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Abstract

Randomized experiments are a staple in academic
research, policy, and industry. Interference, when
the outcome of one unit depends on the treatment
status of other units, can cause bias in estimates
of the treatment effect. Statistical corrections rely
on knowing the underlying network of transmis-
sion pathways. Often, though, it is only possible to
partially observe the network (e.g., through node
subsamples, egocentric designs, respondent-driven
sampling, or aggregated relational data).We de-
velop an asymptotic framework for inference about
treatment effects in this regime, tailored to a single
networked population: one realized network, ob-
served once through a partial measurement, with
treatments randomized or exogenously assigned on
the pre-treatment graph. Starting from a structural
causal model and exposure mapping, we assume a
flexible class of generative network models consis-
tent with the partial measurements and construct
feasible proxy exposures by averaging over plau-
sible completions of the network. We then study
moment-based estimators for response parameters
and treatment effects under dependence, and give
conditions for consistency and asymptotic normal-
ity together with an explicit rate requirement en-
suring that network-estimation error is first-order
negligible. Simulations and an empirical replica-
tion illustrate how the theory maps to finite-sample
workflows for interference with partial network
data.

1 INTRODUCTION

Interference arises when one unit’s outcome depends on
other units’ treatment assignments. In many applications
this dependence is mediated by a network (e.g., a contact

network in vaccine studies (Hudgens and Halloran, 2008}
Tchetgen Tchetgen and VanderWeele, [2012)), a social net-
work in information campaigns (Banerjee et al.,[2013,2019),
or a learning network in technology adoption (Beaman et al.,
2021)). Interference can bias treatment effect estimates be-
cause, for example, untreated people are still exposed to
the treatment through their peers; at the same time, out-
comes and scores are statistically dependent, so standard
i.i.d. asymptotics do not justify standard errors.

Many statistical techniques exist for adjusting for interfer-
ence, but they require observing the full network. In practice,
though, observing the entire network can be practically or
logistically infeasible, so the network is often only partially
observed. Empirical work routinely relies on induced sub-
graphs from node subsampling, referral-based traces from
respondent-driven sampling, egocentric neighborhood mea-
surements, or aggregated relational data (ARD) recording
counts of ties to trait-defined groups. These designs do not
simply drop covariates: they coarsen the dependence struc-
ture itself, so exposure measurement and dependence-robust
uncertainty quantification must be handled together. Adding
to the challenge, researchers typically observe a single re-
alized networked population (a village, school, or platform
cohort) rather than many independent networks, so depen-
dence cannot be averaged away by replication across graphs.

This paper develops an inferential framework for this single-
networked-population, partial-data regime: one realized net-
worked population observed once, with partial network mea-
surements. We take the exposure map and assignment mech-
anism as given and focus on inference for (i) response pa-
rameters and (ii) policy values such as contrasts between
counterfactual assignment vectors.

Our approach is model-based. We start from a structural
causal model and a user-chosen exposure map. A struc-
tural causal model (SCM) is a formal framework that
represents how variables in a system are generated from
one another through structural relationships, allowing coun-
terfactual questions in an internally consistent way (Pearl,
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2009). An exposure map summarizes how the treatment as-
signments of others affect a given unit. We then (i) fit a gen-
erative network model to the partial measurement G* and
(ii) build feasible exposure proxies by integrating exposure-
and adjustment-relevant features over the fitted network
model. This converts estimation into a dependent-data Z-
estimation problem with generated regressors: the regressors
are expectations of known graph functions under a learned
conditional law for the missing edges.

Throughout, we study randomized experiments, or designs
with known or exogenous assignment, whose causal expo-
sures are defined with respect to a baseline, pre-treatment
network: the exposure-relevant graph has formed before
assignment, so the reconstruction law for missing edges is
po(G | G*, X) rather than py(G | G*, X, A). Treatment-
induced network rewiring and observational assignment
are outside our scope; we return to both limitations in Sec-
tions[2.1) and the conclusion. This baseline-network design
is standard in empirical spillover studies (Duflo and Saez|
2003t |Cai et al., [2015 Nickerson, 2008 Paluck et al.l 2016}
Bapna and Umyarov}, 2015} |Aral and Walker, 2012; |Bond
et al.,|2012)) but has typically required costly full network
measurement (Breza et al.l [2020); we provide inferential
theory for this common design when the baseline graph is
only partially observed.

Empirically, we anchor the theory in two workflows. A
simulation study based on ARD shows that proxy-exposure
regression tracks the oracle regression that uses the fully
observed network and delivers stable Wald-style interval
coverage. A partial-network re-analysis of the complex-
contagion regressions in [Beaman et al.| (2021) illustrates
how proxy indicators for network exposure to fixed seed
sets can reproduce the coefficient patterns reported with full
network data (without changing the experimental design).

Our main contribution is a unified identification and infer-
ence framework for causal effects under interference when
the network is only partially observed and a single realized
population is available. In Section 2] we develop a linked
setup in which each identifying assumption corresponds to
a concrete modeling or design choice—namely the expo-
sure map, the adjustment set, and the generative network
model—making explicit what must be approximated when
edges are unobserved. In Section [3] we introduce a feasible
estimation strategy based on iterated expectations that re-
places latent exposure and adjustment features with proxy
features computed from partial network measurements and
a fitted graph model, and we establish an asymptotic theory
for a single networked population under affinity-set depen-
dence conditions (Chandrasekhar et al., 2023)). These results
give consistency and asymptotic normality for response-
parameter estimators and plug-in policy functionals, and
isolate an explicit “network learning must be fast enough”
rate requirement under which network-estimation error is
first-order negligible relative to the dependence-adjusted

sampling scale. Finally, Section 4] provides simulation and
empirical evidence illustrating how the theory maps to finite-
sample workflows for inference with partial network data.
Appendix [A] provides conceptual background and proofs,
Appendix [B] records computational details, Appendix [C]
and Appendix [D] provide supplementary results, and Ap-
pendix [E]reports additional experimental details. Figure 3]
in Appendix [A]summarizes this pipeline end to end.

1.1 RELATED WORK

We bridge three literatures that have largely evolved sepa-
rately. First, the interference literature uses exposure map-
pings to define estimands and estimators, typically assuming
the network is fully observed (Aronow and Samiil, [2017;
van der Laanl 2014} Ogburn et al.| [2024). We retain the
exposure-map logic but extend it to the empirically domi-
nant regime in which exposures must be reconstructed from
partial network measurements. Second, a large literature
studies network measurement under budget and privacy
constraints—induced-subgraph sampling, egocentric and
respondent-driven designs, and ARD surveys (Freeman)
1982} Heckathorn, (1997} |Goel and Salganikl 2009, 2010;
Green et al., 20205 Killworth et al., 1998}, Breza et al., [2020),
yet provides limited guidance for causal interference infer-
ence with a single observed network. Third, while iterated-
expectations methods for missing network structure and
generated regressors are well developed (Chandrasekhar
and Lewis| 2011} |[Breza et al., |2023)), they have not been
integrated with single-network dependence theory. We com-
bine these strands into a unified framework that delivers
dependence-robust asymptotics via affinity-set CLT logic
(Chandrasekhar et al.| |2023)) and makes explicit how accu-
rate network learning must be for first-order valid inference.

Our setting also intersects a growing literature on inter-
ference with unknown, misspecified, noisy, or partially
observed networks, including two-stage randomized de-
signs with interference and noncompliance (Imai et al.,
2021)); noncompliance under interference of unknown form
(Hoshino and Yanagi, [2024); exposure-neighborhood for-
mulations and the bias of classical estimators under mis-
specification (Karwa and Airoldi, 2018)); extended un-
confoundedness and (Bayesian generalized) propensity-
score adjustment on networks (Forastiere et al. 2021}
2022); sensitivity to unobserved networks (Egami, [2021));
unknown-interference estimands (Savje et al.,|2021); single-
population CLTs and network-robust inference under (ap-
proximate) neighborhood interference (Leung, 2020} 2022);
random-graph asymptotics (Li and Wager, [2022); and struc-
ture learning, noisy edges, unknown-network total effects,
partial-network peer effects, and misspecified interference
structure (Bhattacharya et al.,2020; L1 et al., 20215 | Yu et al.}
2022; Boucher and Houndetoungan, 2025} [Weinstein and
Nevo, [2026). Appendix[A.3|organizes this literature by infor-
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mation set and estimand. These approaches are complemen-
tary to ours: we fix the exposure and adjustment maps, treat
the graph features entering them as missing data given the
coarsened measurement G*, and characterize when graph-
learning error is first-order negligible. Because a same-
numbers comparison would either give observed-network
methods information unavailable under G* or change the
estimand, our experiments benchmark against an oracle full-
network regression, Horvitz—Thompson, and difference in
means.

2 ENVIRONMENT

LetV = {1,2,...,n} index interacting individuals and let
G = (V, E) denote the (latent) network over which interfer-
ence propagates, with £ C )V x ). We represent the network
by an adjacency matrix G € {0, 1}"™*"™. Unless stated oth-
erwise, G is a simple undirected graph with G;; = 0 and
G;; = Gj; (extensions to weighted or directed graphs are
straightforward). Treatments are binary with assignment
vector A € {0,1}" drawn from a known assignment mech-
anism; we write a for a realized assignment vector. Potential
outcomes are Y;(a) € R and observed outcomes are Y;. We
observe pre-treatment covariates X; € R™.

Crucially, we do not observe G directly. Instead we observe
a partial-network measurement, G* = ((G), where {(-) is a
deterministic coarsening or measurement function that maps
the latent network into the observed data object. This may
be an induced subgraph, an egocentric sample, a referral
trace, or ARD-style summaries. We treat G* as the object
that supports estimation of a generative network model and
construction of proxy exposure features. Because the expo-
sure map and adjustment features are functions of G, which
is not fully observed, key regressors in an interference anal-
ysis are themselves latent. The central task is therefore not
to “complete” the entire adjacency matrix, but to compute
(exactly or approximately) the conditional expectations of
the particular graph features (and downstream functions
thereof), given the measurement G*.

2.1 A STRUCTURAL CAUSAL MODEL

We now define the SCM. SCMs are useful under interference
because they define counterfactual outcomes under alterna-
tive assignment vectors once the exogenous shocks are fixed.
Appendix [A.T|gives a diffusion illustration in which a single
draw of transmission shocks induces all potential outcomes
across seeding vectors. To begin, we define the exposure
map, V;(a, G), which reduces the high-dimensional assign-
ment vector and network position into the low-dimensional
quantity that is assumed to mediate spillovers for unit 7
(cf. exposure mappings (Aronow and Samii,|2017) and the
closely related “exposure neighborhood” formulation of
Karwa and Airoldi| (2018))). The adjustment map, S;(G),

collects baseline heterogeneity that must be conditioned on
to treat exposure variation as good as random (e.g., degree,
group membership, or other network-position summaries,
possibly interacted with observed covariates). Formally, we
have:
Vi(av G) = fv(a, QOZ(G)) ERPY,
Si(G) = fs(X,0:(G)) € RPS,

Here ¢, (G) and 9;(G) denote deterministic functions of the
network that summarize unit ¢’s topological position or local
neighborhood structure within G. This yields the SCM:

A ~ Py,
Vi =Vi(A,G),

S; = Si(G),

Yi= fy (S Vier).

We allow the shocks {e;}"_; to be dependent across 7; the
resulting single-network dependence is handled by the de-
pendence conditions used in our CLT.

The analyst specifies the exposure map and adjustment fea-
tures (the functions defining V;(a, G) and S;(G)), and the
assignment mechanism P, is fixed by the design (or by
an assignment model). Two timing assumptions are im-
plicit in (I) and we state them explicitly: the network is
pre-treatment (G forms before A is realized and is not al-
tered by treatment before outcomes), and assignment is
randomized or exogenous given (X, G). The generative
network model of Section [2.3] may therefore depend on co-
variates but not on treatment: we work with py(G | G*, X)),
not pp(G | G*, X, A). If treatment changes ties before out-
comes are realized, those ties are mediators (or outcomes)
and require a dynamic graph-and-assignment model outside
the present theory. The outcome model can be parameter-
ized as fy (S;, Vi, €5 Bo) with By € RP, where (3 is defined
by moments E[m/(Y;, S;, V;; Bo)] = 0. Appendix[A.4]shows
that our setup is general by rewriting multiple exposure-map
choices used in economics and public health (including local
treated-neighbor counts, fractional exposure, risk-sharing
exposures, and multi-step hearing exposures) in this frame-
work. Appendix [A.2] contrasts this SCM view with finite-
population exposure formulations and clarifies the role of
structural restrictions for cross-unit dependence.

2.2 NONPARAMETRIC IDENTIFICATION OF
CAUSAL EFFECTS

We now describe the conditions needed for identification un-
der this SCM. These conditions are not specific to a partially
observed graph.

Definition 2.1 (Exposure Consistency). Exposure consis-
tency holds if Vi(a,G) = Vi(d',G) = Y;(a) =Y;(a’).

This assumption requires that the exposure map captures all
aspects of treatment configurations that matter for outcomes,
so that any two assignment patterns mapped to the same
exposure level truly produce the same potential outcome.
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Under exposure consistency, we write Y;(v) for the potential
outcome indexed by an exposure value v, so that Y;(a) =
Y;(v) whenever V(a,G) =

Definition 2.2 (Exposure Weak Ignorability). Exposure is
weakly ignorable if Y;(v) 1L V; | S;, G Sforall v.

This assumption requires that, once we control for the rel-
evant network-based adjustment features .S; (treating the
graph as fixed), variation in exposure is effectively random
for the purposes of causal inference. To unpack this: holding
the graph fixed, V; = V;(A, G) is a deterministic function
of the random assignment and of unit ¢’s network position,
so randomizing A does not by itself make exposure as good
as random across units; units in different positions (e.g.,
high- versus low-degree) face systematically different ex-
posure distributions, and position may also predict baseline
outcomes. Weak ignorability says S; captures this position-
driven confounding: given (S;, G), a unit’s exposure level
carries no further information about Y;(v). It holds by de-
sign when S; includes the features through which the design
induces unequal exposure propensities (e.g., degree under
Bernoulli assignment with treated-neighbor exposure); it
fails when an omitted position feature predicts both.

Definition 2.3 (Conditional Independence of Graph and
Outcome). We assume Y;(a) 1L G | V,, S;.

This assumption is the key reduction step: once we condi-
tion on exposure and confounders, residual dependence of
outcomes on the full graph is ruled out for identification of
the response surface.

Under these assumptions, causal effects are identified from
observed-data conditionals. Fix an assignment vector a and
let v = V;(a, G). The next display is the standard identifi-
cation chain for conditional means: consistency moves from
a-indexed potential outcomes to exposure-indexed potential
outcomes, weak ignorability links exposure to observed out-
comes, and conditional graph-independence removes any
remaining dependence on G beyond (.S;, V;):

E[Yi(a) | 5i = s,G] = E[Y;(v) | Si = 5, G

[
=EYi(v) | Vi =v,5; = 5,G]
—E[Y; | Vi =v,5; = 5,G]
=E[Y; |V, =v,5; =s]. 2

Let ho(s,v) = E[Y; | S; = s,V; = v] denote the true
response surface. In estimation we replace the unknown
response surface hy with a parametric working model
h(s,v;3), which is intended as an approximation to hg.
Then the policy value (e.g., expected treatment effect) under
assignment a on graph G is

U(a|G) = Zho Vi(a,G)). )

Crucially, once the exposure map and adjustment set
are fixed, identification reduces to learning ho (s, v) from
observed outcomes and exposure-relevant features. If
the full graph were observed, a plug-in policy value
would evaluate the working model used for estimation,
h(S;(G),V;(a,@); B), for each unit and average. With par-
tial network data we cannot evaluate S;(G) and V;(a, G)
directly. Our feasible alternative is to average these predic-
tions over plausible completions of the graph under a fitted
network model. Define the graph-dependent prediction

(B, G) = h(Si(G), Vi(a, G); ),
and its graph-averaged analog
Ei(ﬁ70;avaG*) = E[ﬁl(ﬁaG) ‘ aaXa G*ve] .

Y(a|B,G",0) =~ ;hz(ﬂ,H,a,X,G ). @
Under correct response and graph models, this is the fea-
sible analogue of ¥ (a | G). We emphasize the distinction
between the two targets. With partial network data, the feasi-
ble estimand is the model-averaged policy value in {@); the
realized-graph value ¥ (a | G) is recovered as a first-order
target only under a graph-stability condition ensuring that
residual graph uncertainty is negligible (Assumption [A.T]
and Lemma[A.2]in Appendix [A.7). Equation () also iso-
lates the operational missing-data task: we need conditional
expectations of exposure- and adjustment-relevant graph
features given the partial measurement G*. The next sub-
section describes how a generative network model turns
G* into a conditional law over missing edges, which in
turn yields the proxy features used in estimation. Exposure-
based causal estimands are often estimated using inverse
probability weighting, though this presents challenges in the
partially observed graph case (see Appendix [A.6).

2.3 THE MISSING DATA PROBLEM AND
NETWORK-MODEL ESTIMATION

We do not observe the realized network G; instead we ob-
serve a coarsened object, G* = ((G). When G is only
partially observed, the regressors that define interference are
themselves latent; the task is to recover the specific graph
features needed for (.S;, V;) from the information contained
in G*, not to reconstruct the entire adjacency matrix.

The coarsening ((-) is typically structured: it may reveal
some neighborhoods almost exactly, or compress the net-
work into low-dimensional summaries. Throughout, n de-
notes the analysis sample for which treatments and out-
comes are observed; the missing data problem lies in the
edge structure and the exposure-relevant features it induces.
Designs that also sample nodes, such as respondent-driven
sampling, enter the framework through the partial edge infor-
mation they generate on observed units rather than through
missing outcomes. In practice, G* can take many forms:
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* Induced subgraph or roster on a subsample: an adja-
cency submatrix on surveyed nodes.

* Censored nominations: an edge list where each node
reports at most K, ties.

* Egocentric data: sampled egos report their neighbors,
but alter—alter ties are unobserved.

* Link-tracing or RDS traces: edges along recruitment
paths plus partial neighborhood information for sampled
nodes.

* Aggregated relational data (ARD): counts of ties to
trait-defined groups without identifying endpoints.

 Digital traces or administrative logs: weighted or di-
rected interaction records observed through a particular
platform or channel, often with systematic missingness.

These regimes differ in what they preserve. Some reveal
exact edges for a subset of node pairs; others replace the
adjacency matrix with summaries such as groupwise degree
counts. Appendix [A.5] formalizes these regimes and the
corresponding coarsening maps.

The key insight is that G* should be viewed as constraining
a set of plausible completions of the latent network rather
than as a corrupted adjacency matrix to be filled in edge
by edge. What can be learned about G depends on what
¢(+) preserves. For induced-subgraph observations, one can
apply spectral or likelihood-based estimators for stochastic
blockmodels or graphons to the observed adjacency subma-
trix. For nomination caps and egocentric designs, observed
ego—alter edges are accurate but systematically incomplete,
and estimation proceeds by conditioning on observed nom-
inations. For ARD, the data are counts rather than edges;
in blockmodel settings these counts serve as noisy signa-
tures of latent types and permit recovery of mixing patterns
through clustering. Link-tracing designs reveal exact edges
along recruitment paths but induce nonuniform inclusion
that must be incorporated into estimation. Detailed construc-
tions and rates are provided in Appendix [A.8]

Which features must be approximated is determined by the
exposure and adjustment maps. Some measurement regimes
are well aligned with local exposures such as treated neigh-
bor counts, while others require stronger modeling assump-
tions to recover path-based or global features. Our frame-
work separates these issues: the exposure map specifies
the graph features that matter for identification, and the net-
work model determines how those features are reconstructed
from G*. Formally, we posit a generative model for network
formation indexed by 6y € © with latent node character-
istics &;. A flexible representation is the graphon model,
P(Gi; =11&;,&) = g(&,&;), of which stochastic block-
models and latent space models are important special cases
and approximations (Lovasz and Szegedy, 2006; |Airoldi
et al., 2013} |Gao et al., 2015} Hoff et al.| 2002). Using G*,
we estimate 6 and then evaluate conditional expectations

under the induced law, pg (G | G*, X). Proxy exposure and
adjustment features are obtained by integrating V;(a,G)
and S;(G) over this conditional distribution.

The asymptotic theory requires only that two tasks be fea-
sible: estimation of 6y from G* and evaluation or approx-
imation of conditional expectations under py(G | G*, X).
The particular graph model is not essential; what matters is
that the estimator § converges sufficiently quickly so that
the resulting proxy-feature error is negligible relative to the
dependence-adjusted sampling scale. Appendix [A.§] pro-
vides model-specific estimators and finite-sample rates for
induced-subgraph data, edge-missing designs, ARD cluster-
ing, and respondent-driven sampling.

3 INFERENCE

Section 2] reduces causal inference under interference to
learning a response surface in terms of exposure and adjust-
ment features (1, S;). With partial network data we do not
observe these features directly because they depend on the
latent network . The central idea in this section is to treat
(Si, Vi) as missing-data objects and to replace any complete-
data estimating equation by its conditional expectation given
the observed partial measurement G* under a fitted genera-
tive network model. This yields a standard moment-based
estimator built from proxy moments, but with two nonstan-
dard ingredients: the observations come from one dependent
networked population, and the regressors are generated by
estimating a graph model. Our goal is to state conditions
under which these two complications are asymptotically
negligible at first order and to provide a concrete workflow
that satisfies those conditions.

3.1 TARGET PARAMETERS AND PROXY
MOMENTS

We focus on outcome-model parameters 3, € RP defined
by moment conditions that would be valid if (S5;, V;) were
observed. Let m(Y;, S;, Vi; 8) € R? be a complete-data
moment function satisfying

]E[m(}/;vszvm760) | aaXvG] = 0; (5)

where S; = S;(G) and V; = V;(a,G) are the exposure
and adjustment features induced by the realized assign-
ment a and the realized network G. When the network
is partially observed, we observe Z = (Y, a, X, G*) with
G* = ((G), and the defining features (S;,V;) are latent
functions of G. To connect (@) to feasible estimation, we in-
troduce a generative network model indexed by 6y € © and
use it to form the conditional law of the latent network given
what we observe, pg(G | G*, X). The observed-data esti-
mating function is obtained by integrating the complete-data
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moments over this conditional distribution:

6
|a, X,G*;0]. ©

Here 6 parameterizes the conditional distribution of the
latent network G given (G*, X)), so that the conditional
expectation is taken with respect to the graph law py(G |
G*, X). Equation () is the proxy step that drives the rest of
the section: we replace the moment contribution we would
have used under full network observation by its conditional
expectation given (a, X, G*) under a network model. The
dependence on 6 enters only through this conditional law.

At the true nuisance parameter 6, the proxy moments in-
herit the unbiasedness of the complete-data moments. By
iterated expectations,

E[mi(yé;/807a7XaG*7€0) | G*,G,X] =0. (7)

The sample analogue is

(Y3 5,G70) = S ma(¥is .0, X, G0). )

=1

Our estimator (3 is defined as a solution to the sample mo-
ment equation

m, (Y3 3,G*,0) =0,

where 6 = 5(0*) is an estimator of §y constructed from
the partial network measurement. The theory below is
algorithm-agnostic: beyond explicit rate and smoothness
requirements, it does not depend on how fis computed or
how the conditional expectations in (6) are evaluated.

3.2 ASYMPTOTICS FOR A SINGLE NETWORKED
POPULATION WITH GENERATED PROXY
MOMENTS

Relative to textbook Z-estimation, two features matter here.
First, the data arise from a single networked population, so
{Y;}?_ and hence the score contributions can be dependent
across 7. Second, the moment function uses generated proxy
features through the plug-in 0. The next assumption isolates
exactly what is needed to handle these issues at first order.

Write Z = (Y, a, X, G*) and define the oracle observed-
data moment as the proxy moment evaluated at the true nui-
sance parameter: 1;(Z; 8) = m;(Y;; 8, a, X, G*, 6), and
vo(Z;8) = % Yoi, ¥i(Z; B), respectively. Here “oracle”
means that the moment uses the same proxy construction as
in (6) but is evaluated at 6 rather than at the estimated 0. Let
D,,(Bo) = Vn(Z; Bo). Let B C RP denote a compact
parameter set containing (3.

Assumption 3.1 (Regularity conditions for single-network
Z-estimation). (A) Identification and uniform conver-
gence

Al. Eln(Z;5)] = 0at B = By, and for all € > 0,

Lt [EwL(Z5 B > .

A2. Forl € {0,1,2},

sup [0 (2 5) — 0 Bl (2: 9)]| = op (1)

A3. The Jacobian
D(ﬂo) = E[Vﬁ'@[]n(z, /8) | a, X, G*v 00]5:50

is nonsingular, with eigenvalues bounded away from 0
and oo.

(B) Graph-estimation regularity

BI. ||5— Ooll = Op(s(n)) for a deterministic rate s(n) —
0.

B2. There exists stochastically bounded b, (Z) such that
sup M (Z; 8,0) —mn(Z; 8,0)|| < bu(Z)[|0—0']].
€

(C) Dependence CLT scale

Cl. The normalized score array satisfies the affinity-set
covariance-control conditions of Appendix[A. 10| with
covariance matrix I,,, and \/)\min(Fn) =r(n).

C2. The condition number of I,, is uniformly bounded, so
that ||T'y|| F and Amin (T'r) scale at comparable rates.

Assumption separates the three sources of difficulty.
Part (A) is standard Z-estimation structure: the oracle mo-
ments identify 5y and admit a uniform law of large numbers
and smooth linearization. Part (B) is the generated-proxy
requirement: 0 converges at rate s(n), and the sample mo-
ment map is stable to perturbations in 6. Part (C) is the
single-networked-population component: the oracle score
contributions satisfy an affinity-set central limit theorem
(Chandrasekhar et al., 2023)), yielding a long-run covariance
matrix I',, that determines the correct normalization.

The comparison is between the graph-learning error and
the dependence-adjusted sampling fluctuations. The quan-
tity 7(n) = 4/Amin(T'») summarizes the effective scale
of the oracle estimating equation under dependence. In an
i.i.d. benchmark, r(n) is of order n~'/2. The rate condition
s(n) = o(r(n)) formalizes the requirement that network-
estimation error be asymptotically smaller than the sampling
fluctuations of the dependent moment equation, so replac-
ing 6y by 6 doesn’t affect the first-order limit distribution.
We deliberately do not restate this as s(n) = o(n~'/?): the
two coincide in i.i.d.-like regimes, but under stronger depen-
dence n~1/2 is the wrong normalization for the score scale,
and r(n) is exactly what the affinity-set CLT controls.

7346



Theorem 3.2 (Z-estimator asymptotics for a single net-
worked population). Suppose Assumption [3.1| holds and
s(n) = o(r(n)). Then

T 2D(80)(B — Bo) —a N(0, 1),

where
D(BO) = E[vﬁwn(zvﬁ) | a, Xa G*a 90]5:5

Theorem [3.2]is the core inferential statement for response-
model parameters under partial network data: if the oracle
score satisfies a CLT for a single networked population
and the proxy moments are stable to graph estimation at
arate s(n) that is negligible relative to the sampling scale
r(n), then the usual asymptotic linearization holds with
dependence-robust normalization I';, 12 s proof is given
in Appendix [A.9] The analysis conditions on (a, X, G*):
I',, and D(3p) are deterministic matrix sequences given that
conditioning, randomness enters through Y, and conver-
gence is along the triangular array indexed by n.

Feasible variance estimation. Wald-style inference re-
quires estimating the long-run covariance I',,. Let 1@ =

m; (Yy; 5 ,a, X, G*, ) denote the fitted score contributions
and let A(7) denote the affinity set of unit ¢ (Appendix[A.10).
We recommend the affinity-sandwich estimator

with k;; = 1{j € A(i) ori € A(j)}, whose kernel in-
cludes exactly the first-order dependent score pairs; the in-
dependence kernel x;; = 1{¢ = j} and cluster kernels are
special cases, credible only when their dependence assump-
tlons hold. If, additionally, the estimation-error condition
IT, = Dullp = oP()\mm(Fn)) holds, then the studentized
statistic satisfies T, /% D, (8 — Bo) —q N(0, 1, ») With
plug-in Jacobian D = Vgm,(Y;p,G*, )| _ 5,50 Wald
sets use only feasible quantities. Appendix [ﬁreports a
simulation diagnostic in which the affinity sandwich tracks
an oracle full-network affinity reference.

Once a response model has been fitted, we can evaluate
counterfactual assignment vectors by averaging predictions
over the conditional graph distribution. With partial network
data we target the model-averaged value \Il(a | G*,6p) and
estimate it by the plug-in ¥(a | B,G*,0 ) in @). Appendix
LemmalA.7)and Appendix [A.7] (especnally Sections

and|A.7. rovide infere and robustness results.
d|A.7.2) provide inference and robustness result:

3.3 ESTIMATORS AND COMPUTATION

Theorem[3.2]is stated in terms of proxy moments and rates,
S0 many concrete estimators can satisfy its conditions. We

give two instantiations and then describe how the proxy
moments are computed in practice.

Linear regression as a special case. Suppose the response
surface is linear in a known feature map h(-):

Yi=h(S, Vi)' Bo+ei  Ele] =0,
allowing dependence across . If the full network were ob-
served, the regressors h(.S;, V;) could be computed directly.

Under partial network observation we replace them by their
conditional expectations under the network model: H;(6) =

E[E(si(a),m(a,a)) | a7X7G*;9] ,H; = H;(0). The
corresponding OLS estimator is

n -1 n
) (5m)

Applying Theorem [3.2] to the linear moment conditions
yields

under the same rate requirement s(n) = o(r(n)) and the
affinity-set CLT for the corresponding score contributions.
Appendix [A.TT| gives a self-contained statement and proof.

General Z-estimators. Broadly, one chooses a response
model E[Y | S,V] = h(S,V; ) and a corresponding
complete-data moment m, forms proxy moments via (6],
and solves the sample equation m,, (Y; 3, G* 9) = 0. The-
orem [3.2] provides a single asymptotic justification for this
class, so long as the proxy moments are stable to perturba-
tions in # and the oracle score satisfies the CLT for a single
networked population.

For nonlinear models the proxy moment averages the
complete-data score over the conditional graph law; it is not
obtained by plugging a mean exposure into the link func-
tion. Appendix [A.T3|records a fully worked corollary for a
logistic response model with blockmodel-reconstructed ex-
posures, verifying identification, the graph-estimation rate,
moment stability in 6, the affinity-set CLT conditions, and
a Monte Carlo accuracy requirement for simulated proxy
features.

A concrete workflow. A typical implementation proceeds:

1. Specify a complete-data response model and moment
function m(Y;, S;, Vi; B).

= 0(G").

3. Compute proxy moments mi(Yi;ﬁ,a,X,G*,a) b
evaluating the conditional expectation in (6).

2. Estimate the graph model 0
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4. Solve m,(Y; B, G*, 5) = 0 and, if desired, evaluate
plug-in policy functionals ¥(a | 5, G*,0).

Steps 2 through 4 are the generated-proxy interface: we
replace latent exposure and adjustment features (functions
of the unobserved network) by conditional expectations
given G* under an estimated graph model, and then run a
standard moment-based estimator on those proxy moments.

In practice, the conditional expectations in (6) and in f[z(@\)
are computed either analytically (when the exposure map
and graph model permit closed-form expressions) or by
Monte Carlo under the fitted conditional graph law. When
S; and V; depend only on a local neighborhood, one can
hold observed edges fixed and sample only the missing
edges that enter those features, or compute the required
probabilities directly under models with conditional edge
independence such as an SBM. Algorithm [I| (Appendix
gives a schematic Monte Carlo procedure, and Appendix [B.T]
provides one concrete implementation for logistic regression
using an EM-style reweighting scheme. In our simulation
and empirical replication, treated-neighbor shares and indi-
cators for having one or two seeded neighbors are replaced
by their conditional expectations given (G*, 5), in block-
model settings these proxies follow directly from estimated
mixing probabilities and predicted degrees, without sam-
pling full graphs. On cost and scope: Algorithm I]scales as
the number of graph draws L times the per-draw feature-
evaluation cost (Appendix makes the requirement on
L explicit); blockmodel and local-neighborhood cases avoid
full-graph simulation via closed forms or local sampling of
missing edges. Exposure maps built on global functionals
such as eigenvector centrality or between-ness fall outside
the rates of Appendix and require a separate perturba-
tion analysis unless their proxy-moment error is negligible
relative to r(n).

4 EMPIRICAL RESULTS

This section illustrates how the proxy-moment framework
and the single-networked-population asymptotic logic trans-
late into finite-sample workflows. We include two comple-
mentary evaluations. First, a realistic simulation in which
the network is only partially observed, so the key exposure
regressor must be proxied from G*, directly targeting the
setting of SectionE} Second, we reanalyze a canonical diffu-
sion application using real experimental data from Beaman
et al.| (2021)), showing that proxy exposure indicators con-
structed from partial network measurements can recover the
coefficient patterns reported using the full network.

4.1 SIMULATION UNDER PARTIAL-NETWORK
MEASUREMENT

We begin with a simulation designed to isolate the core
empirical question raised by partial network observation:
when exposure depends on a latent network, can proxy expo-
sures constructed from G* deliver estimates and uncertainty
quantification that behave similarly to an oracle analysis
that observes G? The data-generating process follows the
global-effect setup adapted from the cluster-randomization
interference setting in|Ugander and Yin|(2023)). Outcomes
are generated by

d; 1<
Y;(a) = ﬁ(a"_sz'*'O—Ez) 1+§a1—|—'yd—ZG”a] s
gt

whered; = 37, Gyjandd = n~' Y1 | d;. The estimand
is the global contrast ¥(1 | G) — ¥(0 | G). We compare
four estimators of this contrast: (i) an oracle regression that
uses the fully observed network to construct exposure, (ii)
the same regression using feasible proxy exposures com-
puted from partial network data via an ARD-fitted graph
model, (iii) a Horvitz—Thompson estimator under cluster
randomization, and (iv) a simple difference in means.

Bias of ARD estimates RMSE of ARD estimates

method

— FullNetwork
— ARDK=4
— ARDK=10

Bias (%)
RMSE

DMK=4
— DMK=10

HTK=4
— HTK=10

100 300

SampleSize

200
Sample Size

Figure 1: Finite-sample performance for estimators of the
global contrast ¥(1 | G) — ¥(0 | G) in the single-network
simulation with partial network measurement. Left panel:
bias. Right panel: RMSE. The oracle regression constructs
the exposure using the fully observed network G'. The proxy
regression replaces the latent exposure by a feasible proxy
computed from partial network data G* using an ARD-fitted
graph model. Horvitz—Thompson and difference-in-means
provide design-based and naive benchmarks.

Figure [T] summarizes the main finite-sample finding. The
oracle full-network regression is most accurate, as expected.
The proxy-regression estimator based on partial network
data closely tracks the oracle in both bias and RMSE, illus-
trating that integrating exposure over a fitted graph model
can be accurate enough to recover the oracle regression be-
havior. In contrast, Horvitz—Thompson deteriorates as net-
works become denser because rare exposure events drive in-
stability. To connect the simulation to inference, we also re-
port Wald-style confidence intervals using an Eicker—Huber—
White sandwich variance as a baseline. Although EHW is
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not generally valid under network dependence, it is conser-
vative in this design; Appendix Figure[7|reports the corre-
sponding coverage results, and Appendix [C|provides addi-
tional simulation detail. Appendix [C.2]complements these
results with diagnostics for graph-model misspecification
and for how proxy-feature error propagates to exposure and
downstream estimation error.

4.2 REPLICATION OF EVIDENCE FOR
COMPLEX CONTAGION USING PARTIAL
NETWORK DATA

We next evaluate the approach on real experimental data by
replicating the evidence-of-complex-contagion regression
in [Beaman et al.| (2021) using partial network measure-
ments. The outcomes are whether a household has heard
of pit planting, knows how to implement pit planting, and
adopts pit planting. We include village fixed effects and
compare coefficients across targeting rules. The seed sets
implied by each targeting rule are treated as fixed inputs
from the original study; the goal here is not to alter the
experimental design, but to estimate the same regression
when the network exposure indicators are not directly ob-
servable and must be replaced by proxy features constructed
from G*. Two clarifications matter for interpretation. First,
Beaman et al.[(2021) observe (essentially) full village net-
works; we deliberately coarsen each village network into
an ARD-style measurement G*, groupwise tie counts to
trait-defined household groups, with the same coarsening
map in every village, to mimic having collected only par-
tial network data. Second, because one coarsening trait is
a community label derived from the observed graph, the
exercise is semi-synthetic and favorable to the method: it
demonstrates feasibility of proxy-exposure replication, not
evidence for arbitrary partial measurements.

Following Beaman et al.|(2021)), we regress each outcome
on indicators for having exactly one or exactly two seed
neighbors under each targeting rule, including village fixed
effects. Appendix records the regression equation and
the exposure-indicator definitions. In our partial-network
analysis, these exposure indicators are replaced by proxy
indicators computed under a fitted graph model as described
in Section [3.3] Concretely, we fit a village-level 8-block
stochastic blockmodel and compute, for each household
and targeting rule, the conditional probability of falling into
each exposure cell given the observed partial network mea-
surement and the fitted model. These proxy indicators lie in
[0, 1] and can be interpreted as exposure-cell membership
probabilities under network uncertainty. Figure 2] shows that
the proxy-exposure analysis recovers the same qualitative
ranking patterns across targeting rules, outcomes, and years.
Appendix [D]and Appendix [E|provide additional empirical
and design details.

Full vs. Partial Graph Estimates

. Method

00 ! 1 o 11 % i P £ ~amo

Estimate

= Full Graph

Parameter

Figure 2: Replication of the complex-contagion regression
in [Beaman et al.| (2021)) using proxy exposure indicators
constructed from partial network measurements. The figure
reports coefficient estimates and 95% confidence intervals
for indicators of having exactly one seed neighbor or ex-
actly two seed neighbors under each targeting rule, with
village fixed effects included as in the original specification
(see Appendix [D.T). Proxy indicators are conditional prob-
abilities computed under a village-level K = 8 stochastic
blockmodel fit to the partial network data.

S CONCLUSION

This paper studies causal inference with interference when a
single networked population is observed once through a par-
tial network measurement. We combine an exposure-map
SCM with a generative graph model fit to G*, construct-
ing proxy exposure and adjustment features by conditional
expectation and turning estimation into dependent-data Z-
estimation with generated regressors. Our asymptotic results
for a single networked population provide a transparent in-
terface between dependence and network learning: Wald-
style inference is justified when network-estimation error
is negligible relative to the dependence-adjusted sampling
scale. Simulations and the semi-synthetic replication of Bea{
man et al.|(2021) illustrate that proxy-exposure analysis can
closely track oracle full-network analysis.

Several limitations point to future work. First, proxy ex-
posures inherit sensitivity to graph-model misspecification;
diagnostics and robustness tools across plausible graph mod-
els consistent with G* are needed (Appendix [C.2]takes a
first step). Second, many convenient generative models are
most informative for dense graphs or rich measurements
G*; extending proxy construction and rate guarantees to
sparse, heavy-tailed, or systematically missing regimes is a
central challenge. Third, global exposure maps can be com-
putationally demanding; scalable approximations preserving
first-order validity would help. Fourth, our theory covers
randomized or exogenous assignment on a pre-treatment
network; observational designs, treatment-induced rewiring,
and dynamic data remain open.
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Single-Network Asymptotics for Causal Inference Under Partial Network Data
(Appendix)
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A  BACKGROUND AND PROOFS

This section is a self-contained technical companion to the main text. It first provides conceptual background for the SCM
and exposure-map framework, then records measurement examples, robustness extensions, and proof details for the principal
asymptotic results.

A.1 DIFFUSION AS A STRUCTURAL CAUSAL MODEL

This subsection provides a concrete SCM illustration under interference. It is not an assumption in our asymptotic results;
its role is to make the counterfactual logic explicit when outcomes depend on the full assignment vector through network
propagation.

Consider a simple diffusion process with seed vector a at time 0. At each ¢t € {1,...,T}, infected nodes transmit to
neighbors with probability ¢ and then become non-infectious. Let Y;; = 1 indicate infection at time ¢ and define Y; = 1 if
infection occurs at any time up to 7'.

Let ¢;; ~ Bernoulli(¢) indicate whether ¢ would transmit to j if infected, and define D = B @ G where B;; = ¢;; and
©® denotes the elementwise (Hadamard) product. A draw of D determines all counterfactual outcomes under any seeding
vector. This is exactly the SCM counterfactual logic: once exogenous noise and structural equations are fixed, changing a
changes outcomes through the same underlying mechanism.

A.2 A DISCUSSION OF INTERFERENCE FRAMEWORKS

This subsection clarifies why we adopt an SCM formulation while remaining compatible with exposure-based potential-
outcome notation. In the fixed-outcome exposure framework of Aronow and Samii| (2017), each unit has potential outcomes
indexed by exposure levels, Y;(v), and estimation targets finite-population averages suchas n=! >""" | Y;(v). That framework
is intentionally nonparametric across units: even when two units have the same exposure value, their potential outcomes can
differ arbitrarily.

The SCM view adds cross-unit structure through shared latent shocks and structural equations. In the simple contagion
example from Section[A.T| with one transmission period (T = 1), consider nodes 7 and j in Figure [f] If each has exactly
one seeded neighbor, then their rooted neighborhoods are isomorphic and the SCM implies identical infection probabilities
under assignment a, i.e., P(Y; = 1| a,G) = P(Y; = 1 | a, G) under the same transmission mechanism. This equivalence
concerns the induced outcome distribution, not equality of realized outcomes unit-by-unit.

The practical implication for our paper is that SCM structure makes dependence modeling and single-networked-population
asymptotics explicit while preserving exposure-map interpretability. It also clarifies where identification and inference
can fail: if the exposure map omits relevant pathways or the structural graph model is badly misspecified, the induced
equivalences need not hold.
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Figure 3: End-to-end proxy-moment pipeline. The observed pre-treatment partial measurement G*, covariates X, and
randomized assignment a define a working conditional graph law p;(G | G*, X)), used only to integrate exposure- and
adjustment-relevant graph features, not to reconstruct the realized graph. The resulting proxy moments define a feasible
Z-estimator (Theorem , valid whenever graph-learning error s(n) is negligible relative to the dependence-adjusted
sampling scale r(n). Appendix diagnostics are attached to the stage whose assumption they assess.

(a) Base Network (b) Noise draw e;; (c) Directed network D

Figure 4: Draw of directed transmission network D.

Figure 6: Under the SCM contagion example, nodes ¢ and j have equal infection probabilities when their rooted neighbor-
hoods and exposure states are equivalent under the assignment.

LR

(a) Time T =0 (b) Time T =1 (c) Time T = 2

Figure 5: Contagion path under a single seeded node.
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A.3 POSITIONING RELATIVE TO RELATED LITERATURES

Table [T] organizes the most closely related papers by the network information they assume, their inferential target, and
their relation to our setting. It is a taxonomy of information sets and estimands rather than a performance benchmark:
several of these methods require observed exposure-relevant graph structure or target different estimands (total effects,
unknown-interference marginal effects), so a same-numbers comparison would either give them information unavailable
under our coarsened measurement G* or change the target.

A4 EXAMPLES OF EXPOSURE MAPS

This subsection collects representative exposure maps used in practice and referenced in Section [2.1]

Example A.1 (Local interaction effects). Simple local exposures include treated-neighbor counts
Vi=)_ Gua
J
and treated-neighbor fractions
G
%:Zdi?aj, dZ:ZG”
. (A .
J J

Example A.2 (Risk-sharing communities (Ambrus et al.|[2014))). Suppose the graph is partitioned into communities and
endowments are pooled within each community. If treatment a; is interpreted as an endowment and

then an exposure map is

forieec.

Example A.3 (Hearing / message-passing exposure). Following Banerjee et al.|(2019), let message transmission occur over
T steps with baseline transition matrix H gy and hearing matrix

Here H ) is an n x n transition matrix (e.g., a row-normalized adjacency), e; is the ith standard basis vector, and
A(u) = 1/(1 + e™*) is the logistic link. If N; is total message count received by node i, then

T

E[N; | a] =) e/ Hiya.
t=1

A response model may use this as exposure, e.g.

T
E[Y; | i, Vi] = A(ﬂo +Zﬁt€?H(to)a> :

t=1
A.5 PARTIAL-NETWORK MEASUREMENTS AND COARSENINGS

This subsection records concrete examples of partial-network data G* = {(G) and the corresponding coarsening maps ¢(+)
referenced in Section[2.3]in the main text.

Concrete examples of partial-network data include:

* Induced subgraphs from node subsamples. A random subset of nodes is sampled (often because only those units are
surveyed), and we observe the edges among sampled nodes. This yields an “observed block™ of the adjacency matrix and
leaves all edges incident to unsampled nodes missing.
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¢ Censored nomination designs. Name-generator surveys often cap the number of nominations (e.g., a maximum of m
friends). The Add Health design is a canonical example (Harris et al.,2019). Here the observed out-neighborhood is an
informative but censored subset of each respondent’s true ties.

* Egocentric (ego-alter) measurements. Sampled “egos” report all alters they are connected to, typically with alter
attributes. Edges among alters are often unobserved. This design is especially informative for exposure maps based on
radius-1 neighborhoods and less informative for distance-based exposures unless a graph model is used to impute missing
links.

 Link-tracing and respondent-driven sampling (RDS). Sampling proceeds along network paths starting from seeds,
producing a referral tree plus (sometimes) additional reported ties among sampled units. The resulting G* is informative
about connectivity and homophily but is not a simple random subgraph.

* Aggregated relational data (ARD). Each ego reports counts of ties to members of trait-defined groups (e.g., gender, caste,
neighborhood, or other baseline categories: “how many people do you know who are in group k7). ARD compresses the
adjacency matrix into groupwise degree counts and is compatible with blockmodel-style network learning. This is the
partial-network input in our simulation study: we fit a blockmodel to ARD-derived summaries and then compute proxy
exposure features under that fitted model.

The coarsening map ((-) can be made explicit in each regime. For example, if S C [n] denotes sampled nodes, induced-
subgraph data correspond to observing {G;; : i,j € S}. Egocentric data correspond to observing adjacency lists {{; :
Gi; = 1} i € S}, typically with limited information about alter—alter ties. ARD corresponds to observing groupwise
counts y;; = Z?=1 Gi; 1{X, € T} for pre-specified trait groups {7 }. In all cases G* encodes a set of constraints or
statistics that the network model turns into a conditional law over the missing edges.

Importantly, the measurement type interacts with the exposure map. ARD is naturally aligned with exposures built from
groupwise neighbor counts, but it is less informative for fine-grained path-based exposures unless the graph model supplies
strong additional structure. Induced subgraphs and egocentric designs can be highly informative for local exposures but still
require modeling for features depending on longer paths.

Partial-network measurements also arise outside surveys. In digital-trace settings the “network™ can be derived from
communication logs, transactions, or co-location events, often producing weighted or directed edges observed only above
a threshold or within a time window. Our exposition uses a binary, static adjacency matrix for concreteness (e.g., after
thresholding and choosing a time window), but the coarsening-and-imputation logic is the same as long as the exposure map
and network model are defined for the relevant edge type.

These regimes are not mutually exclusive: empirical studies often combine, for example, an egocentric sample with ARD
about additional trait groups, or a partial edge list with a census of node covariates.

A.6 WHY NOT IPW ESTIMATORS?

IPW estimators are natural under interference when exposure is observed and assignment probabilities are known. In the
partial-network setting studied here, exposure is latent because it depends on unobserved portions of G. This blocks the
standard IPW construction: we cannot directly identify which exposure-indexed potential outcome Y; (v) is realized for each
unit. For that reason, we adopt response-model-based estimation with generated exposure features and explicit graph-model
uncertainty, rather than a design-based IPW strategy.

A.7 ADDITIONAL RESULTS FOR POLICY EVALUATION UNDER GRAPH UNCERTAINTY
The main text emphasizes policy evaluation under partial network data through the model-averaged estimand ¥(a | G*, 6;).

This subsection records two additional results that clarify (i) when the realized-graph policy value ¥(a | G) concentrates
around its model average and (ii) how outcome-parameter targets shift under graph-model misspecification.

A.7.1 Convergence of Graph-Specific Policy Values
The plug-in policy functional targets a model-averaged quantity, because we do not observe the realized graph. When the

causal estimand ¥(a | G) is stable to small perturbations of the graph, the realized-graph value concentrates around its
model average.
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Assumption A.1 (v,-response dependence). For any graph draw G, let GU9) denote G with edge (i, ) toggled. Define
w(G) = ho(Si(X. G), Vi(a. @)).

Suppose
1 n
n z;m( n Z“ GU)| < cijm,
1=

andlet vy, =37, . ¢3; .

Lemma A.2. Under Assumption

U(a|G)—Y(a|G", 0 =Op(vy).

Intuitively, v,, is small when each edge affects the average outcome only weakly—for example, when exposures enter as
normalized neighbor averages so that toggling one edge changes the mean prediction by O(n~2).

A.7.2 Misspecification of the Graph Model

If the true graph law is outside the fitted class, proxy exposures are computed under an approximation to the true graph
distribution. In this case the response estimator converges to a pseudo-true parameter. To make this concrete, suppose the
true network is generated by a smooth graphon 6, and we fit a K -block stochastic blockmodel approximation 1.

Lemma A.3. Let 1. denote the n x n edge-probability matrix induced by 0, and let 1y denote a K-block approximation
induced by 0%, satisfying Lemma Define the population moment map

Ly (8,m) = Elmn(Y;8,1) | a, X],

where m,,(Y; 8,m) € RP denotes the (vector) estimating equation obtained under the working graph law indexed by 1)
(holding (a, X) fixed). Let (3, and B3y, satisfy L, (By.,n+) = 0 and Ly, (By,,n0) = 0. Assume:

Fl. B is compact.
F2. supgep [|1Ln(B,m) = Lu(B, )|y < Liln = ni|lp/n.
F3. Forall § € B, the Jacobian N gL, (3,1, is nonsingular and

<A!
op

|(VaLa(Bm.)"

for some \ > 0.
Then
10 = Ba.llz = O(A" 1K (@AD).

The proof is given in the “Proof of Lemma: Graph Misspecification” subsection below.

A.8 NETWORK-MODEL ESTIMATION DETAILS

Section[2.3]in the main text uses a rate-based interface for graph-model estimation. This subsection records the concrete
constructions used in our implementation and theoretical examples.

Example A.4 (Induced subgraph). Sample m < n nodes from the full graph and observe the induced subgraph on those
nodes. If Ny, denotes sampled nodes in block k, estimate block cross-probabilities by

g 2 2 G

Puy =



Example A.5 (Edges missing). Suppose dyads are observed with an indicator R;; € {0, 1}, with response probability
m(z) = P(Ri; = 1| Xij = z), and let the observed adjacency be Gi}; = R;;G;. Using an estimate 7(-) of the response
model, define

1 Gi;

Py =t = .
| NI [N | T(Xi5)

iENL JEN,,

Lemma A.4 (Rates for induced subgraph and edges missing). Consider stochastic-block cross-probability estimation with
sample size m < n, with block sample shares my, = pym and py, € (0,1). Then with probability at least 1 — 0,

~ 1 log(2/0
Py — Prw| < 8(2/9)

PEPE T 2

If, additionally, letting w(x) = P(R;; = 1 | X;; = x) and 7(x) its estimator,

sup 7(z) — n(z)| = op(m™),

with inf, w(x) > X\ > 0, the same rate applies in the edge-missing setting.

Example A.6 (Aggregated relational data). Let X, denote ARD counts for node i and trait t, and let n, be trait frequencies.

We normalize XZ-Tt = X7, /n4, cluster these vectors into K groups, and then recover block cross-probabilities by solving the
linear system induced by trait mixtures.

Lemma A.5. Suppose ARD traits are clustered using Example@ T > K, and cluster means are separated: inf 4 || Z), —

Zyr|l2 > 0, where Zy, = ]E[Xj | ki = k] is the block-specific mean normalized ARD profile. Let P®) be the induced
block-probability estimator and let Co, = Amax (2T Q) ™1 with full-column-rank ). Then

B® _pw| =0, (oL /iog®T) ).
| I ;

Example A.7 (Respondent-driven sampling). With referral-sampled subgraph ém, and sampled block counts M}, and edge
counts M, estimate

M,
k#£EK
5 MMy # K,
kk! — M];_]: b= k/
My, (M, — 1) .

See|Tran and Vo|(2021) for consistency details.

A.9 PROOFS OF PAPER THEOREMS

This subsection collects proofs for the main asymptotic statements and supporting lemmas used in Sections [3]and 4]

A.9.1 Proof of Lemma: Subgraph SBM Rate

Proof. Condition on the sampled block memberships. In induced-subgraph sampling, f’kk/ is an average of mymyg
independent Bernoulli draws with mean Py, so Hoeffding’s inequality gives

P(’f)kk’ — P

> t) < 2exp(—2t2mkmk/) .

Substituting my = prm and solving for ¢ at level ¢ yields the stated bound.

For the edge-missing design, inverse-probability weighting corrects the missingness using w(z) = P(R;; =1 | X;; = x),
where R;; indicates whether dyad (7, j) is observed. Under sup, [7(z) — 7(z)| = op(m™!) and inf, 7(z) > X > 0, the
additional error from estimating 7 is op(m 1) and does not change the leading Hoeffding rate. O
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A.9.2 Proof of Lemma: ARD Clustering

Proof. The proof has two steps: (i) relate trait-by-block connection probabilities to SBM block probabilities via a linear
system, and (ii) control sampling error in the trait-by-block means.

Let k; € [K] denote the latent block label and let ¢; € [T] denote the observed trait label. Define the trait-mixture matrix €2
and the trait-by-block probabilities

Py =P(Gy=1|t;=t, ki =k),
Qup = P(kj =k | t; = 1).

Under the block model, P is a mixture of the block probabilities:

K

Pu="Y Qu Py
k=1

Stacking over ¢ yields P = QP, and full column rank of Q implies

P=(Q'Q) QP

On the event £ that clustering recovers the true blocks (up to permutation), each Py, is an average of nyny Bernoulli draws
with mean Py conditional on the SBM. Hoeffding’s inequality and a union bound over (¢, k) give

= Op(i\/log(TT)) ;

max

Py, — Py,
te[T], ke[K]

s0 |P — Py < KT max ;| Py — Pu| = Op((KT/n)/log(KT)).
Finally,
P-P=(Q"Q)'QT(P-P),

and the inversion factor contributes the multiplicative constant C (up to norm-equivalence constants), yielding the
displayed rate on £. Under separation of cluster means, P(£¢) = O(1/n) for standard clustering procedures; see Breza et al.
(2023). O

A.10 AFFINITY-SET CLT CONDITIONS

The asymptotic results for a single networked population in the main text rely on the affinity-set CLT of |(Chandrasekhar
et al.[(2023). We record here the covariance-control conditions we assume. Let {Wld} denote a mean-zero triangular array,
indexed by unit ¢ and coordinate d, and let || - || 7 denote the Frobenius norm. In our application, W; 4 corresponds to the
d-th component of the oracle score contribution ¥;(Z; 5y) in Theorem or to U; in the OLS specialization. For each
index pair (i, d), an affinity set A(i,d) is a collection of index pairs whose coordinates may be non-negligibly dependent
with W; 4; coordinates outside .A(4, d) must be only weakly dependent with W; 4, in the sense of the covariance-control
conditions below. In our setting a natural construction takes .A(i, d) to contain the coordinates of units whose exposure- and
adjustment-relevant neighborhoods overlap with that of unit ¢ under the (model-implied) graph, following |Chandrasekhar
et al[(2023). For each index pair (i, d), let A(4, d) denote its affinity set and define W_; g = (W, o : (j,d') ¢ A(i,d))"
as the vector of coordinates outside that set. The affinity-set conditions are:

> EWiaWaWia) = o ITal?). ©)
(i), (G ), (")
3 cov(Wi,deydu,Wj7d/Wl7g) =o(ITul2), (10)
(i,d),(j,d")\;
(k,d""),(1,d)
> EIW_i a E[W;.aW_i ]|l = o(|Tnllr) - (11)

(4,d)
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Under these conditions (together with the affinity-set construction), |Chandrasekhar et al.|(2023)) establish a multivariate
CLT for dependent arrays with long-run covariance matrix I',. For the studentized inference described in the main text,
the affinity-sandwich estimator T',, must additionally satisfy the estimation-error condition ||I‘ —Tullr = op(Amin(Tn))-
Sufficient conditions combine (i) uniformly bounded fourth moments of the score coordinates, (ii) affinity sets whose sizes
grow slowly enough that the number of retained pairs is o(n?) relative to the scale of I',,, and (iii) consistency of the plug-ins
( B , 5) together with the Lipschitz property in Assumption so that replacing oracle scores by fitted scores perturbs each
retained pair by op(1).

A.10.1 Proof of Theorem (Z-estimator asymptotics for a single networked population)

Proof. We emphasize that in general, the outcomes Y may be dependent, and this is reflected in correlations among the
estimating functions (or the residuals in the case of OLS). We split the argument into consistency and asymptotic normality.

Consistency: The following argument parallels standard Z-estimation proofs (e.g., Chapter 5 of van der Vaart, |1998), with
the key difference that we first control the error from estimating 6. First note that

mn(Z; B8,0) — n(Z; B) = mn(Z; B,0) — mn(Z; 5, 6o)
< b,(2)[10 — o]
= Op(s(n))

Next, based on this expansion,
ma(Z;5,0) =0
= 0= (mn(Z;B,0) — Yu(Z: B)) + ¢u(Z; B)
= Op(s(n)) + v¥n(Z; B) by Assumptions [BT|and [BZ]

At this point we can treat this as a standard Z-estimation problem. Since s(n) — 0, the previous display implies

Y (Z; 3) —p 0. By Assumptions and B is therefore consistent by an application of Theorem 5.9 of |van der
Vaart, [1998.

Asymptotic Normality: We illustrate asymptotic normality via a Taylor expansion. From the display above we have
¥n(Z; B) = Op(s(n)). For brevity in notation, we suppress the dependence on Z, which is implicit for functions, with the
subscript n. Using a Taylor expansion around 3y, let 5; (5o, Bj] for By ; < BJ and »33 [537 Bo,;] otherwise.

Un(B) = ¥n(Bo) + Du(Z; B0) (B — Bo)
+ Z aé—kwn(z; B) (B — o) Bk — Bok)
=9 (Bo) + Du(Z; o)(B — Bo)
+op(s(n) + 113 - ol

by consistency and Assumption[A2] Therefore, we focus on the main terms. By Assumption [CI] the oracle score satisfies a
CLT with covariance I',,. Therefore,

Therefore:

F;l/an(Z;ﬁo)(g_ Bo) = F;1/21/Jn(50) +op (::EZ;)

Noting that D,,(80) — D(8y) = op(1), by an application of Slutsky’s lemma:

U Y2D(Bo) (B — Bo) —+a N(0,1,)

Therefore, the proof is complete. O
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A.11 LINEAR-MODEL ASYMPTOTICS

Theorem A.6 (OLS asymptotics under partial-network proxy features). Let

H;(0) = E[h(5:(G), Vi(a,G)) | a, X,G*; 6],

and
_ 1 n _ T
H (6) =~ ;sz)Hz(H)
Define
~ ]l e~
_y-1 — ) .
Bols - Hn (9)’[7, ;HZ(Q)}/M
and let _ N
U; = (h’(Sl(G)7 ‘/’i(a’v G)) - Hi(GO))TﬁO + €;.
Assume:

DI1. || — 6o|| = Op(s(n)) for a deterministic rate s(n) — 0.
D2. ||H,(0) — H,(0")]] <b,(2)]|0 — 0| with b,,(Z) = Op(1).
D3. max; |H;(0) — Hy(0)|| < bu(2)]|6 — 0]
D4. ||H;(0)|| < M < .
D5. |5 00y Juil = 5 20 Elluil]] = op(1).
Suppose further that for
U = %I:L-(@O)ui

there exists an affinity-set CLT with covariance matrix T, and scale \/ Amin (L) = r(n):

El. Affinity-set covariance controls Q)—(T1) hold for {U; } ;.

If s(n) = o(r(n)), then o
F;1/2Hn(0)(ﬁols - 50) —d N(Oa Ip)

The appearance of the sample matrix Hn(g) in the normalization follows from Slutsky’s theorem, since H,,(0) converges in
probability to its population analogue under Assumption D2.

A.12 PROOF OF THEOREM (OLS ASYMPTOTICS)

Proof. We decompose the OLS error into an oracle score term plus two generated-regressor remainders. Using Y; =
Hi(e())—rﬁo =+ u;, define Az = HZ(Q) — Hz(e(]) and

Ay === "Hi(0)A] Bo,
=1
B *liAu
ninl::l YRt Bl
C, —liﬁ(e)
n—ni:l +\U0)Us
Then N
Bols BO ()(A +B +C)

~

Terms A, and B,, are negligible. By Assumptlons items Dl and [D2 and the continuous mapping theorem, H,,(6) =
H,(60) + Op(s(n)), and hence A,, = Op(s(n)) under items|D3|and [D4|
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For B,,, Holder’s inequality and Assumptions items and [D3]yield

1 & 1 &

7§ Al < 7§: , A;

ni:l = (77, i=1 UZ|> m?XH l”
= Op(s(n)).

It follows that

T2, (8) (Buss — fo) = T2/2C, + op(jgzg) .

The affinity-set CLT in item[ET| together with Slutsky’s lemma gives the stated limit. O

A.12.1 Plug-in Inference

Lemma A.7 (Inference for a plug-in causal parameter). Assume Assumption Define
Ez(ﬁa 0) - E[h(sz; Vi; ﬂ) | a, X, G*a 0]

Assume
sup|h B,0) i(ﬁ,@')‘ < b0 -0, b < M < oo.
BeB

Define
Z(?B’ 87,7‘/77B)|O’7X7G*a90]

3

B'=p

and let D,,(Bo) = Vgn(Z; Bo) denote the Jacobian from the main text, and
wn = Qn(ﬁO)Dn(BO)ilrnDn(ﬂO)iTQn(ﬂO)T
If s(n) = o(v/@y), then
5,12 (W(B,0) — (8o, 60) ) —a N(0,1).

Proof. The proof follows from an application of the delta method, with the additional caveat that we must account for
estimation of the network-model parameters 6. In this case,

~

W(B,8) — (B, 00)| < i;bné ol
= Op(s(n))

The remainder of the proof follows from a simple application of the delta method using the plug-in estimator \IJ(B ,00). See
Theorem 3.1 of ivan der Vaart| (1998). O

A.12.2 Proof of Lemma: Graph Misspecification

We first state a useful lemma for bounding the graphon-approximation error.

Lemma A.8 (Lemma 2.1 of |Gao et al.[(2015)). Let g € Ho (M) be an a-Hélder graphon and let 1), be the induced n x n
edge-probability matrix (so 0. ;; = g(&;,€;) for latent positions &;). Then there exists a K -block step-function approximation
(equivalently, a membership vector k € {1,..., K}"™ and block matrix P € [0, 1]5*¥ inducing an edge-probability matrix
No) such that

1 — [0
—llne = molff < CMPETHND

for a constant C > 0. In particular; ||n, — no||p/n = O (K~ (@ D).
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We now proceed with the proof of the lemma.

Proof. We prove LemmalA.3|by combining (i) a Lipschitz control of the population moment map in 7 with (ii) an invertibility
condition for the Jacobian in 3.

By the mean value theorem applied to the map 5 — L, (3, 7. ), there exists E on the line segment between 3, and (3,
such that

Ln(ﬁnmn*) - Ln(ﬁmvn*) = VﬁLn(B, n*) (ﬁno - 577*)
Since Ln(ﬁn*v’r}*) =0 and Ln(ﬁ?’]ov’rlo) = O’

! ”Ln(ﬂﬁmn*) - Ln(ﬂnovno)Hz .

op

18 = Ba.ll2 < H(wn@, n.))

< A7, and Assumption F2 yields
op

Assumption F3 implies

(VﬂLn(g, 77*))_1

1L (B s 1) = Lin(Bgs o)l < Lline = mollr/n-

Finally, Lemma gives || — noll #/n = O(K~(@D), which implies the stated rate.

A.13 A WORKED COROLLARY: LOGISTIC RESPONSE WITH BLOCKMODEL-RECONSTRUCTED
EXPOSURES

This subsection verifies the full chain of conditions in Theorem [3.2] for a concrete nonlinear estimator/exposure/design
combination, complementing the linear specialization of Theorem[A.6] Suppose outcomes are binary with

1

PO =118V = (RS V)T ) s M) =

with complete-data score
(Y, S Vi B) = (¥ = A(R(Si, Vi) 8) ) B(Si, Vo).
The proxy moment is the conditional expectation of the complete-data score under the fitted graph law,

mi(}/i;ﬂva,X,G*79) = E[ﬁ"L(Y;,S“V;,ﬁ) ‘ a’aXa G*ae] )

and not the moment obtained by plugging a mean exposure into the link, i.e., m; # (V; — A(EVI,Z]Tﬁ ))E[ﬁz], the two differ
whenever A is nonlinear, and only the score-averaged version inherits unbiasedness by iterated expectations, cf. (7).

Corollary A.9 (Logistic Z-estimation with SBM-reconstructed exposures). Suppose:

LI1. (Design and graph model) G is generated by a K-block stochastic blockmodel with block probabilities bounded away
from 0 and 1, treatments are randomized on the pre-treatment graph, and G* is an ARD coarsening satisfying the
separation conditions ofLemma so that ||0 — 6y|| = Op(s(n)) with s(n) the rate delivered there.

L2. (Boundedness and identification) The features E(Si, V) are uniformly bounded and the conditional information matrix
E [A’ (iNLZT,BO> ﬁzﬁj | a, X,G*, 90] has eigenvalues bounded away from 0 and oo.

L3. (Dependence) The oracle logistic score contributions 1;(Z; By) satisfy the affinity-set conditions of Appendix

with long-run covariance T'y,, 7(n) = \/Amin(T'n), and bounded condition number.

L4. (Rates) s(n) = o(r(n)); and if proxy moments are approximated by L Monte Carlo draws from pgz(G | G*, X), then
L=12 = o(r(n)).

Then the logistic Z-estimator solving m.,(Y; B,G, 5) = 0 satisfies F;l/zD(ﬂo)(E — Bo) —a N(0,1I,), and, when the

affinity-sandwich estimator satisfies ||fn —Tllr = 0p(Amin(Tr)), the studentized Wald statistic is asymptotically standard
normal.
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Algorithm 1 Computing proxy moments under partial network data

Fit network model é\using G* (and X as needed).

Draw G, ... ,GW) ~ po(- | G*, X).

for! =1to L do
Compute proxy features Si(l) = f5(X;9;(GV)) and Vi(l) = fv(a; pi(GD)).
Compute moment contributions m (Yi, Si(l)7 Vi(l); ﬂ) .

end for

Approximate m, (8) ~ - 3" ZlL:l m (Y;7 Si(l)7 Vf”; 5) (optionally reweighted).

~

Solve m,,(8) = 0.

® DN AL

Proof sketch. We verify Assumption Part (A): boundedness of 1 and smoothness of A give uniform-in-/3 laws of large
numbers over the compact set I3 for the score and its first two derivatives; condition L2 gives nonsingularity of the Jacobian
and separatedness of the root, since the population logistic moment map has derivative equal to minus the conditional
information matrix. Part (B): B1 is condition L1 via Lemma For B2, the map 6 — m,,(Z; 3, 0) is Lipschitz with
stochastically bounded constant because the integrand m is uniformly bounded and, under conditional edge independence,
the conditional law py (G | G*, X)) restricted to the (finitely many) missing-edge configurations entering 717 is Lipschitz
in 6 with uniformly bounded derivative. Part (C): this is condition L3. Finally, Monte Carlo approximation of the proxy
moments adds an O p(L~'/?) perturbation to the sample moment equation, uniformly over 33 by boundedness; under L4 this
term is op(r(n)) and is absorbed into the same remainder as the graph-estimation error in the proof of Theorem 3.2} The
studentized statement follows from the estimation-error condition and Slutsky’s lemma, as recorded in Appendix[A.T0] [

In blockmodel settings the conditional expectations defining m; can often be computed in closed form from the estimated
mixing probabilities, in which case the Monte Carlo requirement L4 is vacuous.

B ADDITIONAL METHODOLOGICAL DETAILS

This section documents computational procedures that implement the proxy-moment framework discussed in Section [3.3]

B.1 AN EM ALGORITHM FOR LOGISTIC REGRESSION

Here we elaborate on the computation of a Z-estimator by giving an illustrative example with logistic regression. Recall the
observed-data estimating function in (6). For this example, treat (a, X) as fixed and suppress it in conditional statements,
and write S; = S;(X, G) and V; = V;(a,G). Then

Under a logistic response model, P(Y; = 1| S;, V;) = A(h(S;, V;)TB).

One direct Monte Carlo approximation draws graphs from P(G | G*;0) and averages the complete-data moment contri-
butions (Algorithm|[I). A variance-reduction alternative uses importance weights proportional to the outcome likelihood,
which corresponds to integrating over the outcome-conditioned posterior. Up to a normalizing constant, Bayes’ rule gives

P(G|Y;, G%; B,0) o< P(Y; | S;, Vi; B) P(G | G™30).

iid

We can approximate expectations with respect to this posterior by importance sampling: draw graphs {G @ } lL:1 ~ P(G |

G*; 0) and reweight them by the outcome likelihood.
Let w; (Y;, G; B) define the observation weight:
P(Y; | 5i, Vi; B)
P(Y; | G*,8,0)
L l 1 :
YRR CARRN AT

w; (Y;, G; B)

Q

The EM algorithm can now be defined as follows.
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iid N

1. Sample {GOYE | P(G | G*, X, 0) and initialize parameters 3(°).
2. Fort €{1,2,...,T}

(a) (E-step) For each draw [, compute Si(l) = S;(X,GM) and Vi(l) = Vi(a,GWY), and set wz(lt_l)
w;(Y;, GO; B¢=D). Then compute

3

L
mi0(9) = o2 33 m(ve s Vi)

ﬁ
Il
-
~
Il

(b) (M-step) Update B® by solving m) (E(t)) =0.

In practice, this lets one use standard solvers for the M-step after a single sampling pass in the E-step.

Additionally, one can include correlations across the observations Y; using a generalized estimating equation approach.
In other generalized linear models, additional assumptions may be required to model the full conditional distribution
P(Y;|S:(X, G),V;i(a,G); B), such as a dispersion component.

C ADDITIONAL SIMULATIONS

This section supplements the simulation study in Section .1 with additional finite-sample diagnostics.

C.1 COVERAGE OF THE GATE

In our simulation setup in the main text, we can also compute confidence intervals based on the regression Y; =
BTE[R(S;, Vi)] + €i, where we apply the Eicker—Huber-White sandwich estimator of the variance. We then compute
the corresponding plug-in estimator of the variance using the observed covariates and theorem[A.7] Since the covariates in
the true regression model behave like averages over the graph, we expect theorem[A.2]to hold and therefore the difference
between the GATE for any one draw of the graph and the true GATE is very small. We see in fig.[7] that the coverage tends
to be larger than the nominal 95%, though, in general, graph-model misspecification can introduce additional uncertainty.

However, we see in this simple example that the coverage performs well with an off-the-shelf implementation.

C.2 GRAPH-MODEL MISSPECIFICATION AND PROXY-ERROR DIAGNOSTICS

This subsection reports the diagnostics referenced in Sections [3|and The diagnostics separate sensitivity to the assumed
graph model from the quality of the traits used in the coarsening, connect proxy-feature accuracy to downstream estimation
error, validate the affinity-sandwich covariance estimator against an oracle reference, and compare the model-based proxy to a
naive observed-edges baseline. Throughout, they are finite-sample diagnostics rather than guarantees: under misspecification
the estimator targets a pseudo-true, model-implied moment unless the gap is controlled (Lemmal[A.3).

Graph-model sensitivity. In the first exercise (Figure[§), we simulate 200 replications with n = 400; outcomes depend on
the true treated-neighbor fraction with unit coefficient. Three stress ladders are considered: (i) data generated from an SBM
with Ky = 8 blocks while the analyst fits coarsenings with K € {2,4,6,8,12,16}; (ii) at fitted K = 8, generating graphs
from a matched SBM, mildly and strongly degree-corrected SBMs, and a structured two-dimensional latent Gaussian-mixture
graph; and (iii) holding the latent-mixture graph fixed while increasing the fitted block approximation K € {4, 8, 16, 32, 48}.
The exposure-aligned ARD-SBM proxy (groupwise tie counts to graph-position cells crossed with a baseline treatment-
propensity trait) is compared to an edge-missing SBM proxy that holds observed dyads fixed (observation probability 0.35)
and averages missing dyads under a fitted SBM. Three findings stand out. First, with exposure-aligned traits, a wrong
block count is not the main failure mode: exposure correlation for the ARD-SBM proxy is 0.836 at K = 2, 0.843 at
K = 8, and 0.847 at K = 16. Second, mild degree heterogeneity is benign (exposure correlation 0.827 versus 0.847
under the matched SBM at K = 8), while strong degree heterogeneity is the clear degradation point (0.698). Third, a
structured latent-space graph is not a failure mode when the traits preserve exposure-relevant structure: the ARD-SBM
proxy attains correlation 0.939 at K = 8, and richer block approximations of the latent-mixture graph keep proxy error
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Coverage Comparison of ARD Estimates
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Figure 7: Coverage of the GATE using Eicker—Huber—White estimates of the variance.

low (coefficient-gap RMSE 0.200 at K = 4 down to 0.169 at K = 48; 0.358 down to 0.148 for the edge-missing proxy).
Conversely, generic (non-aligned) ARD traits can still fail, so these results should not be read as a claim that arbitrary
ARD designs work: graph-model sensitivity should be evaluated conditional on a measurement design that preserves
exposure-relevant structure.

Proxy-error propagation. The second exercise (Figure [J) is a controlled generated-regressor stress test of the rate
interface: rather than varying a literal measurement design, we add clipped mean-zero noise with standard deviation
0.35/+/m to the true treated-neighbor exposure, where m indexes proxy quality (100 replications per level, n = 400,
K = 20 latent blocks). As m grows, proxy mean absolute error declines from 0.179 to 0.047 and proxy—exposure
correlation rises from 0.643 to 0.962, while the RMSE of the proxy-versus-oracle coefficient gap declines from 0.610 to
0.110; at the highest quality level the raw proxy coefficient RMSE (0.362) coincides with the oracle’s own finite-sample
RMSE, so the remaining error is sampling noise rather than proxy failure. This isolates the generated-regressor component
of the theory and gives a finite-sample illustration of the requirement s(n) = o(r(n)): as proxy-feature error shrinks, the
feasible estimator approaches its oracle full-exposure analogue.
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Graph-model sensitivity diagnostic
Kin panels C/F is the fitted SBM approximation; bottom row uses log1p RMSE
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Figure 8: Graph-model sensitivity diagnostic. Top row: exposure correlation between proxy and full-graph exposure; bottom
row: log(1 + RMSE) of the proxy-versus-oracle coefficient gap. Panels A/D vary the fitted block count K when the
generating graph is an SBM with K = 8; panels B/E vary the generating graph family (matched SBM, mild and strong
degree-corrected SBM, two-dimensional latent Gaussian mixture) at fitted K = 8; panels C/F increase the fitted SBM
approximation count for the latent-mixture graph. Red: exposure-aligned ARD-SBM proxy; green: edge-missing SBM
proxy with dyad observation probability 0.35. Strong degree heterogeneity is the main stress point; wrong K under aligned
traits and structured latent geometry are not.

Proxy-quality stress test
Proxy error shrinks and the generated-regressor coefficient approaches its oracle analog
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Figure 9: Proxy-quality stress test of the rate interface. As proxy-feature error shrinks (increasing proxy-quality index),
the exposure mean absolute error (teal) and the RMSE of the proxy-versus-oracle coefficient gap (salmon) both decline,
consistent with the requirement that graph-learning error be negligible relative to the dependence-adjusted sampling scale.
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D ADDITIONAL EMPIRICAL RESULTS

This section supplements Section 4.2 with additional empirical specification details for the replication exercise.

D.1 COMPLEX CONTAGION REGRESSION SPECIFICATION

For each targeting rule ¢ € {T, S, C, G} (treatment, simple diffusion, complex contagion, geographic) and r € {1, 2}, let
I7* indicate that household i in village c is connected to exactly r seeds selected under rule £. In the partial-network analysis
these indicators are proxy features computed under a fitted graph model, as described in Section [3.3] The estimating equation
is
}/ic =a+ 60 + €ic
+ Bl + BoIi + Bl + Bl
+ 6511'100 + BGIchC + 67[ich + ﬁ8Ii20G' (]2)

E ADDITIONAL EXPERIMENTAL DETAILS

This section records design-level estimator definitions used in the simulation and empirical comparisons reported in the
main text.

E.1 GATE ESTIMATORS

The two estimators we compare for estimating the global average treatment effect are the difference-in-means estimator 7p s
and the Horvitz—Thompson estimator Tg 7. Let a; € {0, 1} denote realized treatment assignments and define n; = Z?Il a;
and ng = n — ny. For the Horvitz—Thompson estimator, let ;o and F;; denote the events that unit ¢ and all of its neighbors
are untreated and treated, respectively.

?DMZ%ZYQ ZY

~ 1 Yil{Ea} Y 1{E}
- Z < P(Ei1) P(Eio) > .

i=1

In general, the Horvitz—Thompson estimator is unbiased; however, it can have high variance for two reasons. First, the
probabilities of events in which all nodes are treated can be exceedingly small, inflating variance. Second, relatively few
nodes receive exposures under which all of their neighbors are treated or none are treated.

In the case where spillover effects are relatively mild, a difference-in-means approach is often preferred. The effect of cluster
randomization on the MSE of this estimator has been studied further in the complete-network setting (Brennan et al., [2022;
Viviano, [2020).
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Table 1: Taxonomy of related work by network information set and inferential target.

Reference Network information Target / setting Relation to this paper

Aronow and  Samii| Fully observed Exposure-mapping effects; Foundation whose exposure-

2017) design-based map logic we extend to latent
exposures

Leung| (2020); [Leung| Observed (or sampled) Spillover effects; (approxi- Complementary: exposure-

(2022)

Savje et al.|(2021)

L1 and Wager| (2022)

Imai et al.| (2021)

Hoshino and Yanagi
(2024)

Forastiere et al.| (2021);
Forastiere et al.|(2022)

Karwa and  Airold:i

(2018))

Egami| (2021])

Bhattacharya et  al.

(2020)
Li et al.|(2021)

Yu et al.[(2022)

Boucher and
Houndetoungan| (2025])
Weinstein _and Nevo
(2026)

This paper

Unknown interference

Graphon-generated expo-
sure graph
Two-stage  randomized
clusters

Observed network; un-
known interference form

Fully observed; observa-
tional data

Observed; misspecified in-
terference

One observed, one unob-
served network

Unknown  within-cluster
structure

Noisy edges (replicated
measurements)

Unknown network

Distributional knowledge
of network

Possibly misspecified spec-
ification(s)

Coarsened measurement
G* = ((G) of one net-
worked population

mate) neighborhood interfer-
ence; network-robust CLT's
Marginalized ATE under arbi-
trary limited interference

Direct/indirect effects;
random-graph asymptotics

Complier direct/spillover ef-
fects with noncompliance

ITT and complier effects
via IV exposure mappings;
network-HAC inference

Treatment/spillover effects
via extended unconfound-
edness and  (Bayesian
generalized) propensity
scores

Bias/variance of classical
strategies via exposure neigh-
borhoods

Network-specific spillovers;
sensitivity analysis

Structure learning plus auto-
g-computation

Bias correction for exposure-
based estimators

Total treatment effect via stag-
gered rollouts/baselines
Linear-in-means peer effects

Bias  bounds;
network estimators

multiple-

Response parameters and pol-
icy values with generated
proxy exposures

relevant structure observed
there, latent under ((-) here
Different estimand: marginal-
izes over spillovers rather
than reconstructing exposures
Shares the generative-model
perspective; different mea-
surement regime
Design-based identification;
partial interference rather
than partial measurement
Exposure-mapping misspeci-
fication analysis with an ob-
served graph; ours treats ex-
posure features as latent un-
der ¢()

Observational identification
with an observed graph; we
treat experimental assignment
with a latent graph

Overlapping “exposure neigh-
borhood” formulation; moti-
vates explicit exposure-map
choice

Complementary robustness
tool under unobserved path-
ways

Discovery-based; partial inter-
ference clusters
Measurement-error
model Versus
coarsening/generative-
model view
Design-based; avoids network
reconstruction entirely
Related integration-over-
graphs idea in a parametric
outcome model

Robustness to a wrong fixed
graph versus our learned con-
ditional graph law

Rate interface s(n) =
o(r(n)) separating graph
learning from dependence-
adjusted sampling error

our
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