Improving online FDR procedures
via online analogs of e-closure and compound e-values

Ziyu Xu!

Lasse Fischer?

Aaditya Ramdas'

!Carnegie Mellon University, USA
2University of Bremen, Germany

Abstract

In many scientific applications, hypotheses are gen-
erated and tested continuously in a stream. We
develop a framework for improving online mul-
tiple testing procedures with false discovery rate
(FDR) control under arbitrary dependence. Our
approach is two-fold: we construct methods via
the online e-closure principle, as well as a novel
formulation of online compound e-values that is
defined through donations. This yields strict power
improvements over state-of-the-art e-value and p-
value procedures while retaining FDR control. For
standard immediate-decision online donation pro-
cedures, we further derive algorithms that compute
the decision at time ¢ in O(logt) time, and we
demonstrate improved empirical performance on
synthetic and real data.

1 INTRODUCTION

Large-scale hypothesis testing has become prevalent in mul-
tiple industries, such as A/B testing, genomics, clinical trials,
neuroscience, and online monitoring, where the scientist
wishes to filter for hypotheses where a true discovery is
made and further investigation or action is merited. Online
error control is particularly important in platform clinical
trials (Robertson et al., [2023; Zehetmayer et al.,|2022) and
streaming anomaly detection (Lavin and Ahmad, 2015)),
where evidence arrives sequentially and testing decisions
may trigger costly follow-up actions. Automated methods
for doing so have become particularly prevalent as of late,
with the rapidly improving capabilities of large language
models (LLMs) to either act as an autonomous agent for
generating hypotheses that it can then investigate, or as part
of a human-in-the-loop system where the human scientist
generates hypotheses and the model helps to triage them.
In either case, hypotheses are often formulated in a sequen-
tial manner where the scientist (or LLM agent) generates

some candidate hypotheses, gathers or analyzes data in the
context of hypotheses, and then continues to generate more
hypotheses to further elucidate their model of the world.
Thus, one must provide statistical guardrails to such a sys-
tem to ensure that the agent or system does not make too
many false discoveries, and overfit their conclusions to the
data at hand.

This motivates the problem of online multiple hypothesis
testing (Foster and Stinel [2008)), where we assume that there
is an infinite stream of hypotheses Hy, H, ..., and a new
hypothesis arrives at each time step. As each hypothesis
arrives, we assume we must make the decision whether
to reject or accept the null hypothesis. Let ' € N :=
{1,2, ...} denote the set of null hypotheses, i.e., the subset
of indices where the null hypothesis is true. Consequently,
we output a monotonically growing sequence of discovery
sets ) = Rg C Ry C R»,... for each time step t € N,
where R, contains ¢ if and only if we reject the ¢th null
hypothesis.

Error metrics to control. The false positive criterion we
wish to control is an online version of the false discovery rate
(FDR) (Benjamini and Hochberg,, |1995)), an error criterion
that has been central to statistical methodology in the offline
multiple testing setting, where the number of hypotheses is
known beforehand, for several decades. We define the FDR,
along with the false discovery proportion (FDP), as follows:

__ 1SN R|
"RV’

FDPs(R) FDR(R) := E [FDPx/(R)] .
In the above notation for FDP, S is a candidate set of null
hypotheses and R is the discovery set the error metric is
being evaluated on. The FDR is defined as the expectation
of the FDP on the true null hypotheses . In the online
setting, we output a novel discovery set at each time step ¢,
which motivates the following online error metric that was
recently proposed by [Fischer et al.|(2025)):

SupFDR(R) := E [sup FDP(Rt)] .
teN
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Figure 1: Summary of the paper’s main technical contributions.

Online multiple testing with false discovery rate (FDR)
control has been studied extensively in recent work (Xu
and Ramdas|, 2024)). In this problem, we receive hypotheses
in a stream, along with some data associated with those
hypotheses. We then wish to produce a discovery set with
control of the FDR at a fixed level 6 € (0, 1], and maximize
the number of discoveries that we make. An interesting
challenge that the online setting presents, in contrast to the
classical offline multiple testing setting where one possesses
a fixed, known number of hypotheses beforehand, is how to
define the notion of FDR, now that one will output multiple
discovery sets (usually one per time step).

Xu and Ramdas| (2024) initiated a line of study in the use
of e-values for onlineFDR control, a weaker form of FDR
control for the online multiple testing setting (although |[Fis{
cher et al.| (2025) later showed that their methods controlled
SupFDR as well), and assumed that the dependence between
the data collected for different hypotheses was unknown. E-
values are nonnegative random variables with expectation at
most 1 under the null hypothesis, and have been shown to be
useful for multiple testing in both offline and online settings
— see/Ramdas and Wang|(2025) for an overview. Practically,
many settings where online multiple testing is utilized (e.g.,
platform clinical trials (Robertson et al., 2023} Zehetmayer|
et al.,[2022)) involve adaptive and sequential data collection,
where e-values are more natural to construct than p-values
(Ramdas et al., 2022)). Further, offline e-closure ideas (Xu.
et al.| 2025)) suggest a unified way to characterize and im-
prove e-value procedures, which we now adapt to the online
SupFDR setting.

A brief overview of multiple testing. Multiple testing
methods provide error guarantees when many hypotheses
are tested together, and classically it is assumed that one
knows the finite number of hypotheses a priori, i.e., offline
multiple testing. The benchmark method for this setting is
the Benjamini-Hochberg (BH) procedure (Benjamini and
Hochberg| [1995), which is valid under independence or pos-
itive dependence among the p-values for each hypothesis,
while the Benjamini-Yekutieli (BY) correction (Benjamini
and Yekutieli, 2001) provides an analog that is valid under
arbitrary dependence among the p-values. Another natu-
ral criterion for multiple testing is family-wise error rate
(FWER) control, which controls the probability of making
even one false discovery. FDR methods became popular

as a less conservative alternative to FWER methods, since
FWER control can be overly stringent in many applications
(Benjamini and Hochberg, |1995; |Lehmann and Romano,
2005)). In online testing, hypotheses arrive sequentially and
decisions must be made as the stream unfolds. In this setting,
e-LOND is the standard e-value LOND procedure under
arbitrary dependence, and r-LOND is a reshaped p-value
LOND procedure that achieves arbitrary dependence valid-
ity by using reshaping functions. We recall both procedures
formally below before presenting our improvements.

Contributions In this paper we introduce a framework
that improves the power of existing online multiple test-
ing procedures with FDR control. We first introduce an
online e-closure principle for SupFDR control and apply it
to improve a wide variety of online e-value and calibrated
p-value procedures. This is not a direct reuse of the offline
e-closure construction: the online setting requires an increas-
ing e-collection over an infinite stream, validity uniformly
over time, and test levels that can be recomputed sequen-
tially using only past data. This methodology yields strict
improvements over the status quo, but the resulting closed
procedures are computationally expensive and may require
O(t?) time to compute the rejection decision at time ¢. This
quickly becomes costly in long streams.

Thus, another of the key contributions of this paper is de-
riving a practical algorithm that can improve power while
being computationally tractable in the standard immediate-
decision online setting. We provide a novel framework for
generally improving e-value based online multiple testing
procedures with FDR control, and show that it has practical
power improvements over existing methods while requir-
ing only O(logt) time to compute the rejection decision
at time ¢ for the donation e-LOND and donation -LOND
procedures. Our method is based on a novel notion of online
compound e-values, which generalizes the notion of com-
pound e-values for offline multiple testing (Ignatiadis et al.,
2025)) to the online setting. We show that online compound
e-values can be used to generally improve online multiple
testing procedures with FDR control, and demonstrate its
empirical performance on both synthetic and real data. We
also provide a user-friendly implementation of our methods
in the accompanying code, and demonstrate that these do-
nation methods are also computationally more efficient in
practice.

7553



Our primary contributions are as follows, and are also visu-
ally summarized in Figure[I]

1. Closure-based strict power improvements for standard
online testing. We introduce an online e-closure princi-
ple for SupFDR control and use it to formulate strict
improvements over e-LOND (Xu and Ramdas, [2024)
and r-LOND (Zrnic et al., 2021). We derive novel ex-
plicit formulations for the next test level, which involves
an optimization problem over subsets of the first ¢ — 1
hypotheses. Since naive optimization would require com-
putation that is exponential in ¢, we also provide dynamic
programming decomposition that only requires O(#2)
time to compute the next test level.

2. A computationally efficient donation framework for strict
improvement. Since O(t?) computation remains ineffi-
cient for moderately large values of ¢ (i.e., in the thou-
sands), we introduce a novel framework based on dona-
tions and online compound e-values, and show that it can
also strictly improve e-LOND and r-LOND while remain-
ing computationally tractable, requiring only O(logt)
computation per time step. A central technical ingredient
is our notion of online compound e-values, which powers
the donation framework.

3. Extensions beyond the standard online multiple testing
setting. Our donation framework is not restricted to only
improving standard online multiple testing algorithms.
We extend our framework to variants of the online multi-
ple testing problem such as the acceptance-to-rejection
setting of [Fischer et al.| (2025)) and the decision dead-
lines setting of |[Fisher| (2022)), where we also derive strict
improvements of existing algorithms. Lastly, we show
that we can construct an efficient version of eBH (Wang
and Ramdas| 2022) that is strictly more powerful for
offline multiple testing, and is computationally more ef-
ficient than the eBH procedures of Xu et al.[(2025)); for
m hypotheses, we require O(m log m) computation as
opposed to the O(m? log m) required by eBH.

We then demonstrate the empirical performance of our
method on both synthetic and real data, where we see that
both the power and computational improvements of the
methods in this paper are nontrivial. Table[I| gives a com-
pact summary of all improved procedures and their compu-
tational costs. By default, theorem proofs are deferred to

Appendix [B]

2 IMPROVING E-VALUE BASED
PROCEDURES

Each arriving hypothesis H, is paired with either an e-value
E or a p-value P, depending on the procedure under con-
sideration. Formally, the ¢th e-value and p-value satisfy the
following properties, respectively:

E[E,] <1ifteN. (1
P(P, <s) <sforall s € [0,1]ift € V.

Setting  Base Type Method Runtime
Standard e-LOND Closed e-LOND ot?)
Donation donation O(logt)
e-LOND
r-LOND Closed r-LOND ot?)
Donation donation O(logt)
r-LOND
ARC online Donation donation O(tlogt)
e-BH online e-BH
Decision e-TOAD Donation donation O(tlogt)
deadlines e-TOAD
Offline  e-BH Closed eBH O(m?logm)

Donation donation e-BH O(m log m)

Table 1: Method summary of improved procedures grouped
by setting and base procedure. For online methods, the “Run-
time” column gives the asymptotic complexity of the tth
online decision; cumulative costs over m online hypotheses
are obtained by summing these per-decision costs. For of-
fline methods, m is the number of hypotheses in the batch.

Online multiple testing algorithms can be viewed as pro-
ducing a sequence of test levels a, where a; is the level
used at time ¢. For e-value procedures, we reject H; when
By > o L for p-value procedures, we reject H; when
P, < a;. Thus, the induced discovery sets are:

_Jliell B 2o}
Be= {{ie [t]: P < oy}

for e-values
)
for p-values

where [t] .= {1,...,t}. We say that a procedure with dis-
covery sets R strictly improves another procedure with dis-
covery sets R’ if R; O Rj for all ¢ € N almost surely,
and there exists a data-generating distribution such that
P(3t € N: R, D R}) > 0. Under unknown dependence
between e-values, e-LOND controls SupFDR (Xu and Ram/{
das| 2024} [Fischer et al., |2025). The e-LOND procedure
uses a sequence of test levels o defined by

oy =0y (|Re—1|+1), ()

where 7 is a fixed nonnegative sequence of user-chosen
constants such that ZteN v¢ < 1. Similarly, Zrnic et al.
(2021)); Javanmard and Montanari (2018]) showed that the
following sequence of test levels a ensures FDR control for
p-values with arbitrary dependence:

ap = 0y By (| Re—1] + 1), (3

where ((3;) is a sequence of reshaping functions (Blanchard
and Roquain, 2008). A function 3 : [0,00) — [0,00) is a
reshaping function if 3 can be written as 3(r) = [ @ dv(x)
where v is any probability measure on [0, 00). A typical
choice, which is the online analog of the Benjamini and
Yekutieli| (2001) correction for offline multiple testing under
arbitrary dependence, is B;(r) = (|r] A t)/{;, where {; =
> ic " is the tth harmonic number.
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We will demonstrate how to improve on both of these meth-
ods in the online setting in this paper, among others.

2.1 THE ONLINE SUPFDR E-CLOSURE
PRINCIPLE

We develop an online e-closure principle that improves on
existing methods in the online setting. Recently, Xu et al.
(2025)) proposed an e-Closure Principle and used this to
improve the e-BH and the BY procedure for offline FDR
control. |[Fischer et al.| (2024) generalized the classical Clo-
sure Principle for FWER control (Marcus et al.;[1976) to the
online setting by using increasing families of local tests. In
the following, we extend these ideas to introduce a SupFDR
e-Closure Principle for the online setting.

Let (F;)ten be a filtration where F; denotes information
available by time ¢. Let o(X) denote the sigma-algebra
formed by a set X. Thus, we define each element of the
filtration as the sigma-algebra 7y = o({E;};cpy) if one
is working with e-values, and 7; = o({P;};c[y) if one is
working with p-values. For the purposes of this framework,
we consider a more general type of online procedure that
outputs a collection C; C 2!*) of candidate rejection sets
at each time ¢, with C; being measurable w.r.t. F;. An e-
collection is a family (Es)gcn, |s|<oo» With Ey = 0, such
that each E'g is an e-value for the intersection null Hg =
NicsH; when S is nonempty. In our online setting, we
require increasing e-collections:

Eg < Egug forall S,8" € Ns.t. min S’ > sup S.

Given an increasing e-collection, define:

FDPg(R)

Ct:{Rg[t]ES’Z 5

forall S C [t]} . @
When (Eg) is increasing, the collections are nested (C; C
Cy C ...), which is needed to obtain SupFDR control.

Theorem 1 (Online SupFDR e-closure). Let
(Es)scn, |S|<oo be an increasing e-collection. As-
sume Eg is measurable with respect to Fgp(s) for all finite
nonempty S. Then the associated e-closure collections
(Ct)ten in @) form an online procedure that satisfies

E |sup sup FDPxr(R)| < 6.
teN ReCy

Consequently, any discovery sequence R with R; € C; for
all t € N controls SupFDR at level 6.

Proof details are deferred to Appendix [B.1] When work-
ing with a stream of e-values, one explicit increasing e-
collection is

Es =Y v sn E: for all finite § C N. 5)
€S

For example, E{3 3y = 71E2 + 72 E3. This e-collection
is increasing: if we append indices larger than max S, the

existing summands stay unchanged and we only add non-
negative terms. As a result, we get the following constraint
on F; for making a discovery at time ¢, i.e., for R;_1 U {t}
to be in Cy:

FDPs(R;_1 U {t}) < 6Eg forall S e 211,

With this closure framework in place, we now begin our first
construction: applying the above increasing e-collection to
derive a procedure that strictly improves over e-LOND. To
see the resulting level, the constraints with ¢ ¢ S are already
implied by R;_1 € C;_1. For the constraints with ¢t € S,
write S = S’U{¢} with S’ C [t—1] and solve the inequality

1+ ]S NR_|

R -1 <6 (Es +vs/1+1E¢)

for E,;. Taking the largest required lower bound over S’
yields the following test levels; we call the resulting proce-
dure e-LOND (closed e-LOND).

V5141 (|1 Re—1| + 1)

6
Di(S) ; (6)

oy =
SClt—1]:
D(S)>0

Dy(S) =14 SN Ri—1| = 0Es(|Re—1] + 1).

Theorem 2. The e-LOND procedure defined by the test lev-
els in (6) ensures SupFDR control at level § under arbitrary
dependence between e-values, and dominates e-LOND when
~ is nonincreasing. It strictly improves over e-LOND when
the sequence has a strict decrease, i.e., instance vy; > ;i1
for some i € N.

Proof. The preceding derivation gives the exact threshold
required for R;_1 U {¢} to satisfy all closure constraints
involving the new index ¢. The constraints not involving ¢
are already satisfied because R;_1 € C;_1. Thus, whenever
e-LOND rejects at time ¢, we have R, = Ry U {t} € Cy;
if it does not reject, then R; = R;_1 € C; by monotonicity
of the closure constraints. By induction, R; € C; for all ¢,
so SupFDR control follows from Theorem T}

It remains to compare the test levels with e-LOND. Since
Ri_1 € Ci_1,forevery S C [t—1] we have FDPg(R;—1) <
0Fg, and hence

ISARe_1| — 6Bs|Re_1| < 0.

For any nonvacuous constraint in @, the denominator is
therefore at most one, while the nonincreasingness of ~
gives 7|sj+1 = - Each candidate level is consequently
at least 0y¢(|R¢—1| + 1), the e-LOND level in (2). Hence
e-LOND dominates e-LOND.

Strict improvement is possible already at ¢ = 2. On an
event with positive probability where E; = (671)~*, both
methods reject Hy, and the S = {1} constraint in (6) is
vacuous because

1+ ‘SﬁR1| —5E5’(|R1| +1) = 2—25’71E1 =0.

7555



Thus a§TONP = 25v; > 2575 = aSOND when 41 > 7s.
A two-point construction with positive probability on this
value of E'y, and with E falling between the two rejection
thresholds with positive probability, gives an explicit distri-
bution on which e-LOND rejects H, while e-LOND does
not. O

Computation via dynamic programming. Although we
have shown that e-LOND strictly improves over e-LOND, it
is expensive to compute. While Xu et al.| (2025) developed
computational shortcuts for the offline e-closure principle,
it is not obvious how to adapt such shortcuts to the online
setting due to the weighted merging of e-values involved in
solving the maximization problem in (6). A naive compu-
tation would require exponential time in ¢, while dynamic
programming reduces this to a worst-case O(¢?) computa-
tion per time step. To carry out this computation, we define:

Ut (iv k ) =

max
SCli):|S|=k

SN Ry—1| = 6Es(|Re—1| +1).
The e-LOND choice of « in (6) can be computed as

Vi1 (|Re—1]| + 1)
1 + ’Ut(t — 1, k)

ke{0}U[t—1]:
1+ (¢—1,k)>0

We can compute v, (i, k) fori € [t—1]and k € {0} U[t —1]
using the following dynamic programming formula (for
k > 1, and with v;(7,0) = 0):

ve(i, k) = max {ve (i — 1, k),
’Ut(i - ].,k - ].) + 1{2 S Rtfl} - (5’7]€Ei(|Rt,1| + 1)} .

Thus, computing the dynamic program requires O(¢?) time.
However, this quickly becomes computationally costly in
practice, motivating the need for more efficient methods.

Remark 3. One minor drawback of the e-collection in (3)) is
that showing strict improvement in Theorem [2]requires -y to
be nonincreasing. To avoid this restriction, we can define

Es = Z %‘,SEz',
i€S

where ;5 = 37 vy V; and Ng (i) = {max(S N [i —
1))+1,...,4}, with the convention max(@)) = 0. Intuitively,
this is still a weighted sum of the e-values in S, but each
weight aggregates y-mass between consecutive selected
indices in time order. This requires different computational
shortcuts for test-level computation; see Appendix

2.2 COMPOUND E-VALUES VIA DONATION

So far, online multiple testing methods have primarily
treated e-values either as direct inputs or as intermediaries
for improving p-value procedures. However, we will in-
stead leverage the notion of compound e-values to sub-
stantially improve power. In offline multiple testing with

a fixed m € N, one calls nonnegative random variables
(Er, ..., E,) compound e-values if D ieN E[E;] < m (g
natiadis et al., 2025)). This relaxes the usual e-value condi-
tion in (T)). We now introduce the online, y-weighted analog
together with donation sequences used to construct it. Fix a

nonnegative sequence v = (V¢ )ren With ), v < 1.

Definition 4 (~y-online compound e-values and ~y-weighted
donations). For this fixed ~:

(i) E = (Et)teN is a stream of ~y-online compound e-values
(ii) B = (B¢)ten is ay-weighted donation if Zie[t] v:B; <
Oforallt € N,and B, > —(E; A1) forallt € N.
We first note that weighted self-consistency applied to on-
line compound e-values has valid SupFDR control. Define

the following collection of finite weighted self-consistent
discovery sets:

~ 1
C:= {RCN:|R|<OO7 Ef,ZforallteR}7
6ve| R
@)

where (6;|R|)~! is interpreted as +oco when 7; = 0.

Proposition 5. Let El, Eg, ..
compound e-values. Then,

. be a stream of ~-online

E [sup FDP(R)] <.
ReC

A full proof is provided in Appendix [B.2} Now that we have
shown that online compound e-values can be used to control
SupFDR, we introduce a construction that, when combined
with the test levels of e-LOND, strictly dominates e-LOND
applied only to the original e-values. This construction is
computationally efficient, requiring only O(logt) time to
compute the compound e-value and hence the rejection
decision at each time step. Further, it is robust to unknown
dependence between e-values. Now, we will define how to
construct online compound e-values via donation. Let B be
any ~y-weighted donation sequence as in Definition 4] Note
that B can be arbitrarily dependent with E. We first note the
following property.

Proposition 6. Let E, = E, + B,. Then, forallt € N, E
is a valid sequence of ~y-online compound e-values.

Proof details are deferred to Appendix [B.3]

As a result, we can choose any ~y-weighted donation B to
construct online compound e-values E for e-LOND while
retaining SupFDR control. Furthermore, we can take a supre-
mum over choices of B and still retain FDP control. Let
C(B) be the collection of finite discovery sets defined by
the online weighted self-consistency condition in {7) with
online compound e-values E, = E, + B, for a specific
choice of B. For a stream of arbitrarily dependent e-values
E, let 5 be the set of all valid y-weighted donations. Then
we have:
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Proposition 7. For any stream of e-values Eq, Es, . .., we
have that

E |sup sup FDP(R)

BeB ReC(B)

<.

See Appendix [B.4]for the proof.

As a result, we can define an algorithm that is equivalent
to choosing the following test levels. Define the following
“wealth” quantity for each ¢ € N:

W 3 2 (5 mmorn) )

1€ER; 1

o2

1€[t—1]\R¢—1

Yi(Ei A1),

where R; 1 = {i € [t — 1] : E; > a; '} is defined by the
following test levels:

Oye([Bea+ 1)
I (O(Reea| + WA D)

oy = 3
We refer to this procedure as donation e-LOND. The con-
vention Ry = () makes W; = 0 and hence o; = ;.
Intuitively, T; is the largest y-weighted amount of past evi-
dence that can be shifted to F; while keeping all previous
discoveries in R;_; valid and respecting the donation bud-
get. Thus, previous e-values that exceed what is needed for
their current rejection can donate excess mass, and unre-
jected e-values can donate up to F; A 1.

Note that (1 — (§(|Rs—1| +1)W; A1))~! > 1, so donation
e-LOND always has test levels at least as large as e-LOND.
The two improvements should be viewed as complementary:
neither donation e-LOND nor e-LOND dominates the other
pointwise, although both dominate e-LOND. We now have
the following result.

Theorem 8. Donation e-LOND controls the SupFDR at
level 6, and strictly improves over e-LOND.

Proof sketch. Suppose at time ¢ that we want the enlarged
rejection set R;_1 U {¢} to be weighted self-consistent for
some valid ~-weighted donation B. This requires

1
0V (|Re—1] + 1)’
1
e e Y
vi(|Re—1| + 1)

L+ B > 9

E;+ B foreachi € R;_1.(10)
The donation budget gives v, B; < — ), _, v B;. To make
rejection of H; as easy as possible, we maximize the dona-
tion available to ¢ by choosing the smallest feasible B; for
each past index. For i € R;_1, (I0) and B; > —(E; A 1)
imply

. 1
prin— (— B )v(=1),
Z <6w<RH+1> > -

SO

. 1
—iBZI-nm: i/\ Z‘Ei—i .
! ! (7 6(Rt_1+1>>
Fori ¢ R;_1, there is no rejection-preserving constraint, so
Bt = —(E; A1) and —y; B"™ = ~;(E; A 1). Summing
these maximal past contributions yields exactly W;, and
hence the largest feasible donation to the new hypothesis is
VB = Wi, up to the point where the rejection constraint
is already vacuous. Substituting B; = W/, into (9) gives
1 W,
B> —1 !
Ve([Real +1)  m
1—=0(|Rt—1]| + 1)
([ Re—1] +1)

When §(|R;—1| + 1)W; > 1, the right-hand side is non-
positive, so any nonnegative e-value satisfies the con-
straint. This is captured by replacing the numerator with
1 — (6(|R¢—1| + 1)W; A 1), which is equivalent to the test
level in (8). SupFDR control then follows from Proposi-
tion[7} the strict improvement over e-LOND follows from
the displayed test level being at least the e-LOND level,
with strict inequality possible when past evidence can do-
nate positive mass. O

The proof appears in Appendix

Efficient donation computation. To efficiently compute
the test levels in (§), we need to update W; efficiently at
each time step. The only nontrivial component to compute is
the summation over terms in R;_1, i.e., our term of interest

is
i 1
Wit = i\ Bi— 7 | M
t ieRZ,,_l’y <( 5%‘(|Rt—1|+1)> )

>

i€ER 1

1
E ('y 3R]+ 1>>

Define

i)
[Ria|+1)

1 .
_ )b srEsmn EnlE -
i otherwise.

@) =5 A <7E T

1
D) < sqmmD

As a result, we need to threshold on the value of v;(E; — 1)

for each ¢ € [t] to determine what value wt(”

compute the sum of u‘;,E” efficiently, we maintain an aug-
mented binary search tree where the key is ; (E; — 1) for
each ¢ € R;_;. We augment each node with sums of v, F;,
7; and a count of nodes for all nodes ¢ that are in the tree.
Therefore, when split on ~; (F; — 1), we have already com-
puted our desired quantities. Consequently, the computation
is simply O(log(|R:—1|)) < O(logt) whenever we make a
discovery, i.e., the insertion cost into the augmented binary
search tree.

takes on. To
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3 IMPROVING P-VALUE BASED
PROCEDURES

Using the above results for improving e-value based pro-
cedures, we can also improve the r-LOND procedure for
p-value based procedures. Xu and Ramdas| (2024) observed
that the r-LOND procedure was equivalent to applying e-
LOND where the e-values were defined by E; = f;(FP;),
where we let f; be the following calibrator similar to the cal-
ibrator for r-LOND Xu and Ramdas| (2024) for each ¢t € N:

_ Up <ot/
B 5%((?&/@%)) v 11 '

As a result, we can apply online e-closure principle to p-
value based procedures and achieve SupFDR control. No-
tably, unlike the formulation of r-LOND as the application
of e-LOND to calibrated p-values f;(P;) fort € N, we
instead construct a new e-collection. The calibrator index
below is the rank | SN[é]| of hypothesis ¢ within the subset S,
rather than its global time index <. This rank-based choice is
what makes the dynamic program in Appendix [A.3|depend
only on the subset size, giving an O(¢?) computation. Let

fi(p) (11)

Es = stmi]\f\smi]\(ﬂ)
ies

1
_6;9

Consequently, we define -LOND (closed r-LOND) as

P < osnp S 0 [/ snpa

12
[(Pilsnpa/ (0Msn)) V 1 (12

05141 _
=1 i AEg(t))! 101
= 1A min g L(GAEs(t)) ™" A (S| + 1013)
AEs(t)>0
14+ SN R_|
where AFg(t) = ——m———— —
SO = SR T+ )

Note that the constraint set is never empty since we can
always select S = (0.

Theorem 9. r-LOND controls the SupFDR at level § for
arbitrarily dependent p-values. Further, when i~y; /¢; is non-
increasing in i for © € N, r-LOND dominates r-LOND. It
strictly improves over r-LOND when there is a strict de-
crease, i.e., y; > 7iy1 for some i € N.

The proof is deferred to Appendix [B.6] We also elaborate
on computational details for -LOND in Appendix |A.3| but
they are similar to that of e-LOND, and it consequently
requires only O(#?) computation at each time step.

Define the donation excess-wealth term W, as we do in (BI),
but using the calibrated e-values derived via By = fi(P;).
We then obtain the following test levels for arbitrarily de-
pendent p-values:

|Ri—1] +1

Ql — O Rt + W A 1>J “) '
(14)

o
Oét:Zl/\%
t

S -

Theorem 10. Donation r-LOND controls the SupFDR at
level § for arbitrarily dependent p-values, and can strictly
improve over r-LOND.

A proof of the above is deferred to Appendix

4 SIMULATIONS

We compare our procedures in a local dependence setup
inspired by Zrnic et al.[(2021). Each hypothesis ¢ € [m]
produces a single Gaussian observation with 19 = 0 under
the null and i1 = 3 under the alternative, where m; denotes
the probability of the alternative being true; we set m =
200. For a fixed lag L = 100, samples within distance
L of one another share Gaussian copula dependence: the
covariance matrix satisfies 2; ; = 0.5/l for |i — j| < L
and zero otherwise, and we verify positive semidefiniteness
numerically for each simulated dimension. The resulting e-
values and p-values are based on Gaussian likelihood ratios
and the Gaussian c.d.f. — see Appendix|C.3|for details. Each
design is averaged over n = 200 trials. For all methods,
we use the sequence where v; = (t(t + 1))~! for each
t € N unless otherwise stated. We also consider additional
simulation settings in Appendix

We see in Figure [2] the results of applying the base pro-
cedure of e-LOND and r-LOND, as well as the power
gain our procedures offer over both e-LOND and r-LOND.
Both donation e-LOND and e-LOND outperform e-LOND,
with e-LOND’s power differential increasing over donation
e-LOND as the proportion of non-nulls increases. Simi-
larly, both donation r-LOND and r-LOND also outperform
r-LOND, with r-LOND’s power differential increasing over
donation r-LOND as the proportion of non-nulls increases.
Thus, we see that our frameworks for improving the power
of both procedures have practical results.

Runtime comparison To quantify the computation—
power tradeoff, we run the same local dependence Gaus-
sian simulation with m; = 0.3, hypothesis counts up to
m = 3000, and n = 80 trials. Wall-clock times were mea-
sured in single-threaded runs on an AMD Ryzen 9 9950X
CPU. Figure shows that as m grows, e-LOND goes from
milliseconds to roughly an hour, while e-LOND and dona-
tion e-LOND remain in the millisecond range; the r-LOND
variants show the same pattern. In cumulative terms over
m online decisions, closed variants scale as O(m?) when
recomputed from scratch, while donation e-LOND and dona-
tion r-LOND scale as O(m log m) with the augmented-tree
updates described above.

S REAL DATA EXPERIMENT

We also evaluate our procedures on the NYC taxi demand
anomaly-detection experiment used by |Zhang et al.| (2026)).
The NYC taxi dataset (Lavin and Ahmad, 2015) records
taxi demand over time. We use the likelihood-ratio e-value
setup of |Zhang et al.|(2026)); details and annotation-window
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Figure 2: Local dependence simulation summary over 200 trials. The left column shows e-value procedures and the right
column shows p-value procedures. The top row reports power as the non-null fraction 7; increases (with ¢ = 3 and § = 0.1),
while the bottom row reports mean wall-clock runtime (log scale) as the number of hypotheses increases. Donation and
closed variants improve power over the corresponding baselines, and donation variants remain computationally practical

compared with closed variants.

e-LOND d-eLOND e-LOND
8 16 10

Table 2: Discoveries coinciding with annotated anoma-
lous periods for each e-value procedure on the NYC taxi
dataset. Donation e-LOND and e-LOND both improve over
e-LOND, with donation e-LOND detecting the largest num-
ber of annotated anomalies.

interpretation are in Appendix [C.2] Because the density ratio
1s fitted and normalized from the observed series, this is an
empirical anomaly-detection illustration rather than a formal
SupFDR validation under estimated density ratios. Table 2]
reports rejections inside annotated anomaly windows. These
annotations are incomplete event windows rather than exact
true-discovery labels. Both e-LOND and donation e-LOND
outperform e-LOND, with donation e-LOND having the
largest gain. This also illustrates that e-LOND and donation
e-LOND do not dominate each other, despite each strictly
improving over e-LOND. We visualize the discoveries in

Figure

6 EXTENSIONS

The donation framework also improves three other classes
of algorithms.

1. Online acceptance-to-rejection (ARC) and decision
deadlines. [Fischer et al.| (2025)) introduced the online
ARC problem, where decisions need not be immediate.
We use donations to efficiently improve online e-BH and
the decision-deadline procedure of [Fisher| (2022); see

Appendix

2. Offline multiple testing. Donations yield compound
e-values for eBH, improving power while computing
a strictly more powerful discovery set in O(m logm)
time rather than the quadratic time of closed eBH; see

Appendix

3. Randomization: [ Xu and Ramdas| (2026) and |Xu and
Ramdas| (2024) used randomization to improve multiple-
testing procedures; we apply the same idea to donation
procedures in Appendix

7 RELATED WORK

Online multiple testing with FDR control has been studied
extensively. Javanmard and Montanari| (2018]) introduced on-
line FDR control and LORD under independence, followed
by increasingly powerful algorithms under independence or
conditional validity assumptions (Ramdas et al.,[2017; |Zrnic
et al., 2020). Ramdas et al. (2018)) and [Tian and Ramdas
(2019) formulate adaptive and discarding LORD variants
in the style of |Storey| (2002)) and |[Zhao et al.|(2019). These
methods are powerful under their assumptions, but they are
not valid in the arbitrary-dependence SupFDR setting con-
sidered here, so they are not direct baselines. More recently
Zhang et al.|(2026)) proposed a conditional-validity method
for p-values and e-values.

A line of work has also considered other dependence struc-
tures. In addition to defining r-LOND under arbitrary depen-
dence, [Zrnic et al.|(2021) study global positive and local de-
pendence; Fisher| (2024) shows that LORD and SAFFRON
are valid under another positive-dependence notion; and
Jankovic et al.| (2026) consider asymptotic online FWER
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Figure 3: Plot of NYC taxi usage over time, with red high-
lighted periods indicating anomalous periods. We can see
donation e-LOND making more discoveries in these periods
than e-LOND (circled in black).

control for weakly dependent data.

Outside of [ Xu and Ramdas| (2024), e-values have also been
used for online FWER control: [Fischer and Ramdas| (2025}
showed that admissible online methods controlling FDP tail
probabilities must use e-values.

Different online multiple testing analogs of FDR.
SupFDR is stronger than two classical online FDR criteria.
The first is onlineFDR (Javanmard and Montanari, [2018)):

onlineFDR(R)) := sup FDR(R;).
teN

Fischer et al.|(2025) also defined the stopping-time criterion
StopFDR(R\) := sup FDR(R,),
TeT

where 7 is the set of stopping times. SupFDR control im-
plies both because sup, E[FDP(R;)] < E[sup, FDP(R;)]
and FDP(R;) < sup, FDP(R,) for any stopping time 7.

8 CONCLUSION

We introduced a framework for improving online multiple
testing procedures under unknown dependence, with a focus
on SupFDR control. Online e-closure yields closed proce-
dures that dominate their baselines, including e-LOND and
r-LOND, but can be expensive in long streams. The donation
framework instead constructs online compound e-values
via y-weighted donations, giving computationally efficient
improvements such as donation e-LOND and donation r-
LOND. Together, these approaches provide a principled
tradeoff between power and computation. An important di-
rection is to further narrow this computational gap, or show
that it is irreducible.
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