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Abstract

Efficient exploration is a central challenge in rein-
forcement learning (RL), especially under sparse
rewards, large state-action spaces, or adversarial
environment dynamics. A principled approach to
exploration is to choose actions that maximize the
upper bound return. Under certain conditions, this
can be formulated in the Bayesian framework as
exploration based on the posterior variance. In
practice, the predictive variance of a neural net-
work is often used as a surrogate for the posterior
variance by techniques such as ensembles, ran-
domized priors, and random network distillation.
However, for wide neural networks, neural tangent
kernel (NTK) theory proves there is a discrepancy
between the predictive variance of a wide neural
network trained by gradient descent and its pos-
terior variance. This is a known issue in super-
vised learning and there exist methods to reconcile
this discrepancy. In this work, we show that, in
contrast to the supervised setting, reconciliation
is not possible for semi-gradient temporal differ-
ence (TD) learning, which is a commonly used
algorithm in deep RL. Instead, we derive the up-
per confidence bound (UCB) of the value function
in semi-gradient TD learning directly and show
that this UCB can be estimated by a neural net-
work. To aid our analysis, we extend NTK theory
to regularized semi-gradient TD learning.

1 INTRODUCTION

Deep reinforcement learning (RL) has many potential appli-
cations, but poor sample efficiency is hindering widespread
application. Overcoming this challenge requires the agent
to explore the environment in an intelligent manner, which
is difficult under sparse rewards, large state-action spaces,

or adversarial environment dynamics. Classical explo-
ration strategies include hand-crafted rewards [Schmidhu
ber}, 2010], state visitation counts [Kocsis and Szepesvari,
20006]], and random policies [Sutton and Barto} 2018]]. Such
techniques are designed for finite MDPs or designed based
on heuristics from bandit problems and novelty detection,
but are often not suitable for deep reinforcement learning.
Random policies are inefficient, hand-crafted rewards are
difficult to design and can change the optimal policy, and
state-visitation counts are infeasible in high-dimensional or
continuous tasks [Ladosz et al., [2022].

In contrast, a more principled approach to exploration is
optimism in the face of uncertainty [Neu and Pike-Burke]
2020]. This means taking actions that maximize the upper
bound return, directing agents to regions that are promising
and have high uncertainty. However, this requires estimating
an upper confidence bound (UCB) of the value function. In
the Bayesian framework, the UCB is, under certain condi-
tions, equivalent to the posterior standard deviation. This
motivated techniques which estimate the variance of the
model’s predictive distribution [Burda et al., 2019, [Zanger
et al., 20264l (O’ Donoghue et al., 2018 |Oren et al., [2025]],
that is, the distribution of model predictions conditioned on
the training data.

However, for wide neural networks, the variance of trained
models obtained with gradient descent does not match the
posterior variance of networks conditioned on the dataset
[Lee et al.|[2019], so the predictive variance does not equal
the posterior variance. To further complicate the matter, for
semi-gradient temporal difference (TD) learning, there ex-
ists no posterior interpretation even for linear value function
estimators. Therefore, to design theoretically sound UCB
estimators in semi-gradient TD learning, it is important to
directly study the value function UCB. We utilize the the-
ory of neural tangent kernels (NTKs) [Jacot et al.| 2018|
Lee et al.,|2019] to handle the task of analyzing the behav-
ior of neural networks. NTK theory states that wide neural
networks can be well approximated by their linearization
around initialization. However, current NTK theory only
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applies to supervised learning problems with convex losses.

Thus, our contribution is threefold. We show that the
Bayesian approach to UCB estimation breaks down in semi-
gradient TD learning as a wide neural network cannot be
interpreted as a Gaussian process posterior at convergence.
We prove that NTK theory remains valid for regularized
semi-gradient TD learning. With this assurance, we study
neural networks in the NTK regime for semi-gradient TD
learning and develop a neural network estimator for the
value function UCB.

We begin with a survey of related work in Section 2] Then,
we introduce the notation and background for our analysis
in Section [3} In Section [4} we motivate the need for our
estimator by highlighting the shortcomings of predictive
variance estimation in semi-gradient TD learning. We then
derive the value function UCB in Section [5| To design a
neural network estimator for this UCB, we first show that
NTK theory extends to regularized semi-gradient TD learn-
ing in Section [6] This serves as the theoretical basis for
the estimator we propose in Section [7] In Section [§ we
experimentally validate our main results. Finally, we com-
ment on the limitations and future directions of our work in
Section

2 RELATED WORK

In this section, we summarize the existing approaches to
uncertainty estimation in RL and their limitations. We also
provide an overview of NTK theory and its current applica-
tions to RL.

Classical techniques for uncertainty estimation in deep RL
include pseudo-counts [Ostrovski et al.l [2017]], bootstrap
DQN [Osband et al., [2016]], random network distillation
(RND) [Burda et al., 2019]], and randomized prior [Osband!
et al., [2018]. While intuitively motivated, the efficacy of
these techniques is not well understood theoretically. For
contextual bandit problems [Zhou et al., [2020, Kassraie and
Krause, 2022]], Markov Decision Processes (MDPs) with
finite time horizons [Yang et al., 2020, Jin et al., [2020]], and
MDPs with finite states [Strehl et al., 2006, Jin et al., [2018|],
the UCB of the optimal value function can be estimated
directly. However, these algorithms either assume a tabular
model, or require a separate model for every time step, and
thus they do not transfer to the large state-action spaces
and time horizons typically studied in deep RL. In this
work, we consider the value function UCB for a neural
network trained with the commonly used semi-gradient TD
algorithm.

It is generally difficult to analyze the dynamics of a deep
neural network due to its nonlinearity. Notwithstanding,
under certain conditions, a wide neural network behaves
similarly to its linearization about initialization. This phe-
nomenon is described by NTK theory [Jacot et al.| |2018|

Lee et al., 2019] and the closely related lazy training the-
ory [Chizat et al., [2019]. Despite the usefulness of NTK
theory, its application to reinforcement learning remains an
under-researched topic.|/Agazzi and Lu|[2022]] show that the
lazy training regime exists even for TD learning, where a
nonlinear model converges exponentially to the true value
function. [Brandfonbrener and Bruna) [2020] demonstrate
that TD learning converges for a large class of nonlinear
models, including ReLLU networks. Similarly, |[Xu and Gu
[2020] prove that Q-learning converges for ReLU networks
when trained to minimize the mean square projected Bell-
man error. However, these results are not applicable to un-
certainty estimation for the sake of exploration as they all
assume that the agent has access to the MDP’s stationary
distribution.

More recently, [Zanger et al.| [2026al] propose Universal
Value-Function Uncertainty (UVU), which estimates the
variance of a value network trained by semi-gradient TD
under the linearized network assumption. UVU faces three
limitations. First, Zanger et al. [2026a] assume NTK theory
to hold for semi-gradient TD learning, which is an open
problem. Second, semi-gradient TD does not always con-
verge on a finite dataset even for linear models [[Sutton and
Barto| [2018]]. Third, the predictive variance of the value net-
work is not guaranteed to relate to the UCB. We overcome
all these limitations in this work, thereby establishing the
theoretical basis for the empirical effectiveness of UVU and
paving the way for exploration methods motivated by NTK
theory.

3 PRELIMINARIES

In this section, we introduce the notation for the neural
network and semi-gradient TD. We also summarize the
tools and results needed for our analysis.

3.1 NEURAL NETWORKS

Let the feature space be X'. We assume that it is a bounded
subset of R%. Without loss of generality, let ||z|[; < 1
for all z € X'. An m-layer neural network of width n with
parameters 6 is defined recursively in terms of pre-activation
layers:

- Wiz
ay(x;0) Zﬁ—f-bl, "
ol 0) = Wﬁ(”)w =2 .m,
and post-activation layers:
ai(@:0) = o(@(x:0)), i=1,..m—1, ()

where the parameter vector 6 is the collection of W; €
R4 W, € R™*" fori = 2,...,m — 1, W,, = R*",
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b; e R"fori=1,...,m —1, and b,,, € R. All parameters
are initialized independently with the standard normal dis-
tribution, 6y ~ N (0, I). The neural network is thus defined
as

f(2;0) = (a3 0). 3)

The activation function, o, is assumed to be bounded at
the origin and twice-differentiable with bounded first and
second derivatives. In addition, we assume that the activa-
tion function is element-wise bounded. This simplifies the
analysis by ensuring that the initial network predictions are
subgaussian uniformly in n.

The network gradient with respect to (w.r.t.) the parameters,
%, is denoted as J(+; ), or simply J(-) when there is
no ambiguity. Similarly, J(-; 6;) is abbreviated as J(-).

This parameterization of the neural network is known as
the NTK parameterization. It guarantees that the network is,
around initialization with high probability w.r.t. the network
width, Lipschitz-continuous and smooth, as well as bounded
at initialization with high probability.

Theorem 3.1 [Lee et al.L 2019, Ordofiez et al.,|[2026]]. For
all0 < p < 1, R > 0, there exists some constant K,
independent of R, such that if n is sufficiently large, then
f(z; ) is K-Lipschitz and %-smooth over B(6y, R) for all
x € X with probability at least 1 — p.

In addition, although the initialization is random, and thus
the initial network gradient is random, the neural tangent
kernel induced by the initial network gradient is determinis-
tic in the infinite width limit.

Theorem 3.2 [Jacot et all 2018||. The NTK, O(x,z’) =
Jo(z)T Jo(2"), is deterministic in the infinite width limit.

For supervised learning, namely regression, NTK theory
states that wide networks can be well approximated by their
linearization. This simplifies analysis because the network’s
asymptotic behavior, that is, the behavior at convergence,
can be derived analytically for linearized networks. The
linearized network is defined as:

F(50) = f(500) + Jo(-)(0 — ). 4

Let a dataset of M samples be denoted as (X, y), where
X € RM*d g the data matrix and y € R is the target vec-
tor. The following theorem gives the asymptotic expression
of a wide neural network trained under a L2-regularized
MSE loss.

Theorem 3.3 [|Ordofiez et al., 2026|]. In the NTK regime and
under loss L(0) = 3| f(X) — y||* + §||9 — 6ol ]2

>

f(z;000) = f(2500)

1 (5)
(xﬂX)gﬁ(XvX) (y_fO(X§60))7

+0
where O5(X, X) = O(X,X) + BI.

Theorem provides a closed-form expression for wide
neural networks at convergence, thereby enabling us to ana-
lyze the predictive variance in the supervised setting.

In the remainder, we condition all statements on the event
that, for a training set X of M samples, f(X;6q)is vV M K-
bounded, and that, for all x € X, f(x;-) is K-Lipschitz and

\%-smooth over B(fp, R).

3.2 SEMI-GRADIENT TD

The L2-regularized TD loss over a dataset of M samples,
(X,r,X’), is defined as:

L) = SIIFCX:0)—r =0 (X5 0)|P+ S 00, ©)

where X € RM*d g the data matrix of state vectors, X’ €
RMxd g the data matrix of next-state vectors, r € RM is the
reward vector, v € (0, 1) is the discount factor, 8 € (0, 00)
is the regularization factor, and 6 are the initial parameters.
Denote the TD error as 6(0) = f(X;0) —r — vf(X';0)
and let 6(6;) be abbreviated as §;. The parameters evolve
according to the ODE:

0: = —(J(X) 75, + B0, — 0o)). (7N

Let the training gradient J;(X)7'6; + 3(6; — 6) be abbre-
viated as g;. The TD error for the linearized network is
denoted as d; = (0;).

Throughout this work, we handle the asymmetries in semi-
gradient TD with the observation that for any square ma-
trix A, we have 27 Ar = 2T7S(A)x and A71S(A)A~T =
S(A~1), where S(A) denotes the symmetric part of A,
S(A) = AAT,

3.3 GAUSSIAN PROCESS

The initial neural network, in the infinite width limit, is a
zero-mean Gaussian process (GP) [Lee et al., [ 2018]|. There-
fore, the network is still a GP at convergence in both the
supervised and the semi-gradient TD setting [Lee et al.,
2019, Zanger et al., 2026a]. Let GP(m, k) denote a GP
with mean m and kernel k. The distribution of initial neural
networks, known as the neural network Gaussian process
(NNGP), is denoted as GP(0, 3).

In supervised learning, namely regression, when the target
function lies in the reproducing kernel Hilbert space (RKHS)
associated with a GP kernel, the posterior standard deviation
of the GP serves as a UCB for the error between the posterior
mean and the target function.

Theorem 3.4 [Rasmussen and Williams|, 2006]. If y has
additive and i.i.d. Gaussian noise N (0, 3), the posterior of
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GP(0, k) conditioned on (X, y) satisfies

(z, X)(k(X, X) + BI) ™"y, ®)
(z,2) — k(z, X)K;'k(X,z), (9

where Kg = k(X, X) + BI, mp,y is the posterior mean,

2 . . . .
and oy, is the posterior variance.

Theorem 3.5 [Valko et al., 2013|\. If the target function
v, belongs to the RKHS associated with the GP kernel k,
and if y = v(X) + € where e ~ N(0,BI), then for all
0 < p < 1, there exists some constant C, such that v —

Mpost(T) =

Jgost (z)

k
k

Mpost| < Cpy /02, with probability at least 1 — p where

2 .
Mposts Tpogy AT€ AS defined in Theorem

Similarly, in semi-gradient TD learning, when the value
function belongs to the RKHS associated with the GP kernel,
the posterior standard deviation acts as a UCB for the error
between the value function and the posterior mean.

Theorem 3.6 [Lederer et al.| 2026]. If r = v(X) —~yv(X')+
€, and e ~ N (0, BI), then the posterior mean and variance
of GP(0, k) conditioned on (X, r, X') are given by

Mpost(2) = kp(2)T (Ka + BI) " r, (10)
Uﬁost(x) =k JI,LI}) - kA(‘T)T(KA + BI)_lk‘A(.’E), (11)

where ka(z) = k(X,z) — vk(X',2) and Kpo =
(X, X) —vk(X, X") —yk(X', X) +v2k(X', X').

Theorem 3.7 [Lederer et al., |2020]. If the value function
v, belongs to the RKHS associated with the GP kernel k,
and if r = v(X) — yw(X') + ¢, where e ~ N(0, 8I), then
Sforall 0 < p <1, there exists some constant C), such that

[0 —1post| < Cpy /02,5, with probability at least 1 —p where
Mposts agm, are as defined in Theorem

Howeyver, Section[z_f] shows that the predictive variance of a
wide neural network trained with gradient descent on the
semi-gradient TD loss does not match the posterior variance
in Equation[TT]

4 PREDICTIVE AND POSTERIOR
VARIANCES

In this section, we discuss the discrepancy between the pre-
dictive variance and the posterior variance in supervised
learning. Using RND as an example, we summarize exist-
ing results which demonstrate that this discrepancy can be
remedied for supervised learning through regularization and
an appropriate choice of prior. However, for semi-gradient
TD learning, we show there exist no modifications to the
neural network such that it behaves, at convergence, as a
sample from the posterior of a Gaussian process conditioned
on the dataset. This motivates the need to analyze the UCB
for semi-gradient TD directly, which is given in Section 5]

4.1 PREDICTIVE VARIANCE IN SUPERVISED
LEARNING

Even though an initial neural network is a GP and the net-
work at convergence is also GP, the GP at convergence is not
the posterior of the initial GP. Thus, Theorem 3.5]does not
guarantee the predictive standard deviation of the asymp-
totic network to be a UCB.

Theorem 4.1 [Lee et al., 2019]. In the NTK regime and
under unregularized MSE loss,

V[f(7;000)] = X(z,2) — 20(2, X)O(X, X)'2(X, x)
+O(z, X)AO(X, z),
(12)
where A = O(X, X)13(X, X)O(X, X)L

Compared to Equation 9] Theorem [4.1| shows that the dis-
crepancy between the predictive and posterior variances is
caused by the difference between the NNGP kernel and
the NTK as well as the lack of a noise term. The differ-
ence between the NNGP kernel and the NTK [Jacot et al.,
2018|] means that the predictive variance of a neural network
cannot be interpreted as the posterior variance of any GP.
Furthermore, without a noise term in the kernel, posterior
variance alone is insufficient for estimating the UCB. This
can be seen by considering the residual between the target
function and the posterior of a noiseless GP conditioned on
a noisy dataset [Lyu et al., 2020]:

(@) = mpost(w) = f1(z) + k(z, X)k(X, X) e, (13)

where k is the GP kernel, m is the posterior mean of the
noiseless GP, € is the target noise vector, f* is the target func-
tion belonging to the RKHS associated with &, and f, is
a function that satisfies | f | (z)| < || f*||opost(x) With opost
being the posterior variance. Since the posterior variance of
a noiseless GP vanishes for all x where k(z,-) = aTk(X, ")
for some a € RM, it cannot control the component of the
residual caused by data noise. However, |He et al.| [2020]
showed that in supervised learning, these issues can be ad-
dressed through a combination of regularization, data noise,
and an untrainable correction term, so that the initial net-
work is instead a neural tangent kernel Gaussian process
(NTKGP), GP(0,©). These modifications cause the pre-
dictive standard deviation to coincide with the posterior
standard deviation and thus is guaranteed to act as a UCB.

Theorem 4.2 [He et al., 2020, |(Ordonez et al.~, 2020|. In the
NTK regime and under the loss L(0) = || f(X;0) —y —
ell? + 2116 — 6ol

>

—0(x, X)(0(X, X) + BI)'O(X, 2),
B (14)
0,0<™ is the corrected

where f(z;0) = f(z;0) + gg?f)
network with an NTKGP prior, 0 is a set of parameters
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independently initialized from 0y, and 6<™,0<™ denote all
the parameters before layer m.

4.2 RANDOM NETWORK DISTILLATION

RND is a popular technique in deep RL to estimate the
reward function uncertainty in infinite state spaces. It esti-
mates the uncertainty about the reward function using the
approximation error of a neural network trained on a set
of synthetic rewards generated by another independently
initialized network. Since estimating the transition reward
is a supervised learning problem, RND can be viewed as a
predictive variance estimator for a reward network. Indeed,
RND is equivalent, in the sense of distribution, to the sample
variance estimator of a size 2 ensemble.

Theorem 4.3 [Zanger et al., 2026b]. Let 6y, 6, 1}, 3 be
i.i.d. initial parameters. In the NTK regime, under losses
Lean(0) = 3I1f(X;0) — f(X;0)|1* and Linsemie(¥)) =
L[| F(X: ) —y|I%, the RND estimate 1(f(+0.0) — £(+0))?
and the ensemble sample variance estimate L(f(-;¢%,) —
f(592.))? are identically distributed.

Thus, RND has the same biasness and efficiency as the
sample variance estimator over an ensemble of size 2. For
RND to have a posterior interpretation, the target network
needs to be from the NTKGP. Furthermore, the loss needs
to be regularized and the training target requires additive
noise.

Theorem 4.4. In the NTK regime and under loss L(0) =

SIF(X50) = F(X500) = F(X) = el + 5110 — 6ol% if
f~GP(0,0)and e ~ N(0, BI), then
Eh(z)] = O(, z) s
O X)(O(X, X) + fI)O(X,2), )
where h(z) = (f(2;000) — f(;00) — f(x))2.
Proof. See Appendix [A] O

Theorem[4.4]is closely related to the results of [Zanger et al.
[2026b], with the only difference being the inclusion of
regularization and data noise.

4.3 POSTERIOR VARIANCE IN SEMI-GRADIENT
TD LEARNING

For supervised learning problems, predictive variance esti-
mators such as RND can become theoretically sound UCB
estimators through modifications that align the predictive
variance with the posterior variance. However, this Bayesian
approach breaks down for semi-gradient TD learning where
there exists no posterior interpretation for an asymptotic
network even on a noiseless dataset.

Theorem 4.5 [Zanger et al. [2026a]]. Assuming fo ~
GP(0,0), B8 = 0, and that semi-gradient TD converges,
the expectation over random initialization of a converged
linearized neural network is

E[f(2;0)] = ©(x, X)A(X)'r (16)
and the variance is
V[f(2;000)] = O(z, )
—20(z, X)A(X) ' A(x)
+0(z, X)A(X) T UA(X)'O(X, x),
(17)

where A(x) = O(X,x) —v0(X',z) and ¥ = A(X) —
FA(XT).

Contrasting Equation [I6] against Equation [I0] and Equa-
tion [17] against Equation [[T| with 8 = 0, there is a struc-
tural mismatch between ©(X, z) and ka (z) = k(X,z) —
vk(X', z). If the full gradient is used instead of the semi-
gradient and if the neural network has an NTKGP prior,
then this mismatch would vanish and the predictive variance
would coincide with the posterior variance analogous to
the supervised setting [[Sasnauskas et al., [2024]]. However,
since this is not the case for semi-gradient TD, there is no
modification to the neural network prior such that the predic-
tive variance matches the posterior variance. Therefore, the
predictive standard deviation is not guaranteed to serve as a
UCB. Nevertheless, it is still possible to derive and estimate
the UCB directly for semi-gradient TD learning.

S UCBFOR L2-REGULARIZED
SEMI-GRADIENT TD LEARNING

In this section, we consider the value function UCB es-
timated by a linear model trained via regularized semi-
gradient TD. It suffices to consider a linear model because
in Section[6]we show that a wide neural network can be well
approximated by its linearization. Since the analysis is not
restricted to linearized networks, we assume that the value
function, v, belongs in some RKHS with a known feature
map ¢, such that v(-) = ¢(-)70* for some §*. Furthermore,
we assume that the reward vector can be decomposed into
r = v(X)—yv(X')+e, where the noise vector, ¢, is element-
wise independent, zero-mean, and either element-wise nor-
mally distributed with variance ¢? or almost surely bounded
in [—%, ﬁ] We consider a linear model, ¢(-)7'0, corre-
sponding to the asymptotic solution of semi-gradient TD.
Analogously to Equation[7} the parameters of a linear model
in regularized semi-gradient TD evovles according to:

0 = —¢(X)"(6(X)0 —r —yp(X")0) — B6.  (18)

Thus, the asymptotic solution, which must be the equilib-
rium of Equation |18} is § = Zgl(b(X)Tr, where Zg =
H(X)Tp(X) — v9(X)T¢(X') + BI. For the asymptotic
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solution to exist and to simplify the analysis, we assume
that § is sufficiently large such that Amin(S(Zg)) > % and
S(Zs) = ¢(X)T$(X).

Theorem 5.1. For any 0 < p < 1,
o(x)70] < K( +
x with probability at least 1 — p, where u(x) =
\/¢($)T¢($) = ¢(@)T (X)W ($(X) — 7(X")) (),
Ws = ¢(X)d(X)T —vd(X")p(X)T + BI, and K is some
constant dependent on 0*, $(X), 3, C.

o(2)70"

ln%)u(m) holds uniformly in

Proof.
$(2)10" — d(x)70 = ¢(2)" 25 (250" — (X))
= o(x)" 251 (86" — (X)Te).
So

|0(2)70" — ¢(2)" 0] < Bllg(a)" Z || ll6”|
+le(2)" Z5 | [1o(X) el
By the Cauchy-Schwarz inequality,

o) 25 1° = o(2)" 25" 25" ()
_ 0" 2515(25) 75 8(w)
a )‘min(S(Zﬁ))
. 2¢(x>TS(ﬁZB1)¢(x)
20(x)" Z5 ' p(x)
— 5

By the Woodbury identity,

I—¢(X)" W5 (¢(X) — 16(X)

Z;t =
g B

T r7—1
So 2¢(x) Zﬁ o(x) _ Qulgg)z
%u(x) Hence,

, which means ||¢(z)" Z5 || <

Blle)T Z5 1] 116*]] < v2[16"||u(x).

Because ||¢(X)e|| is convex and ||¢(X)]||2-Lipschitz w.r.t.
€, where € is zero-mean and either Gaussian or almost
surely bounded, the event ||¢(X)e|| < ¢||o(X)||ns +

¢||¢(X)||2v/—2Inp has probability at least 1 — p [Wainy
wright, 2019]]. Conditioning on this event,

[6(@)T8" ~ $(@)T6] < V26 lu(x)
YRl
2O [T,
+ 3 1 > (z).

O

The consequence of Theorem 5.1]is that any estimator for
u(x), or its upper bound, serves as a UCB estimator for semi-
gradient TD. Based on this, we devise a neural network that
estimates an upper bound of u(x)? in Section

6 NTK THEORY FOR L2-REGULARIZED
SEMI-GRADIENT TD LEARNING

We seek to design a neural UCB estimator conformal to
Theorem[3.1} To that end, in this section we show that wide
neural networks can be well approximated by its lineariza-
tion for regularized semi-gradient TD by extending the ap-
proach of |Ordofiez et al.|[2026]. We begin by establishing a
series of technical lemmas. These lead to the main results
in Theorem [6.1]and Theorem

Lemma 6.1 (Local Boundedness of Loss and Spectral Ab-
scissa). [|3(0) ]|, Anar (S(J(X;0)TT(X'30))) = O(1) uni-
formly in @ € B(0y, R) for any R > 0.

Proof. See Appendix [B.T] O

By examining the dynamics of the training gradient’s mag-
nitude, it can be shown that for a wide neural network, if
there is sufficient regularization such that semi-gradient TD
converges, then the convergence occurs at exponential rates.
This is given by the following lemma.

Lemma 6.2 (Exponential Decay of Training Gradient). For
any R > 0, there exists constant C, independent of R, such
that for sufficiently large ,n dependent on R, ||g:|| <
Ce=5 for 0 < t < H where H = inf{t|6, & B(6, R)}.

Proof. See Appendix [B.2] O

In the following lemma, we show that with sufficient reg-
ularization, the parameters of a wide neural network stays
bounded about its initialization.

Lemma 6.3 (Boundedness of Network Parameters). For
any R > 0 and sufficiently large [3,n dependent on R,
sup;s [16; — ol < R.

Proof. See Appendix [B.3] O

In the remainder, we only consider sufficiently large /3, n
such that 6; € B(fy, R) forall t > 0.

Lemma 6.4 (Dynamics of Network Gradient). For suffi-
ciently large B, n, ||J:(x) — Jo(2)|| = (’)(%) uniformly in
.

Proof. See Appendix[B.4] O

The following lemma demonstrates that with sufficient reg-
ularizaiton, the parameters of a wide network remains close
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to the parameters of its linearization at any point during
training.

Lemma 6.5 (Dynamics of Network Parameters). For suffi-
ciently large 3,n, sup;~ ||0; — ;|| = (9(6\1/77).

Proof. See Appendix [B.5] O

Based on the lemmas, it can be shown that the discrepancy
between a neural network and its linearization, at any point
during training, vanishes as the width goes to infinity for
semi-gradient TD learning.

Theorem 6.1. sup, | f(x;6;) — f(x;0,)| = O(
formly in x.

uni-

1
NG,

Proof. Forallz € X,

|f(@,0) — f(x:0,)] < |f (@, 6¢) — f(2; 6

—

~ %)
by Lemma|[6.2]and Lemma[6.4] Similarly,
.8 = Fa:00] = (@) 10~ 0] = O(5=)
by Lemma[6.5] Therefore,
_ 1 1 1
|f(@,6) = f(x;0,)] = O(ﬂ\/ﬁHO(B\/ﬁ) = O(B\/ﬁ)-

Theorem [6.1] serves as our theoretical justification for ap-
proximating a neural network by its linearization for semi-
gradient TD learning when designing our UCB estimator in
Section[7] Analogously to Theorem 3.3] the asymptotic be-
havior of a wide neural network can be analytically derived
by considering its linearization. The results are given by the
following theorem.

Theorem 6.2. In the NTK regime and for sufficiently
large B,

f(@3000) = fo(x) = Jo(2)Jo(X) W5,  (19)

where Wg = Jo(X)Jo(X)T — vJo(X")Jo(X)T + BI.

Proof. By Theorem[6.1] it suffices to consider the asymp-
totic behavior of the linearized network.
d .
@(et —00) = —Jo(X)" 6 — B(6: — o)
= —Jo(X)" 60 — Z5(0; — 6p),

where Z5 = Jo(X)T Jo(X) — vJo(X)T Jo(X") + BI. So
if semi-gradient TD converges, then we must have,

Ooo — 00 = —Z5 ' Jo(X)T 60 = —Jo(X)" W5 6

by the push-through identity. O

7 A STOCHASTIC NEURAL UCB
ESTIMATOR

When the value function, v, belongs to the RKHS associ-
ated with the NTK, the UCB can be estimated by a wide
neural network. Similar to RND and UVU, our estimator
consists of a trainable network f and a target network f .
We require fo = f(-;600) ~ GP(0,%) and f ~ GP(0,0).
The trainable network is trained by semi-gradient TD with
synthetic reward r = f(X) —vf(X") + fo(X) —~fo(X").
Our estimator is defined as

Nifoo_fO

U2 :max(O, (f 5 (fOO _f0)2

)

where foo = f(aeoo)

Theorem 7.1. Forall x € X, \/E[U?(x)] > u(z) in the
NTK regime, where u is defined in Theorem|5.1

Proof. By Theorem|6.2]
fool2) — fol) = O, X) 557,

where Ag = O(X, X)—vO (X', X)+pI and 7 = ]?(X)*
Yf(X'). Let U2 = (f — 7f°°2_f°)2,then

(oo @) = fol2))*

U?(x) = f(2)*=O(x, X) A5 7 f () + 1

Because E[f(2)%] = O(z,x), E[ff(z)] = O(X,z) —
YO(X', ), and §(foo () — fo(x))? is non-negative, there-
fore, E[U?(z)] > u(x)2. Thus,

no

u(z)? < E[U*(2)] < E[0*(2)].

O

Theorem [7.1] shows that U? serves as a value function UCB
in expectation over random initialization.
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Figure 1: Comparison between a neural network and its
linearization for different network widths and regularization
factors in semi-gradient TD.

8 NUMERICAL ANALYSIS

In this section, we experimentally demonstrate that wide
neural networks can be well approximated by their lineariza-
tions about initialization and that Equation [20]is indeed an
UCB estimator in expectation for semi-gradient TD.

For our experiments, we use a 2D feature space and a train-
ing set, (X, r, X'), of size 500 as well as a test set, X, of size
500. Each state vector in X is independently sampled from
N(0, 51). X' is constructed as X' = X + 17, where Z is
elementwise i.i.d. standard normal. Each state vector in the
test set is sampled uniformly from [—1, 1]2. The target value
function is defined as v(z) = ||z||? and the reward vector
is defined as r = v(X) — 0.9v(X"). In all our experiments,

3.2
\ ——- 1.61+0.72y/=Inp
3.0
2.8

2.6

2.24
2.04

1.84

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: The relationship between empirical probability,
p, and the smallest scaling factor, C),, such that Cp\/ﬁ
is a value function UCB over the test set with empirical
probability at least 1 — p.

we use two layer neural networks with tanh activation. To
construct neural networks with the NTKGP prior, we use
the method of [He et al.|[[2020].

To demonstrate that wide neural networks can be well ap-
proximated by their linearizations, we empirically validate
Theorem [6.1] and Lemma [6.5] For each set of initial pa-
rameters 6, we define a neural network f(-;6p) and a lin-
earized network f(-;6). These models are then trained on
(X, r, X’) until convergence. The maximum absolute dif-
ference between f(-;0s) and f(-;0) over X, and the
Euclidean distance between 6., and 0., are then mea-
sured. The experiment is conducted for network widths
n = 10,100,500, 1000,5000 and regularization factors
£ = 0.001,0.05,0.1, 1. Figure[Ta| presents the difference in
predictions w.r.t. the network width and the regularization
factor. Similarly, Figure [Tb|presents the difference in param-
eters w.r.t. the network width and the regularization factor.
The experiment is repeated for 20 trials.

The results of this experiment match Theorem [6.1] and
Lemma [6.5] The discrepancies between a neural network
and its linearization, in terms of their predictions and param-
eters, are inversely proportional to the network width and
the regularization factor, if they are sufficiently large.

To empirically validate Theorem [5.1]and Theorem [7.1] we
train a neural network, f, of width 5000 to approximate
the value function using semi-gradient TD over training
set (X, 7, X’) of 500 samples with regularization factor 0.1,
where the reward is perturbed by ¢/ ([—+/0.1, 1/0.1]) noise.
This is repeated 20 times to compute the smallest scaling
factor, C), such that |v(z) — foo(z)| < Cpy/U?(z) for all
x in the test set with empirical probability at least 1 — p,
where U? is our UCB estimator given by Equation 20| Since
Theorem [7.T]holds in expectation over random initialization,
the predictions of U? are averaged over 20 runs. Figure
shows the relationship between p and C,. The results agree

with Theoremwhich states that C;, = O(1 + ,/In %).
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9 CONCLUSION

This paper addresses the problem of UCB estimation in
semi-gradient TD learning. We show that, in contrast to
supervised learning, a neural network cannot be interpreted
as a Gaussian process posterior at convergence in semi-
gradient TD learning. Therefore, to design a neural network
estimator for the value function UCB, we directly study
the approximation error in semi-gradient TD learning. To
simplify our analysis, we extend NTK theory to regularized
semi-gradient TD learning. This permits us to approximate
wide neural networks by their linearizations. Based on this
UCB, we develop a theoretically sound neural network es-
timator for the value function UCB in semi-gradient TD
learning.

Our work is not without limitations. We consider wide neu-
ral networks to avoid analyzing the asymptotic behavior of
nonlinear models. However, in practice, neural networks are
often not wide enough relative to the input dimensionality to
be in the NTK regime. Furthermore, although regularization
is necessary both for UCB estimation and the convergence
of semi-gradient TD, it is unclear whether the regularization
factor needed for convergence lies in the same regime as the
noise variance. This is a nontrivial problem as it depends on
the network architecture and the dataset.

For follow-up research, it is worth examining the efficiency
of our UCB estimator. More concretely, the efficiency of
our UCB estimator depends on the efficiency in estimating
the NTKGP prior. In this work, we use the NTKGP prior
estimator by He et al.| [[2020]] as a canonical example. How-
ever, its efficiency remains unknown. It is also valuable to
experimentally validate our theoretical results on benchmark
problems. In general, we emphasize that the application of
NTK theory to exploration remains an under-explored topic.
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An NTK Theory Approach to UCB Estimation in Semi-gradient TD Learning
(Supplementary Material)

Yijun Wu' Pascal R. van der Vaart' Moritz A. Zanger' Matthijs T. J. Spaan!

IDelft University of Technology, Delft, 2628 XE, The Netherlands

A  PROOF OF THEOREM
By Theorem 3.3}
f(@:000) = f(x360) = f(ar) = O(a, X)(O(X, X) + B1) " (F(X) +¢) = f(x).
Since f ~ GP(0,0) and e ~ N(0, 81), it follows that E[f(X)f(X)7] = (X, X), E[f(X)eT] = O, and E[eT] = 1.

Therefore,

E[(f(x;000) — f(2;60) — f(2))*] = E[f(2)*] — 20(x, X)(6/(
(z, X)(0(X, X))+ BI)'E
(z, X)(©(X, X) + 1)~
(z,2) — O(z, X)(O(X, X)

+ +

S}
S}
=0
B PROOF OF TECHNICAL LEMMAS

B.1 PROOF OF LEMMA
For any § € B(6y, R):
10O < 1[6(00)[] + [10(8) — 3(6o)|

<G00 + (17| 4 £ (X5 00) 1] + |1 £(X50) — f(X500)]] +I[F(X'50) — fF(X'560)]]
<|Ir]|+ (1 +9)VMEK(1 + R).

Likewise,

17(X:0)TJ(X50)| (T (X5 0)T T(X:0)]]

Amax (S(J(X;0)T T (X7:6))) < 5 2

<TG OHT(X50)|| < MK

B.2 PROOF OF LEMMA

d 2 _ Tﬁgf Tagf agf
Since ’
dg _ Pf(X)

S+ JX)TI(X) —~yJ(X)TJ(X") + BI,

a0 002
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it follows that

d 0?
g2 = —2gr IO 50 28 1007 (X )04 — 267 (BT — 2SI X)TACE D)
_ . 62ft( ) 2 _ . _ T / 2
< = 2hmin( g 00lgell® = 2Xmin(BT = 7S (L O T LX)
ByTheorem||%H§\/%K,so
92 fi(x)" 9 f(X)
Mnin( =55 01) > HW 8illa > chup,

where 0%%, = supge (g, gy [10(0)]]. Similarly,

)\min(/BI - ’YS(Jt(X)TJt(XI))) > ﬁ ry/\:aup7

where A\ = sup,, B(60,R) )\max(S (J(X;0)TJ(X';0))). In the remainder, we only consider sufficiently large 3, n such
that 3 — B — /M4 M - K9, R 2 Note that [ does not need to go to infinity when n goes to infinity by Lemma Under

sup sup

this setting,
d 2 2
— < — .
dt”gtH < —Bllg:l|

By Gronwall’s inequality,
_8
llgell < llgolle™ ="

Since ||go|| < ||Jo(X)]| ||00]] = O(1) by Theorem 3.1} there exists a constant C' independent of R such that ||go|| < C' for
sufficiently large 5, n

B.3 PROOF OF LEMMA

t )
||ot—eo||=||/ efdfns/ lg- ldr.
0 0

By Lemma there exists constant C' such that, for sufficiently large 5 and n, ||g,|| < Ce~%*, which means,

2C
190 = boll < =

- 2C
The claim thus holds for 5 > .

B.4 PROOF OF LEMMA

Pick any R > 0, then, for sufficiently large 3, n, ||Ji(x) — Jo(x)|| < Lip(J(x;-)||0: — 6o]] < £E = O(-=) by
Theorem[3.1land Lemmal6.3]

B.5 PROOF OF LEMMA
0y = —(Ji(X) — Jo(X))T6(0y) — Jo(X)T8(8,) — B(6: — bo)
—(J(X) = Jo(X))"6(6:) — Jo(X)"(6(6:) — 5( 1) — Jo(X)T8(6,) — B(6; — bo)

= _ht — (Jo(X)Tg(et) + B(et - 90))7
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where hy = (Ji(X) — Jo(X))70(04) + Jo(X)T(5(6) — 5(0,)). Then,

d

o7 —(0; = 0r) = —hy — Jo(X)T(8(6:) — 6(0:)) — B(6: — ;)

= —hy — Jo(X)" Jo(X) (0 — 0;) +vJo(X) " Jo(X") (0, — 6:) — B(6; — 6y).
By the Laplace transform,
B, — 8, = —hy + e~ ()T T (X) =T ()T Jo(X)+BD.
6 -4l < | ] o™ B0 G010 oA .
0

He (JO(X)TJO(X) 'Y']O(X)T']O(X )+BI)(t T)H < e~ 2( )because )\mmS(JO( )TJO(X) fnyO( )_J ( )+6I) Z B _
YAk = 5. To control fir, observe that ||| < [|J4(X) = Jo(X)I] [8(8)| + |1Jo (X[ 15(8,) = 5(80)l-

[|J:(X) — Jo(X)]| 1|6(6¢)]] is controlled by

176(X) = Jo(X)I[ 1Bl <4/ — K||9t Bollogiy <4/ — KR&up )

which follows from Lemma6.1{and Lemma To control ||Jo(X)|| ||6(6:) — 6(6;)||, observe that
16(02) = 6(00)[] < |1 F(X:0e) — F(X: )| + A1 F (X5 0¢) — F(X'300)]

< [ 080 = FOG0 el )l [ 700500 ~ 700
< [ 1m03) = OO el 7 [ 10208 = oGO 1t

_O(ﬁ)/o e 57dr

by Lemmaand Lemma Hence ||Jo(X)|| ||6(6:) — 8(8,)|| = O(Bf) Overall,

1 1 1
||| = O(ﬁ) + O(T\/ﬁ) = O(ﬁ)'
Therefore,
—_ 7] = i tefg(tf‘r) T = i
oo = 0(—) [ ar =O0(5 =)
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