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Abstract

Events in spatiotemporal domains arise in nu-
merous real-world applications, where uncover-
ing event relationships and enabling accurate pre-
diction are central challenges. Classical Poisson
and Hawkes processes rely on restrictive para-
metric assumptions that limit their ability to cap-
ture complex interaction patterns, while recent
neural point process models increase representa-
tional capacity but integrate event information in
a black-box manner, hindering interpretable rela-
tionship discovery. To address these limitations,
we propose a Kronecker-Structured Nonparamet-
ric Spatiotemporal Point Process (KSTPP) that
enables transparent event-wise relationship dis-
covery while retaining high modeling flexibility.
We model the background intensity with a spatial
Gaussian process (GP) and the influence kernel
as a spatiotemporal GP, allowing rich interaction
patterns including excitation, inhibition, neutrality,
and time-varying effects. To enable scalable train-
ing and prediction, we adopt separable product
kernels and represent the GPs on structured grids,
inducing Kronecker-structured covariance matri-
ces. Exploiting Kronecker algebra substantially
reduces computational cost and allows the model
to scale to large event collections. In addition, we
develop a tensor-product Gauss-Legendre quadra-
ture scheme to efficiently evaluate intractable like-
lihood integrals. Extensive experiments demon-
strate the effectiveness of our framework. The
code is released at https://github.com/
BayesianAIGroup/KSTPP.
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1 INTRODUCTION

Spatiotemporal events arise in many real-world domains,
including weather dynamics, traffic accidents, natural disas-
ters, epidemics, and population migration. Modeling such
events for relationship discovery and predictive analysis is
crucial. Understanding interactions among events facilitates
uncovering the underlying mechanisms driving these phe-
nomena, while accurate prediction enables risk monitoring,
early warning, and timely intervention.

Existing spatiotemporal point process models — though
widely used — face several limitations. Classical Poisson
processes assume event independence and thus ignore mu-
tual influences. Hawkes processes [Hawkes| | 1971] introduce
self-excitation via triggering effects from past events but typ-
ically rely on parametric kernels (e.g., exponential forms),
which restrict their ability to capture diverse temporal pat-
terns and inhibitory interactions.

At the other extreme, recent neural point process mod-
els directly parameterize the conditional intensity using
deep architectures. For example, Neural Hawkes pro-
cesses [Mei and Eisner, [2017]] and Recurrent Marked Point
Processes [Du et al., [2016] encode event histories via re-
current neural networks; Neural Spatial Temporal Point
Processes [[Chen et al., [2021]] and Neural Jump Stochas-
tic Differential Equations [Jia and Benson| [2019] incorpo-
rate continuous latent dynamics; and Transformer Hawkes
Processes [Zuo et al., |2020] and Self-Attentive Hawkes
Processes [[Zhang et al.,|2020] leverage transformer-based
encoders. Although these approaches substantially enhance
representational capacity, event interactions are encoded
implicitly within latent states, hindering explicit and inter-
pretable relationship discovery.

To address these limitations, we propose KSTPP, a
Kronecker-Structured Nonparametric Spatiotemporal Point
Process. Our framework enables transparent and explicit
discovery of event-wise relationships while retaining high
modeling flexibility to capture complex interaction patterns,
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including excitation, inhibition, neutrality, and time-varying
effects. Our main contributions are summarized as follows:

* Model. We model the background intensity with a spa-
tial Gaussian process (GP) and the influence kernel as a
spatiotemporal GP. The conditional intensity is defined
as the superposition of the background intensity and
the aggregated influence from past events, followed
by a positive link function. This formulation flexibly
captures spontaneous occurrences and heterogeneous
interaction patterns while maintaining explicit and in-
terpretable representations of event relationships.

Algorithm. To enable efficient maximum likelihood
training and predictive inference, we employ separa-
ble product kernels and represent each GP on struc-
tured grids using inducing points, inducing Kronecker-
structured covariance matrices. By exploiting Kro-
necker algebra, covariance operations decompose
across input dimensions, substantially reducing com-
putational complexity and enabling scalability to large
event collections. To address the intractable integrals
arising in likelihood evaluation and predictive den-
sity computation, we further develop a tensor-product
Gauss-Legendre quadrature scheme. Leveraging the
same Kronecker structure, we efficiently evaluate the
GPs on structured quadrature grids, enabling tractable
numerical evaluation of the required intensity integrals.

Experiments. Experiments on three real-world bench-
mark datasets show that our method consistently out-
performs state-of-the-art neural point process mod-
els in next-event prediction and achieves competitive
performance relative to diffusion-based generative ap-
proaches. Synthetic experiments demonstrate accurate
recovery of the underlying intensity functions and
interaction patterns. Furthermore, analysis on a real-
world earthquake dataset reveals meaningful and inter-
pretable influence structures. Extensive ablation stud-
ies demonstrate the effectiveness and robustness of our
approach with respect to its key design choices.

2 PRELIMINARIES

Spatiotemporal point processes naturally extend temporal
point processes [Daley and Vere-Jones, 2008]. A spatiotem-
poral point process models random events occurring over a
temporal domain [0, 7'] and a spatial domain S C R%. An ob-
served event sequence is represented as I' = {(¢,,,s,)}2_1,
where 0 < 1 < --- <ty < T denote the event times and
each's,, = (x,,yn) € S denotes the spatial location of the
n-th event.

In this work, we assume a rectangular spatial domain,

S = [ag, by] X [ay,by), €))

although the framework naturally extends to three-
dimensional spatial domains when needed. The process is
characterized by its conditional intensity function A(¢,s |
H:), defined through the infinitesimal event probability,

IP(an event occurs in [t,t + dt) x ds | H;)
= A(t,s | Hy) dtds,

where ds denotes an infinitesimal spatial area element and
‘H;: represents the history of events prior to time ¢, i.e.,

Ht = {(t’msn)|tn < t} (2)

Intuitively, \(¢,s | H:) corresponds to the instantaneous
event rate at time ¢ and location s given the past history.
Under standard regularity conditions, the log-likelihood of
observing I is given by

N T
Z log A(tn,sn | He,) —/ / A(t,s | He) dsdt.
n=1 0o Js
3 METHODOLOGY

3.1 MODEL

To enable explicit event-wise relationship discovery while
retaining high flexibility to capture complex interaction pat-
terns, we model the conditional intensity as

At 2,y | He) 3)

=0 <g(x,y)+ Zf(ttn,xznayyn)>

tn <t

where g(x,y) denotes a latent spatial baseline function cap-
turing spontaneous event occurrences across locations, and
f(At, Az, Ay) denotes the influence kernel that character-
izes how each past event affects the intensity at (¢, z, y).

Unlike classical Hawkes processes, we do not restrict the
influence kernel to be nonnegative. Our formulation allows
f to take arbitrary values: f > O corresponds to excitation,
f < 0 corresponds to inhibition, and f = 0 indicates negli-
gible (neutral) influence. Because f is defined over temporal
and spatial differences, it flexibly models how interaction
strength evolves across both time and space.

To ensure positivity of the conditional intensity, we apply a

positive link function o (-) to the superposition of the base-

line and influence terms. In this work, we use the SoftPlus
: _1

function, o(2) = 5 log(1 + €77),

where 5 > 0 controls the sharpness of the transformation.

To flexibly estimate g and f, we place Gaussian process (GP)
priors [Williams and Rasmussen, [2006] on both functions:

g(x,y) ~GP (Ovp(" )) )
f(Ata AZL’, Ay) ~ gP (0> H(" )) ) (4)

where p and k are covariance (kernel) functions for g and f,
respectively.
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3.2 ALGORITHM

Due to the GP priors over g and f, the joint distribution of
their values evaluated at observed event times and locations,
and at all auxiliary points required for likelihood evalua-
tion (e.g., those for the integral terms) follows a multivariate
Gaussian distribution with large covariance matrices defined
by p and . Direct training and inference are therefore com-
putationally prohibitive, requiring O(WB) time and O(N2)
memory complexity, where N denotes the total number
of function evaluations involved. The computational cost
prevents the model from handling large-scale event datasets.

Kronecker-structured inducing representation. To
overcome this challenge, we construct separable product
kernels for both g and f:

p((z,y), (@', y) = pr(x,2") - p2(y,9),
k(A Ary Ay), (AL AL AY)) =
ro(Ar, AY) - k1 (Ag, AL) - Ka(Ay, AY). Q)

The widely used squared exponential (SE) kernel is already
separable. More generally, different kernels can be chosen
along each dimension and multiplied together. This con-
struction corresponds to performing high-dimensional fea-
ture mappings along each dimension and taking their tensor
product in the latent feature space.

Next, we introduce a structured grid of inducing points.
Taking f as an example, we define the mesh M; =
Yo X Y1 X Yo C [0,T] X [ag,bs] X [ay,by], where each
i = {2}, ..., 2k, } contains my, points along dimension
k. Let F denote the tensor of function values of f evalu-
ated on M. Since f ~ GP, vec(F) follows a multivariate
Gaussian prior. Under the separable kernel construction (3)),
the covariance matrix admits a Kronecker product structure:

p(F) = N(vec(F) | 0, Ko ® K; ® K3), (6)

where K; = k;(v;,7,) for i = 0,1,2. Exploiting Kro-
necker algebra [Koldal 2000], the log prior decomposes
as:

1 2. m
log p(F) = 9 Zi—o o log | K|
- (3

1
- ivec(]—')—rvec(]—' xo Ko x1 K" <2 K'Y, (7)

where m = Hi:o my, is the total number of mesh points,
and x; denotes the tensor-matrix multiplication at mode 1.

Given F, we evaluate f at arbitrary inputs via GP condi-
tional mean (interpolation):

f(Ata AJT, Ay) = H‘O<At7'70)ﬁ’1

(Ko @ Ky © Ky) ™" vee(F)
=F Xo My X111 X217, (®)

(AJZ, 71)H2(Ay7 '72)

where 1y = ro(At, 7o) K o .My = ri(Az, K7 ! and
Ny = ka(Ay,v,)K5 . Importantly, neither (7)) nor @I) re-
quires explicit computation of the full m xm covariance ma-
trix. All computations are confined to the per-dimensional
kernel matrices {K;}, reducing the time complexity from
O([1, m?) to O(3_,, m}), and the memory complexity
from O([], m3) to O(>_, m?). This enables our method
to scale to large event datasets encountered in practice.
The same construction applies to g, using a spatial mesh

Mg = vi X vy with corresponding tensor values G.

Training objective. Given observed event sequences D,
the training maximizes the joint log probability:

log p(F, G, D) = logp(F) + log p(9)
+ D1 p losp(TIF.G). 9)

For each sequence I' = {(t,, Tn,yn)}_; € D, the log
likelihood is

N
logp(TF,G) =

N tni1 by by
- / / / Aty M, ., )dtdzdy, (10)
n=0"1tn Qg Ay

log M, Ty Yn|He,,)

where {p = Oand ¢ y+1 = 7. Note that the temporal integral
must be evaluated piecewise over each interval (¢, tp41),
since the event history updates immediately after each ob-
served event, causing a discontinuous jump in the condi-
tional intensity .

Tensor-product Gauss-Legendre quadrature. The in-
tegral terms in the likelihood are intractable and do
not admit closed-form solutions. While crude Monte Carlo
approximation may suffice for stochastic training, reliable
prediction of future events (see Section [3.3)) requires high-
accuracy evaluation of these integrals. Obtaining such accu-
racy with Monte Carlo would require a prohibitively large
number of samples due to its inherent variance. To address
this challenge, we propose a tensor-product Gauss-Legendre
quadrature scheme for efficient and high-order numerical
integration.

Specifically, for one-dimensional quadrature rules, the nodes
and weights depend only on the integration interval and the
chosen rule, and are independent of the integrand. This prop-
erty allows us to compute the triple integral dimension by
dimension using a tensor-product construction. In particular,
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be by
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where {w?, ;}, {w},2;}, and {w}, §x } denote the quadra-
ture nodes and weights along the temporal and spatial di-
mensions, respectively. Because the nodes and weights are
separable across dimensions and independent of A, the multi-
dimensional integral reduces to evaluating A on the struc-
tured quadrature grid,
Q:{;X)A(va £:{£Z}7 )A(:{jjj}a y:{gk}a

followed by a tensor-weighted inner product with the sepa-
rable weight tensor {wjw;w} }i j -

Evaluating \ on the quadrature grid Q requires computing
the baseline component g and the influence kernel f at all
grid locations. This can be carried out efficiently by lever-
aging the Kronecker structure again. In particular, f(Q) =
F xo ko6, 70) Ko ' x1 k(%71 K X2 k(9,72 Ky '
and the evaluation of g on Q follows analogously using its
spatial mesh.

We adopt Gauss-Legendre rules along each dimension due
to their high accuracy for smooth integrands, typically re-
quiring only a small number of nodes. For a general inter-
val [a, b], the quadrature nodes and weights are obtained
via a linear transformation of the standard rule on [—1, 1]:
3 == S5k + b+“ S W = b_T“ak, where {£;.} and {ay}
denote the standard Gauss-Legendre nodes and weights on
[—1,1].

Combining the Kronecker-structured GP representation with
the tensor-product quadrature scheme allows efficient com-
putation of both the log prior and the log likelihood for
each event sequence in (9). Training is performed using
stochastic mini-batch optimization over randomly sampled
sequences to estimate F, G, and kernel parameters. The full
model pipeline is summarized in Appendix Figure [§] and
Section

Computational Complexity. The time complexity for pro-
cessing a mini-batch of B sequences, each of length IV,
is

<ka+zvk+mv< z +vqu ))

where m = Hi:o my, denotes the total number of mesh
points in My, v = Hi:r v, denotes the total number of
mesh points in M, and g; is the number of quadrature
nodes along each dimension . The memory complexity is

o, mi+Y,

where ¢ = [, ¢; is the total number of nodes in the tensor-
product grid Q. The dominant memory cost arises from
storing the per-dimension kernel matrices and maintaining
function evaluations at mesh points, quadrature nodes, and
observed events. Overall, the cubic terms depend only on
per-dimension mesh sizes rather than the total number of
events, enabling scalable mini-batch training and inference.

1vi+m+v—|—BNq),

3.3 PREDICTION
Given a sequence of N observed events H =
{(t1,21,91),. .., (tNn, TN, YN )}, We aim to predict the time

and location of the next event (tx41, TN+1,YN+1)-

Predicting the next event time. The conditional density
of the next arrival time is given by the standard point process

formulation:
tN+1
/ )\(t|7-t)dt) ,
tN

where the temporal marginal intensity is

plinsr | H) = Altxa[H) exp (—

be by
)\(t|7-[):/ / A(t, z, y|H)dady. (12)

We use the posterior mean as the point prediction of ¢4 1.
Lett =tn41 —tn > 0. Then

Eltni1|H] =ty + E[7|H]. (13)

Using integration by parts, the conditional expectation of 7
can be written as

E[7|H] = /0 e MDar, (14)

:/ Atw + ulH)du. (15)
0

The evaluation of A(¢ | #) and the inner integral is
performed using the same tensor-product quadrature method
described in Section[3.21

To compute the improper integral in (I4), we apply the
transformation
T _u

u:1+T

’ S l-u
oo) tou € (0, 1). This yields

Eir i3 16—A(u/(1—u))d 16
[T| ]_A (1_111)2 U. ( )

which maps 7 € (0,
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We then apply Gauss-Legendre quadrature to evaluate (T6).
To further improve time prediction accuracy and mitigate
approximation errors introduced by numerical quadrature,
we optionally learn a separate MLP head for inter-arrival
time prediction, similar in spirit to the approach of [Zuo
et al.|[2020]. Specifically, we evaluate the integrand in (16))
at the quadrature nodes and use these values as input to
an MLP. A Softplus activation is applied to the network
output to ensure positivity. This prediction head is trained
separately after the main model has converged. Intuitively,
the MLP learns a data-driven correction to the numerical
quadrature, compensating for residual approximation errors
that are difficult to capture analytically. Empirically, we find
that this refinement consistently yields a modest improve-
ment in next-event time prediction over the plain quadrature
estimator in (16).

Predicting the event location. Given the predicted time
tn+1, the conditional spatial density is

Mtng1,z,y | H)
AN+ | H)

We use the conditional expectations as point predictions:

p(x,yltns1) =

be by
Elz|tny1] :/ / zp(x,yltnys1)dedy
az Jay

by by
Ely|tn41] :/ / yp(x, y|tnyr)dedy. 17)
Qg (ly

These integrals are evaluated using the same tensor-product
quadrature scheme described in Section

4 RELATED WORK

A rich body of work has been devoted to temporal
point processes. Early developments include Poisson pro-
cesses [Lloyd et al.,[2015] and their applications in tensor
decomposition [Schein et al. 2015} 2016, [2019]. Hawkes
processes (HPs) [Hawkes, [1971]] subsequently gained sig-
nificant attention due to their ability to capture mutual exci-
tation among events, e.g., [Blundell et al., 2012, |Du et al.,
2015, Wang et al.| 2017, [Yang et al., 2017, |Xu et al.,[2018]
Zhe and Du, 2018]]. Recent works have extended classical
Hawkes processes with more flexible influence kernels ca-
pable of modeling inhibitory effects [Pan et al., 2020, [Wang
et al.,|2020]. |Pan et al.|[2021]] proposed a nonparametric ker-
nel that captures general temporal influence decay patterns
beyond standard exponential decay. More recently, Xu et al.
[2026] introduced a product-form neural kernel combining
a signed interaction network with a delay-aware monotonic
network, enabling flexible modeling of both temporal decay
and delayed influences.

In parallel, conditional intensities have been modeled us-
ing deep neural architectures. Neural Hawkes Processes

(NHP) [Mei1 and Eisner} [2017] encode event history via
LSTM states [Hochreiter and Schmidhuber, (1997]], with the
intensity parameterized as a function of the hidden state.
Recurrent Marked Temporal Point Processes (RMTPP) [Dul
et al.l 2016]] adopt a similar recurrent architecture while
explicitly modeling event marks (types). Transformer-based
approaches [Zhang et al., 2020, Zuo et al., 2020] treat each
event as a token and use causal attention mechanisms to ag-
gregate historical information, with the conditional intensity
parameterized on top of token representations.

Extending classical Poisson and Hawkes processes to the
spatiotemporal setting is conceptually straightforward. Re-
cently, Chen et al.|[2021]] proposed a neural spatiotemporal
point process model that, similar to NHP and RMTPP, mod-
els intensity jumps using recurrent neural networks. To en-
able continuous-time evolution between events, they incor-
porate neural ordinary differential equations (ODEs) [Chen
et al., 2018]]. In contrast, Jia and Benson| [2019] model hid-
den state dynamics using neural stochastic differential equa-
tions (SDEs). [Zhou et al.| [2022]], [Zhou and Yu| [2023]]
extended spatiotemporal Hawkes processes. The model
of Zhou et al, [2022] preserves the parametric Hawkes
structure while estimating the triggering kernel parameters
via transformer encodings of historical events. The work
of |Zhou and Yu|[2023] introduces a neural triggering kernel
based on monotonic networks [Sill, [1997] allowing exact
likelihood integration. However, both approaches remain
within the Hawkes framework and are therefore limited to
modeling excitatory interactions, making them unable to
capture inhibitory event dynamics commonly observed in
practice. More recently, Yuan et al.| [2023]] proposed bypass-
ing intensity modeling entirely by using diffusion-based
generative models [Ho et al., 2020] to directly generate
event sequences. While demonstrating strong predictive per-
formance, such approaches sacrifice the ability to explicitly
model and calibrate the conditional intensity, which is crit-
ical for applications such as risk monitoring and survival
analysis — central objectives in point process modeling.

The computational advantages of Kronecker product struc-
tures have been widely recognized in scalable Gaussian
process and kernel methods [Saatcci, 2012} [Wilson and.
Nickischl 2015} Izmailov et al.l 2018 |Zhe et al., 2019].
For example, Xu et al.[[2012], Zhe et al.| [2016] exploited
Kronecker structure in nonparametric tensor factorization
models. More recently, physics-informed machine learning
methods [Fang et al., 2024, [Xu et al., 2025] have leveraged
Kronecker structure for efficient nonlinear PDE solving. To
the best of our knowledge, our work is the first to integrate
Kronecker-structured Gaussian process representations into
spatiotemporal point process modeling, enabling scalable
training and flexible intensity modeling.
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5 EXPERIMENTS

5.1 SYNTHETIC DATA

We first evaluated KSTPP on synthetic datasets designed to
validate its ability to capture both excitation and inhibition
effects. We constructed two spatiotemporal point processes,
each incorporating excitation and inhibition mechanisms
driven by past events. The conditional intensity follows a
form resembling a spatiotemporal Hawkes process:

2

Y 1 _ 45
)\(t7x7y‘Ht> :/\O+tz<t0n6 At t")we 202

(18)

where d,, = \/(a: —x,)?+ (y—yn)? and 8,0 > 0. In
the first process, denoted as SYN1, the influence strength
¢, depends on the temporal lag. When ¢t — ¢,, < 1, we
set ¢, = 1.0 to induce excitation; when ¢t — ¢,, > 1, we set
¢n, = —2.0, introducing inhibitory effects. The decay param-
eter and spatial bandwidth were set to 8 = 2.0 and 0 = 0.3,
respectively. In the second process, denoted as SYN2, the in-
teraction type depends on spatial distance. When d,, > 1.0,
we set ¢, = 1.0, enabling excitation from distant events.
When d,, < 1.0, we set ¢,, = —0.3, modeling local inhibi-
tion. The other parameters were setto 5 = 1.5 and o0 = 0.5.
For both processes, the time horizon was set to 7' = 50 with
base rate \g = 2. We generated 2,300 sequences for training,
100 sequences for validation, and another 100 sequences for
testing, using Ogata’s thinning algorithm [Ogatal, |1981].

We compared KSTPP against several popular and state-of-
the-art point process models. (1) Spatiotemporal Hawkes
Process (STHP): adopts the same conditional intensity
form as in (I8) but restricts all parameters to be positive
(excitation-only). Parameters are optimized in the log do-
main to enforce positivity. (2) Neural Spatiotemporal Point
Process (NSTPP) [Chen et al.,|2021]): integrates historical
events via RNN states, modeling continuous-time dynamics
with neural ODEs and event-triggered updates through GRU-
style gating. (3) Deep Spatiotemporal Point Process (Deep-
STPP) [Zhou et al.| 2022]]: retains a parametric excitation-
only Hawkes intensity while using a transformer encoder
to estimate kernel parameters. We also include two neural
temporal point process models: (4) Neural Hawkes Process
(NHP) [Mei and Eisner, 2017]], which encodes event his-
tory using a continuous-time LSTM; and (5) Transformer
Hawkes Process (THP) [Zuo et al., [2020]], which applies a
transformer to model temporal dependencies.

Our method was implemented in PyTorch and trained using
the Adam optimizer with a learning rate of 10~3. The mini-
batch size was set to one. We set S = 1 in the SoftPlus
transformation. We used 12 Gauss-Legendre quadrature
nodes per dimension and adopted the squared exponential
(SE) kernel for the influence function f. STHP was trained
using Adam with the same learning rate. For the remaining
baselines, we used the official open-source implementations

4.0 = -
— GT —— STHP
—— KSTPP NHP
—— NSTPP THP
DeepSTPP

A(t|Hz)

Figure 1: Temporal conditional intensity on example test
sequence from SYN1.

and default hyperparameter settings.
Table 1: Relative Lo error of the learned marginal intensity

A(t|H:) on synthetic datasets. The smallest error is shown
in bold.

SYN1 SYN2
STHP 1.45e-01 :‘:2.416_02 8.42e-02 :l:l.87e—02
NSTPP 5.57e-02 i6.50€703 2.99e-02 i4.78€703
DeepSTPP 1.25e-01 i1‘896702 7.77e-02 :|:1‘526702
NHP 1.35¢-01 ig‘ogefog 2.34e-02 i4'37e,03
THP 8.14e-01 i74106_02 1.91e-01 i2.87e—02
KSTPP 4.44e-02 +3.96e—03 2.00e-02 +3.50e—03

Intensity Recovery. We first examined whether each
method could recover the ground-truth intensity. Since NHP
and THP are designed for purely temporal point processes,
we compared the marginal conditional intensity (¢ | H;)
across all methods. Specifically, for each test sequence, we
evaluated the conditional intensity at every observed event
time as well as at three equally spaced time points between
successive events. For each sequence, we computed the rel-
ative Lo error with respect to the ground-truth intensity, and
report the mean and standard deviation across all test se-
quences. As shown in Table[I] KSTPP consistently achieves

Table 2: Relative Lo error of the learned spatiotemporal
intensity A(t, z,y|H:) on synthetic datasets.

SYN1 SYN2
STHP 1.77e-01 7 44e—02  1.23e-01%£4 73¢—02
NSTPP 8.68e-01 i9,416703 8.64e-01 :l:3.26€703
DCCpSTPP 3.78e-01 i34655—02 3.87e-01 i2,47e_02
KSTPP 6.52¢-02 i4480e—03 3.67e-02 i1.43e—02
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DeepSTPP DeepSTPP

GT: t=49.8

GT: t=30.4

DeepSTPP DeepSTPP
‘ 1.5 15

Figure 2: Spatial conditional intensity p(x,y | t,H,) = A(t, x,y | Hi)/A(E | H,) on an example test sequence from SYNI.

GT denotes the ground-truth.

the lowest relative Lo error, indicating superior intensity
recovery. Figure[I|and Appendix Figure 5] visualize the re-
covered temporal intensity for an example test sequence
from each synthetic dataset. In SYNI1, the intensity curves
estimated by STHP and DeepSTPP roughly capture the
overall shape of the ground truth, albeit with noticeable
inaccuracies. However, in SYN2, their estimates deviate
substantially from the true intensity. This difference may be
explained by the strength of inhibition in the two datasets.
In SYN1, the inhibition effect is relatively weak — it ap-
pears only when ¢ > 1 in (I8), and the magnitude of the
inhibitory kernel is small. In contrast, SYN2 exhibits strong
local inhibition within a small spatial range (d < 1). Since
STHP and DeepSTPP rely on fixed kernel forms, model mis-
specification under strong inhibition can lead to degraded
intensity estimates. NHP and NSTPP demonstrate strong ap-
proximation capability, reflecting their expressive modeling
capacity. In contrast, THP exhibits substantial deviations
from the ground-truth intensity. Our method consistently
produces intensity estimates that closely match the ground-
truth across both datasets. Moreover, unlike excitation-only
models, KSTPP is capable of identifying both excitation
and inhibition effects, as demonstrated later in the influence
kernel estimation results.

We next evaluate recovery of the spatial conditional inten-
sity. For each dataset (SYN1 and SYN2), we randomly
select a test sequence and examine the spatial conditional
intensity at several representative time points (Figure ] and
Appendix Figure [6). As shown, KSTPP closely matches
both the shape and magnitude of the ground-truth spatial

intensity. In contrast, STHP, NSTPP, and DeepSTPP exhibit
noticeable deviations and fail to recover key spatial struc-
tures. In particular, STHP and DeepSTPP produce multiple
spurious local modes, resembling mixture-like densities.
This behavior may stem from their use of additive, strictly
positive parametric triggering kernels. Although NSTPP
yields smoother spatial intensity estimates, its recovered
structure and scale do not align well with the ground truth.

Table [2]reports the average relative L error of the full spa-
tiotemporal intensity evaluated on a 16 x 16 uniform spatial
grid. KSTPP achieves the lowest error across both datasets,
quantitatively confirming its improved intensity recovery.
Overall, these results highlight the advantage of KSTPP in
recovering both the temporal and spatial components of the
underlying intensity.

Influence Kernel Estimation. We then evaluated the
learned influence kernel f produced by KSTPP. For both
SYNI1 and SYN2, we select three representative time lags
and visualize the corresponding learned kernels. For compar-
ison, we also report the kernel estimated by STHP. As shown
in Figure 3]and Appendix Figure 7] KSTPP effectively re-
covers both excitation and inhibition patterns. Because our
model applies a SoftPlus transformation to enforce non-
negativity of the conditional intensity, the learned kernel
— under this nonlinear link — does not exactly coincide
with the ground-truth kernel specified under a purely lin-
ear additive formulation. Nevertheless, the key structural
characteristics, including the sign, modal location, and spa-
tial spread of the influence, are well preserved. In contrast,
although STHP adopts an additive formulation consistent
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Table 3: Root-mean-square error (RMSE) and Euclidean distance for next-event time and location prediction. The best two

results are highlighted in bold.

Earthquake COVID-19 Citibike

Model Spatial |  Temporal | | Spatial |  Temporal | | Spatial |  Temporal |

RMTPP - 0.424+0.009 - 1.32+0.024 - 2.07+0.015

NHP - 1.86+0.023 - 2.13+0.100 - 2.36+0.056

THP - 2.44+0.021 - 0.611+0.008 - 1.46+0.009
Poisson 9.45+0000 0.412+0.000 | 0.818+0.000 0.113+0.000 | 0.452+0.000 0.239+0.000
STHP 8.35+0252  0.424+0.018 | 0.422+0000 0.100+0.001 | 0.032+0.000 0.633+0.126
NJSDE 9.98+0.024 0.465+0.009 | 0.641+0009 0.137+0.001 | 0.707+0.001  0.264-+0.005
NSTPP 8.11+0.000 0.547+0.010 | 0.560+0.000 0.145+0.002 | 0.705+0000 0.355+0.013
DeepSTPP 9.20+0.000  0.341+0.000 | 0.687+0.000 0.197+0.000 | 0.044+0.000  0.234+0.000
DSTPP 6.77+0.193 0.375+0.001 | 0.419+0.001  0.093+0.000 | 0.031+0.000 0.200-+0.002
KSTPP (Ours) | 6.72+0.014 0.372+0.000 | 0.392:+0.000 0.100+0.000 | 0.031+0.000 0.206-0.000
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Figure 3: Learned influence kernel from SYNI.

with the data-generating process, it is restricted to excitation-
only mechanisms. Consequently, its learned kernel exhibits
substantial deviation from the ground truth, particularly in
regions where inhibitory effects dominate.

5.2 PREDICTIVE PERFORMANCE

Next, we evaluate the predictive performance of KSTPP on
three real-world benchmark datasets: Earthquake
2021), Covid-19 [Chen et all [2021], and
Citibike [2023].. These datasets cover seismic
activity, epidemic spread, and urban mobility, providing di-
verse spatiotemporal event dynamics. Detailed descriptions,
data splits, and statistics are provided in Appendix [B]

In addition to the methods introduced in Section [5.1]

we included: (6) Diffusion Spatiotemporal Point Process
(DSTPP) 2023]), a recent diffusion-based gener-
ative model that directly generates event sequences without
explicitly modeling the conditional intensity. (7) Neural
Jump Stochastic Differential Equations (NJSDE)
[2019]), which summarizes event history into latent
states and models state dynamics via neural SDEs with
jumps induced by event arrivals. (8) Homogeneous Pois-
son Process (PP) as a classical baseline. For KSTPP, the
covariance functions for g and f were selected from either
the SE kernel or Matérn kernel with smoothness parame-
ter v = 5/2. The number of quadrature nodes per dimen-
sion was chosen from {8, 12, 16}. We further employed a
lightweight two-layer MLP prediction head with ReLU or
GELU activations for next-event time prediction. Full imple-
mentation details and hyperparameter choices are provided
in Appendix [C|

We adopted the same training, validation, and test splits as
provided in for all three datasets. Follow-
ing [Chen et al} [2021] [Yuan et al} 2023]], each experiment
was repeated five times with different random initializations.
We evaluated: Root-Mean-Square Error (RMSE) for next-
event time prediction, and Euclidean distance for next-event
location prediction. We report the mean and standard de-
viation across runs in Table[3l For baselines other than PP
and STHP, results were directly taken from
2023]]. Although we conducted additional hyperparameter
tuning for these methods, we were unable to outperform the
reported results. To ensure fairness, we therefore compare

against the optimized results reported in 2023].

As shown in Table 3] KSTPP consistently achieves top per-
formance in both event time and location prediction. Its
predictive accuracy is comparable to the diffusion-based
model DSTPP and often outperforms other neural point pro-
cess methods by a substantial margin. In particular, KSTPP
achieves the highest location prediction accuracy across all
datasets and the second-best performance in time prediction.
These results demonstrate that, although KSTPP adopts a
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Figure 4: Learned influence kernel by KSTPP on Earth-
quake.

more structured modeling framework aimed at improved
event relationship discovery, it maintains strong predictive
performance that is competitive with, and in many cases
superior to, existing neural point process models.

5.3 PATTERN DISCOVERY

Finally, we investigated the learned influence kernel of
KSTPP on the real-world Earthquake dataset to examine
whether the model reveals meaningful spatiotemporal inter-
action patterns.

We visualize the learned kernel f(At, Az, Ay) at four rep-
resentative time lags, At € {0,0.26,0.52,10.35}, across
the spatial domain. As shown in Figure d] when At is small,
the influence exhibits strong excitation in nearby regions
(i.e., small |Az| and |Ay|). As the time lag increases, the
overall magnitude of the influence decays. When At > 0.52,
the kernel values across spatial distances approach zero.
This behavior is consistent with well-established seismic dy-
namics: earthquakes tend to trigger short-term aftershocks
in spatially proximate regions, while such triggering effects
decay over time, as described by the Omori-Utsu law and
ETAS models [[Utsu et al.,|1995] |Ogatal |1988]. Interestingly,
the learned kernel also reveals localized inhibition effects at
small time lags. Specifically, at certain spatial offsets, the
kernel takes negative values, indicating reduced intensity
in more distant regions immediately following a seismic
event. This pattern qualitatively aligns with stress redistri-
bution effects (so-called stress shadows), which can lead
to relative suppression of seismicity in specific areas [King
et al., (1994} Harris|, |1998|]. Such effects cannot be captured
by traditional Hawkes process models that restrict interac-
tions to purely excitatory kernels. Overall, these findings
suggest that our model is capable of uncovering nuanced

excitation-inhibition structures and extracting interpretable
spatiotemporal interaction patterns from real-world data.

5.4 ADDITIONAL ANALYSES

Beyond the results above, we provided several additional
analyses in the Appendix. We conducted ablation studies
on the quadrature resolution, inducing-grid resolution, and
kernel choice, and found that KSTPP is robust across these
settings (Appendix [E). We further reported an empirical
runtime and memory analysis as a function of the num-
ber of events and grid resolution (Appendix [F), along with
a per-epoch training-time comparison to neural baselines,
where KSTPP attains competitive efficiency (Appendix [G).
To quantify interpretability, we measured influence-kernel
recovery through its correlation with the ground-truth ker-
nel on synthetic data and a sparsity metric on real data
(Appendix [H); we additionally verified on a synthetic bench-
mark with a nonseparable ground-truth kernel that KSTPP
faithfully recovers nonseparable influence structure despite
its product-kernel covariance (Appendix ).

6 CONCLUSION

We have presented KSTPP, a Kronecker-structured non-
parametric spatiotemporal point process model that enables
explicit event-wise relationship discovery while maintain-
ing high modeling flexibility. Empirical evaluations on both
synthetic datasets and real-world benchmarks demonstrate
promising performance of KSTPP.

Currently, our method is restricted to rectangular spatial
domains due to the tensor-product quadrature construction.
In future work, we plan to extend our framework to irregular
spatial domains by incorporating triangular finite-element
discretizations and adaptive quadrature schemes. Such ex-
tensions would enable efficient inference over complex
geometries while preserving the numerical stability and
computational efficiency. Additionally, exploring sparse-
grid quadrature methods may further improve scalability in
higher-dimensional settings.
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Appendix

Zhitong Xu! Qiwei Yuan' Yinghao Chen! Yan Sun’ Bin Shen’ Shandian Zhe'
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2College of Arts & Sciences, Utah State University
3Celonis Al

A COMPUTATIONAL COMPLEXITY

The time complexity for processing a mini-batch of B sequences, each of length [V, is

o (Zmi + Zvi + BN (m(z ai) +’U(Zqz‘)>> ;
k=0 k=1 =0 =1

where m = szo my, denotes the total number of mesh points in My, v = Hi:l vy, denotes the total number of mesh
points in M, and ¢; is the number of quadrature nodes along each dimension 4. The memory complexity is

2 2
O(Zk:o m% + Zk:l v,% +m+ v+ BNg),

where ¢ = [, g; is the total number of nodes in the tensor-product grid Q. The dominant memory cost arises from storing
the per-dimension kernel matrices and maintaining function evaluations at mesh points, quadrature nodes, and observed
events. Overall, the cubic terms depend only on per-dimension mesh sizes rather than the total number of events, enabling
scalable mini-batch training and inference.

B DATASET DETAILS

All the datasets, including the training, validation, and test splits, were downloaded from https://github.com/
tsinghua-fib-lab/Spatio-temporal-Diffusion—-Point-Processes/tree/main/dataset!

* Earthquake [Chen et al., 2021]]. This dataset contains the time and locations of earthquakes and aftershocks in Japan
from 1990 to 2020. Each sequence corresponds to events within one month, with time horizon 7" = 30 (time unit:
days). The dataset contains 1,050 sequences in total, with sequence lengths ranging from 18 to 543. We used 950
sequences for training, 50 for validation, and 50 for testing.

¢ COVID-19 [Chen et al.,2021]. This dataset records daily COVID-19 cases across counties in New Jersey from March
2020 to July 2020. Each sequence represents events within one week (1" = 7). The dataset contains 1,650 sequences,
with sequence lengths varying from 5 to 287. We used 1,450 sequences for training, 100 for validation, and 100 for
testing.

 Citibike [Yuan et al.,|2023]]. This dataset contains bike-sharing records from April to August 2019 in New York City.
The time unit is hours, and each sequence represents events within one day (7' = 24). We used 2,440 sequences for
training, 300 for validation, and 320 for testing.

C IMPLEMENTATION DETAILS AND HYPERPARAMETERS

The inducing grid is constructed by taking evenly spaced points along each input dimension over the corresponding range
and forming their Cartesian product. For all experiments, each kernel is chosen as either the squared-exponential (SE)
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Figure 5: Temporal conditional intensity on example test sequences from SYN2.
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Figure 6: Spatial conditional intensities on an example test sequence from SYN2 at different time points.

kernel or the Matérn-5/2 kernel; the kernel hyperparameters are not manually tuned or selected by cross-validation, but
are instead learned jointly with the remaining model parameters during training. All models are optimized with Adam
using a learning rate of 1073, TableEl summarizes the hyperparameters used by KSTPP on each real-world dataset. Here F
denotes the spatiotemporal inducing grid used for the influence-kernel GP and G denotes the spatial inducing grid used for
the background-rate GP. We used ReL.U activation for the MLP head on the Earthquake dataset, and GELU activation on
COVID and Citibike datasets.

D MODEL PIPELINE

Figure [§]illustrates the overall KSTPP pipeline. Starting from the observed spatiotemporal event sequences, the conditional
intensity combines a background rate with the aggregated influence of past events through a softplus link function. The
background rate and the influence kernel are each modeled by a Gaussian process whose product kernel induces a
Kronecker-structured covariance on the corresponding inducing grid. The intractable likelihood integral is approximated
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Figure 7: Learned influence kernel from SYN2 dataset.

Dataset Kernel Inducing Grid Size Quadrature Grid Size  Optimizer / LR
Earthquake SE F:32x32x32; G:12x12  8x12x12 Adam /1073
COVID-19 Matérn-5/2 F:32x32x32; G:16x16 8x16x16 Adam /1073
Citibike Matérn-5/2 F:32x32x32; G:12x12 8x12x12 Adam /1073

Table 4: Hyperparameters used by KSTPP on each real-world dataset.

with a tensor-product Gauss—Legendre quadrature grid, and the GP priors act as regularizers. Maximizing the resulting
posterior yields the trained model, which supports predictive intensity estimation, next-event prediction, and interpretable
influence-pattern discovery.

E SENSITIVITY AND ABLATION STUDIES

We studied the sensitivity of KSTPP to the quadrature resolution, the inducing-grid resolution, and the kernel choice on the
COVID-19 dataset. In each study, we varied one factor while holding the others fixed. We reported the spatial prediction
error (Distance) and the event-time prediction error (Time RMSE); lower is better for both.

E.1 QUADRATURE RESOLUTION

We varied the quadrature grid size while fixing the inducing grids to F: 32x32x32 and G: 16 x 16 and using the Matérn-5/2
kernel. As shown in Table[5] an overly coarse quadrature grid (e.g., 4x4x4) yielded a noticeably worse spatial prediction
error, and the spatial performance improved steadily as the quadrature resolution increased. In contrast, the time RMSE was
relatively stable across resolutions. A likely explanation is that the inter-event time intervals in this dataset are relatively
short, so a moderate number of quadrature nodes is already sufficient to approximate the temporal contribution to the
likelihood.
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Figure 8: Overall KSTPP model pipeline: (1) observed spatiotemporal event sequences; (2) conditional intensity with
a background rate, aggregated influence from past events, and a softplus link function; (3a) background spatial GP and
(3b) influence-kernel spatiotemporal GP, both represented on Kronecker-structured inducing grids; (4) intensity integration
via a tensor-product Gauss—Legendre quadrature grid for the log-likelihood; (5) GP priors for regularization; (6) optimization
of the posterior to obtain the trained KSTPP model; and (7) outputs, including predictive intensity, next-event prediction,
and interpretable influence patterns.

E.2 INDUCING-GRID RESOLUTION

We varied the inducing-grid resolution while fixing the quadrature grid to 16x16x 16 and using the Matérn-5/2 kernel. The
spatial resolution of G was set equal to that of F’, so we do not list G separately. Table[6|shows that performance was relatively
robust to the inducing-grid resolution, suggesting that the target latent functions (the background rate and the influence
function) are relatively smooth on this dataset, so that even a coarse grid such as 4x4x4 provided sufficient coverage.
Increasing the resolution from 4x4 x4 to 8x8x8 gave a slight improvement, while further increasing the resolution brought
no additional gain and could slightly degrade performance, likely due to the added optimization burden of a larger number
of inducing variables.

E.3 KERNEL CHOICE

We compared the SE and Matérn-5/2 kernels while fixing the inducing grids to F: 32x32x32 and G:16x16 and the
quadrature grid to 8x16x16 (the first dimension is temporal and the last two are spatial). As shown in Table[/| the SE
kernel performed slightly worse than the Matérn-5/2 kernel in both spatial and temporal prediction, but the differences were
small. This indicates that both kernels work well on this dataset and that predictive performance is only mildly sensitive to
this choice.
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Quadrature Resolution  Distance Time RMSE

4dx4x4 0.445 0.103
8x8x%8 0.400 0.101
12x12x12 0.397 0.102
16x16x16 0.393 0.102

Table 5: Effect of quadrature resolution on prediction error (COVID-19).

Inducing Grid Resolution Distance Time RMSE

dx4x4 0.393 0.0986
8x8x8 0.391 0.0985
12x12x12 0.391 0.0999
16x16x16 0.394 0.101

Table 6: Effect of inducing-grid resolution on prediction error (COVID-19).

F RUNTIME AND MEMORY ANALYSIS

We reported empirical runtime and memory usage as a function of the number of events and the grid resolution. Runtime is
measured in seconds and memory usage in gigabytes (GB). All experiments were conducted on a Linux workstation with
an NVIDIA H200 GPU. We reported the per-epoch training time, the total prediction time, and the peak training and test
memory.

F.1 EFFECT OF THE NUMBER OF EVENTS

To isolate the effect of sequence length, we simulated 100 training sequences and 10 test sequences of equal length, varying
the length over {50, 100, 150, 200, 250} while fixing both the inducing grid and the quadrature grid to 8x8. As shown
in Table 8] both runtime and memory grew with the sequence length, because longer sequences require more likelihood
evaluations and more event-history-dependent computation during training and prediction.

F.2 EFFECT OF GRID RESOLUTION

We next varied the grid resolution at a fixed sequence length of 100. First we varied the quadrature grid size with the
inducing grid fixed to 8 x8 (Table[J); then we varied the inducing grid size with the quadrature grid fixed to 8 8 (Table [I0).

Increasing either grid resolution raised memory usage and could also increase runtime, but the runtime growth with grid size
was moderate compared with the growth caused by longer sequences. This is likely because the tensor-product quadrature
computations, the local kernel matrices, and the Kronecker-algebra operations on the inducing grid parallelize well on the
GPU, partially offsetting the cost of finer grids. In contrast, the number of events had a more pronounced effect on both
runtime and memory, indicating that sequence length is the major practical driver of computational cost.

G TRAINING-TIME COMPARISON WITH NEURAL BASELINES

Table [TT]reports the per-epoch training time (seconds) of KSTPP and the neural baselines on the COVID-19 and Earthquake
datasets. The per-epoch training time of KSTPP was comparable to NSTPP and substantially lower than DSTPP, the
diffusion-based approach. DeepSTPP was the fastest, as expected, because it uses a simpler excitation-only Hawkes-process
intensity. Overall, KSTPP attained competitive training efficiency relative to the neural baselines while additionally providing
flexible and transparent event-wise relationship discovery.
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Kernel Distance Time RMSE

Matérn-5/2 0.392 0.100
SE 0.393 0.101

Table 7: Effect of kernel choice on prediction error (COVID-19).

Seq. Length  Training Time Prediction Time Training Memory Test Memory

50 1.39 0.40 1.03 0.96
100 243 1.18 1.72 1.44
150 4.12 391 3.07 2.39
200 6.82 6.81 4.32 3.20
250 10.37 10.61 6.37 4.61

Table 8: Runtime (s) and memory (GB) under different event sequence lengths.

H QUANTITATIVE INFLUENCE-KERNEL RECOVERY

H.1 CORRELATION WITH THE GROUND TRUTH ON SYNTHETIC DATA

For the synthetic datasets SYN1 and SYN2, we quantified influence-kernel recovery by the correlation coefficient between
the learned influence kernel and the ground-truth influence kernel, evaluated at several temporal lags At corresponding to
the slices visualized in the main paper. Tables [I2]and [[3]report the results for KSTPP and the STHP baseline.

KSTPP attained substantially higher correlation with the ground truth than STHP, quantitatively confirming better recovery
of the influence function. Moreover, KSTPP obtained positive correlations across all selected At values, indicating stable
recovery of the influence-function shape. In contrast, STHP produced negative correlations on SYN1 at At = 1.77 and
on SYN2 at all selected At values, indicating that it can recover an incorrect influence-function shape. SYN2 was more
challenging than SYNI1 for influence-function estimation, which was reflected in its lower correlation coefficients.

H.2 SPARSITY STRUCTURE ON REAL DATA

For the real-world Earthquake dataset the ground-truth influence kernel is unavailable, so we instead reported a spar-
sity/structure metric for the learned influence function. Following the At slices shown in the main paper, we set a sparsity
threshold of 0.05 and defined the sparsity ratio as the proportion of learned influence-function values whose absolute value
falls below this threshold. Table[T4]reports the sparsity ratio at several At values.

The consistently high sparsity ratio indicated that the learned influence function was highly structured and localized. As At
increased, the sparsity ratio increased until nearly all function values became very small, showing that the influence of past
events decays over time and becomes negligible after a sufficiently long interval.

I RECOVERY OF A NONSEPARABLE INFLUENCE KERNEL

The product-kernel covariance used by KSTPP induces a separable covariance structure, but this does not imply that the
represented latent function is separable. To verify this empirically, we constructed a synthetic dataset whose influence kernel
is explicitly nonseparable. Following the generative form used for the other synthetic datasets, we set the influence kernel to
a zero-mean Gaussian-shaped function with a dense covariance matrix,

0.08 0.04 0.02
f(AL, Az, Ay) = N([At, Az, Ay] | 0,%), Y= [0.04 020 0.05]. (19)
0.02 0.05 0.20

Because ¥ has nonzero off-diagonal entries, i.e., cross-dimensional dependencies between the temporal and spatial
displacements, this influence kernel is nonseparable.
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Quadrature Size  Training Time Prediction Time Training Memory Test Memory

4 1.54 1.05 1.79 1.72
8 2.14 1.03 2.00 1.78
12 3.20 1.20 2.27 1.74
16 3.61 1.10 2.70 1.93
24 5.39 1.20 391 2.72

Table 9: Effect of quadrature resolution on runtime (s) and memory (GB).

Inducing Grid Size Training Time Prediction Time Training Memory Test Memory

4 0.86 0.10 1.49 1.28
12 0.96 0.20 2.30 1.58
16 0.95 0.20 2.50 1.84
24 0.99 0.20 3.31 1.96

Table 10: Effect of inducing-grid resolution on runtime (s) and memory (GB).

We simulated the same number of training sequences as in SYN1 and SYN2, trained KSTPP on this dataset, and examined
the recovered influence kernel. Figure [0] compares the ground-truth influence kernel (top row) with the kernel recovered
by KSTPP (bottom row) across a range of temporal lags At: KSTPP closely reproduced the ground-truth shape and its
temporal decay. In addition, the relative Lo error for recovering the intensity function on the held-out test sequences was
0.0361, which is on the same order as the relative Lo errors reported for SYN1 and SYN2 in the main paper. These results
provided direct evidence that KSTPP can capture nonseparable influence functions despite using a product-kernel covariance
structure.

GT, At=0.00 At=0.06 At=0.13 At=0.19 At=0.26 At=0.32 At=0.48 A t=0.65

0.5 0.5 0.5

2:3 &»’) gsﬁ Q @ @ @

Figure 9: Recovery of a nonseparable influence kernel. Top row: the ground-truth (GT) influence kernel f(At, Az, Ay)
shown as spatial surface slices at increasing temporal lags At € {0.00, 0.06,0.13,0.19,0.26, 0.32,0.48, 0.65}. Bottom row:
the corresponding influence kernel recovered by KSTPP at the same At slices. KSTPP closely matches the ground-truth
shape and its temporal decay despite using a product-kernel covariance structure.
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Method COVID-19 Earthquake

NSTPP 21.3 25.5
DeepSTPP 1.3 0.8

DSTPP 43.9 29.3
KSTPP 24.5 19.7

Table 11: Per-epoch training time (seconds).

Method At=0.00 At=0.26 At=1.77

STHP 0.6409 0.6409 —0.6409
KSTPP 0.9932 0.9932 0.8706

Table 12: Correlation between the learned and ground-truth influence kernel on SYNI.

Method A¢t=0.00 At=0.26 At=0.52

STHP —0.4379 —0.4379 —0.4379
KSTPP 0.7502 0.7503 0.7507

Table 13: Correlation between the learned and ground-truth influence kernel on SYN2.

Metric At =0.00 At=0.26 At=0.52 At=10.35
Sparsity Ratio 88.6% 96.7% 99.1% 100%

Table 14: Sparsity ratio of the learned influence function on the Earthquake dataset.
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