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Abstract

Since the introduction of SHAP, many methods
adapted the idea of using the Shapley value for-
mula as a way to measure the importance of a
feature in the decision of a model. However, com-
puting this value theoretically imply to relearn the
model with and without the feature for all subsets
of features. To avoid this, the methods rely on sam-
pling to compute an expectation to measure a mean
impact of a feature. In this paper we investigate the-
oretically if we could, and under which conditions,
build and use a textbook cooperative game with the
help of other explanation techniques, Prime Impli-
cants and Counterfactual explanations, for comput-
ing Shapley values for interpretability. We propose
detailed and iterative analysis of the number of
remaining explanations during the enumeration of
the explanations, alongside the computation of the
Shapley value and its upper and lower bounds.

1 INTRODUCTION

The Shapley value is originally a value function coming
from collaborative game theory Shapley and Shubik [1954].
In this setting, a set of agents are collaborating together,
forming coalitions, and the purpose of the Shapley value
is to redistribute to each individual agent some portion of
the total gain, obtained by the coalition of all agents, based
on the agents marginal contribution to the formation of the
whole coalition. Based on this purpose, the Shapley value
has been vastly used as a power index to determine which
features were important for the decision made by a model
on an observation Rozemberczki et al. [2022].

Most works in the literature based on SHAP Lundberg and
Lee [2017] resolves the issue of computing the game value
through sampling. It is well known that computing the Shap-
ley value is an hard task Deng and Papadimitriou [1994] and

requires structural constraints Bilbao et al. [2000], Conitzer
and Sandholm [2004], Ieong and Shoham [2005], Michalak
et al. [2013] or approximation Fatima et al. [2007], Touati
et al. [2021], Gemp et al. [2024], Kempinski and Kachman
[2025] to be computed. The set function of the collabo-
rative game would require, in an explainability setting, to
learn the classifier with any subset of features to capture the
marginal impact of using the feature in the prediction, which
is infeasible. Instead, with the Shapley value formula, an ex-
pectation is distributed between features, obtained through
sampling w.r.t a law to be defined. The consequence is that a
feature could be assigned a negative value, which is impos-
sible in standard cooperative game theory. Also, depending
on the expectation formulation Létoffé et al. [2025], the
total amount to be distributed can be more or less normal-
ized which can make the interpretation of the score more
complex. Many criticism were raised w.r.t different angles,
such as the way and limits of sampling Janzing et al. [2020],
Slack et al. [2020], the definition of the expectation func-
tion Létoffé et al. [2025], the relevance of the axioms in
the interpretability context Fryer et al. [2021] or misleading
information Huang and Marques-Silva [2024].

We believe that replacing a collaborative game with some
expectation, computed through sampling by an ad hoc prob-
ability distribution, certainly allows computations, but also
introduces issues with the interpretability of the value, its
robustness and its faithfulness, which are important features
for building trustworthy models. In contrast, we intend to
use well defined cooperative games, building on the no-
tions of Prime Implicants Darwiche and Marquis [2021] and
Counterfactual explanations Ignatiev et al. [2020]. These
explanations are not unique and enumeration algorithms
exists de Colnet and Marquis [2022], Marques-Silva et al.
[2020]. We then have multiple objectives in this paper:

• defining and analyzing the properties of our games,

• see how we can rely only on the enumeration of expla-
nations and iteratively compute our values,

• being able to quantify how many explanations can still
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theoretically be enumerated,

• compute the Shapley value and bounds on its possible
variations w.r.t future steps in the enumeration.

The structure is as follows. We introduce our mathematical
notations and the expression of the Shapley value in Sec-
tion 2. We then define our collaborative games in Section 3.
In Section 4 we study the compact form of our game through
the set of Prime Implicants or Counterfactual explanations
and find the maximum theoretical number of remaining ex-
planations. Then in Section 5 we study the computation of
the Shapley value, and lower and upper bounds in Section 6.
Finally we conclude and criticize our approach in Section 7.

2 MATHEMATICAL NOTATIONS

In this paper, we are interested in studying the output pre-
dictions of some model, noted M , that must predict a cat-
egorical variable Y taking values in Y , associated to an
observation x defined over n input variables, or features,
X1, . . . ,Xn, with their set noted N = {1, . . . , n}, and
which respectively takes values in discrete domains Xi. Let
M(x) = y denote the fact that y is the prediction by model
M over the input sample x.

When considering a subset S ⊆ N of dimensions, let
XS = ×i∈SXi denote the corresponding domain, and xS
the values of a vector on this sub-domain. By abusing the
notation, xS also corresponds to the restriction of vector x
on S . We will also denote by −S := N \ S all dimensions
not in S, with X−S , x−S following the same conventions
as XS , xS . Let (xS , x

′
−S) denote the concatenation of two

vectors whose values are given for different features.

The Shapley value of feature i, noted ϕi, is defined on a
game, represented by a set value function ν : 2N → R, and
is computed with the formulae :

c(S) = |S|! · (|N | − |S| − 1)!

|N |!
(1)

ϕi(ν) =
∑

S⊆N\{i}

c(S) · (ν(S ∪ {i})− ν(S)) (2)

The wide use of the Shapley value is also based on its ax-
iomatic properties Rapoport [2001]. Indeed the Shapley
value is the only function which verifies :

1. Efficiency:
∑

i∈N ϕi(ν) = ν(N );

2. Symmetry: ∀S ⊆ N \ {i, j}, ν(S ∪ {i}) = ν(S ∪
{j}) ⇒ ϕi(ν) = ϕj(ν);

3. Null player: ∀S ⊆ N \ {i}, ν(S) = ν(S ∪ {i}) ⇒
ϕi(ν) = 0;

4. Linearity: ϕi(ν
1 + ν2) = ϕi(ν

1) + ϕi(ν
2).

3 PREDICTION SEEN AS A
COLLABORATIVE GAME

We propose two new definitions of collaborative games,
which could be named "prediction games":

Definition 1 (Prediction Game).

νi(S) =
{

1 if ∀x−S ∈ X−S M((xS , x−S)) = y,
0 otherwise

(3)
i.e. the coalition receives 1 if and only if fixing the values
of the features in the coalition to their observed values in x
is sufficient to ensure the prediction y, no matter the values
x−S ∈ X−S taken by the features outside the coalition.

νc(S) =
{

1 if ∃xS ∈ XS M((xS ,x−S)) ̸= y,
0 otherwise (4)

i.e. the coalition receives 1 if and only if changing the values
of the features inside the coalition to values different from
the observation x can be sufficient to ensure a change from
the prediction y, while the values of the features outside the
coalition are kept fixed to the observation.

In the following, we will use interchangeably the terms of
feature, player and voter, and interchangeably the terms of
coalition and subset of features, as they represent the same
concepts in the context of this paper.

3.1 LINKS WITH IMPLICANTS AND
COUNTERFACTUAL EXPLANATIONS

The definition of our prediction games through Equations (3)
and (4) are not chosen randomly. Indeed, their definitions
capture the standard definitions of Prime Implicant explana-
tions and Counterfactual explanations.

Definition 2 (Prime Implicant Explanation). A subset
S ⊆ N of features is a Prime Implicant explanation
(PIX) of M(x) iif ∀x−S ∈ X−S M((xS , x−S)) = y
and which is subset minimal ∀i ∈ S ∃x−S∪{i} ∈
X−S∪{i} M((xS\{i}, x−S∪{i})) ̸= y.

Definition 3 (Counterfactual Explanation). A subset
S ⊆ N of features is a subset minimal Counterfactual ex-
planation (CfX) of M(x) iif ∃xS ∈ XS M((xS ,x−S)) ̸=
y and which is subset minimal ∀i ∈ S ∀xS\{i} ∈
XS\{i} M((xS\{i},x−S∪{i})) = y.

It can be noted that PIXs and CfXs are specific types of
coalitions with a valuation of 1, as they have the property
that all their sub-coalitions have a valuation of 0, but we
will come back to this property later.

These definitions are relevant for two main reasons. First, us-
ing the Shapley value as an explanation of which feature had
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an impact on the decision is intrinsically linked to the ability
to say "this feature (and its observed value), by its presence
or absence in the observation, changes the prediction". In a
sense, it is linked to the "frequency" of each feature to be
used as a sufficient reason to change or keep the decision.
Then, building on the advances in model compilation Shih
et al. [2019], Audemard et al. [2020], de Colnet and Mar-
quis [2023] and explanation enumeration Marques-Silva
et al. [2020], de Colnet and Marquis [2022], Audemard et al.
[2024], some iterative computation of the Shapley value
can be imagined. The results in this paper are general and
model agnostic, up to the ability to compute the explanations
through the underlying generation process.

3.2 LINKS WITH VOTING GAMES

The fact that νi and νc are functions in 2N → {0, 1} recalls
the notion of simple games (or voting games), well studied
in social choice Brandt et al. [2016]. The properties induced
by the Implicants and Counterfactual explanations turn in-
deed νi and νc into simple games, as they are monotone,
but without other structural properties in general.

Proposition 1 (Monotonicity). νi and νc are monotone, i.e.
ν(C) ≤ ν(D) ∀C,D ⊆ N , C ⊆ D.

Proof. Obvious if νi(C) = 0. It follows from the defi-
nition of an Implicant that νi(C) = 1 ⇒ νi(D) = 1
as ∀x−S ∈ X−S M((xS , x−S)) = y ⇒ ∀x−S\{i} ∈
X−S\{i} M((xS∪{i}, x−S\{i})) = y. The same property
holds for Counterfactual explanations and νc.

Because νi and νc are monotone and that the classifier
is not vacuous (∃x ∈ X M(x) ̸= y, i.e. νi(∅) = 0
and νc(N ) = 1, and M(x) = y, i.e. νi(N ) = 1 and
νc(∅) = 0), making the games respect unanimity, they are
indeed simple games. However, in the general case, there
are no other structural properties. For instance, the union
and intersection properties of PIXs and CfXs makes the
game neither sub or super modular (see Appendix A).

To match the notions of voting games, a PIX or a CfX is
a minimum winning coalition, and regular Implicants and
Counterfactual explanations are winning coalitions. The
computation of the Shapley value then only depend on those
winning coalitions, as they are the only examples in the
game where ν(C) − ν(C \ {i}) = 1 for at least some i,
represented by the notion of pivotal feature.

Definition 4 (Pivotal Feature). A feature i is pivotal (or
swing) for a coalition C when i turns the coalition from a
losing to a winning one, i.e., ν(C) = 0 and ν(C ∪{i}) = 1.

There is then an equivalence between the concepts of irrele-
vant feature Audemard et al. [2021], Létoffé et al. [2025]
with the dummy player of the game, i.e. a feature irrelevant

in PIXs and CfXs (never with a useful impact on the deci-
sion swap) is assigned a Shapley value of 0; and between
the concepts of mandatory feature Audemard et al. [2021]
and veto player, i.e. a feature present in all PIXs/CfXs is
present in all winning coalitions of the game.

It is also finally possible to give an interpretation to the
Shapley value in the context of explanability for a feature i:
it is the percentage of all feature permutations in which
feature i is pivotal (i.e. changes the decision) Shapley and
Shubik [1954]. It will also follow that the caveats identified
for voting games will also apply to the Shapley value for
explanations, which will be discussed in Section 7.

4 COMPUTING THE PREDICTION
GAME

Now that we studied the possibilities of our prediction
games νi and νc, we will now handle the less easy task
of computing them from M(x). This task is hard, as we
do not have only to deal with the exponential size of the
number of coalitions of N , but also with the need to ensure
the robustness of the decision made on the coalition.

However, there is no need to sample all coalitions, only
the winning coalitions, e.g. with coalitions bc and bcd in
Figure 1d. We will show in the remainder of this article that
all our objectives, namely knowing the number of remaining
explanations, computing the Shapley value of a prediction
game and bounding its value, can be done solely from the
minimum winning coalitions, i.e. the list of PIXs or CfXs.

Let’s now define the compact version of νi and νc.

Definition 5 (Compact Games). µ ⊆ 2N is the compact
representation of the prediction game ν if and only if :

µ = {S ∈ 2N | ν(S) = 1, ∀i ∈ S, ν(S \ {i}) = 0} (5)

µi represents then the set of PIXs and µc the set of CfXs of
M(x). These sets are sufficient to compute back the game,
as ν(C) = 1 if ∃S ∈ µ | S ⊆ C, 0 otherwise. Let us
denote by νµ the game re-obtained from the compact game
µ (hence equal to ν). Building on the literature on model
compilation, these sets can be enumerated for a large variety
of models.

4.1 COMPACT GAMES STRUCTURE

The compact game (CG), seen as the set of PIXs or CfXs of
the decision M(x), has a maximum theoretical size that can
be inferred from the structural property of the monotonic
set function.

Theorem 1 (Maximum Size of CGs). The maximum size of
a CG µ ⊆ N based on the prediction M(x) is

(
n

⌊n/2⌋
)
.
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∅

a b c d

ab ac ad bc bd cd

abc abd acd bcd

abcd

0

? ? ? ?

? ? ? ? ? ?

? ? ? ?

1

(a) Initial lattice

∅

a b c d

ab ac ad bc bd cd

abc abd acd bcd

abcd

0

1 ? ? ?

1 1 1 ? ? ?

1 1 1 ?

1

(b) Lattice after the first PIX

∅

a b c d

ab ac ad bc bd cd

abc abd acd bcd

abcd

0

1 0 0 ?

1 1 1 1 ? ?

1 1 1 1

1

(c) Lattice after the second PIX

∅

a b c d

ab ac ad bc bd cd

abc abd acd bcd

abcd

0

1 0 0 0

1 1 1 1 0 0

1 1 1 1

1

(d) Lattice after the information of absence of other PIX

Figure 1: Evolution of the game valuation on the Boolean lattice of subsets with the PIX enumeration.
Edges of color green, red, yellow, blue appear in the computation of the Shapley value of resp. a, b, c, d. A bold (resp. dotted)
edge is definitively added (resp. invalidated) to the Shapley value. Box-shaped nodes are the enumerated PIX coalitions and
the value next to nodes is the game value, with ? if the value is not definitive w.r.t PIXs.

Proof. By definition of a minimum winning coalition S , all
the sub-coalitions S ′ ⊂ S verify ν(S ′) = 0, and all the
super-coalitions S” ⊃ S verify ν(S”) = 1. Therefore the
coalitions in µ form an antichain in the Boolean lattice of
subsets and from Sperner’s theorem the maximum sized
antichain is of length

(
n

⌊n/2⌋
)
.

This limit case corresponds to a model M where observing
(resp. changing) ⌊n/2⌋ features of x is sufficient to take (resp.
change) the prediction M(x). The explanations correspond
then to all the ⌊n/2⌋ sized coalitions1. It is also remines-
cent of the result from Deng and Papadimitriou [1994] as
a special case of weighted majority voting. It follows that
this a priori number of Prime Impliquant or Counterfactual
explanations is exponential, bounded by 2n/

√
n, using the

bound of the central binomial coefficient.

However, this theoretical a priori size and more importantly
the trivial identification of which coalition size contains
the largest antichain do not hold when the enumeration
of the minimum winning coalitions of the game begins.
For instance, starting from the initial lattice in Figure 1a,
if the PIXs a and b had been enumerated, the maximum

1It also holds for all the ⌈n/2⌉ sized coalitions when n is odd.

length antichain would be built by adding c and d, coalitions
of length 1 ̸= ⌊4/2⌋, while the only coalition of length 2
available would have been cd. Therefore, keeping track of
the maximum remaining number of PIXs/CfXs requires
some iterative updates and monitoring, as the number of
coalitions of size ⌊n/2⌋ which are not a subset or superset of
some enumerated explanation might not give the maximum
sized antichain2.

4.2 PARTIAL COMPACT GAMES

To handle this counting problem during the enumeration, we
begin by formalizing the notion of partial compact game.

Definition 6 (Partial Compact Games). µ ⊆ 2N is a partial
compact game (PCG) of the CG µ′ ⊆ 2N if µ ⊂ µ′. µ is
partial in the sense that not all components of µ′ have been
observed and many completions are available at that stage.
Let C(µ) ∈ 22

N
define the possible completions of µ:

C(µ) =
{
µ′ ⊆ 2N | µ ⊆ µ′, ∀C,C ′ ∈ µ′

C ̸= C ′ ⇒ C ̸⊆ C ′ and C ′ ̸⊆ C} (6)

2In Figure 1c adding bd and cd still gives the longest antichain.
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Finding the maximum number of PIXs or CfXs remaining
after the enumeration of µ corresponds to finding the size of
µ′ = argmaxµ′∈C(µ) |µ′|. As introduced with 4 variables,
the layer with the largest number of coalitions might not
stay the same during the enumeration. This is due to the fact
that only some part of the lattice remains unconnected to the
already known minimum winning subsets, as represented in
Figure 1 by the question marks in place of the evaluation of
the coalitions.

Definition 7 (Unlabeled Set). Let µ be a PCG. The unla-
beled set of µ, noted U(µ) corresponds to the set of the
subsets C ⊆ N for which the value of the game is neither
forced to 1 nor to 0, i.e.:

U(µ) = {C ⊆ N | ∀S ∈ µ,S ̸⊆ C and C ̸⊆ S} (7)

It follows from Definition 7 that C(µ) contains all PCG
obtained by union of µ with elements of the unlabeled set
such that the antichain property is kept, i.e. :

C(µ) = {µ ∪ µ′ | µ′ ⊆ U(µ),

∀C,C ′ ∈ µ′, C ̸= C ′ ⇒ C ̸⊆ C ′ and C ′ ̸⊆ C} (8)

Our notions of PCG and unlabeled set are directly linked to
incomplete (or partial) cooperative games from game the-
ory Willson [1993], Masuya and Inuiguchi [2016], Masuya
[2021], Cerný and Grabisch [2024], Úradník et al. [2024].
Yet, they differ as our is centered on voting games and mini-
mal winning coalitions, with monotonicity as only structural
property (while superadditivity or convexity were studied in
these approaches).

Maximum Size of a PCG The maximum number of re-
maining PIXs/CfXs is then the length of the maximum an-
tichain in the unlabeled set. Saying so is not enough, as
its structure might not be regular at all. The evolution of
unseen coalitions in all layers of the lattice has to be tracked,
the length of the largest one being the maximum number
of remaining PIXs/CfXs. Storing all the coalitions in the
unlabeled set U(µ), is infeasible, yet, as only the number
of such coalitions for each size of subset is required, it is
possible to directly count them from the coalitions in µ.

Theorem 2 (Number of Possible Minimum Winning Coali-
tions of Size k). Let µk+, µk− and µk, be subsets of PCG µ,
forming a partition, such that they contains the coalitions of
size respectively strictly greater, strictly smaller and equal
to k. The number of possible minimum winning coalitions
of size k for PCG µ, noted P(µ, k), is defined by:

P(µ, k) =

(
n

k

)
+

∑
S⊆µk−

S̸=∅

(−1)|S|
(
n−

∣∣⋃
S∈S S

∣∣
k −

∣∣⋃
S∈S S

∣∣
)

− |µk|+
∑

S⊆µk+

S̸=∅

(−1)|S|
(∣∣⋂

S∈S S
∣∣

k

)
(9)

Proof. Counting down from the total number of coali-
tions of size k, minus the number of already enumer-
ated coalitions of size k, the number of coalitions C s.t.
S ⊆ C or C ⊆ S for some S ∈ µ (i.e. C does not be-
long to U(µ)) is to be removed. The first case S ⊆ C is
obtained by projecting cardinally-smaller coalitions to size
k, hence choosing k − |S| features (as the features of S in
C are fixed) from the remaining n− |S| features. However,
some coalitions might be counted several times, as they
are superset of more than one minimum winning coalition,
hence the inclusion–exclusion principle has to be applied
between coalitions of µk−. The second case comes from
the same reasoning by projecting cardinally-bigger coali-
tions to size k, hence choosing k features from S . Crossing
terms between µk+ and µk− do not have to be considered as
Sk− ⊆ C ⊆ Sk+ with Sk− ∈ µk− and Sk+ ∈ µk+ does
not exist, as Sk− ̸⊆ Sk+ by definition.

Lemma 3 (Maximum Size from a PCG).

max
µ′∈C(µ)

|µ′| = |µ|+ max
k∈{1,...,n−1}

P(µ, k)

Iterative Computation From the expression in Equa-
tion (9), an iterative algorithm can be designed by updating
the previous value of some size k by the changes caused
by the new minimum winning coalition and its intersec-
tions/unions with the previous PCG.

Theorem 4 (Iterative Computation of Possible Minimum
Winning Coalitions). Let µ be a PCG and C ∈ U(µ) a
minimum winning coalition from the unlabeled set of µ. The
number of possible minimum winning coalitions of size k of
the PCG µ ∪ {C} can be obtain from P(µ, k) by:

P(µ ∪ {C}, k) = P(µ, k)− 1|C|=k

+ 1|C|<k ·
∑

S⊆µk−

(−1)|S|+1

(
n−

∣∣⋃
S∈S S ∪ C

∣∣
k −

∣∣⋃
S∈S S ∪ C

∣∣
)

+ 1|C|>k ·
∑

S⊆µk+

(−1)|S|+1

(∣∣⋂
S∈S S ∩ C

∣∣
k

)
(10)

Sketch of Proof. Three cases are derived, based on if |C| is
strictly greater, strictly smaller and equal to k. When writing
Equation (9) for µ ∪ {C}, only the part of the Equation
corresponding to the case changes from P(µ, k). In that
part, the sum over the subsets of µ∪{C} can be split in two:
one where C is present and one where it isn’t, which gives us
back the expression of P(µ, k) plus a sum. This sum will be
over C itself and all unions of C with the subsets of µ, which
can be regrouped in one term by dropping S ̸= ∅ in the sum
definition. The full proof is given in Appendix B

Note that these results hold for any voting game, not only µi

and µc. Enumerating all PIXs or CfXs is then costly as their
maximum theoretical number is combinatorial (Theorem 1).
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We will see, in Section 5, how to compute the Shapley
value of a PCG, i.e. knowing its value during a step of
the enumeration of explanations, and in Section 6 how to
compute bounds for the Shapley value from C(µ).

5 COMPUTING THE SHAPLEY VALUE
OF A COMPACT GAME

In this Section we will see how the Shapley value of a feature
for the decision M(x) can be computed from the definition
of a compact game, i.e. the set of minimum winning coali-
tions. As the Shapley value is computed on a game where
the values of all coalitions are set, we will treat each Partial
Compact Game as the Compact Game that is perceived, i.e.
the Shapley value is computed like the information that the
enumeration of PIXs or CfXs is ended has been received.
In this case, all the coalitions in the unlabeled set of the
PCG are considered to have a value of 0. If a new minimum
winning coalition is added, we will have to correct the Shap-
ley value by the impact of flipping the game’s value of this
coalition (and probably more supersets) to 1.

Let’s begin by identifying the easy case of a Compact Game
composed by a single minimum winning coalition. Then, we
generalize the computation to any Compact Game through
decomposition and finally derive an iterative computation,
allowing to update the Shapley value upon the arrival of a
new minimum winning coalition.

5.1 SINGLE MINIMUM WINNING COALITION

Let’s start with the computation of the most simple compact
games, featuring a single minimum winning coalition, that
we will call a simple compact game.

Proposition 2 (Shapley Value of Simple Compact Games).
The Shapley value for a feature i on a simple CG µ = {S}
is computed by:

ϕi(ν
µ) =

{ 1
|S| if i ∈ S,
0 otherwise.

(11)

Proof. By definition of νµ, C ∈ 2N νµ(C) = 1 ⇔ S ⊆ C.
It follows that in particular ∀C ∈ 2N S ⊆ C ⇒ ∀j ∈
S νµ(C \ {j}) = 0, i.e. only features in S are pivotal. It
follows that by the null player axiom, ∀i ∈ N , i ̸∈ S ⇒
ϕi(ν

µ) = 0, and by the symmetry axiom, all features in
S must have the same Shapley value, i.e. ∀i ∈ N , i ∈
S ⇒ ϕi(ν

µ) = 1/|S|. A proof by calculation is given in
Appendix C.

5.2 DECOMPOSING COMPACT GAMES

Let’s first consider the case where µ = {S1,S2} before
generalizing to any CG. By definition:

νµ(C) =

{
1 if S1 ⊆ C or (non exclusive) S2 ⊆ C,
0 otherwise.

(12)

If we try to decompose µ in two subgames, µ1 = {S1} and
µ2 = {S2}, the sum of their value functions will not exactly
coincide with νµ because:

νµ1(C) + νµ2(C) =


2 if S1 ⊆ C and S2 ⊆ C,
1 if S1 ⊆ C and S2 ̸⊆ C,
1 if S1 ̸⊆ C and S2 ⊆ C,
0 otherwise,

(13)
i.e. coalitions C s.t. S1 ∪ S2 ⊆ C are counted twice. It
is important to note that it corresponds to the simple CG
µ1,2 = {S1 ∪ S2}. The decomposition can then be general-
ized with Theorem 5.

Theorem 5 (Game Decomposition). The prediction game
νµ, based on the CG µ, can be decomposed into a linear
sum of simple CGs:

νµ =
∑
S⊆µ
S̸=∅

(−1)|S|+1 · ν{
⋃

S∈S S} (14)

Sketch of Proof. Consider all coalitions C which are super-
set of exactly l ∈ {1, . . . , |µ|} coalitions in µ (if C is not
a superset of any coalition in µ, its value in any game is
trivially 0), and denote this set µl ⊆ µ. By definition of
inclusion ∀Sl ⊆ µl, C ⊇

⋃
S∈Sl S, so C has a value of

1 in each associated simple game thanks to monotonicity,
and is not a superset of any union of minimum winning
coalitions with S ⊆ µ \ µl, with a value in the associated
game of 0. When counting and summing the right hand side
of Equation (14), 1 is obtained, i.e. the value of νµ(C). The
full proof is given in Appendix D.

This decomposition could be interpreted as a special case
of k-weighted voting game Brandt et al. [2016]. Now that
a game can be decomposed into a linear form of its mini-
mum winning coalition, it is easy to find the formula of the
Shapley value of a feature:

Theorem 6 (Shapley Value of a Compact Game). The Shap-
ley value of feature i in CG µ is:

ϕi(ν
µ) =

∑
S⊆µ
S̸=∅

(−1)|S|+1∣∣⋃
S∈S S

∣∣ · 1i∈⋃
S∈S S

(15)

Proof. The result is obtained by applying the additivity ax-
iom on Equation (14) and replacing the Shapley value of the
simple compact games by their value in Equation (11).
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The decomposition of the computation of the Shapley value
as a sum of smaller more specific games reminds the
work of Conitzer and Sandholm [2004]. In our setting,
the computation of the Shapley value is more simplified
(linear in the number of players), trading the complexity
in the size of the sum. It can also be used to write an
MC-net Ieong and Shoham [2005] with rules ∀S ⊆ µ s.t.
S ̸= ∅, {∧i∈Si} → (−1)|S|+1.This decomposition allows
us to compute the entire game by only considering a strict
subset of 2N , composed by the unions of elements from µ.

5.3 DEFINING ITERATIVE COMPUTATION

Because any game can be decomposed into a linear form
of its minimum winning coalition, the difference in the
expression of the Shapley value of two compact games
which only differ by one minimum winning coalition could
be turned into an iterative computation.

Theorem 7 (Iterative Computation of the Shapley Value).
Let µ be a PCG and C ∈ U(µ) a minimum winning coalition
from the unlabeled set of µ. The Shapley value of feature i
in CG µ ∪ {C} can be obtained from ϕi(ν

µ) by:

ϕi(ν
µ∪{C}) = ϕi(ν

µ)

+
∑
S⊆µ

(−1)|S|∣∣⋃
S∈S S ∪ C

∣∣ · 1i∈⋃
S∈S S∪C (16)

Sketch of Proof. We apply Theorem 6 to get the expression
of ϕi(ν

µ∪{C}) and a decomposition similar to the proof
of Theorem 4 between the coalitions of the powerset of
µ ∪ {C} with and without C. The full proof is given in
Appendix E.

Even though feature i ̸∈ C, the fact that it belongs to previ-
ous minimum winning coalitions of µ will update its Shap-
ley value. It is then not necessary to compute all unions of
any number of coalitions of µ, only those which contains i.
Computations might also be improved by the fact that the
unions will converge towards the big coalition N , which
can prevent unnecessary computations.

Consequently, during the enumeration of the PIXs or CfXs,
the value associated to a feature might highly vary, and even
ordering the contributions might require the elicitation of a
large number of explanations, which is to be avoided. Next
section aims at solving this issue by computing lower and
upper bounds on the Shapley value of each feature, which
could be used to build an interval order between features.

6 ESTIMATING BOUNDS OF THE
SHAPLEY VALUE

In this section, we aim at finding bounds on the features
Shapley value w.r.t the possible completions of the Partial

Compact Game. We split this section in two parts. In the first
we find the tightest bounds by identifying the best and worst
case Compact Games in C(µ). In the second, as computing
the Shapley value on a large Compact Game is difficult, we
build lower and upper bounds that are easily computable,
yet less tight w.r.t the possible values the Shapley value can
effectively take.

6.1 TIGHTEST BOUNDS

Let’s define the following two CGs µi and µi.

Definition 8 (Optimistic Completion of a Partial Compact
Game). Let µ be a PCG, and i ∈ N be a feature. Let
µi ∈ C(µ) be the completion of µ defined by:

µi = µ ∪ {C ∈ U(µ) | i ∈ C, ∀j ∈ C, C \ {j} ̸∈ U(µ)}
(17)

Definition 9 (Pessimistic Completion of a Partial Compact
Game). Let µ be a PCG, and i ∈ N be a feature. Let
µi ∈ C(µ) be the completion of µ defined by:

µi = µ∪{C ∈ U(µ) | i ̸∈ C, ∀C ′ ∈ U(µ), C ′ ̸⊂ C} (18)

These two CG corresponds to the best and worst possible
completions of µ w.r.t the Shapley value of the feature i.

Theorem 8 (Tightest Upper Bound). Let µ be a PCG, and
i ∈ N be a feature. The best Shapley value for feature i,
denoted ϕi, is defined by:

ϕi = max
µ′∈C(µ)

ϕi(ν
µ′
) = ϕi(ν

µi) (19)

Sketch of Proof. Because adding C ∈ U(µ) s.t. i ∈ C
strictly improves the Shapley value of feature i, and that
adding C instead of C ′, s.t. C ⊂ C ′ increases the Shapley
value of i strictly more, the best CG in C(µ) is µ increased
by the antichain of coalitions containing i from U(µ) which
has the strongest increase in Shapley Value, i.e. µi. The full
proof is given in Appendix F.

Theorem 9 (Tightest Lower Bound). Let µ be a PCG, and
i ∈ N be a feature. The lowest Shapley value for feature i,
denoted ϕi, is defined by:

ϕi = min
µ′∈C(µ)

ϕi(ν
µ′
) = ϕi(ν

µi) (20)

Sketch of Proof. The worst game in C(µ) w.r.t feature i
must only contain the coalitions S ∈ 2N where i is pivotal
in νµ and for which it is not possible to choose C ∈ U(µ)
s.t. C ⊆ S \{i}. This is the case for µi which is µ increased
by the antichain of coalitions not containing i from U(µ)
which maximizes the score of the other features. The full
proof is given in Appendix G.
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The minimum of Shapley value for feature i can be found on
other compact games definition, for instance by computing
all the coalitions for which i is pivotal in µ and find (if it
exists) explicitly the corresponding coalition of U(µ) which
is minimal w.r.t inclusion.

Regardless, the iterative update of such games following
the enumeration of PIXs or CfXs might prove difficult to
compute, especially without an explicit form of U(µ).

6.2 COMPUTABLE LOWER AND UPPER BOUNDS

The tightest bound computation requires to compute the
Shapley value on Compact Games that are large and difficult
to build, even way larger than the PCG µ at hand. Lower
and upper approximation of these values that are easy to
compute can however be designed.

Definition 10 (Lower Bound Approximation). Let ϕi be
defined by:

ϕi(ν
µ) =

∑
S∈µ
i∈S

c(S \ {i}) (21)

ϕi(ν
µ) is then the score (using Equation (1)) obtained by i

by being a pivotal feature for the minimum winning coali-
tions it belongs to. This score corresponds to what cannot
be removed from the Shapley value of feature i if new coali-
tions from the unlabeled set U(µ) are added to µ. It is then
a lower bound of the true minimum ϕi(ν

µ) value.

It is then easy to deduce a corresponding upper bound.

Definition 11 (Upper Bound Approximation). Let ϕi be
defined by:

ϕi(ν
µ) = 1−

∑
j∈N
j ̸=i

ϕj(ν
µ) (22)

ϕi(ν
µ) corresponds then to the remaining total value to

distribute after setting the Shapley value of the other features
to their lower approximation. It is then an upper bound of
what i could receive.

It is then trivial to see that the iterative update has a linear
cost and that the lower bound approximation is increasing
and the upper bound approximation is decreasing, yet most
likely not very tightly w.r.t their true values.

7 CONCLUSION AND LIMITATIONS

We have presented two collaborative games to formally use
the Shapley value as a way to quantify the impact of a feature
in the result of a classification decision made by a model
M on an input vector x. One game is based on the Prime
Implicant explanations of this decision, and the second one
is based on the subset minimal Counterfactual explanations.

Doing so allows for the Shapley value to measure the impact
of a feature i ∈ N being observed or changed from its value
xi in the observation, which gives us a measure of the local
importance of the feature.

We have shown that our two games are normalized and
monotone, which allows us to connect with the social choice
literature. These well studied "voting games" help us to give
an interpretation to the Shapley value of a feature: it is the
probability of the feature to be decisive for the prediction.
Although we correct some problems raised by SHAP-based
methods Fryer et al. [2021], Janzing et al. [2020], e.g. w.r.t
sampling, some others are inherent to the use of the Shapley
value in explainability: the paradox of the increase/decrease
of power by splitting identities, well known in social choice
Brandt et al. [2016]. In voting games if a voter is duplicated
by dividing its weight in two entities, there is an increase
in the Shapley value shared by the two and a decrease in
the Shapley value of the other voters. In our explainability
context, correlation between features will have this effect,
which makes the use of the Shapley value to reflect the real
contribution of a feature less reliable. Also the Shapley value
will not tell much about the "true" strength of a feature. For
example take two games, one where each feature is sufficient
to take a decision and a second where we need two features
to take the decision. In both cases, the features will receive
the same Shapley value of 1/n.

Building on the Prime Implicant and Counterfactual expla-
nations enumeration methods Marques-Silva et al. [2020],
de Colnet and Marquis [2022], Audemard et al. [2024] we
presented (i) how to compute the maximum number of re-
maining explanations in the enumeration, (ii) given a step in
the enumeration how to compute the precise Shapley value,
(iii) bounds on this value, and (iv) iterative computation
to update the values during the enumeration. We proved
that all these could be obtained based on the list of Prime
Implicant/Counterfactual explanations only.

This work presents the theoretical analysis of whether it was
possible to avoid sampling and relearning of the model to ob-
tain a rigorous cooperative game through a link with Prime
Implicant and Counterfactual explanations. The answer is
yes. Future work will then be focused on the comparison
with other feature attribution methods for explainability
Lundberg and Lee [2017], Létoffé et al. [2025], Kolpaczki
et al. [2024]. We already paved the way, by finding bounds
on the Shapley value, to answering the question "How long
should we enumerate explanations to have a real idea of
the features importance ?". Such comparative experiments
shall also be used to see how fast we can isolate the top−k
features, whether other methods find at least the same order
between features and how fast we can compute in practice.
We could also imagine more efficient computations if we
have structural properties on the enumeration of explana-
tions (e.g. by size, by orders in the features etc.), or through
approximation Kempinski and Kachman [2025].
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Building a Bridge Between the Shapley Value, Prime Implicants and
Counterfactual Explanations: a Theoretical Analysis

(Supplementary Material)
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1Sorbonne Université, CNRS, LIP6 , Paris, France

A NON SUB AND SUPER MODULARITY OF THE GAMES

It is easy to show, using the definitions of PIXs and CfXs, that prediction games νi and νc do not verify (in the general case)
sub or super modularity.

Proposition 3 (Submodularity). In the general case, neither νi or νc is submodular, i.e. it is false that:

∀C,D ⊆ N , ν(C) + ν(D) ≥ ν(C ∪D) + ν(C ∩D).

Proof. Let C ∪D ⊆ N , s.t. C ̸= D, be a PIX :

• νi(C) = 0 and νi(D) = 0, yet

• νi(C ∪D) = 1 and νi(C ∩D) = 0.

The same property holds for CfXs and νc.

Proposition 4 (Supermodularity). In the general case, neither νi or νc is supermodular, i.e. it is false that:

∀C,D ⊆ N , ν(C) + ν(D) ≤ ν(C ∪D) + ν(C ∩D).

Proof. Let C,D ⊆ N , s.t. C ̸= D, be two PIXs:

• νi(C) = 1 and νi(D) = 1, yet

• νi(C ∪D) = 1 and νi(C ∩D) = 0.

The same property holds for CfXs and νc.

B PROOF OF THEOREM 4

Proof. The aim is to prove that given a PCG µ and C ∈ U(µ) a minimum winning coalition from the unlabeled set of µ, the
number of possible minimum winning coalitions of size k of the PCG µ ∪ {C} can be obtain from P(µ, k) by:

P(µ ∪ {C}, k) = P(µ, k)− 1|C|=k + 1|C|<k ·
∑

S⊆µk−

(−1)|S|+1

(
n−

∣∣⋃
S∈S S ∪ C

∣∣
k −

∣∣⋃
S∈S S ∪ C

∣∣
)

+ 1|C|>k ·
∑

S⊆µk+

(−1)|S|+1

(∣∣⋂
S∈S S ∩ C

∣∣
k

)
(23)
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We recall µk+, µk− and µk, the subsets of PCG µ, forming a partition, such that they contains the coalitions of size
respectively strictly greater, strictly smaller and equal to k. The positioning of C w.r.t these sets will have an impact. Let’s
investigate the three cases:

1. |C| < k

2. |C| = k

3. |C| > k

The easiest case is case 2. Let µ′ = µ ∪ {C}. It follows from Theorem 2:

P(µ′, k) =

(
n

k

)
+

∑
S⊆µ′k−

S̸=∅

(−1)|S|
(
n−

∣∣⋃
S∈S S

∣∣
k −

∣∣⋃
S∈S S

∣∣
)
− |µ′k|+

∑
S⊆µ′k+

S̸=∅

(−1)|S|
(∣∣⋂

S∈S S
∣∣

k

)

=

(
n

k

)
+

∑
S⊆µk−

S̸=∅

(−1)|S|
(
n−

∣∣⋃
S∈S S

∣∣
k −

∣∣⋃
S∈S S

∣∣
)
− |µk| − 1 +

∑
S⊆µk+

S̸=∅

(−1)|S|
(∣∣⋂

S∈S S
∣∣

k

)

= P(µ, k)− 1

i.e. the impact of adding C to the minimum winning coalition set is only to remove it from the number of available choices
of coalitions of size k = |C|.

For the other two cases, |C| ̸= k so the impact of C on coalitions of size exactly k is to be considered. First, C could
not have an impact on coalitions S ∈ µ of size |S| = k, as it would mean that S ⊆ C, i.e. C is not a minimum winning
coalition.

Let’s first consider case 1 where |C| < k. The impact of C on coalitions of size exactly k is to remove all coalitions that are
superset of C, which can be counted easily as we only have to choose k − |C| features, to build a coalition of size k which
is a superset of C, from the remaining n − |C| features. However some of these coalitions of size k might already have
been counted out by some other minimum coalition of µ. Not from µk, as it would contradict the fact that C is a minimum
winning coalition. It also cannot be with some S ∈ µk+, as it would require to find a coalition D such that D ⊆ S and
C ⊆ D, yet it is impossible to have C ⊆ S as one of the two would not be a minimum winning coalition. Interaction can
only come from minimum winning coalitions of µk−.

It then follows from Theorem 2:

P(µ′, k) =

(
n

k

)
+

∑
S⊆µ′k−

S̸=∅

(−1)|S|
(
n−

∣∣⋃
S∈S S

∣∣
k −

∣∣⋃
S∈S S

∣∣
)
− |µ′k|+

∑
S⊆µ′k+

S̸=∅

(−1)|S|
(∣∣⋂

S∈S S
∣∣

k

)

=

(
n

k

)
− |µk|+

∑
S⊆µk+

S̸=∅

(−1)|S|
(∣∣⋂

S∈S S
∣∣

k

)
+

∑
S⊆µk−

S̸=∅

(−1)|S|
(
n−

∣∣⋃
S∈S S

∣∣
k −

∣∣⋃
S∈S S

∣∣
)

+
∑

S⊆µk−

(−1)|S|+1

(
n−

∣∣⋃
S∈S S ∪ C

∣∣
k −

∣∣⋃
S∈S S ∪ C

∣∣
)

= P(µ, k) +
∑

S⊆µk−

(−1)|S|+1

(
n−

∣∣⋃
S∈S S ∪ C

∣∣
k −

∣∣⋃
S∈S S ∪ C

∣∣
)

by splitting the powerset of µ ∪ {C} enumeration between subsets containing C and the rest.

With exactly the same reasoning about the third case 3, the interaction can only be found with coalitions in µk+, and
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separation of the powerset of µ ∪ {C} enumeration in the sum. We obtain:

P(µ′, k) =

(
n

k

)
+

∑
S⊆µ′k−

S̸=∅

(−1)|S|
(
n−

∣∣⋃
S∈S S

∣∣
k −

∣∣⋃
S∈S S

∣∣
)
− |µ′k|+

∑
S⊆µ′k+

S̸=∅

(−1)|S|
(∣∣⋂

S∈S S
∣∣

k

)

= P(µ, k) +
∑

S⊆µk+

(−1)|S|+1

(∣∣⋂
S∈S S ∩ C

∣∣
k

)

Using the indicator functions to put together the three cases into a single equation, we obtain Equation (23)

C PROOF OF PROPOSITION 2

Proof. The proof given in the core of the paper uses the axiomatic properties of the Shapley value and the monotonicity of
the game. The aim is to prove, by calculation, that the Shapley value for a feature i on a simple CG µ = {S} is computed by:

ϕi(ν
µ) =

{ 1
|S| if i ∈ S
0 otherwise

(24)

Recalling that for µ = {S}, νµ(C) = 1 ⇔ S ⊆ C, it is naturally that νµ(C) = 0 ⇔ S ̸⊆ C. For the Shapley value,
the only coalitions to consider are those for which adding i triggers the change of value from 0 to 1, i.e. only coalitions
C = D \ {i},∀D ⊇ S are considered. As the contribution to the Shapley value of a coalition only depends on its size (as
the marginal contribution to the game is 1), the Shapley value can be directly rewritten as a count of such coalitions.

ϕi(µ) =
∑

C⊆N\{i}

c(C) · (νµ(C ∪ {i})− νµ(C))

=

n∑
k=|S|

(k − 1)! · (n− (k − 1)− 1)!

n!
·
(
n− |S|
k − |S|

)

=

n∑
k=|S|

(n− |S|)! · (k − 1)! · (n− k)!

(n− k)! · (k − |S|)! · n!

=

n∑
k=|S|

(k − 1)! · (n− |S|)! · (|S| − 1)!

(k − |S|)! · (|S| − 1)! · n · (n− 1)!

=

n∑
k=|S|

1

n
·

(
k−1
|S|−1

)(
n−1
|S|−1

)
=

1

n
· 1(

n−1
|S|−1

) ·
n∑

k=|S|

(
k − 1

|S| − 1

)

=
1

n
·

(
n
|S|

)(
n−1
|S|−1

) [Hockey stick identity]

=
1

n
· n

|S|

=
1

|S|
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D PROOF OF THEOREM 5

Proof. The aim is to prove that the prediction game νµ, based on the CG µ, can be decomposed into a linear sum of simple
compact games:

νµ =
∑
S⊆µ
S̸=∅

(−1)|S|+1 · ν{
⋃

S∈S S} (25)

Let’s consider C ⊆ N s.t. ∀S ∈ µ, C ̸⊇ S . Its value is then trivially 0 in νµ and in any ν{S},S ∈ µ, so the decomposition
is true.

Let’s now consider C ⊆ N and µ′ ⊆ µ s.t. µ′ = {S ∈ µ | C ⊇ S} ̸= ∅, so µ′ contains all the minimum winning coalitions
of which C is a superset, i.e. where it is counted more than once.

By definition of the inclusion, of µ′ and by the monotonicity of games we have:

• ∀S ⊆ µ′, C ⊇
⋃

S∈S S ⇒ ν{
⋃

S∈S S}(C) = 1

• ∀S ⊆ µ, C ̸⊇
⋃

S∈S S ⇒ ν{
⋃

S∈S S}(C) = 0

• ∀S ⊆ µ \ µ′ ∀S′ ⊆ µ′, C ̸⊇
⋃

S∈S S ∪
⋃

S′∈S′ S ′ ⇒ ν{
⋃

S∈S S ∪
⋃

S′∈S′ S
′}(C) = 0

The 1’s can then be counted by size of subsets of µ. There are two cases, one considering a union of less minimum winning
coalitions than the number that belong to µ′:

∀k ∈ {1, . . . , |µ′|},
∑
S⊆µ
|S|=k

ν{
⋃

S∈S S}(C) =
∑
S′⊆µ′

|S′|=k

ν{
⋃

S′∈S′ S
′}(C) =

(
|µ′|
k

)

⇒∀k ∈ {1, . . . , |µ′|},
∑
S′⊆µ′

|S′|=k

(−1)k+1ν{
⋃

S′∈S′ S
′}(C) = (−1)k+1

(
|µ′|
k

)

and one considering a union of k > |µ′| minimum winning coalitions, where at least one minimum winning coalition in
µ \ µ′ has to be picked, hence the game value for C is 0.

By summing over all values of k, we obtain:

|µ|∑
k=1

∑
S⊆µ
|S|=k

(−1)k+1ν{
⋃

S∈S S}(C) =

|µ′|∑
k=1

(−1)k+1

(
|µ′|
k

)
+

n∑
|µ′|+1

0

⇒
∑
S⊆µ
S̸=∅

(−1)|S|+1 · ν{
⋃

S∈S S}(C) = −(−1)1
(
|µ′|
0

)
+

|µ′|∑
k=0

(−1)k+1

(
|µ′|
k

)

= 1 + (1− 1)|µ
′|

= 1

which concludes the proof.

E PROOF OF THEOREM 7

Proof. The aim is to prove that, given a PCG µ and C ∈ U(µ) a minimum winning coalition from the unlabeled set of µ,
the Shapley value of feature i in CG µ ∪ {C} can be obtain from ϕi(ν

µ) by:

ϕi(ν
µ∪{C}) = ϕi(ν

µ) +
∑
S⊆µ

(−1)|S|∣∣⋃
S∈S S ∪ C

∣∣ · 1i∈⋃
S∈S S∪C (26)
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Let µ′ = µ ∪ C. By applying Theorem 6 on µ′ it follows that:

ϕi(ν
µ′
) =

∑
S′⊆µ′

S′ ̸=∅

(−1)|S
′|+1∣∣⋃

S′∈S′ S ′
∣∣ · 1i∈⋃

S′∈S′ S′

This sum can be decomposed in two components, one for all subsets of the powerset of µ′ which don’t contain C, i.e. subsets
from µ without the empty set, and the second for all subsets containing C, i.e. the union between C and the subsets of µ. It
is then possible to write:

ϕi(ν
µ′
) =

∑
S⊆µ
S̸=∅

(−1)|S|+1∣∣⋃
S∈S S

∣∣ · 1i∈⋃
S∈S S +

∑
S⊆µ

(−1)|S|+2∣∣⋃
S∈S S ∪ C

∣∣ · 1i∈⋃
S∈S S∪C

= ϕi(ν
µ) +

∑
S⊆µ

(−1)|S|∣∣⋃
S∈S S ∪ C

∣∣ · 1i∈⋃
S∈S S∪C

which concludes the proof.

F PROOF OF THEOREM 8

Proof. The aim is to prove that given a PCG µ, a feature i ∈ N and µi ∈ C(µ) the completion of µ defined by:

µi = µ ∪ {C ∈ U(µ) | i ∈ C, ∀j ∈ C, C \ {j} ̸∈ U(µ)} (27)

then the best Shapley value for feature i, denoted ϕi, is defined by:

ϕi = max
µ′∈C(µ)

ϕi(ν
µ′
) = ϕi(ν

µi) (28)

We begin the proof by proving the two following results :

Proposition 5 (Strict Increase in Shapley Value). Let µ be a CG and C ∈ U(µ) a coalition compatible with µ such that
i ∈ C. We have:

ϕi(ν
µ∪{C}) > ϕi(ν

µ) (29)

Proposition 6 (Smaller Coalition Means Higher Shapley Value). Let µ be a CG and C ∈ U(µ) a coalition compatible with
µ such that i ∈ C. We have:

ϕi(ν
µ∪{C}) > ϕi(ν

µ∪{C′∈U(µ) | C⊂C′}) (30)

i.e., adding C to µ has a strictly bigger impact than adding all supersets of C from U(µ).

We begin with Proposition 5. Let’s first investigate νµ. As introduced in Section 3.2, the Shapley value of feature i in game
νµ is defined by the coalitions for which i is pivotal, i.e. the coalitions S ⊆ N s.t. i ̸∈ S , νµ(S) = 0 and νµ(S ∪ {i}) = 1.
In order to reduce the Shapley value of feature i by adding C to the CG, i must become not pivotal for at least one of these
coalitions S, i.e. verify νµ∪{C}(S) = 1.

Yet, the impact of adding C to the CG µ on the game values is to induce a flip of value from 0 to 1 for all coalitions C ′ such
that C ′ ⊇ C which had νµ(C ′) = 0. By definition i ∈ C ′ and i ̸∈ S so the flip is not occurring on any coalition S for which
i is pivotal, so the Shapley value of i is non decreasing when adding coalition C ∈ U(µ) such that i ∈ C.

It can be seen that it is in fact strictly increasing because νµ(C) = νµ(C \ {i}) = 0 while νµ∪{C}(C) = 1 and
νµ∪{C}(C \ {i}) = 0, i.e. i is pivotal in at least one supplementary coalition, so its Shapley value is increasing.

To sum up, for the Shapley value of i, it is always strictly valuable to add a coalition C ∈ U(µ) s.t. i ∈ C to the CG µ. We
will now show with Proposition 6 that, given the choice of the coalition C ∈ U(µ), s.t. i ∈ C, to add to µ, it is always
strictly more profitable for the Shapley value of i to add the smallest C w.r.t inclusion in U(µ).

To prove Proposition 6, we begin by proving that given the choice between (1) adding C ∈ U(µ) such that i ∈ C and (2)
adding all coalitions C ′ = C ∪ {j}, ∀j ∈ N \ C, it is strictly more profitable to choose (1). This comparison corresponds
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to the best case where all C ′ ∈ U(µ) which is not necessarily the case as their value could have already been forced to 1
because of some S ∈ µ, i.e. the aim is to prove ϕi(ν

µ∪{C}) > ϕi(ν
µ∪{C′∈2N | C⊂C′}).

Let µ(1) = µ ∪ {C} and µ(2) = µ ∪ {C ∪ {j}| j ∈ N \ C}.

The associated games can be naturally defined as

• νµ
(1)

=

{
νµ(S) if C ̸⊆ S

1 if C ⊆ S

• νµ
(2)

=

{
νµ(S) if ∀j ∈ N \ C, C ∪ {j} ̸⊆ S

1 if ∃j ∈ N \ C, C ∪ {j} ⊆ S

It is easy to see that νµ
(1)

and νµ
(2)

only differ by νµ
(1)

(C) = 1 and νµ
(2)

(C) = 0. This means that in µ(1) we do not have
that ∀j ∈ N \ C, j is pivotal for C, as νµ

(2)

(C) = 0 and νµ
(2)

(C ∪ {j}) = 1 , which is irrelevant for i as i ∈ C. However,
i is pivotal for C in µ(1) as νµ

(1)

(C \ {i}) = 0 and νµ
(1)

(C) = 1 and not in µ(2) as νµ
(2)

(C \ {i}) = 0 and νµ
(2)

(C) = 0.
We obtain that i is pivotal exactly once more in µ(1) than in µ(2), so the Shapley value of i is not lower in µ(1) than in µ(2).

By induction, this holds when considering µ(1) against strict supersets of all C ′ = C ∪ {j}, ∀j ∈ N \ C. We proved by
leveraging the constraint on C ′ belonging to U(µ) the proposition is true, it is then true if the C ′ are more constrained, as in
Equation (30).

G PROOF OF THEOREM 9

Proof. The aim is to prove that given a PCG µ, a feature i ∈ N and µi ∈ C(µ) the completion of µ defined by:

µi = µ ∪ {C ∈ U(µ) | i ̸∈ C,∀C ′ ∈ U(µ), C ′ ̸⊂ C} (31)

then the lowest Shapley value for feature i, denoted ϕi, is defined by:

ϕi = min
µ′∈C(µ)

ϕi(ν
µ′
) = ϕi(ν

µi) (32)

The lowest Shapley value of feature i from a CG µ is obtained when the coalitions S ⊆ N for which i is pivotal in µ are
removed by the addition of some coalitions C ∈ U(µ).

As shown in Appendix F, adding to the CG µ a coalition C ∈ U(µ) s.t. i ∈ C will strictly increase the Shapley value of i, so
µ ∪ {C} will not correspond to a minimum of the Shapley value of i as ϕi(ν

µ) < ϕi(ν
µ∪{C}).

We can then focus only on C ∈ U(µ) s.t. i ̸∈ C. As in our prediction games the total amount divided between the n features
is 1, it can be said that:

min
µ′∈C(µ)

ϕi(ν
µ′
) = 1− max

µ′∈C(µ)

∑
j∈N\{j}

ϕj(ν
µ′
)

i.e. the sum of the Shapley value of the other features has to be maximized, while not adding coalitions C ∈ U(µ) s.t. i ̸∈ C.

Similarly to the proof in Appendix F, it can be seen that:

Proposition 7 (Decrease in Shapley Value). Let µ be a CG and C ∈ U(µ) a coalition compatible with µ such that i ̸∈ C.
We have:

ϕi(ν
µ∪{C}) ≤ ϕi(ν

µ) (33)

Adding C to µ will set the value of all C ′ ⊃ C to 1. So it is possible (not necessary, hence the greater or equal in
Equation (33)) to find C ′ s.t. νµ(C ′) = 0 and νµ(C ′∪{i}) = 1 which became νµ∪{C}(C ′) = 1 and νµ∪{C}(C ′∪{i}) = 1,
i.e. a coalition for which i was pivotal is removed, so its Shapley value decreases.

Together with Proposition 6 applied to features j ∈ N \ {i}, the minimum of Shapley value for feature i is obtained when
adding as many subset minimal coalitions C ∈ U(µ) such that i ̸∈ C, i.e. for:

µi = µ ∪ {C ∈ U(µ) | i ̸∈ C,∀C ′ ∈ U(µ), C ′ ̸⊂ C}
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