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Abstract

Due to the customized requirements, few-shot dif-
fusion models have attracted much attention. How-
ever, only a few works analyze few-shot models,
and none involve the fast few-shot optimization
process, which is important for quickly responding
to users. In this work, we evaluate the role of each
operation in the optimization process and prove the
convergence guarantee for few-shot diffusion mod-
els. A standard operation for the few-shot model
is only fine-tuning some key parameters to avoid
overfitting the limited target dataset. We first show
that this operation is insufficient from empirical
and theoretical perspectives. Empirically, we con-
duct real-world few-shot fine-tuning experiments
with underfitting and overfitting bad pre-trained
models and show that the results are heavily in-
fluenced by these bad models. Theoretically, we
also prove that the few-shot phase can not learn
the ground-truth parameters and suffers from a
small gradient when using a bad pre-trained model.
Based on these results, we highlight the importance
of a great pre-trained model by showing it can
warm up few-shot models and lead to a strongly
convex landscape for few-shot diffusion models.
As a result, the few-shot model fast converges to
the ground-truth parameters. In contrast, we show
that with a bad initialization, the pretraining phase
requires large optimization steps to converge.

1 INTRODUCTION

Recently, diffusion models, which are trained on large-scale
datasets with sufficient training time, have shown impressive
performance in different areas such as 2D and 3D gener-
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ation [Rombach et al.} 2022, Blattmann et al., |2023, |Liu
et al.|, [2024]]. However, when facing customized require-
ments, we only have limited data and need to achieve a
quick and high-quality response to users. To achieve great
performance under such a situation, few-shot diffusion mod-
els have received attention [Ruiz et al.| 2023} | Xiang et al.,
2023, [Kumari et al.l 2023 Moon et al., 2022, |[Liu et al.|
2023]]. Few-shot diffusion models only use a limited target
dataset (5 — 10 images) and a few optimization steps (fewer
than 1k steps) to fine-tune a pre-trained model (such as Sta-
ble Diffusion (SD) XL, which requires 500k optimization
steps) and generate samples with the target feature.

Though few-shot diffusion models achieve great perfor-
mance in applications, only a few works aim to explain
the success of few-shot diffusion models [Yang et al., 2024,
Chua et al., 2021} |Cheng et al., [2025]]. Furthermore, they
focus on the estimation error and explain why a limited
target dataset is enough for few-shot models. However, the
fast optimization process of few-shot diffusion models is
also important and necessary for quick response to users,
and the theoretical guarantee for it is lacking. Hence, the
following natural question remains open:

Why do few-shot diffusion models only require a few opti-
mization steps to achieve great performance?

In this work, for the first time, we study the optimization
process of few-shot diffusion models, highlight the role of
great pre-trained models, and answer the above question
by showing that the few-shot phase fast converges to the
ground-truth parameters under a suitable condition. Before
providing the convergence guarantee, we first analyze the
necessary conditions for a great few-shot diffusion model. A
standard operation for few-shot diffusion models is to freeze
most parameters and only fine-tune some key parameters
[Liu et al.l 2023 [Xiang et al., [2023]]. However, we show
that this operation is not enough. Empirically, we conduct
real-world experiments and show that with bad pre-trained
models, the few-shot phase can not generate high-quality im-
ages, where overfitting bad pre-trained models suffer from
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Fine-tuning Results based on Overfitting Bad Pre-trained

Models (SD3 Medium with 1k overfitting steps)

A cat on top of a
wooden floor

A cat in a chef
outfit

A cat with a city
in the background

A cat wearing a
yellow shirt

A cat in a police
outfit

Figure 1: Few-shot fine-tuning results based on great and bad overfitting pre-trained Models. The overfitting bad pre-trained
model is obtained by training SD3 Medium with 5 dog image for 1k steps, which suffers from the memory phenomenon of

the overfitting feature in the few-shot phase.

the memory phenomenon (Figure [I)) and underfitting bad
pre-trained models have a fine-tuning loss gap (Figure 2)).
Theoretically, we prove that if the pre-trained model is bad,
few-shot diffusion models can not learn the ground-truth
parameters. Furthermore, the gradient of few-shot diffusion
models becomes small when the point is still far away from
the minimizer. In other words, few-shot diffusion models
require large optimization steps to converge. As a byproduct
of the gradient analysis, we also show that the pretraining
phase with a bad initialization suffers from a small gradient,
which slows down the optimization process.

The above results cannot explain why few-shot diffusion
models can achieve great performance with only a few op-
timization steps. Based on the analysis of bad pre-trained
models, we show the importance of great pre-trained mod-
els. An intuition is that great pre-trained models provide
a warm-up for the few-shot phase and simplify the land-
scape. Inspired by this intuition, we prove that the few-shot
phase with a great pre-trained diffusion model converges
to the ground-truth parameters using the gradient descent
algorithm with a convergence guarantee.

Combined with the analysis for the pretraining phase, these
results explain why few-shot models can use much smaller
optimization steps to achieve great performance:

* By providing experiments and counter-examples, we
prove the importance of great pre-trained models. Oth-
erwise, the few-shot phase can not learn the ground-
truth parameters and suffer slow optimization process.

* We show that with a great pre-trained model, the land-
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scape of few-shot diffusion models becomes strongly
convex. As a result, few-shot models quickly converge
to the ground-truth parameters, and we prove the con-
vergence guarantee for this optimization process.

* As a byproduct of gradient analysis, we prove that the
pretraining phase with a bad initialization suffers a
small gradient and requires large optimization steps.

Based on our theoretical guarantee and observation, we also
provide some practical operation in the real-world few-shot
fine-tuning of diffusion models:

* Semantic Alignment Trumps Scale
Latent mismatch in a base model introduces an irre-
ducible error that hinders fine-tuning. When a base
model lacks prior knowledge of the target concept,
linear adaptations like LoRA cannot salvage it.

¢ Task-Aware Initialization
Estimate the difficulty of the task. Complex con-
cepts (e.g., faces) significantly increase the cross-
term error, demanding strictly higher-quality pre-
trained weights to guarantee convergence.

* Trust Fast Adaptation
Great pretraining guarantees local strong convexity
and fine-tuning should succeed in very few steps.
Prolonged training cannot rescue a bad initialization
and early stopping is advised.

Key Takeaway: Choosing a great initialization model is
more important than choosing a fine-tuning technique.



2 RELATED WORK

Optimization Guarantee for Diffusion Models. Due to
non-convexity, current works either focus on some specific
data distribution or use the kernel method to simplify the
analysis. For the specific data distributions, a series of works
focus on designing algorithms to learn Gaussian Mixture
Models [Bruno et al., [2023], |Cui and Zdeborova, [2023| |Shah
et al.} 2023, |Chen et al.,[2024]] based on the score matching
technique. \Han et al.|[[2024a] focus on a data distribution
consisting of two fixed orthogonal vectors. For the general
data, |Li et al.| [2023]]/Han et al.| [2024b]], and |Bonnaire et al.
[2025] simplify the problem to a convex optimization by
using a wide 2-layer NN and kernel methods. Then, they
use the gradient descent (flow) method to obtain a conver-
gence guarantee. Recently, [Zhang et al.|[2025b|| analyzed
the representation learning with a 2-layer ReLU DAE. We
note that the above works focus on the pretraining phase.
On the contrary, we focus on the few-shot phase, discuss
the necessary conditions, and provide the first convergence
guarantee for few-shot diffusion models.

Guarantee for Few-shot Diffusion Models. Existing few-
shot works primarily bound estimation error by leveraging
shared source-target structures [Yang et al., [2024, [Cheng
et al.,|2025]]. Only |Yang et al.|[2024] study the optimization
process and provide a closed-form minimizer for the linear
subspace distribution with a Gaussian latent. However, the
real-world distribution is always multi-modal, and diffusion
models usually use optimization algorithms instead of ob-
taining the closed-form minimizer. In this work, we bridge
the gap between few-shot theory and application.

3 PRELIMINARIES

We first introduce the basic knowledge and notation of dif-
fusion models. Let gy € R” be the data distribution. The
variance preserving (VP) forward process is defined by:

day = —x4dt + V2dBy, 9 ~ qo € RP

where {B;};c[o,] is a D-dimensional Brownian motion.
Let g; be the density function of x; and {y:}ic0,r) =
{7 _t}tepo,)- To generate samples, diffusion models re-
verse the forward process and run the reverse process:

dy: = [y + 2V log gr—¢(y1)] dt + V2dB; .

The reverse process requires the score function V log g (-),
which contains the data information and can not be exactly
calculated. A conceptual way to approximate V log ¢;(+) is
to minimize the following score matching (SM) objective
function [Song et al.} 2020, Karras et al., 2022]:

T
. 2
Iin Lsv = /5 Eg g |V 10g g (1) — s(x¢,t)|)5 dt,
(1

where NN is a given function class and > 0 is the early
stopping parameter to avoid a blow-up score. However, Lgy
can not be directly calculated since V log ¢, (+) is unknown
for general data. To avoid this problem, Vincent| [2011]]
propose the denoising score matching (DSM) loss based
on the conditional score function V log ¢ (xt|x¢) with an
analytical form:

min ﬁDSM
seNN

T
= [ B [Buuie IV 02 () = s o1, 1]

which is equivalent to Lgy up to a constant indepen-
dent of the optimized parameters. Once a forward pro-
cess is chosen, q;(z¢|zo) is determined as g¢(x¢|zo) =
N (myxo,021p), and Vlogq; (x¢|zo) has an analytical
form —(zy — myxo) /0?2, where my = e~t 02 = 1 — m?
for VP forward process.

3.1 TWO PHASES OF FEW-SHOT MODELS

Few-shot diffusion models typically operate in two phases:
pretraining and few-shot adaptation [Kumari et al.| [2023|
Moon et al.l [2022]. In the pretraining phase, a model is
fully optimized on a large source dataset. In the few-shot
phase, most parameters are frozen while key components
are fine-tuned on limited target data. Following|Yang et al.
[2024]], we model this process by assuming the source (gs)
and target (q:,) distributions share a latent space within
linear subspaces.

Assumption 3.1. [Shared Latent in Linear Subspace]
Source data x5 and target data z;, have form z; = Agz
and 4, = Ayqz Where Ay, Aq € RP*4 have orthonormal
columns and z ~ ¢, € R%,

The low-dimensional manifold hypothesis is well-supported
empirically [Pope et al.l[2021] and widely adopted in theoret-
ical analysis [Chen et al., 2023} |Guo et al.}[2024]. Similarly,
the shared latent assumption is standard in both few-shot
diffusion [[Yang et al.,2024] and general few-shot learning
literature [Du et al.| [2020]]. With the linear subspace assump-
tion, the score function can be decomposed into (1) a latent
score V log ¢F'P(-) and (2) linear encoder and decoder A,
(A, for target distribution) [Chen et al., [2023]]

Vlogg;(z) = A;Viegq;P (Al z) — (Ip — AsAl )z /o,

where ¢fP (') = [q:(2'|2)q.(2)dZ and ¢(-|z) =
N(myz,0214). This decomposition means that the opti-
mization process needs to optimize two parts: the linear
encoder and decoder A and latent score V log gi-°(+) (rep-
resented by ground-truth parameters p*). With NN param-
eters V and p for linear encoder/decoder and latent score,
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(i) Target Dataset

(ii) Model-50 (Underfitting Bad Pretrained Model)

(iii) Model-200 (Good Pretrained Model)

(a) Fine-tuning Results on CelebA64 dataset.
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Figure 2: The underfitting experiments on CelebA64 dataset. Based on the underfitting bad pre-trained models, the few-shot
phase can not generate clean face images and suffers from the loss gap.

the objective function for the pretraining phase is

min L2
sESNN DSM

T
= [ Bavra [Bauon IV 08 Garln) s a3 a

where Sy is the function class used in the pretraining phase
and has the following form

SNy = {vaﬂ(sc,t) = Vf#(VTIL'7t)/Jt2 —z/o?:
V e RP*4 with orthonormal columns,

£, : R? x [5,T] — R”a network }.

With a pre-trained score function, the diffusion model fine-
tunes it with a given target dataset in the few-shot phase. Let
(Vs, fi) be the minimizer of the above pretraining objective
function. Since the source and target data share a latent dis-
tribution, we freeze the approximated latent score function
f; and only fine-tune the linear encoder and decoder V, in
the fine-tuning phase:

min E%‘é"M =

s€QNN(f1)

T
/5 Evmre [Earieo |V 1086 (wilao) — s (a0, 1)|3]

@)

where Onn (1) = {sy . (z,t) = sz (VT t) — Ha:
V € RP*4 with orthonormal columns }.

Remark 3.2. We denote by Ip the D-dimensional identity
matrix and I the matrix with all elements equal to 1. For a
vector z € RY, we denote by ||z||2 the Euclidean norm and
(1) the i-th element. For a matrix A € RP*¢, we denote by
||A|| F the Frobenius norm and A(%, j) the (7, j)-th element.

4 INFLUENCE OF BAD PRE-TRAINED
MODELS IN FEW-SHOT PHASE

As a start, we conduct experiments to show the influence
of bad pre-trained models in the few-shot phase. The bad

Great Badlk Bad4k

SD1.4 Clip-T 0.326 0324 0322
Pickscore 21.70 21.70 21.67

SD3-M Clip-T 0.324 0309 0.236
Pickscore 22.11 20.52 18.52

Table 1: Results for overfitting bad pretraining.

pre-trained models can be roughly divided into overfitting
and underfitting, where the former suffers from low diversity
and the latter does not learn the basic information.

Bad Overfitting Pretraining: Memory Phenomenon. To
simulate the memory phenomenon, we deliberately over-
fit standard Stable Diffusion (SD) models using a single
prompt ("a photo of a dog") and 5 images. This yields two
degraded baselines: Badlk and Bad4k, trained for 1k and
4k steps, respectively. We observe that increased overfitting
steps directly correlate with a significant reduction in gen-
eration diversity. In the few-shot phase, following Dream-
booth [2023]], we fine-tune the pre-trained model
with Dreambooth training dataset. We evaluate performance
using CLIP-T and PickScore calculated on 3k images gen-
erated from test prompts. To match Section [3.1] we only
fine-tune the first and last 3 blocks of NN (Details in Sec-
tion [B). As shown in Figure [T} if the pre-trained models
overfit a dog feature, the few-shot phase suffers from the
memory phenomenon and can not generate images with the
target feature (cat). Table[T]also shows that as the pretrained
models become worse, the metric is worse.

Bad Underfitting Pretraining: Few-shot Loss Gap. Fol-
lowing [Yang et al. [2024]], we conduct experiments on
CelebA64 to show the influence of underfitting pre-trained
models. We first train two basic models with different
hairstyles. The facial features generated by the basic model
trained with 50 epochs (Model-50) are distorted, while
Model-200 (with converged loss) can generate clear faces.
Hence, we call Model-50 an underfitting model and Model-
200 a great pre-trained model.

After fine-tuning on bald targets, Model-50 fails to generate
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(a) Bald OF200 (200-img subset)

(b) Bald M200 (Full 6400, control)

(c) Glasses OF200_g (200-img subset)

Figure 3: Low-diversity OF pretraining produces near-duplicates of the training subset. Each panel: top row = generated
samples, bottom row = nearest source-training image, d = LPIPS distance. (a) Bald OF200 (200-image source): d = 0.001.
(b) Bald M200 (full 6400 , matched budget): d ~ 0.06(~ 100x larger ). (c) Eyeglasses OF200,: same d =~ 0.001 signature

(cross-concept replication).
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Figure 4: Quantitative bald rate across pretraining check-
points. M-series (blue) shows monotone improvement with
pretraining maturity ( 3.7% — 73.6% ); OF-series (red)
at compute-matrhed budgets shows -11.6 pp and -8.4 pp
deficits relative to M200 / M400.

coherent facial structures (Figure [2] a), manifesting as a
persistent loss gap compared to Model-200 (Figure 2] b).
This suggests that fundamental concepts missing from pre-
training cannot be recovered during few-shot adaptation,
leading to suboptimal local minima.

Empricial Evidence with Standard Pretraining. Com-
pared to simulate overfitting starting from good SD3 check-
point, a more natural way is to take under-trained check-
points from a standard pretraining trajectory. Hence, we
pre-train a series of diffusion models on CelebA64 (6400
pretraining images) and take early-stage checkpoints as the
underfitting bad pretraining models. For the overfitting bad
models, we pretrain models on a smaller subset of those
6400 images at the same optimizer-step budget.

More specifically, we train diffusion models on 6400 images
for 400 epochs and take five checkpoints with difference
epochs (where MN denotes the checkpoint after N pre-
training epochs) as checkpoints from a single 6400-image
trajectory. OF200 and OF500 are checkpoints trained at
matched optimizer budgets on 200 and 500 image source
subsets. The fine-tuning phase uses 2000 steps on 10 target
images with three independent target seeds, identical across
all checkpoints.

Metrics.

Bald rate: Fraction of 3000 generated samples scored
P(Bald) > 0.5 by a 3-seed CelebA-trained attribute-classifier

ensemble, which is used to measure adaptation success to
the target data.

NN-LPIPS / near-copy rate (NCQr): nearest-source-image
LPIPS distance for each generated sample, with NCQr
defined as the fraction of samples whose NN-LPIPS falls be-
low a pre-calibrated threshold 7 = 0.0730 (set on real bald
hold-out faces before any generated sample was inspected),
which is used to measure pretrained-stage memorization.

Bad overfitting pretraining suffers from memorization.

Using NN-LPIPS nearest-neighbor checks, the low-diversity
pretrained checkpoints show clear pretrained-stage mem-
orization: OF200 has NCQr = 94.93% versus 0.63% for
matched-budget M200, and as shown in Figure [3] OF200
and OF500 pretrained checkpoints generate near-duplicates
of the small training subset.

Results for few-shot phase with bad pretraining.

After identical 10-shot fine-tuning, both undertrained and
low-diversity / high-exposure checkpoints achieve lower
Bald rates than the better-pretrained M200 / M400 check-
points. As shown in Figure ] and Figure [5] the generated
images are visibly worse under bad pretraining than under
good pretraining.

S BAD PRETRAINING PREVENTS
FEW-SHOT LEARNING

An intuitive idea is that the few-shot phase will quickly
converge to the global minimizer since it only optimizes
fewer parameters than the pretraining phase. However, we
show that if the pre-trained model is bad (the criteria of great
pretrained models is provided in Section @, the few-shot
phase can not learn A,,, suffers a constant error (few-shot
loss gap), and has a small gradient.

Before providing our results, we first make some assump-
tions on the latent distribution ¢,. As discussed in Sec[2]

[2024] only adopt a Gaussian latent, which can

not reflect the multi-modal property of the real-world dataset.
On the contrary, we assume the latent distribution is a mix-

ture of Gaussians [Shah et al.| 2023, which is multi-modal

and has a nonlinear score function.

Assumption 5.1. The source and target data lie on linear
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(a) M20 Fine-tuned
Bald rate =3.7%

(b) M200 Fine-tuned
Bald rate =52.8%

(c) M400 Fine-tuned
Bald rate = 73.6%
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(e) OF 500 Fine-tuned
Bald rate = 65.3%

(d) OF200 Fine-tuned
Bald rate = 41.2%

Figure 5: Visual fine-tuning results across pretraining checkpoints. All five fine-tuned on the same 10 bald target images;
only pretraining differs. Each panel: 4 x 4 = 16 LPIPS-farthest-first diverse samples. (a)-(c) M-series dose response (bald
rate 3.7% — 73.6% ). (d), (e) OF checkpoints at compute-matched budgets show -11.6 pp and -8.4 pp adaptation deficits

relative to M200 / M400.

subspaces s = Agz and z;, = Ay, 2, defined by distinct
orthonormal mixing matrices A, A;, € RP*4, The latent
variable z € R? follows a Gaussian mixture distribution
with density q(z) = Eszl TN (25 e, k).

Remark 5.2. While Assumption [5.1]defines a general GMM,
we adopt a canonical symmetric 2-mode setting (D =
2,d = 1) to explicitly quantify the failure of bad pretraining
and, in Section 6] to derive closed-form convergence rates
for great pretraining. Crucially, we prove that the geometric
guarantees extend to general K-mode GMMs in arbitrary
ambient dimensions D (Appendix [F)), while the generaliza-
tion to high-dimensional latent spaces (d > 1) is further
supported by intuition and simulations in Tables [2]and [4]

Let uf = p*exp(—t). After assuming 2-modal Gaussian
Mixture latent, the ground truth latent score V log ¢i°(+)
has a closed form, which leads to the following score in the
full space:

Viogg:(x) = 3)
Atanh(pu; T AT o)uf — AATx — (Ip — AA )z /o2 .

Inspired by the above formulation, we use the following
network f,,(z,t) to approximate latent score:

£u(2,1) = o tanh (] 2)psg + (1 — 03)z

and Vi, = [Vtq, Vta] | . After determining Sxn and Onn, the
few-shot diffusion models can first optimize L5, and fine-
tune the pre-trained score with £I5% | with the target dataset.
We also define the score matching objective function for the

few-shot phase, which is used in the analysis:

T
i L8 = [ [[Vlogatt (r) - s an.t)

where z; ~ ¢!®. We note that L5 and L%, | are equivalent
up to a constant independent of all optimized parameters
2011]], which indicates the optimization landscape
is the same (Fig.[6). Since the score V log ¢;(+) under Theo-
rem[3.T]and[5.1] has an analytical form (Eq.[3), we focus on

the score matching (SM) objective function. We note that
when considering the convergence guarantee of the pretrain-

ing phase, [2023] also adopt the score matching
objective L&y

Notation. The learnable parameters can be divided into
linear encoder/decoder and latent score. For linear en-
coder/decoder, A, V;, and V; are the ground-truth param-
eters, learnable NN parameters, and empiricaAl minimizer
for the source data, respectively (A, Viq and Vy, for target
data). For the shared latent score V log ¢-P, we use u*, i
and /i as the ground-truth, NN and minimizer parameters.

Regarding objectives, we focus on Score Matching (Lgny)
over Denoising Score Matching (Lpgy) due to their shared
landscape. Superscripts denote phases: pre (pretraining),
few (trainable V,,), and few — all (trainable V;,, ). Our
analysis primarily concerns the influence of a pretrained /i
under the few setting. Since A is time-independent, we fix
t € [6,T] and abbreviate the main objective L& , as L.
Otherwise, we clearly show the subscript and superscript.

5.1 RESULTS WITH A BAD PRETRAINING

For convenience, we call the pre-trained model great when
o = p*. Otherwise, we call the pre-trained model bad[] We
note that the underfitting and overfitting pre-trained models
satisfy this definition, where the former do not learn basic
concepts and the latter overfit to some specific features. Let
Via be the solution of 9L/9V;, = 0. In this part, we show
that with a bad pre-trained model, ||V;oV,] — AW AL |5
is not equal to 0, which indicates the few-shot phase can
not learn ground-truth subspace parameters and suffers a
few-shot loss gap.

Lemma 5.3. Assume Theorem[3|and[31). If i # p*, with
Wa‘/t;r = Atll ta’ aﬁ/av;ia 7é 0.

“Since the source dataset are limited, || — p*|| is smaller than
a small constant €, instead of equal to O for a great pre-trained
model. In Section[6.1] we discuss the influence of limited data and
imperfect learning.
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()D=4d=2

(b)D=16,d =1

Figure 6: The Landscape for Lgy; and Lpsy. Since the landscape of £V can be viewed as a slice of £V~ at /i, we

present the landscape of £fev—all,

This lemma indicates that ||‘A/m‘7tz — A ALllF # 0if
fu # p*, which explain the few-shot loss gap in Fig[2] Then,
we discuss the influence of | — p*| by using a simplified
example o = 0 and p* # 0.

Theorem 5.4. Assume Theorem[3.1|and[5.1| hold. Let i}
and p’ be the two parameters to generate different latent
distributions. Given a bad pre-trained model with i = 0, if

Wi — Al > [u3 — fil, then

||‘/;5a,1‘/;z,1 - AtaA;—zHF > ”Vta,?VtI,Q - AtaAzIzHFv
where 1//\}(1’1- is the solution corresponds to 1} ,i € {1,2}.

This result shows that with a worse pre-trained model, the
solution of the few-shot phase becomes worse. Hence, a
great pre-trained model is necessary for the few-shot phase.
Before providing positive results, we further prove that with
a bad pre-trained model, another fully fine-tuning method
for few-shot models also has a bad performance and suffers
from a small gradient.

Fully Fine-tuning Method and Gradient Analysis.
Though many empirical works only fine-tune key parame-
ters, a few work [Ruiz et al.,|2023] still optimize all param-
eters mingesyy Loy . in the few-shot phase with initial-
ization (‘//\;, 1), where £%=21 i the same with Eq. |1} In
the following theorem, we show that with a bad pre-trained
model, acgeggga“ /O is small when the point is far away
from the global minimizer.

Theorem 5.5. Assume Theorem 31l and[5.1] holds. For a
fixed t, if uy € (—e€, €), we have that

oL ™ /Oy <
(1+ 12) Vil Via /O + O(e2)

where C1 is a small constant determined by V., Ay, and
w* (Details in Eq.[I0).

4eA} Via

The above result indicates that if /i; € (—¢, €), the gradient
is small. Then, if p* is a positive constant larger than ¢, the
few-shot phase requires large optimization steps to get rid
of the bad pretraining phase. We use a toy example to show
the scale of the gradient, which is much smaller than e.

Example 5.6. Considering A, = [0.1,0.1]7, A;, =
[0.12,0.12] T, and p* = 4. With a fixed t = 2 and V;, =
[0.1,0.1] (close to the Aw,), OLEN ;™" /0 < 1 x 1075
when p; € (—0.12,0.12).

Remark 5.7 (Pretraining phase). Since the fully fine-tuning
objective function is the same as the pretraining one (only
different in the dataset), this result can also explain why the
pretraining phase requires large optimization steps. More
specifically, since the pretraining phase does not have the
prior information of p*, it is possible to initialize p around
0, which leads to a small gradient.

Remark 5.8 (Practical Operation). Sec.[5]supports our first
operating principle. Inadequately aligned pre-trained models
can introduce irreducible errors during few-shot phase, thus
affecting the fine-tuning results.

6 GREAT PRETRAINING: WARM-UP
AND ACCELERATION OPTIMIZATION

2-mode GMM analysis. To derive explicit convergence
rates and quantify the interplay between pretraining error
and data complexity, we first consider a symmetric 2-mode
GMM latent distribution with dimension d = 1 and sym-
metric mixing matrices in ambient dimension D = 2.

A significant advantage of the few-shot phase is that it can
use the information of a well-trained score as the prior (such
as latent information . and data structure), which provides a
warm-up for the few-shot phase. Based on this intuition, we
show that few-shot models enjoy a simplified landscape and
quickly converge to ground-truth parameters with a great
pre-trained model.

To achieve this goal, we prove that the landscape of few-shot
phase is strongly convex with great pretraining. As a start,
we first show 92L/0V;2 = 2(N + M) consists two parts:
the first squared term N and the second cross term M (we
ignore (z,t) and E, g« for clarity):

Ospvia | (O5avia ) _ N
MWia Wi ) ’
8281 Via T
(a‘l/z) ($7,Via — S, A1) =M.
ta
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We know that the squared term N is a semi-positive definite
matrix. However, due to the influence of the cross term, we
determine a more precise lower bound for each element of
N, as shown in the following lemma (In the following two
lemmas, we ignore the ta index of v, and V;,).

Lemma 6.1. [Squared Term] Assume Theorem[3.1|and
holds and the latent parameter ji = p* is learning perfectly.
Then, we prove that N = aly with a > 0 for Vt € [0, T

(see o in Eq[I3).

Lemma 6.2. [Cross Term] Following setting of Lem.

(a) The |a, — vio| < 01,4 situation. For YM(i,j),
|M(i,7)| < v(01,¢), where v(d1,) — 0as 614 — O (see

¥(d1,4) in Eq]I3).

(b) The viq > arq + 614 Situation. Let 6 4 L Ve — g >
M — M', where M' is SPD. Then, there

51,t and M1 =
exists an interval vy, € [agq + 01,t, Grq + 02,4) satisfies:

1(1,1 )]: [ (

1( ) )+M1( ) )] (Utavt)+u2(vta’t)’

where (u1(via;t) + u2(Via; t))lv,=ara+s1,, > 0, ua(-1)
increasing and us (-, t) decreasmg forvy, € [ag+01,4, ara+

02,¢] (see M’ uq (-, t) and ua(-, t) in Eq. ..and@)

To characterize the landscape of the objective function, we
give the following definition.

Definition 6.3. ¢ : RP? — R is \-strongly convex and
L,-smooth if \Ip < V2¢(x) < L, Ip.

Since the Hessian matrix H = 2(M + N), if a« > v, we
know that £ is 2(«v — )-strongly convex for |viq — asq| <
01,¢+. As shown in Lem. (a), v is related to the initial-
ization area, and we can determine a suitable initializa-
tion parameter d;; to guarantee o > <. For the setting
Vg > Qiq+02,4, We only require uq (Viq, t) +ug(viq, t) > 0.
The following condition shows our requirement for initial-
ization, and the example shows that the initialization require-
ment is easy to satisfy.

Condition 1. 01, satisfies o > v(d1,1), and 2, satisfies
w1 (g + 02,¢) + u2(arq + 92,¢) > 0.

Example 6.4. Considering A, = [0.1,01]7, Ay =
[0.12,0.12]T, and u = 4. Withat = 2, to satisfy Condi-

tlon we require v ) e {[0.1,0.5] U[—0.5, —0.1]}, where
0.5 is far away from Qg

With a similar idea, we prove £ is 2(« + v + ¢)-smooth
with ¢ > 0 (see ¢ in Eq.[19). Let V”) be the initialization
and V;(ak) be the k-th iteration of GD algorithm. Then, we
have the following results.

Theorem 6.5. Assume Theorem i = p* and
01,¢, 02+ satisfy Condition Considering score matching

function L. When ’UES) € {late — 01,4, Qra + 02,¢] U [—arq —
02,4, —Qiq + 01,4)}, using gradient descent with learning
raten = 1/(2a + ¢), we have

VAVET - Aval|

k—1
<
o (Kz—i—l

where k = (a + v+ () /(a — 7).

k
> (2atq + G2,0) 010 — azal

This result is the first convergence guarantee for few-shot
diffusion models and explains why few-shot models con-
verge quickly to the ground-truth parameter.

Extension to K-mode GMM with General Dimension D.
While the symmetric 2-mode case offers explicit constants,
the geometric intuition generalizes to a K-mode GMM
in D dimensions. Following the notation in Appendix
we demonstrate that the score function’s Jacobian retains a
benign structure. This ensures the curvature remains positive
definite, even within complex multi-modal distributions.

Lemma 6.6. The Jacobian matrix J of the K-mode GMM
score function admits a rank-1 perturbed identity form: J =
alp + BViex . Consequently, the expected Squared Term
is positive definite near the ground truth:

N = XsgIp, where Agq >0

is determined by the minimum eigenvalue of rank-1 per-

turbed structure (see Agq in Eq. and Lem. [FI)).

For the cross term, we derive a spectral norm bound that
explicitly relates the perturbation strength to the parameter
error and data complexity.

Lemma 6.7. [Perturbation Bound] The spectral norm of
the Cross Term scales linearly with the parameter error
|AllF = [Via — Agal| . Specifically:

||Mcross||2 < CcrOSSHAHFv

where Ceross (defined in Eq. explicitly quantifies the
data complexity, scaling with the diffusion noise level o, 2
and the higher-order moments of the latent GMM.

Combining the curvature provided by the Squared Term and
the perturbation bound of the Cross Term, we establish the
general strong convexity condition. This theorem general-
izes the convergence guarantee to arbitrary dimensions and
mode configurations.

Theorem 6.8. Assume the pretraining phase vields an ini-
tialization Vth )
Hessian is strictly positive deﬁmte

2CVcross”A”init > 0;

)\min(H) Z 2/\sq -
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Table 2: D = 8,d = 5, 5-modal GMM latent.

Vta )\1 )‘2 )\/1 )\/2

0.07 -2.8e-2 -2.7e-2 2.5e-4 1.5e-3
02 -7.1e-3 -69e-3 0.033 0.034
03 -2.6e-2 -2.1e-2 0.0738 0.076
0.5 -25e2 -1.5¢2 0206 0.211

Thus, the optimization objective is locally strongly convex,
guaranteeing linear convergence to the ground truth Ay,.

This generalization confirms that the efficiency of few-shot
adaptation is a robust property of diffusion models on multi-
modal distributions, provided the pretraining establishes a
sufficiently accurate latent structure to overcome the data
complexity captured by Cipogs-

Intuitively, for high-dimensional latent spaces (d > 1)
with K-mode GMMs, the Hessian still decomposes into
a Squared term (representing curvature) and a Cross term
(representing residual error). Since the cross term is propor-
tional to the residual error, the robust positive curvature of
the squared term dominates the perturbation of the cross
term when the ground truth is approached. This ensures that
the local optimization landscape remains strongly convex, a
geometric property empirically corroborated by the strictly
positive eigenvalues observed in our high-dimensional sim-
ulations (Tables[2]and ).

For the analysis of more general data, we also discuss ex-
tension to general bounded support latent (Section[A.2)) and
multi low-dimensional linear subspace (Section[A.3).

Simulation Experiments. We verify the optimization land-
scape by computing Hessian eigenvalues with p; and dif-
ferent vy, for both phases and report eigenvalues. As shown
in Table[2] pre-training objective yields negative eigenval-
ues (A1,2), confirming its non-convex nature. In contrast,
few-shot phase exhibits strictly positive eigenvalues ()\’172),
which empirically supports the fast convergence guarantee
in Thm. Additional simulations confirm that these re-
sults generalize to high-dimensional multi-modal settings

(Section[B).

Remark 6.9 (Influence of ¢.). Sec.[5]and[6]show that a great
enough prior information /i is important. When ¢t — +o0,
the information of /i gradually disappears fi; — 0, which
indicates the optimization process will become more diffi-
cult. Our convergence guarantee also reflects this intuition.
When ¢t — +o0, « (Eq.[I3) and y (Eq.[I5) become 0, and
the strongly convex parameter becomes smaller.

Remark 6.10 (Practical Operation). Sec. [f] supports other
two operating principles. The cross-term error coefficient
Ceross 18 directly proportional to the complexity of the data
distribution (e.g., latent moments, modal dispersion). The
more complex the concept, the smaller the allowable initial
error radius for optimization, which relies on high-quality

pre-trained weights. Meanwhile, a great pre-trained model
can provide a good optimized landscape during few-shot
phase without requiring too many fine-tuning techniques.

6.1 DISCUSSION

Limited Source and Target Data. For the pretraining phase,
we assume the latent parameter is perfectly learned 4 = u*
in Sec.[6] In this part, we discuss the setting ||i— p*|| < €pre
(given a pretraining dataset with ny datapoints, €py has

the order of ns_Q/d [[Chen et al.,|2023]]). As shown in Lem
and Thm. [5.4] when || — p*|| < €pre is small enough,
1Via XA/tZ — Ao ALl < poly(€pre). For the few-shot phase,
Yang et al.| [2024] show that there is an additional 1/,/7,
error with n,, target data. Hence, there is an additional

724 4 n7- 1% in Thm.[6.5| with a limited data.

POly(nS ) + nta

Criteria of Great Pre-trained Model. The performance is
determined by the scale of pretrained data, the model size,
and the optimization step. In Section[A.T] we discuss the bal-
ance between these terms from the theoretical perspective.
From the empirical perspective, a great pre-trained model is
usually an over-parametrized NN and is trained with a large-
scale and diverse dataset. The optimization process should
choose a suitable step that enjoys a converged loss and has
the ability to generalize. We can use the standard quality
metric, such as FID, IS, Clip Score, Pickscore, etc., to avoid
underfitting. For overfitting, one can sample multiple im-
ages with the same prompts and observe their diversity and
measure with the generalization score [Zhang et al.|[2025a]].

7 CONCLUSION

This work aims to explain why few-shot diffusion models
can achieve great performance with a few optimization steps.
As a start, we first evaluate each operation of few-shot diffu-
sion models and show that a bad pre-trained model heavily
influences the few-shot phase from the empirical and theoret-
ical perspectives. After that, we show that a great pretrained
model provides a warm-up for the few-shot phase and makes
the landscape of few-shot diffusion models strongly convex.
As a result, we prove that the few-shot model can fast con-
verge to the ground-truth parameters by using a standard op-
timization algorithm (such as gradient descent). Combined
with the gradient analysis for the pretraining phase, for the
first time, we explain why few-shot models only need a few
optimization steps compared with the pretraining phase to
achieve great performance.

Future Work. While we extend our analysis to k-modal
GMM latents (Theorem[F.3)), a gap to real-world complexity
remains. Future research could explore general bounded
support or multiple low-dimensional manifolds, as discussed
in Section [Al
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A  MORE DISCUSSION ON GREAT PRE-TRAINED MODELS AND GENERAL LATENT

In this part, we first discuss the criteria of great pre-trained models and the influence of the pre-trained data, model size, and
optimization steps.

A.1 DISCUSSION ON THE GREAT PRE-TRAINED MODELS

As the performance (generalization or memorization) of pre-trained models is determined by the scale of data, the model
size, and optimization steps, we discuss the different combinations of these components from a theoretical perspective,
which is helpful in determining the criteria of great pre-trained models. After that, we discuss how to extend to a general
GMM with latent and bounded support. Finally, we intuitively discuss how to extend the few-shot diffusion models analysis
to general multi low-dimensional manifolds.

The pretrained data. As discussed in Section the limited pretrained data introduced the estimation error Poly(ns_Q/ d)

for the pretraining phase. From the theoretical perspective, we require that the imperfect learning error for the pretraining

2/d)

phase is not the dominant term, instead of perfect learning. More specifically, we require Poly(ns to be smaller than the

optimization error in Thm. and the limited target data error n;:/ 2,

The balance between pretrained data, model size, and optimization step. The above discussion builds on the size of
pre-trained data and NN matches (as shown in Theorem 2 of |Chen et al.|[[2023]], the size of NN is determined by n,) and
ignores the optimization steps. However, there exists a mismatch between the pretrained data, model size, and optimization
step in the application. Based on|Li et al.|[2024]], we discuss the influence of the following mismatch cases for the pre-trained
models:

Case 1: large train data and small NN size.

In this setting, the NN tends to learn the Gaussian structure of pretrained data (the empirical mean and covariance) instead
of learning the multi-modal information of data. This setting belongs to the underfitting bad pre-trained models since it can
not greatly learn the knowledge of the source data.

Case 2: Overparameterized NN with different optimization steps.

When an NN is overparameterized, with a large enough optimization step, the NN will memorize the training data, leading
to an overfitted, bad pre-trained model.

With a small optimization step, Zhang et al.|[2023]] show that the NN still learn the Gaussian structure of training data
instead of total source data knowledge, which belongs to the underfitting bad pretrained model.
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A.2 EXTENSION TO GENERAL BOUNDED LATENT.

For the general latent distribution, if only focusing on the convergence guarantee, one possible way is to use the kernel-based
method with a general wide 2-layer NN (the number of neurons m = ©(n;)) [Li et al., [2023]:

s1.4(X) := AReELUWX + Ue(t))/m,

where A € RP*™ is trainable, W € R™*P and U € R™*% are randomly initialized and frozen during training, and ()
is the embedding of time. By setting m = d (indicates d is large enough, which is also used by Han et al.| [2024al]), the
trainable A becomes the linear part, and the fixed ReLU(W X + Ue(t)) represents the nonlinear fixed latent in our work.
Then, using the gradient flow algorithm, the score converges to the target distribution regardless of whether the pre-trained
model is great (since the W, U are randomly initialized). Though this method can provide a convergence guarantee, it does
not reflect the role of pretrained models and does not match the empirical operation. Hence, we adopt a simple setting to
clearly explain the optimization process of the few-shot phase.

A.3 EXTENSION TO MULTI LOW-DIMENSIONAL SETTING

After obtaining the first convergence guarantee for the few-shot models under a single linear subspace with a GMM latent,
we discuss how to extend the analysis to a union of low-dimensional subspaces.

Though real-world data admits the low-dimensional structure, it is a union of low-dimensional manifolds instead of one
manifold [Brown et al.,[2023]]. Hence, a setting closer to the real-world data is to assume the target data is a union of linear
subspaces. In the pretraining phase, [Wang et al.| [2024]] makes the first step in this direction by modeling the data as a
union of linear subspaces, and each subspace admits a Gaussian latent. We can first follow this direction and extend it to
the few-shot phase. More specifically, for the few-shot modeling, we can assume the source and target data share some
manifold and also have their own manifolds. Intuitively, since the pretraining phase has learn the shard manifold knowledge,
based on our analysis, a great pre-trained model can also reduce the estimation error, warm-up, and accelerate the few-shot
optimization process.

Go beyond: Few-shot analysis for a union of linear manifolds with general GMM latent. As Wang et al.| [2024]
assumes each manifold admits the Gaussian latent instead of the general GMM latent, it still has a gap to the real-world data.
Another interesting future work is to combine the general GMM latent analysis (Theorem [F.3) and multi-linear subspace
assumption few-shot modeling to analyze the role of pre-trained models in the few-shot phase. We leave the analysis on the
multi-subspace assumption and its GMM extension as interesting future works.

B ADDITIONAL EXPERIMENTS

B.1 ADDITIONAL SIMULATION EXPERIMENTS

In this part, we provide more simulation results with different D and d and show the two smallest eigenvalues of the Hessian
matrix. As shown in the following two tables, the landscape of the pretraining phase is still non-convex. On the contrary, the
landscape of the few-shot phase (with a great pretrained model) is almost strongly convex (except a very small negative
eigenvalue —7.5e — 5).

The non-convex landscape of the pretraining phase indicates that it is possible to converge to the local minima instead of the
global minima. We also verify this intuition through the simulation experiment. More specifically, we use the initialization
area (Vtq, pi7 ) (v¢q = 0.07 and ground truth a;, = 0.12) and update models with GD algorithm. Then, the pretraining phase
converges to the local minima 0.112, which is not equal to a;,. On the contrary, the few-shot diffusion models with a fixed
1 converge to 0.11999, almost the same as a,.

B.2 THE DETAIL OF THE UNDERFITTING REAL-WORLD EXPERIMENTS

In this part, we describe the setting of our real-world experiments on the CelebA 64 datasets. Our setting mainly follows
Yang et al.[[2024]], and we provide the setting for the sake of completeness.
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Value of vy, M Ao A b

0.07 -0.0013  0.0015 0.0007 0.0016
0.2 -0.01 0.008  0.008 0.0083
0.3 -0.027  0.012 0.0126 0.0133
0.5 -0.057  0.013 0.0134 0.0151

Table 3: Eigenvalues for different vy, (D = 16,d = 1)

Value of v, M Ay N b
0.07 -0.0002 -0.0002 -7.5e¢-5 1.24e-7
0.2 -0.0014 -0.0008 1.18e-5 1.29e-5
0.3 -0.0061 -0.0047 2.67e-5 2.86e-5
0.5 -0.0276  -0.0264 7.42e-5 7.89e-5

Table 4: Eigenvalues for different v, (D =4,d = 2)

CelabA 64 Datasets.

* Source dataset: 6400 images of faces with different hairstyles (without the bald feature).
 Target dataset: 10 images with the bald feature in CelebA64.

NN structure. In this experiment, we adopt a U-net network with 11 downblocks, 2 middleblocks, and 15 upblocks. In
the pretraining phase, we train all parameters of the U-net. Since the NN layer in U-net is highly nonlinear, following |Yang
et al.| [2024]], we fine-tune the downblock and upblocks in the few-shot fine-tuning phase. More specifically, we fine-tune the
first 4 downblock layers (as the encoder) and 4 upblock layers (as the decoder) in the fine-tuning phase.

The above experiments were conducted on a GeForce RTX 4090. For the pre-trained phase, we train the models for 50
epochs (bad pretrained model, Model-50) with batch size 20, which takes 1 hour. The great pretrained model (Model-200)
takes 5 hours in the pretraining phase. For the fine-tuning phase, we fine-tune the pre-trained models with limited target
datasets for 400 epochs with a batch size of 2. It takes 3 minutes to fine-tune the pre-trained models.

B.3 THE DETAIL OF THE OVERFITTING REAL-WORLD EXPERIMENTS
In the part, we provide the detail of the experiments on the Stable Diffusion models, including dataset and training pipeline.

Dataset and Evaluation Metric.
Training Dataset. The Dreambooth training dataset contains 30 subjects, and each subject contains 4-6 images to use to
fine-tune the models (a total of 156 images).

Validation Dataset. The dreambooth dataset provides 25 test prompts for each subject (total 30 * 25 = 750 prompts).
Following the description of Dreambooth, we generate 4 images for each prompt and use these 3%k images to evaluate.

Clip-T Score. Following Dreambooth, we calculate the cosine similarity between the prompt and image CLIP embeddings to
measure the text-image alignment.

Pickscore. We also adopt the standard pickscore metric for text2image generation.

Training Dreambooth pipeline.

Oveffitting Bad Models. Since the SD 1.4 and SD 3 Medium can generate high-quality and diverse samples, we view them
as great pretrained models. To obtain a bad pretrained model, we overfit the SD 1.4 and SD 3 Medium with one prompt
(a photo of a dog) and the corresponding 5 images. As the overfitting step increases, the diversity of pretrained models
decreases (preferring to generate dog images in our setting). We use two bad pretrained models, the first one overfits the one
prompt 1k steps, and the latter, a worse one, overfits 4k steps (lower diversity). The overfitting learning rate is 5 x 1075, the
resolution is 512 for SD 1.4 and 1024 for SD3-Medium and the accumulation steps is 4.
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Fine-tuning phase with freezing most parameters. Then, we modify the train Dreambooth pipeline of the diffuser to train
with the training dataset. To match the setting of our theoretical results, we only fine-tune the first and last 3 blocks of NN
(Unet of SD 1.4 and DiT of SD 3). The fine-tuning optimization step is 1k. The learning rate and resolution is the same with
the overfitting phase.

C THE DETAILED CALCULATION OF GRADIENT AND HESSIAN

Since our analysis depends heavily on the gradient and Hessian for the few-shot score matching objective function, we
provide the detailed form of these terms in this section.

C.1 TERMS RELATED TO L&Y,

Recall that E dVS;M is consisted by the cross and squared term

2 pfew
9 ‘CSM

E
Vi

=2

035via \ | [ O54.vha
OWVia Vi

we calculate the expectation form of each term.

si,via
El =72 (84,Via — Sp=,40,) | T E
ta

] |

2 pfew
9" Ly

To obtain the expectation form of E v
ta

(r)l:few .
Calculate —; SM.t . For this term, we know that

fe
oL <5Sg,vm

]
- S ) (s 0t) = 5 00

where

Sp+ a(zy,t) = Atanh (ufTATxt) wy — AATz, — Ui (ID — AAT)

t

For the first term, we have the following equation:

Isp,v, X Otanh(] V.5 a) i T, 1 OViaV,
% — tanh V I+ V, = 1| = te"
Wi, an (ut aTt) eI + Vi ta t2 an
= tanh () Vg z1)jinls + (1 — tanh® (2, Vig )iy Vi + ( ) (#:Viq + Vig@el2)

. . 1 1
= (tanh(utTVtIxt)ut + (0_2 — 1) V;Zl‘t> 12 + ((1 — tanhQ( V;Sa xt))ut ,ut + (o_ 1)) J)t‘/tz .
t

t

2 pfew
Calculate aaf/szM .
ta
into the cross term and the squared term.

We know that the Hessian matrix of the few-shot score matching objective function can be decomposed

82£few 0s; Vi 0s; Vi 82S~ V,
-9 My Via N T s Via 2 Ky Via T N o . )
o g (Tt T (Dot ) (T (s, = o)

Squared Term N Cross Term M
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For the cross term, we know that

T
Vi,
. 2. (1 0 x4 (1 0
(1 v Vi) i | O ! ol
= R (2) 0 +2(o—§1) z(2) 0
(1 — tanh®(f] Vidxy)) fi fie 0 (2 0 x(2)
A . zi(1) 0
(1 — tanh® (3] Vid @) i fue 1,222; 0
Jr
) T 0 x(1
(1 = tanb® (i Vigwe)) inf | ngzg
L 12 AT A ,atl't(l)xtvt;r,
— 2tanh(fiy Vg 2)(1 — tanh™ (g Vig @)ty e fiwe(2)x Vi |

Let s v, (¢, t) — Su= 4, (2¢,t) = y. Then, we have that
(625117‘&:

Vi
= (1= tanh® (i Vig we))iif ! yIo + (1 — tanbh® (i Vig @) )it iy’

)T (Savia — Spv.Ar)

. N 1
~ 2tanh (3 V) (0~ ot ] Vo] el VL +2 (2 = 1) al .
t

For the squared term, we know that

0sp.v, T/ 0s; . . T
L Yo ) = tanh® (1] Vg we)it] fulz + (1 — tanh® (i Vi 20) 1] fuView] 2.V,
Vi Vi

2

2
1
+ ( — 1) (met xtV —|—x;erV xidy + Vmwt V alt + mg—%awt‘/;z)
O

+2(1 — tanh?(3] Vi ) tanh (] Vi e i) il Vi)

1
+2 ( - 1) tanh(p ' Vg o) fue (20 Vig + Vig2:12)

Ut

1
+2(1 — tanh?®(3) V,! 2,)) <02 - >ut [Vt Vigwyx,
?

. 1 T A
0=t 0T Vi) 55 = 1) A il ViV + VioVlnal ).
t

2 pfew

Calculate the expectation of Hessian E 6a\£/%M . Asdiscussed in Section we take expectation over the target distribution
ta

qtq- Hence, we calculate the expectation of Hessian.

Before providing the result of the Hessian matrix, we first do some helpful calculation. Recall that under the linear subspace
assumption (Theorem 3.1), the diffusion process happens in the latent distribution zg ~ 2N (u*, 1) + 3N (—p*, 1), which

indicates z; = exp(—t)zg + /1 — exp(—2t)& with & ~ N(0, 1). Then, by changing the probability density variable, we
have

exp(~1)20 = SN (exp(— 1), exp(~21)) + SN~ exp(~1)u*, exp(~21))

V1 —exp(=2t)& ~ N(0, (1 — exp(—2t))

2z = exp(—t)20 + /1 — exp(—2t)&; ~ 1 N(py, 1) + N( wi,1).
Then, we know that z; ~ N(u}, 1), wherep; = exp(—t)p*, which indicates

1 * 1 *
xp = Aoz ~ §N(HtAtaa AtaAtTa) + §N(—Mt AthtaA;) )
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and

1 * 1 *
thxt ~ iN(/‘t ‘/t;rAtav VtIAtaAT Via) + N( 122 VtIAta» VtZAtaAtTtha) :

We should first calculate E[z;z, ], E[z/ 2], E[z/ y] and E[z;y "], where y = s;,v,, — S+, A, as they will be frequently
utilized in subsequent steps.

Ela{ 2] = E[S,(i)’] = SDw4(i)] + E*[2,(0)]
= tr(AwAL) + Elzy] "E[zy]
= tr(A}, Aa) + Elzy] " Elzy]
= (1+ 1) A Ara )

Bl ] = El(z — p* Ava) (@ — p*Ara) ']+ 0t AL E[2] | + p*Elz] Ay, — 12 Ara Ay,
= (14 p*?)AwA),

Observe that x; is a symmetric distribution. Then, for any even function f, we can write
1 1
Ee, [f(z4)] = §]Eact~/\/(u§Am,AmAtTa)[f(xt>] + §Emt~N(—u;Am,AmA;)[f(xt)]

= ExtNN(M;Am,AmAL) [f ()] -

Applying this property of the even function, we can obtain the following result by using the fact that 2] y and 2;y " are even
functions x; (recall that s v, (T¢,t) — Sp=,a,. (24, 1) = Y).

E[z; y]

. 1
= Eﬂft [‘r;r(vta tanh(:u;rvt;rxt)ut ‘/tavtaxt ( V;favta )xt)] Eﬂft [z;rsu*7Ata]
t

. . 1 1
= By, N (i Avas Ara AT ) [ Via tanh (i) Vi @) iy + (? —Va/ ViaVif iy — ?33:3%)] &)
t t
-
- Eft [xt s#*»Ata]

. ) 1
= Foy N (2 Ava Ara AT ) [0 Via tanh (] Vig @) fu] + (5 =1+ w2 )Vih Aa Al Via)
t

1
- (tr(AtaA;r) 2AT Atll) - $t [‘Z‘;FSH*7Ata}

o}
R 1
=K, Nz Am,AwAT)[aft Via tanh( Vo o) fu] + (? D1+ p7?)Vid A AlLVia)
t

1 .
T(tT(AtaAta) + N?A aAta) — Eg, [x;rsu*,Am]
Ot

1 *
= ExtNN(/J'fAta,Ata,AT [xt Via tanh(,ut V Te)fl } + (; D1+ py Q)VTAtaA;Vta)
t

1
T ALaOR) (o = DI+ )AL AwAL Aw) ©)
t

.
= BN (s Ava, Ara AT ) [T Ata tanh(p
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Through similar calculations, we can also get E,, [z,y "]:

N 1
E, [xtyT] [wt(vta tanh(ﬂt V aTe)fbt — x;rvtavtjz— T2 x:( 2 — Vth;F)
t

N N 1

— Ay tanh(a) ALz iy — z) A Al — oL T Iy — AW A6))]
i

TAT

= Eo, N (s ApesAra AT ) (21 (Via tanh (@] Vi3 @) i — m0(Agg tanh (py " Al w0 |

1
+ (1 1) (g = DAwAL (ViaVig — A Al (M
t

With the calculation for E[z y] and E,, [,y "], we can obtain the expectation form of the cross and squared term. For the
cross term, we have that

0?%s;,

i, Via

E |: aVQ (Sﬂ,Vm - S#*yAm)
ta

= E[(l — tanh® (1) Vi, xo) i) fuxl vl + (1 — tanh® (i) Vi) 20) it frexey "
— 2tanh(p " Vg m) (1 — tanh® (i) Vig we)) iy fefu] yiVig + 2 ( ) :E?ylz}

=E [ﬂ:ﬂﬂ:y-@] -E [tanhQ(/it Vi) e y] +E [Nt thtyT
—-E [tanhz(“TVTxt)ut fiezy }
— 2E [tanh(fi Vigwo)fy fusfea] yaVig | + 2B [tanh® (i) Vig @) i pufua] yziVig ]

1
+2 ( 1) Bz, yIs] .
o}

For the squared term, we have that

| [ 9%V T (9spvi.
Wi Wi
= Eltanh® (] Vi o)1) fielz] + E[(1 — tanh® (i) V) 20))? 1] 1 Viaw] 2V, ]
2
1
#2( 35~ 1) (4 B AGALVVT + (14 @V A AL Vi)
t

+E[2 <1—tanh2< Vi) tanh(j Vi) juoft] Vi

+ QE[(g — 1) tanh(i] Vil @) fie (e Vih + Vi elo)]
t

. 1 T A
FE( - tanh? (3] VT 2)) (02 - 1) AT @V Viaa] + el ViaVil + ViaVid ) ).
t

C.2 TERMS RELATED TO £&% !

few —all
For the fully fine-tuning method, we show that 1:87 is small in Theorem In this part, we provide the calculation of

this term. We note that when considering fully fine-tuning method, u; also has a gradient.

8£few—all
SM

S = 2 (i, (0, ) — s ) (Vi tanh(gn] Vi) + peVia(1 — tamh (o] Vi) V)
t

D THE PROOF FOR BAD PRETRAINING

Lemma D.1. Assume Theorem.and. If i # p*, with VgV, = AraA m, OL/OViq # 0.
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Proof. For the sake of brevity, we use x, p; instead of 2!, /i, when there is no ambiguity in this part. We also ignore (x, t)

in sy v, (z¢,t) and s,» a,, (¢,t) for clarity.

We know that ]
OLN
WVia

For each term, we have the following form:

aSAV T
(%) (spaia o) = sy i)t

s, T
(c‘;{/%) = tanh(pu Vig @)Lz + (1 — tanh® (e Vg @) e Viaw "
ta

1
+ (2 — 1) (Vigx " + V[ 21y)

0%
1
£ f((E, V;imlf«t) + <0_2 — 1) (V%a{L‘T + V;IZL‘IQ) R
t
and

1
sﬂ,vm—su*,Am=vmuttanhwtvgx)—Amu:tanhwm;m(2 )(VmV  AwAL)

O
1

=gl Vi ps i)+ (O’ ) (ViaVia — AraAl,)z
t

Then, we simplify the gradient term into the following form

—E [(f@c, Vi i) + (; - 1) (Viaa™ + Vi3 D)) (a, Vi u:ﬂ
|70 Vini) + (3 =) ™ + Vo)) (5 = 1) (VaVi] = AT )e|
=E, <01t - 1>2 (Vigx " + VL 21)(Via Vi) — Ao AL 2] + Ep[h(z, Via, Atm#n#f)]] )
where

h(aj V;fazAtaa,utnu;>
1

=f ( - 1) (VtthZ - AtaAtTa)x + (2 - 1) (VtaxT + V1:I$I2)g + fg

0%

1
— (55~ 1) oVl + (1 = b V) Vi T ViaVi] — A AT

t

1
+ (02 - 1) (Viaz " + Vg2 Io)(Vigpis tanh(p V,} 2) — Agapef tanh(uy Ag,z))
t

+ (tanh(e Vg @) eI
(1 — tanh® (4 V,T 2) Vi) (Viagi tanh Vil 2) — Agapif tanh(s A7)
We first calculate E,[Viqz " (Vg V!

ta
ALEN «
term of £ [ oV,

Eaﬁ[VtaxT(VtthZ _AtaAt )z] = Vi E [xT(V;faV;fa AtaAT) ]

= ViEq[tr(x (Vfavta Ao Ay )x)]

= ViaEo[tr(ViaVig — AmAT)mT ]

= thr(Ex[(VmV — A Al )z )]

= (L4 p2)tr(ViaVia = AraAfs) AtaAi)Via

tr
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where the last equality follows the fact that E[zz "] = (1 + uj?) A A/, (Eq. Similarly, we can obtain the following

bound:

x [(‘/ta‘/t;r - AtaA;)szVta] = (‘/ta‘/t;r - AtaA;)EX [xxT]‘/ta
=1+ NZQ)(VtthI - AtaAtTa)féltaAT Via -

Thus, the first term of the gradient E [ 65}“ t] has the following form:

2
1
E, [( 1) (Vi + VIR (ViaVi] — AL
’U}
Let 7E1E [h(l’, Waa Ata; Mt ,LL:)} é h(V;av Ata, ot s /U’Z)’ we know that

0s; Vi T

1) Eu(Viaz T + Vil 2) (Vi Vil — Ara AL )]

1) Vit (ViaVil — AvwAL)a] + El(ViaVil — AreAL Yoz Via])

W\ - Sm\ - ﬁg\ -

2
1) A4 1) (Via Vil — Avw ALY A AT Vi 1 r(Via Vil — Ava AT) A AT ) ) Vi

1>

V;a ta ) AtaAta)V;fa .

E

is equivalent to

w(‘/ta‘/tza AtaA;lr;)‘/ta = h(‘/taa Ataa Ht, /-LZ) .

We then prove that w(VthI, Ao AL) = 0if and only if Vi, V,[ = A;, A, when Ay, # 0.
If V;a - AtaA

Vvta‘/ta AtaAta = Vvtav AtaA - 0

= w(‘/;fav;:a P AtaA;—z) =

If w(Via Vi), AiaAlL) = 0, we know that

(‘/ta‘/;;;r - 14t01/41;|¢—1)14ta14—r + tr((v}a‘/ta AtaAT )AtaAT )I2 =0

= tr((VthZ - AtaAtT )AtaA;z) 2tr((Vtan AtaAT )Ata Ay )
which indicates tr((V;o V,), — AtaALL)AtaAl,) = 0. Then, we know that

V;fa‘/tZAtaA; - AtaAT Ata = —tT((AAT - AtaAT )Ata )IQ =0

= tr(vta‘/t;rAtaAT) = VtZAtaAT Via = A AtaAT Ata

= V o Ata = :l:A W Ata

= VidAL A Al = £ A, AT A AL

= VWAl = iAmAT

= V;a - :l:Atay V;fa - AtaA—l;,

few
a‘C’SM t

words, if p; # uf, ViaV,l = Ao Al can not make E [ E1 } = (. Then, we complete the proof.
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Theorem 5.4. Assume Theorem @ and @ hold. Let pui and ps be the two parameters to generate different latent
distributions. Given a bad pre-trained model with [i = 0, if | — 1| > |ub — fi|, then

”‘775&,1‘7;1,1 - AtaAtTa”F > ”V;ﬁa,QVtIQ - AtaA;HFa
where ‘Zw is the solution corresponds to (i € {1,2}.

Proof. With p; = 0 and p # 0, then we know that

1
h(‘/taa Ataa Ht, /J/:) = ]Ew |:(2 - 1) (‘/ta,:lf‘T + V;tzx12> tanh(M:A;x)ru’:} Ata .

0%

We know that

1
. (2= 1) 6 Au vt b AT | > 0
g

t

and

E, [(12 - 1) (7 Ao + Az ") tanh(qu;x),u:] >0,
g%

so w(Vig Vil Are A} ) > 0, which means that there exists a constant positive gap between Vi, V,! and A, A/ .
ta ta p gap ta ta

We also know that function x tanh « is even, which indicates if uj > p3,

E, [(012 - 1) (27 A + Aggz ") tanh(uIA;x)ui]
t

1
>E, {(2 — 1) (7 Ay + Az ) tanh(uﬁA;x)ug} .

Oy
Therefore, the constant positive gap between V;, V;I and AtaA; must increase.

Va1 Vias = AtaAlallr > 1Via2Via 2 — AtaAyallp

Theorem 5.5. Assume Theoremand holds. For a fixed t, if it € (—¢, €), we have that
aﬁfsehvggall/aut <
4eA) Vi) (L + 132) Vil Via /Oy + O(€2)

where Cy is a small constant determined by Vi, Ay and p* (Details in Eq. @)

Proof. Through simple algebraic calculations, we know the gradient for p; have the following form:

acfewfall
SM

S = 20w = swran) | (Via tanh(] Vig2) + peVia (1 = tanh(] Vo 2)Vig )
t

=2y (Via tanh(u Vil ) + i Via (1 — tanh(p] Vij2))V,) 2) .
For the term, by using the Cauchy-Schwarz inequality, we know that

E,[2y" (Vi tanh(u] Vi) @) + peVia (1 — tanh? (i) VL 2))V,! 2)]
= oo Aves e AT (20 (Via tanh (] Vi) @) + 1 Via (1 — tanh® (u/ V3 2)) V) 2)]

< 24/E[yTy]x

VEVia tanh(] Vil ) + Vi (1 — tanh? (] Vil @) Vot 2) 13
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Then we give the upper bounds on E[y "] and
B [IVia tanh (] Vi1 ) + peVia(1 — tanb® (] VL 2) Vil ) 3]

to achieve the final bound.

For the second part, if 1 € (—¢, €), we have

[11Via tanh(pe] Vi) + e Via(1 = tanb® (] VL) Vid )2
< E[ethIVthszTVm + EZSCTVtthIVtthZZE + QEZxTVtthIVtthZz]
= 462(1 + N:z)mz‘/%a‘/tIAtaA;‘/ta )
where the inequality follows by the fact tanh® (s, V;] 2) € [0, 1] and the first order of Taylor expansion for tanh (s, V;! x)

(when u; € (—e¢,€) is close to 0, the influence of higher-order terms in Taylor expansion is limited). The last equality follows
Equation (@).

For the first part, we can divide E[y " y] into three parts below:

Ely"y] = E||Via tanh(p; Vi @) — Ata tanh(u; Ag,2)|13)
+ 2E[(tanh(u: Vi 2)Viq — tanh(u Aju2) AJy) (ViaVig — At Al )]

1 2
+ <2 — 1) tr(ViaVih — AwaAL)? A AL) .

0%

Next we bound each of these three terms separately.
Bound for E[[|V, tanh(1,V,] ) — Ar, tanh(f A )3

E [|[Via tanh(p; Vig @) — Ata tanh(py Age) 3]
<E [V, ViaVig oz Vig + pi2 Al A Al Ara Afyor T Ay + 2605 Vi Ao Vo o™ Ay

a a

= (Vi ViaVik Aa AL Vi + 2 Ay A Al Ao ATy Ava Ay Ava + 2617 Vi Ava Ay Ava Ay Ava)

a a a a

x (1+u2) 2,

where the inequality follows by Equation (4) and the first order of Taylor expansion for tanh(s, V,) ) (when 1y € (—¢,€)
is close to 0, the influence of higher-order terms in Taylor expansion is limited).

Bound for 2E[(tanh(u;V,] 2)V,} — tanh(uf AL z)AL) (Vi Vi) — A AL) 7).

ta

By simple algebraic calculation, we know that

2(tanh(u,Vy, )V, — tanh(uy AL2)AL) (ViaVig — AtaAfy)T
= 2(tanh(utWZI)VJ$V£Wa + tanh(,uZAtTax)A;a:AtT Atq

a

— tanh(uf AL x) Vi 2 AL Via — tanh(,utVtIa:)A;xA;Vm) .
Then, we have the following bound

E[(tanh (i, V,] 2)V,l — tanh(uf A}, 2)AL) (Via Vil — A AfL)2]
< (et + 1) Vit AaALViaVid Via + 17 (1 172) AL Ava AT, Ava AL, Ave

a a a

(14 i)Vl A AL A AlVia ) £ Cs.

a a
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2
Bound for (% - 1) tr(ViaVih — At AL)? A AL).

t

1 2
(2 - 1> tr(ViaVea — AtaAta)? AtaAra)

0i
2
1 A
N (02 a 1) [WIWG(WZAMF - QA;;AM(VtZAta)Q + (A;Ata)3] =0Cs.
t
Then, we know that
A
E[yTy] <Ci1+20,+C3=C.
For YV, C = C' + O(e), while
C" = (L pi? ) (A Ava)® + 207 (1 + 1) (A Ava)® + Cs
= 3(1+ ) (AL Ara)? + Cs < 400 (10)
Then, we obtain the following bound for the gradient of fully fine-tuning method:
aﬁfew—all 5
Eg gil\ﬁt < 461411—1‘/;5«1 (14 p2)Via Via VO + O(e?)
< 1 -5 @ < -5 . . . q . . .
When e < AT N CEPr AT x 1072, E, | Bm] < 1 x 1077, which indicates that large optimization steps are
required in the optimization process.
o ~few—all
Under the setting of Example if Vi =1[0.1,0.1] T, E, [dﬁgﬁ;t } <1 x 107% when € < 0.12. [ |

E THE PROOF FOR GOOD PRETRAINING

In this section, we provide detailed bounds for the symmetric 2-mode case to obtain explicit convergence rates. For a more
general derivation covering arbitrary K-mode GMMs and dimensions, please refer to Appendix [F} By analyzing the Hessian

a2 pfew

. L . o
of score matching objective function for the few-shot phase —5>"*
ta

objective function is strongly convex, which leads to a convergence guarantee.

, we prove that with a large initialization area, the

Since we assume the latent parameter p* is perfectly learned by the pretraining phase i1 = p*, we do not especially
distinguish i, uf and p; in the proof of this section. We also ignore the subscript ¢ of  when there is no ambiguity.
Furthermore, since some results rely on the initialization area, we use the following simple example to show how to satisfy
the requirement after providing the theoretical guarantee.

Example Setting
t=2,u" =4,A, =[0.1,0.1]] " and A;, = [[0.12,0.12]] " . (11

Recall that the Hessian has the following form

65qvm T 88A7\/ta 828A7\/m T
2( a%) (aﬂvm P Tavg) e o)

Squared Term N Cross Term M

First we analyze term M M T, where M has the form as al + bxyT, which will be used in the following lemma.

Lemma E.1. Let M = al + bxy', MM is semi-positive definite. And it’s positive definite if and only if a = 0 or
a+brTy=0.

Amin (MM ™)

b2l llyl*

= min <a2, a? +abx Ty + 5

b
5\/||95||2Hy||2 (4a? + dabr Ty + b2||w|2||y|2))
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Proof. First, Va € R, we have
o MM Tz = (M"2)"(M"z)
= |IM"z]2 >0
Thus, MM T is semi-positive definite.

We can also obtain that

b
lal +bxy | = |al|(1 + axTy)
=a" Y a+bxTy)

Therefore,
IMMT| = " 2(a+baTy)* > 0,

the equality holds if and only if & = O or @ + bz "y = 0.
We further derive the eigenvalues of MM .

Let \ be an eigenvalue of M " M with corresponding eigenvector v.
(MTM)v = \v

We can analyze the action of this matrix on two orthogonal subspaces.

Let S = span{x, y}. Consider a vector v in the orthogonal complement of S, denoted S*. For any such vector v # 0, we
have 2 "v =0and y "v = 0.

Let’s apply M " M to v:
(MTM)v = (a®I + ab(ay " +yz") + b2|z|2yy " v
= a’Iv + ab(z(y"v) + y(a ")) + b2 ||z|?y(y "v)
= a?v 4 ab(z(0) + y(0)) + b?||z]|*y(0)

= a2v

This shows that any vector v orthogonal to both 2 and v is an eigenvector of M " M with the eigenvalue A = a?. The
dimension of this subspace, dim(S=), is at least n — 2. Therefore, a? is an eigenvalue of M " M with a multiplicity of at
least n — 2.

For the other 2 eigenvalues, we set them p; and po. We know the determinant of a matrix is the product of its eigenvalues.
det(M " M) = (a*)" 2 p1puo

We also know that det(M " M) = det(M ") det(M) = (det(M))?2. The determinant of the original matrix M is det(M) =
a"(a + by " ). Therefore:

det(M ™M) = [a" Y (a+ byTx)]2 =a®2(a+ by z)?
Equating the two expressions for the determinant:
a4 s = a?2(a + by z)?
Solving for the product p; o (assuming a # 0):
ppz = a*(a+ by x)?
The trace of a matrix is the sum of its eigenvalues.

tr(M M) = (n —2)a® + p1 + po
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We can also compute the trace directly from the expression for M " M:
tr(M M) = tr(a®T + ab(zy " +yx ") + b2|z|*yy ")
Using the linearity of the trace and the property tr(AB) = tr(BA):

(M M) = a?te(I) + ab(te(zy ") + tr(yz ")) + b2z | *r(yy ")
=na® + ab(yTa: + xTy) + b2||$\|2(yTy)
= na’® + 2ab(y " z) + b%||z[|* ||y 2

Equating the two expressions for the trace:
(n —2)a’ + 1 + pz = na® +2ab(y ") + b*|l|*||y ||

Solving for the sum g7 + po:
i+ pp = 20% + 2ab(y " @) + 6%l *|y )|

Thus, 141 and ps are two solutions of

1 — (20 + 2ab(y " @) + B 2llly]) p + a(a + by T2)? = 0

We finally obtain that
Amill(MMT)
B2||z|?|lyl|> b
= min (2, @ b Ty OIS el (1o 4 aabe Ty el )

In the following two lemmas, we provide the bound for the squared term and cross term, respectively.

Lemma E.2. [Squared Term] Assume Theorem[3.1|and[5.1| holds and the latent parameter [i = p* is learning perfectly.
Then, we prove that N = oy with o > 0 for Vt € [6,T) (see o in EqlI3).

Proof. Recall that

984,V
Vi

= tanh(fi Vi 2)fulz +

dtanh(a] VL 2)fi . 1 1 OViaVi
Viet |2 - 1)~y
av;fa t av;fa

. R . AT 1
=t Vi) + (1 =t Vi) Vil + (35 1) VL + Vil o)
t

1
— (ton(ay VT + (o —1) Vi) 2
t

. AT A 1
# (0= I VI e+ (=) ) Vil
t

Let p = tanh(j, V,! z)is + (0—1f2 - 1) Vilzand ¢ = (1 — tanh®(a] Vil )i e + 0%2 — 1, the squared term can be

simplified as:
Ospvia | [ O30via
WViq Wia

E, =Eq [(pl2 + g2V, ) (plz + qzV,,) ]
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Using lemma[E-T] we can obtain that

Amin((pI2 + qz Vi ) (pIz + qzViy) ")
Vi
2

win (57, 7+ paa Vi + LIl Vial 452 + g Vi + Ll Vi)

where p = tanh (i) V,! z)fi; + (U%z - 1) V.l zand ¢ = (1 —tanh® (4] V[ )i fie + 0%2 —1 > 0. Moreover, since ¢ > 0,
we have

Vg + gllz]?[[Vial® < ||~”6H||Vm||\/4p2 +4pqVigx + ¢?[l|?[[Viall?, (12)

the equality holds if and only if x = kV,.

The inequality [[2] holds because of the Cauchy-Schwarz Inequality, which can be used through squaring both sides and
rearranging the terms.

Thus,
2 2 2
q“l|z]]%||Via q
parVig + T IVi0lE 8 fiopvi 2 (02 ¥ apga Vi + @llPVia )
— dopy T 21Viall2 = 2l Viallr /492 + 4pgVi T 2 + ¢2||2]|2(|[Vial[2) < 0
= 2( PVia ® + qllz]]*|Viall* = 2l Viall\/4p? + 4paVii z + ¢2[|z?[|Vial|?) <0,
and

Amin((pI2 + qzV,0 ) (pIz + gz Vi) T)
2l ][ Vial*
2

q
=p* +pgz Vi + - 5\/le\|2||‘%\|2 (4p? + dpga T Via + ¢*[l2]2[|Vial?)-

After analyzing each term, we can choose N7 = ay with

||| Vea|”

q
5 —5\/le||2||%||2(4192+4pqarTVm+q2||33||2\|Vm||2) , (13)

a £ By, [p2 +pgz Vi +

where p = tanh(i, V,] )i + (,% - 1) Vilzand ¢ = (1 — tanh® (1] Vil o)) i) i + % — 1> 0.

T
Then, we complete our proof.

For the cross term, we analyze two situations: the initialization area is around the ground-truth a;,: |a;q — viq| < 01,4 and
initialization area is on the right hand of a;4: Vtq > Gtq + 01,+. When v < ayg, it is possible for the cross term M to be the

negative definite matrix. Hence, we control each element to guarantee the negative influence of the negative definite matrix
is small. When v, > a4, the cross term M is semi-positive definite in a large region.

Lemma E.3. [Cross Term] Following setting of Lem. [6.1]
(a) The |aiq, — viq| < 014 Situation. For VM (i, ),

Eq[T3).
(b) The vy > ayq + 01,4 situation. Let 654 = vyq — a1q > 014 and My = M — M', where M’ is SPD. Then, there exists
an interval vy € [aq + 01,1, Grq + 02,¢] satisfies:

M(i,5)| < v(61,+), where v(61,1) — 0 as 61, — 0 (see y(01,4) in

where (u1 (Vgq, t) + u2(Veas £)|vsomase+61 . > 0, u1(+,t) increasing and us (-, t) decreasing for vig € [aiq + 01,4, Qta + 2,4

(see M’ uq (-, t) and us(-,t) in Eq. and@).
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Proof. We know that the cross term has the following form (in this lemma, we ignore the subscript ¢ of x.)

828* Via
E ﬁ ($i,Vie = Su,Ava)
= E[(1 — tanh® (s Vio @) g ylo + (1 = tanh® () Vg @) ey

1
~ 2tanh ] VL)1~ vt o] V)l g 5Vl +2 (= 1) o] (14)
t

We want to make

2
TR

E | —Fte
Vi

1
(35020 = 0 20) | + 25 = D201+ 1) AL A Vi Vil
t

1
+ 1 (5 = 1) tanh (Vg Awa)Vig Aralz + Ex [tanh® (] Vig 2)pif] 12
t

positive definite, where the last three terms come from the above squared term.

In the proof of this lemma, we redefine x:
z=[2(1),2(2)]" ~ N Ara, AraAry)
which indicates that 2:(1), 2(2) ~ N (j¢a¢a, az,). We also denote by

/
x

1>

z(1) +2(2) = [1,1] - 2 ~ N(2p:a4a, 4a2,) .
Then, we provide bound for the two situation.

(a) The |a;q — viq| < 01, situation. For any element in the cross term

“(8p,Via = Su*,Aa) |

we know that

[Ele]| < 2IE[pf (1 — tanh® (i V;q 2))2(1)y(1)]]
1

+ 2|Eftanh” (5] Viq @)1 (2(1) + 2(1)2(2)y(1)]| + 2\(;3 = DE[z(1)y(1)]]

< 242/ E[((1 — tanh? (] V, 2))(1))2) E[y(1)7]
+ 243 E[(tank” (1] VT ) (2(1)? + o(1)(2)))2VE(D?]

+ 2<0it2 1) VEREVERDT,

where the first inequality follows by the triangle inequality, and the second inequality follows by the Cauchy-Schwarz
inequality. Then we give upper bounds on E[(tanh’(y, V,! x))%x(1)?] , E[(tanh” (1} V,] 2)(2(1)? + 2(1)2(2)))?] and
[E[y?] to obtain a total bound.

(i) Term E[(tanh’ (1] V,] z))22(1)2].
With the Cauchy-Schwarz inequality, we know that
E[(tanh'(u/ Viq 2))?2(1)%] = E[(1 — tanh® (4] V;q 7))z (1))

< \/Bltanh" (uevia (1) + 2(2)))] VB[R]
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For the first component, we know that
4 /
EI’NN(2utam74afa) [tanh (Mtvtaaj )]

oo ’ _ 2 9
< [ o unaaty exp( - T2 g
0

Safa
o'=a > t— 2u)?
ZQral am/ tanh’4(ﬂtvmamt) exp(—%)dt
0
> t— 2p11)?
§am/ exp(—4ptvqaiat) exp(f%)dt
0

t+ 16407, — 2p)°
8

= Qq exp(4utvtaam(8utvfa — 2Mt))/ exp(—( )dt
0
< Gtq exp(4ufvmam(8vfa -2)).

Thus,

E[(1 — tanh®(u] V34 ))°2(1)%] < \/]E[tanh’4(utvta($(1) +2(2))VE[z(1)7]

< Vata exp(dpiveatra (407, — 1)\/3 + 647 + pfag,
= /34 6417 + i ajy/ara exp(4piviaia (407, — 1),

where the second inequality follows the fact that E [z(1)*] = (3 + 647 + pf) af,.

We also know that 0 < (1 — tanh?(u, V,] x))? < 1. As a result, we also can give another bound:

E[(1 — tanh® (1] V,]2))%2(1)?] < Efa(1)?] = (1 + 2)a2,

Hence, we can obtain that

E[(1 — tanh® (4] Vyq ))*(1)?)
< min{y/3 + 647 + pfai,y/ara exp(dp; viaaa (407, — 1)), (1 + pf)ag, } -

(i) Term E[(tanh” (] V,12)(2(1)? + 2(1)(2)))?].
For this term, we have that
El(tanh” (s (2(1) + 2(2))) (2(1)* + 2(1)2(2)))?] < Elz(1)2(z(1) + 2(2))?]
= E[dz(1)"] = 4(py + 67 + 3)ay, ,
where the first inequality holds because 0 < tanh’?(pwy, (2(1) + 2(2))) < 1, the second and third equalities hold due to
z(1) = 2(2) and E[z(1)4] = (uf + 62 + 3)ay, respectively.

(iii) Term E[y?]. Recall that since we assume the latent parameter * is perfectly learned by the pretraining phase i = u*,
we do not especially distinguish i, 1y and p in the proof of this section.

For y, we have that
Y= 50,Via = Sp*,Ava
= (1(Via tanh(p Vig @) — Ara tanh(u] Alyz)) = (ViaVig — AtaAfy) — U%(AWA; ~ViaVig )&
Let Ay = Vig + A,
Ely]

1
= E[ue(Via tanh(p, Vig ) — Aea tanh(u, Af,z))] +E[(1 — ;)(VmAT +AVy, + AAT)q]
t

1
< Elpe(Via tanh(p Vi ) — Agq tanh(p) Ajyz))] + (1 — ;)(VtaAT + AV + AAT )y Ayg -
t
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We need to give the bound of 14 (Vi, tanh(p, V,! z) — Ay, tanh(u) Al z)). Inspired by the Taylor’s Theorem, we show
(z + Azx) tanh(z + Az) — z tanh  can be bound by K Az, where K will be defined later.

f(z) = z tanh(x)
4z
(exp(x) + exp(—x))? -

f/(z) = tanh(z) + z - sech®(x) = tanh(z) +

For the bound of f'(x), we know that

4z
(exp(z) + exp(—1))
4z
exp(2x) + exp(—2z) + 2 ’

[f'(2)] < [tanh(z)] +

2

< min{1, 2]} +

2
< min{1, 2]} + min{|z], 2},
e

where the first inequality holds because of the triangle inequality, the second inequality holds because | tanh(x)| < 1 and
—z < tanh(x) < z. The third equality holds because

4z
exp(2z) + exp(—2x) + 2

’ 4z 2
<z, —.
e

<
exp(2z) + exp(—2z) + 2| ~

For y(1) in y, we have that

ly(1)
Vtq tanh (e (2(1) + 2(2))via) — (V1o + 6) tanh(p (2(1) + 2(2)) (via +0)) + (1 — %)(2%5 + 52)1‘(1)‘

1 . . 2
< |y 0 ) + o)) + il ) + o2, Dia(r) +22)
+la- 012)(2%5”2)3;(1)‘

5<1 . 2 1
< (e 1) + 0ot + minnfe(1) + oDl 216 + (2 ~1) Gova-+ D)
= S((min{1. (1) + 2(2))ia} + min{plo(D) + 2o 2} + (75 ~1) Qo+ Da(1).

Recall that 2’ = (1) + 2(2) ~ N (2usatq, 4a?,). For E[y(1)?], we have that
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Ely(1)°) < B{(5((min{1 [ (w(1) + ()]} + min{ (1) + 2(2))oual, 2]
+E[(1 = 5)(2s + Da(V))]
= (E{(min{1, (1) + 2(2))vuel} + min{lpe(2(1) + 2(2))ral, 1)
+ (1= 22ty + D1+ ) Banin L (1) + ()i

s minlp(a(1) + 2))al, 21~ )20 + Do)

2 1
< (AP(evnat’| 2 2) + B2 308, + (1= —)* (200 + D1+ e,
t

\}

1
+ (E2pevia’]  + 2P(Jpivia’| > =) (1 = p)(%m + 1)4dvy,) 07
t

e

2 1
< (P(|lmvian’| = 2) + 160,050 (i +1) + (1= —5)*(2va + D* (1 + pg)vg,
t

2 1
+ (4p2viaaie + 2P(|pevie’| > g))(l — ?)(2%@ + 1)4v44)0?
i

2 K252

where the first inequality follows by (i) dividing p:vi,2’ into two parts ppvgx’ < 2/e and prva’ > 2/e (i)

min{lv‘ﬂtvqu} = min{2/e, |/’Ltvtax/|} = |/”'tvta$/| when ,utvtax/ < ?

Elvnar <2 [H7072"%] < Eolufvi,a?] = pivi,ai, (1 + pf).

2
075, v4g
2
oVZ

For each element in the cross term e € E [ (8/,Vie = Sp*,Ava )} , it can be decompose into three term:

Ele]] < 2 [E[2(1 — tanh® (] V] 2))a(1)y(1)]] + 2 \(j - 1)E[w<1>y<1>]\
T 2|Eftand” (1] V] ) (e(1)? + 2(1)(2)y(1)]] -
For the first term, we have that

2 |E[u7 (1 — tanh® (] Vi 2))z(1)y(1)]|

< K$ (%?\/ pi + 64F + 307,/ exp(41f Viaata (407, — 1))) :

For the second term, we have that

2 [Bltand” (1] Vil ) (2(1)% + 2(D2@)y (V)| < K5(23 /40t + 602 +3)ad, )

For the third term, we have that

Combined with the bound for these three term, we have that

|E[e]]
< 2amut2K5><

1 1
(afa V1t + 6uF + 3exp(2uiviaaia (dvp, — 1)) + 24/ it + 67 + Bprare + (s —Dy/1+ M%)
t

= KC46,

7809

£ and the second inequality follows by

5)



where 0 € |A| = Vg — Ata] > 0.

. . . . A
Now we focus on the Hessian matrix. Let H be the 2 x 2 Hessian matrix, v = KC49,

|zl Vea*

q
5 5\/Ilwll2llell2 (4p? + 4pgz T Via + ¢[|2(1? [ Vial?) | »

as Ex~qta [p2 +pquVta +
where p = tanh (i1 V;} @) + ((% - 1) Vil and ¢ = (1 — tanh® (i) Vi) z0) i) fie + & —1>0

As we defined before, we can divide H into two parts H; and Ho:

|k O
Hl—[o hl],hlza—’y

_ h2 h2 !
H2_|:h2 h2:|ah22a_77

2 pfew

. . ) . . 9L . .
where o and o' is determined in Theorem Thus, if h; > 0 and ho > 0, the Hessian matrix mf{,“" is 2(a — 7)-positive
ta
definite.

In our example (Example , pie = 4exp(—2), arq = 0.12, 0y = /1 — exp(—4). P(|pviaa’| > 2) <1 x 1072 = 0.
Then, we know that when § < 0.02 (v, € [0.1,0.14]) & — vy > 0, and

hy > EI(I)NN(utam,az )[2(1 - tanh2(028#15{1,‘(1)))2,[1,?’(}?“27(1)2] - = 0.

ta

The vy, > atq + 01 situation. When v, > a4, we will prove that the cross term is semi-positive definite in a large

region. If vy, > ayq and py = p*, we can get 'y > 0 and (1 — tanh?(u' V,) z))z Ty > 0:
o'y =2 (spvin — Su- A1)

=2 Vi tanh(p, V;] 2)py — 2" Agg tanh(ur Al x)pk + ( - 1) " (ViaVih — A ALz

Q=

|~

> A tanh (AL 2)py — 27 Agg tanh(pur Al )k + (
o

— 1) T (A Al — A Al

Rl V)

=0,
where the inequality holds because z ' V;, tanh(u;V,! ) is even, monotonically increasing if V,! z > 0 and V,] z > A, .
Then, we have that
tr(zy ") =tr(y ) =tr(z"y) >0

and
Rank(zy ') < Rank(z) = 1.

We also know that 1 — tanh® (1, V,} ) > 0, which indicates (1 — tanh® (1, V,} z))zy " is semi-positive definite.

Recall that the cross term has the following form

82& Via
M =E | 505" (snie — s )
= E[(1 — tanh®(u] Vi) @)l e " yLo + (1 — tanh® () Vi) @) ey ™

1
~ 2tanh VL)1~ vt o] V)l g yVid +2 (2 = 1) ot
t

Then, we define the following two matrix: M = M’ + M;, where

1
M’ = (1 — tanh® (i Vil o)) puecy ™ + 2 <02 - 1) z'yly, (16)
¢
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and

My = (1 = tanh® () Vg @))piw Tyl — 2tanh(u/ Vi o) Vg (1 — tanh® (u Vi o)) piae Ty .

‘We know that

ML 1) + My[1,2) = (1~ tanh® (1, Vi @) Ty (1 — 4tanh (V] o)pevre(1))

E[Ml [17 1} + Ml[L 2]]
> E[(1 — tanh® (4, V)2 y(1 — 4 tanh(y1,V,] @) seaz(1)
[(1 — tanh? (Vi @)z T y) — E[4(1 — tanh® (1, V] @))a Ty tanh (e Vil (1) pevra(1))]

E
E
Then, we discuss each component in the following part. For the first term, we know that

E[(1 — tanh? (1, V,} )z Ty] > E[(1 — tanh®(uez(1)))z Ty 2 U1 (Vgq, t) - (17
For the second term, we know that
— E[4(1 — tanh® (1, V;} 2))a "y tanh (u, Vi) 2(1)) prvea (1))

2

> —E[433Tytanh(utnzm(l))utvmm(l))] u2(Viq, t) . (18)

We know that u; (v, t) increases with v, increasing while ug(viq,t) decreases with vy, increasing. We also know that
when vy, = g1 + 01,4, U1 (Vig, t) + U (Via, ) > 0, which indicates there exists an area vyq 1 € [Gra,t + 01,¢, Gia,t + 02,4
that M7 [1,1] + M;[1,2] > 0.

Thus,
E[M[1,1]] = E[M.[2,2]] > 0, E[My[1, 2]] = E[M,[2,1]] <0,
and
[E[M]| = (B[M[1,1]])* — (B[M[1, 2]))*
= (E[M,[1, 1] + E[M 1, 2]]) (E[M 1, 1]] = E[M: [1,2]]) > 0.
Then we know that
E,[(1 — tanh®(u/ Vig @) pie " yly — 2 tanh(u] Vi, 2)paVy, (1 — tanh®(u) Vi 2)piz " y]
is semi-positive definite. Then, the proof is finished.
To make a clearer discussion, we use the setting of Exampleto show the interval of [a;, + 01,¢, Qg + d2.¢].
Ve € [0.14,0.25]

uy(0.14) = 0.00023 > 0.0002
u2(0.28) < 4 x 1075 < £(0.14)

Vta € [0.25,0.4]
u1(0.25) &~ 0.0021 > 0.002
u2(0.4) < 1.4 x 107* < £(0.25)
Vta € [0.4,0.5]
u1(0.4) 2~ 0.0064 > 0.006
u2(0.5) < 0.00034 < £(0.4)
Hence, we can have E[M7(1,1) + M7(1,2)] > 0 when v, € [0.14,0.5]. |
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Before proving our convergence guarantee, we first previous convergence lemma.

2 _ Ly,
s ey , and

Lemma E.4 (Convergence Lemma). Let ¢ be locally u-strongly convex and L, -smooth, if n, = n =
x* € argmin  y ¢(x), then

t
ot =l < (257) o -
K+1 2

After that, we provide our convergence guarantee for few-shot diffusion models with a great pretraining.

Theorem 6.5. Assume Theorem@ @ fo= p* and &1 ¢, 62 ¢ satisfy Conditionm Considering score matching function L.
When Ugi) € {[ata — 01,1, Gra +02,4| U[—arq — 02,4, —arq +01,¢]}, using gradient descent with learning rate n = 1/(2a.+ (),
we have

[VAPVAT - AvaT|

k
k—1
< <K+ 1> (2at0 + 82,0) 010 — azal ,

where k = (a + v+ () /(a — 7).

Proof. First we prove that there exists L,, > 0, such that the objective function is L,,-smooth. In this work, we take the

maximum eigenvalue of the hessian matrix to be L,,.
-
954, Vi 95, Via
Wia Wia

Based on our analysis of the hessian matrix, we can divide the matrix into two parts: [ )(\)1 )E) } and { §2 iz ] .
1 2 A2

82£few O%s- ”
B[ Z] = o (Do) sy, — sy.0.)] + 2
ta ta

AL+ Ao Ao
A2 A1+ A2

AL+ Ao A9
’)\12 B { A2 A1+ Az

which indicates A = A; or A = Ay + A2. Thus, if Ay > 0, we can choose L., = A1 + | 2]

We first analyze the property of [ ] , and then give the bound of \; and As.

”:0:()\—)\1)(/\—)\1—)\2)20,

According to our analysis on before, Ve € E[(

8%s
886;2:15& )T (Sﬂﬂ/m - S:u'*vAta)]? |€‘ <v

.
Next we analyze E [(ag“vt‘za ) (82‘%‘3“ )} and have the following form:

asﬂym T asﬂ,Vm
Wy WVia

= Eftanh® (i, Vi )t/ puIo] + E[(1 — tanh® (i) Vi )2 1 Viaw " 2V, ]

E

1
+ 20— = DX+ p) A Al ViaVia + (14 0)Vig Ara AiyVia)

1

t
+E[2(1 — tanh® (] Vg @)) tanh(p) Vig ) poge] 11t Vea "]
7

+2E[(= — 1) tanh(u, Vij 2)pe(aViy + Vigzlo)]
1

+E(L =t (T ViTo) (2 = 1) Vi 2V + Vi Vi)
t
1

B ] V1) (25— 1) Wl Viaa VL 4 2TV
t

| a 0 ¢ ¢

B [ 0 a } i [ ¢ < } ’
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where

¢ = Eo)~N(nrara.a2,) [ (1 — tanh® (2pevea (1)) v7g 2 (1)?
+ 2(1 — tanh® (2uv42(1))) tanh (2pevia 2 (1)) gl vex(1)

2 (glt 1) tanh(2pvrez (1) eaz(1)

2
+ (12 — 1) (1 — tanh?(2pviaz(1)))6p202, (1) + (12 — 1) 41;;*&3:(1)4] } (19)

0%

For the (, we have the following bound:

2
(<E l%tvm (1)%+ (12 - 1) dvgz(1)* + dpjvp,x (1)2]

Oy

+4E Kal? - 1> gl z(1)2 + 6 (t — 1) ufvfafv(l)z}

1 1
— it (g2 4 (g 1) 6 (1))
t

t

1 2
+4 (02 - 1) (17 + 6417 + 3)vigay, -
i

Thus, we can take L, = 2(a + v + (). Let k = aL—_"iy n= 2(a_,y)+§(a+,y+<) = 2a1+4 and Ay, € argminwagg(ﬂ)Lfseﬁt,
then

k
k—1
o= (557) ot 020l - al.

(W) (BT _ 4 4T
H‘/ta ‘/ta ta‘ita K+ 1

F DERIVATION AND ANALYSIS OF K-MODE GMM

In this section, we derive the score function and its Jacobian matrix for the K-mode Gaussian Mixture Model (GMM) with
latent dimension d = 1. We strictly follow the notation established in the previous sections. By analyzing the structure of
the Jacobian, we derive the Squared Term (/V) of the Hessian to prove strong convexity under good initialization.

F.1 SCORE FUNCTION AND JACOBIAN DERIVATION

For the K-mode GMM, the score function sy () is defined as:

1 1
so(x) = Viafi + ( - 1) ViaVia® = —, (20)

Ut t

where z = Vm x is the latent projection, and 1 = Z _1 Wi ¢l ¢ is the weighted mean of the modes. The weights are given

by w; ¢ = ; ’1’ = , with unnormalized probabilities e; ; = exp (—3(z — fl,¢)?).

We seek the Jacobian matrix J = 8659 € RPxD,

Lemma F.1. The Jacobian matrix J of the K-mode GMM score function admits a rank-1 perturbed identity form:

J=alp+ BVia ',
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where the scalar coefficients are defined as:
1 .
o= [ + 9 1 (V;a ‘T) ’
0t

1
620'12}(”.4— <02—1> .
t

Here, 02, = Zfil wi+(fli+ — [1)? represents the weighted variance of the modes in the latent space.

Proof. We compute the derivatives of the non-linear term (V;, /i) and the linear term (V. V,/ x) separately.

(i)Derivative of the Non-linear Term: Using the product rule, the derivative of V;, i with respect to V;,, is:

O(Viall) _ op \'
W Mo Ve\Gy, )

To find ()V s

8ﬂ _iA awzt
W "0V,

We first compute the derivative of the unnormalized probability e; ; using the chain rule:

661',,5 o 0 1 T “ 2
8‘/;0‘ - el7t 8‘/20‘ |: 2(‘/1‘,(1‘% l’(‘l,t)

= —eit(z — flig)x

Applying the quotient rule to the softmax function wj ;:

ﬁwivt 1 861725 €it Z 8ek t

8‘/;5a B Eekta‘/ta Zekt av;ﬁa

:Wi,t[ Z—Mzt Zwkt Z—th))‘|$

= wie [(fliy — 2) — (ﬁ - Z)] z
=wit(flip — p)x.

Substituting this back into the expression for av :

8‘/} [Z Wit fl,¢ Mz t— ﬂ)] = zm«x .

-1
Thus, Eq. becomes:

O(Vialt)
Vi

= ﬂID + qu;arv;fam—r

(ii)Derivative of the Linear Term: We differentiate (% — 1)V;a(V; ). Noting that V] x is a scalar:
t

g 1 S | oV, ] x)
ma[(;tz*l)‘/m(‘/mw)]—(ag 1) |(Vig @)D + Vig—5 > Vi

- (? —1) [(Vido)Ip + Vigz '] .

we differentiate the weighted sum. Assuming ji; ; are fixed parameters relative to the projection:

21

(22)

(23)



(iii) Combined Jacobian: Summing the derivatives from Eq. and Eq. (23):

1
J = [alp + 0l Viar' | + (02 - 1) [(Viaz)Ip + Vigz "]
t

1 1

= [M + <2 - 1) (thx)} Ip + |:O-121ar + <2 - 1)] Viar"
9 O

=alp + Vi,

matching the form in Lemma [E.T] [ |

F.2 ANALYSIS OF THE SQUARED TERM

The Squared Term of the Hessian is approximated by N = J.J ". Since .J is in the form af + Buv " (where u = Vi, v = ),
we apply Lemma F.1 to determine its spectral properties.

The eigenvalues of N determine the local convexity. Using the closed-form solution for the eigenvalues of a rank-1 perturbed
identity matrix, the minimum eigenvalue is given by:

2 2 2
Amin(N) = min (aQ, o +af(Viax) + w - '2@) ! (24)

where the discriminant D is:
D = |Vial*[l2]|* (40” + 4aB(V ) + B[ Vial*[[2]]) -

This analytical form allows us to bound the smallest eigenvalue away from zero, provided that the initialization is sufficiently
close to the ground truth (ensuring o # 0).

F.3 HESSIAN ANALYSIS
Recall that the Hessian consists of the Squared Term N and the Cross Term M, ss:

8259
HZQE[JTJ} +2FE W(SG_Starget)
N—— ta

Mecross

F.3.1 Analysis of the Squared Term

Using Lemma the matrix product J.J " (before expectation) is:

JIT = (al + BViaz ") (al + BzV,))
=l +af(Vigr " +2Vg) + B2 Via P22 .

Applying Lemma [E.T] we can lower bound the eigenvalues of this term. We define the positive definite constant for the
squared term as A q:

2 2 \V 2
o = Bav [0 + 0TV + PIE Wl 2] 5] o5)

where D is the discriminant defined in Lemma@ Since the data is generated from a GMM, the moments of x are finite,
ensuring Agq > 0.
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F.3.2 Bounding the Cross Term

We now analyze the residual term y(z) = sg(x) — Siarger () induced by the parameter error A = V;,, — Ay,.

Lemma F.2. The residual norm is strictly bounded by the parameter error:

ly(@)[l2 < K(2)|A]2,

where KC(x) is a state-dependent coefficient affine in || ||z

Proof. Decomposing the residual into linear and non-linear parts:

1
) = (3 1) VaVil = A AL+ (VulViED) ~ Awi(AL)).
t

Term B

Term A

For Term A, utilizing VV'T — AAT =~ AAT + AAT:

1 1
(2 —1) 04V - AuwaT)cla < |2 = 1] @Al + 18DNel1].
t t

2

var?

For Term B, we utilize the fact that the derivative of the mean function is the variance o
L. Thus i is Ly-Lipschitz continuous:

[(Viaii(Vig ) = Atafi(Ag)) |2 < prmax | Al + [[Vza | Lal Al ] -

which is bounded by a constant

Summing the bounds for Term A and Term B, we obtain:

1
()2 < pma 1Al + H - 1| (@l Asall + A1) + LalVial| 214
—~— o

Ko

K1

= (ko + r1z[2)[| A2
Thus, explicitly, K(z) = ko + k1||x||2, which is affine in ||z||2. [
Using Lemma the residual term y(x) is bounded. To bound the full Cross Term M,;,ss, we must also bound the Hessian

_ 9%sg
TovE”

of the score function with respect to the parameters, denoted as Hgcore ()

Analysis of Eq. (20) allows us to derive the explicit bounds for the Hessian tensor Hcore (). The Hessian consists of a

constant component derived from the linear diffusion term and a dynamic component derived from the GMM moments.

Specifically, differentiating the linear term yields a bound proportional to 2| % — 1]||z||, while differentiating the variance
t

term o2, in the Jacobian introduces the third central moment, which scales with ||z|2.
Thus, we explicitly define the coefficients c¢; and ca:

1
=2|= —1|+p2.,
Cl ’0_? ’ :LLIIlaX

Co = ,umax”AtaH2 5

where fimax = max; ||f;,¢|| is the maximum norm of the mode centers, representing the bound on the variance and skewness
of the latent GMM.

Substituting these into the expectation:
[Merossllz < E [(erllzll + ezllz]|*) () [A]l]
= ||Al| (crkomy + (161 + c2ko)ma + cakims) .
Let
Ceross = c1komi + (c1h1 + cakio)ma + cak1ma. (26)

This explicit form confirms that data with larger noise variance, larger mode separation, or heavier tails (large moments my)
results in a larger C.,.ss, thereby requiring a tighter initialization bound.
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F4 STRONG CONVEXITY AND CONVERGENCE

(0)

Theorem F.3 (Strong Convexity under K-mode Initialization). Assume the pretraining phase yields an initialization V,,,
such that the parameter error satisfies | A init < C’\S‘Z . Then, the Hessian is strictly positive definite:

)\min(H) 2 2)\sq - 2Ccross||A||init > 07

recall that A = V;, — Ay,.
Consequently, the optimization objective is locally strongly convex, guaranteeing linear convergence to the ground truth

At

Proof. The Hessian matrix is given by H = 2N —2M_,.,ss. To prove strong convexity, we examine the minimum eigenvalue
of H. Using the property that Ayin (A — B) > Amin(A4) — || B]|2 for symmetric matrices, we have:

)\min(H) > )\min(2N) - ||2Mcross||2
- 2)\min(N) - 2||Mcross||2 .
We now substitute the bounds established in the previous sections:
(i) Squared Term

For the Squared Term, analysis in Section ensures that near the ground truth, N is positive definite with Ay, (V) >
Asq>Where

2 2 2
Asg 2 Epngp, |02+ aB(z Vi) + Bzl Veall” HxHQHVt“H - @\/ﬁ : 27)

(ii) The Cross Term
For the Cross Term, applying Lemma and the subsequent moment analysis yields the bound || Mrossll2 < Ceross||All-

Substituting these terms back into the eigenvalue inequality:

Amin(H) 2 2Xsq = 2Ccross|| Al -

For the landscape to be locally strongly convex (Amin(H) > 0), we require:

Ao

Cross

2()\sq - CCTOSSHAH) > 0 - ||AH <

Under this condition, the objective is p-strongly convex with pt = 2(Agq—Ceross|| A

), guaranteeing linear convergence. W
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