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Abstract

In non-stationary linear contextual bandits, ex-
isting efficient algorithms typically rely on the
Weighted Regularized Least-Squares (WRLS) es-
timator. Because WRLS only provides point es-
timates, previous methods typically construct
surrogate distributions when aiming to perform
Bayesian-like randomized exploration. To more
properly establish the Bayesian principles, we in-
troduce Weighted Sequential Bayesian (WSB) in-
ference, which forms a sequence of posteriors
over a sequence of non-stationary reward param-
eters. This Bayesian take allows us to isolate the
influence of initial beliefs into a dynamic prior
penalty evaluated through the posterior covari-
ance, which typically decreases over time. Build-
ing on this framework, we instantiate three WSB-
based algorithms for exploration: WSB-LinUCB,
WSB-RandLinUCB, and WSB-LinTS. By ex-
tending a refined drift analysis to randomized ex-
ploration without requiring local norms, we es-
tablish frequentist regret guarantees that match
state-of-the-art WRLS-based baselines. Empiri-
cally, WSB’s dynamic prior penalty reduces over-
conservatism, allowing our algorithms to consis-
tently match or exceed their WRLS-based counter-
parts. Lastly, we also provide a simplified proof for
the time-uniform concentration of vector-valued
martingales, a critical subroutine used throughout
the literature, that might be of independent interest.

1 INTRODUCTION

Bandits provide a foundational framework for sequential
decision-making under uncertainty, with applications span-
ning recommendation systems, clinical trials, and adaptive
control (Bubeck and Cesa-Bianchil [2012; [Lattimore and

Szepesvari, 2020; Robbins, |1952). Contextual bandits ex-
tend this framework by incorporating side information, like
user characteristics, patient histories, or sensor readings, to
better inform action selection (Krause and Ongl [2011}; |L1
et al.,2010). Among contextual bandits, their linear variant
are particularly well-studied (Abbasi-Yadkori et al., 2011}
Chu et al.} 2011; |Dani et al., 2008} |Rusmevichientong and
Tsitsiklis, 2010)).

Many real-world applications involve non-stationarity, in
which the reward function evolves over time (Besbes et al.,
2014). To cope with this, three main strategies have been
proposed: restart, which periodically reset the learning pro-
cess (Zhao et al.,|2020); sliding-window, which focus on a
fixed-size window of recent data (Cheung et al., 2019); and
weighted, which apply decaying weights to older data (Rus{
sac et al.,[2019; |Wang et al.l 2023). Among these, weighted
strategies are particularly appealing due to their smooth, con-
tinuous adaptation without requiring resets or fixed memory
budgets. However, they have historically faced analytical
challenges, and it remains an open question whether they
can achieve optimal regrets (Faury et al., 2021b; [Touati and
Vincent, 2020; Wang et al., [2023} [Zhao and Zhang, [2021}).

A fundamental challenge in bandit learning is the
exploration-exploitation tradeoff. To balance this, explo-
ration strategies generally fall into one of two paradigms:
a frequentist or a Bayesian approach. The most common
frequentist choices usually rely on the Weighted Regularized
Least-Squares (WRLS) estimator, which admits closed-form
updates with per-round complexity O(d?) where d is the
dimension, but such a point estimate lacks a native mecha-
nism for uncertainty quantification. A Bayesian alternative
can use, for instance, a Gaussian Process (GP) objective
(Chowdhury and Gopalan, |2017; Deng et al., 2022; |Srini{
vas et al.| |2010). While GPs provide calibrated uncertainty
estimates in a non-parametric framework, they require main-
taining and inverting kernel matrices that scale with time
t, resulting in a per-round complexity of O(¢3). This limits
their use in long-horizon or streaming problems. There have
been approaches trying to retain the O(d?) computation
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complexity inspired by Thompson Sampling (TS) (Agrawal
and Goyal, 2013} |Kim and Tewari, [2020; Vaswanti et al.|
2020), which, however, did not take full advantage of the
Bayesian power. In particular, the algorithms build surro-
gate posterior distributions from the WRLS point estimates,
which are forced to inject artificial Gaussian noise scaled by
frequentist covariance matrices.

To bridge this gap, we revisit the non-stationary linear bandit
problem from a parametric Bayesian perspective. Specifi-
cally, we introduce Weighted Sequential Bayesian (WSB) in-
ference, which copes with non-stationarity by building a se-
quence of generalized posteriors over the finite-dimensional,
time-varying reward parameters §; € R%. While we show
that the means of WSB posteriors algebraically coincide
with the WRLS point estimates under an uninformative
prior, our framework natively provides the posterior covari-
ance required to properly ground randomized exploration.
This allows WSB posteriors to retain the O(d?) efficiency
of WRLS estimators without relying on artificial surro-
gate distributions. Furthermore, by carefully incorporating
this Bayesian structure into our concentration analysis, we
show that the prior’s influence shows up as a dynamic prior
penalty term. In contrast to WRLS-based analyses, where
the initialization penalty is bounded by a fixed worst-case
constant, this WSB penalty is evaluated through the time-
varying posterior covariance. This yields a data-dependent
counterpart of the usual static prior penalty, which can be
substantially smaller as the posterior covariance contracts.

Contributions.
as follows:

The main contributions of this paper are

¢ First, we establish a time-uniform confidence bound
for WSB posteriors (Lemma [2)), which decomposes
the estimation error into three distinct components: a
drift term, a noise term, and a prior term. While this
decomposition resembles standard techniques (Russac
et al.,[2019; Wang et al., 2023)), our Bayesian approach
allows us to explicitly isolate the influence of the initial
beliefs into a dynamic prior penalty term (I1;).

¢ Second, while the self-normalized bound used to con-
trol the noise term is a weighted corollary to classi-
cal martingale results (Abbasi-Yadkori et al.l 2011),
we provide a simplified proof of this vector-valued
concentration inequality. Inspired by the advances
in modern martingale theory (Howard et al., [2020),
we directly apply Ville’s inequality for non-negative
super-martingales (Ville,[1939), bypassing the complex
stopping-time constructions traditionally used in the
bandit literature.

e Third, building on the WSB framework, we pro-
pose three exploration strategies: Upper Confidence
Bound (UCB), randomized UCB (RandUCB), and
Thompson Sampling (TS), yielding WSB-LinUCB,
WSB-RandLinUCB, and WSB-LinTS, respectively.

We establish frequentist regret guarantees for all three
algorithms, summarized in Table |1} While the dr/e
regret improvement over earlier baselines relies on
the refined drift analysis of [Wang et al.[(2023)), which
had previously been applied only to UCB-based ap-
proaches, we extend these guarantees to randomized
exploration strategies. Furthermore, our experiments
demonstrate the empirical benefits of this Bayesian
treatment across different dimensions. Since WSB eval-
uates the prior penalty through the time-varying poste-
rior covariance rather than a fixed worst-case constant,
its arm-selection criteria tends to be less conservative.

Table 1: Regrets for non-stationary linear contextual bandits;
d is the dimension, K the number of actions, B the non-
stationarity, 7" the horizon.

ALGORITHM REGRET

D-LinUCB (Russac et al.|[2019) (9((1!7/8B1/4 T3/%)
LB-WeightUCB (Wang et al.|[2023) O(d**BY/*T3/%)
WSB-LinUCB (Ours, Algorithmm O(d** BY/*T3/%)
D-RandLinUCB (Kim and Tewaril[2020) O3By T3/
WSB-RandLinUCB (Ours, Algorithm O(dd/“Bl/‘*Td“)

(d7/8 log(K)S/sB;MT:‘M)
(d**log(K)** B/ *T%/%)

D-LinTsS (Kim and Tewari}[2020)

o
WSB-LinTsS (Ours, Algorithm 9]

Notations. For 7,y € R, let (x,7) denote the standard
inner product and ||z|]2 = +/{(x,z) the Euclidean norm.
Given a matrix M € R%*? we define the weighted inner
product (z,y)y; = =" My and weighted norm ||z|[5; =
VaTMz. Let Ayin(M) and Apax (M) denote the smallest
and largest eigenvalues of M, respectively. We write M > 0
for positive definite and M > 0 for positive semi-definite
matrices. Let [; be the d x d identity matrix.

2 BACKGROUND

Before our Bayesian treatment, we first present the non-
stationary linear contextual bandit problem. We then re-
view the widely used Weighted Regularized Least-Squares
(WRLS) estimator, which forms the basis of many existing
algorithms. In particular, we discuss how WRLS is used
in both (deterministic) UCB-based and randomized explo-
ration strategies, and highlight recent analytical refinements
that improve regrets.

2.1 PROBLEM FORMULATION

The non-stationary linear contextual bandit problem is de-
fined as follows. At each round ¢, the learner observes
a set of K context-dependent actions &; C R?, which
may change. Based on the history from the previous t—1
rounds, denoted by H;—1 = {(X,,r,)}._], the learner
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selects an action X; € &, and receives a noisy reward
re = (X4,0;) + &4, where 07 € R? is the unknown time-
varying reward parameter and &, is conditionally o-sub-
Gaussian given the o-algebra F;_1 = o(H:—1, X¢); that
is, for all v € R, E[exp(vet)|Fi—1] < exp(r?c?/2) al-
most surely. We make the following standard boundedness
assumption throughout:

Assumption 1. There exist S, L > 0 such that for all ¢,
107 ]2 < S and ||z||2 < L for any z € X;.

The degree of non- stat10nar1ty is measured by the total vari-
ation budget By = Z ||0* 07,112, which accounts
for both gradual drifts and abrupt changes in the underly-
ing reward parameters (Besbes et al., 2014} |Garivier and
Moulines, 2011). Let X} = arg max, . y, (z, 0} ) denote the
best action in round ¢. The learner’s goal is to minimize the
dynamic (pseudo-)regret

T T
Ry =) (X[,07) =Y (X4,067).
t=1 t=1

2.2 WEIGHTED REGULARIZED
LEAST-SQUARES

In this section, we review the WRLS estimator, its role in
UCB-based exploration under the refined analysis of Wang
et al.|(2023)), and the construction of randomized exploration
strategies upon it. Later, in Section [3] this WRLS estimator
will be replaced by its Bayesian analogue, which retains a
similar recursive form while incorporating prior beliefs.

WRLS estimator. The WRLS estimator is a popular
choice in non-stationary settings because it adapts to
evolving parameters by down-weighting past observations
through exponential discounting (Kim and Tewaril [2020;
Russac et al., [2019; [Wang et al.,|[2023)). It is defined as:

6, = argmln ()\|9||2 + ZWt *((Xs, 0) — 7"5)2> , (D)
s=1

where A > 0 is a regularization parameter and y € (0,1) isa
discounted factor. If v = 1, this reduces to the Regularized
Least-Squares (RLS) estimator, which is widely used in
stationary settings (Abbasi-Yadkori et al.,|2011; |Abeille and
Lazaric, |2017; |Agrawal and Goyall [2013; [Vaswani et al.|
2020).

The WRLS estimator admits a closed-form solution given
by 6; = V, by, where V; = Ay + S20_ 4" * X, X, and
by = > o, 7""°Xyrs. The matrix V; € R?*? is posi-
tive definite by construction, and both V; and b, can be
updated recursively; V; = vV;_1 + X; X, + (1 — v) Ay
and by = vbi_1 + Xyr¢, with initial values V7 = Al and
b1 = 0. Consequently, the WRLS estimator can be updated
recursively as 9t =V, Lp,, initialized with 91 = 0, and

thereby avoids the need to store past observations.

Error decomposition. Existing analyses of WRLS-based
algorithms typically decompose the estimation error (ét_l —
07) into two distinct parts: a drift part, capturing non-
stationarity in the reward parameters, and a noise part, re-
flecting randomness in the observed rewards. The index shift
arises because the decision at round ¢ is based on ét_l, com-
puted from observations available only up to round ¢ — 1.
The drift part is bounded by the bias term o}VE™S, while the
noise part is captured by the confidence radius 3RS (§).

Earlier work, such as|Cheung et al.| (2022); [Kim and Tewari
(2020); [Russac et al.|(2019), controlled the drift part using
sliding-window techniques (Cheung et al.||2019), which re-
tain only a fixed-length subset of recent observations. While
intuitive, this approach introduces unnecessary complexity.
In contrast, Wang et al.|(2023| Lemma 4) proposed a simpler
analysis that yields a fully deterministic bound on the drift
without relying on artificial windows.

For the noise part, high-probability concentration inequali-
ties are used. In the stationary setting, Abbasi-Yadkori et al.
(2011)) derived a self-normalized Martingale tail bound for
the RLS estimator, later generalized to non-stationary prob-
lems by Russac et al.[(2019) via the local norm, a construct
adopted in several subsequent studies (Kim and Tewari,
2020; Touati and Vincent, [2020). However, this local norm
is merely a technical artifact of the analysis rather than a fun-
damental necessity; see, e.g.,|Wang et al.| (2023, Lemma 5).

Concentration bounds for WRLS. The bounds on these
two components, drift and noise, together control the es-
timation error (f;_1 — 0;). These bounds are central for
constructing exploration strategies.

Lemma 1 (Wang et al.| (2023, Lemma 1)). For any § €
(0, 1), with probability at least 1 —0, the following inequality
holds for all t € N .:

Het 1 _9 ||Vt ) <aWRLS+BWRLS( )

and Vo € X, |(z,0,_, - 05 <
WRLS

t—1 (5))H$||Vf,:11’ where

(@l +

WRLS _

Lo =LVdY! ka1 VY
the drift-induced bias and

—1 .
710 = Oyl is

2 —~2t
o BWRLS(§) = O'\/2 log(%) + dlog(1 + 7%\;(11—12))) +
V'AS is the confidence level.

Lemma [I] can be further simplified using ||z[2 < L (As-
sumption [I), and the property that for a positive definite
and symmetric matrix M € R?*4 and any vector x € R?,

2]l ar-+ < 2ll2// Amin (M), yielding adVFS ||z, <
LaVBLS /\/X that is independent of z.
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2.3 DETERMINISTIC EXPLORATION WITH
WRLS

Wang et al.| (2023) use Lemma to form their UCB-based
algorithm, LB-Weight UCB. Specifically, they take

Xy = afgelgax{@a ét—l) + BXXPI{LS((S) Hw”Vt:ll }.
Notably, LB-WeightUCB requires maintaining only a sin-
gle covariance matrix V;. An earlier UCB-based algorithm,
D-LinUCB by Russac et al.|(2019), constructs upper con-
fidence bounds using a more complex local norm. Specifi-
cally, they set

Xe = argmax{(z, 6,—1) + BTl 15,y v}
x t

where V; = Ay + ' 729 X, X is an additional
covariance matrix in R?*<, Obviously, D-LinUCB is both
computationally and memory-wise more demanding than
LB-WeightUCB, since it requires maintaining and invert-
ing two d x d matrices, whereas LB-Weight UCB works
with just one. For instance, Wang et al.| (2023] Figure 1)
report that LB—We ight UCB achieves over a 1.5x speedup
relative to D-LinUCB, mainly due to eliminating the local
norm and relying solely on V;.

Regret guarantees. The established confidence
bound is central to the analysis of UCB-style algo-
rithms that use WRLS. As summarized in Table [T}
LB-WeightUCB (Wang et al., 2023)) achieves a regret of
@(d3/4B;/4T3/4), while the earlier D-LinUCB (Russac
et al,, 2019) has a regret of (’~)(d7/SB;/4T3/4). This
improved regret is a direct consequence of the refined
treatment described above.

2.4 RANDOMIZED EXPLORATION WITH WRLS

We now review two randomized exploration strategies based
on the WRLS estimator: D-RandLinUCB and D-LinTS
(Kim and Tewari, 2020). Like D-LinUCB, both build on
WRLS estimates and use local norms in their confidence
bounds, which require maintaining two covariance matrices
(see Section [2.3). Unlike deterministic UCB-based algo-
rithms that address uncertainty via the Optimism-in-the-
Face-of-Uncertainty (OFU) principle, the randomized ap-
proaches introduce randomness into the action selection
process: D-RandLinUCB perturbs the confidence level,
while D-LinTS samples randomized parameter estimates.
We describe each method in detail below.

Randomized UCB. Randomized UCB was originally pro-
posed by [Vaswani et al.| (2020) and later extended to the
non-stationary setting by |Kim and Tewari| (2020). In this
approach, the confidence level 3VRI5(§) in D-LinUCB
is replaced by a random variable 7;, sampled from a fixed,

easy-to-sample distribution with confidence level a > 0.
For example, Kim and Tewari| (2020, Section 4) use a trun-
cated univariate Gaussian distribution that assigns probabil-
ity mass only to [0, 0o) in their numerical experiments. At
each round ¢, a sample 7; ~ N(0,a?) is drawnﬂ and the
action is selected according to

Xy = argmax{(z, 0r—1) + mel|z|ly-1 g -1}
z€ Xt t—1 t—1

Thompson Sampling. The idea of injecting noise into
the arm-selection criteria is not new. One of the most well-
known ways of perturbing the estimates is Thompson Sam-
pling (TS) (Thompson, |1933)). For stationary linear contex-
tual bandits, TS is known as LinTS (Agrawal and Goyall
2013)), while D-LinTS (Kim and Tewari, 2020) is its non-
stationary counterpart. The D-LinTS algorithm follows
the recipe of |Abeille and Lazaric| (2017) that builds a se-
quence of posteriors with similar components as UCB-based
methods. In particular, at each round ¢, a randomized pa-
rameter is sampled as 0,1 = ét_l + V;;ll f/tl_/f n¢, where
n: ~ N(0,a?I,). The action is then selected according to

X, = argmax{(z,0,_1)}.
rEX;

Coupled and decoupled randomization. A key distinc-
tion between D-RandLinUCB and D-LinTS lies in how
random perturbations are applied when selecting actions.
The arm-selection criterion of D-LinTS can be written as

(2, 801) = (,01) + 2TV T,
which equivalently can be expressed as
(z, ét71> + Nta ||x||vt—_11\7t,1vt—_117 M,z ~ N0, a2).

In D-RandLinUCB, the random perturbation is coupled,
i.e., the same random variable is used for all arms in a given
round. This means that the randomness affects all actions
simultaneously, resulting in correlated exploration across
the action set. In contrast, D-LinTS uses decoupled pertur-
bations, where each arm receives an independent random
perturbation in every round. This leads to greater variabil-
ity in the exploration process, but also results in a slightly
higher regret bound due to the increased variance.

Regret guarantees. As outlined in Table[I] the regret of
D-RandLinUCB is O(d7/8B}/*T3/4) and D-LinTs is
O(d"/® log(K)3/8 BY/*T3/4). Notably, if the refined analy-
sis of|[Wang et al.| (2023)) is applied in place of that of Russac
et al.|(2019)) as described in Section@ these regrets can be
improved to O(d3/4 B}/ *T3/4) for D-RandLinUCB and
O(d3/* log(K)3/8 BY/*T3/4) for D-LinTs.

"For simplicity we present the Gaussian case. More generally,
one may sample from any distribution D(d, a) that satisfies suitable
concentration and anti-concentration properties (Kim and Tewaril
2020; [Kveton et al.| 2020; | Vaswani et al., [2020).
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3 A BAYESIAN TREATMENT

While randomized algorithms such as D-RandLinUCB
and D-LinTS introduce probabilistic exploration, they re-
main fundamentally rooted in frequentist point estimation.
Because the WRLS objective only outputs point estimates
6,, these algorithms construct a surrogate distribution by
injecting artificial Gaussian noise scaled by the matrix V;.
This motivates us to develop a more principled tool that
properly grounds these randomized algorithms.

In this section, we introduce Weighted Sequential Bayesian
(WSB) inference that is able to handle the time-varying re-
ward parameter ;. By maintaining the WSB posteriors, we
establish the foundation of randomized exploration, and as
a natural byproduct, we obtain a dynamic prior penalty (II;)
in our concentration bounds that frequentist point estimates
do not capture.

While previous work usually focuses on exponential weight-
ing, we consider general weight sequences {w, , € [0,1] :
1 < s < t} that are non-decreasing in s (i.e., wy_1,4 <
ws ¢) and satisfy the multiplicative consistency condition
Wy > Wp—1,4+Ws—1. This includes exponential weights
wsy = 7% for some v € (0,1), which we adopt as a
canonical example throughout the paper.

WSB posteriors. For analytical tractability, we assume
Gaussian reward noise with known variance o2 > 0; this
is not a restriction since prior algorithms also use ¢ when
defining UCB confidence levels (see, e.g., Lemmal[T)). For
any Gaussian prior 7(0) = N (6|0, Xo) with mean g €
R< and covariance Yo € R4%d_ the posterior distribution
over 6 at round ¢ remains Gaussian. We denote this posterior
by pi(8) = N(0|us, ), where the posterior mean and
covariance are given as follows:

ut=2t<ouo+ Zwster) )

and

t
_ _ 1
S =t 3 X 3)
s=1
With exponential weighting, defined by w,; = 7'~* for
some v € (0,1), the updates in (2)) and (3) simplify into
recursive forms, requiring no storage of past data:

pe =S¢ (VS 1 + 02 Xy + (1= )5 o)
Sl =0 oI XX (1 - )50t ©)

Remark 1. The WSB posterior corresponds to apply-
ing Bayes’ rule with tempered likelihoods p:() o
po(0) TT., p(rs| X5, 0)“=¢, which defines a generalized
Bayesian posterior (Bissiri et al., 2016} |Griinwald and van!
Ommen, [2017). This mirrors the design in non-parametric
approaches such as weighted Gaussian Processes (Deng
et al.| 2022), which is necessary to handle non-stationarity.

Remark 2. Under an uninformative prior (;o = 0, X 1 -
Ao?1,), the WSB posterior mean ji; recovers the WRLS
estimate 6;. Thus, WSB naturally generalizes WRLS-based
approaches; while matching their point estimates, it natively
provides a full posterior covariance for sampling. Further-
more, while the WRLS initialization penalty (\||0||3) is
bounded by a static constant v/\S, WSB evaluates its prior
penalty (]|0 — 1o H22‘1) through the shrinking posterior co-

0
variance ;. This yields a dynamic prior penalty term (II;)
in our concentration bounds that tightens over time.

Concentration bounds for WSB posteriors. We also
provide concentration bounds for the WSB posteriors. Our
analysis mirrors the improved decomposition for WRLS
from [Wang et al.| (2023)) by separating parameter drift from
stochastic noise. A key distinction, however, is that we iso-
late the prior penalty II; from the noise term 3" SB allow-
ing it to be controlled separately in Lemma 3]

Lemma 2. For any horizon T' € N, error probability § €
(0,1), and prior () = N (0|10, o), with probability at
least 1 — ¢, the following inequalities hold for all posteriors
pe(0) = N (0|py, 2y) for all t € [T simultaneously:

-1 =07 llg-1 < Y3 + B3P (6/T) + s

andvVr € Xy, |(z, i1 —07)] < («
1)z, _,, where

PSP+ BYIP(6/T) +

* O‘XVSB = L\ka 1
the drift-induced bias,

Zs 1 Ws,t

E HZ+1H2 is

s BVSB(4) \/2 log(37) + dlog(1 + e

is the confidence level evaluated at a given failure
allocation &', and

o I, = maxg.g|,<s/Zg " (o — 0)||s, is the time-
decaying prior term.

The proof of Lemma [2]is given in Appendix [C} The pro-
jection bound for arbitrary actions x follows by the dual
norm inequality |(z, 2)| < ||z|s,_, ||z||2_11, making this

‘WSB t—s

step explicit. The drift term ">, with ws; = v* 7%, es-
sentially coincides with aé’VRLS in WRLS that accumulates
the effects of non-stationarity. The confidence level 5,V5B
captures the stochastic noise only. Unlike 3;VE:S, which
also absorbs the regularization term VS , our formulation
isolates this regularization effect to the prior term II;.

Calculating II; exactly requires solving a maximization
problem, which is computationally impractical. To address
this, we provide two tractable upper bounds on II; that will
be useful in both analysis and implementation.

N (8|10, X0), the follow-
= N(9|/’(‘t7 Zt)

Lemma 3. For any prior w(0) =
ing inequalities hold for all posteriors p:(0)
and t € [T, simultaneously:

I, < IV < 112,
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where

o (T19)2 = [|ollRs, + S Amax(My) + 25/ g Mo
* HtA = HUOHMt + v Amax (M¢)S

with My = ¥ 5,55

The proof of Lemma [3]can be found in Appendix [C| The
bound IT$*Y handles the interaction across the full spectrum
of M, to resolve alignment issues, while the simpler upper
bound IT4 remains easier to evaluate and suffices for most
theoretical purposes. To explicitly see how this penalty dy-
namically improves upon the static WRLS bound, we note
that as >J; contracts, II; — 0, unlike the fixed VS term.

3.1 PROOF SKETCH OF LEMMA

Lemma 2] provides a unified bound on the estimation er-
ror around the WSB posterior mean p;—1 and the current
reward parameter 6; . To establish this bound, we follow a
common approach in the literature (see e.g.,/Abbasi- Yadkori
et al.[(2011); Russac et al.|(2019); Wang et al.| (2023)), us-
ing a noise-free surrogate to separate the contributions of
parameter drift and stochastic noise. Specifically, we define
the noise-free surrogate posterior mean:

t—1
—1p* 1 *
fir = B (20 O+ — les,t,leXJ 93> . )
which allows us to decompose the estimation error (pi—1 —
;) into two terms: a drift part (fix — 67) and a noise part
(4t—1 — fir), which we can control independently.

The drift part captures the deviation caused by non-
stationarity. As this part is unaffected by noise, it can be
bounded deterministically, mirroring the bias control in
WRLS, but with general weighting w; ;:

Lemma 4. Given the prior w(0) = N(0|po,X0), the
following inequalities hold for all posteriors pi(0) =
N (0|, X)) and t € Ny:

17— O g0, < alVSP

and Yz € X;, [z, — 07)] < oV5B|z||s,_,, where
V5B is defined as in Lemma

The noise part accounts for the randomness in the observa-
tions and the influence of the initial prior.

Lemma 5. For any horizon T € N, 6 € (0,1), and prior
7(0) = N(0|po, X0), with probability at least 1 — 6, the
following inequalities hold for all posteriors and t € [T),
simultaneously:

1 — el < BYSP(6/T) + 10—y
t—1

and for all x € X; we have
&, -1 — )| < (BYSP(6/T) + M) |2,

where B\VSB(-) and 11, are defined as in Lemmal2}

The proofs of Lemmas [4] and [5] are given in Appendix [C|
which together prove Lemma [2] We note that in addition
to isolating the dynamic penalty II;, our technical analysis
makes a second improvement. Inspired by modern martin-
gale techniques (Howard et al.l [2020), we significantly sim-
plify the proof of the self-normalized concentration bound
(in Appendix [B). Instead of the complex stopping-time se-
quences traditionally required in the linear bandit literature
(Abbasi-Yadkori et al.l 2011} [Russac et al., 2019), we di-
rectly leverage Ville’s inequality (Ville,|1939) to establish
a clean, self-normalized super-martingale structure. This
allows us to elegantly isolate the noise process at any given
step before taking a standard union bound over the finite
horizon T', providing a streamlined and highly accessible
alternative framework for non-stationary concentrations.

4 ALGORITHMS

Building on our WSB formulation in Section [3} we in-
stantiate three algorithms corresponding to widely used
exploration strategies: UCB, randomized UCB, and Thomp-
son Sampling (TS). We show that their regrets closely
match or improve upon those of their WRLS-based coun-
terparts. Proofs are in Appendix [D} Pseudo-code for
WSB-LinUCB, WSB-RandLinUCB, and WSB-LinTS in
their exponential-weighted form, ws; = ¢~ with v €
(0,1), are presented in Algorithms|[I|to[3] respectively.

4.1 DETERMINISTIC EXPLORATION WITH WSB
4.1.1 Upper Confidence Bound

Although WSB natively supports probabilistic exploration,
we first instantiate a deterministic UCB algorithm to provide
a direct baseline comparison against frequentist methods.
At each round ¢, the WSB-L1inUCB algorithm selects

X; = arg rgax{<fv»/~tt71>+( WP/ T) o) 2], }-
reEXL

As the Bayesian analogue to LB-WeightUCB, it simply
replaces the WRLS estimate and fixed penalty with our
posterior mean g, and dynamic prior term II;_;.

Theorem 1. For a horizon T € Ny, any 6 € (0,1) and
prior w(0) = N (0|0, Xo), with probability at least 1 — 26,
the following inequality holds for all posteriors pi(0) =
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Algorithm 1 WSB-LinUCB (Weighted Sequential
Bayesian Upper Confidence Bound)

Require: Probability 6 € (0, 1), discount factor vy € (0, 1),
prior dist. 7(0) = N (0] o, X0)

1: Initialize: v = Tr(Xy)

2: for eachround ¢ > 1 do

3: Receive action set X;

4:  Compute 3VSB(§/T) and II;_; according to Lem-
mas[2]and 3| respectively
5: Play action X; = argmax,cy {(t—1,2) +
(BVSB(6/T) 4+ ;_1)||z||s,_, } and receive re-
ward 7,
6: Update posterior (1, X;) according to (4)

N(9|:U’ta Et

Ry < 2Ly Amax(Zo) ZQWSB

2‘3/2m/C’dTAT( WSB((S/T) + 1),
max{laL2)‘maX(EO)/02}’ Iy < ”:uOHXJO’1 +

S/ Amax(So 1) and Ar = 1 log(—

t—1,t
Te(S0)L? S0, wer ).
do?

) and all t € [T simultaneously,

with C =

) + log(1 +

Theoremholds for weighting schemes w; ; that are non-
decreasing and satisfy the multiplicative consistency condi-
tion. The following corollary exemplifies this result for the
case of exponential weights.

Corollary 1. Suppose ws; = ~v'~*. For a horizon T € N,
any v € (1/T,1) and prior w(0) = N(0|uo, Xo), with
probability at least 1 — 1/T, the following inequality holds
for all posteriors pi(0) = N(0|ps, %) and all t € [T)
simultaneously,

Ry < O(v/d\max(0)Br(1 — )~

In particular, setting Amax(X0) = /d and v = 1 —
max{1/T, /By /dT} yields Ry < O(dvT) when the
drift is mild (By < d/T), and Ry < O(d®/*B}/*T3/%)
when the drift is large (Br > d/T).

32 1L dT\/1 — ).

The regret of WSB-LinUCB matches that of
LB-WeightUCB while improving upon D-LinUCB.

4.2 RANDOMIZED EXPLORATION WITH WSB

As discussed in Section 3, while frequentist algorithms must
construct surrogate distributions to achieve randomized ex-
ploration, our WSB framework natively provides a full pos-
terior covariance. The following result extends Kim and
Tewari| (2020, Theorem 7) to the WSB setting, and incor-
porates the refined weighted analysis of Wang et al.| (2023))

to handle the drift term, yielding improved regret guaran-
tees. The events EWVSB, EtCO“C‘, and Ef““’conc‘ are defined

in Appendix[D.2]

Theorem 2. Let py,pa, ps € (0,1), a horizon T € N, and
suppose there exists constants ci,co > 1, which may de-
pend on T such that P(EWSB) > 1 —py, P(EF"e) > 1 — pa,
and P(EpmConey > na. Then, for any prior w(0) =
N (0|po, X0), the following inequality holds for all posteri-
ors p:(0) = N (0|pt, Xt) and all t € [T simultaneously,

RT §2L max E0 ZQWSB

+ (1 + ) (1+ )\/dTTT+T<p1+pz>»

P3 — P2

where A is as in Theorem([l]
4.2.1 Randomized Upper Confidence Bound

WSB-RandLinUCB adapts the randomized UCB principle
to the Bayesian WSB setting. At each round ¢, a sample
nt ~ N(0,a?) is drawn, and the action is chosen as

Xy = argmax{(, tr—1) + mel|zllz,_, }-
TEX:

Corollary 2. Suppose ws; = 1%, c; = B¥SB(1/T?)+1l,,
c2 = ay/2log(T/2), and a® = 14¢3. Forany vy € (1/T,1)
and prior w(0) = N (0|uo, X0), with probability at least
1 — 1/T, the following inequality holds for all posteriors
pe(0) = N (0|, Xt) and all t € [T) simultaneously,

Ry < O(\/dAmax (30) Br (1 =32 4 g7\ /1 —

In particular, setting )\max(Zo) = 1/~d and v = 1 —
max{1/T,/Br/dT} yields Ry < O(dVT) when the
drift is mild (By < d/T), and Ry < O(d3/4BY*T3/%)
when the drift is large (B > d/T).

WSB-RandLinUCB improves upon the regret of the ran-
domized UCB algorithm D-RandLinUCB by a factor of
d'/8, and removes the reliance on complex local norms by
incorporating the refined analysis of [Wang et al.| (2023).
With this improvement, WSB-RandLinUCB achieves the
same order of regret as WSB-LinUCB while reducing over-
conservatism in the arm-selection criterion, often resulting
in better empirical performance.

4.2.2 Thompson Sampling

WSB-LinTS implements TS by drawing a parameter vector
directly from the WSB posterior and acting greedily with
respect to it. At each round ¢, one draws ji;—1 = ps—1 +
2;1217% with n; ~ N(0, a®Iy), and chooses

X; = argmax{(x, fiu_1)}.
TEX:

7320



Algorithm 2 WSB-RandLinUCB (Weighted Sequential
Bayesian Randomized Upper Confidence Bound)

Require: Probability 6 € (0, 1), discount factor vy € (0, 1),
prior dist. w(0) = N (0] o, Xo), confidence level
a>0

1: for eachround ¢ > 1 do

2: Receive action set X;

3: Randomly sample 7; ~ N(0, a?)

4: Play action X; = argmax, ¢y, { (1t—1,7) +
nel|z||s,_, } and receive reward r,

5: Update posterior (1, ;) according to

Algorithm 3 WSB-LinTS (Weighted Sequential Bayesian
Thompson Sampling)

Require: Probability 6 € (0, 1), discount factor vy € (0, 1),
prior dist. 7(0) = N (0|0, Xo), confidence level
a>0

1: for eachround ¢ > 1 do

2: Receive action set X

3: Randomly sample ;1 = -1 + Ei f 2177t with
ne ~ N(O, a2]1d)

4: Play action X; = argmax, ¢ y,{(fiz—1, )} and

receive reward r;
5:  Update posterior (1, ;) according to

Corollary 3. Suppose ws; = v'=%, c1 = B¥B(1/T?)+1l,,
ca = ay/2log(KT/2), and a?* = 14c3. For any v €
(1/T,1) and prior w(8) = N (8|0, o), with probability
at least 1 — 1 /T, the following inequality holds for all poste-
riors pi(0) = N (0|ps, Xt) and all t € [T simultaneously,

ous adaptation. We note that Wei and Luo| (2021) success-
fully match this lower bound; however, their approach relies
on a complex, black-box master-base algorithmic structure
that requires periodic resets. In contrast, weighted strategies
like WSB are highly appealing in practice exactly because
they offer continuous adaptation without the need for forced
restarts or fixed memory budgets. Ultimately, WSB achieves
highly competitive frequentist performance for continuous
methods while offering a more principled foundation for
uncertainty quantification.

5 EXPERIMENTS

Setting. We study two synthetic non-stationary scenarios
designed to capture both abrupt and gradual changes. In
both scenarios, the time horizon T' = 4000 and the reward
noise o2 = 0.15. In both scenarios, the unknown parame-
ter sequence {0} } evolves on the unit sphere in R¢, with
variation across all coordinates. Arms are sampled from
the same unit sphere with k' = |X;| = 48. This ensures
that Assumption[I|holds with L = S = 1. In the abruptly
changing scenario, {6} is piecewise constant and switches
between four spherical anchors at every 7'/4 rounds. In
the slowly varying scenario, {6} moves gradually be-
tween these anchors along shortest paths on the sphere.
The discount parameter v = 1 — max{1/T,/Br/dT},
except for D-LinTS and WSB-LinTS, where v = 1 —

max{1/T,/Br/d+/log(K)T}. Since the sequence {6;}
is known, we use the exact variation budget Br.

All WSB-based algorithms use ws; = ~'~% and the
same Gaussian prior (0, 1;). Following |Kim and Tewari

Ry < @( /d)\rnax(ZO)BT(l_’}/)73/2+dT /log(K)(l _7)).(2020), we use a truncated Gaussian with zero mean

In particular, setting Amax(3Zo) = 1/d and ~

1 — max{1/T,\/Br/d\/log(K)T} yields Rr
O(d\/Tlog(K)) when the drift is mild (By <
dy/1og(K)/T), and Ry < O(d*/*log(K)3/8B}/*T3/4)
when the drift is large (By > d+/1og(K)/T).

IN

WSB-LinTS achieves improved regret guarantees com-
pared to D-LinTS. Similarly, WSB-LinTS improves upon
the regret of D-LinT$ by a factor of d'/. Again, the theo-
retical improvement is mainly due to the technique by [Wang
et al.| (2023)), our WSB formulation provides a native, prin-
cipled posterior for Thompson Sampling.

Our derived frequentist regret of O(d3/4 B}/ *T3/4) matches
the current state-of-the-art for smooth and weighted strate-
gies in non-stationary linear bandits. While this bound is a
factor of (dT/Br)'/'? above the theoretical lower bound
of Q(d?/ SB;/ 3T2/3) established for this problem class, this
gap reflects open challenge in the literature: achieving mini-
max optimal rates while relying solely on smooth, continu-

and standard deviation o for both D-RandLinUCB
and WSB-RandLinUCB. This ensures that the randomly
sampled confidence level lies within the upper confi-
dence bounds used by D-LinUCB, LB-WeightUCB, and
WSB-LinUCB with high probability. As in Kim and
Tewari| (2020), we adopt the non-inflated variant by set-
ting the scaling factor @ = 1 for D-RandLinUCB,
WSB-RandLinUCRB, D-LinTS, and WSB-LinTS.

Results. The cumulative regrets across all evaluated di-
mensions are reported in Table 2] and the correspond-
ing round-by-round cumulative regret trajectories are pro-
vided in Appendix Across both abruptly changing
and slowly drifting scenarios, randomized exploration sub-
stantially outperforms deterministic UCB-based explo-
ration. Among the deterministic methods, WSB-LinUCB
improves over LB-WeightUCB in lower dimensions, but
becomes slightly worse as the dimension increases. How-
ever, neither WSB-LinUCB nor LB-WeightUCB out-
performs D-LinUCB, which relies on the more com-
plex local norm. In contrast, the randomized WSB vari-
ants consistently improve upon their WRLS-based coun-
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Table 2: Cumulative regret at horizon (7") (mean = std) across 100 independent trials for varying dimensions (d), under both
abruptly changing and slowly drifting scenarios.

Abruptly Changing

ALGORITHM d=2 d=14 d=26 d=16 d=32
D-LinUCB (Russac et al.|[2019) 455.8+£21.4 713.0x£73.2 867.6+£90.5 1277.9+£99.8 1290.0£125.9
LB-WeightUCB (Wang et al.|[2023) 522.5+19.4 822.7+88.7 993.4+102.1 1360.0+£106.8 1324.6+ 128.5
WSE-LinUCE (Ours, Algorithm[l] 4704188  780.6£832 0902+100.8 147791160 14275+ 1366
D-RandLinUCB (Kim and Tewari][2020) 293.8 £20.6 381.7 £42.9 40244 51.7 476.4 £41.8 503.6 +49.9
 WSB-RandLinUCB (Ours, AlgorithmP) 2675+20.7  355.0 449 36655530 4337441 AT4.2:+50.7
D-LinTsS (Kim and Tewari/2020) 375.8£19.6 598.8+49.2 720.3+59.9 1077.0+74.5 1138.6+101.5
WSB-LinTS (Ours, Algorithm 3289+21.2 45894504  501.3£51.5 719.5 £47.8 845.5 £ 61.0
Slowly Drifting
ALGORITHM d=2 d=14 d=6 d=16 d=32
D-LinUCB (Russac et al.|[2019) 4404 £23.3 674.9+£167.8 857.8+167.1 1346.1 +£221.7 1284.0+£263.5
LB-WeightUCB (Wang et al.|[2023) 504.6 +£24.3 776.5+194.3 962.7+191.6 1405.7+£234.3 1301.7 + 267.0
| WSB-LinUCE (Ours, Algorithm[I] 4463235 737051854 969.0+ 1948 1531249577 1405.3 42884
D-RandLinUCB (Kim and Tewari/[2020) 169.3 £14.0 236.1 £36.2  289.5+29.7 403.5 £ 35.3 435.5 £37.1
 WSB-RandLinUCS (Ours, AlgorithmP) 1308+ 145 10414282  2414£243 36732239 40554336
D-LinTS (Kim and Tewari![2020) 2109+£16.6 437.9£92.0 608.7£94.9 1101.1+146.8 1128.94+210.1
WSB-LinTS (Ours, Algorithm 136.6 £13.9 268.3+£494  368.2+45.2 702.7 £ 63.5 840.6 £ 107.7

terparts. WSB-RandLinUCB achieves lower regret than
D-RandLinUCB across all dimensions and both scenarios,
while WSB-LinTS substantially outperforms D-LinTS.
These results indicate that the practical benefits of the WSB
posterior are most pronounced for randomized exploration.
In this case, the posterior covariance can be used directly for
uncertainty-driven action selection, while the prior influence
is captured through the dynamic prior term II; rather than
through a fixed worst-case initialization penalty. This yields
less conservative randomized exploration without relying
on surrogate posterior distributions or local norms.

Ablation. An ablation study is presented in Appendix [F|
where we examine the sensitivity of the WSB-based al-
gorithms to prior misspecification. We vary the norm of
the prior mean as || o2 € {1, 10,100}, while the true pa-
rameter sequence satisfies the bound S = 1. The results
show that moderate misspecification, such as |||z = 10,
leads to a noticeable but controlled increase in regret across
both abruptly changing and slowly drifting environments.
In contrast, severe misspecification with |||z = 100 can
substantially degrade performance, particularly for the ran-
domized exploration methods. This highlights that the dy-
namic prior term II; is not merely a technical artifact: when
the prior mean is far outside the true parameter scale, its
influence can dominate the early posterior updates and delay
adaptation. Overall, the ablation confirms that WSB can ac-
commodate biased priors, but also emphasizes the practical
importance of choosing a prior scale compatible with the
assumed parameter bound S.

Lastly, as discussed in the introduction, GP-based methods

provide a Bayesian treatment of uncertainty, but they do
so through kernel representations whose size grows with
the accumulated history. In long-horizon bandit problems,
this growing representation can make posterior updates and
action selection computationally prohibitive. WSB takes a
complementary parametric route: by maintaining a Gaus-
sian posterior over the finite-dimensional reward parameter,
it retains Bayesian uncertainty quantification for both de-
terministic and randomized exploration while preserving
efficient recursive updates.

6 CONCLUSION

We introduce a new concentration inequality for WSB pos-
teriors that incorporates prior information. Building on this
result, we instantiate the WSB framework through three ex-
ploration algorithms, WSB-LinUCB, WSB-RandLinUCB,
and WSB-LinTS, which achieve improved theoretical and
empirical regrets. To support this framework, we provide
a simplified proof for the time-uniform concentration of
vector-valued martingales using Ville’s inequality, offering
a clean, alternative subroutine of independent interest for
future linear bandit literature. Together, these results demon-
strate that Bayesian principles, when paired with weighted
updates, yield practical and theoretically sound algorithms
for non-stationary sequential decision-making. While our
current analysis relies on a known total variation budget Br
to optimize the weighting parameter, the WSB framework
natively accommodates master-base meta-tuning paradigms
or online restart heuristics, making fully automated, data-
driven drift adaptation a promising direction for future work.
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A  SOME TECHNICAL PROPOSITIONS

S 4+ S wl X X, where S > 0.

o2

Proposition A.1 (Determinant inequalities). For some p € N, define 3, !
Under Assumption[l] we have

— 1 2 d — — d
det (it—l) < Tr(%, ) + % 22:1 we, and det (%0) < Tr(3o)L? Zi:l we, .
d det (Zt)

Proof of Proposition[Al] Let A1,...,\q denote the eigenvalues of 3;. Recall that ¥, is positive definite, thus, the

eigenvalues \q,...,\; are positive. Also, note that det(X, ) = H?:l At and Tr(it_l) = ZL)\;I. Hence,

det (3, h < (Tr(X2, h /d)? by the inequality of arithmetic and geometric means. Next, since || X¢||s < L for any ¢
(Assumption , we obtain that

t
—_ ——1 1
T(E, ) =TS ) + 5wl Tr(X.X])

s=1

1 1 <
=Te(S; ) + —5 D wl X,

s=1

_ 2
<Tr(X 1) + po) w},

s5,t
s=1

which shows the first inequality of the proposition. For the second inequality, we use that

det (o)

ot (it) =det <i0it_1>

t
(w1 1
— det (20 (20 S w?;txsxj»
. ,

s=1

t
1 —
=det [ —EE PoX.XT).
e<d+02 0 Wy S)

s=1

Next, as Tr(lg + 530> 0, wh X, X)) = Tr(la) + & Tr(So St w? , XX, ), we only need to notice that
Tr(So 30, wh X, X)) < Tr(%o)L? 3. _, w?, by Cauchy-Schwarz inequality. O

7325


mailto:werge@sdu.dk
mailto:yishan.eason.wu@gmail.com
mailto:akgul@imada.sdu.dk
mailto:kandemir@imada.sdu.dk

Proposition A.2 (Mahalanobis convexity bound). For some p € N, define 5, = = 3 g L3 Wl X X, where
3o = 0. Under Assumption we have

. — —
)y —0)|ls <\/ 2 482y (M QSW,
pmax [0 (1 = O)llg, < \[ulz, + 5% Mmax(Be) +25\ uT My p

forany p € R, where M, = Ty S5, .

Proof of Proposition|A2} Let M, = UAUT be an eigendecomposition with A = diag(A,...,\q) ordered so that
Amax(M¢) = A1 > Ao > - > Ag_1 > Ag = Amin(M;) > 0. Since U is orthogonal (UTU = UU " = ), the Euclidean
norm is invariant: ||z|2 = ||U " z||2. Thus, for any € R,

—1/2

—1/2
= Ollz7, =I5, = 0)l2 = |U DL (= 0) o = |UTUAY2UT (= 0) o = | AY2U T ju = AY2U 6.

Equivalently, with b = szu (such that UTh = A/2U T ) and z = U "6 (such that ||z||2 = [|0]|2 < S), we have
i = Ollzz, = 1T "o — AV2z]),.

The map z > ||[U b — A'/22]|5 is convex; hence a maximizer over the convex set {z : ||z||2 < S} lies on the boundary
lz|l2 = S. Hence, we can write z = Se with ||e||2 = 1 and consider

d(e) = ||[UTb — SAY2e||2 = ||b]|2 + S%e " Ae — 250" A/ 2e.

Since A = Apax (M) and ||e|lz = 1, we have €T Ae < Apax (M ). For the cross term, applying the Cauchy-Schwarz
inequality directly yields:
—25bTAY2e < 28||AY2b||y||e]|2 = 25| A 2D

Substituting these bounds back into ¢(e) gives:
6(€) < Bl13 + S*Amax (M) + 25| A1/20] 2.

Notice that ||b||2 = p" My = ||u||2 , and for the cross-term argument, we can expand |[A'/2b|l, = VbTAb =
t

\/ ,uTM: /2(U AU T)M: /2 = \/ MTM,? . Taking the square root on both sides of our inequality yields:

— —2
= Ollxz, < \/ull?m + 5% Amax (M) + 25\ pT M, p,

for every 0 with ||6]|2 < S. Maximizing over the boundary completes the proof. O

B SELF-NORMALIZED CONCENTRATION INEQUALITY FOR VECTOR-VALUED
MARTINGALES

In this appendix, we provide a simplified proof of the self-normalized concentration inequality for vector-valued martingales
(Abbasi-Yadkori et al.||2011) using Ville’s inequality (Villel [1939), and provide its weighted corollary, which we rely on to
bound the stochastic noise in Appendix [C]

We begin by restating the classical theorem. Let {F; };> be a filtration. Let {e; };>1 be a real-valued stochastic process such
that €; is F;-measurable and conditionally o-sub-Gaussian, meaning that for all v € R, E[exp(ve;) | Fi_1] < exp(v?0?/2)
almost surely. Let { X, };>1 be an R¢-valued stochastic process where X is F;_1-measurable. Assume that V isad x d
positive definite matrix. For any ¢ > 0, define

t t
Vi=V+) XX, and S => eX.

s=1 s=1
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Theorem B.1 (Abbasi-Yadkori et al.|(2011), Theorem 1). For any § € (0, 1), with probability at least 1 — 6, the following
inequality holds for all t > 0:
1 det(Vt)l/z
_. < U ),
15¢ll7+ < “\/2 log (5 det(V)172

For our non-stationary analysis in Appendix|C| we need a bound that applies to a predictable sequence of weights {r¢ }>1
(i.e., k¢ is F;—1-measurable), which can be obtained as a direct corollary of Theorem |B.1

Corollary B.1 (Weighted Extension). Let A be a predictable positive-definite prior covariance matrix. Define A; =
A+ R2X X and S, = Y| ke Xes. For any § € (0,1), with probability at least 1 — 6, for all t > 0,

1 det(A;)1/2
[Sellz- < o\/Qlog <5det(A)1/2 :

Proof. Because the scalar weight «; is F;_1-measurable, the product X ¢ = K¢ X remains an F;_ 1 -measurable, predictable
random vector. Directly applying Theoremby substituting X; with X; exactly yields the stated result. O

B.1 A SIMPLIFIED PROOF VIA VILLE’S INEQUALITY

We now provide the modernized proof for the bound in Theorem B.1] We rely on Ville’s inequality, a time-uniform extension
of Markov’s inequality for non-negative super-martingales. A friendly proof and further discussions can be found in[Howard
et al.| (2020).

Lemma B.1 (Ville’s Inequality). Let (M,;);>o be a non-negative super-martingale with respect to a filtration (F;)i>o. For
any starting time to € N and threshold v > 0,

]E[Mto]

P(Ht 2 t(] : Mt 2 u) S
u

Modernized Proof of Theorem|[B.I] We aim to show that with probability at least 1 — 4, for all ¢ > 0:

1 det(V,)!/2
el < "\/2 tog (5 det(V)172 )

This is equivalent to showing that with probability at most J, there exists ¢ > 0 such that:

det(vV) \/2 [ ISelg-
L = — exp | —(5 35—
det(Vt) 20

1
> —.
9

If we can show that the process (L;);>¢ is a non-negative super-martingale with initial expected value E[Lg] = 1, we can
apply Ville’s Inequality (Lemma [B.1) with the threshold u = 1/¢:

ElLo] _

>0: > <
P(3t>0:L, >1/8) < 175 =0

which would immediately imply the theorem.

We construct this super-martingale by the method of mixtures. Consider the exponential process for any fixed direction
r € R%:

M;(z) = exp (ixTS’t - %IT(Vt - V)x) . (B.1)

) B o (42) 7.

(fxt)z) exp (“TX;/ ”)2”2)

Since X; and M,_4 (z) are F;_1-measurable, we have:

E[Mi(z) | Fie1] = Mi—1(z) exp (—

N = N =

< My (z) exp <—

= Mt71($)»
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where the inequality uses the conditionally o-sub-Gaussian property of ¢,. Thus, (M;(z)):>o is a non-negative super-
martingale with My (z) = exp(0) = 1.

To control the deviation in all directions simultaneously, we integrate the fixed super-martingales over the probability
density h(x) of the Gaussian prior A'(0,V ~!). The mixture process M; = [, M;(x)h(z)dx is also a non-negative
super-martingale with initial value E[My] = 1 due to Fubini’s theorem:

BM: | Fia] = [

E[M(x) | Fi—1]h(x)dz < My_1(z)h(x)de = My_q.
R Rd

Substituting the definitions of M, (z) and k() into the integral:

LR det(V)1/2 1
M, = / exp ( . L §$T(Vt - V)ac> (257)‘1)/2 exp (—2mTVx) dx

_ det(V)1/2 TS 11—
W/Rdexp . -5 Vx| dx.

Applying the standard Gaussian integral identity [ exp(b'z — 32" Az)dx = % exp (567 A71b) with A =V and

b= S;/o, we obtain:

1/2 /2 T 1/2 1SelI2
M, — det(V)1/2 (27L) exp 1 <S’t> v, 1 <S’t> _ (det(V) > exp v,
(2m)4/2 det(V,)1/2 2\ o o det(V) 202

Therefore, M; = L;. Applying Ville’s inequality to this mixture process completes the proof. O

C A BAYESIAN TREATMENT OF NON-STATIONARY LINEAR CONTEXTUAL BANDITS

This appendix provides the detailed proofs for the results stated in Section |3} which establish high-probability confidence
bounds for the WSB posteriors. In particular, Lemma 2] establishes a uniform deviation inequality for Bayesian posteriors
over a finite horizon 7". Unlike prior work, our analysis avoids the introduction of an auxiliary covariance matrix by building
on the refined framework of Wang et al.| (2023)).

We structure the appendix as follows: We begin by analyzing the two components of the estimation error separately —
namely, the effect of parameter drift (Lemmaf4) and stochastic noise including prior influence (Lemmal5). We then combine
these results via a finite-horizon union bound to obtain the full posterior confidence bound stated in Lemma[2] Finally, we
prove the upper bounds on the prior term (Lemma [3).

Proof of Lemma] We aim to bound the drift-induced deviation between the surrogate posterior mean /i in (3 and the
current reward parameter 6; :

t—1
_ * —1p% 1 * *
e — Ht =21 (ZO 191& + ; les,thsX;93> - Ht‘

Using the definition of the posterior covariance ¥, !, from l) gives
=
fie — 07 = X1 (230_19: + o) les,t—leXJQ: - 2;119:>
= =
=% (20—19: +— > we 1 X X[ 07 - 5510; — —~ > w&t_leX;rGZ‘)
s=1 s=1

t—1
1
=% <a2 > we 1 X X[ (07 - 9;)) :
s=1
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Now, for any arbitrary vector z € R?, we have

t—1
1
(x,m: — 07) = <33a X1 ((72 Zws,tlesX;(e;k - 9:)) > )

s=1

which by Cauchy-Schwarz inequality yields the following inequality:

t—1
_ 1 T
e = 011 < Nl || — D w1 X, X7 (0 = 07)
s=1 Seq
We now focus on bounding the right-hand norm. We first expand the inner sum over variations (i.e., 0; — 0} = 2_:18 (05 —

0711)), swap the order of summation, apply the triangle inequality, use the Cauchy-Schwarz inequality, invoke Assumption
and then apply the triangle inequality once more:

t—1 t—1 t—1
1 1
22w X X[ (076D =5 ) wea XX (Z(ez —oz+1>>
s=1 Silq s=1 k=s DM
t—1 k
ST (S S w1 X XT (0 072)
- o2 5,t—1AsAg k k+1
k=1 s=1 Y1
t—1 k
< iZw X X[ (05 —6;.0)
< 72 st=1A4sAs \Up — Vg4
k=1 s=1 pIFE]
t—1 k
<SS S v XX 116 — 6
>~ 0_2 s,t—1< s s|12]|Vk k+1112
k=1 s=1 Y1
t—1 k
< LY 5> war i X0 — 01
= o2 s,t—1As||Vg k41112
k=1 s=1 S

t—1 1 k
SLY 5 wan IXlly,, 165 = e
k=1 =1

Applying Cauchy-Schwarz to the inner sum yields

k k
1 Z 1 Z
? wsst71 HXSHZt—l = ? \% ws7t71 \% ws’t71 ||XS||Et—1
s=1 s=1

IN

k 1 k
Zws,t—l jzws,tfl HXSH;t,l
s=1 g s=1

Vd

IN
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where we bounded the second factor as follows:

k k

1 1

= > wera| X3, = = Y wae1 Tr (X80 X,)
s=1

s=1

k
1
=Tr <2t_1 <U2 ; w&t_leXj))

k t—1
1 1 _
<Tr <2t1 ((72 Y weo1 XX )) +Tr <2t1 (UQ > we1 X X[ )) +Tr (2155 Y)

s=1 s=k+1

:TT(Zt 1(2 —l——Zwst 1 XX, ))

=Tr (Et_lzt__ll) = Tr(]ld) =d.

By putting everything together, we obtain:

t—1 t—1 k

1

D W X XT O 07)| S VALY [ w6~ O
s=1 Se1 k=1 s=1

WSB
Q1 - [

Combining all bounds proves that |(z, fi; — 0;)| < ayV5B||z||s,_,, and taking = = X1, (fi; — 0F) yields ||fi; — G:HZZL <

Proof of Lemma[5] We aim to bound the deviation between the posterior mean z;_; in (2) and the surrogate posterior mean
fi in (B)) with high probability:

-1
Nt—l—ﬁt:Et—1< 0 U0+ Zwst 1X7"s> _Zt—1< 10*+7Zwst 1 X X 9)

- o, 1
=1 (ZO 1(,“0 - ot) + P E ws,t—1Xs€s> )
s=1

by the definition of the rewards 7. For any arbitrary vector z € R%, we can express the equality above as

t—1
— —_ * 1
(@, 1 — fir) = (2, 542155 (o — 07)) + <w i1 <02 les,thsgs> >
1 t—1
= <‘T7 Eal(uo_er)>2t_1 + <x7agzlws,t1ngs> ;

DI

which, by the Cauchy-Schwarz inequality, yields

t—1
1
-3 Z ws,t—leas
ag
s=1

KamA—mﬂsmmtln%ﬂw—ﬂmal+‘
PIFE

Now we can bound each term inside the parenthesis. For the first term, we simply use Assumption|T|to obtain our prior term:

125" (ko max |5 (o — 0)|z,_, =iy,

05, < o 05

which we further bound in Lemma [3] Next, the second term is a martingale term, which can be bounded with high
probability using a weighted variant of self-normalized concentration inequality for vector-valued martlngales (Appendix [B).
For this analysis, we introduce the auxiliary covariance matrix 3;, defined as E 1 = X, Ly 02 Z -1 wsiX( X(

which is also positive semi-definite. Since {ws; € [0,1] : 1 < s < t}, and hence, wey > w?,, we have B, =
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20_1 + % 22:1 we X X = Eal + % 22:1 withX;r = it_l. Importantly, f]t is purely used forjlnalysis and is not
required in our algorithm. Because A = B = A1 < B~ for positive definite matrices, we get 3, < 3,. Hence,

t—1 t—1
E ws,tlesgs E ws,tlesgs
s=1 s=1

Thus, we can apply Corollary [B.1]alongside a union bound over ¢ € [T with a localized failure probability 6, = 6 /T for
each time step. This guarantees that with probability at least 1 — 4, the following inequality holds simultaneously for all

te [T
t—1 -1
T [det(X T | det(XZ
Zws’t,less <o |2log| = Ltjll) =o,|2log| = M .
s=1 S 0\ det(X, ) 0\ det(X—1)

Applying Proposition [A.T|with p = 2, gives
_ d
et (%) (1 PRLIC L Wi )

<
PP

S

<

det(Et, 1)
Summing everything together gives that with probability at least 1 — §, for all ¢ € [T'] simultaneously:
(@, o1 = )| < Nlzlls, oy (Memr + BYR5(8/T))

At last, taking z = Z;_ll (1t—1 — [i¢) and applying the dual norm inequality yields that with probability at least 1 — 4, for all
t € [T simultaneously:
| ppe—1 — ﬂt“z;}l <1 + B3P (6/T).

Proof of Lemma[2] The result follows directly by combining the decomposition
pi—1 — 07 = (pe—1 — fir) + (fiz — 07),

with the uniform bounds from Lemma and Lemma respectively. Specifically, for any 2 € R¢, the projection bound
follows explicitly by applying the dual norm inequality |(x, z)| < ||z||s,_, ||zH2111 to the self-normalized vector error. Thus,
with probability at least 1 — &, we have for all ¢ € [T] simultaneously:

a, p—r = 07)] < [, o1 — )|+ e, i — 09)] < Il -, (Temy + BY3°(6/T) + ¥3P)
where II;_; is the prior term, 8}V3B(6/T) is the noise concentration term, and ;" 55
x =3 (u—1 — 0;) yields

is the drift bound. Finally, taking

llpe—1 — GZ‘HE;I <y + thyﬁB(é/T) + ayyslB7

with probability at least 1 — &, concluding the proof. O

Proof of Lemma[3] The bound IIF*¥ follows directly from applying Proposition[A.2Junder p = 1 and replacing variables
with the corresponding prior metrics:

1, <y ol + 52 () + 25/ f Mo = I

The T12-bound comes from applying the triangle inequality:

I < (135 polls, + SI1Zg s, < 126 woll s, + 5\/)\max(2612t261) = luollar, + SV Amax(M;) =TI,

with M, = X5 12,525 L Finally, to see that IT7*Y < HtA, note that by the definition of the spectral norm, +/ p(—)'— ME o <
\/ Amax (M) ptg Mypig = \/ Amax (My) ||| az, - Substituting this into (TI$XV)? reveals a perfect square expanding inequality:

2
()2 < oI, + % Mmax (M) + 28V Nnax M) ol s, = (litollas, + v/ Anax (M) = (1I)2.

Taking the square root on both sides confirms IV < T2, completing the proof. O
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D REGRET GUARANTEES OF ALGORITHMS

This appendix establishes regret guarantees for our WSB algorithms, treating each exploration paradigm separately. In the
case of deterministic exploration (Appendix [D.I]), we prove the regret bound for WSB-LinUCB (Appendix [D.1.1)). For
randomized exploration (Appendix [D.2), we first develop the auxiliary events and instantaneous-regret bounds needed for
perturbation-based policies, before deriving algorithm-specific guarantees for WSB-RandLinUCB (Appendix [D.2.1)) and

WSB-LinTsS (Appendix [D.2.2).

We begin with a technical lemma that controls the cumulative variance terms, ZtT:l | X¢]I3;, - In WRLS-based approaches,
this term is typically achieved using auxiliary results, such as the weighted potential lemmas presented in|Faury et al.[(2021a,
Lemma 8) and/or|Wang et al.| (2023, Lemma 11). Here, we extend this type of control to the WSB posterior for any weighted
scheme {w; ¢} that are non-decreasing in s (i.e., ws_1 ¢ < ws ) and satisfy the multiplicative consistency condition (i.e.,
Wg ¢ > Wy—1,+Ws ¢—1) in the unit interval.

Lemma D.1 (Weighted potential lemma). For some p € Ny, define S, - =3, + L3 wh X, X[, where 5 = 0.
Under Assumption[l} we have

a T 1 det(Zp)
Xi|& < 20?max{l, L’ Anax(Z0)/0?} [ D log | —— | +log <O> )
S, (0L A ()%} (410w | s

t=1

Proof of Lemma[D.1} First, since {w, ;} is non-decreasing and satisfies the multiplicative consistency condition, we have

wh > wi_y ,wh,  forall s <t —1 (equality for exponential weights) and wy, > wy_, ,. Hence,

t—1

=1 =1 1

E =% + (Z w? X, X[ +wf X, X, )
s=1

t—1
_ 1
=l (20 = Zws XX+ XtXT>

=wl_, (2;1 + UQXtXtT) .

Moreover, for any positive semi-definite matrices A, B, A + B = AY2(I + A=1/2BA~1/2) AY/2. Applying this with
A= it__ll and B = 5 X, X, yields

— 1 _
s+ SXeX] =5, 2 <11d n zl/ﬁXtXTz”Q)ztl{?

Next, taking the determinant on both sides gives us

det( )>det (wt "> )det <Hd+ (Ei/ﬁXt) (Zl/let) )
(57) det (ﬂﬁg(zyaxt) (5/3x.) )

(w1, det (S <1+ Xl )
(=

(wy_ 4) 4 det

1 2
(s X,
0’ maX{l,L )\max(EO)/a } o

— 1
> (w? 4 det (Z ! )ex ( — ) ,
= ( t—l,t) t—1 p 20_2 maX{17L2>\maX(ZO)/O'2}|| tHZt n

using det(1 + 2z ") = 1+ [|z[|3 for any 2 € R%, max{1, L* Amax(X0)/0?} > 1, and 1 + z > exp(z/2) for any z € [0, 1].
Note that the term C' = max{1, L* Anax(¥0)/0?} is used in the denominator so that 5| X:[|% € [0,1]. This is due

to the fact that 3;_; < 3o and || X¢||2 < L together imply HXtH% < Amax(St—1) [ X¢ |13 < L2 Amax (o). Finally, by
exploiting the telescoping structure of the inequality above, we can derive the desired result. O
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D.1 DETERMINISTIC EXPLORATION WITH WSB CONFIDENCE BOUNDS

D.1.1 Upper Confidence Bound (WSB-LinUCB)

Proof of Theorem([l} For any z € RY, by positive definiteness, we have ||z, , = \/xTZt_lx < \/)\max(Et_l)Hng.
From the update ¥, !, = 5" + L 57w, ;1 X, X = 551, we have B, 1 < %, hence Amax(Zt—1) < Amax(Zo)-

Therefore, using Assumptionl(which gives ||z]l2 < L), |z]ls,—; < vV Amax(Zo)l|z]l2 < Ly/Amax(Z0)- By Lemma
together with the fact that a)VSB||z||s, , < Ly/Amax(Z0)ay 38, we have for any & € (0, 1), with probability at least 1 — &,
that

(X7 07) < (X7 1) + LV Amax(B0) 38 + (B3 (6/T) + 1) |1 X[ 1,y

and with probability at least 1 — § that
(X0, 07) = (Xe, 1) = Ly Amax(Z0)a’ 3 — (BYSP (6/T) + 1) [ X, , -
Hence, for any ¢ € (0, 1), we obtain, with probability at least 1 — 24, that

(X7 = X0, 6) (X[ = Xoo 1) + 2Ly Mnax (Zo) Y55 + (Y52 (6/T) + ) (I1X] N1y + 1Kl )
2L\ Amax(To) 5" + 2(8Y7°(8/T) + o) | Xe s,

where the second inequality comes from the upper confidence bound selection criteria; (X}, ;1) + (BVSB(§/T) +
O )| X s,y < (Xeype1) + (BVSB(S/T) +11;—1)|| X¢||s,_, - Thus, the regret Rz can be upper bounded as follows:

RT<2L¢mZaWSB+2Z = O/T) )Xl

where the first term corresponds to the bias component, while the second term accounts for the variance component. The
variance term can be directly bounded using the fact that 37VSE(§) is non-decreasing in ¢ and II; is non-increasing in ¢ (see
its definition in Lemma 2)), along with the Cauchy-Schwarz inequality, Lemma[D.T] and Proposition [A.T|with p = 1:

T T T
2 (BY3P(6/T) + M-I Xe ., < 2087°P(8/T) + o) Zlthlzt L < 20875P(8/T) + VT | Y IXE,
t=1 —

= t=1

o) e ()

< 20v/2max{1, L2Amax(Z0) /02 } (BYSB(6/T) 4+ Lo)VT leog(

T
< 20v/2max{1, L2 max(20) /02 } (BYSB(6/T) 4 o) VdT Zlog(

Wi_
P t—1,t

which yields the desired bound:

Ry < 207/ Amax (Zo) ZaWSB +2%/26 \/max{1, L2 Amax (30) /02 } (BYSB(6/T) + o) \/dT A,

with Ap = Zf 1 log ( ) + log (1 + (Eo)LdaZt LW, T) -

Wt—1,t

Proof of Corollary[l] By substituting ws; = '~%

expression:

Ry < AL*\/dmax( 20 3/2BT+20\/2maX{1 L2Amax(0) /02 (BYSB(6/T) 4 )y /dT AL,

into the regret bound of Rr (Theorem , we obtain the following
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with Ap < AT, = Tlog( ) + log (1 + & (Q%f)L)) where we used that 3/ w, 7 = 331 4Tt = 1{]: < 1= and
that
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Since the regret bound contains a term of the form 7'y /log(1/~), the discount factor  cannot become smaller than 1/7, i.e.,
~ > 1/T. Consequently, this leads to the inequality log(1/v) < C'(1 — v) where C = log(T")/(1 — 1/T'). By disregarding
logarithmic dependencies on 7', we can bound the regret as follows:

o)

(1= )3/2
Setting Amax(Z0) = 1/d, this simplifies to
~ Br
=9 ((1 —pr Tt dTm) |
When By is small, specifically By < d/T, choosing v = 1 — 1/T yields the regret bound Ry < O(dv/T). For cases

where Br is larger, i.e., By > d/T, setting v = 1 — /By /dT results in Ry < @(B}/4(dT)3/4), which completes the
proof. O

D.2 RANDOMIZED EXPLORATION THROUGH WSB PERTURBATION
Our analysis builds on [Kim and Tewari| (2020), who introduced perturbation-based methods for non-stationary linear

contextual bandits. But we adopt the refined weighted analysis of Wang et al.|(2023)), which allows us to extend their results
to the WSB framework and obtain improved regret bounds.
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Let ft(z) denote the algorithm-specific selection criterion. For instance:

« WSB-RandLinUCB: fy(x) = (z, pme—1) + ¢l z|x, . with n, ~ N(0, a?) a scalar perturbation.
« WSB-LinTS: fy(z) = (z, pe_1) + xTZiﬁm, with 7, ~ N (0, a®l,) a d-dimensional Gaussian vector. Equivalently,
one may write f(z) = (@, 1) + N2l z||s, , With nz. ~ N(0,a?).
The central idea is that randomized algorithms can be analyzed by controlling the effect of (in this case) Gaussian
perturbations. Concentration bounds ensure that perturbations remain bounded, while anti-concentration guarantees that the
optimal action is not systematically discarded. Following |Kim and Tewari| (2020), we define auxiliary events that combine
these perturbation properties with our WSB confidence bounds (Lemma [2). With these events in place, the refined analysis

of Wang et al.|(2023)) applies directly, yielding improved regret guarantees for randomized exploration without the need for
local norms.

We introduce the following events, which control both estimation error and random perturbations:
EVSB =Vt > 1,Ve € Xy« [, — )| < |2z, _, )
£ = {Va € Xy : | fulx) — (z, )| < calzlls,_, },

gpreone = {f(X7) = (X[ ) > ea| X[ |ls,, -

The next lemma adapts Kim and Tewari| (2020, Theorem 3) to the WSB framework.

Lemma D.2. Let py,pa, ps € (0,1), a time horizon T € N, and suppose there exists constants ¢y, co > 1 which may depend
on T such that P(EWSB) > 1 — py, P(EF™) > 1 — po, and IP’(EA"’i'C””C') > ps. Then, for any prior w(0) = N (0)po, X0),
the following inequality holds for all posteriors p;(0) = N (0|us, X¢) and t € [T simultaneously:

2
(X3 — X, i) < pa + (c1 + 2) (1 + ) Xl
pP3 — P2

where X; = arg max, ¢ y, ft(x) with ft(x) denoting the algorithm-specific selection criterion.

Proof of Lemma[D.2] The proof follows directly from analogous steps as in[Kim and Tewari| (2020, Theorem 3), with all
arguments carrying over after replacing their WRLS confidence events and local norms with our WSB concentration events
and the norm ||-||s,_,, and using our notation. O

Proof of Theorem|2| We begin with the standard decomposition of the regret:

T
Ry < 2L/ Amax(Zo) ZaWSB + ) (X7 = Xy, i)
t=1

Applying Lemma|[D.2]to the last term yields

T T
Z<X: - Xta,ut Z X — Xy, ut ]l{gWiB} —+ TP(EWSB) (Cl + 62) (
t=1

t=1

T
)Zm 900 + T(1 + 1)

By Cauchy—Schwarz inequality,

antuzt L SVT lextllzt LSVT leog@t ) o (%)

2 T
) +log (1 PRRELIC2)E VD Dre) w”),

do?

< VT Zlog(

Wr—1,t

where the last two inequalities follows from Lemma [D.T|and Proposition [A.T|with p = 1. Substituting this bound completes
the proof. O
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The crucial step in the above proof is the control of the drift-related term 2L+/Amax(Z0) 23:1 ayleB. This is precisely
where the refined weighted analysis of |[Wang et al.|(2023)) enters, which avoids the virtual windowing arguments used in
prior work and eliminates the need for local norms. It is this refinement in the treatment of drift that yields the improved
regret guarantees in our WSB analysis.

D.2.1 Randomized Upper Confidence Bound (WSB—RandLinUCB)

The following lemma, which follows from Kim and Tewari| (2020, Lemmas 4, 5, and 6), establishes high-probability control
of the events EWSB, g0 and £Ant-Cone: for ySB—RandLinUCB with suitable choices of ¢; and cs.

Lemma D.3. For WSB-RandLinUCB, the arm-selection criterion is f,(x) = (x, 1) + nel|z||s,_,, with gy ~ N(0, a?).
Then, the following hold with appropriate constant choices:

T 7JJ2
(EWSP). ey = \[410g(T) + dlog(1 + ZEVEE ) 4 1y, phen BEWS?) 2 1 -1/,

* (EC°m). If o = ay/21og(T/2), then P(EC™) < 1/T.
o (EpntiCone) Jra2 — 1462, then P(EAH-C0ne) > oxp(—1/4)/(8y/7).

Proof of Lemma @] The three statements follow directly from Kim and Tewari| (2020, Lemmas 4, 5, and 6), respectively.
The arguments extend directly to our WSB setting after replacing the WRLS confidence and local norms with our WSB
concentration and the norm ||-||s,_, . O

Proof of Corollary[2] The argument follows by analogous reasoning to the proof of Corollary [I] We have

1 2 /
WBT + (Cl —|— 02) (1 —|— p3 p2) dTAiF —|— T(p]_ +p2),

where A’ is given as in the proof of Corollary With the choices of ¢; and cg, this simplifies in O-notation to

(=)

Ry < 4L \/dAmax(20)

Setting Amax(X0) = 1/d, we obtain

Ry < @(BT +dT+/1 —’y) .

(=77
If Br is small, specifically By < d/T, choosing v = 1 — 1/T yields Ry < @(d\/T) On the other hand, if By > d/T,
setting v = 1 — /Br/dT gives Ry < @(Bilp/ 4(dT)3/%). This completes the proof. O

D.2.2 Thompson Sampling (WSB-LinTS)

The following lemma, which follow_s from Kim and Tewari| (2020, Lemmas 4, 5, and 6), establishes high-probability control
of the events EWSB, £8one: and £Ant-Cone: for SB-1,inTS with suitable choices of ¢; and cs.

Lemma D.4. For WSB-LinTs, the arm-selection criterion is fy(x) = (x, ) + xTEiﬁnt with e ~ N(0,a?L).

Equivalently, fy(x) = (z, ;) + ni 2| x|s,_,, with 1t ~ N(0,a?). Then, the following hold with appropriate constant
choices:

v T 7112
¢ (EWSB) If ) = \/4log(T) + dlog(1 + DI ey 4 11 thon P(EWSB) > 1 - 1/T.

do?

o (EC°m) If ¢y = ar/1og(KT/2), then P(EC") < 1/T.
. (giAnti-Conc.). [fa2 — 140%, then P(gg\nti-Conc.) > eXp(_1/4)/(8ﬁ).

Proof of Lemma The three statements follow directly from Kim and Tewari| (2020, Lemmas 4, 5, and 6), respectively.
The arguments extend to our WSB setting after replacing the WRLS confidence and local norms with the WSB concentration
and the norm ||-||s,_,. O
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Proof of Corollary[3] The argument follows by analogous reasoning to the proof of Corollaries|T|and 2}

1 2 —
WBT + (Cl + CQ) (1 + P — p2) dTAT + T(pl +p2),

where A’ is given as in the proof of Corollary With the choices of ¢; and ¢, this simplifies in O-notation to

Ry < 4L2\/dAmax (o)

VA max(Z0) B
( - 3(;2 T—&—dT\/log K)\/1-— )

Setting Apmax(Xo) = 1/d, we obtain

S O <(1_B§:)3/2 +dT\/10g(K)\/1’}/> .

If Br is small, specifically By < d/T, choosing v = 1 — 1/T yields Ry < @(dw/log(K )T'). On the other hand, if
Br > d/T, setting y = 1 — y/ By /dT\/log(K) gives Ry < O(B} * log(K)*/3(dT)?/%). O

E REGRET CURVES

Abruptly Changmg Slowly Drifting
Algonthm [avg. regret +/- std] 500 1 Algorithm [avg. regret +/- std]
500+ =@~ D-LinUCB [455.8 +/- 21.4] =@~ D-LinUCB [440.4 +/- 23.3]
LB-WeightUCB [522.5 +/- 19.4] LB-WeightUCB [504.6 +/- 24.3]
400 - WSB-LinUCB (ours) [470.4 +/- 18.8] 400 A WSB-LIinUCB (ours) [446.3 +/- 23.5]
D-RandLinUCB [293.8 +/- 20.6] D-RandLinUCB [169.3 +/- 14.0]
== WSB-RandLinUCB (ours) [267.5 +/- 20.7] /‘l‘/ == WSB-RandLinUCB (ours) [130.8 +/- 14.5]
+ 300 | =#= D-LinTS [375.8 +/- 19.6] + 300 1 == D-LinTS [210.9 +/- 16.6]
o5 == WSB-LIinTS (ours) [328.9 +/-21.2] 5 == WSB-LinTS (ours) [136.6 +/- 13.9]
(] H [}
% 2001 % 200+
i
1
100 A i 100 A
i i
1 1
1 1
0 | | | 0
0 1000 2000 3000 4000 0 1000 2000 3000 4000
Time Steps Time Steps

Figure 1: Cumulative regret comparison with parameter dimension d = 2 for the abruptly changing scenario (left column)
and the slowly varying scenario (right column), averaged over 100 independent trials. Vertical red dashed lines denote the
environment change-points in the abruptly changing scenario, which remain unknown to the algorithms.
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Abruptly Changing Slowly Drifting

Algorilthm [avg. regrelt +/- std] 800 1 Algorithm [avg. regret +/- std]
800 - ) )
=@~ D-LinUCB [713.0 +/- 73.2] =@~ D-LinUCB [674.9 +/- 167.8]
- LB-WeightUCB [822.7 +/- 88.7] 700 1 - LB-WeightUCB [776.5 +/- 194.3]
WSB-LinUCB (ours) [780.6 +/- 83.2] 600 4 x WSB-LinUCB (ours) [737.9 +/- 185.4]
600 - D-RandLinUCB [381.7 +/- 42.9] D-RandLinUCB [236.1 +/- 36.2]
== WSB-RandLinUCB (ours) [355.0 +/- 44.9] /‘Il/ 500 - == WSB-RandLinUCB (ours) [194.1 +/- 28.2]
o == D-LinTS [598.8 +/- 49.2] ] == D-LinTS [437.9 +/- 92.0]
5 400 - =sfe= WSB-LInTS (ours) [458.9 +/- 50.4] 5 400 | =#e= WSB-LInTS (ours) [268.3 +/- 49.4]
< ' <
300 1
200 E 200 A
1
! | 100
1 1
1 1
0 | | | 0
0 1000 2000 3000 4000 0 1000 2000 3000 4000
Time Steps Time Steps

Figure 2: Cumulative regret comparison with parameter dimension d = 4 for the abruptly changing scenario (left column)
and the slowly varying scenario (right column), averaged over 100 independent trials. Vertical red dashed lines denote the
environment change-points in the abruptly changing scenario, which remain unknown to the algorithms.

Abruptly Changing Slowly Drifting
1000 A Algorithm [avg. regret +/- std] 1000 1 Algorithm [avg. regret +/- std]
=@~ D-LinUCB [867.6 +/- 90.5] / =@~ D-LinUCB [857.8 +/- 167.1] /
== LB-WeightUCB [993.4 +/- 102.1] == LB-WeightUCB [962.7 +/- 191.6]
800 - WSB-LinUCB (ours) [990.2 +/- 100.8] / 800 1 WSB-LinUCB (ours) [969.0 +/- 194.8] /
D-RandLinUCB [402.4 +/- 51.7] D-RandLinUCB [289.5 +/- 29.7]
== WSB-RandLinUCB (ours) [366.5 +/- 53.9] / == WSB-RandLinUCB (ours) [241.4 +/- 24.3]
% 600 7 <= D-LinTS [720.3 +/- 59.9] o 6007 e D-LinTS [608.7 +/-94.9]
5 =sfe= WSB-LinTS (ours) [501.3 +/-51.5] 5 =fe= WSB-LInTS (ours) [368.2 +/- 45.2]
[] | []
“ 400 € 400
200 1 t 200 A
1
i i
1 1
0 | | | 0
0 1000 2000 3000 4000 0 1000 2000 3000 4000
Time Steps Time Steps

Figure 3: Cumulative regret comparison with parameter dimension d = 6 for the abruptly changing scenario (left column)
and the slowly varying scenario (right column), averaged over 100 independent trials. Vertical red dashed lines denote the
environment change-points in the abruptly changing scenario, which remain unknown to the algorithms.

7338



Abruptly Changing Slowly Drifting

1600 Algorithm [avg. regret +/- std]

1400 - =@~ D-LinUCB [1346.1 +/- 221.7]

== LB-WeightUCB [1405.7 +/- 234.3]

1200 - WSB-LIinUCB (ours) [1531.2 +/- 257.7]
D-RandLinUCB [403.5 +/- 35.3]

1000 | =¥= WSB-RandLinUCB (ours) [367.3 +/- 23.9]

Algorithm [avg. regret +/- std]

1400 | <@~ D-LinUCB [1277.9 +/- 99.8]

== LB-WeightUCB [1360.0 +/- 106.8]

1200 1 WSB-LinUCB (ours) [1477.9 +/- 116.0]
D-RandLinUCB [476.4 +/- 41.8]

1000 | = wsB-RandLinUCB (ours) [433.7 +/- 44.1]

AN
AN

o =afs= D-LinTS [1077.0 +/- 74.5] o == D-LinTS [1101.1 +/- 146.8]
5 800 1 = WSB-LInTS (ours) [719.5 +/-47.8] 5 800  =#e= WSB-LInTS (ours) [702.7 +/- 63.5]
] ; @
% 600 ; “ 6001

400 ' ' 400

200 1 : § 200 1

0 | | | 0
0 1000 2000 3000 4000 0 1000 2000 3000 4000
Time Steps Time Steps

Figure 4: Cumulative regret comparison with parameter dimension d = 16 for the abruptly changing scenario (left column)
and the slowly varying scenario (right column), averaged over 100 independent trials. Vertical red dashed lines denote the
environment change-points in the abruptly changing scenario, which remain unknown to the algorithms.

Abruptly Changing Slowly Drifting
1400 4 Algorlithm [avg. regr(lat +/- std] ! 1400 - Algorithm [avg. regret +/- std]
=@~ D-LinUCB [1290.0 +/- 125.9] =@- D-LinUCB [1284.0 +/- 263.5]
1200 == LB-WeightUCB [1324.6 +/- 128.5] 1200 == LB-WeightUCB [1301.7 +/- 267.0]
WSB-LinUCB (ours) [1427.5 +/- 136.6] 1 WSB-LinUCB (ours) [1405.3 +/- 288.4]
1000 A D-RandLinUCB [503.6 +/- 49.9] / 1000 - D-RandLinUCB [435.5 +/- 37.1] /
== WSB-RandLinUCB (ours) [474.2 +/- 50.7] == WSB-RandLinUCB (ours) [405.5 +/- 33.6]
£ 800- == D-LinTS [1138.6 +/- 101.5] % 800 - == D-LinTS [1128.9 +/- 210.1]
5 =fe= WSB-LinTS (ours) [845.5 +/- 61.0] / 5 == WSB-LInTS (ours) [840.6 +/- 107.7]
Q | - b4 -
€ 600 | ! € 600
1 1
1 1
400 - ' : 400 -
1
200 1 i 200 A
i i
0 ! ! ! 0
0 1000 2000 3000 4000 0 1000 2000 3000 4000
Time Steps Time Steps

Figure 5: Cumulative regret comparison with parameter dimension d = 32 for the abruptly changing scenario (left column)
and the slowly varying scenario (right column), averaged over 100 independent trials. Vertical red dashed lines denote the
environment change-points in the abruptly changing scenario, which remain unknown to the algorithms.
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F ABLATION STUDY

Table 3: Ablation study reporting cumulative regret (mean + std) across context dimensions d € {2,4, 6, 16,32} in both
abruptly changing and slowly drifting environments. The study evaluates sensitivity to prior misspecification, ||ugll2 €
{1,10, 100}, relative to the true parameter bound S = 1.

Abruptly Changing
ALGORITHM d=2 d=4 d=6 d=16 d=32
WSB-LinUCB (J|uoll2 = 1) 4745+ 179 788.3 £ 84.0 996.6 +107.3  1480.6 £115.4 1429.9 + 135.6
WSB-LinUCB (||uo|l2 = 10) 528.5 £ 22.7 878.5 £91.9 1092.2 £113.7 1536.1 £121.8 1446.7 £137.4
_WSB-LinUCE (Jmofl = 100) 162624089 22285+40L9 225843205 10286+ 170.4 15162 1409
WSB-RandLinUCB (||uoll2 = 1) 273.7£21.6 352.6 +44.2 368.5 £+ 58.4 443.5+45.7 486.5 + 53.9

WSB-RandLinUCB (J|ugll2 = 10) 627.2 £134.5 593.0 £120.0 562.7 £101.1 628.6 £102.9 606.2 £99.4
WSB-RandLinUCB (||ugll2 = 100)  2515.1 + 781.0 2399.7 £592.5  2066.5 £432.2 1733.9+195.3 1321.3+170.4

WSB-LinTs (||uoll2 = 1) 332.2+19.8 453.0 £47.5 505.2 + 50.6 714.2 +£44.1 851.5 £ 60.2
WSB-LinTs (||uoll2 = 10) 472.6 £ 68.4 552.6 £ 71.7 582.6 £ 58.6 792.1 £59.2 892.7 £+ 80.9
WSB-LinTs$s (||uo]l2 = 100) 2204.6 = 664.1  2020.5 £481.9 1844.1 £378.5 1672.4+181.3 1315.2+157.6
Slowly Drifting
ALGORITHM d=2 d=4 d=26 d=16 d=32
WSB-LinUCB (||uoll2 = 1) 451.1 £23.2 743.6 £ 186.9 978.6 £196.6  1538.7 £258.3 1407.5 £ 288.4
WSB-LinUCB (||uoll2 = 10) 520.1 £40.8 862.9 £215.4  1091.4 £215.5 1596.8 +268.3 1423.8 £+ 290.9
WSB-LinUCE (ol =100) 1943.9 0916 25384 910.5 23949+ 690.0 1972543385 148733002

WSB-RandLinUCB (||uoll2 = 1) 138.7 +16.8 199.5 + 32.1 247.8 + 28.3 366.3 £ 27.1 407.4 £ 34.2

WSB-RandLinUCB (||ugll2 = 10) 629.3 £ 308.5 539.9 £205.9 484.5 £ 159.0 569.3 £99.7 564.2 £ 183.8
WSB-RandLinUCB (||uoll2 = 100) 2809.5 + 1742.7 2671.7+1244.4 2167.54+889.9 1831.0+357.5 1352.1+318.8

WSB-LinTs (||uollz = 1) 137.9+13.8 268.6 + 48.7 371.3 £46.0 706.2 £ 63.0 838.8 £108.1
WSB-LinTs (||uoll2 = 10) 354.1 £147.4 413.6 £ 100.0 471.2£73.3 791.1+£81.4 872.5£131.9
WSB-LinTs (||uo]l2 = 100) 2371.1 £1414.0  2257.5+£996.0 1926.6 £764.9 1765.3+331.5 1330.4+£ 314.6

We evaluate empirical robustness by testing the sensitivity of the WSB-based algorithms to prior misspecification. Specifically,
we vary the norm of the prior mean as |||z € {1, 10, 100}, while the true parameter sequence satisfies the bound S = 1.
The results show that WSB is reasonably stable when the prior scale is comparable to, or moderately larger than, the
true parameter scale. Moving from |[|z0]l2 = 1 to ||uoll2 = 10 increases regret, but the algorithms generally retain the
same qualitative behavior across both abruptly changing and slowly drifting environments. In contrast, the extreme setting
lzo]|2 = 100 leads to a substantial degradation in performance, especially for the randomized exploration methods. This
confirms that the prior influence captured by the dynamic term II; is practically relevant: although sequential posterior
updates can reduce the effect of the prior over time, a prior mean far outside the true parameter scale can dominate early
decisions and delay adaptation. Overall, the ablation highlights both the robustness and the limitations of WSB under prior
misspecification.
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