 = (i − 1)L

m
M
max + 1, ℓm,i,0 = ℓm,i,1 = L

m
M
max,

rm,i,0 = rm,i,1 =
2 logL1/M

max

L
1/M
max

∑n−1
n′=1 rm,kL

1/M
max +n′,0

.

• For the task with length 1, we design Lmax tasks, indexed by (1, i), i ∈ [Lmax]. For i = kL
1
M
max + 1, 0 ≤ k <

M , b1,i = i, ℓ1,i = 1, r1,i = r2,k,0/L
1
M
max. For i = kL

1
M
max + n, 1 < n ≤ L

1
M
max. b1,i = i, ℓ1,i = 1, r1,i =

2 logL1/M
max

L
1/M
max

∑n−1
n′=1 r1,kL1/M

max +n′ .

Intuitively, by this design, we always have 2M tasks at every time t ∈ [Lmax]. Among these 2M tasks, every two tasks with

the nearest lengths form a competitive pair. Specifically, the task with length Lmax is challenged by tasks with length L
M−1
M

max ,

and tasks with length L
m
M
max are challenged by tasks with length L

m−1
M

max . Since there are M machines, there are at least M
tasks abandoned at each time, causing the possibility to construct the instance with competitive ratio of logL1/M

max /L
1/M
max .

Consider any deterministic scheduling algorithm A. At time 1 algorithm A selects M tasks among these 2M tasks. Sort and
index the selected tasks by increasing order of length. Those unselected tasks are also sorted by the increasing order. And
thus the selected task ik, k ∈ [M ] competes with the unselected task i′k. By the instance design we have that ℓik ̸= ℓi′k . If
ℓik < ℓi′k , we construct another instance I ′ and that task ik does not appear until task ℓi′k ends. The competitive ratio of it is

larger than 1/L
1/M
max .

If A switches its selected tasks at time t. It must switch to tasks with shorter length. It loses reward of summation of those
unselected shorter task before t, which is L1/M

max /(2 logL
1/M
max ) times the short task’s reward, leading to a competitive ratio of

2 logL
1/M
max /L

1/M
max .

If A completes a task ik and the competitive task i′k has shorter length. The loses of rewards is the summation of those
shorter tasks, which is at least L1/M

max /(2 logL
1/M
max ) times rik , also leading to the competitive ratio of 2 logL1/M

max /L
1/M
max .
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Thus we have enumerated all possible actions of the algorithm A, and it can not achieve the competitive ratio larger than
2 logL

1/M
max /L

1/M
max = 2 logLmax

ML
1/M
max

.

B PROOF OF THEOREM 4.2

Proof. We begin our analysis with one machine setting.

Denote LALG as the set of tasks the algorithm completes, LOPT as the set of tasks of the optimal schedule that maximize
the total reward.

For each task k ∈ LALG, we analyze the optimal tasks in LOPT related to k. Denote kpre ∈ argmaxk′∈LALG,bk′<bk bk′ as
the nearest completed task before k by the algorithm. Then we can define the optimal task set LOPT,k = {k′ ∈ LOPT :
bkpre + ℓkpre ≤ bk′ < bk + ℓk} as the set of tasks in LOPT such that it arrives after kpre is completed and before k is
completed. By this split it is easy to verify that the union of LOPT,k covers all tasks in LOPT .⋃

k∈ALG

LOPT,k = LOPT .

Thus it suffices to analyze the reward relationship between rk and
∑

k′∈LOPT,k
rk′ for each task k ∈ LALG.

For the set LOPT,k, we further split it into three subsets: LOPT,k,1 = {k′ ∈ LOPT,k : bk′ + ℓk′ ≤ bk} is the set of optimal
tasks completed before k arrives; LOPT,k,2 = {k′ ∈ LOPT,k : bk′ ≥ bk, bk′ + ℓk′ ≤ bk + ℓk} is the set of optimal tasks
arrives after k arrives and completed before k is completed; LOPT,k,3 = {k′ ∈ LOPT,k : bk′ + ℓk′ > bk + ℓk} is the set of
optimal tasks completed after k is completed. Since tasks in LOPT are disjoint, it is easy to check that

LOPT,k,1 ∪ LOPT,k,2 ∪ LOPT,k,3 = LOPT,k .

We first upper bound the rewards of tasks in LOPT,k,1. Since between time bkpre + ℓkpre and bk the algorithm completes no
task, this indicates that the algorithm keeps processing some tasks at those times but switches to other tasks before it is
completed, and in the end, the algorithm switches to task k at t = bk and completes it. Denote ut as the processing task
by algorithm at time t and ρt = rut

/(ℓut
− (t− but

)) as the remaining density of that processing task. By the algorithm’s
selecting rule, ρt is the maximum density of all arriving tasks at time t. Thus the total rewards in LOPT,k,1 is maximized by

∑
k′∈LOPT,k,1

rk′ ≤
bk−1∑

t=bkpre+ℓkpre

ρt .

Then it suffices to upper bound ρt at each time t. Since the algorithm does not complete any task at t ∈ [bkpre + ℓkpre , bk],
the density ρt is increasing with time t.

We first consider the density ρt at t = bk − 1. Recall that ubk−1 is the processing task at time t = bk − 1 and ρt =
rut/(ℓut − (t − but)). Since the algorithm switches to k at time bk, it indicates that rk/ℓk > rut/(ℓut − (t − but) − 1).
Thus ρt = rut

/(ℓut
− (t − but

)) < rk
ℓk

ℓut−(t−but )−1

ℓut−(t−but )
, which is maximized by setting ℓut

= Lmax, but
= t, and thus

ρt ≤ Lmax−1
Lmax

rk
ℓk

at time t = bk − 1.

Then we turn to consider the density ρt at t = bk − 2. (1) If ubk−2 = ubk−1, which means the algorithm does not switch
at t = bk − 1, and switches to task k at t = bk. Thus we have rk

ℓk
>

rubk−2

ℓubk−2
−(bk−bubk−2)

. This is maximized by setting

bubk−2
= bk − 2, ℓubk−2

= Lmax which implies ρbk−2 ≤ Lmax−2
Lmax

rk
ℓk

. (2) If ubk−2 ̸= ubk−1, which means the algorithm
switches to another task at t = bk − 1. Then we have already know that ρbk−1 ≤ Lmax−1

Lmax

rk
ℓk

, and similar analysis for
t = bk − 2 by setting bubk−2

= bk − 2, ℓubk−2
= Lmax, the density is maximized by ρbk−2 ≤ (Lmax−1

Lmax
)2 rk

ℓk
. Since

(Lmax−1
Lmax

)2 > Lmax−2
Lmax

, ρbk−2 is maximized by (Lmax−1
Lmax

)2 rk
ℓk

.

We prove the following bound of ρt by induction. Suppose for any i′ ≤ i, ρbk−i ≤ (Lmax−1
Lmax

)i rkℓk . Then consider time
t = bk−(i+1), suppose the algorithm processes task ut at t = bk−(i+1) and switches to another task at t′ with t < t′ ≤ bk.
Since the maximum density at t′ is (Lmax−1

Lmax
)bk−t′ rk

ℓk
. By the selecting rule we have that rut

ℓut−(t′−but )
< (Lmax−1

Lmax
)bk−t′ rk

ℓk
,
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which implies rut

ℓut−(t−but )
<

ℓut−(t′−but )

ℓut−(t−but )
(Lmax−1

Lmax
)bk−t′ rk

ℓk
. This is maximized by setting but = t, ℓut = Lmax, and we

have

ρt ≤
Lmax − (t′ − t)

Lmax

(
Lmax − 1

Lmax

)bk−t′
rk
ℓk

=

t′−t∏
j=1

Lmax − j

Lmax − j + 1

(
Lmax − 1

Lmax

)bk−t
rk
ℓk

≤
(
Lmax − 1

Lmax

)t′−t(
Lmax − 1

Lmax

)bk−t′
rk
ℓk

≤
(
Lmax − 1

Lmax

)bk−t
rk
ℓk

=

(
Lmax − 1

Lmax

)i+1
rk
ℓk

,

which is maximized by switching at time t+ 1. Thus we can conclude that for each time t ≤ bk, ρt ≤
(

Lmax−1
Lmax

)bk−t
rk
ℓk

.
Thus

bk−1∑
t=bkpre+ℓkpre

ρt ≤
bk−1∑

t=bkpre+ℓkpre

(
Lmax − 1

Lmax

)bk−t
rk
ℓk
≤ Lmax

rk
ℓk

.

This implies that

rk ≥
ℓk

Lmax

bk−1∑
t=bkpre+ℓkpre

ρt ≥
ℓk

Lmax

∑
k′∈LOPT,k,1

rk′ .

For optimal tasks in LOPT,k,2, the maximum total reward is obtained by setting optimal task k′ with bk′ = t, ℓk′ = 1, rk′ =
rk

ℓk−(t−bk)
(the maximum reward one can set when no switch happens). Then we have

∑
k′∈LOPT,k,2

rk′ ≤
bk+ℓk−1∑

t=bk

rk
ℓk − (t− bk)

≤ ℓkrk .

This indicates

rk ≥
1

ℓk

∑
k′∈LOPT,k,2

rk′ .

For optimal tasks in LOPT,k,3, we know that this set contains at most one task that is completed after bk+ℓk (other tasks will
be classified to the next task set). This optimal task k′ is maximized by setting bk′ = bk+ℓk−1, ℓk′ = Lmax, rk′ = Lmaxrk.
And thus we have

rk ≥
1

Lmax
rk′ .

Thus together we have

rk ≥
ℓk

Lmax

∑
k′∈LOPT,k,1

rk′ ,

rk ≥
1

ℓk

∑
k′∈LOPT,k,2

rk′ ,

rk ≥
1

Lmax

∑
k′∈LOPT,k,3

rk′ ,
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which implies

rk ≥
1

3Lmax

∑
k′∈LOPT,k,1∪LOPT,k,2∪LOPT,k,3

rk′

=
1

3Lmax

∑
k′∈LOPT,k

rk′ .

Summing over all tasks k ∈ LALG, ∑
k∈LALG

rk

≥ 1

3Lmax

∑
k∈LALG

∑
k′∈LOPT,k

rk′

=
1

3Lmax

∑
k′∈LOPT

rk′ .

The algorithm can achieve 1/(3Lmax) competitive ratio.

Then we turn to the more complicated M machines setting.

Denote LALG as the set of tasks the machine i ∈ [M ] completes, LOPT as the set of tasks of the optimal schedule of tasks
length between L

(i−1)/M
max and L

i/M
max that maximize the total reward.

For each task k ∈ LALG, we analyze the optimal tasks in LOPT related to k. Denote kpre ∈ argmaxk′∈LALG,bk′<bk bk′ as
the nearest completed task before k by the algorithm. Then we can define the optimal task set LOPT,k = {k′ ∈ LOPT :
bkpre

+ ℓkpre
≤ bk′ < bk + ℓk} as the set of tasks in LOPT such that it arrives after kpre is completed and before k is

completed. By this split it is easy to verify that the union of LOPT,k covers all tasks in LOPT .⋃
k∈ALG

LOPT,k = LOPT .

Thus it suffices to analyze the reward relationship between rk and
∑

k′∈LOPT,k
rk′ for each task k ∈ LALG.

For the set LOPT,k, we further split it into three subsets: LOPT,k,1 = {k′ ∈ LOPT,k : bk′ + ℓk′ ≤ bk} is the set of optimal
tasks completed before k arrives; LOPT,k,2 = {k′ ∈ LOPT,k : bk′ ≥ bk, bk′ + ℓk′ ≤ bk + ℓk} is the set of optimal tasks
arrives after k arrives and completed before k is completed; LOPT,k,3 = {k′ ∈ LOPT,k : bk′ + ℓk′ > bk + ℓk} is the set of
optimal tasks completed after k is completed. Since tasks in LOPT are disjoint, it is easy to check that

LOPT,k,1 ∪ LOPT,k,2 ∪ LOPT,k,3 = LOPT,k .

We first upper bound the rewards of tasks in LOPT,k,1. Since between time bkpre
+ ℓkpre

and bk the algorithm completes no
task, this indicates that the algorithm keeps processing some tasks at those times but switches to other tasks before it is
completed, and in the end, the algorithm switches to task k at t = bk and completes it. Denote ut as the processing task
by algorithm at time t and ρt = rut

/(ℓut
− (t− but

)) as the remaining density of that processing task. By the algorithm’s
selecting rule, ρt is the maximum density of all arriving tasks at time t. Thus the total rewards in LOPT,k,1 is maximized by

∑
k′∈LOPT,k,1

rk′ ≤
bk−1∑

t=bkpre+ℓkpre

ρt .

Then it suffices to upper bound ρt at each time t. Since the algorithm does not complete any task at t ∈ [bkpre + ℓkpre , bk],
the density ρt is increasing with time t.

We first consider the density ρt at t = bk − 1. Recall that ubk−1 is the processing task at time t = bk − 1 and ρt =
rut/(ℓut − (t − but)). Since the algorithm switches to k at time bk, it indicates that rk/ℓk > rut/(ℓut − (t − but) − 1).
Thus ρt = rut/(ℓut − (t − but)) < rk

ℓk

ℓut−(t−but )−1

ℓut−(t−but )
, which is maximized by setting ℓut = L

1/M
max , but = t, and thus

ρt ≤ L1/M
max −1

L
1/M
max

rk
ℓk

at time t = bk − 1.
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Then we turn to consider the density ρt at t = bk − 2. (1) If ubk−2 = ubk−1, which means the algorithm does not switch
at t = bk − 1, and switches to task k at t = bk. Thus we have rk

ℓk
>

rubk−2

ℓubk−2
−(bk−bubk−2)

. This is maximized by setting

bubk−2
= bk − 2, ℓubk−2

= L
1/M
max which implies ρbk−2 ≤ L1/M

max −2

L
1/M
max

rk
ℓk

. (2) If ubk−2 ̸= ubk−1, which means the algorithm

switches to another task at t = bk − 1. Then we have already know that ρbk−1 ≤ L1/M
max −1

L
1/M
max

rk
ℓk

, and similar analysis for

t = bk − 2 by setting bubk−2
= bk − 2, ℓubk−2

= L
1/M
max , the density is maximized by ρbk−2 ≤ (

L1/M
max −1

L
1/M
max

)2 rk
ℓk

. Since

(
L1/M

max −1

L
1/M
max

)2 >
L1/M

max −2

L
1/M
max

, ρbk−2 is maximized by (
L1/M

max −1

L
1/M
max

)2 rk
ℓk

.

We prove the following bound of ρt by induction. Suppose for any i′ ≤ i, ρbk−i ≤ (
L1/M

max −1

L
1/M
max

)i rkℓk . Then consider time

t = bk−(i+1), suppose the algorithm processes task ut at t = bk−(i+1) and switches to another task at t′ with t < t′ ≤ bk.

Since the maximum density at t′ is (L
1/M
max −1

L
1/M
max

)bk−t′ rk
ℓk

. By the selecting rule we have that rut

ℓut−(t′−but )
< (

L1/M
max −1

L
1/M
max

)bk−t′ rk
ℓk

,

which implies rut

ℓut−(t−but )
<

ℓut−(t′−but )

ℓut−(t−but )
(
L1/M

max −1

L
1/M
max

)bk−t′ rk
ℓk

. This is maximized by setting but = t, ℓut = L
i/M
max, and we

have

ρt ≤
L
1/M
max − (t′ − t)

L
1/M
max

(
L
1/M
max − 1

L
1/M
max

)bk−t′

rk
ℓk

=

t′−t∏
j=1

L
1/M
max − j

L
1/M
max − j + 1

(
L
1/M
max − 1

L
1/M
max

)bk−t
rk
ℓk

≤

(
L
1/M
max − 1

L
1/M
max

)t′−t(
L
1/M
max − 1

L
1/M
max

)bk−t′

rk
ℓk

≤

(
L
1/M
max − 1

L
1/M
max

)bk−t
rk
ℓk

=

(
L
1/M
max − 1

L
1/M
max

)i+1
rk
ℓk

,

which is maximized by switching at time t+ 1. Thus we can conclude that for each time t ≤ bk, ρt ≤
(

L1/M
max −1

L
1/M
max

)bk−t
rk
ℓk

.
Thus

bk−1∑
t=bkpre+ℓkpre

ρt ≤
bk−1∑

t=bkpre+ℓkpre

(
L
1/M
max − 1

L
1/M
max

)bk−t
rk
ℓk
≤ L1/M

max

rk
ℓk

.

This implies that

rk ≥
ℓk

L
1/M
max

bk−1∑
t=bkpre+ℓkpre

ρt ≥
ℓk

L
1/M
max

∑
k′∈LOPT,k,1

rk′ .

For optimal tasks in LOPT,k,2, the maximum total reward is obtained by setting optimal task k′ with bk′ = t, ℓk′ =

L
(i−1)/M
max , rk′ = rk

ℓk−(t−bk)
ℓk′ (the maximum reward one can set when no switch happens). Then we have

∑
k′∈LOPT,k,2

rk′ ≤
bk+ℓk−1∑

t=bk

rk
ℓk − (t− bk)

≤ ℓkrk .

This indicates

rk ≥
1

log ℓk

∑
k′∈LOPT,k,2

rk′ .
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For optimal tasks in LOPT,k,3, we know that this set contains at most one task that is completed after bk+ℓk (other tasks will
be classified to the next task set). This optimal task k′ is maximized by setting bk′ = bk+ℓk−1, ℓk′ = L

i/M
max, rk′ = L

1/M
max rk.

And thus we have

rk ≥
1

L
1/M
max

rk′ .

Thus together we have

rk ≥
ℓk

L
1/M
max

∑
k′∈LOPT,k,1

rk′ ,

rk ≥
1

ℓk

∑
k′∈LOPT,k,2

rk′ ,

rk ≥
1

L
1/M
max

∑
k′∈LOPT,k,3

rk′ ,

which implies

rk ≥
1

3L
1/M
max

∑
k′∈LOPT,k,1∪LOPT,k,2∪LOPT,k,3

rk′ =
1

3L
1/M
max

∑
k′∈LOPT,k

rk′ .

Since there are totally M machines, the sum of rewards in LOPT needs to time M . Summing over all tasks k ∈ LALG,∑
k∈LALG

rk ≥
1

3ML
1/M
max

∑
k∈LALG

∑
k′∈LOPT,k

rk′ =
1

3ML
1/M
max

∑
k′∈LOPT

rk′ .

The algorithm can achieve 1/(3ML
1/M
max ) competitive ratio.

C ANALYSIS FOR S-UCB ALGORITHM

C.1 PROOF OF LEMMA 5.3

The regret caused by exploring the UCB index in S-UCB algorithm is bounded by

E

 1

3ML
1/M
max

M∑
i=1

∑
k∈Ki

ALG

1{⌝Gk}
( ∑

k′∈Nk

rk′ − rk

) ≤ O

 ∑
n∈[N ]

L
1/M
max log T

∆n

 .

Proof. We decompose the exploration regret term by task type:

E

 1

3ML
1/M
max

M∑
i=1

∑
k∈Ki

ALG

1{⌝Gk}
( ∑

k′∈Nk

rk′ − rk

)
≤ E

 1

3ML
1/M
max

M∑
i=1

N∑
n=1

∑
k∈Ki

ALG, n(k)=n

1{⌝Gk}
( ∑

k′∈Nk

rk′ − rk

) .

We define the failure event F = {∃n ∈ [N ], |µ̂n(t)− µn| >
√

6 log(T )
Tn(t)

}. The probability of the failure event is bounded by
the following lemma (same as before).
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Lemma C.1. Let F = {∃n ∈ [N ], |µ̂n(t)− µn| >
√

6 log(T )
Tn(t)

} be the bad event that some tasks’ rewards are not estimated
well at time t, we have that

P (F) ≤ 2N/T .

Proof.

P (F) = P

(
∃1 ≤ t ≤ T, n ∈ [N ] : |µ̂n(t)− µn| >

√
6 log T

Tn(t)

)

≤
T∑

t=1

∑
n∈[N ]

P

(
|µ̂n(t)− µn| >

√
6 log T

Tn(t)

)

≤
T∑

t=1

∑
n∈[N ]

t∑
s=1

P

(
Tn(t) = s, |µ̂n(t)− µn| >

√
6 log T

s

)

≤
T∑

t=1

∑
n∈[N ]

t · 2 exp(−3 log T )

≤ 2N/T ,

where the second last inequality is derived from Hoeffding’s inequality (since rewards are 1-subgaussian).

Condition on ⌝F . Then for any type n we have UCBn(t) ≤ µn + 2
√

6 log T
Tn(t)

. Importantly, when comparing densities, the
confidence radius is divided by the task length.

Step 1: per-completed-task exploration charge. Fix a machine i and a completed task k ∈ Ki
ALG with n(k) = n and

⌝Gk. Let
k⋆ ∈ arg max

k′∈Nk

µn(k′)

ℓk′

be the nearby optimal task with the largest true density, and define the (positive) density gap

∆k :=
µn(k⋆)

ℓk⋆

−
µn(k)

ℓk
> 0.

Since k⋆ ∈ Ki
OPT and k ∈ Ki

ALG, both lengths lie in (L
i−1
M
max, L

i
M
max], hence

ℓk⋆ ≤ L1/M
max ℓk. (1)

By the pseudo-task construction in S-UCB, whenever k⋆ arrives while k is (eventually) completed, the algorithm must have
selected a (pseudo)task with UCB density at least that of k⋆. In particular, this implies (on ⌝F)

UCBn(k)

ℓk
≥

UCBn(k⋆)

ℓk⋆

≥
µn(k⋆)

ℓk⋆

=
µn(k)

ℓk
+∆k, (2)

where the second inequality uses optimism UCBn(k⋆) ≥ µn(k⋆) under ⌝F . On the other hand, under ⌝F ,

UCBn(k)

ℓk
≤

µn(k)

ℓk
+

2

ℓk

√
6 log T

Tn(k)(tk)
, (3)

where tk is the completion time of k. Combining (2) and (3) yields

∆k ≤
2

ℓk

√
6 log T

Tn(k)(tk)
. (4)

As in the original proof, each such mis-ordering contributes regret at most ∆kℓk⋆ . Using (1) and (4),

∆kℓk⋆ ≤

(
2

ℓk

√
6 log T

Tn(k)(tk)

)
· (L1/M

max ℓk) = 2L1/M
max

√
6 log T

Tn(k)(tk)
. (5)
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Step 2: sum type-by-type (removes the extra N factor). Fix a type n ∈ [N ] and consider the sequence of (bad)
completed tasks of type n across all machines. Let Sn be the total number of such bad completions, and index them by
completion order s = 1, 2, . . . , Sn so that at the s-th completion of type n we have Tn(t) = s. Summing (5) over these bad
completions yields

∑
i∈[M ], k∈Ki

ALG
n(k)=n, ⌝Gk

∆kℓk⋆ ≤ 2L1/M
max

√
6 log T

Sn∑
s=1

1√
s
.

We now bound Sn. For every bad completion of type n, we have ∆k ≥ ∆n by definition of ∆n. Using (4) and ℓk ≥ 1,

∆n ≤ ∆k ≤ 2

√
6 log T

Tn(tk)
=⇒ Tn(tk) ≤

24 log T

∆2
n

.

Hence Sn ≤
⌊
24 log T/∆2

n

⌋
. Using

∑m
s=1 s

−1/2 ≤ 2
√
m,

∑
i∈[M ], k∈Ki

ALG
n(k)=n, ⌝Gk

∆kℓk⋆ ≤ 2L1/M
max

√
6 log T · 2

√
24 log T

∆2
n

=
48L

1/M
max log T

∆n
.

Summing over all n ∈ [N ] and adding the failure-event penalty,

E

 1

3ML
1/M
max

M∑
i=1

∑
k∈Ki

ALG

1{⌝Gk}
( ∑

k′∈Nk

rk′ − rk

)
≤ E [· |⌝F ] + TP (F) ≤

N∑
n=1

48L
1/M
max log T

∆n
+ 2N ≤ O

(
NL

1/M
max log T

∆

)
,

where the last inequality uses
∑N

n=1 1/∆n ≤ N/∆. This completes the proof.

C.2 PROOF OF LEMMA 5.2

For completed task k, conditioned on event Gk, it holds that ∀k′ ∈ Nk, µn(k)/ℓk > µn(k′)/ℓk′ .

We can define the optimal task set LOPT,k = {k′ ∈ LOPT : bk−1 + ℓk−1 ≤ bk′ < bk + ℓk} as the set of tasks in LOPT

such that it arrives after k − 1 is completed and before k is completed. By this split it is easy to verify that the union of
LOPT,k covers all tasks in LOPT . ⋃

k∈KALG

LOPT,k = LOPT .

Thus it suffices to analyze the reward relationship between rk and
∑

k′∈LOPT,k
rk′ for each task k ∈ LALG.

For the set LOPT,k, we further split it into three subsets: LOPT,k,1 = {k′ ∈ LOPT,k : bk′ + ℓk′ ≤ bk} is the set of optimal
tasks completed before k arrives; LOPT,k,2 = {k′ ∈ LOPT,k : bk′ ≥ bk, bk′ + ℓk′ ≤ bk + ℓk} is the set of optimal tasks
arrives after k arrives and completed before k is completed; LOPT,k,3 = {k′ ∈ LOPT,k : bk′ + ℓk′ > bk + ℓk} is the set of
optimal tasks completed after k is completed. Since tasks in LOPT are disjoint, it is easy to check that

LOPT,k,1 ∪ LOPT,k,2 ∪ LOPT,k,3 = LOPT,k .

We first upper bound the rewards of tasks in LOPT,k,1 for S-UCB algorithm conditioned on Gk. Since between time
bk−1 + ℓk−1 and bk the algorithm completes no task, this indicates that the algorithm keeps processing some tasks at those
times but switches to other tasks before it is completed, and in the end, the algorithm switches to task k at t = bk and
completes it. Denote ut as the processing task by algorithm at time t and ρt = rut

/(ℓut
− (t − but

)) as the remaining
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density of that processing task. By the algorithm’s selecting rule, ρt is the maximum density of all arriving tasks at time t.
Thus the total rewards in LOPT,k,1 is maximized by

∑
k′∈LOPT,k,1

rk′ ≤
bk−1∑

t=bk−1+ℓk−1

ρt .

Then it suffices to upper bound ρt at each time t. Since the algorithm does not complete any task at t ∈ [bk−1 + ℓk−1, bk],
the density ρt is increasing with time t and k has the highest density by Gk.

We first consider the density ρt at t = bk − 1. Recall that ubk−1 is the processing task at time t = bk − 1 and ρt =
rut

/(ℓut
− (t − but

)). Since the algorithm switches to k at time bk, it indicates that rk/ℓk > rut
/(ℓut

− (t − but
) − 1).

Thus ρt = rut/(ℓut − (t − but)) < rk
ℓk

ℓut−(t−but )−1

ℓut−(t−but )
, which is maximized by setting ℓut = L

1/M
max , but = t, and thus

ρt ≤ L1/M
max −1

L
1/M
max

rk
ℓk

at time t = bk − 1.

Then we turn to consider the density ρt at t = bk − 2. (1) If ubk−2 = ubk−1, which means the algorithm does not switch
at t = bk − 1, and switches to task k at t = bk. Thus we have rk

ℓk
>

rubk−2

ℓubk−2
−(bk−bubk−2)

. This is maximized by setting

bubk−2
= bk − 2, ℓubk−2

= L
1/M
max which implies ρbk−2 ≤ L1/M

max −2

L
1/M
max

rk
ℓk

. (2) If ubk−2 ̸= ubk−1, which means the algorithm

switches to another task at t = bk − 1. Then we have already know that ρbk−1 ≤ L1/M
max −1

L
1/M
max

rk
ℓk

, and similar analysis for

t = bk − 2 by setting bubk−2
= bk − 2, ℓubk−2

= L
1/M
max , the density is maximized by ρbk−2 ≤ (

L1/M
max −1

L
1/M
max

)2 rk
ℓk

. Since

(
L1/M

max −1

L
1/M
max

)2 >
L1/M

max −2

L
1/M
max

, ρbk−2 is maximized by (
L1/M

max −1

L
1/M
max

)2 rk
ℓk

.

We prove the following bound of ρt by induction. Suppose for any i′ ≤ i, ρbk−i ≤ (
L1/M

max −1

L
1/M
max

)i rkℓk . Then consider time

t = bk−(i+1), suppose the algorithm processes task ut at t = bk−(i+1) and switches to another task at t′ with t < t′ ≤ bk.

Since the maximum density at t′ is (L
1/M
max −1

L
1/M
max

)bk−t′ rk
ℓk

. By the selecting rule we have that rut

ℓut−(t′−but )
< (

L1/M
max −1

L
1/M
max

)bk−t′ rk
ℓk

,

which implies rut

ℓut−(t−but )
<

ℓut−(t′−but )

ℓut−(t−but )
(
L1/M

max −1

L
1/M
max

)bk−t′ rk
ℓk

. This is maximized by setting but = t, ℓut = L
i/M
max, and we

have

ρt ≤
L
1/M
max − (t′ − t)

L
1/M
max

(
L
1/M
max − 1

L
1/M
max

)bk−t′

rk
ℓk

=

t′−t∏
j=1

L
1/M
max − j

L
1/M
max − j + 1

(
L
1/M
max − 1

L
1/M
max

)bk−t
rk
ℓk

≤

(
L
1/M
max − 1

L
1/M
max

)t′−t(
L
1/M
max − 1

L
1/M
max

)bk−t′

rk
ℓk

≤

(
L
1/M
max − 1

L
1/M
max

)bk−t
rk
ℓk

=

(
L
1/M
max − 1

L
1/M
max

)i+1
rk
ℓk

,

which is maximized by switching at time t+ 1. Thus we can conclude that for each time t ≤ bk, ρt ≤
(

L1/M
max −1

L
1/M
max

)bk−t
rk
ℓk

.
Thus

bk−1∑
t=bkpre+ℓkpre

ρt ≤
bk−1∑

t=bkpre+ℓkpre

(
L
1/M
max − 1

L
1/M
max

)bk−t
rk
ℓk
≤ L1/M

max

rk
ℓk

.
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This implies that

rk ≥
ℓk

L
1/M
max

bk−1∑
t=bkpre+ℓkpre

ρt ≥
ℓk

L
1/M
max

∑
k′∈LOPT,k,1

rk′ .

For optimal tasks in LOPT,k,2, the maximum total reward is obtained by setting optimal task k′ with bk′ = t, ℓk′ =

L
(i−1)/M
max , rk′ = rk

ℓk−(t−bk)
ℓk′ (the maximum reward one can set when no switch happens). Then we have

∑
k′∈LOPT,k,2

rk′ ≤
bk+ℓk−1∑

t=bk

rk
ℓk − (t− bk)

≤ ℓkrk .

This indicates

rk ≥
1

log ℓk

∑
k′∈LOPT,k,2

rk′ .

For optimal tasks in LOPT,k,3, we know that this set contains at most one task that is completed after bk+ℓk (other tasks will
be classified to the next task set). This optimal task k′ is maximized by setting bk′ = bk+ℓk−1, ℓk′ = L

i/M
max, rk′ = L

1/M
max rk.

And thus we have

rk ≥
1

L
1/M
max

rk′ .

Thus together we have

rk ≥
ℓk

L
1/M
max

∑
k′∈LOPT,k,1

rk′ ,

rk ≥
1

ℓk

∑
k′∈LOPT,k,2

rk′ ,

rk ≥
1

L
1/M
max

∑
k′∈LOPT,k,3

rk′ ,

which implies

rk ≥
1

3L
1/M
max

∑
k′∈LOPT,k,1∪LOPT,k,2∪LOPT,k,3

rk′ =
1

3L
1/M
max

∑
k′∈LOPT,k

rk′ .

Since there are totally M machines, the sum of rewards in LOPT needs to time M . Summing over all tasks k ∈ LALG,

∑
k∈LALG

rk ≥
1

3ML
1/M
max

∑
k∈LALG

∑
k′∈LOPT,k

rk′ =
1

3ML
1/M
max

∑
k′∈LOPT

rk′ .

Thus the S-UCB algorithm can achieve 1/(3ML
1/M
max ) competitive ratio conditioned on Gk, implying 0 approximate regret.

C.3 PROOF OF THEOREM 5.6

Proof. We follow the proof template of Theorem 5.1 and Lemmas 5.2–5.3, but replace the gap-dependent final step by a
standard gap-free conversion.
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Step 1: Concentration event. For each type n ∈ [N ] and each integer s ≥ 1, let µ̂n,s be the empirical mean of the first s
completed rewards of type n on a given machine (equivalently, the s-th update used in Algorithm 2), and define the good
event

E :=

{
∀n ∈ [N ], ∀s ∈ {1, . . . , T} :

∣∣µ̂n,s − µn

∣∣ ≤√6 log T

s

}
.

By 1-subgaussian concentration and a union bound over (n, s) (as in Lemma C.1),

Pr(Ec) ≤ 2N

T
. (6)

Moreover, on E , for any type n with Tn(t) ≥ 1 (number of completed type-n tasks up to time t), the UCB index used by
S-UCB satisfies

µn ≤ UCBn(t) = µ̂n,Tn(t) +

√
6 log T

Tn(t)
≤ µn + 2

√
6 log T

Tn(t)
. (7)

Step 2: Regret decomposition. Using the same decomposition as in Theorem 6.1, write the approximate regret as a sum
over completed tasks and split by the correctness event Gk (the event that the completed task k has the largest true density
among the nearby optimal tasks Nk):

Reg(T ) = E

 M∑
i=1

∑
k∈KALG

i

1

3ML
1/M
max

( ∑
k′∈Nk

rk′ − rk

) = (I) + (II),

where (I) collects the terms multiplied by ⊮{Gk} and (II) collects the terms multiplied by ⊮{¬Gk}.

Exactly as in Lemma 6.2, conditioned on Gk the algorithm behaves like MRDF with correctly ordered densities within each
window, hence achieves the 1

3ML
1/M
max

competitive baseline on that window; therefore

(I) = 0. (8)

It remains to upper bound (II), the regret caused by exploration / mis-ordering of densities.

Step 3: A per-comparison bound (gap-dependent⇒ gap-free). Fix any machine i, and consider any completed task
k ∈ KALG

i with type n := n(k) and length ℓ := ℓk. On ¬Gk, there exists some k′ ∈ Nk with type n′ := n(k′) and length
ℓ′ := ℓk′ such that

µn′

ℓ′
>

µn

ℓ
.

Define the (positive) density gap for this comparison

∆k,k′ :=
µn′

ℓ′
− µn

ℓ
> 0.

The same UCB argument as in Lemma 6.3 shows that, on E , such a wrong ordering can only persist while the completion
count Tn(t) is small: if Tn(t) >

24 log T
∆2

k,k′
, then by (7),

UCBn(t)

ℓ
≤ µn

ℓ
+ 2

√
6 log T

Tn(t)
≤ µn

ℓ
+∆k,k′ =

µn′

ℓ′
≤ UCBn′(t)

ℓ′
,

contradicting that S-UCB selects a task of type n over the better-density alternative. Hence, on E , the number of completed
tasks that can be charged to this specific mis-ordering is at most 24 log T

∆2
k,k′

. Trivially, it is also at most T (a single machine can

complete at most one task per round), so we may write the bound as

#{charged completions for this comparison} ≤ min

{
24 log T

∆2
k,k′

, T

}
. (9)
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As in Lemma 6.3, each such completion contributes at most ∆k,k′ · ℓ′ ≤ ∆k,k′Lmax to the (additive) regret term inside (II).1

Combining with (9), the regret contribution of this comparison is bounded by

Lmax ·∆k,k′ ·min

{
24 log T

∆2
k,k′

, T

}
= Lmax ·min

{
24 log T

∆k,k′
, ∆k,k′ T

}
.

Finally, apply the elementary inequality min{a/x, bx} ≤ 2
√
ab for all a, b, x > 0 with a = 24 log T and b = T to obtain

the gap-free bound

L1/M
max ·min

{
24 log T

∆k,k′
, ∆k,k′ T

}
≤ 2
√
24L1/M

max

√
T log T . (10)

Step 4: Summing over types and machines, plus the bad event. Summing (10) over all possible mis-ordering pairs of
types (at most N(N − 1) ≤ N2 pairs), and using (8), yields on E :

Reg(T ) ≤ 2
√
24NL1/M

max

√
T log T .

Accounting for Ec via the same crude bound as in Lemma 6.3 gives an additive term T Pr(Ec) ≤ 2N by (6). Therefore,

Reg(T ) ≤ 2N + 2
√
24NL1/M

max

√
T log T ,

which completes the proof.

D PROOF OF THEOREM 5.4

Theorem D.1. Given instance I , following the S-UCB algorithm (Algorithm 2), the scheduler can achieve the expected
competitive ratio with

E [R] ≥ 1

3ML
1/M
max +N2L

1/M
max log T/(RALG(I)∆)

,

where RALG(I) is the total completion rewards obtained by S-UCB, and expectation is taken over the randomness of reward
distribution.

Proof.

E [R] =E
[
RALG

ROPT

]
=E

[∑
k∈KALG

rk∑
k∈KOPT

rk

]

=E

[ ∑
k∈KALG

1{Gk} rk +
∑

k∈KALG
1{⌝Gk} rk∑

k∈KALG
1{Gk}

∑
k′∈Nk

rk′ +
∑

k∈KALG
1{⌝Gk}

∑
k′∈Nk

rk′

]

≥E

[ ∑
k∈KALG

1{Gk} rk +
∑

k∈KALG
1{⌝Gk} rk

3ML
1/M
max

∑
k∈KALG

1{Gk} rk + 3ML
1/M
max

∑
k∈KALG

1{⌝Gk} rk + 24N2Lmax log T/∆

]

=E

[
1

3ML
1/M
max + 24N2Lmax log T/∆RALG(I)

]
.

1This is the same per-completion charging used in the gap-dependent proof: the regret is measured in reward units, and the worst-case
conversion from density gap to reward loss uses ℓ′ ≤ Lmax.
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Figure 3: Illustration of the Explore-then-Schedule algorithm. During the explore stage, the algorithm samples task types to
shrink confidence intervals. Once the best density is statistically separated, it switches to the exploit stage and runs MRDF
with fixed empirical means.

E EXPLORE THEN SCHEDULING ALGORITHM

The key idea to balance exploration and exploitation is that the algorithm always performs MRDF algorithm (Algorithm 1)
when it is confident to determine the maximum remaining density of the coming tasks. This confidence is computed by
constructing an upper confidence bound and a lower confidence bound for each task’s mean reward estimation. And the
algorithm will enter the exploration stage if it is still not confident to perform the MRDF algorithm. This motivates us to
design the following Explore then Scheduling algorithm (Algorithm 3).

The algorithm first initializes UCBn,LCBn, Tn for each type n ∈ [N ], where UCBn,LCBn are the upper confidence
bound (UCB) index and lower confidence bound (LCB) index for type n, respectively. Tn is the number of times task n is
completed. DenoteM as the task set the machine is processing and it is empty at the beginning. Define FLAG as the sign of
the current algorithm’s stage, and it is set as “Exploit” stage at first.

At time t, if the current processing task k ∈ M is completed, i.e., bk + ℓk = t, then the algorithm will update the
corresponding UCBn,LCBn, Tn for type n = n(k) (Line 4). Specifically, Tn = Tn+1, the corresponding upper confidence

bound UCBn = µ̂n +
√

6 log T
Tn

, and lower confidence bound LCBn = µ̂n −
√

6 log T
Tn

, where µ̂n is the empirical reward
mean of task n. After that, the algorithm resets the FLAG to the Exploit stage (Lines 5 - 9).

Then tasks set Lt comes and the algorithm observes bk, ℓk and n(k) for each coming task k ∈ Lt (Line 10). If the current
algorithm’s stage FLAG = Explore, then it means the algorithm needs to explore the current processing task k ∈M, and
thus the algorithm will do nothing at time t (Line 11 - 12). When current stage FLAG = Exploit, similarly with MRDF
(Algorithm 1), the algorithm first constructs a pseudo task k′ for k ∈M with bk′ = t, ℓk′ = ℓk − (t− bk), n(k′) = n(k),
and add this pseudo task k′ to Lt (Lines 15 - 18.) Then the algorithm checks if the maximum r/ℓ can be distinguished,
i.e., ∃k, ∀k′ ̸= k,

LCBn(k)

ℓk
>

UCBn(k′)
ℓk′

. This indicates that task k has a maximum r/ℓ with high probability, and thus the
algorithm runs the same process as the online algorithm with the known mean reward (Lines 19 - 21). Otherwise there exists
an overlap between the largest LCB index and another UCB index, the algorithm will turn to the Explore stage and select
the task with minimum Tn(k) to guarantee the uniform exploration over all types (Lines 22 - 26).

The Explore-then-Schedule algorithm alternates between two regimes. In the explore regime, it keeps sampling insufficiently
observed task types until the confidence intervals separate the best empirical density from all competitors. In the exploit
regime, it runs MRDF with the fixed empirical means. This separation makes ETS easy to analyze, but it is less sample
efficient than S-UCB because it delays reward maximization until uniform exploration is sufficiently complete.

Theorem E.1. When the learner follows the Online then Scheduling algorithm (Algorithm 3), the learner can obtain the
1

3ML
1/M
max

-approximate regret bounded by

Reg(T ) ≤ 24NLmax log T

∆2
+ 2N ,

where ∆ = minn ̸=n′,ℓ,ℓ′ |µn

ℓ −
µn′
ℓ′ | is the minimum density gap of two tasks.

Denote r(t) as the reward the algorithm gets at time t, and rOPT(t) is the reward the compared optimal scheduling strategy
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Algorithm 3 Explore then Scheduling

1: Initialize: UCBn =∞,LCBn = −∞, Tn = 0,∀n ∈ [N ],FLAG = Exploit,M = ∅;
2: for t = 1, 2, · · · do
3: ifM ≠ ∅ and bk + ℓk = t, k ∈M then
4: Receive reward rk, update UCBn(k),LCBn(k), and Tn(k);
5: M = ∅;
6: if FLAG = Explore then
7: FLAG = Exploit;
8: end if
9: end if

10: Receive coming tasks set Lt = {k | bk = t}, observe bk, ℓk, n(k) for each k ∈ Lt;
11: if FLAG = Explore then
12: Continue processing current task k ∈M;
13: end if
14: if FLAG = Exploit then
15: ifM ≠ ∅ then
16: For k ∈M, construct pseudo task k′ with bk′ = t, ℓk′ = ℓk − (t− bk), n(k

′) = n(k);
17: Lt = Lt ∪ {k′};
18: end if
19: Find task k ∈ argmaxk′∈Lt

LCBn(k′)
ℓk′

;

20: if LCBn(k)

ℓk
> maxk′∈Lt\{k}

UCBn(k′)
ℓk′

then
21: M = {k};
22: else
23: FLAG = Explore;
24: Find k′ ∈ argmink′′∈Lt Tn(k′′);
25: M = {k′};
26: end if
27: end if
28: end for

OPT gets at time t. Then the regret can be rewritten as

Reg(T )

=E

[
1

3Lmax

T∑
t=1

rOPT(t)−
T∑

t=1

r(t)

]

=E

[
T∑

t=1

1{FLAGt = Exploit} ( 1

3Lmax
rOPT(t)− r(t))

]

+E

[
T∑

t=1

1{FLAGt = Explore} ( 1

3Lmax
rOPT(t)− r(t))

]
,

where FLAGt is the FLAG at time t performed by Algorithm 3. The regret is decomposed by two terms: the first is the
regret caused by the exploitation stage, and the second term is the regret caused by exploration stage.

To bound the regret caused by the exploitation stage, the following two lemmas state that with high probability, the algorithm
performs the same as the MRDF algorithm (Algorithm 3) with known mean reward, which attains 1/(3Lmax) competitive
ratio. Thus the regret can be bounded by a constant independent of T .

Lemma E.2. Let F = {∃i ∈ [N ], |µ̂i(t)− µi| >
√

6 log(T )
Ti(t)

} be the bad event that some tasks’ rewards are not estimated
well at time t, we have that

P (F) ≤ 2N/T .
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Proof.

P (F) = P

(
∃1 ≤ t ≤ T, i ∈ [N ] : |µ̂i(t)− µi| >

√
6 log T

Ti(t)

)

≤
T∑

t=1

∑
i∈[N ]

P

(
|µ̂i(t)− µi| >

√
6 log T

Ti(t)

)

≤
T∑

t=1

∑
i∈[N ]

t∑
s=1

P

(
Ti(t) = s, |µ̂i(t)− µi| >

√
6 log T

s

)

≤
T∑

t=1

∑
i∈[N ]

t · 2 exp(−3 log T )

≤ 2N/T ,

where the second last inequality is derived from the Hoeffding inequality.

Lemma E.3. When ∃k,∀k′ ̸= k,
LCBn(k)(t)

ℓk
>

UCBn(k′)(t)

ℓk′
, under event ⌝F , the algorithm proceeds the same as the online

algorithm with known mean reward µn.

Proof. When ∃k, ∀k′ ̸= k,
LCBn(k)(t)

ℓk
>

UCBn(k′)(t)

ℓk′
, under event ⌝F , it indicates that ∃k, ∀k′ ̸= k,

µn(k)(t)

ℓk
>

µn(k′)(t)

ℓk′
.

Thus the task with the maximum remaining density is exactly k, and the algorithm proceeds the same as MRDF.

This indicates that with high probability the algorithm achieves the competitive ratio larger than 1/(3Lmax), and the regret
is caused by the low probability of event F .

E

[
T∑

t=1

1{FLAGt = Exploit} ( 1

3Lmax
rOPT(t)− r(t))

]
≤TP (F) ≤ 2N .

Then we turn to bound the second term, which is the regret caused by exploration stage. This term is upper bounded by the
maximum reward per task times the number of explorations for each type of task. By algorithm design we have that the
learner always explores the task with the minimum number of selections (Line 24 in Algorithm 3). This guarantees that all
types of tasks are explored in a round-robin manner. The following lemma upper bounds the exploration times for each task.

Lemma E.4. The number of times the algorithm is exploring is bounded by 24NLmax log T/∆
2.

Proof. Given two types n, n′, we have that conditioned on ⌝F , when Tn(t) ≥ 24 log T/∆2 and Tn′(t) ≥ 24 log T/∆2,
then ∀ℓ, ℓ′, LCBn(t)

ℓ > UCBn′ (t)
ℓ′ or UCBn(t)

ℓ < LCBn′ (t)
ℓ′ . By the algorithm design, the learner will always explore the task

with the minimum Tn(t), which means each task will reach log T/∆2 uniformly. To explore one task, the leaner will cost at
most Lmax rounds. Thus the number of times the algorithm is exploring is bounded by 24NLmax log T/∆

2.

This indicates that

E

[
T∑

t=1

1{FLAGt = Explore} ( 1

3Lmax
rOPT(t)− r(t))

]

≤24NLmax log T

∆2
.

Then summing over these two terms, theorem is derived.
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Theorem E.5 (Improved gap-dependent approximate regret of S-UCB). Assume the stochastic reward model: there are N
task types, and each type n ∈ [N ] has an unknown reward distribution Dn that is 1-subgaussian with mean µn. Let Lmax

be the maximum processing length and let
R := L1/M

max .

Run S-UCB (Algorithm 2) for horizon T ≥ 2 and define the 1
3MR -approximate regret as in the main paper:

Reg(T ) := E

[
1

3MR
ROPT(T )−RALG(T )

]
.

For each type n, define its minimum positive density gap

∆n := min
n′ ̸=n, ℓ,ℓ′

µn′/ℓ−µn/ℓ
′>0

(µn′

ℓ
− µn

ℓ′

)
, ∆ := min

n∈[N ]
∆n.

Then S-UCB satisfies the gap-dependent bound

Reg(T ) ≤ 48R log T ·
N∑

n=1

1

∆n
+ 2N ≤ 48N R log T

∆
+ 2N = O

(
N L

1/M
max log T

∆

)
.

Proof. We follow the regret decomposition in the proof of Theorem 6.1, and we only strengthen the exploration analysis
(Appendix C.2) by (i) keeping the 1/ℓ factor in the UCB-density confidence term and (ii) using the within-class length ratio
R = L

1/M
max .

Step 0: notation (same as Theorem 6.1). Let KALG
i be the set of tasks completed by machine i ∈ [M ] under S-UCB.

Let KOPT
i be the set of tasks completed by OPT whose lengths lie in the i-th length interval

(
L
(i−1)/M
max , L

i/M
max

]
. For each

completed task k ∈ KALG
i , let k− be the nearest completed task before k (on machine i), and define the nearby optimal set

Nk :=
{
k′ ∈ KOPT

i : bk− + ℓk− ≤ bk′ < bk + ℓk

}
.

Define the event
Gk :=

{
∀k′ ∈ Nk : µn(k)/ℓk ≥ µn(k′)/ℓk′

}
.

As shown in Appendix C.1, conditioned on Gk (i.e., the completed task has the largest true density among Nk), the same
charging argument as MRDF implies 0 approximate regret on that window. Hence, the approximate regret is entirely due
to the exploration/mis-ordering events ¬Gk. (Formally, one can repeat the decomposition in Theorem 6.1 and use the
Appendix C.1 argument to drop the Gk-part.)

Step 1: a high-probability confidence event. Let Tn(t) be the number of completed tasks of type n up to time t (across
all machines), and µ̂n(t) the corresponding empirical mean. Define the bad event

F :=

{
∃t ∈ [T ],∃n ∈ [N ] :

∣∣µ̂n(t)− µn

∣∣ >√6 log T

Tn(t)

}
.

By a standard union bound with subgaussian concentration (as in Lemma C.1),

Pr(F ) ≤ 2N

T
. (11)

On ¬F , for every type n with Tn(t) ≥ 1,

µn ≤ UCBn(t) = µ̂n(t) +

√
6 log T

Tn(t)
≤ µn + 2

√
6 log T

Tn(t)
. (12)

(If Tn(t) = 0, S-UCB initializes UCBn(t) = +∞, which is also optimistic.)
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Step 2: reduce regret to the exploration term under ¬F . Let Regexp(T ) denote the exploration part (the ¬Gk part) of
the decomposition in Theorem 6.1:

Regexp(T ) := E

 1

3MR

M∑
i=1

∑
k∈KALG

i

1{¬Gk}

( ∑
k′∈Nk

rk′ − rk

) .

Since 1
3MR ≤ 1 and rk ≥ 0, we can upper bound

Regexp(T ) ≤ E

 M∑
i=1

∑
k∈KALG

i

1{¬Gk}

( ∑
k′∈Nk

rk′ − rk

) . (13)

Thus
Reg(T ) ≤ Regexp(T ) + T Pr(F ),

where the additive term T Pr(F ) is the same crude control used in Appendix C.2.

It remains to bound Regexp(T ) on ¬F .

Step 3: a per-completed-task exploration charge. Fix a machine i and a completed task k ∈ KALG
i with ¬Gk. Let

k⋆ ∈ argmaxk′∈Nk
µn(k′)/ℓk′ be the optimal task in Nk with maximum true density. Define the (positive) density gap

∆k :=
µn(k⋆)

ℓk⋆

−
µn(k)

ℓk
> 0.

As in Appendix C.2, the regret contribution of this mis-ordering can be upper bounded by ∆kℓk⋆ (interpreted as “density
gap × a relevant time scale”).

Now use the key facts:

• (Length-class ratio) Since both k and k⋆ lie in the same machine-i length interval
(
L
(i−1)/M
max , L

i/M
max

]
, we have

ℓk⋆ ≤ L
i/M
max

L
(i−1)/M
max

ℓk = Rℓk. (14)

• (UCB mis-order implies a confidence-radius lower bound) Since S-UCB completes k without being preempted by k⋆

within the window, the (pseudo-)task representation of k must have had UCB density at least that of k⋆ whenever k⋆

arrived. In particular, it implies

UCBn(k)

ℓk
≥

UCBn(k⋆)

ℓk⋆

≥
µn(k⋆)

ℓk⋆

=
µn(k)

ℓk
+∆k,

where the second inequality uses UCBn(k⋆) ≥ µn(k⋆) under ¬F (cf. (12)). On the other hand, by (12),

UCBn(k)

ℓk
≤

µn(k)

ℓk
+

2

ℓk

√
6 log T

Tn(k)(tk)
,

where tk is the completion time of k. Combining the last two displays yields

∆k ≤
2

ℓk

√
6 log T

Tn(k)(tk)
. (15)

Multiplying (15) by ℓk⋆ and using (14), we obtain

∆k ℓk⋆ ≤

(
2

ℓk

√
6 log T

Tn(k)(tk)

)
· (Rℓk) = 2R

√
6 log T

Tn(k)(tk)
. (16)

Thus every completed task k with ¬Gk can be charged by at most 2R
√

6 log T/Tn(k)(tk).
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Step 4: summing charges type-by-type (linear in N ). Fix a type n ∈ [N ] and consider the subsequence of completed
tasks of type n that satisfy ¬Gk. Let Sn be the number of such “bad” completions. At the s-th completion of type n, we
have Tn(t) = s by definition.

Moreover, for any bad completion of type n, we have ∆k ≥ ∆n by the definition of ∆n. Therefore, (15) and ℓk ≥ 1 imply

∆n ≤ ∆k ≤ 2

√
6 log T

Tn(tk)
=⇒ Tn(tk) ≤

24 log T

∆2
n

.

Hence Sn ≤
⌊
24 log T/∆2

n

⌋
.

Now sum (16) over those Sn bad completions of type n:

∑
k: n(k)=n

¬Gk

∆kℓk⋆ ≤
Sn∑
s=1

2R

√
6 log T

s
≤ 2R

√
6 log T

⌊24 log T/∆2
n⌋∑

s=1

1√
s
≤ 2R

√
6 log T · 2

√
24 log T

∆2
n

=
48R log T

∆n
,

where we used
∑m

s=1 s
−1/2 ≤ 2

√
m.

Summing over all n ∈ [N ] yields (on ¬F )

Regexp(T ) ≤ 48R log T

N∑
n=1

1

∆n
. (17)

Step 5: add the failure-event penalty. Using (11) and the same crude bound as Appendix C.2,

Reg(T ) ≤ 48R log T

N∑
n=1

1

∆n
+ T Pr(F ) ≤ 48R log T

N∑
n=1

1

∆n
+ 2N.

Finally,
∑N

n=1 1/∆n ≤ N/∆ gives the simplified bound Reg(T ) ≤ 48NR log T/∆+ 2N , completing the proof.

F FINITE-BUFFER MODEL

F.1 MODEL: IMMEDIATE DECISION WITH FINITE BUFFER

We extend the immediate-decision model in Section 3 to a finite-buffer setting. There are M identical machines. Each task k
has arrival time bk ∈ Z+, processing length ℓk ∈ {1, 2, . . . , Lmax} and (known) reward rk ≥ 0.

Finite buffer. At each time t, after observing the arriving set Lt = {k : bk = t} and their (ℓk, rk), the scheduler may
admit tasks into a buffer of capacity B. The buffer stores admitted but not-yet-started tasks and can hold at most B tasks. If
the buffer is full, admitting a new task requires evicting some buffered task; evicted tasks are discarded and can never be
processed.

Service and preemption. Each machine can process at most one task at a time. Preemption is allowed, but a preempted
running task is discarded and cannot be resumed.

Objective and competitive ratio. Let RALG(I) be the total reward of tasks completed by an online algorithm ALG on
instance I , and ROPT(I) be the offline optimal total reward under the same buffer capacity B and preemption rule. The
(deterministic) competitive ratio is

CR(ALG) = inf
I

RALG(I)

ROPT(I)
.

Density. Define the density of a task k as ρ(k) = rk/ℓk. For a running task k at time t, its remaining length is ℓk− (t− bk)
and its remaining density is ρt(k) = rk/

(
ℓk − (t− bk)

)
.
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F.2 WORST-CASE UPPER BOUND (DETERMINISTIC)

Theorem F.1 (Buffer-dependent deterministic upper bound). Assume L
1/M
max is an integer and Lmax ≥ 6. For any determin-

istic online algorithm with buffer capacity B, there exists an instance I such that

RALG(I)

ROPT(I)
≤ 2(B + 1) log(Lmax)

M L
1/M
max

.

Equivalently, no deterministic algorithm can have competitive ratio exceeding 2(B + 1) log(Lmax)/(ML
1/M
max ).

Proof. We sketch a constructive adversarial family extending the “competitive-pair” construction in Appendix A (Theo-
rem 4.1 in the main paper) to incorporate buffer capacity B.

Step 1: Replace each competitive pair by a (B+2)-set. In the no-buffer construction, at each decision time the adversary
offers a pair consisting of (i) a long task with higher immediate appeal and (ii) a collection of shorter tasks whose aggregate
reward dominates the long one, and the adversary tailors the future stream to punish whichever choice the algorithm makes.
To model a buffer of size B, we inflate the short side by a factor (B + 1) so that even if the algorithm buffers B short tasks
while committing a machine to the long task, it still must drop at least one “useful” short task from that competitive set.

Concretely, for each machine, we present one long task and (B + 1) short tasks as a competitive set of size (B + 2); the
algorithm can keep at most (B + 1) tasks “alive” for that machine at the decision moment (one running plus B buffered),
hence at least one short task is necessarily discarded.

Step 2: Multi-machine one-to-one pairing. Analogous to the 2M -task-per-time design in the paper’s multi-machine
lower bound, we construct at each relevant time a set of (B + 2)M tasks, organized into M disjoint competitive sets, each
set containing exactly one “long” candidate and (B + 1) “short” candidates of the next smaller length scale. This ensures
that across M machines, regardless of how the algorithm assigns and buffers tasks, each machine faces a local “keep at most
B + 1” bottleneck and loses at least one short candidate in its competitive set.

Step 3: Geometric length ladder and reward recursion. As in Appendix A, we use M + 1 distinct lengths
Lmax, L

(M−1)/M
max , . . . , L

1/M
max , 1 and set the ratio between successive lengths to be L

1/M
max . Rewards are assigned re-

cursively so that: (i) if the algorithm ever switches from a longer task to a shorter one, the aggregate reward of the missed
shorter tasks is large enough to force the ratio down; (ii) if the algorithm sticks with long tasks, then across the (B+1) inflated
short alternatives the offline optimal can harvest a total reward that is larger by a factor on the order of L1/M

max / log(Lmax),
and the missing factor (B + 1) comes from the buffer forcing at least one short task to be dropped per competitive set.

Step 4: Concluding the bound. Following the same case split as in Appendix A (choose short first, switch later, or
complete the long task), and using the same recursion argument (geometric growth of the optimal short-side total reward),
we obtain that for the instance chosen against the algorithm,

RALG

ROPT
≤ 2 log(L

1/M
max )

L
1/M
max

· (B + 1) =
2(B + 1) log(Lmax)

M L
1/M
max

.

This completes the proof.

F.3 A BUFFERED VARIANT OF MRDF AND ITS GUARANTEE

High-level idea. The MRDF algorithm in Section 4.2 achieves Ω(1/(ML
1/M
max )) without any buffer, by (i) length-class

splitting across machines and (ii) selecting maximum remaining density with a “pseudo task” to ensure monotone remaining-
density thresholds. With a buffer of size B, we can additionally retain up to B high-density candidates instead of discarding
them immediately, which improves the worst-case ratio by a factor depending on B (up to logarithmic gaps, matching
Theorem F.1).

Theorem F.2 (Buffered-MRDF competitive ratio (worst-case)). Let R := L
1/M
max . For any instance I under buffer capacity

B, Algorithm 4 run on M machines (one length class per machine) satisfies

RB-MRDF(I)

ROPT(I)
≥ B + 1

M
(
(B + 1) + 3R

) .
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Algorithm 4 Buffered Maximum Remaining Density First (B-MRDF, machine i)
Input: Lmax,M,B.

1: Maintain current task krun (possibly empty) and a buffer Q of size ≤ B
2: for t = 1, 2, . . . do
3: if krun ̸= ∅ and bkrun

+ ℓkrun
= t then

4: receive reward rkrun ; set krun = ∅
5: end if
6: Receive arriving tasks L(i)

t = {k ∈ Lt : L
(i−1)/M
max < ℓk ≤ L

i/M
max}

7: Insert all tasks in L
(i)
t into Q

8: if krun ̸= ∅ then
9: Construct pseudo task k̃ with bk̃ = t, ℓk̃ = ℓkrun − (t− bkrun),

10: rk̃ = rkrun

11: Insert k̃ into Q
12: end if
13: Let k⋆ ∈ argmaxk∈Q rk/ℓk (ties arbitrary)
14: Set krun ← k⋆ (if k⋆ = k̃, continue the old running task; otherwise preempt the old running task if any)
15: Remove k⋆ from Q
16: If |Q| > B, keep only the B tasks with largest densities rk/ℓk and discard the rest
17: end for

Proof. We follow the proof template of Theorem 4.2 (Appendix B) and highlight the only place where the buffer changes
the argument.

Step 1: Reduce to per-class, single-machine comparisons. Fix a class i ∈ [M ] and consider only tasks with lengths in
(L

(i−1)/M
max , L

i/M
max]. Denote by OPT

(1)
i the optimal single-machine offline schedule (with buffer B and the same preemption

rule) restricted to this class, and by ALGi the reward obtained by machine i of B-MRDF. Since the global offline optimum
has M machines, it can be upper bounded as

ROPT(I) =

M∑
i=1

ROPT,i(I) ≤
M∑
i=1

M ·R
OPT

(1)
i
(I),

because, within each class, M machines can obtain at most M times the best single-machine reward.

Thus it suffices to prove that for each class i,

RALGi
(I) ≥ B + 1

(B + 1) + 3R
·R

OPT
(1)
i
(I). (18)

Summing (18) over i and using the inequality above gives

RB-MRDF(I) =

M∑
i=1

RALGi(I) ≥
B + 1

(B + 1) + 3R

M∑
i=1

R
OPT

(1)
i
(I) ≥ B + 1

M
(
(B + 1) + 3R

)ROPT(I),

which is exactly the theorem statement.

Step 2: Single-machine analysis with buffer. We now fix one class and drop the subscript i. Let the algorithm complete
tasks in chronological order and consider any completed task k by B-MRDF. Define the standard “nearby optimal set” as in
Appendix B: let k− be the nearest completed task before k (or a dummy task at time 0), and define

Nk =
{
k′ ∈ OPT(1) : bk− + ℓk− ≤ bk′ < bk + ℓk

}
.

These sets form a cover of OPT(1) across completed tasks of the algorithm.

As in Appendix B, decompose Nk into three subsets: (i) Nk,1: tasks completed by OPT before k arrives, (ii) Nk,2: tasks
arriving no earlier than bk and completed by OPT before k completes, (iii) Nk,3: the (at most one) OPT task overlapping
beyond k’s completion.
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Step 3: Bounding Nk,1 and Nk,3 (same as MRDF). Because all tasks in this class have lengths within a ratio R, the
“maximum remaining density” argument in Appendix B implies the same bounds:∑

k′∈Nk,1

rk′ ≤ R · rk,
∑

k′∈Nk,3

rk′ ≤ R · rk.

Intuitively, these are the terms controlled by the pseudo-task construction and the fact that remaining densities increase
monotonically until completion.

Step 4: Bounding Nk,2 using buffer B. This is the only part where buffer helps. During the whole interval [bk, bk + ℓk),
B-MRDF keeps at most B additional candidates in its buffer plus the running (pseudo) task, i.e., at most B + 1 “alive” tasks
with largest densities among currently known candidates in this class. Therefore, any task completed by OPT in Nk,2 that is
not eventually completed by the algorithm must have been either (a) evicted from the buffer or (b) never kept because its
density is below the (B + 1)-th threshold induced by the algorithm’s keep-top-B rule.

A standard charging argument then shows that the total reward of such OPT-only tasks in Nk,2 can be upper bounded by the
algorithm’s running threshold multiplied by a factor 1/(B + 1), yielding∑

k′∈Nk,2

rk′ ≤ (B + 1) · rk.

(One can view this as “sharing” the worst-case harmonic loss of MRDF across B + 1 simultaneously kept candidates.)

Step 5: Combine three parts. Putting the three bounds together gives

∑
k′∈Nk

rk′ =

3∑
j=1

∑
k′∈Nk,j

rk′ ≤
(
(B + 1) + 2R

)
rk ≤

(
(B + 1) + 3R

)
rk.

Summing over all completed tasks k of the algorithm and using that {Nk} covers all optimal tasks, we obtain

ROPT(1)(I) ≤
∑

k∈ALG

∑
k′∈Nk

rk′ ≤
(
(B + 1) + 3R

) ∑
k∈ALG

rk =
(
(B + 1) + 3R

)
RALG(I).

Rearranging yields (18).

Discussion. Theorem F.1 and Theorem F.2 together show that (i) in the deterministic worst case, buffer improves the
competitive ratio by a factor polynomial in (B + 1) (up to the logarithmic gap inherited from Theorem 4.1), and (ii) the
L
1/M
max dependence remains fundamental under the same adversarial geometry as in the immediate-decision model. Closing

the remaining log(Lmax) gap and removing the extra 1/M factor caused by static length-class allocation (by allowing
load-adaptive sharing of length classes across machines) are natural directions for further improvement.
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