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Abstract

Deploying trustworthy Al systems requires princi-
pled uncertainty quantification. Conformal predic-
tion (CP) is a widely used framework for construct-
ing prediction sets with distribution-free coverage
guarantees. In many practical settings, including
healthcare, finance, and mobile sensing, the cali-
bration data required for CP are distributed across
multiple clients, each with its own local data distri-
bution. In this federated setting, data can often be
partitioned into, potentially overlapping, groups,
which may reflect client-specific strata or cross-
cutting attributes such as demographic or semantic
categories. We propose group-conditional feder-
ated conformal prediction (GC-FCP), a federated
extension of conditional conformal calibration for
a target mixture over prespecified groups. GC-FCP
constructs mergeable, atom-stratified coresets from
local calibration scores, enabling compact aggrega-
tion at the server when the number of active atoms
is moderate. Experiments on synthetic and real-
world datasets validate the performance of GC-
FCP compared to centralized calibration baselines.
The code of our work can be found at https:
//github.com/HaifengWen/GC—-FCP.

1 INTRODUCTION

Deploying trustworthy Al systems critically depends on
uncertainty quantification to enable reliability control at
deployment time. Given a pretrained model, conformal pre-
diction (CP) post-processes the model’s outputs to construct
prediction sets with finite-sample, distribution-free cover-
age guarantees. The calibration of the prediction set is
carried out offline by leveraging held-out calibration data
[Vovk et al.l 2005, |Angelopoulos and Bates, |[2023| Barber
et al.} 2021 |Simeone and Romano, |2025]]. In many practi-

cal deployments, however, calibration data are inherently
distributed and subject to privacy constraints, so that each
client must retain its data on-site, e.g., hospitals, banks, or
Internet-of-Things devices [McMahan et al., | 2017].

Federated conformal prediction (FCP) [Lu et al. 2023
addresses the outlined distributed setting with the goal of
preserving marginal coverage with respect to a distribution
obtained by mixing local data distributions. Pursuing a sim-
ilar marginal coverage guarantee, [Humbert et al.| [2023]]
and [Humbert et al.| [2024]] proposed one-shot FCP schemes
based on a quantile-of-quantiles estimator. Beyond calibra-
tion targeting the mixture distribution, FCP-Pro [Li et al.,
2026|] and personalized FCP [Min et al.| [2025] address
the heterogeneity of local data distributions by training ad-
ditional models during the calibration process, providing
marginal coverage on local distributions or on the distri-
bution of a new client. To address robustness, [Kang et al.
[2024] studied Byzantine clients that may report arbitrary
statistics. Considering more general connectivity constraints
underlying communications, decentralized calibration via
message passing over arbitrary graphs was proposed by
[Wen et al.||2025]], and distributed remote calibration proto-
cols were studied in [Zhu et al., [2025] for wireless sensor
networks.

The state of the art on federated calibration summarized
above did not target group-conditional coverage guaran-
tees. In federated settings, data can often be partitioned
into, potentially overlapping, groups, which may reflect
client-specific strata or cross-cutting attributes such as de-
mographic or semantic categories (see Fig. [I). For central-
ized settings, Mondrian CP [Vovk et al., [2003]] addresses
group-conditional coverage over disjoint groups of covari-
ates, while CondCP [Gibbs et al.| [2025] allows for overlap-
ping groups by reframing conditional coverage as simulta-
neous coverage over a class of covariate shifts. Kandinsky
CP [Bairaktari et al.| [2025]] extended Mondrian CP and
CondCP to groups that depend on both covariates and labels.
Other related research directions for centralized scenarios
include localized coverage guarantees [[Guan, 2023]; learn-
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Figure 1: Left: In a federated system with heterogeneous clients, each client k£ holds local calibration data Dy and
communicates over a bandwidth-limited channel to a central server. The server aggregates these summaries to perform
conformal calibration (CP) and outputs a set-valued predictor C(- | D). Right: GC-FCP targets group-conditional coverage
for potentially overlapping groups G = {G1, G2, G3}, ensuring the inequality P(Y € C(X | D) | X € G) > 1 — « for all
groups G € G, whereas methods that only guarantee marginal coverage P(Y € C(X | D)) > 1 — «, such as FCP [Lu et al.|

2023]], may still under-cover within specific groups.

ing improved conformity scores to reduce conditional mis-
coverage [Xie et al.| 2024]]; as well as analyses of sample-
conditional validity for split conformal methods [Duchi,
2025]).

All this prior art on group-conditional CP has focused
on centralized settings. To address this knowledge gap,
in this paper, we propose a federated, atom-stratified ex-
tension of CondCP [Gibbs et al., 2025], termed group-
conditional federated conformal prediction (GC-FCP),
which enables communication-efficient and computation-
efficient prediction-set construction under mild conditions,
such as when the overlap between groups is not too severe.
Unlike FedCF [Srinivasan et al., 2025], GC-FCP does not
treat different groups separately, seeking simultaneous cov-
erage across all groups.

The main contributions are summarized as follows:

* We first propose centralized GC-FCP, an extension
of CondCP [Gibbs et al.| [2025] that achieves group-
conditional coverage guarantees under a federated tar-
get mixture distribution.

* We develop GC-FCP, a federated protocol that com-
presses atom-stratified calibration scores into merge-
able T-Digest [Dunning and Ertl, 2019] coresets, avoid-
ing the loss of group-membership information caused
by a single global sketch and double counting caused
by overlapping group sketches.

* We establish group-conditional coverage bounds for
GC-FCP, making it explicit how the coreset compres-
sion level affects the achieved coverage.

* We validate the proposed methods on synthetic and
real-world benchmarks, demonstrating that GC-FCP
attains group-conditional reliability while substantially
reducing computational overhead.

2 PROBLEM SETTING

As illustrated in Fig. [I] we study a federated calibration
setting that follows reference [Lu et al.| 2023]]. Accord-
ingly, we consider a network consisting of K clients that
communicate with a central server. In this setup, each
client k € {1,...,K} £ [K] has access to a local cali-
bration dataset Dy, = {(X; k, Yi,k)}?:’“l , with data points
(Xi.k, Yir) drawn i.i.d. from a client-specific distribution
Py over X x ). We define a global calibration dataset as the
union D = {Jp_, Dy, withn = S+ ny.. Asin [Lu et al.,
2023|], the goal is to calibrate a shared pre-trained model
f & — Y through communication with the central server.
Calibration is evaluated on test data (X,,1, Y,,+1) drawn
from the mixture

K
P = Zﬂ'kPk, (1)
k=1

for some arbitrary and known mixture weights 7 > 0 with
Zszl mr = 1. In practice, the weights {m;, }X_, dictate
the relative relevance of the data of each client k to the
calibration of model f. The vector 7 should be interpreted as
part of the deployment target, e.g., equal client, population,
or policy-driven weighting, and it does not necessarily imply
the empirical client-sample-size mixture.

Calibration aims at obtaining a set predictor
C(-|D): X —27. )

using the distributed calibration data via clients-to-server
communication. Prior work [Lu et al.,|2023|] imposed the
constraint that the prediction set (2) satisfies the marginal
coverage condition

]P(YnJrl S C(XnJrl | D)) >1—«a 3)
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with respect to the mixture distribution (I). In contrast, as
explained next, we impose a more flexible conditional cov-
erage condition based on grouping.

Let G C 2% be a finite collection of groups in the covariate
space X' and | Jq ¢ = /. Importantly, the groups are gen-
erally overlapping, i.e., there exist groups G;, G; € G such
that G; (G, # 0 (see Fig. . Groups may or may not rep-
resent client-specific partitions. In fact, some groups G may
correspond to data categories that are more representative of
the distribution Py, of a given client k. However, it may also
be that groups refer to categories that apply equally across
all clients. We consider the set G to be arbitrary and given.

Given a target mis-coverage level o € (0, 1), calibration
aims to construct set prediction C(- | D) such that, for every
group G € G, the following group-conditional coverage
requirement holds:

]P)(Yn+]_ S C(Xn+1 ‘ D) |Xn+1 € G) Z 1-— a, (4)

where the probability in (@) is taken over the calibration
data in D and the test data (X, 11, Yy+1). For condition
®@) to be meaningful, we assume that all groups G € G
satisfy the inequality P(X,,+1 € G) > 0 under the mixture
distribution (I). Note that this does not require that the
inequality P, (X € G) > 0 holds for every client k. Rather,
it only requires that at least one component with probability
. > 0 places positive mass on the group G.

The guarantee (@) applies to a prespecified finite group fam-
ily. This may include public common groups for which all
clients can compute the same membership vector. Private
groups, as well as unknown or emergent groups, requiring
separate discovery or auditing procedures, are outside the
scope of this finite-group guarantee.

If the groups G were disjoint, the conditional coverage re-
quirement (@) could be obtained by combining FCP [Lu
et al., |2023]] and Mondrian CP [Vovk et al., [2003]. Ac-
cordingly, one applies the FCP protocol separately for each
group G € G. However, ensuring the conditions @] become
difficult when groups overlap, and we address this challenge
in this paper.

3 PRELIMINARIES

To start, consider, for reference, a centralized split-
conformal setting in which a server has access to i.i.d. cal-
ibration data {(X;,Y;)}?_; and a test covariate X,, ;. In
this section, we review CondCP [Gibbs et al.| [2025]], which
addresses the problem of satisfying the constraints (@) in
such a centralized setting.

Let s : X x Y — R be a score function derived from
a predictive model f, and define the calibration scores
S; = s(X;,Y;) withé = 1,. .., n. Furthermore, let £,(6, S)

denote the pinball loss at level 1 —

S >0,

0.6, S
S <.

)_{(1_a)(s—o), )

a a(gfs)v

Given the set of groups G (possibly overlapping), define the
group-membership map ® : X — {0, 1}!9/ as

O(z) = (H{z € G}) 4g € {0,111, (6)

which encodes membership of element z € & belonging
to each group of G as a binary indicator vector (where
1{true} = 1 and 1{false} = 0). Then, CondCP defines
the set of functions

Fo={zr BT0(): s R}, )
which corresponds to arbitrary linear combinations for the

group indicators. Specifically, for any input test score S' € R,
CondCP solves the augmented quantile regression problem:

gEFg n-+1+4

1 n
gs = arg min { ZE(X (Q(Xi)v Si)
1=1

1

Jrn—i—l

Ea (Q(X71,+1);S)} . (8)

Note that the solution gg is a function in class (7). By
the properties of the pinball loss, the solution gg repre-
sents a covariate (X,,+1)-dependent version of the (1 — «)-
empirical quantile of the augmented calibration scores
{S;}_, U {S} [Gibbs et al., [2025]]. The prediction set is
then defined as the set of all labels y € ) whose score
$(Xn+1,y) is no larger than the corresponding empirical

quantile gs(Xn+17y)(Xn+1), ie.,

C(Xpnt1 | D)
={y eV :s5(Xns1.¥) < Gsxpr1) Xns1)} - 9

The prediction set (9) is constructed by addressing an equiva-
lent formulation of the convex problem (8) via dual methods
(see Appendix [Dfor details). Under the assumption of i.i.d.
calibration and test data, the set C(X,,11 | D) in (9) satisfies
group-conditional coverage ().

Communication overhead: Solving problem (8] at the
server would require collecting all calibration scores and
their group-membership features, yielding a communication
overhead O(n).

Computational overhead: Solving problem (8) requires
computational complexity of order O(n?/2|G|?) using stan-
dard convex problem solvers [Renegar, [1988| [Nesterov and
Nemirovskii, [1994].
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Table 1: Communication load and computational complexity.
For GC-FCP, AZ is the set of non-empty atoms observed
by client k, and AT = |J, A

Method Comm. Comp.
CondCP &
Centralized O(n) O (n%2|G]?)
GC-FCP
GC-FCP  O(6S, [ALD)  O(GlAT])*7?1G]?)

4 GROUP-CONDITIONAL FEDERATED
CONFORMAL PREDICTION (GC-FCP)

This section introduces group-conditional federated confor-
mal prediction (GC-FCP), a federated calibration procedure
designed to achieve group-conditional coverage (@) over a
prescribed, generally overlapping, collection of groups G
under any mixture distribution (I)). In GC-FCP, each client
computes calibration scores locally and communicates to
the server only a compact, group-stratified summary, while
the server efficiently constructs the CP set for each test point
without accessing raw client-level calibration scores.

4.1 FEDERATED AUGMENTED QUANTILE
REGRESSION

To start, consider an ideal setting in which the entire cal-
ibration dataset D, which includes the datasets D;, from
all clients k € [K], is available at the central server. As-
sume also no computational limitations at the server. Even
in this simplified setup, as explained in the previous section,
CondCP would fail to guarantee the conditional coverage
requirements (@), since the data points in dataset D are not
i.i.d. with respect to the mixture distribution (I). We address
this challenge in this section by proposing centralized GC-
FCP, a centralized calibration scheme that guarantees the
desired condition (@).

As in Section[3] let s : X x Y — R be a score function
derived from the shared predictive model f. We denote
the calibration scores at client k as S; , = s(X;k, Yik)
with i € {1,...,n;} and k € [K]. Furthermore, given
a test point (X, +1,Y,+1) ~ P, we denote its score by
Sn+1 = S(Xn+1a }/n—&-l)-

For a test covariate X,,1 and an input score value S € R,
centralized GC-FCP solves the following federated aug-
mented quantile regression estimator as a generalization of
the CondCP problem (8):

K
~ . Tk
Jgs = argmin E
geFg k=1 ng + 1

( Z goz (g(Xi,k)a Si,k)

+La(9(Xnt1), S)) , (10)

where the function set Fg is defined in (7). The objective
in problem (I0) incorporates the scores of all K clients,
with each k-th term weighted by the factor 7 /(ny + 1),
thus matching the structure of the target mixture distribution
(T). Using this definition, centralized GC-FCP obtains the
prediction set as in (9).

Theorem 4.1 (Group-conditional coverage for centralized
GC-FCP). For every group G € G, the set () with the
empirical quantile produced by centralized GC-FCP
satisfies the conditional coverage condition (@).

Proof: See Appendix

As summarized in Table [T} the centralized GC-FCP shares
the same communication and computational overheads as
CondCP.

4.2 GROUP-CONDITIONAL FEDERATED
CONFORMAL PREDICTION

The previous subsection focused on a centralized version
of GC-FCP, which solves problem (10)) using the calibra-
tion scores pooled from all clients. To mitigate the commu-
nication and computational overhead associated with this
approach, we now introduce GC-FCP, a distributed proto-
col that replaces the full calibration dataset with mergeable
atom-based coresets. As summarized in Table |1} this pro-
tocol reduces the communication load and enables a more
efficient server-side optimization in conditions to be elabo-
rated.

GC-FCP starts by applying a coreset construction based on
T-Digest [Dunning and Ertl, |2019], which is a sketching
algorithm for computing approximations of quantiles, and
is elaborated in the sequel. The sketches produced by T-
Digest are then used to solve the optimization problem (I0)
at the central server. While T-Digest was also used by FCP
[Lu et al.l 2023]], GC-FCP must additionally account for
the structure of the groups in the set G, producing stratified
structures (see Fig. [2).

4.2.1 T-Digest

Let {(R;,w;)}¢_, be weighted real-valued samples with
R; € R and weights w; > 0, and define the total
weight as W = Zle w;. The associated weighted em-
pirical cumulative distribution function (CDF) is F'(t) =
% Zle w; 1{R; < t}, with generalized empirical quan-
tile function Q(u) = inf{¢ : F(¢) > u} foru € [0, 1].

T-Digest: A T-Digest |[Dunning and Ertl, 2019] produces
an ordered collection of m < ¢ clusters R. C {1,...,¢},
ie,ifc; < ¢y, Ry < Rjforanyi € R, and j € R,.
Cluster R.. is described by a cluster representative R, and
an aggregate weight W,. Each cluster R includes a subset
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of samples {R;}{_, with total weight W, = 3, 5 w;,
and the weighted cluster means R. = WLC Zz‘eRc w; R;.
In summary, T-Digest returns the weights and the cluster
means as

TD = {(R.,We)}_ . (11)

It is worth noting that T-Digest enforces the ordering R; <
R, < --- < R,,, producing ordered cluster means. To
this end, it orders the original set {R;}¢_; such that we
have R; < Ry < --- < Ry. Clusters are then constructed
greedily as follows. To elaborate, let V., = ¢, W; with
Vo = 0, and define the empirical left and right quantile

boundaries of cluster ¢ € {1,...,m} as
Ve V
L c—1 R c
= d = —. 12
e wo e Ty (12)

Samples Ri, Rs, ..., Ry are aggregated in an increasing
order into the current cluster R as long as adding the next
sample preserves the constraint

r(gf) —r(er) <1, e=1...,m.  (13)

with scale function
) .
r(¢) = —— arcsin(2q — 1). (14)
2

for some parameter § > 0 that controls the level of compres-
sion.

Intuitively, the condition (I3) enforces finer resolution near
the tails of the empirical distribution of the scalars {R;}¢_,
while permitting larger clusters near the median. By this
construction, the number of retained clusters scales as m =
©() [Dunning and Ertl} 2019].

m

From the digest TD = {(R.,W,)}__,, the approximate
quantile function for u € [0, 1] is given by

Q(u) = inf{t : F(t) > u}, (15)
where
. 1 & _
F(t) = W;WC1{RC <t} (16)

is an estimate of the empirical CDF F'(¢). The quality of
this estimate will be analyzed in Section[3]

Merging T-Digests: A key property of T-Digest is that
digests can be merged and then re-compressed such that the
number of retained clusters remains © () [Dunning and Ertl,
2019]. Let TDW) = {(RY), W9)}™, be digests obtained
from disjoint datasets indexed by j = 1, ..., J. To merge
them, one applies the same procedure discussed above to the
pooled samples szl TDY). We denote the merged digest

as Merge(TDW ..., TDW)).

Figure 2: Illustration of the atom partitions applied by
GC-FCP. Given the set of overlapping groups G =
{G1,G3,G3}, the resulting 7 non-empty atoms A =
{A4,..., A7} are shown on the right, together with the
corresponding group-membership vector (6)).

4.2.2 GC-FCP

In order to address the group-conditional constraint (@), GC-
FCP first stratifies the data at the clients into disjoint atoms
based on unique group membership patterns. Independent
T-Digests are then constructed per atom, and used at the
server as coresets to approximate the solution of the quantile
regression problem (10).

Atoms construction: As illustrated in Fig. 2| GC-FCP
first partitions the input domain X" into a collection A =
{A}Aca of atoms, which are defined as (J, . 4 A = &
and AN A’ = 0, for any pair A, A’ € A. The collection
A corresponds to the smallest-cardinality partition of the
set X such that all the sets G can be recovered via union
operations on its atoms. Formally, for each subset of groups,
S C G, define

N ¢ (17)

Geg\S

A(S)z(ﬂ G)ﬂ

GeS

as the intersection of all groups in subset S and the com-
plement of all groups not in subset S. The construction
A = {A(S)}scg yields the collection of atoms [Kallen{
berg, [2002]]. Although arbitrary overlaps can induce up to
219! atoms, GC-FCP is efficient for many practical group
settings. For example, for one-dimension interval groups,
the number of atoms scales linearly with |G]|.

By construction, each atom A corresponds to all points = €
X with the same membership vector ®(x). Accordingly,
for any € A, we can write ®4 = ®(z). An example is
illustrated in Fig.[2]

Local-score partition and digest: We now partition the set
of local scores at client k € [K] into |.A| subsets Dy, 4, one
per atom A as

Dpa={s(X,Y): X €A (X,Y)eDy}. (8)
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Define the active local and global atom sets as
K
A ={AcA:Dra#0}, AT =[JA 19
k=1

which satisfy the inequalities |A*| < min{2/9 n} and
|AF| < min{2!9!, n;.}. Empty atoms produce no digest.
Each client k € [K] builds a separate digest TDy, 4 upon
the scores Dy, 4 for each active atom A € ./4;F with equal
weights w = ,/(ny + 1). Following Section [4.2] the re-
sulting digest TDy, 4 consists of a set of means and weights
with my 4 = ©(0) clusters

TDka = {(Skaies Whoae) b (20)
where Si 4. = ﬁ Ziesk,A,c #SZ is the weighted
mean of the scores in cluster Sp 4., and Wi 4. =

T

|Sk,a,c| 7k is the aggregated weight.

Next, client k € [K] transmits the digest TDy,_4 along with
the identifier of active atom A € A} to the server. For
each atom A € AT, the server merges the received digests
{TDy a}£ | to obtain a global digest

TDy = Merge(TDl,A, ... 7TDK’A)

g - Q1)
= {(SA,ca WA,C) }czl ’

with my = ©(0) clusters, where Merge(-) denotes the
merge operation on {TDy 4}5 . As a result, the union
over the digests of all atoms yields the final coreset:

D={(A,8,W):(5,W)eTDs, Ac A} (22)

with |D| = ©(8]A1|). Note that each entry (A, S, W)
of the coreset includes the identifier of the atom A, the
mean score S, and the corresponding weight W. The un-
compressed federated implementation would transmit all
atom-stratified scores, and solve the same objective as cen-
tralized GC-FCP, thus requiring O(n) score records plus
atom identifiers. GC-FCP replaces the full dataset with the
atom-stratified mergeable coreset (22).

Set construction: Given a test score S, GC-FCP solves

problem (T0) using the coreset D instead of the original

pooled data D, i.e.,
3(S) = argmin
BERICI

> Wi (8704, S)

(A,5,W)eD

K ™
- (Z ny, i 1) lo (BT ®(Xnt1), S) . (23)

k=1

Finally, the prediction set is constructed as

C(Xnt1 | D)
={y €V :s(Xns1,¥) < Fs(xnirp) Xnt1)}. (29

Algorithm 1 GC-FCP

Input: Clients’ calibration sets {Dk}szl; groups G; score
s(+,-); mis-coverage level a; mixture weights my; T-
Digest compression parameter 9.
>Client side (in parallel):
for device k € {1,..., K} do
Construct T-Digest TDy, 4 for each active atom A €
Az using Dy, 4.
Transmit T-Digests {TDy a} ¢ 4; to the central
server.
end for
> Server side:
Merge received digests for each active atom A € AT via

Solve and compute the prediction set (24).
Output: C(- | D)

where gg(z) = 5(S) T ®(x).
The proposed GC-FCP is summarized in Algorithm|I]

Communication overhead: Solving problem at the
server requires collecting active atom digests, yielding total
communication load of order O(§ Zle | A7), compared
to order O(n) for score-based communication of CondCP
or centralized GC-FCP.

Computational overhead: On the server side, solving the
dual of problem (23) requires computational complexity
of order O(|D[*/2|G|?) = O((6]AT])3/2|G|?) by standard
convex problem solvers [Renegar, [1988| Nesterov and Ne+{
mirovskii, [1994], compared to the order O(n*/?|G|?) of
CondCP or centralized GC-FCP. On client k£ € [K], mem-
bership computation costs O(n|G|).

Memory overhead: As the digest memory scales as
O(8]Af|), the server needs to store O(8|.A*|) merged cen-
troids.

Trust and Privacy: GC-FCP keeps raw calibration exam-
ples local, but does not provide any formal privacy guaran-
tee. In particular, active membership patterns, atom-based
counts, centroid weights, and approximate score distribu-
tions etc. may be exposed by T-Digests. The present analysis
therefore assumes a trustworthy server. Privacy-preserving
extensions possibly incorporate secure aggregation or differ-
entially private quantile sketches [Dwork and Roth| 2014,
Alabi et al.,|[2022] with potential compromise to coverage,
which is left for future work.

S COVERAGE GUARANTEES OF GC-FCP

The key property of GC-FCP is its ability to provide group-
conditional coverage guarantees (@) for the prediction set.
Deriving finite-sample group-conditional guarantees for GC-
FCP is technically challenging, since one must simultane-
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ously account for the non-exchangeability of the samples
in the coreset and for the approximation error introduced
by sketching via the local digest. To this end, we first ana-
lyze the quantile estimation accuracy of T-Digest, and then
provide a group-conditional coverage bound for GC-FCP.

5.1 QUANTILE ACCURACY OF T-DIGEST

We start by deriving a relationship between the compression
parameter § used in the scale function by T-Digest for
compression, which dictates the number of clusters m =
©(0), and the accuracy of the approximate quantile (T3).

Lemma 5.1 (Uniform bound of T-Digest). Defining as F(t)
the true CDF of original samples, the CDF estimate (16))
produced by T-Digest satisfies the uniform accuracy bound

sup|F(t) — ﬁ(t)| < sin(z), (25)
teR 0
with § > 2. Moreover, for all uw € [0,1], the quantile
estimate (16) satisfies the inequality |F(Q(u)) — u| <
sin(rm/9d).

Proof. See Appendix [B.T] O

5.2 GROUP-CONDITIONAL COVERAGE
GUARANTEES OF GC-FCP

Based on properties of T-Digest presented in Lemma[5.1] we
can now prove the group-conditional coverage guarantees
of GC-FCP.

Theorem 5.1 (Group-conditional coverage guarantees for
GC-FCP). For each group G € G, the prediction set
C(Xyn+1 | D) produced by GC-FCP satisfies the inequality

IPJ(Yn+1 € C(Xn+1 | 5) | Xny1 € G)

>1—a— sin(%) . (26)

Proof: See Appendix

While Theorem [5.1] assumes that problems (23)) are solved
exactly, the next result accounts for suboptimality induced
by numerically solving problem (23)).

An upper bound of the group-conditional coverage of GC-
FCP can be found in Appendix[C]

6 EXPERIMENTS

We evaluate GC-FCP on (i) a synthetic regression bench-
mark [Romano et al.l[2019]; (ii) CIFAR-10 image classifi-
cation [Krizhevsky and Hinton, |2009]]; and (iii) PathMNIST
medical image classification [[Yang et al.| [2023]]. Across

all experiments, we compare the proposed scheme, GC-
FCP, to the following benchmarks: (i) vanilla centralized
CP, which provides the marginal guarantee (3); (i{) FedCP
[Lu et al.l [2023]], which also satisfies (3); (iii) centralized
CondCP |Gibbs et al.,[2025]); and (iv) centralized GC-FCP,
which is described in Section 4.1l CondCP and centralized
GC-FCP are only evaluated on the small-scale synthetic
dataset and CIFAR-10 due to their prohibitive computational
complexity (see Table[I). Appendix [E.2] further reports a
large-scale ImageNet-1K experiment with federated and
group-wise baselines, and additional ablation experiments
over group settings and compression.

For each group G € G, we estimate group-
conditional coverage on a test set 7 as cov(G) =
UITel X yere 1y €C(x | D)}, where Tg =
{(z,y) € T : z € @G}, and report the empirical
coverage cov(G) for all groups G € G. For classifi-
cation, we also report the average prediction set size
(L/IT1) 2 (4.7 [C(z | D)|. Computational complexity is
evaluated by the average wall-clock time required for each
method to construct a prediction set on the same platform.

6.1 SYNTHETIC REGRESSION

For the synthetic regression task, we consider K = 4 clients
with heterogeneous covariate distributions Px j given by
truncated normal distributions on the interval [0, 5] with

mean fiy, = 0.5+% and variance o, = 0.5+0.1(k—1).

Following [Romano et al.,|2020], we generate responses as

Yy ~ Pois(sin?(X) 4 0.1) + 0.03X ¢;
+251{U < 0.01}e2 + N(0,0.01k%), (27)

with independent variables €1,e3 ~ N(0,1) and U ~
Unif([0, 1]). We train a centralized linear regression model
f(+) on a separate training dataset generated in the same way,
and use the score s(z,y) = |y — f(z)|. Groups are given by
overlapping intervals G = {[0,2],[1, 3], [2, 4], [3,5]}. The
miscoverage level « is set to o« = 0.1. Other parameters are
summarized in Table {]in Appendix [E.]

Fig.[3| (a)-(b) visualizes representative prediction sets, while
Fig. [3| reports the mis-coverage rate across the four over-
lapping interval groups. Centralized CP and FedCP apply a
single global threshold and therefore exhibit uneven group-
wise miscoverage rates. In particular, some groups are under-
covered (mis-coverage above «), reflecting shifts in the
conditional score distribution across covariate regions. In
contrast, CondCP, centralized GC-FCP, and GC-FCP yield
substantially more uniform group-wise mis-coverage near
the target level « across all groups (Fig. B|c)) by adapting
the threshold over the covariate space (Fig. [3[b)).
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Figure 3: Visualization of prediction sets for the synthetic regression task for (a) centralized CP and FedCP [Lu et al., 2023],
as well as for (b) centralized CondCP, centralized GC-FCP, and GC-FCP. (c¢) Per-group miscoverage rate.

Table 2: Coverage, set size, and computational load comparisons on CIFAR-10 [Krizhevsky and Hinton, 2009]. Each entry
reports mean =+ standard error over Monte Carlo repetitions. Standard errors for set size below 0.01 are omitted. A red star *
indicates coverage below the target 1 — oo = 0.9.

Methods lz/f)a‘llziangzz o Group-corcl;;itional coveragceTY i)fset size) " Sg;);gﬂ.p
Centéegized 0.901 - 0.001 0.8752(*)31;).001 0.8552(*)30()).001 0.90(60%55;)).001 0.933)§50).001 N/A
Cecrglrlzliczlfd 0.903 + 0.001 0.90(1036?).001 0.90(10.3;80).001 0.9050§£.001 0.90(1()%10).001 1.00x
Cérg;liczsd 0.906 - 0.001 0.90(%%560).001 0.90(30%5&.001 0.90(5038.001 0.90(501;20).001 1.00x

FedCP 0.902 - 0.001 0.88(2(*);:2()).001 0.85((5(*).;0()).001 0.90(60%5??).001 O.93(6()§;.001 N/A

(C;C:FQC;; 0.911 + 0.001 0.89((3(*)§5§).002 0.882(*)36()).002 0.91(90§50).002 0.93(1()%50).002 34 36

(?il;gg) 0.906 & 0.001 0.903)1;60).001 0.90(201;5?).001 0.90(5038.001 0.90(((5)%520).001 19.73x
(5(}(:355%1:)) 0.906 - 0.001 0.90(%1;6%.001 0.90?0%5;).001 0.90(5038.001 0.90(%%520).001 3.96x

6.2 CIFAR-10 EXPERIMENTS

We now adopt a pre-trained ResNet56 model f(-) for the
CIFAR-10 image classification task with score function
s(z,y) = 1 — [f(z)]y, where y denotes the y-th entry
of the softmax result [Sadinle et al.| 2019]]. We consider
K = 5 clients with a non-i.i.d. label partition, so that each
client holds 10/ K disjoint classes. We set uniform mixture
weights m,, = 1/K, and total calibration sizen = ), nj =
5000. Groups are defined by overlapping predicted label
classes §(z) = argmaxy[f(z)],: G1 = {z : y(z) €
{0,1,2,3}},Go = {z : §(z) € {2,3,4,5}},G3 = {x :
g(x) € {4,5,6,7}},and G4 = {z : g(z) € {6,7,8,9}}.
We set the miscoverage level & = 0.1 and use a pre-trained
ResNet56 to serve the model f(-) to construct the score
function s(z,y) = 1 — [f(x)], [Sadinle et al. [2019]. The
report results represent the average after 50 Monte Carlo

simulations, each with 5000 test points.

Table 2] reports marginal coverage, group-conditional cover-
age (with average set size in brackets), and computational
speedup (“Comp. speedup”), with the latter being normal-
ized with respect to the complexity of centralized CondCP.
Centralized CP and FedCP attain the same marginal cov-
erage near 0.9, but their group-conditional coverage varies
substantially across groups (e.g., below 0.9 for groups G
and (32), indicating that marginal calibration does not con-
trol errors uniformly across overlapping groups. Central-
ized CondCP and centralized GC-FCP achieve near-uniform
group-conditional coverage across all groups, matching the
intended behavior of augmented quantile calibration under
grouping conditions.

GC-FCP closely tracks the centralized group-conditional
performance while substantially improving computational
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Table 3: Coverage and set size comparisons on PathMNIST. Each entry reports mean + standard error over Monte Carlo
repetitions. Standard errors of set size below 0.01 are omitted. A red star * indicates the coverage below the target 1—a = 0.9.

Methods Group-conditional coverage (set size)

(marginal coverage) Gy Go Gs Gy Gs
Centralized CP 0.888* +£0.001 0.885* +0.001 0.879* +0.001  0.935+0.001  0.895* + 0.001
(0.901 4+ 0.001) (1.00) (1.00) (1.00) (1.00) (1.00)

FedCP 0.892* +0.001 0.889* +0.001 0.883* £0.001 0.937+0.001  0.900 + 0.001
(0.905 4+ 0.001) (1.01) (1.01) (1.02) (1.01) (1.02)
GC-FCP (6 = 25) 0.891* +0.002 0.890* +0.003 0.880* +0.003 0.895* +£0.004 0.853* +0.003
(0.876* £ 0.002) (1.12) (1.14 £0.01) (1.15 £ 0.09) (1.07 £ 0.09) (1.01 £ 0.05)
GC-FCP (6 = 250) 0.913+£0.001  0.910+0.001  0.9114+0.001  0.911 +0.001  0.898 + 0.001
(0.908 4+ 0.001) (1.07) (1.08) (1.11) (0.98) (1.03)

GC-FCP (§ = 2500) 0.9134+0.001  0.910£0.001  0.910+£0.001  0.912+0.001  0.900 + 0.001

(0.909 £ 0.001) (1.07) (1.08) (1.11) (0.98) (1.03)

efficiency. The computational gains are pronounced: depend-
ing on §, GC-FCP yields from 3.96x to 34.36x per-test-
point speedup relative to centralized CondCP, illustrating the
accuracy—efficiency trade-off governed by the digest com-
pression parameter. The value of the compression parameter
affects coverage. For instance, with aggressive compression
(6 = 25), some groups are slightly under-covered (e.g., G2),
in a manner consistent with Theorem[3.1]

6.3 MEDICAL DATASET EXPERIMENTS

Finally, we evaluate GC-FCP on PathMNIST from MedM-
NIST (9 tissue classes) with images resized to 3 x 28 x 28
[Yang et al.,[2023]]. We consider K = 5 clients, each hold-
ing samples from 2 disjoint classes, except the last client
holds 1 class. We train a centralized CNN f(-) on the train-
ing split. We randomly shuffle the mixture validation and
test data, split it into calibration and conformal test datasets
equally, and allocate calibration samples to clients as in the
CIFAR-10 experiments. Groups are defined by predicted-
label classes: G1 = {z : g(z) € {0,1,2}},Go = {x :
g(x) € {1,2,3}},Gs = {z: g(x) € {2,3,4}},Gy = {x:
g(x) € {3,4,5}},Gs = {z : y(z) € {4,5,6,7,8}}. Other
parameters remain the same as CIFAR-10 experiments.

Table ] shows that Centralized CP and FedCP achieve
marginal coverage near 0.9, but can deviate noticeably at
the group level (e.g., lower coverage on GG3). GC-FCP with
moderate compression (6 = 250 or § = 2500) attains group-
conditional coverage close to the target for all groups, while
maintaining small average set sizes (near one label on aver-
age). In contrast, overly aggressive compression (§ = 25)
degrades calibration. Overall, these results corroborate that
GC-FCP achieves group-conditional reliability in hetero-
geneous federated classification tasks, with accuracy con-
trolled by the digest compression parameter 9.

7 CONCLUSION

We have introduced Group-Conditional Federated Confor-
mal Prediction (GC-FCP), a principled framework for con-
structing prediction sets with group-conditional guarantee
in heterogeneous federated settings. GC-FCP leverages T-
Digest to compress atom-stratified calibration scores into a
mergeable coreset, achieving communication and computa-
tion efficiency when the number of active atoms is moderate.
Under mild assumptions, we established group-conditional
coverage guarantees for GC-FCP, and empirical results on
synthetic regression and image classification benchmarks
corroborated these findings while demonstrating substantial
computational speedups.

GC-FCP assumes a prespecified finite group family and
a trustworthy server for atom-based summaries. Future
work includes extending the framework to richer condi-
tional structures beyond finite group families, developing
privacy-preserving sketches, as well as investigating robust-
ness against more complex settings such as decentralized
calibration [Wen et al., [2025]], adversarial behavior [Kang
et al.l [2024]], and online CP [Angelopoulos et al., 2024,
Gasparin and Ramdas), 2024]].
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A PROOF OF SECTION 4]
A1 PROOF OF THEOREM4.1]
Proof. First assume there are no ties, i.e., Si x, # gs,,,, (Xix) foralli € [ng], k € [K], and Sy 41 # §s,,., (Xn+1). The tie

case is handled at the end of the proof. Recall that g(z) = B ®(z) with 8 € RI9! and ®(-) defined in (G), then the optimal
function gg, ., , (-) solved by (10) reduces to a real-value vector given by

ne+1
B* = argmmz (nk 3 Z L, < Z Bal{X € G},Si,k>)7 (28)

BERIG 1 Geg

where we denote Sy, 11,5 = Sp41 for simplicity. Under the no-ties assumption, the first-order optimality condition implies
that for every group G € G,

=
S
=
+
=

3 (1{Xi,k € Gy (1{Six < 07,) — (1 — a))) =0, VGeg (29)

where 07, =g S61{Xix € G}
Let E) be the event that (X,,y1,Y,+1) is drawn from Pj. Conditioned on Ey, the (n; + 1) scores {Slk}:':"fl are
exchangeable. Let £ be the event that, for every k € [K], there exists a permutation oy, such that
(Sak(l)yk, cee Scrk(nk—&-l),k) = (31,;@, cee snk+1,k)7 (40)
where (s1, - .-, Sn,+1,5) denotes the realized values of (S, ..., Sn,+1,5)- Then, we have, forall G € G,
P(Yni1 € C(Xpn41 | D) | Xny1 € G,E)

P(Sn—H < 9:+17Xn+1 €eG ‘ 5)
P(Xn+1 eq ‘ g)

O TP(Sni1 < 05y, X1 € G| E,E)
B ZkK—1 TP(Xnt1 € G| E,&E)
(a) Zk 1 nk+1 ZMH HSix < ozk}l{Xi,k € G} (30)
- Sy B ST X € G
) (1= ) T, 725 X 11X, € G)
Yt 7 ST X, € GY

=1-aq,

—~
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where (a) follows exchangeability on client k under the event E}, and (b) follows the first-order condition.

This result implies marginal coverage under G = X. If the assumption S; # §s(X;) does not hold, we have
P(Yn+1 S C(Xn+1 ‘ D) ‘ Xn+1 S G,g> Z 1—a.

The proof technique is similar to [|Gibbs et al.,[2025]] and Appendix and is omitted here. By the tower rule, we obtain the
desired result. O

B PROOFS FOR SECTION§
B.1 RESULTS ON T-DIGEST

This section provides additional results on T-Digest and proves Lemma[5.1]

To begin, we state the following fact that holds in our digest construction described in Section[4.2]

B.1.1 Important Lemmas

Lemma B.1 (CDF error controlled by maximal cluster mass). Let {(R;,w;)}_, be weighted samples with total weight W
and empirical CDF F. Let TD = {(R., W)}, be a digest with induced CDF F(t) = - >."", W, 1{R. < t}. Define
the maximal normalized cluster mass

W,
Pmax = 1r§ncaéxm W (31)
Then, R
supfF(t) - F(t)’ < Pmax- (32)
teR

Proof. Let {R.}", be the partition for the digest defined in Section and define L. = min;er, R; and U, =
max;er, R;. Fix t € R and consider any cluster ¢. If ¢ < L., then cluster ¢ contributes zero to both F'(t) and ﬁ(t) If
t > UL, cluster ¢ contributes W, /W to both F(t) and F(t). If t € [L,, U,), discrepancy arises from the cluster ¢ only
because max;er, R; < min;er , R; for any ¢ > ¢, which yields

S

|F(t) - F(t)| < (33)

%.

Taking the supremum over ¢ completes the proof. U

Lemma B.2 (Arcsine scale implies ppax < sin(mw/d)). Suppose the digest is constructed with the scale r(q) =
2 arcsin(2q — 1) under the condition of (13) with & > 2. Then

27
pr = g 37 < (5) < 34
Proof. For each cluster c, let its empirical left/right quantile boundaries be ¢ = V._;/W and ¢f = V./W, where
Ve =5, Wi (with Vy = 0). Then q® — g = W./W. The well-formedness constraint gives
r(g®) —r(gk) <1 <= arcsin(2¢f — 1) — arcsin(2¢* — 1) < %. (35)

Let u;, = 2¢X — 1 and ugr = 2¢f* — 1, so that uy,ur € [—1,1] and ¢! — ¢ = (ur — ur)/2. Under the constraint
arcsin(ug)—arcsin(ur) < 27/6, the difference u —uy, is maximized by taking symmetry around zero: arcsin(ug) = 7/

and arcsin(ur) = —/d, hence ur = sin(w/d) and uy, = — sin(n/§). Therefore
uR—uL§QSin(E) — qfqu:ugsin(z), (36)
5 g g 2 )
which is exactly W./W < sin(r/§). Taking the maximum over c yields the claim. O
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Lemma B.3 (From || F — F|| to rank-accurate quantiles). Let F, F be CDFs on R and define the generalized quantile
function Q(u) = inf{t : F(t) > u}. If sup,c |F(t) — F(t)| < €, then forall u € [0,1],

F(Qw) € [u—¢€ u+e. (37)

In particular, when F' is an empirical CDF with total weight W, @(u) has empirical rank within (u & ¢)W.

Proof. Fix u € [0,1] and let t* = Q(u). By definition, F'(t*) > w and for any ¢t < t*, F(t) < u. Using sup, |F(t) —
F(t)| < e gives F(t*) > F(t*) — € > u — e. For the upper bound, for any n > 0 we have F(t* — 1) < u, hence
F(t* —n) < F(t* —n) + € < u + €. Letting n — 0 and using right-continuity of F yields F'(t*) < u + . O

B.1.2 Proof of Lemma

Proof. By Lemma|B.1]
Sl%p |F(t) - F(t)| < Pmax- (38)

By Lemma[B.2] pruax < sin(w/6), hence sup, |F(t) — F(t)| < sin(w/6). O

B.2 PROOF OF THEOREM

We begin with the following corollary that controls the error of T-Digest for each atom.

Corollary B.1 (Atom-wise sketch accuracy). Let p be its weighted empirical CDF and let p 4 be the step-CDF induced by
the merged digest TD 4. Then, under the arcsine scale (14)),

. (M) <7
ilelﬂlg\pA(t) —pa(t)] < €_Sm<§> <5 (39)

Equivalently, the quantile query induced by TD 4 is e-accurate in the sense of Section 4.3.

Proof. This is a direct application of Lemma[5.1]to the weighted sample set D 4. O

Step 1: First-order condition. The subgradient of (Z3) on 3 with respect to 3 is given by

ma
{ Z Z WA,C'UA,C(I)A + wtestvtestq)(Xn+l)

A€eA c=1
o if Sp.< fT®4, o if § < fT®(X,11),
vaec={—(1—a) ifSse>pT04, 0 =4 —(1—0a) ifS>BTD(X,41), ¢, (40)
tac if Syo=pTd4 trest if S = BT®(X,11)

where Wit = Zle A With A\, = 7 /(g + 1) and t4 ¢, test € [ — 1, 0.

The first-order condition for optimality implies that for each group G € G, there exist t4 . € [a — 1, a] (for clusters with
ties) and te € [ — 1, ] (if the test point has a tie) such that

ma
Z Z Wa,cva,c + wlestvtestl{Xn-‘rl € G} =0,
A:ACG c=1

where the v4 . and v are as defined above.
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Step 2: Empirical CDF and T-Digest approximate. The atoms {A} partition X" disjointly, with membership vectors ® 4.
The true empirical CDF per atom is

pa(t)y =Wyt Z (i L{S: < t},

. X;EA

where Wa = 3 x4 Ak(i)> Ak(i) = Th(i)/ (ki) + 1), and k(7) is the index of the client that the sample X; belongs to,
for i € [n]. The coreset per atom yields

ma
Pat) =W > Wa {8, <t},
c=1

with sup, [pa(t) — pa(t)| < e by Corollary[B.1]

Step 3: Coverage. With (X,,11,Y,,11) ~ Zle 7P, as in the proof of FCP [Lu et al., 2023, let F}, be the event that
(Xn+1, Ynt1) is drawn from Py. For each k € [K], let I1,,, 11 denote the set of all permutations of {1,...,n; + 1}, and
define the event

&= {Vk S [K], doy, € an+1 s.t. (So‘k(l)Jw .. ~7So—k(nk+l)7k) = (Sl,ka .. '737’Lk+1,k)}7 41

where (51, ..., Sn,+1,k) denotes the realized values of (S k, ..., Sny+1,k)-

Then, we have, for all G € G,

~ , N
P(Y i1 € C(Xpsr | D) | Xns1 € G,E) = Ep, [P(SW < BL  ®(Xpir) | Xosr € G,g,Ek)} =5
where . .
N = Z WApA(GA) +wtest1{sn+1 < 0n+1}1{Xn+1 € G}7
A:ACG
D= Y Wi+ wed{Xn € G}
A:ACG

with 04 = 8L ®aand b,y = BE  ®(Xpi1)

Analogously, define the GC-FCP approximate numerator and denominator as

N = Z WAﬁA(éA) +wlest1{5n+1 < én+1}1{Xn+1 € G}a E =D.

A:ACG
By Corollary [B.T} we have
N Z Z WA(ﬁA(éA) - 6) + wtestl{Sn—i-l S é71,+1}1{Xn+1 S G} = N — € Z WA-
A:ACG A:ACG

By the first-order condition, for the component corresponding to G, there exist t 4 ¢, test € [@ — 1, ] such that

(e Z Z WA,C - (1 - Ct) Z Z WA,C + Z Z WA,ctA,c

A:ACG C:SAﬁc<éA A:AQGC:S‘AVC>§A A:ACG C:SA‘C=9AA

+ WiestViest LH{ X 41 € G} =0
which implies
ma B ) R
Z ZWA,C]- {SA,C < 9,4} + ’U}[es[]. {Sn+1 < 91’7,—‘,—1} 1{Xn+1 c G} + (1 _ 06)7—0 — (1 _ Oé)D _ T,
A:ACG c=1

where

ma
To = Z Z Wa,cl {S‘A,C = 9,4} + Wiegt 1 {Sn+1 = én+1} 1{X,41 € G}
A:ACG c=1
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ma

T = Z Z WA,ctA,c]- {SA,C = éA} + wtestt[est1{5n+1 = én+1}1{Xn+1 S G}
A:ACG =1
By the definition of p 4 (¢) and N, we have
N—-aTg=(1—-a)D-T

Because t4 ., test € [ — 1,0,

aTo—T >0,
yielding
N > (1-a)D
This yields
~ N
P(Yn+1 S C(Xn+1 ‘ D) ‘ Xn+1 S G,g) = 5
N - GZA:AQG Wa
- D
> (1-a)D - GZA:AQG Wa
- D
>1—a—c¢,

where the last inequality is due to ) | ,. s~ Wa < D. Taking expectation on both sides w.r.t. £ yields the desired result.

C GROUP-CONDITIONAL COVERAGE UPPER BOUND OF GC-FCP

Theorem C.1 (Upper bound coverage in the case of perfect quantile regression). Assume that the conditional score
distribution S | X is continuous and fix any confidence level ) € (0,1). Then, with probability at least 1 — 1/2 over the
calibration data, for every group G € G, GC-FCP satisfies

P(Yy41 € C( Xy | 5) | Xnp1€G)<1—a+ g + Ag, (42)

where the additive term

K
max {%» 2kt T }
x floeE/m \ |

with pi.c = Px (X € G) being the probability that a covariate X drawn from client k belongs to group G.

Ag = |G|

(43)

Proof: See Appendix

Theorem|[C.1| shows that GC-FCP cannot be arbitrarily conservative. The group-wise coverage lies in a narrow band around
1 — a, with band width controlled explicitly by the additive term A, which consists of the mis-coverage gap ¢, calibration
sizes ny, and the mixture-weighted group mass py, . For instance, when the mixture-weighted group mass > & TkDk,G
is small, the denominator shrinks, and Ag grows, which suggests that an efficient prediction set for low-support groups
requires more calibration samples.

C.1 PROOF OF THEOREM|C.1|
For any G € G, where |G| = d, we begin with

N +e >aaceWa

P(Ypi1 € C(Xpp1 | D) | Xns1 €G,E) == <

Sl =
IA
ol =
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Record that t 4., test € [ — 1, @], which yields
T>@-1)T, N=(1-a)D-T+aTo = N<(1-a)D+T

Hence, T

P(Yos1 € C(Xps1 | D) [ Xnpr €G.E) S1-atet o
Now our target is to upper bound

maA _ R .
76 = Z Z WA,C]- {SA,C - GA} + wtesl]- {Sn+1 - 9n+1} 1{Xn+1 S G}
A:ACG c=1

under the assumption that the distribution of S | X is continuous.

To bound this term, we first simplify the notation by relabeling the pseudo-points with the test point with7 = 1,...,m,m+1,
where m = ) ;. , ma = O(J]A|) is the total number of clusters and Sy, 11 = Spy1.

Claim 1. Under the conditions of Theorem [C.1} with probability 1, we have
ma _ R .
> Y1 {Suc=tab+1{Su1=bu} <d
A:ACG c=1

Proof. See Appendix O

By Claim [T} with probability 1, we have

E < d - max {maXA,c:AQG,CG[mA] WA,c , wtestl{Xn+1 € G}}
D~ ZA:AQG Wa + wtestl{Xn+1 S G}

Next, we bound RHS using the properties of T-Digest. Record that wyeqy = Zszl A = Ele n:j—l

Claim 2. Assume that GC-FCP uses the scale function r(q) = % arcsin(2q — 1) for ¢ € [0, 1], where ¢ is the normalized

cumulative weight, i.e., quantile. Then, we have

n}‘ax Wa,e < Wasin (g) < sin (%) <

,C

S

Proof. This is a direct result of Lemma[B.2Jand W4 < 1. O

Claim 3. Assume that the mixture weights m, > 0, with py, ¢ = Px (X € G) > 0, for any > 0, with probability larger

than 1 — 1/2, we have
TEN log(2K
S waz Tt (o [ ) )
A:ACG PR k

Proof. See Appendix [C.3] O
Combining Claims[I| 2] and[3] we have

s K s
max {3, 71, 72 |

D~ . log(2K
£ 525 (i - /P

Record that

P(Yn+1 S C(Xn+1 |5) | Xn+1 S G,g) <l—a+4+e+ %,

combing the bound of 7o/ D and taking expectation over £ yield the desired result.
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C.2 PROOF OF CLAIM

Proof. Let L denote the set of all pseudo-points, consisting of the clusters across all atoms and the test point. Specifically,
L={(Arc): Aec Ac e [ma]}U{test}, with |[£| = m + 1, where m = ), , ma = O(J]A]) is the total number
of clusters at merged T-Digests. For each [ € £, define the feature ¥; = &4 if | = (A, ¢) is a cluster in atom A, or
W) = ®(X,41) if I = test, and the score Tj = Sa . if | = (A, ¢), or Tj = Sy 41 if | = test.

The optimizer Bgn 41 18 the solution to the weighted quantile regression problem with S = S), 1. A tie at pseudo-point

loccurs if T} = 5§n+1‘1’l- Let D = {X; k }iciny)ke[k] Y {1 Xnt1}
As in [Gibbs et al.l 2025]], we calculate the probability

P <Z1{Tl :gg\yl} >d|D““9>

leL

The event {Zleﬁ 1 {Tl = Bg\lll} > d} implies that there exists a subset Z C £ with |Z| = d 4 1 such that T} = BE\I/;
for all [ € Z. Therefore,

P<Z1{Tl=B§\1}l}>d|Du“9>g Z P (38 € R st. Ty = BT, Vi € T | D7)

leL ICL,|T|=d+1

For a fixed Z, the event is that the vector (T});ez € span{(¥});ez}, where span{(¥}),cz} is the image of the map
B+ (UT )1z, which is a linear subspace of R?*! with dimension at most d.

Under the continuity assumption, the conditional distribution of (S; ) x U {Sn+1} given the X s is absolutely continuous
with respect to Lebesgue measure on R"*1,

The mapping from the original scores .S; ;, (and Sy,11) to the coreset scores {1} };c . is piecewise affine. For each atom
A, the score space R"4 is partitioned into finitely many open cones R, indexed by permutations = € S,,,, where
Rr={seRm: Sx1) < 0 < Sx(n A)}, where boundaries have measure zero. Within each R, the sorted scores s(™)
determine fixed quantile positions ¢q; based on permuted weights, leading to fixed cluster assignments via the deterministic
T-Digest merge rules. Thus, each S, .. is an affine function of s(™) (weighted average over fixed indices), and hence affine in
s. The full map to (7});cz is therefore piecewise affine across atoms and the test score, preserving measure-zero sets under
the continuous distribution of S | X.

Since the subspace has Lebesgue measure zero in R%*1, its pre-image under the affine map also has measure zero. For a
fixed Z, we have

P(3BeRst. Ty =p"Y, V€ T|D"™) =0.

m—+1

Since there are at most ( dil

) many such Z, the union bound yields

P<21{TZ—B§\IJI}>CI|D““9> =0

leL
Because
ma
Z Zl {SA,C = éA} +1 {Sn+1 = én—i—l} >dp C {Zl {Tz = Bg\l/l} > d} ,
A:ACG c=1 lel
we have
maA B R R R
P Y Y 1{Sac=0a}+1{Suns=bun} >d Do) <P <Z1 {1 =55w}>al D‘“‘9> =0.
A:ACG =1 leL
Marginalizing D**9 yields the desired result. O
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C.3 PROOF OF CLAIM@

Proof. The calibration weightin G is 3 4. scq Wa = > Ak - #{i : Xix € G}, where A\, = m /(g + 1).
Let Z;, = #{Z Xk € G}, then ZA:AQG Wy = Zk A, 2, and

Zy, ~ Bin(ng, pr,q), with pr.c = Px (X € G)

and the expected weight is

TN

E| Y wa|=> A = ,

A ENEPE,G e+ 1pk,G
A:ACG k k

By Hoeffding’s inequality, for each k,

—2t2
P (Zk < nkpr,c — t) < exp )

for tj > 0. Set ty, = \/(ny/2)log(2K /1) with any n > 0, we have

P(Z < nkprc —tk) < %
By union bound over k, with probability larger than 1 — 7/2,
TR log(2K/n)
A Zy, > Ak (ng —ty) = ==
Zk: kZg > zk: & (kpr,c — tk) ; i1 Dk,G T

We have, with probability larger than 1 — 7/2,

TEN log(2K
YOI IS L P
AACG % Tk Tk

D DUAL CONSTRUCTION FOR @ UNDER THE OBJECTIVE (10)

Reformulate the primal: Let \;, = 7 /(ng + 1). The primal objective of (I0) is rewritten as:

K ng K
Z Ak Z Co(9(Xi k), Sik) + (Z )\k:> lo(9(Xni1), S).
=1 =1 k=1

The pinball loss is given by £, (u, s) = (1 — a)(s — u)+ + a(u — s)+, where (a)+ = max{a, 0}. To reformulate the primal
problem (T0), we first introduce the following claim to rewrite the pinball loss as an optimization problem.

Claim 4 (Pinball Loss Reformulation). Fix any scalar residual » = s — u. Consider the following problem

min (1—-a)p+aq st r=p—q. (45)
p,q2>0

Then, the optimal value of (@3] equals £, (u, s).

Proof. Sincer = p—q, we have p = r +¢. Together with p > 0 and ¢ > 0, feasible pairs satisfy ¢ > max{—r,0} = (—r)+
and then p = r 4+ ¢ > 0. Substitute p = r + q into the objective:

(I-a)p+tag=(1-a)(r+q) +ag=(1-a)r+q.
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Thus, minimizing over feasible ¢ is equivalent to

min (1 —a)r+q,
= (—7)+ ( )

whose minimum is attained at ¢* = (—r), giving value
(1= a)r+ (—r);.

If » > 0, then (—7)4+ = 0, so the value is (1 — «)r = (1 — «a)(s — w). If r < 0, then (—r); = —r, so the value is
(1 —a)r —r = —ar = a(u — s). Therefore, the optimal value is exactly

(I—a)(s—u)y +alu—s); =Lly(u,s).

O

By Claim we introduce auxiliary p; , ¢;,x > 0 for each calibration point (i, k) and pie™, ¢ > 0 for each virtual test
copy per client k and rewrite the problem as

K ng
. . test test
(PO) : gergg;’q ZZAk (1 —a)pik + agir) +Z/\k (1 - a)p™ + ag; ),
k=11i=1 k=1 (46)

st. Sik—9(Xik) =pik — @ik S — 9(Xng1) =P — g™, Vi € [ng], Vk € [K]
pl k> i, kapZeStaQ}fbt > Oa VZ S [nkL Vk S [ ]

Dual problem: Introduce dual variables 7 ;. for calibration constraints and 7;* for each test copy. Using standard
calculations, the dual problem is given by the following linear programming (LP) problem:

K ng
(P1): max ZkaS g+ SZ best 47
i Am=Y
st —Apa <mip < Ap(1— 04)7 Vi € [ng], Vk € [K], (48)
— e < i < (1 — a) Vk € [K], (49)
K ng
SN nia®(Xin) + Znte“cb nt1) = 0. (50)
k=11i=1

where ®(z) = (1{z € G})Geg € {0, 1}!9!. The last constraint is to enforce the linearity of g(z) = 37 ®(z), which arises
mathematically from the stationary condition with respect to the primal weights /3.

Set construction via KKT conditions: In [Gibbs et al., [2025] Section 4], the conformal prediction set is constructed

using the dual solution ng (for input score S) and KKT conditions. The optimal §g(X,,+1) satisfies: ngH =1—qaif
S > gs(Xn+t1), ngH —«aif S < gs(Xy,41), and n”“ €[-a,1—a]if S = gs(Xni1)-

Similarly, let n§* = Z k1 7]“"“ be the sum of dual variables over test copies (since the test is duplicated). The set is:

Cauat(Xny1) = {y M) < (Z Ak) (I-a }

using the weighted upper bound.

Binary search: We compute C’dual( X,+1) using the following two-step procedure. First, using Algorithm 1 of [Gibbs
et al.| [2025]], we binary search for the largest value of S* such that 17’“rl < 1 — a. Second, we output all y such that
$(Xnt1,y) < S* [Gibbs et al., 2025, Theorem 4].
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Table 4: Experimental setup for synthetic regression.

Parameter Value

T-Digest parameter § 0 =250

Local calibration sizes n;,  nq1 = 1000, ni, = 333 for k > 1
Mixture weights 7, = 1/K forall k
Miscoverage level o a=0.1

Model f(+) linear regression

Score s(z,y) ly — f(z)]

Test points Mgt 200

Monte Carlo runs 100

E ADDITIONAL EXPERIMENTAL RESULTS

E.1 EXPERIMENTAL SETTINGS AND RESULTS OF SECTION@

Other parameters for the synthetic regression can be found in Table 4]

Figure [ reports the empirical group-wise coverage and the average set size over confidence level o on CIFAR-10. Vanilla
CP achieves competitive marginal coverage but exhibits group-wise miscalibration under non-i.i.d. client partitions. GC-FCP
reduces these discrepancies, pushing group-wise coverage closer to the target across G € G. This improvement comes with a
moderate increase in set size, reflecting the standard trade-off when enforcing conditional validity over overlapping groups.

Figure [5| reports the empirical group-wise coverage and the average set size over confidence level « on PathMNIST. As
expected, vanilla CP exhibits nonuniform conditional coverage across groups and different values of ae. GC-FCP improves
stability across groups while keeping prediction sets competitive in federated settings where raw examples remain local.

. Marginal . £0,1} . (2.3} . 4.5 ! (6,7}
= vanilla CP

08 08 08 0.8 08 GCFCR
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(a) Average coverage over different groups.
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Figure 4: Average coverage and set size versus coverage level 1 — « with vanilla CP and the proposed GC-FCP on CIFAR-10.

E.2 IMAGENET-1K EXPERIMENTS

We additionally evaluate GC-FCP on the ImageNet-1K validation set [Deng et al., [2009] using a pretrained ResNet-50
classifier [He et al., 2016]. In each Monte Carlo repetition, we split the validation data into n.,; = 40,000 calibration
samples and n.s¢ = 10,000 evaluation samples. The calibration set is distributed across K = 50 clients by a class-wise
Dirichlet allocation with concentration parameter 0.3, enforcing at least 200 calibration samples per client, and we use
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(b) Average set size over different groups.

Figure 5: Average coverage and set size versus coverage level 1 — o with vanilla CP and the proposed GC-FCP on
PathMNIST.

uniform mixture weights. We consider three standard classification scores: THR/HPS [Sadinle et al.,[2019], APS [Romano
et al.| 2020]], and RAPS [Angelopoulos et al., 2021].

We design 10 semantic groups plus 5 ambiguity groups, which tests coverage across both category and model uncertainty,
following ImageNet’s semantic hierarchy [Deng et al.| 2009]] and standard confidence-based uncertainty measures in
calibrated classification [Guo et al.,2017]]. Let ) = {1, ..., 1000} denote the ImageNet-1K label space, and let {C,, },?:1
be a fixed partition of labels into ten semantic meta-categories. For classifier probabilities py(- | ), define

Pm - b M - Pm b)
(z) ; polc| ) (z) =arg max ~Pn(2)

which induces semantic groups G = {x : M (x) = m}. To capture prediction ambiguity, let p(;)(x) > p2)(x) be the
two largest class probabilities and define the margin A(x) = p(1)(x) — p(2) (). Using calibration-split quantiles of A(x), we
form five ambiguity bins G3™P. The final family is G = {G5e™}HO_, U {G&™P15_, . Each example belongs to one semantic

and one ambiguity group, yielding at most 10 x 5 = 50 semantic—ambiguity atoms after removing empty intersections.

We compare GC-FCP against centralized CP, FedCP [Lu et al., 2023]], Mondrian-FedCP, a FedCF-style group-wise
baseline [Srinivasan et al.,|2025]], and importance-weighted FCP [Plassier et al., 2023]]. Since the group-wise baselines do
not natively produce a simultaneous predictor under overlapping groups, overlapping test points are assigned by a fixed
minimum-index rule.

Figures @ and report the main ImageNet comparison using the RAPS score. GC-FCP with § € {50, 250, 500} achieves
near-target coverage across the semantic—ambiguity groups, whereas marginal and group-wise baselines under-cover several
difficult groups.

TableE]isolates the effect of group design with § = 250 fixed. Across THR, APS, and RAPS, semantic, ambiguity, and
semantic—ambiguity groups all maintain worst-group coverage near the target, while normalized set size changes with the
conditioning family and score.

Figureisolates the compression—accuracy trade-off by sweeping § € {25, 50, 250, 500, 1000, 2500} under the semantic—
ambiguity group family. The results support the theoretical trend in Theorem [5.1} aggressive compression can reduce
worst-group coverage, while moderate ¢ values recover the target level. The effect of federated aggregation is also reflected in
the main CIFAR-10 and PathMNIST comparisons between centralized GC-FCP and compressed GC-FCP, where moderate
compression closely tracks the exact atom-stratified reference while substantially reducing computation.
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Figure 6: Group-conditional coverage of baselines and GC-FCP on ImageNet-1K with the RAPS score.
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Figure 7: Group-conditional normalized set size of baselines and GC-FCP on ImageNet-1K with the RAPS score.

Table 5: Ablation of the group design used by GC-FCP on ImageNet-1K under three classification scores. Marginal coverage,
average group coverage, and normalized set size are reported as mean = standard error over 10 Monte Carlo repetitions;
worst-group coverage is computed from pooled group-wise coverages across repetitions.

Score  Group design Marg. cov. Worst-group cov. Avg. group cov.  Norm. set size

APS ambiguity 0.905 + 0.001 0.901 0.905+0.001  0.0875 £ 0.0008
APS semantic 0.911 +0.001 0.902 0.927+£0.001  0.1779 £+ 0.0015
APS semantic—ambiguity  0.915 £ 0.001 0.906 0.926 £ 0.001  0.0953 £+ 0.0005
RAPS ambiguity 0.907 £ 0.001 0.902 0.907 +0.001  0.0110 £ 0.0000
RAPS  semantic 0.913 £ 0.001 0.905 0.927+£0.002  0.0184 £ 0.0001
RAPS  semantic-ambiguity 0.916 £ 0.001 0.908 0.925+0.002  0.0113 £ 0.0000
THR  ambiguity 0.906 + 0.001 0.900 0.906 +0.001  0.0023 £ 0.0000
THR  semantic 0.912 +0.001 0.903 0.9294+0.002  0.0017 £ 0.0000
THR  semantic—ambiguity 0.916 £ 0.001 0.907 0.924 £0.001  0.0096 £+ 0.0005
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Figure 8: Worst-group coverage of GC-FCP versus T-Digest compression parameter 6 on ImageNet-1K.
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