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Abstract

Deploying multi-agent reinforcement learning
(MARL) in the real world is often limited by model
mismatches between the training simulators and
the true environment, which could be further am-
plified through strategic interactions and result in
severe performance degradation upon deployment.
Distributional robustness offers a principled re-
sponse by optimizing policies against worst-case
transition models drawn from an uncertainty set,
but standard robust MARL frameworks become
increasingly intractable as the number of agents
grows. This paper develops an infinite-horizon, sta-
tionary mean-field game framework that incorpo-
rates distributional model uncertainty directly into
the population-coupled dynamics. We establish a
robust dynamic programming principle with a con-
tractive Bellman operator and prove the existence
of a stationary robust mean-field equilibrium via a
fixed-point argument. We further develop the first
concrete algorithm with convergence guarantees.
We then connect the mean-field solution to a finite-
population robust game whose ambiguity sets de-
pend on the empirical distribution, showing that
the mean-field equilibrium policy induces approxi-
mate equilibrium behavior as the population size
increases. Under a contractive robust-dynamics
regime, we further obtain explicit non-asymptotic
error bounds. Numerical experiments further il-
lustrate the qualitative and quantitative impact of
robustness under multiple uncertainty models, val-
idating our theoretical findings.

1 INTRODUCTION

Multi-agent reinforcement learning (MARL), together with
its Markov/stochastic-game formulation [Shapley, [1953|

Littman, |1994], has become a core paradigm for designing
intelligent multi-agent systems (MAS) that exhibit complex
and coordinated behavior. By enabling multiple decision-
makers to learn and act in a shared, evolving environment,
MARL has achieved great success in, e.g., strategic games
[Silver et al.l 2017, |Vinyals et al., [2019], coordination
in autonomous transportation and traffic systems [Shalev{
Shwartz et al., 2016} Hua et al., [2025]], and distributed
robotics [Lowe et al.,[2017, Matignon et al., 2012].

Despite this progress, a fundamental obstacle that limits
the reliable deployment of MARL in the real world is the
Sim-to-Real gap [Zhao et al., 2020, |Peng et al.| 2018]]. The
standard workflow trains policies in a simulator and then de-
ploys them in practice; yet, even high-fidelity simulators in-
evitably miss aspects of reality, including subtle physical ef-
fects, sensor imperfections, unmodeled dynamics, and latent
environmental factors [[Padakandla et al.| 2020, Rajeswaran
et al.;2016]. As a consequence, policies that appear optimal
in simulation can be brittle under model mismatch and may
degrade severely (or fail catastrophically) upon deployment
in practice [Pinto et al., 2017].

This challenge becomes even more acute in multi-agent
systems, as the model mismatches can be further endoge-
nously amplified by interactions among agents. A small
deviation in one agent’s realized dynamics can change its
behavior; and this further modifies the effective environment
faced by others, prompting responses that further alter the
joint dynamics. Such feedback loops can induce strong non-
stationarity beyond that caused by strategic adaptation alone
[Papoudakis et al.l 2019} |Canese et al., 2021} /Wong et al.,
2023|]. This amplification effect makes the system-level out-
come of MARL to be highly sensitive to small modeling
errors, and makes robustness against model mismatches a
crucial concern.

A principled strategy to address model mismatches is dis-
tributional robustness. Rather than optimizing for a sin-
gle nominal model, (distributionally) robust MARL opti-
mize against a family of plausible transition models (an
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uncertainty set), selecting policies that maximize worst-
case performance among them [Zhang et al.,|2020, [Kardes
et al.l 2011]]. This minimax viewpoint provides formal per-
formance guarantees whenever the true environment lies in
the uncertainty set, and it often acts as a regularizer that im-
proves generalization under perturbations [[Abdullah et al.,
2019} |Vinitsky et al., [2020, |Liu et al.,[2025]]. However, ex-
isting results for distributionally robust MARL or Markov
games suffer from the curse of multi-agency, which is a
fundamental obstruction that the learning complexity scales
exponentially in the number of agents [Farhat et al., 2026,
Shi et al., |2024]. Thus, robust RL can become significantly
inefficient and infeasible in large-scale multi-agent systems,
where robustness is most needed.

On the other hand, Mean-field games (MFGs) [Huang et al.}
2006, [Lasry and Lions| 2007] offer a classical lens for large-
population strategic interactions by exploiting symmetry and
weak coupling. Instead of tracking the full N-agent joint
state, MFGs approximate agent-wise interactions through
the population distribution (the mean field), enabling scal-
able equilibrium computation and, under appropriate con-
ditions, finite-/V approximation guarantees [[Carmona and
Delarue, 2013] Saldi et al., 2018 |Anahtarci et al.| 2023}, |Cu1
and Koeppl, [2021] |Yardim et al.| [2023] 2024]].

Given the effectiveness and efficiency of MFGs in large-
scale MAS, a natural question arises: Can we utilize the
mean-field approximation to reduce the complexity of sta-
tionary (time-homogeneous), infinite-horizon distribution-
ally robust Markov games, making robust MARL tractable
under large systems?

We answer this question affirmatively by developing a frame-
work of discounted stationary distributionally robust mean-
field games. Our contributions are summarized as follows.

Formulation and Solvability of robust MFGs with
infinite-horizon discounted reward. We first propose the
formulation of infinite-horizon robust MFGs under model
mismatches, and their solution notions: robust mean-field
equilibrium (MFE). We then prove the existence of a robust
MFE under a standard assumption, confirming the solvabil-
ity of discounted stationary robust MFGs. Different from
existing studies on finite-horizon robust MFGs [Langner|
et al.,[2024]] which rely on backward construction of non-
stationary robust MFE, our study relies on a fixed-point
argument to handle the stationarity.

Convergent algorithms for robust MFE. We then design
a concrete algorithm to identify the stationary robust MFE.
We first develop a fixed-point-based characterization of the
robust MFE, which enables us to obtain a robust MFE by
finding the fixed point of an operator. We then develop a
Robust Best-Response Iteration algorithm, and prove that it
converges to a fixed point (and hence finds a robust MFE)
under a standard assumption. Our results represent the first
convergent algorithms under robust MFGs, providing a con-

crete algorithmic solution to uncertain MAS.

Approximation of finite-player robust games. We further
develop comprehensive studies on the connections between
robust MFGs and finite-player robust games (as the player
number becomes large), to understand the effectiveness of
approximating large-scale MAS through robust MFGs. We
first reveal the hardness of such an approximation under
the robust setting, and, unlike the non-robust cases, the
necessity of additional stabilizing assumptions. We then
develop an asymptotic approximation of robust MFG un-
der this additional assumption, and further characterize the
non-asymptotic approximation rate under additional quanti-
tative assumptions. Our results hence enable tractable robust
MARL under large population.

2 RELATED WORK

Mean-field games. The framework of standard (non-robust)
mean-field games (i.e., without uncertainty) are proposed
and studied in both continuous-time (see, e.g., [Huang et al.,
2006, Tembine et al.| 2013, [Huang} 2010, |Gomes et al.|
2013l [Lacker, 2016, [Lacker and Soretl, [2022| [Lacker and
Zariphopoulou, 2019, [Aurell et al., [2022| Delarue et al.,
2020]) and in discrete-time (see, e.g., [Adlakha et al.l 2015]
Biswas, 2015, |Gomes et al., 2010, |Gast et al., 2012} |[Elliott
et al., 2013, Moon and Basar, [2015| [2016a, [Nourian and
Nairl 2013} [Saldi et al., 2018, 2019, [Elie et al., [2020]). We
also refer to [Carmona et al.,[2018| Bensoussan et al.,[2013]
Gomes and Saude, 2014}, [Lauriere et al., [2022] for survey
papers including both settings.

Under the regime of reinforcement learning in MFGs, exten-
sive studies on algorithm design and convergence analysis
are developed in, e.g., [Carmona and Delaruel 2013} Saldi
et al., 2020l |/Anahtarci et al.} 2023} |Cui and Koeppl, 2021},
Yardim et al., |2023], {2024} [Perrin et al., 2020, |Guo et al.,
2019, Xie et al., [2021]].

However, all of these existing works are for nominal mean-
field games, and no model uncertainty is considered.

Distributionally robust Markov decision processes and
Markov games. To address the model mismatch and the
Sim-to-Real gap, distributionally robust Markov decision
processes are first proposed and studied in [Iyengar, [2005|
Nilim and El Ghaouil 2004} 'Wiesemann et al., 2013|]. Based
on them, robust single-agent RL has been extensively stud-
ied under different settings, e.g., online learning [Wang and
Zoul, 2021} |Lu et al.| 2024, He et al.| 2025, |Ghosh et al.|
2026, [2025], offline learning [Shi and Chi, [2024} |Blanchet
et al.l [2023] Wang et al.l [2024cla], or with a generative
model [Liu et al., [2022, |Panaganti and Kalathil, [2022} [Yang
et al., 2022, Shi et al., [2023| |[Wang et al., |2024b| | Xu et al.,
2023, Roch et al.l 2025bljal Wang et al.,2024d, [2023c].

It is then further extended to the multi-agent regime, where
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the framework of distributionally robust Markov games is
developed and studied firstly in [Kardes et al., 2011} Zhang
et al.l [2020]]. However, designing efficient MARL algo-
rithms for distributionally robust Markov games is signif-
icantly challenging. Since learning the worst-case perfor-
mance requires a global knowledge of the uncertainty, recent
research reveals an inherent curse of multi-agency in robust
MARL: the sample complexity exponentially depends on
the number of agents [Shi et al., 2024} Blanchet et al., [2023|
Farhat et al.|[2026]], unless additional assumptions or oracles
are assumed [Shi et al., 2025, Jiao and Li, 2024} [Ma et al.,
2023| L1 et al., [2026]. This inherent challenge prevents the
deployment of robust MARL in large multi-agent systems,
motivating other formulations and efficient solutions.

Mean-field games under model mismatches. When model
mismatches are considered in the MFG framework, a
promising approach is to consider robust MFGs. The most
related works to ours are [Langner et al., 2024} [Liang et al.,
2026]. In [Langner et al} [2024]], the framework of robust
MFG is considered under the finite-horizon settings, and
the existence of a non-stationary MFE is proved. However,
their proofs are based on a backward construction argu-
ment, which is infeasible under our settings, and we develop
a fundamentally different proof technique to handle the
infinite-horizon dependence in our problems. Another most
relevant work is recently developed in [Liang et al., 2026],
where stationary robust MFGs are considered. However, this
work studies a different formulation of the MFE, and only
derives its existence under some strong conditions. Hence,
although our studies bear similarities to them, our problem
formulation and proof technique are fundamentally different.
Moreover, neither of these works studies algorithm conver-
gence or non-asymptotic approximation of robust MFGs.

Robust MFGs are also studied in continuous-time settings,
e.g., [Moon and Basar} 2016bllcl Huang and Huang] 2013|
Bauso et al., [2016]. However, the studies cannot be applied
to our discrete settings, and do not subsume our studies.
Another line of research studies robust mean-field control
problems [Zaman et al. 2024| Lauriere et al., [2025] [Xu
et al., 2025]], which can be viewed as a cooperative MFG
and shares fundamentally different objectives with ours.

3 PRELIMINARIES

In massive MAS, computing exact equilibria via tradi-
tional game-theoretic methods becomes computationally
intractable due to the exponential growth of the joint state-
action space. Mean Field Games (MFGs) circumvent this
curse by considering the asymptotic regime where the num-
ber of agents approaches infinity. In this limit, agents be-
come infinitesimal, anonymous, and indistinguishable. Con-
sequently, direct agent-to-agent interactions are replaced by
the interaction between a single representative agent and
the macroscopic state distribution of the entire population,

termed the mean field. By tracking this aggregate distribu-
tion rather than individual microscopic states, the intractable
N-player game elegantly decouples into a tractable local
optimization problem coupled with a global consistency
condition.

A stationary MFG [Anahtarci et al., 2023| |[Yardim et al.}
2023l /Guo et al., 2019, Xie et al., 2021]] can be formulated
asatuple (S, A, P,r,), where S, A are the state and action
spaces, with transition dynamics P : Sx AxA(S) — A(S)
andrewards 7 : S X A X § X A(S) — R.~ € (0,1) is the
discount factor.

As mentioned, performances in a MFG are determined by
the policy of the representative agent and the overall strategy
of all other agents. Specifically, these strategies are charac-
terized as a stationary policy 7 : S — A(A) and a popula-
tion distribution . € A(S). For any (u,7) € Ag x II, the
discounted infinite horizon value function is defined as

st+1~vP(st,at,1)

Ju(m, P):=E Z’YtT(StaataSt+17N)
=0

SONltyaf,Nﬂ'(St) ‘|

The goal of a MFG is to find some equilibrium:

Definition 1. A policy-population pair (p*,7*) € Ag x 11
is called a Nash-equilibrium (or mean field equilibrium) if
the two conditions hold:

Stability:  1i*(s') = 3 1" (s)* (als) P(s'|s, a, ),

Optimality: ~ J,« (1%, P) = max Jur(m, P).
TE

4 INFINITE-HORIZON STATIONARY
ROBUST MEAN-FIELD GAMES

We then introduce the major objective of our studies, the
stationary (time-homogeneous) robust mean-field games.
Similarly to a standard MFG, a robust MFG is specified
as (S, A,%B, r) [Langner et al., 2024, [Liang et al., [2026],
where S, A are the finite state and action spaces and r is the
reward function. The potential Sim-to-Real gap is modeled
through the model uncertainty sets (independently) defined
through a set-valued map as

P:SxAxAS) = A(S),
(s,a, 1) = B(s, a, 1) S A(S), (M

where each element of 3(s, a, 11) is a candidate transition
law for the next state from current (s, a) and population .

Under the model mismatches 3, robust learning takes a
principle of pessimism, and considers the worst-case per-
formance over the uncertainty set 3. For a pair (7, u1), the
robust value function is defined as:

Vi:= inf J,(m,p),V, :=sup

inf J,(m,p), 2
H PEP (1) PB(w) ul 2 )

T PE
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where PB(1) £ @(5,0)B(s, a, 1) and the infimum takes over
kernels with p(- | s,a) € B(s, a, 1) for any (s, a).

We then extend the definition of MFE and introduce the
notion of robust equilibrium as follows.

Definition 2 (Stationary robust mean-field equilibrium). A
triple (u*, 7, p*) with u* € A(S), 7* : S — A(A), and
p*: S x Ax A(S) = A(S) is a stationary robust mean-
field equilibrium if.

(i) Robust optimality: 7* attains () ar p*:

Vo = inf Ju (77, p). 3)
P

(ii) Worst-case kernel: p* attains the infimum against w*:
Ve = Jye (7%, p%). 4

(iii) Consistency (stationarity): 1* is invariant under
(m*,p*): forany s’ € S:

P = ut(s) Y w (als) pt(sls, a, 1) (5)

seS acA

Specifically, if we view the three components as three play-
ers: a representative player (who controls 7), the population
player (controls w), and an environment player (controls p),
a robust MFE is a triple where the three players achieve a
balanced state. Such a notion is an extension of the Nash
equilibrium of standard non-robust MFGs to the worst-case
[Huang et al.l 2006, [Lasry and Lions, 2007]]. Moreover, a
similar notion of robust MFE is studied in [Langner et al.
2024] for the non-stationary finite-horizon setting.

S SOLVABILITY OF ROBUST MFGS

In this section, we study the solvability of infinite-horizon
robust MFGs, i.e., if the stationary robust MFE in Defini-
tion 2] always exists.

We first make the following standard assumptions.

Assumption 1. We assume the following conditions hold:
(1). S and A are finite; (2). For every (s,a, ), the set
B(s,a,u) is nonempty, convex, and compact in A(S).
Moreover, for every fixed (s, a) the correspondence i +—
B(s,a, p) is continuous:

(a) (Closed graph) if ., — u, pp, — b, and p, €
B(s, a, pn) for all n, then p € P(s, a, w).

(b) (Lower hemicontinuity) if 1, — pandp € B(s, a, p),
then there exist p,, € B(s, a, ) such that p,, — p.

And (3). r is bounded and continuous in i (w.r.t. the Eu-
clidean topology on A(S)).

"Tn Proposition [3| we showed that the worst-case can be
achieved by stationary kernel, instead of history-dependent ones.

Remark 1. Parts (1) and (3) are standard in standard MFG
studies [Huang et al.| |2006)]; Part (2) is adapted from the
continuity assumption on the transition kernel in standard
MFGs and standard robust RL literature [lyengar, |2005]
Wang et al.| |2023b| Wang and Si| [2025]], and can be easily
satisfied by many standard uncertainty sets, e.g., distribu-
tionally ambiguous sets defined by divergence.

Under these standard assumptions, we then derive the exis-
tence result as follows.

Theorem 1 (Existence of a stationary robust mean-field
equilibrium). Under Assumption[l] there exists a stationary
robust mean-field equilibrium (u*, 7, p*).

Our result hence implies that, for an infinite horizon robust
MFG with discounted reward, there always exists a mean-
field equilibrium, and the game is always solvable. We also
highlight that our proof is fundamentally different from
the finite-horizon case [Langner et al.| [2024], where the
non-stationary mean-field equilibrium can be constructed
through a backward induction, whereas in our setting, the
existence of a stationary equilibrium is derived through
fixed-point arguments.

6 APPROXIMATION OF FINITE-PLAYER
ROBUST GAMES

In this section, we aim to show that, under some assump-
tions, the policy 7* of a robust MFE constitutes an approxi-
mate Nash equilibrium of the finite-player robust Markov
game (defined below). We study both asymptotic and non-
asymptotic convergence, developing a comprehensive un-
derstanding of the connections.

6.1 N-PLAYER ROBUST GAMES

In this section, we first introduce the finite /NV-player robust
game. Fix N € N, a N-player robust game is specified as
(N,S, A, B, r,u*). Foreach agenti € N = {1,...,n},it
has st € S and a} € A as its local (individual) state/action,
with s§ ~ p*. Denote the joint state and action as s :=
(st,...,87) € SN and al := (a},...,a}) € AN. Ateach
time-step ¢, the empirical state distribution e € A(S) is

n

1
eN(si) ==Y b, Vs €S. (6)
i=1

3

For a pair (s, a’V) € SV x AV, the environment transition
will follow some kernel from the uncertainty set under the
empirical state distribution eV (+)

PN (N, aN) :zé‘ﬁ(si,ai,eN(sN)). @)
i=1

7232



In the game, let IT := {7 : S — A(A)} and TIV := TV be
profiles 7 = (7!, ..., 7™) with 7* € II. For s", the joint
action distribution from the joint (product) policy 7% is

N (da™ | V) = ®7ri(dai | s%). (8)
i=1

Given a profile 7V € TI?, consider sequences of (possibly
time-inhomogeneous) transition kernels (p});>o on SV
such that for every ¢ and every (s, a") € SV x AV,

P (-] sV, aN) € PN(sN,a"). 9)

Given (7, (pN)i>0), let P"(") denote the induced law
of the controlled process generated by s ~ (u*)®V,
al ~aN(- | sY), and spq ~ pY (- | s, al). We write
E™"+(P") for expectation under P™" (P2,

The robust payoff of player 7 is then defined as

I () (10)
. N (pN i i

= Hlef E™ (P )[Z’Yt T(5t7ata3t+17€N(3iv)) )
(Pt ) t>0

where the infimum ranges over all sequences (p2 );>¢ satis-
fying the constraint above.

With this objective, we can define the Nash equilibrium
notions as in standard games.

Definition 3. A profile 7™ € IV is an e-Nash equilibrium
if for all i, JN(7™N*) + e > suppen JN (7N ),
where (nN*71 1) is the joint policy where agent i takes T
while others follow 7>

Remark 2. The N-player robust games we defined are
closely related to standard robust Markov games [Zhang
et al}[2020| [Kardes et al}[2011]] (see Section|[B.)).

6.2 ASYMPTOTIC APPROXIMATION OF
N-PLAYER ROBUST GAMES

In this section, we show that the robust MFG provides an
asymptotic approximation of the finite-player robust games
defined above. Specifically, we show that, when the number
of agents is sufficiently large, the equilibrium policy of the
robust MFG is an e-Nash equilibrium of the /N -player robust
game.

Define the symmetric equilibrium profile

Vb= (n*, . 7)) e IV, (11)

Fix any unilateral deviation sequence (7)) yey C I for
player 1, and set

NIV .= (W(N),W*,...,W*) eI, (12)

For each N, let PNI(V) be a minimizing law attaining
JN (mNI(N)), whose existence is guaranteed by Lemma
in Appendix C. Under PNI(N) | define the one-step law

Qi\”(N) = LaWPNHN)(Stl,atl, 51}4-1’ GN(SiV)). (13)
Next, define the proxy chain P*(N) by
so~ it ap ~ TN (] sy) sp1 ~ pt( | s ar),  (14)
and let
Q:(N) = LaWP*(N)(St, ag, st+1,/f‘), t € Ng. (15)

Assumption 2. For every deviation sequence (m(N) v C 11,
every t € Ny, and some choice of minimizing laws PNI(N),

W1( ]{VI(N)7 :(N)) — 50

with Wy on A(Z) as in (6.3).

(N — c0), (16)

This assumption states that, along any unilateral deviation
sequence, the deviating player asymptotically faces the same
one-step law as in the proxy mean-field model driven by
(ur, 7N, p*). In particular, both the player-side transition
and the population term entering the reward converge, at the
level of one-step distributions, to their mean-field counter-
parts.

In the robust setting, such a stabilization property does not
follow from Assumption E] alone, because nature can use
the remaining N — 1 players to alter the empirical distribu-
tion in a way that persists at the level of the one-step law.
The following counterexample shows that this additional
assumption is genuinely needed.

Theorem 2. Fix~y € (0,1) and k > 1/7, and set
vk —1

L=~
There exist a robust mean-field game satisfying Assumptionl[l]

and a stationary robust mean-field equilibrium (p*, 7, p*)
of it such that:

g0 = > 0.

(a) Assumption2]fails for the constant deviation sequence
7WN) = 7* under every choice of minimizing laws
PNIN) - and

(b) for every N € N, the symmetric profile T is not an
e-Nash equilibrium of the N-player robust game for
any € < €.

We then derive the asymptotic approximation result.

Theorem 3. Assume Assumptions|[l|and[2] Let (*, 7, p*)
be a stationary robust mean-field equilibrium and let

N = (n*, 7)) eIV, a7

Then, for every € > 0, there exists N(¢) € N such that, for
all N > N (g), the profile ™'* is an e-Nash equilibrium of
the N-player robust game.
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6.3 NON-ASYMPTOTIC APPROXIMATION

We now derive finite-/N approximation bounds. We will
mainly study the difference between the actual N-player
robust game and the proxy chain driven by the equilibrium
worst-case kernel p*. Specifically, let

X =8S§xAxS, Z =X xA(S), (18
and equip Z with the metric
dz((@,v),(&,7)) == 1pay + v =71, (19)

and let W7 be the corresponding Wasserstein-1 distance on
P(Z).

In contrast with the asymptotic approximation result, the
finite-/V analysis requires an explicit rate rather than mere
weak convergence. We therefore impose a quantitative hy-
pothesis directly on the one-step law faced by the deviating
player. Our assumption does not require a particular realiza-
tion of the minimizing N-player kernel, and it only controls
the law of the local transition together with the empirical
distribution.

Assumption 3. There exists a deterministic array
(ON.t) Nen, ten, With n ¢ > 0 such that, for every N € N,
every unilateral deviation policy m € 11, and every t € Ny,

Wi (QF7.QF) < o 20)
where QY™ is the law of (st,ai, st41,€N(sy)) under the
actual N-player robust game with profile 7™* =1 @ 7, and
Q7 is the law of (st, Gty St41, u*) under the proxy chain

so~p*, ar~m(-|8), S ~pi(- | s a). (21

Remark 3. Assumption B|is the quantitative counterpart
of the one-step law convergence used in the asymptotic
approximation. It is formulated directly at the level of

Nm (1 1 _1 N
Zy = (St’atvstJrl’Mt )

under the deviating N -player robust game and the proxy
variable

ZZT = (St7 Aty St41, H*)

under the mean-field worst-case kernel p*.

We note that the projections (x,v) — v and (x,v) — x are
1-Lipschitz under the product metric used in the assumption.
Consequently, Assumption [3| simultaneously controls the
empirical distribution and the local one-step dynamics. In
particular,

Wl (Law(ﬂiv)76u*) < 6N,t7 hence]E[HuiV—,u*Hl] < 6N,t7
and also

1 1 1
Wl(LaW(St y At St-‘,—l)a LaW(St, G, 5t+1)) < 6N,t7

where on S X A x S we use the discrete metric. Since the lat-
ter space is finite, this is equivalent to total-variation control
of the local triple. Thus 5, measures a combined finite-N
Nash-certainty-equivalence error for both the deviator and
the population.

Finally, the bound is required uniformly over unilateral
deviations 7, because the Nash gap involves the supremum
over all such deviations. The dependence of 6 + on t is also
natural: finite-N coupling errors may accumulate with time,
and the theorem only needs the discounted series in the final
bound to remain finite.

We further make the following standard Lipschitz assump-
tion on reward, and derive the following finite-N equilib-
rium guaranted’]

Assumption 4. There exist L, > 0 such that, for all s € S,
a€ A s €S andallv,v e A(S),

Ir(s,a,s',v) —r(s,a,8,0)| < L.lv—7[1. (22)

Theorem 4. Assume Assumptions [I} B| and H| Let
(u*, 7™, p*) be a stationary robust mean-field equilibrium
and let

N|x

alVl = (r*, ... 7*) e TIV. (23)

Then wN* is an e n-Nash equilibrium of the N-player ro-
bust game, where

en =23 7" (2Mrlloe + Lv )8

(24)
t=0
Moreover, if there exists Cs > 0 such thaﬂ
Cs(1+1)
onNg < ——= VN eN, t e Ny, 25
N,t > \/N 0 ( )
then
2(2 L,
w g 28l + 2)C0 =o(N7). s
(1-7)°VN

7 ALGORITHMIC SOLUTIONS FOR
ROBUST MFGS

In this section, we further propose an iterative algorithm
to compute a mean-field equilibrium of the robust MFG.
We will first develop a fixed-point characterization of the
mean-field equilibrium, and then design an algorithm with
convergence guarantees.

In Section [C] we derive the results under a more general
Holder assumption.
The discussion of this condition is deferred to Sectlon
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7.1 MEAN-FIELD EQUILIBRIA AS FIXED POINTS

Fix ;1 € A(S). For v € R¥ define the robust (Q-operator as

(Quv)(s,a) £

min
P ,a,
€P(s,a,un) es

and the robust Bellman operator as
(Tyv)(s) = max(Q,v)(s, a). @7

Since T, is a y-contraction in ||- || o, it admits a unique fixed
point v, satisfying v, = T,v,,, and we further define the
optimal robust Q-function by Q,(s,a) = (Q,v.)(s,a).

Moreover, a robust best response at i can be obtained by
selecting

au(s) € argr;leaj( Qu(s,a), Tu(- | 8) = da,(s), (28)
and for each (s, a), setp,(- | s,a) as

arg min

Eqnp|r(s,0,8', 1) +y0u(s)|. 29
PEB(s.am) | p|r(s,a, s’ ) +yvu(s) (29)

This triple (4, 7, p,,) hence induces a Markov kernel on S:

Ku(s'|s) == Y _ mulals)pu(s'|s,a), (30)

acA
and we define an operator F' : A(S) — A(S) as
F(u) = pkK,. 31

We then prove that, any fixed point of F'is a MFE.

Lemma 1. Let 1 € A(S) and suppose (7, p,,) are selected
as in @8)—Q9). If i satisfies the fixed-point condition

p=F(p) = pK,, (32)
then (p, 7, p,) is a stationary robust MFE.
This result thus enables us to reduce the problem of solving

a robust MFG to finding a fixed point of F. Based on this,
we design our algorithm as follows.

7.2 CONVERGENCE ANALYSIS

Then we derive the convergence analysis of the algorithm.
We first highlight that, even in a non-robust stationary MFG,
it is not always guaranteed that F" has a fixed point [Huang
et al.l 2006], and additional structural assumptions are

needed, e.g., [Cardaliaguet and Hadikhanloo, 2017} |Per{

rin et al., 2020, \Geist et al., 2021} [Perolat et al., [2022]. We
hence adapt the standard contraction assumption as

*To make Assumption more applicable, we further extend
our algorithm design and results by replacing arg max in (28) by
a softmax policy, which allows us to ensure convergence under
weaker and more verifiable assumptions. See our discussion in

Section E}

>° P(s) (s, )+ 70(s)),

Algorithm 1 Robust Best-Response Iteration

1: Input initial distribution x° € A(S); stepsize a;; DP
tolerance epp > 0; mean-field tolerance £, > 0.

2: fork=0,1,2,... do

3 Initialize v(® € R%, m « 0

& while [o™+) — y(M||_ > epp do

5: oM+ T o™

6 m<+—m+1

7 end while

8 Uy 4= v(m)

o: Select a*(s) € argmaxaea(Qrv,x)(s,a)

10: 7Tk(' | 8) — 5(1""’(3)

11:  Select  pF(- |
arg Minpeg(s,a,uh) Doges L") (r(s,a,sﬂu’ﬂ +
YUk (s’))

12: KF(s' | 8) = > peam(al] s)pF (s’ | s,a)

13: phtl e pF Kk,

14 gl (1—a)pf + ot

150 if [|uktt — uk|); < e, then

s,a) €

16: break
17: end if
18: end for

k+1

19: return (pFt1 7F pk).

Assumption 5. For a Markov kernel K, define its Do-
brushin coefficient by
o(K) = maxdry(K(-| ), K(-|5).  (33)

Assume there exist constants pmix € [0,1) and L > 0
such that for all i, i € A(S):

a(K,u) S Pmix» (34)
max [K,(- | $) = Kl | 9)l < Liclu— il 39)

And it holds that p = ppyix + Lx < 1.

Notably, as discussed in Section[D.T] a broad range of distri-
butional uncertainty sets satisfy the approximate Lipschitz
condition, and thus our results hold for these sets with small
Lipschitz coefficients.

Remark 4. The assumption is standard and inevitable even
in non-robust MFGs [Huang et al., 2006, |Carlini and Silva,
2014, |Guo et al.| 2019, Anahtarci et al., (2025, Yardim
et al.| |2024, |Yang, |2026)], and any best-response-based
or iteration-typed algorithms can be unstable without it
[|Cui and Koeppl| | 2021| |Chassagneux et al.| 2019, |Lauriere|
2021|]. We hence adapt this assumption to our robust setting.

On the other hand, there are extensive studies developing dif-
ferent techniques to ensure stability and convergence under
weaker conditions, e.g., [|Cardaliaguet and Hadikhanloo|
2017, \Hadikhanloo and Silva, |2019, |Hadikhanloo| 2018|
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Perrin et al.| 2020, |Geist et al.| 2021} |Lavigne and Pfeiffer|
2023\ \Delarue and Vasileiadis, |2025) |Subramanian and Ma4
hajan, (2019, Mguni et al.| | 2018, Angiuli et al.| [2022, Xie
et al., 2021|]. We leave adaptations of these techniques to
robust MFGs as our future work.

Under this assumption, we can prove the convergence of our
Algorithm |1} Note that the algorithm updates may not be
exact due to tolerance errors. We thus develop our analysis
with an implemented population update F'(u*) satisfying

IF (1) = F(uF)lh < e

Theorem 5. Assume Assumption [5and that Algorithm
uses the inexact update *+1 = (1 — a)u* + oF (u*) with
(BO). Then, denoting q := 1 — (1 — p) < 1, it holds that

(36)

k—1

¥ = il < o’ —wtlh + @) ¢ e 37)
=0

In particular, ifsupj g; < & then limsup,_, . ||#k -
prll < &/(1 - p).

Our result hence implies that Algorithm [T will converge to
the population distribution p* of a mean-field equilibrium.
Moreover, by learning the corresponding optimal robust
policy and the worst-case kernel (7,+,p,+) under u*, we
obtain a mean-field equilibrium. Our algorithm thus stands
as the first concrete algorithm for stationary infinite-horizon
robust MFGs with convergence guarantees.

Remark 5. In our algorithm, computing a robust MFE thus
reduces to iterating between (1) solving a robust MDP at
fixed i via contraction-based methods, and (2) updating
W via the induced Markov kernel. For a robust MDP, each
robust Bellman update cost is polynomial in S, A [Iyengar,
2005 INilim and El Ghaoui, | 2004]. Thus, the total complex-
ity of solving a robust MFG does not scale with N, whereas
the complexity of solving a standard robust Markov game
generally scales as AN [[Farhat et al., | 2026)]. Thus, our ro-
bust MFG provides a formulation of large MAS under model
mismatches and circumvents the curse of multi-agency.

8 NUMERICAL EXPERIMENTS

In this section, we develop numerical experiments to vali-
date our theoretical results.

Experiment environments. In our experiments, we con-
struct a robust MFG with § = {0,1,...,S — 1} and
A = {0,1}. Action a = 0 corresponds to stay, while a = 1
corresponds to move clockwise (to s + 1) with slip.

Let u € A(S) denote the uniform distribution on S and let
7 € (0, 1) be a mixing parameter. We first define transition
kernels po(- | s, a) under different (s, a) pairs, and set the

nominal transition kernel as the uniformly-mixed kernel
po(-s,a) == (L=n)po(- | s,a) + nu(:).

Fix a goal state s, € S and parameters R, > 0 (goal
reward), Acong > 0O (congestion strength), and action
costs ¢(0),¢(1) > 0. We set the one-step reward as
r(s,a,8, 1) = Rg1{s' =54} — Acong pt(s’) — c(a).

We evaluate robustness under two rectangular ambiguity
models defined by D being L;-norm and KL-divergence
(for simplicity, we set them to be independent of u):

Bes,a) = {p: D(p.pol-| 5,0)) < p}.

Experiment results. We then develop two experimental
protocols to validate our theoretical results.

Robustness of robust MFGs. Under both uncertainty sets,
we will first obtain the robust MFE through our Algorithm [T]
under a specific radius, and evaluate the robust value func-
tion of it under robust MFGs with different radii. Moreover,
we find the non-robust MFE and plot its robust value under
these robust MFGs as baselines.

We plot the robust value v.s. the uncertainty set radius in
Figure|l} As shown by the results, our robust MFE is much
more reliable and stable when facing model uncertainties,
whereas the vanilla MFE suffers from severe performance
degradations under model mismatches. These experiments
hence verify the enhanced robustness and stability of our
robust MFG formulation, validating our theoretical results.

0.00 0.05 2 025

025 0.00 0.05 0.10 0.5 o
Uncertainty set radius (L;)

Figure 1: Robust MFE v.s. Non-robust MFE

Approximation of finite-player robust games. We then fix
an ambiguity radius and compute the corresponding robust
MFE (u*, 7, p*). Then, for each N, we compute the Nash
gap of 7* under p* and the corresponding N-player robust
game, and plot the gap v.s. the number of players.

Our results are presented in Figure[2] As shown in the re-
sults, when the player number NV increases, the Nash gap of
the robust MFE diminishes, i.e., it becomes an -Nash equi-
librium in the N-player game. Moreover, the approximation
slope is % in the log-scale, validating our non-asymptotic
convergence rate. These results hence validate our theoreti-
cal results.

9 CONCLUSION

In this paper, we proposed and investigated stationary robust
mean-field games (MFGs). We first proved its solvability,
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Figure 2: Approximation of N-Player Robust Games

and developed comprehensive studies on the approximation
of the robust MFGs to finite-agent robust games, revealing
both asymptotic and non-asymptotic approximations as the
multi-agent system becomes large. We further designed a
concrete algorithm for robust MFGs with provable conver-
gence guarantees. Our studies provide a tractable foundation
for large-population multi-agent systems under model mis-
matches, which serves as a potential efficient solution to
close the Sim-to-Real gap in large MAS.
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A STATIONARY DISCOUNTED ROBUST MEAN-FIELD GAMES
A.1 ROBUST DISCOUNTED DYNAMIC PROGRAMMING

For fixed ;1 € A(S) and v € RS define the robust Q-operator

(Quo)(s,a)i=  min 3" P(s)(r(s.a,8" ) +70(s)). (38)

PeP(s,a,pm) T8

Define the robust Bellman operator 7, : RS — RS by

(T,0)(5) = max(Qu) (s, ). (9)

Lemma 2. For each fixed i € A(S), the operator T, is a contraction on (R®, || - ||oo) with modulus ~y. Hence there is a
unique v, € RS such that

vy = Tpvy. (40)

Proof. Fix € A(S) and v,w € R®. Fix s € S and a € A. For any P € ‘B(s, a, i),
’ZP(S/)( s,a,8, 1) + (s ZP (s a,s’,u)—&—vw(s’))‘

= L P ) — wls)) \ <yl = wlle,

since ), P(s’) = 1 and |v(s') — w(s')| < |lv — wlo for all s’. Taking the minimum over P € B(s,a, ) gives
|(Quv)(s,a)—(Quw)(s,a)| < v||Jv—w| . Taking the maximum over a € Ayields |(7,v)(s) — (T, w)(s)| < v|lv—wl/sc
for all s. Thus ||7,v — T,w||ee < || — wl]|eo- Since v € (0, 1), Banach’s fixed point theorem implies existence and
uniqueness of v, solving @0). O

Define the optimal robust ()-function

Qu(s,a) == (Quuu)(s, a), 41)
0 v, (s) = maxaea Qu(s, a).
Lemma 3. Fix u € A(S).
(i) Forevery (s,a) € S x A the set
Pls,ap) = argmin 3 P(s)(r(s, 0,8 1) + 70u() @)

PeP(s,a,pn) s'eS

is nonempty, convex, and compact.

(ii) Forevery s € S the set of optimal actions

D(s, n) := argmax @Q,(s, a) (43)

acA
is nonempty.
Proof. (i) Fix (s, a). The objective is continuous and affine in P. By Assumption[Ifii), B(s, a, 1) is nonempty and compact,

hence the minimum is attained and the argmin set is nonempty and compact. Convexity follows because (s, a, 1) is convex
and the objective is affine.

(ii) Since A is finite, the maximum of a — Q,,(s, a) is attained, so D(s, u) # 0. O
-

Proposition 1. Fix 1 € A(S). Let v, be the unique fixed point of T,,. Let T be any stationary policy satisfying supp 7(-|s)
D(s, w) for all s, and let p be any stationary kernel with p(-|s, a) € B(s, a, ) for all (s, a). Then:
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(i) Foreverys € S,

vy(s)= inf  J,(s;m,p') = J,(s;7,p). 44
u(s) D € (s ap) u( p') u( p) (44)
(ii) For every stationary policy 7/,
inf J,(s;7",p0) <wu(s)  VseS. (45)
p/

In particular, v, coincides with the robust value (2)) and every T supported on the greedy sets attains the supremum in

).
Proof. For any stationary pair (7, p) with p(- | s,a) € B(s, a, u), define for v € RS:

(T Pv)(s) = Z m(a|s) Z (r(s,a, 8", 1) +~yv(s'))p(s’ | s,a). (46)

acA s'eS

Exactly as in LemmaEI, T, is a contraction with modulus -, and it is affine. Hence it has a unique fixed point, call it u; .
Define partial sums

I (sim,p) = ETE Q[Zv F(stsausue, )| 7

Then J, ,SO) (-;m,p) = 0 and the Markov property yields the recursion
n+1 . _ T, n .
J;S )('aﬂ-ap) _771, PJEL )(',7'(',]7). (48)

Thus J3" = (7;”’)"0 — up? in || - [|oo. Since r is bounded and y € (0,1), I (837, p) — Ju(s; 7, p) for each s.
Therefore uj;? = J,(-;7,p).

Define

(Trv)(s) == Z m(a|s) min Z (r(s,a, s, 1) +~yv(s')) P(s"). (49)

P E
aeA EB(s.a.m) =5

Again, 7, is a contraction with modulus ~, hence has a unique fixed point uj.

We show u7;(s) = inf}, J,,(s; 7, p). For any admissible p, by definition of the minimum, 7,7-Pv > 7v pointwise. Iterating
from 0 gives (7,77 )"O > (7,7)"0 for all nﬂ Taking limits and using Step 1,

Ju(sm,p) = hm (T’T’p)”O > lim (7,7)"0 = uj,. (50)

n—oo H
Hence inf}, J,,(s;m,p) > uj;(s).
Conversely, for each (s, a) choose a minimizer p™ " (- | s,a) € arg mlnpem(g7a7lt) Yoo (r+up)P(s"). Then T uj, =

TP 4T = uT. By the result above, this implies u” = J,,(-;m, p™"*) and hence inf,, J, < uZ. Thus inf, J,, = u7.

For every v, we have that
Tuv = ?Eajc(Qﬂv)(.7a) = SlTlrp T, v, 51

where the supremum is attained by deterministic 7 choosing a maximizing action. Hence 7, v < 7, v for all m, so by
contraction iteration from 0,

<wvu, V. (52
Thus sup, u]; (s) < v,(s).

SHere we use the monotonicity of the operators, proved in Lemma

7244



Now choose 7 supported on maximizers of Q),,: supp 7(-|s) C D(s, u) for any s. Then for each s,

Tl vu(s) = Zﬂ(a|s)quu(s,a) = Zﬂ(a|s)Qu(s,a) = mngu(s, a) = vu(s), (53)
where the third equality holds because 7(:|s) puts all mass on arg max, Q. (s, a). Thus v, is a fixed point of 7, hence by
uniqueness uj, = v,,. Therefore sup,. u7;(s) > v, (s) and sup, uj;(s) = v,(s).

Since p(- | s,a) € ‘f?(s, a, p) for each (s, a). Then by construction,
(Ewypvu)(S) =vu(s) Vs, (54)

s0 vy, is the fixed point of 7,77 and it yields J,(-; 7, p) = v,. This proves (i). Part (ii) follows from sup, inf,, J,, = v,
proved above. [

Lemma 4 (Monotonicity). Fix p € A(S), a stationary policy w, and a stationary kernel p with p(-|s,a) € P(s, a, ).
Each of the operators Ty, T,[, T,[*F defined above is monotone: v < w componentwise implies Tv < Tw. Moreover each
commutes with constant shifts in the standard way: T (v + cl) = Tv + el for c € R.

Proof. For TP both claims are immediate since the coefﬁcients m(als)p(s’|s,a) > 0 sum (over s', for each a) to one. For
the inner robust term, fix (s, a) andlet fp(v) := Y-, P(s')[r(s,a,s', p) +yv(s)]. If v < wthen fp(v) < fp(w) for every

P. Let P, attain minp fp(w). Then minp fp(v) < fpw( ) < fp,(w) = minp fp(w), s0 v = minpeg(s,a,u) fr(v) is
monotone. Averaging over 7 (-|s) (for 7;”) or maximizing over a (for 7,) preserves monotonicity. The shift property follows
since ), P(s")yc = ycforevery P € A(S), and shifts commute with min, averages, and max. O

Lemma 5. Fix u € A(S) and let (7, p*) be as in Proposition Define for v € RS the (non-robust) Bellman operator
with fixed kernel p*:

(T,0)(s) == = max Z p(s" | s,a)(r(s,a,s, p) +yu(s')). (55)
s'eS

Then T, is a contraction with modulus v and its unique fixed point equals v,,. Consequently, for every initial distribution

A€ A(S),
Y As)vuls) = sup SONA[Zwst,at,stH,u)}, (56)

seS m:S—A(A

and the supremum is attained at m = 7.

Proof. Step 1: T is a contraction. Fix v, w € R®. For any s and a,

o0 s @ (s = wls)| < Ao = wlec: (57)

Taking the maximum over a gives |(7~;v)(s) - (’ﬁw)(s)| < v||v — w]|oo. Thus ||’7~:Lv - ﬁw”m <A|lv — wl|co-
Step 2: v,, is a fixed point of 7~; By definition of p (- | s,a) € P(s, a, ), for every (s, a),

(Quvu)(s,a) Zp (s | s,a)(r(s,a, 8", p) +yuu(s")). (58)

Therefore,

(Tuvu)(s) = max y_p(s' | 5,0) (r +7v,) = max(Quu,)(s, @) = (Tv)(s) = vi(s). (59)

s/

So v, is a fixed point of T By Step 1 and Banach’s theorem, the fixed point is unique, hence it equals v,,.

Step 3: Representation as an MDP value. Fix any stationary policy 7. Define the policy-evaluation operator

(Tro)(s) =Y wla]s) D p"(s' | s,0)(r(s,a. 8 p) +70(s)). (60)
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It is a contraction with modulus ~ and thus has a unique fixed point v™". The standard contraction iteration argument
(identical to Step 1 of Proposition|[I]) shows that for each s,

v™P “ Eg{;p < {Z’y T St,at,8t+1,ﬂ):| (61)

By definition of 7~L as the pointwise maximum over actions, v,, is the optimal value for the MDP with kernel p#, hence
v™P" (5) < v,,(s) for all s and equality holds for 7 = 7/. Averaging over so ~  gives (56). O

Note that under rectangularity, we will have that V,,(X) = >~ _ A(s)v,(s), as we proved in the following result.

Proposition 2. Fix i € A(S) and consider the rectangular admissible kernel class

P(p) = {p :SXx A= AS): p(- ] s,a) € B(s,a,n) V(s,a)}. (62)

For \ € A(S) define the distributional robust value

Va) =sup it EJLJZv F(sean i ). (63)
Let v, : & — R be the (unique) fixed point of the robust Bellman operator T,, equivalently v,(s) =
sup,, infpep(y) Jyu(s; 7, p) for each s. Then for every X € A(S),
=D M) vuls) = (A, vp)- (64)
sES

In particular, taking A = p gives V,, (1) = (@, vy,).

Proof. Fix A € A(S).

For any stationary policy 7 and admissible stationary kernel p € P(u), by conditioning on sy we have

J#()\; D) E:[;ZLA [Z’ytr Sty Qs 3t+17ﬂ)} = Z A(s) Ju(3§ D). (65)
t=0 seS

By Proposition 1| (robust discounted DP under (s, a)-rectangularity), there exist a stationary policy 7 and an admissible
stationary kernel p# € P(u) such that for every s € S,

Uu(s) = pelgf )J ( H7p) = J;L(S;W#7p#)' (66)

Multiplying (66) by A(s) and summing over s yields

pelg{)J(/\W ) = Ju(A 7t ph) Z)\ s)vu(s) = (A, vpu). (67)

Therefore, by definition of V), (),

Vo) > inf J, (N7 p) = (A v,). 68
N2 it T p) = (\) (©8)

We then claim that for every stationary policy 7 and every state s,
Ju(s;m,p") < wu(s). (69)

Indeed, define the standard (non-robust) Bellman operator for the fixed kernel p*:

(T,)(s) == max Z pH(s' | s,a)(r(s,a, 8, 1) +yv(s)). (70)
s’eS
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Because p*(- | s,a) attains the inner minimum in the robust Bellman operator at v,,, the robust fixed point identity

v, = T,v, implies v, = T, V. Since T is a contraction with modulus -, v,, is its unique fixed point, hence it is the optimal
value function for the MDP with transition kernel p*. Therefore (69) holds.

Using and Step 1, for any 7 we have

inf J,(\;7 < Ju(Am A(8)J,(s;m, pt) < A(s)v (Ao 71
veP(u) u(Asm,p) p") Z p) Z il ) (71)

Taking sup,. of the left-hand side yields V},(\) < (X, v,).
Thus it holds that V,,(X) > (A, v,,) and V,,(X) < (X, v,), hence equality holds. O

Proposition 3. Fix y € A(S) and a stationary policy w. We name (q;)1>0 an admissible history-dependent adversary if
each g, maps histories hy = (g, ag, . .., St—1,a1—1, 5t) and actions a; t0 q;(- | he, ar) € P(s¢, ar, ). Let J,(s;7m, (q¢)) be
the induced discounted reward from sg = s. Then

inf Ju(simo(q) = inf  Ju(s;m,p) = uy(s) Vs e S.

(g¢) history-dep. p stationary
Proof. “<”: every stationary kernel induces an admissible history-dependent adversary, so the left infimum is no larger; the
right identity directly comes from the definition.

“>": fix any admissible (¢;) and write u := uf,. Conditioning on the history h; (i.e., s is known, a; ~ w(+|8t)s Spp1 ~
qe(-|he, ay)),

E[r(si, ar, sep1, 1) + yulsiin) | ] = Z alst) ZQt "heya) [r (s, a, 8", ) + yu(s')] > (TTu)(se) = ulsy),

since q;(+|ht,a) € P(s¢, a,p) and 7,7 takes the minimum over that set. Multiplying by ~?, taking expectations, and summing

fort =0,...,7 — 1 telescopes to Ezt o Vir(se,ar, sep1, ) > u(s) — T Eulsr). Since [[ullo < [7]loo/(1 =),
letting 7" — oo then gives J,,(s;7, (g)) > u(s). O

A.2 EXISTENCE OF A STATIONARY ROBUST MEAN-FIELD EQUILIBRIUM

In this section we study existence of robust MFE.

Let
m:=J]Aa@), K= J[ A®). (72)

ses (s,a)eSxA
Thus an element 7 € II is a stationary policy and an element p € K is a stationary kernel slice p(+|s, a).

For fixed ;1 € A(S), let v, be the unique fixed point of 7},, and define

Qu(s,a) = PEIIDnlgna "2 Z P(s")(r(s,a,s", 1) + yvu(s')). (73)
Set
D(s,p) := argmax Q,(s, a), (74)
acA
and
P(s,a,p) :== argmin Z P(s")(r(s,a, s, 1) +yuu(s)). (75)

PEP(s,a1) yrcg

For (m,p) € II x K, define the induced Markov kernel on S as

Krp(s'|s) = Zw(a|s)p(s’|s,a). (76)

a€A
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Now define three correspondences:

BR(p) :

m € Il:suppn(-|s) C D(s,u) Vs € S},

{
WC(p) := {p € K :p(|s,a) € P(s,a, p) ¥(s,a) € S x A},
Inv(m,p) : {

neAS):nKyy= 77}.
Finally set

O(p,m,p) := Inv(m,p) x BR(p) x WC(u).

A.2.1 Preparatory lemmas
Lemma 6 (Continuity of the robust Bellman data). Under Assumption I}

(i) for every fixed v € RS, the map (i, s,a) — (Q,v)(s,a) is continuous;
(ii) the map | — vy, is continuous in || - ||,

(iii) the map p — Q. (s,a) is continuous for every (s,a) € S x A.

Proof. For fixed v, define

Hs.o(p, Pyv) := Z P(s")(r(s,a,s, p) + yu(s")).
s'eS

77
(78)

(79)

(80)

(1)

By boundedness and continuity of r in y, H, , is continuous in (u, P). Since P(s, a, 1) is compact-valued and continuous

as a correspondence, Berge’s maximum theorem implies that

(M787a) — (QH’U)(S,CE) = min Hs,a(,uvp;v)

PeP(s,a,pm)
is continuous.
Now let i, — p. Since vy, =T}, v, and v, = T,v,,
1Vpn = Villoo < N Tpp Vs — Tpp Vplloo + 1Ty = Tuvplloo < Avp, — vulloo + 1T
Hence
(I =DNvp, = vulloo <Ny vu — Tpvulloo — 0,

because the first part of the lemma gives continuity of T, v,, in pi. Therefore v, — v,,.

Finally,

Qu(s,a) peglﬁ,# Z (s,a,8", 1) +yvu(s")),

so the continuity of /1 — v, and Berge’s theorem again imply the continuity of 1 — Q,, (s, a).

Lemma 7 (Properties of the fixed-point correspondence). Under Assumption[I}

(i) BR(u), WC(), and Inv(, p) are all nonempty, compact, and convex;
(ii) the graphs of BR, WC, and Inv are closed;

(iii) therefore ® has nonempty compact convex values and closed graph.
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Proof. Step 1: BR(p). For each state S, D(s, 1) # @ because A is finite. The set of distributions on .4 supported on D(s, u)
is a simplex, hence nonempty, compact, and convex. Taking the finite product over S gives the same properties for BR(u).

To prove closed graph, suppose i, — i, 7, — 7, and 7, € BR(u,,). Fix s € S and a € A with 7(a|s) > 0. For n large
enough one has m,(a|s) > 0, hence a € D(s, j1,). By Lemmalf] Q. (s,-) = Q(s,-) uniformly over the finite set A.
Therefore

Q/L (57 a) = nlingo Q,u,n (57 a) = lim max Q/Ln, (Sa b) = Igleaf‘( Q/J.(S7 b)a (86)

n—oo beA
soa € D(s,p). Thus m € BR(p).

Step 2: WC(u). For each (s, a), the objective defining ]3(3, a, 1) is continuous and affine in P, while P(s, a, 11) is nonempty,

~

compact, and convex. Hence P(s, a, ;1) is nonempty, compact, and convex. Taking the finite product over (s, a) gives the
same properties for WC ().

To prove closed graph, suppose p, — f, pn, — p, and p, € WC(u,,). Fix (s, a). By the closed-graph property of the
ambiguity correspondence, p(-|s,a) € P(s,a, ). Let g € P(s,a, i) be arbitrary. By lower hemicontinuity of P(s,a,-),
there are g, € P(s, a, pi,) such that ¢, — g. Since py,(-|s, a) minimizes the robust Bellman objective at /i,

S pa(s'],@) (15,0, 8, 110) + 70, () < 3 () (15,0, ', 1) + 7030, (51)- (87)

Passing to the limit and using Lemma [] gives

> oo ls,a) (r(s 0,8 1) + you(s) <Y a(s) (r(s 0,8, 1) + you(s")).- (88)

Since ¢ was arbitrary in P(s, a, 1), p(:|s,a) € ]3(5, a, iv). Hence p € WC(p).
Step 3: Inv(m, p). For fixed (7, p), the map
n— nkzp (89)

is continuous from A(S) into itself. Because A(.S) is compact and convex, Brouwer’s fixed point theorem gives at least one
invariant distribution. The set Inv(m, p) is the solution set of the linear equation 7K ,, = 7 inside A(S), hence it is compact
and convex.

For closed graph, let (7, pp, 7 ) — (m, p,n) with 0, € Inv(m,, p,). Since

nn(s') = Znn(s) Z mn(als)pn(s'|s,a) Vs €S, (90)

seS acA
passing to the limit in these finite sums yields nK , = 7. Hence n € Inv(7, p).

Step 4: product correspondence. The product of correspondences with nonempty compact convex values and closed graph
has the same properties, so ® does as well. L

A.2.2 Existence

Theorem 6. Under Assumption|l| there exists a stationary robust mean-field equilibrium.

Proof. The space
X =AW xIIxK o1

is nonempty, compact, and convex in a finite-dimensional Euclidean space. By Lemma[7} the correspondence ® : X = X
has nonempty compact convex values and closed graph. Hence Kakutani’s fixed point theorem gives a triple (p*, 7%, p*) € X
such that

(w7, p") € ®(u*, 7", p"). (92)

From the definition of ®, the fixed-point relation means:
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() p* € Inv(m*, p*), ie.

P =Y ut(s) Y m(als)p*(s']s,a) Vs €S (93)

sES acA

(ii) ™™ € BR(u*), so supp 7*(+|s) C D(s, u*) for every state S;
(iii) p* € WC(i*), so p*(-|s,a) € P(s,a, u*) for every (s, a).

Now apply Proposition [I| at the population p*. Because 7* is pointwise optimal at every state and p* is a pointwise
minimizing kernel at every state-action pair, Proposition [T] yields

V#* = inf JN* (W*’p) = JH* (71'*7]?*). (94)
p

Together with item (i), this is exactly a stationary robust mean-field equilibrium. O

B APPROXIMATION OF THE N-PLAYER ROBUST GAMES
B.1 N-PLAYER ROBUST GAMES AND DRMGS

We first note that, our N-player robust game is a robust Markov game on the enlarged state space S”, with

* joint state s",

* joint action a”,

¢ Player ¢’s reward r;(s™, o, (s")) = r(s%,a’, (s'), €N (s™)),
with a (s, a)-rectangular uncertainty set BV (sV, a'V)
the joint state space S™ with mean-field coupling.

. Thus, our N-player robust game is a special robust Markov game on

Notably, the objective function ({I0)) in N-player robust games is defined as

. N (pN i i
TN () = inf BTON 37 p(s), ai, st (52))], 95)

N
(py") >0

where each agent concerns its own worst-case performance under the uncertainty set. Although in (I0), the worst-case kernel
is taken w.r.t. non-stationary kernel sequence (p;), we will show the worst-case is achieved at a stationary kernel. Thus, (T0)
matches the robust value function of the standard robust Markov game.

B.2 COUNTEREXAMPLE

Theorem 7. Fix~ € (0,1) and k > 1/~, and set

-1
gg = Bl > 0.
I—~

There exist a robust mean-field game satisfying Assumption and a stationary robust mean-field equilibrium (u*, 7, p*) of
it such that:
(a) Assumption E] fails for the constant deviation sequence 7™N) = 7* under every choice of minimizing laws PN1V): and

(b) forevery N € N, the symmetric profile ™* is not an e-Nash equilibrium of the N -player robust game for any € < €.

Proof. The model. Let S = {0,1}, A = {b, 0}, B(s,a, u) = A(S) for all (s, a, ) (full ambiguity), and

1 kpu(l), a=b,
0, a=o.

7"(8, a” 8/7/’[/) = {
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Assumptionholds: rewards are bounded and affine (hence continuous) in y; the constant correspondence 1 — A(S) is
nonempty, convex, compact valued, with closed graph, and lower hemicontinuous.

Step 1: (u*, 7%, p*) = (69, 7*(b]-) =1, p*(:|s,a) = dy) is a stationary robust MFE. At the population p* = §; we have
w*(1) = 0,s0r(s,b,s",u*) =1 and r(s, 0,5, u*) = 0 for all s, s’. Since the reward does not depend on the successor
state, for every stationary policy 7 and every admissible stationary kernel p,

- 1
Ju (m,p) = ZWtP Plag =) < 1_~
t>0 v
with equality when 7w = 7*, for every p. Hence
Vo = supinf J«(m,p) = LI inf J« (7%, p) = Ju (7%, p%)
" x P °w ) 1_7 » °w ) 7 ) )

which verifies Definition i)—(ii). Consistency (Definition iii)) holds because K+ ,«(-|s) = do for every s, 50 0o K v ppr =
(50 = M*.
Step 2: Assumptionfails under every choice of minimizing laws. Take the constant deviation sequence 7¥) = 7*, so
aVI(N) — 7NI* and every player always plays b. Fix N and let (pN ), >0 be any admissible kernel sequence for the N-player
robust game. Since s}y ~ u* = g i.i.d., we have ey (s2’) = &y almost surely, and the realized reward of player 1 at time ¢ is
1 — ken(sl¥)(1). Therefore the payoff under (pl¥) equals
1
Sort (1= kE[en(s)V)]) = 77— = £ 2" Elen(sM)(1)]. 96)

1 _
t>0 v t>1

Because ex(+)(1) € [0, 1] pointwise, (96) is bounded below by

1 ‘ 11—k
1—~y_’iz7 T 14

with equality if and only if Elen (sl )(1)] = 1 forevery t > 1, i.e., if and only if s{ = 1 almost surely for all players i and all
t > 1. The lower bound is attained by the admissible constant product kernel p™ (- | sV, a™V) 1= 6, ®---®6; € PN (sV, alV),
which sends every player to state 1 at time 1 and keeps them there. Hence

1 -9k

R = T

o7

and, crucially, every law PN!() attaining the infimum satisfies 51 = 1 almost surely. Consequently, under every minimizing

law,

QéVI(N) = 0(0,b,1,80) whereas QS(N) = 0(0,,0,50)

(the proxy chain has so = 0, ag = b, s1 ~ p*(-|0,b) = d¢, population coordinate pi* = dp). These are Dirac masses at
points z # 2’ of Z with dz(z,2") = 1{(0,b,1) # (0,b,0)} + ||dp — dol|; = 1, so

Wi (Qp (), QS(N)) = 1  forevery N and every choice of minimizing laws.
Thus (16) fails at ¢ = 0 for this deviation sequence regardless of how the minimizing laws are chosen, i.e., Assumption 2]
does not hold. This proves (a).

Step 3: uniform Nash gap. Consider the unilateral deviation 7(o|s) = 1 by player 1. Its reward is identically 0 along every
trajectory, regardless of the kernel sequence, so Ji¥ (7V1*~1 @ 1) = 0 for every N. Combining with (@7) and x > 1/,

1- -1
sup JN(#N Tt gy — JN@ENF) > 0 - 1_77/{ = 71/{_7 =g >0

N|

for every N. Hence 7' '* is not an e-Nash equilibrium for any € < €, proving (b). O
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B.3 AUXILIARY FACTS

Lemma 8 (Finite-player robust dynamic programming). Fix N € N, a profile 7™ € TI"V, and an agenti € {1,...,N}.
Define the one-step reward on SN x AN x SN by

pi(sV,aN N = (s o, ()1, eV ().

Then the following hold.
1. There exists a unique function u™-* : SNV — R satisfying
Nyi( N N( N | N : N N gN Nyi(JN
’ = y A, =+ ’ ) .
uNisN)y = Y a6V s ) cpin > (s )(pz( s'N) 4 yuNi(s)

aNeAN s'NesN

2. The robust payoff in (93) satisfies _
JZN( ) E N )@N[ N’Z(Sév)].

3. The infimum in Q3) is attained by a stationary kernel
plVoir s gN s AN A(SN)

with
pN’i’*( |sN N)EPN( N,aN) V(sN,aN)GSNxAN.

N,i,%

More precisely, one may choose p so that

SO 5V, aN) (il 0 5Nt (s ™)) = i \ 2 ) (pils™ @V N uN () ),

IN pEPN (sN,
S

and, if we use the constant sequence pY = p™N'*, then

J,L-N(’iTN) _ ]Eﬂ—N,pN,i,* [Z ,ytpi(si\/7ai\/7si\f+1)‘| .

t=0
Proof. Foru € RS" | define the Bellman operator T+ : RS" — RS" by
N,i Ny ._ N( N | N . INV( (N N N IN
V) = 3 a@ SN min 3D bl ) (pits™ 0™, 5N+ qu(sY)).
aNeAN s'NeSN
By Lemma@ each set PV (s™ a”) is nonempty and compact, so every inner minimum is attained.

We first prove (i). Fix u,v € RS" and sV € SV. For each a € AV, define

U~ (u):=  min Z p(s'™) (pi(sN, av, N+ Vu(s’N)).

N N N
PEPN(sN,a) | TTeN
Choose
€ ar min s'N) ( sNoaV, SN 4 qu(s'N )
pu€arg iy aN)E p(s »8") Fyu(s)

Then

Uon(u) — Uun(v) < Zpu(s'N) (pi(sN, av,s'"N) + fyu(s’N))

_ Zpu(s'N) (pi(3N7aN, sV 4+ ’YU(S/N))
=7 (V) (u(s"™) = v(s™N)) < llu— v
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Exchanging the roles of w and v gives
[Wan (u) = ¥on ()| < llu = v]lco-
Averaging with respect to 7V (- | s%V) yields
(T u)(sN) = (T ) (s™)] < Allu = 0o
Taking the supremum over s € SV, we obtain
1T % = TN ]| oo < Allt — 0]l oo-

Since v € (0, 1), T™:* is a contraction on the complete metric space (R* "

exists a unique fixed point u™N>* such that

, |l lloc)- By Banach’s fixed-point theorem, there
uNoi — PN N
This proves (i).

We next prove (ii) and (iii). For each (s N ooV ye s N AN choose

pN,i,*(. | SN’aN) € arg min Zp /N (pz N, N S/N)_"_,YUN,i(S/N)).

peEPN (sN aN)

Because SV x AN is finite, this defines a stationary selector with no measurability issue. By construction,

ZPN,i,*(S/N | 8N7aN)(pi(SN7aN7S/N) +,yuN,i(8/N)) _ min Zp(S/N)(pi(SN7aN7S/N) +,YUN,i(S/N)).
N pePN (sN o) T
(98)

Fix an initial state 2"V € SV, and consider the controlled Markov chain generated by the stationary profile 7/ and the

stationary kernel p™-i*  started from s{) = 2. Using the fixed-point identity u™¥* = T™:iyN:¢ together with (98)), we get

N | N,i,*

M@y =B sl a5 4 ().

Tterating this identity yields, for every T' > 1,

T-1
. N N,i,*
u™ (@) = Ejn? [Zv pilst,ap siyy) + 7 (s ?)] :

t=0

Since |p;| < ||7]|o, the fixed point is bounded:
™ loo = 1T 6™l < [I7lloe + Yu™loc,

hence

Ny [I7]lo0

[ oo <

-
Therefore v/ u™N"i(sN) — 0in L, and letting T — oo gives

t=0

. N NL*
uNi(z™) =E7," [ny pi(sy ,aiv,st_,_l)] .

Averaging over zVV = s}V ~ (p*)®, we obtain

N Nyi* e .
ET P [thpi(s,fv,aiv,ﬂl)] = Egy o qunyon [u" ()]

t=0

N,i,%

So the stationary selector p™** achieves the value E[u™¢(s{Y)].
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It remains to show that no admissible nonstationary sequence can do better for the minimizing player. Let (g." )i>0 be any

admissible sequence with
g (-1 s%,a") e PY(sV,a™) vt (sM,a").

Consider the controlled process under 7V and (g;¥)¢>o. For every state s" and every time ¢, by the definition of the
minimum in TN,

oV ; N sV aN yN N
™ sN min +yulY )
=2 ,,EPN(SN,&N%:?@ ) (il )+ i)
sZwN<aN|sN>thN<yN|sN,aN>(,oz< NN ) 4 yY)).
alN yN
Thus, along the controlled process,

. N N .
() < BT (s al s ) 4 () | 5]

Taking expectations, multiplying by ~¢, and summing from ¢ = 0 to T — 1, we get the telescoping estimate

T-1

N N
E™ J(a:) [Z ’Ytpi(sivaaivﬂsi\il)

t=0

> E‘”Na(qtN)[uN’i(Sév)] o E”N7(qiv)[’yTuN’i(S¥)] .

Again, boundedness of ulVt implies the last term tends to 0 as 7" — c0, so

00
N N
E™ (a) lzvtpi(syaaiv’sﬁf‘l)

> E NN(# YON [’U,N’ (Sév)]
t=0

Since (¢i¥);>0 was arbitrary, every admissible sequence yields a payoff at least E[uN"(s{Y)], while the stationary selector
p™5* attains exactly this value. Therefore

TN (7N = ]ES(J)VN(M*)@]N [u]\”(sév)]7
and the infimum is attained by the stationary kernel p™4* . This proves (ii) and (iii). ]

Fix a stationary robust mean-field equilibrium (p*, 7*, p*). Define the equilibrium proxy value
= Z pE(8) v (S). 99)
ses
By Lemma[5]applied at pu = p*,

o0
V*= sup E:(;”Nm Z Vr(se, ag, Se41, 117) | (100)
m:S—A(A) =0

and the supremum is attained at m = 7*.

Lemma 9. Assume Assumpnonl 1| Then for every N and (s™ ,a"), the set BN (s™,a™) defined in (7)) is nonempty and
compact.

Proof. Non-emptiness: choose for each i some p'(- | s, a’) € B(s’, a’, eV (s")) and take the product.

Compactness: each B(s?, a’, eV (sV)) is compact in the simplex A(S). Their finite product is compact in (A(S))V. The

map (p',...,p") — ®f\r:1 p' is continuous (finite products of coordinates), hence the image B (sV, aV) is compact. [

Lemma 10. Let X be finite and Y Polish. Let A, € B(X) and kernels K, (- | ) € BY). If \p, = Nand K,,(- | z) —
K(- | x) for each x € X, then the measures A, (dx,dy) := A\, (dz) K, (dy | z) satisfy A, = A(dz,dy) = \(dz) K (dy |
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Proof. Since X is finite, weak convergence of \,, is pointwise convergence of masses. For bounded continuous g : X xY —
R,

Jodn, =S 0 | e Kty | 2). (101)

reX

For each z, y — g(z,y) is bounded continuous, so the inner integrals converge by K, (- | ) — K(- | x), and the
coefficients converge by A, ({x}) = A({z}). Sum is finite, so the limits pass through the sum. O

B.4 CONVERGENCE OF DISCOUNTED PAYOFFS

Lemma 11. Let (Z,dz) be a compact metric space and f : Z — R continuous, with modulus of continuity w(0) =
sup{|f(z) — f(#')| : dz(z,2") < &}. Then for all p,v € A(Z) and all § > 0,

‘/Zfdu—/zfdl/‘ < we(d) + %Wl(u,u). (102)

Consequently, if (un)N, (V)N C A(Z) satisfy Wi (un,vn) — 0, then [ fdun — [ fdvy — 0.

Proof. Since Z is compact, f is bounded and uniformly continuous, so w¢(d) < oo forall 6 > 0 and ws(4) | Oasd | 0.
Because Z is a compact Polish space, the infimum defining W7 (i, v) is attained by some coupling I' € A(Z x Z) with
marginals p, v. Writing (Z, Z') ~ T,

| [rau= [ rav] <Bls2) - 52| < 000+ 200 Prla2(2.2) > 8) < oy(0) + 22 2.2,

where the last step is Markov’s inequality; since Erdz(Z, Z’) = W1 (u, v), (102) follows. For the convergence claim, take
lim sup 5 in (102)) and then let 6 | 0. O

Proposition 4. Under Assumptions|l|and|2| for every deviation sequence (7r(N )) N>

lim (Y (M @ ) — (7)) = o,

N—o0

where J*(m(N)) is the proxy payoff.

Proof. Define 7 : Z — R by 7(s,a,s',v) := r(s,a,s',v). By Assumption[I1) it is bounded by ||r[| .; it is continuous
on Z because S, A are finite (so the first three coordinates are discrete) and v — r(s, a, s', V) is continuous for each fixed
(s,a,s’) by Assumption[I[3). The space Z = (S x A x S) x A(S) is compact.

Let PNI(Y) be minimizing laws as in Assumption Since |r| < ||r|| ., and v € (0, 1), Fubini’s theorem gives the absolutely
convergent expansions

JlN(WN\*,A @TF(N)) _ th/ Fin’VI(N)7 J*(T['(N)) — Z,Yt/ FdQ:(N).

t>0 z t>0 z

Set Ay := [ finVl(N) —f fdQ:(N). For each fixed ¢, Assumptiongives Wl(in‘(N), Q:(N)) — 0as N — o0, so
Lemmaapplied with f = 7 yields Ay, — 0. Moreover Ay ;| < 2||r||, uniformly in (N, t),and Y, - 2]r||,, < oo;
dominated convergence (over ¢, with respect to the summable envelope 2 ||7|| . 7*) gives Y, 7*An,; — 0, which is the
claim. O
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B.5 APPROXIMATE NASH EQUILIBRIUM

Theorem 8. Assume Assumptions[Ijand 2} Let
Vb= (%, 1) e IV, (103)

Then, for every € > 0, there exists N(¢) € N such that, for all N > N (g), the profile 7™* is an e-Nash equilibrium.

Proof. By symmetry of the N-player robust game, it suffices to prove the e-best-response inequality for player 1.

Step 1: equilibrium payoff converges to V*. Apply Propositionto the constant deviation sequence 7(N) = 7*. Then
aVI(N) = 7NI* for every N, and the proxy chain coincides with the Markov chain driven by (x*, 7*, p*). Hence

lim JY (7N = v (104)

N—o00

Step 2: every deviation sequence has proxy payoff at most VV*. Fix any deviation sequence (7T(N )) ~Nen C IT and set
alVIN) = (z(N) gx . 7). By Propositionlé__lf

o0

JlN(WNl(N)) —Epm [Z 'ytr(st, ag, Sey1, 1) | — 0. (105)
t=0

For each N, the proxy payoff on the right-hand side is bounded above by V*, because V* is the optimal value of the
fixed-kernel MDP with kernel p* and initial law p*. Therefore

lim sup J{¥ (V1N < v*, (106)

N—o0

Step 3: contradiction argument. Assume, toward a contradiction, that the conclusion is false. Then there exists € > 0 and
a subsequence (N};)xen such that, for each k, one can find a unilateral deviation policy 7(V*) € I satisfying

I (Ve 4 < g (el @ 7 (N, (107)

Extend these deviations to a full sequence (7(N)) ¢y by setting

V) {%(Nk)7 N = N, for some k, (108)
T, otherwise.
Then
Ve (el 4e < JNs (@MY g (109)
Taking lim sup,,_, ., and using Steps 1 and 2 yields
V* + e < limsup JNVk (pNel(Ne)y < p*) (110)
k—o0
a contradiction.
Therefore, for every € > 0, there exists N (¢) such that
IN (N e > sungN(wN‘*’_1 ® ) VN > N(e). (111
S
By symmetry, the same bound holds for every player, so 7/V* is an e-Nash equilibrium for all sufficiently large N. O

C NON-ASYMPTOTIC FINITE-N APPROXIMATION VIA PROXY COMPARISON

This appendix proves the finite-V result stated in Section[6.3] The key point is that the comparison is made between the
actual N-player robust game and the proxy chain driven by the equilibrium kernel p*.
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C.1 METRICS AND ONE-STEP LAWS

Let
X =8§xAxS, 7Z =X x A(S). (112)
We equip X with the discrete metric
dx (7, %) := 1iazzy, (113)
and Z with
dz ((w,v), (7)) = dx (2, %) + v = Pl = Lazay + v = 7] (114)

We write W5 for the corresponding Wasserstein-1 distance on P(Z).

Fix N € N and a unilateral deviation policy € II. Let PV'™ be a minimizing law attaining

JN (@1 g 1), (115)
whose existence follows from Lemma 8] and define
N = Law pr.«(sy,ap,si41,€™ (s1)), t € Np. (116)
Define the proxy chain P™ by
S ~ ¥, ay ~ (- | s¢), St41 ~ D (| 8¢y aq), 117)
and let
QT := Law p=(s, az, Se41, 14%), t € Np. (118)

Throughout this appendix, we assume Assumption [3]and the following Assumption [6] (which generalizes the Lipschitz
Assumption [).

Assumption 6 (Holder reward regularity). There exist L, > 0 and « € (0, 1] such that, foralls € S, a € A, s’ € S, and
allv,v € A(S),
|7’(S, a, 3/7 V) - ’I’(S, a, S/» ﬂ)‘ < LT”V - DH?

C.2 DISCUSSION OF ASSUMPTION

Assumption 3] should be viewed as a quantitative robust propagation-of-chaos / Nash-certainty-equivalence hypothesis,
extended from non-robust MFGs. In a standard non-robust mean-field model, analogous estimates are often obtained from
regularity of the dynamics together with concentration of the empirical measure. In the present robust setting, however, the
minimizing kernel in the NV-player game may exploit the degrees of freedom of the remaining N — 1 players to alter the
empirical distribution in a way that does not vanish automatically as N — co. For this reason, the baseline compactness and
continuity assumptions used for existence do not imply Assumption 3} indeed, the counterexample from the asymptotic
subsection already shows that even qualitative convergence may fail without an additional stabilization property.

At the same time, Assumption [3]is substantially weaker than imposing a concrete structural sufficient condition inside the
theorem. It is stated directly at the level of the observable one-step law and is agnostic to the mechanism producing that law:
no product-form realization of the minimizing kernel, no particular selector for the worst-case transition, and no contractivity
property of the robust population map is built into the statement. Any model-specific coupling, concentration, or perturbation
argument that yields the bound in Assumption [3|can therefore be substituted directly into the theorem without changing the
payoff-comparison proof.

The assumption is also weaker than a trajectory-level approximation requirement. We do not ask for a single coupling of the
entire paths of the N-player game and the proxy chain. Instead, we only require control of the one-step law at each time ¢,
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because this is exactly the object that appears in the discounted sum of stage rewards. The array (6 ¢) is allowed to depend
on t, which permits moderate accumulation of finite- N errors before discounting. The theorem only needs

>3 (2l + LedR, ) < oo

t>0

Finally, the uniformity over unilateral deviations is essential for the € y-Nash conclusion. If the approximation bound were
available only for a fixed deviation policy, then one would obtain only a deviation-dependent comparison estimate, not a
single Nash-gap bound after taking the supremum over all deviations. In many stable regimes one expects d ; to exhibit
the usual N ~1/2 scaling, possibly multiplied by a factor with mild growth in ¢, but we do not encode any such verification
mechanism into the theorem because the purpose of the theorem is to isolate the weakest quantitative input needed for the
finite- N comparison.

C.3 PROXY-PAYOFF COMPARISON UNDER HOLDER REWARDS

Proposition 5. Assume Assumptions[l| B} and[6] Fix N € N and a unilateral deviation policy € I1. Then

IN (N @ ) — Epa [Z Vo (88, at, Se41, u*)] <> 4 (2||r||oo SN+ Ly 5@). (119)
t=0 t=0
Proof. Fix N and 7. Since r is bounded, Tonelli’s theorem yields
JN(@N=t g ) = Z’yt /rdev’f, (120)

t=0

and

oo

Z (S, Aty St1, b ] Z’y /rde. (121)

=0

Fix t € Np, and let I'7 be an optimal coupling of Qé\”” and Q)7 . Write

(ZN,ZT) ~ T, (122)

with
ZF = (X vl) e X < AS),  Z7 = (X[, ") € X x A(S). (123)

Then

’/rin“’f —/rdQ;; g/;r(XgV,VgV) — r(X[, p*)| dI'T
s2mﬂmrﬂX§¢uw3+Lr/H#V—MW?ﬂ?.

Since

Lixyexpy S dz(Z0,27), v = w'lh < dz (21, Z7), (124)
we obtain

IT(XN £ X7) < /dz A7 = Wi (QN™,QF) < oxe. (125)

Moreover, by concavity of 2 — x on [0, c0)

[ = i ary < (/Iw whart) < ([azarr) <o, (126)
’/rinV’” —/rde

Multiplying by v* and summing over ¢ > 0 proves the claim. O

Hence

< 2||rflec On,¢ + Ly 0 4. (127)
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C4 FINITE-N 5y-NASH BOUND

Theorem 9. Assume Assumptions E| and @ Let (u*, 7%, p*) be a stationary robust mean-field equilibrium and let

Vb= (n*, 7)) e IV, (128)
Then V% isan e ~N-Nash equilibrium, where
Ni=23 At (2||r||005N,t+Lr 5;@). (129)
t=0
Proof. Define
By =3 4 (2||7“||oo(5N,t VL, 57@). (130)
t=0
Also define the equilibrium proxy value
V* .= sup IE;T(;’JN# Z’Yt"’(staatasﬂrlvﬂ*) . (131)
7:S—A(A) =0

By Lemmal[5] the supremum is attained at 7 = 7*.
Apply Proposition 5| with 7 = 7*. Then
JN (@) > v — By. (132)

Now fix any unilateral deviation policy w € II. Applying Proposition[3]to this 7 gives

TNV @ ) <Epr | >4 (s, ar, sip1,4%) | + By <V + By (133)
t=0
Therefore,
oo
TN N o) — IV (xV) < 2By =234 (2||r||oo Sni+ Ly 5@). (134)

t=0

Taking the supremum over 7w € II gives the desired best-response bound for player 1. By symmetry of the game, the same
estimate holds for every player, and thus 7V |* is an & -Nash equilibrium. O

Corollary 1 (Rate under 6 ; < Cs(1 4 t)/V/N). Assume the hypotheses of Theoreml?l and suppose that there exists
Cs > 0 such that

< Cs(1+1)

One < i VN eN, t eNp. (135)
Then
4||v"\|ooca Z &3 i (1+0)° (136)
=0
and hence
en = O(N*W) . (137)

Proof. Under the assumed estimate on 0 ¢,

2)|7[|oe Cs (1 + 1)
VN

L,Co(141t)*

2lrloo O, < e

Ly o3y < (138)
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Insert these bounds into the formula for € 5 from Theorem[9] Since

DA+ <o, DA (14 < oo,
t=0 t=0

the stated estimate follows. Because « € (0, 1], the slower-decaying term is NV —o/2

Corollary 2 (Lipschitz specialization). Assume Assumption |3} and assume, instead of Assumption|[6] that

Ir(s,a,8',v) —r(s,a,s,0)| < L||lv—o|1  Vs,a,s,v,b.
Then 7% is an a%vip-Nash equilibrium with

o0
e’ =2(2)7lloo + Lr) D A'0ne.
t=0

If, in addition,

Cs(1+1)
VN

(SN,tg VNEN, t€N07

then

Lip 2(2||7||lc + Lr)Cs

YT -N
Proof. Set v = 1 in Theorem[9] Then
en =237 (2lrlloe + Ly)one = 227 loo + Lr) Y 10w,
t=0 t=0

which proves the first statement. If, moreover, x ; < Cs(1+t)/ VN, then

o 2(2 L,)Cs &
t=0

VN
Since
t
Y+t = :
2 A0+ =

the explicit bound follows.

C.5 A CONCRETE SUFFICIENT REGIME

, which gives the displayed rate.

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

The non-asymptotic theorem is stated under the law-level proxy-comparison assumption. In this section, we aim to verify

that assumption in a concrete stable regime.

For a unilateral deviation policy 7 € Il and N € N, let

oV = (m, %, m) e IV,

Assumption 7 (A sufficient stable regime). There exist a selector p : S x A x A(S) — A(S) and constants Lp > 0 and

Pmix € [0,1) such that:

1. Forevery (s,a,v) € S x A x A(S),
(- | s,a,v) € P(s,a,v).
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2. The selector is Lipschitz in the population argument:

. U < — U D .
omax (5[ s.a0) =5 [s.a.9)], < Lelv =7l 7 AS)

3. For each v € A(S), define the w*-controlled kernel
L(s'|s): Zﬂ' (a|s)p(s'|s,a,v).
a€A

Its Dobrushin coefficient satisfies

a(K,) = m%)édTV(Kl,(- | 8), Ku(- | 5)) < Pmixs Vv e A(S).

4. The selector is compatible with the mean-field worst-case kernel at equilibrium:
p(- | s,a) =p(- | s,a,p*), Y(s,a) € S x A.

5. For every N € N and every unilateral deviation policy m € 11, there exists an admissible minimizing kernel sequence
(piv’ﬂ’*)tzo attaining the infimum in the definition of J& (7™'™) such that for every t > 0 and every (s",aV) €
SN« AN,

N
pi\fﬂﬁ*(_ | SN7O'N) = ®p( | Si7aiaeN(SN>)'
=1

Finally, assume
P ‘= Pmix + Lp < 1.

Assumption[7]is strong, but it is only used to justify a benchmark rate for the quantitative proxy comparison. The product-
form realization in part (5) is precisely what prevents the minimizing /V-player kernel from introducing additional cross-agent
dependence beyond the empirical distribution.

For fixed N and 7 € II, let PV:™ denote the law induced by the profile 7™ and the minimizing kernel sequence from
Assumption[7[5). Let

N N
py = en(sy ).
Let P™ denote the proxy chain defined by
50 ~ p¥, ag ~ 7T(' | 3t)7 St+1 NP*(' | Styat)a
and write
Ny . 11 1 N o
¢ = Lawpn o (s¢, ap, 8441, 1 ), Q7F = Lawpr (s¢, ar, 41, 7).

Lemma 12 (Contraction of the robust population map). Under Assumption[7] the map
F):=vK,, v e A(S),

satisfies
IP) = F@)h < pllv—olh, Vo€ AS).

In particular, F is a contraction on (A(S), || - ]1).
Proof. Fix v,v € A(S). Add and subtract v K ;:

[F(v) = F@)lh = [vK, = vKp|y < [vKy — vEs |1 + [[vKp — K3 |1
For the first term,

Ky — vEG |1 < max || Ky (- | s) = Ko (- | 51
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Moreover, for each s € S,

K (- | s) = Ko(- | s)llh =

Sow el (B | s0,0) =5 | s.0.7)

a€A

< Z’]T*(CL | S) ||ﬁ( | S,a,l/) _p( ‘ s,a,ﬁ)”l
acA

< Lol - 7.

1

Hence
WKy = vEs |1 < Lpllv — o).

For the second term, the standard Dobrushin contraction inequality gives
lvKy — v K5l < oK) [[v = ol < pmixl[v — 2|1
Combining the two bounds yields
[F(v) = F(D)|ly < (Lp + puix) [lv = Pl = pllv — 7|1
O
Lemma 13 (Uniform empirical-distribution error). Under Assumption[]} for every N € N, every unilateral deviation policy

m € 1I, and every t > 0,
2/|9] n 2
- pVN  A-pN

EN™ [l = )] <

Consequently,

x C 2/|S|+2
sup BV [||pf — p|h] < —& Cpi=——.
>0

The bound is uniform over the unilateral deviation policy .

Proof. Fix N and 7, and write
ap =BVl — ]
Let
Fi=o(sd,...,sN)

be the state filtration up to time ¢. By Assumption 5), conditional on F; the next states s} NI PR S{YH are independent,
and their conditional laws are

PY7(spy €| Fe) =Y mlals) (- | stya,m)),
acA

and, for 7 > 2,

PN (sipy €| F) =Y 7 (als)p(- | siya,m) = K (- | sp).
acA

Define the two random probability vectors

Gi(-) =Y mlalsh)p(- | spoan),  Hi() o= K (| s).

acA
Then
ENT [y | Fil = *Gt + = ZK (- 1s1)
= K N + — (Gt )
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Set
Eor1 = pivr — BV [y | ).
We first bound the fluctuation term. For any s’ € S,

MtJFl Z {§t+1_9/}

Conditional on F, the indicators on the right-hand side are independent Bernoulli random variables, hence

Var (1 (s') | Fi) < Z]P’N’T si =5 | Fp).

=1

Summing over s’ € S gives
1
ZVar p (8') | Fe) SN-
s'eS

Therefore, by Jensen and Cauchy—Schwarz,
ENT (&l | Fe) < VISIEN (1641 ll2 | Fi]
1/2
ST (BN el 1 )

1/2
<Z Var(pp1(s') | .7-}))

s'eS
_ 18l
~ VN

N 1
lpy — 1¥ll < N€esalls + 1F (i) = F(u*)|l + NHGt — Hylfx.

Next, by the triangle inequality,

By Assumption [7[4) and the consistency condition of the mean-field equilibrium,
F(pr) = p*.
Also, Gy, Hy € A(S), so |Gy — Hy||1 < 2. Taking expectations and using Lemma [12]yields

ST, 2
N N’

. L-pt (8], 2
¢ —p N "N

It remains to bound ay. Since ) is the empirical distribution of N i.i.d. samples from z*, the same variance argument as
above gives

agr1 < pag +

Iterating this recursion gives

x . S|
ao = BN (|lug” — ¥ < N
Hence
a ‘S| +— ! @ + 2
=V N T N 'N
2-p 18] L
1-pV N  (1-pN
S
T (1-pVN (1—pN’
The stated uniform C,,/v/N bound follows because N~* < N~1/2 for N > 1. O
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Proposition 6 (One-step law comparison). Under Assumption[]] for every N € N, every unilateral deviation policy 7 € 1,
and everyt > 0,

t
Wi (@™ QF) < ENT[[luyY — wrlla] + Lp D ENT [y — ).
k=0

In particular,

Cu

W (QY\™,QF) < TNO +Lp(t+1)).

Proof. Fix N, m, and t. We construct a coupling between
Z0T = (styap,sio ) and 27 = (spar, sepr, ).
Start with s = sg, where s ~ u*.
At time ¢, given (s}, s;), proceed as follows.
1. If s} = s;, sample a single action a; ~ (- | s;) and set a} := ay.
2. If s} # sy, couple aj ~ 7(- | st) and a; ~ (- | s¢) arbitrarily.

Thus,
{si = s} C{a; = as}.

Next, conditional on (s}, a}, s¢, az, ul¥),
« under PV:™, the first player’s next-state law is p(- | s, af, 1), by Assumption 5);
* under P™, the proxy next-state law is p*(- | s;, a¢) = (- | s¢, az, u*), by Assumption[7[4).

Whenever (s;,a;) = (s, a.), couple s{, ; and s;41 by a maximal coupling of

p(- | se,ae, 1) and Pl | se,an, 1),
1 1 1 . .
When (s;,a;) # (¢, a¢), couple s;,, and s, arbitrarily.

Define
e = P(s; # s¢)

under this coupling. Then eg = 0, and by the union bound,
ery1 SP(sp # s0) +P(s; = s, af = ar, sty # 5141)
< e -I-E[dTV(ﬁ(' | se,ae,pp ), (- | 5t7at7u*))}

Lp x
<e+ 7EN’ [l = p*[l1].

By induction,
t

L t—1
ee < 5 D BN —prlh]. erten < Lp Y BNl — .
k=0 k=0

Now recall that the metricon Z = (S x 4 x S) x A(S) is
dz((z,v), (%,0)) = Ligzay + lv — 7|1

Therefore,
N, x
dz (2" Z7) = V((statusty A svansiny + 08— 11

By construction, if both s; = s; and s} 11 = St+1 occur, then necessarily a} = ay, and hence
Listaat sty )#seansen)) S Latzay T 1t #s00)-
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Taking expectations gives

Eldz(2"7, Z7)] < e+ erpr + BV [ — pllh]
t

< Lp Y BNl = ] + BN [l = ).
k=0

Since Wl(QiV T QT) is the infimum of this expected cost over all couplings, the first inequality follows. The second
inequality is immediate from Lemma T3] O

Corollary 3. Under Assumption[]) it holds with

_ Cu _ 2VIS[+2
Ong = \/N(l + Lp(t+ 1)), C, = 1 .

Proof. This is exactly Proposition|[6} O

Corollary 4 (Resulting finite-N Nash-gap bound). Assume, in addition, the c-Holder reward condition; namely, for some
a € (0,1 and L, > 0,
Ir(s,a,s,v) —r(s,a,s",0)| < L.||v —7||{, Vs,a,s v, D.

Let R := ||7||co- Then the Nash-gap bound satisfies

4RC, (1 Lp 2L,CS (1 Ls
en < + + .
VN \1-7 (1-9)? Ne/2 \1=v  (1-9)?

In particular,
EN = O(Niam).

When o« = 1 (the Lipschitz case), this becomes
2(2Rs + L,)C 1 L
ey < ( + ) I ( + P 2>.
VN l—y  (1-9)

Proof. By Corollary 3] Theorem 9] applies with

Ong = 5}%(1 + Lp(t+ 1))

Using Theorem[9]

en <2 Z ’}/t (QROO(SNJ + Lréj.\é[’t) .
>0

For the linear term,

. _& ' _& 1 Lp
Yt = e ot ) = (75 4+ )

>0 >0
For the Holder term, since « € (0, 1] and (z 4+ y)* < 2® + y* for 2,y > 0,
(L+Lpt+1)" <1+LE(E+1)* <1+ LE(E+1).

Hence

CO(
>0 < s 2o (1 L+ 1)

t>0 t>0
_ G, I
Ne/2\1-v  (1-9)2)

Substituting the last two estimates into the theorem yields the stated bound. The Lipschitz specialization is the case
a=1. O

7265



D ALGORITHMIC SOLUTIONS TO ROBUST MFGS

D.1 DISCUSSION: VERIFYING THE LIPSCHITZ-MIXING ASSUMPTIONS

(1) Verifying mixing via a Doeblin/minorization condition. A convenient sufficient condition for (34) is: there exist
n € (0,1] and ¢ € A(S) such that for all p, all s € S,

K,(-]s)>n9(-) (componentwise). (147)

Then (k) < 1 — i uniformly over .

Thus, as long as the kernel K, has a full support set of S, (i.e., every entry of K, is positive), the condition will be satisfied.
We highlight that this condition can be satisfied by distributional uncertainty set with small radius, and is also considered in
standard robust RL literature, e.g., [Wang et al.| 2023a, |Chen et al.| [2026].

(2) Bounding Lk by policy and nature sensitivities. From K, (- | s) =) 7mu(a | s)p.(-| s,a), one can bound, for
each s,

[ ['s) = Ka(- [ )l < max |[pu(- [ 5,0) = pa(- | s,a) [l + |lmu(- [ 5) =7a(- | 5)lls, (148)

s olicy sensitivit
worst-case kernel sensitivity policy ¥

since ||pi (- | s,a)]]1 = 1. Hence a sufficient condition for (33) is the existence of Lipschitz selections p — p,, and p — 7.

We then verify (or relax) the kernel Lipschitz condition (35) in Assumption [5|for several standard ambiguity correspondences.
We focus on the ambiguity families: total-variation balls and Wasserstein balls.

Notation. Fix (s,a) € S x A. For a population distribution ;2 € A(S) and a bounded value function v € R, define the
one-step cost vector
e (s") = r(s,a,8", pu) +yo(s), ses. (149)

v

For a fixed selection rule y — (7, p,), recall K, (- | s) =3 mu(a| s)pu(- | s,a).

D.1.1 From policy/kernel Lipschitzness to L x
Lemma 14 (A convenient bound for L ). Assume there exist constants L, L, > 0 such that for all p, i € A(S),
max |, (- | ) = ma(- | )l < Ll — il (150)

max [Pu(- [ 's,a) = pal- | s,a)lli < Lyl — fil]1- (151)

Then the induced kernel K, satisfies (35)) with

Li <L+ Ly (152)

Proof. Fix u, fiand s € S. Add and subtract ) 7, (a | ) pu(- | s,a):

1EuC19) = K 19 < | Yo mala | ) (| 5,0) = pal- [ s,0) | + || D2 (mala | ) = mata | )pat- | s.a)| -
! ’ (153)

The first term is at most max, ||p.(- | s,a) — pa(- | s,a)|/1. The second term is at most |7, (- | s) — 7wz (- | s)|/1 since
|lpi(- | s,a)||1 = 1. Taking maxima over s and using (T50)—(T3T) yields (I52).
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Policy Lipschitzness: gap vs. softmax. In general, argmax-based policies can be discontinuous in p due to ties. Two
standard sufficient conditions to obtain (I50) are: (i) local action-gap/uniqueness near u* (then L, = 0 locally), or (ii)
entropy-regularized policies (softmax), which are globally Lipschitz.

Lemma 15 (Softmax policy is Lipschitz in Q). Fix 7 > 0. For each s € S define

L ep(@sa)n)
Tl 5Q) = e @l BT (159

Then for any two Q, Q,

771 5:Q) =77 | 5: Q) < = max|Q(s,a) ~ Qls,a)]. (155)

Consequently, if max, o |Qu(s,a) — Qu(s,a)| < Lgl|ln — fil|1, then (I50) holds with L, < 2Lg /7.

Proof. Letu(a) = Q(s,a)/T and i(a) = Q(s,a)/7. The softmax map u — softmax(u) has Jacobian J(u) = diag(r) —

7w whose operator norm from £, to ¢; is at most 2. Thus ||7(u) — 7(@)|l; < 2|ju — @]l = 2[|Q(5,-) — Q(5,)|los

which is (I53). ’

Thus, we can replace the arg max in (28)) by a softmax policy. This allows us to consider more verifiable assumptions and
still derive the convergence. See our discussion in Section [D.4]

It then suffices to verify the Lipschitz continuity of the worst-case kernel. We study it under three different distributional
uncertainty sets.

D.1.2 Total variation balls

Consider the total variation ambiguity family:

Y‘pTV(‘S,aaM) = {p S A(S) : Hp _ps,a(,u)”l S Es,a}a Es,a Z 0. (156)
Assume the center is Lipschitz:

I(I;EZ))( 1Ps,a(1t) = Ps,a(@)lln < Ll — il (157)

Any selection p,, (- | s,a) € Prv(s,a, ) satisfies
1Pu(- 's,a) = pa(- | s,a)lly < [|Ps,a (k) = Ds,a(@) 1 + 2650 < Lyl — ftlly + 2650 (158)
Consequently,

max [,(- | 8) = Ka( | 9)lls < (Le+ Lp)llp— il +26, &= maxe,a. (159)

)

Plugging (I39) into the recursion yields convergence to an O(&)-neighborhood via Theorem (interpret 2¢ as a deterministic
per-iteration update error).

D.1.3 Wasserstein—1 balls

Consider the W, ambiguity family: fix a ground metric d on .S and define

Pw(s,a,p) = {p € A(S) : Wi(p,ps,a(p)) < ps,a(u)}, ps.alpt) > 0. (160)
Let
d = min{d(z,y) : x #y} € (0,00), p = gnfﬁps,a(u). (161)
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Lemma 16. For all p,q € A(S),

2
lp =gl < 5 Walp, @). (162)

Proof. For any coupling v € T'(p, q), we have d(X,Y) > d1{X # Y} almost surely, so E[d(X,Y)] > dP(X #Y) >
ddrv(p,q) = d|lp — ¢ll1/2. Taking the infimum over 7 yields (162). O
Assume the center is Lipschitz in W7:

max Wi (ps.a (), Ps,a (i) < Ly |l — fill1- (163)

(s,a)

Then for any selections p,,(- | s,a) € Bw (s, a, 1) and p;(- | s,a) € Pw (s, a, fi),

Hpu(' | s,a) _pﬂ(' | s,a)||1 < 2 Wy (pu(' ‘ s,a),p,;(- | Saa))

d
2 _ . -
<3 (ps,a(u) + W1 (Ps.a(1): Psa(i1) + ps,a(u))
2
< 2V — i 7]
< (L= il + 29). (164)
Therefore,
2 - 4p
max | K, (- | 8) = K- | )l < (Lo + 527 ) ln— il + 2. (165)

As in the TV case, (I63)) yields convergence to an O(p)-neighborhood via Theorem Exact contraction (with no additive
slack) typically requires additional structure (e.g., a unique stable optimizer selection or a regularized OT-based inner
minimization).

D.2 CONVERGENCE

Lemma 17. Let pu € A(S) and let (7., p,) be any selections as in 28)—29), i.e., supp 7, (-|s) C D(s, ) and p,,(-|s,a) €

o~

B(s, a, ) for all (s,a). Then:
(i) (robust optimality and worst-case attainment at 1)

Vu = pei‘%fu) J,u(ﬂ',uap) = JM(Wwpu) = <Ma Uu>~

(ii) If in addition pn = F(pu) = pkK,, then (p,m,,p,) is a stationary robust mean-field equilibrium in the sense of
Definition|2)

Proof. Fix the population y and apply Proposition at u: since 7, is supported on the greedy sets D(-, 1) and p,,(-|s,a) €

~

PB(s, a, u) pointwise, Proposition gives, for every s € S,

vu(s) = peigf#) Ju($570,0) = Ju(8: 70, D), and peigfu) Ju(s;7',p) < wvu(s) V' (166)

Averaging the second identity in (I66) against p gives J, (7., pu) = D, pu(8) Ju (83T pp) = (1 V).
Then, for any admissible stationary kernel p € (), the first identity in (T66) gives J,,(s; 7, p) > v, (s) for every s, hence
J/L(Tr;up) > <Ma U;L>-

Therefore, the infimum over p of J,, (7, p) equals (11, v,,) and is attained at p,,. Finally, Propositiongives V=Vulp) =
(i, vy), completing (i); in particular Definition i)—(ii) hold at the population p.

For (ii), it remains only to check Definition Ekiii). The hypothesis p = (1K, reads, coordinatewise,

p(s') = > p(s) Y mulals)pu(s'|s,a) Vs’ €S,

sES acA

which is the consistency condition for the triple (1, 7., p,.). O
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Lemma 18 (Contraction of the population operator). Under Assumption EI the map F'(p) = pk,, is a contraction in || - ||1:

1E(p) = F(p)ll < pllp—all, Y pe A(S), (167)
where p = pmix + Lr < 1.
Proof. Add and subtract uKj:
1F (1) = F(@)|lh = [|[uKu — iBall < ||[pKy — pKall + |[0Kq — iKa) (168)
For the second term, first note that the Dobrushin contraction inequality implies
WK — 0Kl < oK) |lv — D1, Yv,0 e A(S). (169)
Apply (T69) and (34):
Ik — ikl < a(Ep)lln — il < puuselli — il (170)
For the first term,
Ky = Kl = Y u(s) (K- [ 8) = K- [9) || <D n()IEu(- | 8) = Ka(-| s)ll < max | Ku(- | s) = Kal- | 8)ll.
s€S 1 s€S
a71)
Now apply (33) to get ||k, — pK|l1 < Li||p — fi]]1. Combining the two bounds yields (I67). O
Theorem 10. Under Assumption[3] the map F' has a unique fixed point ji*. Moreover, the damped RB-Picard update
P = (1= a)pb + aF (u*) (172)
converges linearly to p*:
. k
Il = lh < (L=at=p)" |6° = plh,  VE=>0. (173)

In particular, with o = 1 (undamped iteration), || /¥ — p*||1 < p¥||u® — p*||1.

Proof. By LemmalI8] F is a contraction on the complete metric space (A(S), || - [|1), so Banach’s fixed point theorem
yields a unique fixed point x* and linear convergence for o = 1. For the damped update (172),

T =l < (1= @)k = Il + e F(uF) = F(u)]h < u—a+amm-ﬂwh—“‘“u‘)mmkﬁwf
7

and iterating gives (I73). O

Theorem 11 (Stablhty under inexact updates). Assume Assumption D] and that Algorithm [I) uses the inexact update
pF L = (1 — a)p* + aF(uk) with B6). Then, letting q := 1 — a(1 — p) € (0,1),

k—1

Ik =l < @Flu® = prlh + o) g e (175)
=0

In particular, if sup; €; < &, then limsupy,_, |k — )L < &/(1 - p).

Proof. Write the recursion with the fixed point p* = F'(u*):

P =t = (1= o) (" — i) + a(F(uF) — F(pY)). (176)

Add and subtract F(/*) and use triangle inequality:

IF =t < (1= @)l = il + al ) = F(ut) |+ al F(ut) = F(ub)a (77

Apply Lemma|[I8]and (36):
"4 =l < (L= a4 ap)llp® — gl + ask, = qllp* — ¥l + ey (178)
Unrolling yields (T73). The lim sup statement follows by bounding the geometric series. O
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D.3 CONVERGENCE UNDER MIXING SETTING

Assume a(K),) < pmix < 1 for all z so that each K, admits a unique stationary distribution. Define the stationary-
distribution map @ : A(S) — A(S) by

®(p) = the unique 1t € A(S) such that i = K, (179)

Theorem 12 (Contraction of the stationary-distribution map). Suppose (B34) and (33) hold with ppix < 1. Then ® is
Lipschitz with

~ Lk ~
[@(p) — ()1 < [~ [ =l (180)
Consequently, if Lig < 1 — pmix (equivalently pnix + Lx < 1), then ® is a contraction.

Proof. Let ju = ®(y) and i = ®(ji). Then /i = 1K, and ji = [iK, s0

f—pi=pK, — Ky = (i — ) K, + (K, — Kg). (181)

Taking || - |3 norms and applying (T69) and (33) yields
i — fll < a(K )l — Al +max | Ku(- | 5) = Ka(- | 9l < pmicllis — illy + Liclle = il (182)
Rearranging gives (I80). O

D.4 SOFTMAX ROBUST BEST RESPONSE AND SOFT ALGORITHM
Fix 7 > 0. For a given population distribution 2 € A(S) and v € R®, define the robust Q-operator

(Quv)(s,0) := | min %P(s )(r(s,a. ', 1) +70(s), (183)

and the soft robust Bellman operator

(T;v)(s) == 7log Z exp (w) (184)
T
acA
Lemma 19. For each fixed p, the map T is a contraction on (RS || - |loo) with modulus . Hence there exists a unique v,

T — T T
such that v, = T/jv].

Proof. For any s, a and any v, w, one has |(Q,v)(s,a) — (Q,w)(s,a)| < 7|[|v — w|. Also, LSE, (z) := 7log ", e*a/T
satisfies |[LSE, (z) — LSE, (y)| < || — y[|oo. Combining yields [|Tv — T w|loo < ¥V — w]|co- O

Define the soft robust Q-function @}, (s, a) := (Q,v};)(s, a) and the SoftMax policy

exp(Q},(s,a)/T)

7w (a]s):= . (185)
a > vea exp(Qy,(s,b)/7)
Choose a worst-case kernel selector
(- S i P(s ,a, s, T(s")). 186
(- | s,0a) argpeggr’lwz (s')(r(s,a, 8, 1) + 0l (s)) (186)

s'esS

Let K (s" | s) :==>_, 7. (a]| s)p},(s" | s,a) and define the population operator F'" (u) := pkKj.

Assumption 8 (Soft contractivity for F'7). There exist pmix € [0, 1), LE? > 0, and L; > 0 such that for all p, fi: (i)
(K]) < pmixs (i) maxs o |Q] (s, @) —Qf (s, )| < L ||p—fill1; (iii) maxs o [[p],(- | 5,a) —pF(- | s,@)[lv < Lyllp— Al

Assume p7 = pmix + L] + @ <L
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Algorithm 2 Soft RB-Iteration

Require: initial u° € A(S); temperature 7 > 0; stepsize o € (0, 1]; tolerances epp, &,,.
1: fork=0,1,2,...do

2: (Soft robust DP at /") iterate v 1) < T7.o™ until [[o™ ) — o™ || < epp;setvT, = o™+,
3: (SoftMax policy) set Q" (s, a) := (Qxv7,)(s,a) and 7*(a | 5) oc exp(Q* (s, a) /7).

4. (Worst-case kernel) for each (s, a) choose p*(- | s, a) € argminpegq(s,aur) 2y P(s") (7 + 7001 ).-

55 form K*(s' | s) =Y, 7"(a | s)p*(s' | s,a) and g* ! « pF K",

6:  (Damped update) ©**! « (1 — a)u®* + o pFtL.

70 if ||pFtt — uP)ly < e, then

8: break

9: end if

10: end for

k+1

11: return (pF+1, 7% pF).

Theorem 13 (Linear convergence). Under Assumption@ FT™ has a unique fixed point i™*. Moreover, the update ji*+1 =
(1 — a)p® + aF™ (k) satisfies

Ik = @7l < (1= a(l = p7)F [’ = 5. (187)
Proof. Combine: (a) Dobrushin contraction in the initial measure with factor ppnix, (b) the kernel Lipschitz bound

_ 207 _ . — ~
max || K7 (- | s) = KZ(- | s)lli < Lpllp — @lls + =2l — fil|1 (using SoftMax Lipschitz), to show || F'7 (u) — F7(f1)|1
P |l — f||1- Then apply Banach fixed point theorem and the standard damped contraction recursion.
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We moreover quantify the closeness of the soft limit and the original one.

Proposition 7 (Bias of the soft equilibrium). Let 7 > 0, let u™* = F7(u™*) with associated (77, p"), and set £(T) :=
1
TlLl'A'. Write p := p™*. Then:
-7

(i) vy < v < v, + (7) pointwise;

(ii) v, —e(1) < uj, < v, henceinfy, J,(s;77,p) > vu(s) —e(7) forall s;
. .2
(i) uf’ < Ju(i77,p7) < w4 175(7) pointwise.

Consequently (u™*, ", p") is an (e(7), %6(7’))-r0bust MFE, and T trades equilibrium accuracy against the verifiability
(Ln = 2L5/7).

Proof. Throughout, £ := 7log |A|, so e(7) = &¢/(1 — 7). We use the elementary perturbation fact: if S is a monotone
~-contraction with S(v 4 c1) = Sv + ycl, and Sw > w — €¢1 pointwise, then its fixed point u satisfies © > w — e(T)lﬂ
Symmetrically Sw < w + o1 implies u < w 4 €(7)1, and S; < Ss pointwise (both monotone contractions) implies their
fixed points are ordered.

(i) max, o, < LSE;(x) < max, z, + 7log |A] gives T,v < T7v < Tuv + €0l for every v; the ordering of fixed points
gives v, < v], and applying the perturbation fact to S = 7, w = v}, (note T, v}, > T, v} — eol = v], — gol) gives
vy > v — (7).

(ii) The Fenchel identity LSE, (z) =} mpx,+7H (77) with 77 = softmax(x/7) and H < log | A]| gives, atz = Q] (s, ),
(77711;)(5) = vy (s) = TH(7"(-|s)) € [v],(s) — €0, v},(s)]. Apply the perturbation fact (both directions) to S = 7;”7,

T : " : T " T
w = vy its fixed point u], satisfies v}, — (1) < uj, < v

(iii) The lower bound is J,,(-;77,p") > inf), J, (s 77, p) = u,’f. For the upper bound, write u := u™ ", ¢, := 7 + ~v. For
each (s, a), with p” the minimizer of (-, c,7) over B(s, a, u),

P75 cu) < (075 o) +llu = jlloe = min(P o) + yllu = vifloc < min(P ) +2y[u = vj oo

%The results are from induction: S"*'w > S(w —e0 >, ¥V'1) = Sw—e0 Y cicn V1> w—e0> ., 7' 1 letn — occ.
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Since [|u—v] || < e(7) by (ii), averaging over 77 (-|s) yields E“T’pTu < 7;”Tu+2'y€(7')1 = u+2ve(7)1. The perturbation
fact applied to S = 7:L”T>pr, whose fixed pointis J,(-; 77, p7), gives the claim with constant 2ve(7)/(1 — 7). O
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