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Abstract

Large language models based on the transformer
architecture can solve highly complex tasks, yet
their fundamental limitations on simple algorith-
mic problems remain poorly understood. In this
work, we focus on basic counting tasks and inves-
tigate how the difficulty of these tasks scales with
the transformer embedding dimension, the context
length, and the vocabulary size. We reveal a sharp
theoretical phase transition governed by the rela-
tionship between the embedding dimension and the
vocabulary size. When the dimension is at least as
large as the vocabulary, transformers can perfectly
maintain token counts. However, when the vocabu-
lary exceeds the embedding dimension, the inter-
ference between non-orthogonal token representa-
tions forces the network weights to scale polyno-
mially. This renders the exact counting algorithm
numerically unstable and practically unlearnable.
We empirically validate this bottleneck by training
transformers from scratch, demonstrating a strict
performance drop at the theoretical threshold and
catastrophic out of distribution failure when scal-
ing the vocabulary or context length. Furthermore,
we show that state-of-the-art pretrained models suf-
fer from similar failure cases. Our work reveals a
critical blind spot absent from the current literature
regarding the connection among these three param-
eters, proving that vocabulary size fundamentally
dictates the difficulty of counting tasks.

1 INTRODUCTION

Large language models (LLMs) based on the transformer
architecture can solve highly complex tasks. Given these
successes, a key question arises regarding their fundamen-
tal limits and the simple algorithmic tasks they inherently

struggle to solve. Empirical probing has highlighted several
vulnerabilities, including the needle in a haystack problem
[Kamradt, 2024 [Ivgi et al.| |2023]] and length extrapolation
failures [Levy et al.,[2024]]. A complementary approach is
to use theoretical studies to chart the computational capabil-
ities of transformers [Sanford et al., [2023} |Wei et al., [2022al].
In this work, we focus on basic counting tasks. We specif-
ically consider Query Count (QC) and Most Frequent
Element (MFE). In the QC task, the model is asked how
many times a given query token appears in a sequence. For
example, given the sequencea a b b a ¢ ¢ d a,the
model needs to count how many times the letter ‘a’ appears.
In the MFE task, the model must output the count of the
most frequent token overall.

Counting is a natural module on which other algorithms can
build. It appears closely related to the needle in a haystack
problem where the goal is to locate a specific string in a
long context. However, counting is a strictly harder task.
The needle in a haystack problem can be solved theoreti-
cally by a fixed size transformer regardless of the context
length or vocabulary size, since a single attention head can
detect and extract a matching token using induction heads
[Olsson et al., 2022]. Counting requires the model to ag-
gregate information globally and extract a precise integer
representation. To understand this difficulty, we must ex-
amine three key parameters: the embedding dimension of
the transformer d, the length of the input context n, and
the size of the vocabulary m. The interplay between these
variables introduces a severe and previously under-explored
architectural bottleneck.

Counting tasks are challenging for LLMs [Barbero et al.,
2024, and evaluating them out of distribution (OOD) often
leads to failure [Dziri et al., [2023]]. We wish to understand
the theoretical origins of this difficulty and whether it stems
from a lack of architectural expressivity or an optimization
failure. Our first set of contributions is theoretical. We map
the expressivity landscape of transformers on counting tasks
and reveal a sharp phase transition based on the relationship
between the embedding dimension d and the vocabulary
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size m:

e The d > m regime. We prove that when the embedding
dimension is at least as large as the vocabulary, transform-
ers can easily solve counting tasks using orthogonal token
embeddings to construct a perfect context histogram.

* The d < m regime. When the vocabulary exceeds the
embedding dimension, the token embeddings must be non-
orthogonal and geometrically crowded. For the QC task,
we show a solution still exists, but we prove it requires an
MLP whose width scales linearly with the context length
n. For the MFE task, we establish a hard communication
complexity lower bound and prove that a 1-layer trans-
former cannot solve the task if d < m.

* Exploding weights and Lipschitz bounds. For general
deep transformers in the d < m regime, we prove that
resolving the geometric crowding of tokens forces the
network Lipschitz constant, and consequently its weights,
to scale polynomially with m. This implies that while the-
oretical solutions exist, they become numerically unstable
and virtually unlearnable.

Our second set of contributions is empirical and designed to
directly validate these theoretical bottlenecks. We demon-
strate that the theoretical limitations dictate practical model
performance across three distinct settings:

1. Controlled training from scratch. We train small trans-
formers on counting tasks while varying the embedding
dimension, vocabulary size, and context length. We ob-
serve a clear phase transition in task accuracy that per-
fectly aligns with our theoretical d = m threshold. This
confirms that the network cannot easily learn to bypass
the geometric crowding bottleneck.

2. Out of distribution generalization. We demonstrate
that models trained on small vocabularies or short con-
texts fail to generalize when evaluated on larger vocabu-
laries or longer contexts. Even when the model perfectly
memorizes a counting heuristic for a restricted domain,
the underlying algorithm it learns does not extrapolate to
the dense d < m regime.

3. Pretrained language models. We evaluate pretrained
models from the Gemini and Gemma families and show
they suffer from similar vulnerabilities. When the vocab-
ulary size is artificially restricted to a binary alphabet,
performance remains strong. However, as the vocabulary
size grows to encompass natural language distributions,
counting performance degrades significantly indepen-
dent of the context length.

Taken together, our theoretical and empirical results high-
light a crucial blind spot in the evaluation of long context
models. While the community heavily focuses on scaling
context length, the vocabulary size fundamentally dictates
the difficulty of aggregation tasks. Our findings suggest that

relying on standard transformer attention is insufficient for
reliable counting, and delegating to external tools like code
execution is necessary.

2 RELATED WORK

Since the introduction of transformer architectures [[Vaswani
et al., |2017]] and the success of LLMs, there has been much
work on evaluating their performance on various tasks [e.g.,
see [Srivastava et al., 2023|]. In particular, much recent work
has explored performance on long context tasks, the depen-
dence of accuracy on context length [Levy et al., 2024, and
the ability of models to extrapolate to lengths beyond those
seen at training [|Anil et al.} 2022]. The fact that models of-
ten do not perform well on these evaluations has prompted
works that try to pinpoint the inherent limitations of trans-
former models.

Crucially, a common thread in these works is that they pri-
marily focus on how the model scales with context length or
network depth of the model, while assuming a small, fixed
vocabulary size (e.g., a binary alphabet). This leaves the
geometrical and informational bottlenecks caused by the
interplay between the embedding dimension and a growing
vocabulary size largely unexplored.

A related line of work is to relate transformers to complexity
classes. For example, it has been shown that transformers
can efficiently approximate Turing machines [Wei et al.|
2022a], and that transformers with bounded precision can
only solve problems in uniform 7C° [Merrill and Sabhar{
wall, 2023[]. Chain-of-Thought [Wei et al., [2022b]] has also
been analyzed from an expressiveness viewpoint, demon-
strating it can substantially improve the expressive power
of transformers [Feng et al.,[2023]]. Our focus is not on the
general capabilities of transformers but rather on a specific,
seemingly simple problem, and on the ability of transform-
ers to solve it as the vocabulary size grows.

Several recent works have also studied counting in trans-
formers, although they do not account for the connection
between counting and the vocabulary size. |Behrens et al.
[2024] studies counting in small transformers, providing
theoretical upper bounds and identifying relation-based and
inventory-based counting strategies. Zhang et al.| [2024]
study the effect of tokenization for counting tasks, while
Chang and Bisk [2024]], |Chiang and Cholak| [2022] pro-
vide empirical evidence of an inductive bias toward the
success of models in counting inductively. From a formal
expressivity standpoint, Salzer et al.[[2025] provide a frame-
work for the counting power of transformers, demonstrating
their ability to capture complex, semialgebraic counting
properties. Furthermore, from a mechanistic interpretability
perspective, (Golkar et al.| [2024] investigate transformers
on a “contextual counting” task, revealing how architectural
choices like causal masking affect quantitative localization.
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Despite these theoretical and empirical advances, the spe-
cific geometric bottleneck introduced when the vocabulary
size exceeds the embedding dimension remains unaddressed.
A closely related work by Wies et al.|[2021]] establishes an
algebraic rank bottleneck where vocabulary size restricts
general cross-context correlations, whereas our approach
provides complementary geometric and communication-
based bounds that specifically isolate this breakdown for
exact counting algorithms.

3 SETTING AND PROBLEM SETUP

Notation. We use bold lowercase letters (e.g., v) to denote
vectors and capital letters (e.g., M) to denote matrices. We
denote the set of integers {1, ..., N} by [N]. The standard
basis vectors in R? are denoted by ey, .. ., ey.

3.1 TRANSFORMERS

We consider a transformer architecture taking as input a
sequence of n tokens 1, ..., x, € [m] from a vocabulary
of size m. We denote by X(®) € RP*" the matrix where
the ¢-th column is the embedding of the ¢-th token, summed

with its positional embedding: Xi(o) = Vg, +D;.

Each layer ¢ € [L] applies a multi-head self-attention
mechanism followed by a position-wise feed-forward net-
work (MLP). We denote the input to layer ¢ by X1,
The self-attention mechanism at layer ¢ with H heads is
parameterized by matrices chh’e), W1(<h Y e RI*D and

W‘(/h’e) € RP*D for each head h € [H].

We first define the attention scores matrix A8 e Rxn
for head h as:

W(h’e)X(Z—l) T W(h’e)X(Z—l)
AD — sM <( K ) (o AN

Vd

where SM(+) denotes the row-wise softmax operator. The
output of the multi-head attention mechanism, Z(©) ¢
RP*" _is then computed by aggregating the value heads:

H
Z(l) — Z W‘(/h,e)X(efl)(A(h,f))T (2)

h=1

This is followed by a residual~ connection, such that the
intermediate representation is X () = Z(©) 4 x (=1,

Finally, we apply an MLP, denoted by N'() : RP — RP,
which operates on each token (column) independently. The
MLP consists of two linear transformations with a ReLU
activation. The output of the layer is X() = X© 4
NOX©®),

We assume that all calculations, including the softmax and
intermediate accumulations, are performed with a finite pre-
cision of p bits. The final output of the transformer is X (%),

Most of our theoretical constructions focus on a simplified
architecture consisting of a single layer (L = 1) and a single
attention head (H = 1). In this regime, we omit the layer
and head indices for brevity, and the model dimension satis-
fies D = d. Additionally, our theoretical analysis does not
explicitly include normalization layers. We note that this
does not limit the generality of our results, as it is possible
to implement degenerate normalization layers that act as the
identity function (see, e.g.,[Sanford et al.|[2023]]). In con-
trast, our empirical evaluations utilize standard transformer
layers that include normalization.

3.2 COUNTING TASKS

We analyze the expressiveness of transformers on two funda-
mental counting tasks. In both cases, the input is a sequence
Z1,...,Zn, and the model must output a single scalar value
Y.

Query Count (QC). The model is presented with a se-
quence and must return the count of the last token (the
query) within that sequence. Formally, the target output is:

yoo = Y [z = ] 3)
=1

Note that yoc > 1 always, as the query token itself is part
of the sequence.

Most Frequent Element (MFE). The model must identify
the token that appears most frequently in the sequence and
output its count. Formally, let ¢, = >_"_, I[z; = 2] be the
count of token z. The target output is:

YMFE = Maxc, , €]
ZEX

where X is the vocabulary. For simplicity in our theoretical
analysis, we consider the output to be the count of the most
frequent element rather than the token itself.

4 QUERY COUNT

In this section, we analyze the Query Count (QC) task and
ask which transformer architectures can implement it suc-
cessfully. We distinguish between two main regimes based
on the relationship between the model dimension d and
the vocabulary size m. First, we describe a Histogram so-
lution that is efficient but requires d > m. Second, we
analyze the CountAttend mechanism, which functions for
any d = Q(log(m)) but essentially requires the MLP width
to scale with the context length n. Finally, we provide a gen-
eral impossibility result showing that for a fixed dimension
d, the error in counting must grow as the vocabulary size
m and the context size n increase, regardless of the specific
construction used.
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4.1 THE HISTOGRAM SOLUTION AND THE
d < m THRESHOLD

When the embedding dimension allows for orthogonal rep-
resentations of the vocabulary (specifically d > m), the QC
task can be solved efficiently using a "Histogram" approach.

Theorem 4.1 (Histogram Solution). For the Query Count
problem and any context length n, if d > m, there exists
a I-layer, 1-head transformer with an MLP of width d that
solves the task perfectly.

The construction relies on mapping each token to a stan-
dard basis vector e;. A single attention head with uniform
attention (@ = 0, K = 0) aggregates these vectors to form
a histogram of the context: h = 2?21 e,,. The query to-
ken z,, is preserved via the residual connection (it can also
be preserved by adding a second head). An MLP can then
extract the count corresponding to the query index from h.

Failure at d < m. This solution breaks fundamentally
when the vocabulary exceeds the dimension. If d < m,
the embeddings cannot be orthogonal. The interference be-
tween non-orthogonal vectors introduces noise into the his-
togram. Using Welch bounds [Welch, [1974], we show that
this interference is unavoidable:

Theorem 4.2. If m > 2d, for any choice of embedding
vectors, there exist inputs where the Histogram solution
incurs an error of at least Q(\/n).

This implies that simple linear aggregation capability of
transformers is insufficient for counting in the "dense" vo-
cabulary regime.

4.2 THE COUNTATTEND SOLUTION AND
SCALING LIMITS

When d < m, we cannot rely on orthogonal embeddings. An
alternative strategy, which we term CountAttend, utilizes
the self-attention mechanism to filter tokens dynamically.
This solution works for any vocabulary size and dimension,
provided the MLP is sufficiently large.

Proposition 4.3. For any n and d > log(m), there exists
a transformer that solves the QC problem with one layer,

one attention head, embedding dimension d, and an MLP of
width O(n).

The mechanism works by letting the query token x,, attend
to the sequence with specific query/key matrices that assign
high attention weights only to tokens identical to itself. This
results in an aggregated value vector that scales with the
count of the query token. The MLP then acts as a functional
inverse, mapping this aggregate value back to the precise
integer count. Crucially, because the attention mechanism
applies a softmax normalization, recovering the raw count

requires inverting the function f(x) o 1/z. Implementing
this inverse with high precision over the domain [1/n, 1]
requires the MLP capacity to grow linearly with the context
length n. For more details and intuition about the construc-
tion, see Appendix [B]

Failure at Scale. While CountAttend is theoretically pow-
erful, its reliance on an O(n) width MLP makes it impracti-
cal for long contexts.

Lemma 4.4. Any MLP with ReLU activations that approxi-
mates f(x) = 1/x for x € [1/n, 1] with sufficient precision
to distinguish counts requires width Q)(n).

This result implies that a fixed-size transformer cannot count
accurately for arbitrarily long sequences using this mecha-
nism. Furthermore, the construction requires attention logits
to scale with log n, which introduces optimization difficul-
ties and precision issues in practice.

4.3 GENERAL LIMITATION FOR FIXED
DIMENSION

The limitations of the Histogram and CountAttend solutions
are not coincidental. We now present a general result show-
ing that transformers with fixed embedding dimension d
fundamentally struggle to count as the vocabulary size m
grows large. This result assumes the model utilizes the Lips-
chitz continuity typical of bounded-weight neural networks.

Theorem 4.5. Let T be an L-layer transformer with em-
bedding dimension d. Assume the input embeddings are
bounded in norm by R, the value matrices are bounded such
that HW‘(/}L,E)HQ < K, for any layer { € [L] and attention
head h € [H|, and also that the MLPs are Ks-Lipschitz.
Then, there exists a sequence of length N + 1 for which the
counting error is lower bounded by:

N (HK\Ky)V R
2 mi/d_1

IT(x) = yqoc| > 5)

This theorem (proven in Appendix |C]) reveals a "curse of
dimensionality" for counting, and shows that some com-
ponents of the transformer must scale with both the vo-
cabulary size and context length. As the vocabulary size
m increases for a fixed d, the term m!/¢ approaches 1,
causing the denominator to vanish and the error bound to
dominate. This implies that to maintain low error, the di-
mension d must scale logarithmically with m. Moreover,
even if d = (log(n)), to achieve a small error the Lips-
chitz parameters of the model must scale with the context
size n. This is similar to the limitation of the CountAttend
solution which essentially requires scaling the Lipschitz
constant of the MLP by n.

We note that while proving lower bounds for multi-layer
models typically requires relying on worst-case Lipschitz
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bounds that degrade exponentially with depth, empirical Lip-
schitz constants are often substantially smaller in practice
[Virmaux and Scaman| [2018}, [Fazlyab et al.| 2019} [Khromov
and Singh), 2024].

S MOST FREQUENT ELEMENT

We now turn to the Most Frequent Element (MFE) task.
In this setting, the model is presented with a sequence of
tokens and must identify the count of the token that appears
most frequently. This problem generalizes Query Counting,
as the model must implicitly track counts for all tokens
simultaneously to perform the maximization.

5.1 INFORMATION THEORETIC LOWER BOUND
(L=1

We begin by establishing a lower bound for a single-layer
transformer using communication complexity. This result
is strong because it provides explicit capacity bounds on
the architecture parameters (d, h, p) regardless of the weight
magnitudes.

Theorem 5.1. Consider a 1-layer transformer with h heads,
embedding dimension d, and precision p, followed by an
MLP of arbitrary width and depth. If this model solves the
MFE task for sequences of length n and vocabulary size m,
then it must hold that:

dhp > Q(min{m,n})

The intuition behind this result relies on a reduction from the
Set Disjointness problem. We construct a sequence where
the prefix encodes a set A (Alice) and the suffix encodes a
set B (Bob), using unique tokens for each element. If A and
B share an element, that corresponding token appears twice
(once in the prefix, once in the suffix), whereas if they are
disjoint, every token appears at most once. Consequently,
distinguishing between a maximum frequency of 1 and 2 is
equivalent to determining disjointness. Since the attention
mechanism acts as the sole communication channel trans-
ferring information from the prefix to the suffix, its total
capacity O(d - h - p) must meet the (n) communication
requirement of the problem. The formal proof can be found

in Appendix

Limitations and Extensions. The strength of Thm.
lies in its explicit capacity bounds for shallow models. How-
ever, this argument does not trivially extend to deeper trans-
formers (i.e., L > 1). In a multi-layer setting, the "state"
passed between layers consists of all n token embeddings,
effectively providing a channel capacity of n x d. This allows
intermediate layers to distribute and mix information across
the entire sequence, bypassing the single-vector bottleneck
of the first layer. Consequently, to prove limitations for deep

transformers, we cannot rely on information capacity alone.
Instead, we bound the sensitivity of the network. In the next
subsection, we show that regardless of depth or capacity, if
d < m, the input embeddings become crowded, forcing the
network’s weights to explode to distinguish them.

5.2 WEIGHT MAGNITUDE LOWER BOUND
(L=1)

When the embedding dimension d is smaller than the vocab-
ulary size m, the token embeddings are necessarily crowded
in R%. We show that differentiating between these crowded
vectors requires the network’s Lipschitz constant (and con-
sequently its weights) to grow with m.

Theorem 5.2. Let T be an L-layer transformer with em-
bedding dimension d. Assume the input embeddings are
bounded in norm by R. Let K be the Lipschitz constant of
the transformer with respect to the inputs. If d < m, then to
solve the MFE task, K must satisfy:

K>Q<\éﬁ~ml/d>

The formal proof can be found in Appendix D] Note that,
unlike Thm. [4.5] here we rely on the geometric properties of
the self-attention mechanism itself. While the softmax func-
tion can approximate a discontinuous hardmax (implying
an infinite Lipschitz constant), doing so for inputs that are e-
close requires the pre-softmax logits to differ by a constant
amount. Thus, resolving the crowding of the embedding
space forces the weight magnitudes to grow with m and n.

5.3 UPPER BOUND: d = m IS SUFFICIENT

The lower bounds suggest that MFE is difficult when d <
m. We show that the condition d = m is sufficient to solve
the task with well-behaved weights.

Theorem 5.3. There exists a I-layer transformer with d =
m, H = 1, and logarithmic precision p = Q(log(n)) that
solves the MFE task. This construction requires an MLP of
width O(m?).

The construction mirrors the Histogram solution from the
QC task. Since d = m, we can orthogonally embed the
tokens and aggregate them to form a precise histogram. Be-
cause the vectors are orthogonal, standard attention mecha-
nisms with small weights suffice to process them. The full
proof can be found in Appendix

One limitation of the 1-layer construction is that extracting
the maximum from the m-dimensional histogram requires
an MLP of width O(m?). This wide MLP can be avoided
by trading width for depth. A natural alternative is to use
a deeper MLP: a depth O(log(m)) MLP with width O(m)
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can calculate the maximum efficiently via a binary tree of
pairwise comparisons [Safran et al.,[2024]]. Another option
is to use a 2-layer transformer architecture. In this setup,
the first layer calculates the count for each element, and
the second layer utilizes its softmax attention as a hardmax
operator to directly attend to and extract the maximal count.
We present the above construction for simplicity.

6 EXPERIMENTS

Our theoretical analysis highlights a fundamental bottleneck
in the transformer architecture’s ability to count, driven
by the relationship between the embedding dimension d,
the vocabulary size m, and the sequence length n. In this
section, we empirically validate these limitations on the
Query Counting (QC) task. The model is given a sequence
of length n containing integer tokens sampled uniformly
from a vocabulary of size m, and must output the exact
frequency of every possible token. All the experimental
details can be found in Appendix

Evaluation Metric: NMAE. Standard accuracy is too
rigid for this task, as it treats all incorrect counts equally
and obscures near-miss learning signals. Conversely, stan-
dard Mean Absolute Error (MAE) is heavily skewed by
the vocabulary size. If the context length n is fixed and m
grows, the expected frequency of any given token is -,
which shrinks towards zero. This artificially deflates the ab-
solute error. To establish a fair comparison across arbitrary
scales, we evaluate using Normalized Mean Absolute Error
(NMAE). By dividing the absolute error by the expected
frequency, NMAE normalizes the difficulty. An NMAE of
0.1 indicates the model’s prediction deviates by 10% of the
expected count, allowing us to accurately compare model
performance across widely varying m and n dimensions.
Each experiment is repeated 5 times with random seeds, and
both the mean and variance are reported.

6.1 IN DISTRIBUTION SCALING

Baseline Capability. We first establish the standard ca-
pability of vanilla encoder-decoder transformers on the
counting task. We trained models across different embed-
ding dimensions d € {16, 32,64}, sequence lengths n €
{50,100, 200}, and vocabulary sizes m € {16,...,512}.
As shown in Figure (1| the models exhibit a predictable ca-
pability threshold. For a naive comparison, we include a
dashed line representing a random guessing baseline that
guesses the mean count as ;. Notably, for a fixed sequence
length n, this random baseline inherently improves as the
vocabulary size m increases simply because random guess-
ing becomes more accurate when the expected true count
shrinks toward zero. While models easily outperform this
baseline for small vocabularies, their performance degrades

steadily as the vocabulary size expands. Once the vocabulary
sufficiently exceeds the embedding dimension, the model
error intersects the random baseline, indicating a complete
loss of exact counting capability. However, models with
larger embedding dimensions like d = 64 degrade much
slower and handle larger vocabularies more effectively, con-
firming our theoretical intuition regarding the geometric
crowding bottleneck.

Model Size Scaling. To determine if this degradation is
simply a matter of insufficient compute or a more funda-
mental scaling law, we fixed n = 100 and d = 64, and
scaled the architecture depth L and attention heads H. As
demonstrated in Figure [2] adding more layers and heads
strictly improves NMAE performance and delays failure.
However, all configurations ultimately experience the ex-
act same mathematical trajectory of degradation toward the
random baseline as m increases. Scaling up compute does
not fundamentally solve the architecture structural difficulty
with expanding vocabularies.

6.2 OUT-OF-DISTRIBUTION GENERALIZATION

We next test the network’s algorithmic robustness through
out-of-distribution (OOD) constraints. If a transformer suc-
cessfully memorizes how to count up to n = 50 over a
vocabulary of m = 32, does it generalize the actual algo-
rithm of counting to sequences it has never seen?

We isolated the training distribution to my,qin, = 32 and
Nrain = 0. During inference, we tested the models with
sequence lengths scaling up to n = 400 and unseen vocabu-
laries with m = 64. Figure [3]illustrates a length extrapola-
tion failure. The moment the test sequence length n exceeds
the training constraints, the standard transformer’s error rate
explodes. It fails to generalize the algorithmic concept of
counting beyond its narrow training distribution limit.

While length extrapolation breaks down entirely, we also in-
vestigated vocabulary extrapolation. Since standard discrete
tokenization inherently fails on unseen tokens, we tested
alternative embedding strategies (such as Continuous Em-
beddings and Random Mapping) to bypass this issue. These
results generalized better to OOD tokens and are detailed in

Appendix [F}

6.3 EVALUATION OF PRETRAINED LANGUAGE
MODELS

To determine whether standard transformer architectures
naturally learn length generalizable counting algorithms
during pretraining, we evaluated four state of the art models
in the 2 billion to 4 billion parameter range: Llama 3.2 3B,
Gemma 2 2B, Qwen 2.5 3B, and Phi 3.5 Mini. We provided
the models with a direct prompt requiring an immediate
numeric answer for the query counting task. This forced
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Figure 1: In distribution baseline evaluating NMAE against vocabulary size m across different embedding dimensions d.
The results are split into three separate subfigures by sequence length. The dashed black line represents a random guessing
baseline. Note how larger dimensions delay, but do not prevent, the mathematical degradation toward random performance.
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Figure 2: Evaluating task performance when scaling the
model architecture depth L and attention heads H against
vocabulary size m. Sequence length n = 100 and dimension
d = 64 are fixed. The dashed line represents the random
guessing baseline.

the models to rely solely on parallel attention mechanisms
rather than sequential chain of thought generation. We var-
ied the vocabulary size m and the sequence length n to
observe capability degradation. Full prompt configurations
and sampling details are deferred to Appendix [E]

Our evaluation reveals three key findings regarding algorith-
mic generalization. First, general language pretraining fails
to generalize counting. As shown in Figure[d] the counting
performance of Gemma 2 and Llama 3 degrades severely
as the sequence length increases. This indicates that models
trained predominantly on general internet text do not learn
rigid algorithms for counting. Instead, they rely on statisti-
cal heuristics that fail systematically when exact variable
tracking is required over longer contexts.

Second, algorithmic and synthetic pretraining significantly
delays this failure. Qwen 2.5, which is heavily pretrained
on code and mathematics, and Phi 3.5, which is trained
almost exclusively on highly curated synthetic logic data,
performed vastly better. These models demonstrate a mas-

sive inductive bias toward exact state tracking, maintaining
significantly lower absolute errors across the board.

Finally, despite the massive improvement from curated log-
ical pretraining, the performance curves of Phi and Qwen
expose the ultimate architectural limit of the transformer.
Their error curves still exhibit an unavoidable upward trend
as the sequence length n increases, and the degradation be-
comes more pronounced as the vocabulary size m increases.
This provides empirical validation for our theoretical claims.
No matter how perfectly the pretraining data is curated for
logic, the standard parallel self-attention mechanism fun-
damentally struggles to extrapolate recursive algorithms to
unseen sequence lengths without external recurrence or a
sequential workspace. This extrapolation failure is an inher-
ent property of the architecture rather than a symptom of
poor training data.

To determine if a sequential workspace mitigates these
limitations, we also evaluated Gemma 2 using Chain-of-
Thought prompting. While allowing the model to explicitly
reason step by step alters its computational strategy, it does
not prevent length extrapolation failure. As detailed in Ap-
pendix [F.2] the model scaling curves still exhibit severe
degradation. Qualitatively, the model routinely hallucinates
external code execution or loses track of physical array co-
ordinates during manual counting, inserting phantom tokens
into its scratchpad. This confirms that standard language
model pretraining does not equip attention mechanisms to
act as rigorous state tracking machines without external
computational grounding.

7 CONCLUSIONS AND FUTURE WORK

In this paper, we investigated the fundamental limitations
of transformers on simple counting tasks. We identified a
critical geometric bottleneck dictated by the interplay be-
tween the embedding dimension d and the vocabulary size
m. Through theoretical analysis, we proved that when the
vocabulary exceeds the embedding dimension, the resulting
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Figure 3: Out-Of-Distribution length generalization. The models are trained strictly on m = 32, n = 50, and then tested on
far longer sequence lengths n to observe catastrophic failure. The plots show tested vocabularies of m = 32 (in-distribution)

and m = 64 (OOD).
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Figure 4: Evaluation of four language models on the exact counting task. Models trained primarily on general linguistic
data (a] [b) fail catastrophically as sequence length n increases. Models trained heavily on logic and code (c} [d) perform
significantly better but still exhibit a degradation trend as n increases.

token crowding forces the network weights to scale polyno-
mially, rendering exact counting virtually unlearnable for
large vocabularies. We empirically validated these bounds
by demonstrating a sharp phase transition in performance
around the d = m threshold.

A limitation of our theoretical framework is its reliance on
bounded Lipschitz constants to evaluate deep transform-
ers; extending communication complexity lower bounds to
deeper models without strict Lipschitz assumptions remains
a valuable open challenge. Furthermore, while our out-of-
distribution experiments and evaluations of models up to
4B parameters confirmed that standard transformers fail to
extrapolate counting algorithms beyond their training con-
straints, exploring how this fundamental bottleneck behaves
in massive-scale frontier models (100B+ parameters) is an
important direction for future empirical work.

Our findings open several promising directions. The suc-
cess of continuous and random embeddings for out-of-
distribution vocabularies suggests that rethinking standard
discrete tokenization is an interesting direction for improv-
ing algorithmic generalization. Additionally, using mecha-

nistic interpretability to analyze the exact suboptimal heuris-
tics transformers converge to during the d < m regime
could yield insights into their failure modes. Ultimately,
our results indicate that relying solely on standard paral-
lel attention is insufficient for reliable counting, suggesting
that architectures augmented with nal tools or sequential
memory systems present a necessary path forward.
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A THE NEED FOR POSITIONAL
EMBEDDINGS

Transformer layers use self-attention to average over previ-
ous representations. The fact that they average, rather than
sum, leads to an interesting limitation on their ability to
count. Specifically, it is easy to see that for variable context
size, they cannot perform any counting task without the use
of positional embedding. Consider the QC task and an input
sequence S = z1, ..., T,, where the goal is to return the
count of z,, in the sequence. Now consider the length 2n
sequence So = x1,...,&p,T1,-..,Ly. The correct output
for this sequence is twice the correct output for S;. However,
a transformer layer without positional embeddings that is
applied to .S; will have exactly the same output as the one
for S,. This follows because averaging is invariant to input
duplication.

The above restriction no longer holds when positional em-
beddings are used, and it is easy to see that it can be rectified
with even a simple positional embedding that just signifies
the last position (see our construction in Section[4.2). This
implies that if a transformer has access to the length of the
sequence, it may make it easier to count. Another thing to
note is that while the above difficulty arises for counting, it
does not arise if we are interested in calculating proportions
(e.g., what is the fraction of the items of the sequence that
are equal to z,,).

B DETAILS OF THE COUNTATTEND
MECHANISM

In Section|4.2} we introduced the CountAttend mechanism
as a solution for the counting task when the embedding
dimension d is smaller than the vocabulary size m. Here we
provide the detailed construction and intuition.

B.1 INTUITION AND CONSTRUCTION

The core idea of CountAttend is to use the self-attention
mechanism to filter the context, assigning high weight only
to tokens that are identical to the query token z,,.

Consider a query token x,,. We construct the query (@) and
key (K) matrices such that the dot product (Kv,,) T (Qvs,)
is large if x; = x,, and small otherwise. Specifically:

1. Matching: We set the attention scores such that the
logit for matching tokens is 7" and for non-matching
tokens is 0.

2. Softmax: The attention weight for a token = ; becomes:

el

n scorey,
D k=€

If there are c,, occurrences of x,,, the denominator is

(6)

O[jN

roughly ¢, e? + (n — ¢, )e°. For sufficiently large 7',

this approximates c,, e’ .

3. Aggregation: Consequently, the attention weight for
T
each matching token is approximately a; ~ —*_7 =

Caxp
1 .

Can

4. Extraction: The query token x,, attends to all tokens.
The attention probability mass is distributed uniformly
among the ¢, copies of z,,. We use a positional em-
bedding p,, (which acts as an indicator for the query
position) to "tag" the value vector of the query token.
The attention output will then contain a component
proportional to a,, p,, = —>p,,.

Can
As illustrated in Figure 5] the MLP then extracts this
scalar value 1/c,, and applies the function f(z) =
1/z to recover the count ¢,;,, .

C PROOFS FROM SECTION}4|
C.1 PROOF OF THM.[4.5|

Proof. Given a dictionary D = {z1, ..., Z,, }, we consider
only sequences of the form (z;, ..., x;, ;) of length N +1,
namely, sequences that contain only /N copies of the same
token, and the goal is to count the x;-th token. The output
for the QC task on such inputs is either N if ¢ = j and 0
otherwise. Note that for these sequences, the attention of
all the tokens is uniform since we use causal masking, and
each token can see only the tokens that were previously in
the sequences, which in any case are all the same. Namely,

the output of each attention layer is % Zivzl vg(f;) = é‘?
(0

for a sequence with the token z; as the first. Here v, are
the value vectors, i.e., the output of the attention mechanism
after applying the value matrix. Let ¢ and ¢’ be the two
vectors that minimize ||vy — v/ || over all the indices ¢, ¢’ €
[m]. We define the two sequences z¢ = (xy¢, . .., ¢, x¢) and
zo = (xp,...,xe,x0). We will show that the error of the
transformer on at least one of these sequences must be large.
Denote the transformer as 7', and let K,,.; = (HK{K>)*
denote the global Lipschitz constant of the network. We
have that:

|T(20) — T(20)| < Knet - [|[Ve — ver]|

Also, if a transformer 7" succeeds on both sequences, then
we have |T(z¢) — T'(z¢)| = N. In particular, for at least
one i € {¢,¢'} we have that
N Knet
T(z) - QC(z1) > = —
() - Q)| > 5 — =
Combining the above with Lemma [C.T] finishes the proof.
U

[ve = ver]|.

Lemma C.1. Let vy,...,v,, € R with |v;|| < R for

some R > 0. Then, we have that min,; ||v, — v;|| <
2R
iz
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Figure 5: (a) Solving QC using a histogram for d > m. To count the number of tokens with z; = 4, we assume each token is
embedded to the standard basis. This results in a histogram of the inputs, and the 4*" element can be extracted using a simple
“Extraction MLP”. (b) Solving QC using CountAttend: this solution works for all d, but requires an MLP for inverting
numbers, and we show that this MLP needs to be of size n, which can be prohibitive. To count the number of tokens with
x; = 4, the last token attends to the others such that only tokens with x; = 4 receive large weights. This results in weights
that are non-zero only for x; = 4, and the resulting weight on these is the inverse of the count of 4, i.e., 0.5 in this case. Then
this inverse is moved to the last element of the value vector, using a positional embedding coordinate that is 1 only for the
last token n. Finally, the inverse count needs to be inverted to get the desired count, and this requires the “Inversion MLP”.

Proof. Consider m disjoint balls centered at each v; with
aradius of 3. by the condition that ||v;|| < R, all of these

balls must fit into a ball of radius R + g Recall the volume

of a ball of radius r in dimension d is equal to Vol(B,) =
d _ 7l'd/2

Cyr® where Cy = )

the above condition gives:

. Combining this volume with

m - Vol(Bj/3) < Vol(Bgrys/2) -

Substituting these terms with the expression for the volume
of the ball gives:

5\ b}
Z < Z
mCy (2> < Cy <R+ 2)

Solving the above for the separation parameter § gives:

s< 2R
~mlt/d—_1"

Let uy, ..., u,, with ||u;|| < R some set of vectors that
maximize the minimum distance min; ; ||u; — u;|| over all
possible set of vectors. It is clear that min; ; ||v; — v;|| <

min; ; ||u; — u;||. We first show that ||u;|| = R for all 7.
i | il

Assume otherwise, and there is ¢ with ||u;|| = r < R, where
||lu;|| > r for every j € [m]. Define v = £ and construct a
new set of vectors {auy, ..., au,,}. These vectors all have
norm < R since « - 7 < R. Also, for any 7 # j we have:

low; — auf| = aflu; —u;| > flu; -y,

since o > 1. This means that the new set provides a better
separation for the pairwise distances than the original set,
which contradicts the assumption about maximizing the
minimum pairwise distance. Hence, ||u;|| = R for every i.
Using the Welch bound, we have that:

m—d

ax |(ug, u;)| > R?y [ ———.
Note that the Welch bound applies to norm 1 vectors; we
can still use it here by scaling all the vectors to have norm
1, and then rescaling to norm R since all the vectors have
the same norm. Finally, by bounding the distances we have
that:

min [u; — w | < Jlug | + g |* - 2 max |(u;, u;)

s

(N

<R - 2R2 [ 8

- d(m —1) ®)

Taking root on both sides finishes the proof. O

C.2 PROOF OF THM.

Proof. Let vq,...,v,, € R? with m > 2d, and let A =
max;-; |(v; - v;)|. Assume without loss of generality that
A = v - vo. By the Welch bounds [Welch, [1974] for k = 1
we have that A > \/2;771. Consider the input z1,...,z,
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to the counting problem where x1,...,x,_. are equal to
the same token which is different from z,, and mapped to
the embedding vy, and z,,_, ..., x, are all equal to z,,
which is mapped to embedding vs. Then the output for the
Histogram solution is:

[hist(x)| =|{(n — ¢)v1 + cvg,v9)]

n—c
>t —.
- Vv2d—1
By choosing ¢ = 0.5n and n = d we have the desired
result. O

C.3 PROOF OF PROPOSITION

Proof. Here we provide additional information about the
CountAttend solution. Recall that the idea is for the last to-
ken x,, to attend to earlier tokens such that tokens identical
to z,, will eventually receive a weight close to 1/c;, , the
count of x,, in the sequence. In what follows, we consider
the scale of the logits that will provide this result at suffi-
cient precision. The attention weight of a unit-norm token
embedding v; with itself is e Vi'Vi = eT', and the attention
weight of v; with v; is eTViVi < T/ where J is an upper
bound on the dot product between any two vectors in R?
among a set of m vectors (e.g., as obtained from analysis
of random vectors as in Section [C.3.T). Now consider the
sum of the attention weights (i.e. the denominator of the
softmax in the attention module). Let ¢, denote the number
of occurrences of x,, in the context, and let ¢’ denote the
number of tokens x; such that z; # x,,. We get that the sum
of the attention weights is ¢, e” plus a quantity bounded by
c'e™’  1f we divide this by e’ then we get that the normaliza-
tion factor equals to c,, plus “noise” bounded by ¢/e”(/=1),
From this we can recover ng if /e’ /=1 < 1. We clearly
log(2n)
1

satisfy this inequality if 7" > —>=. Substituting the bound

we have for J for a random embedding (see Section [C.3.T))
log(2n)
ing the above, we obtain that the output of the attention
is 1/cy, to within 0.5 accuracy in the inverse. To get ¢,,,
we need an MLP that inverts 1/x. This can be done as
follows. It is well known that we can implement a “delta
function” using four ReLLU neurons. For example we can
approximate a delta function of height h between a and b,
by 2(max(0,z — a) — max(0, 2z — (a + €) — max(0,z —
b) + max(0,z — (b + €))) for some sufficiently small e.
We use 4 ReLLU neurons to implement a “delta function”
between 1/(k — 1/2) and 1/(k + 1/2) of height k for each
k=1,...,n. O

we get that we need 7" such that: T' = )

C.3.1 Inner Product of Random Vectors

Letvy,..., Vv, berandom unit vectors in R4 where each co-
ordinate in any vector is +1/+/d with probability 1/2, inde-
pendently. Hoeffding’s inequality (Proposition[C.2)) implies

that with probability 1 — 1/poly(m), |v;-v;| = O(y/ &™)
for all pairs ¢, j € [m], i # j. Indeed, v; - v; is a sum of d
random variables of values £1/ V/d so by Equation ©) we
have we have

2
Pr(v,-v; >1t) < 2e~

and therefore fort = O(4/ loim ) we get that the dot product
is large than ¢ with polynomialy small probability for all

pairs v;, v;.

Proposition C.2. Hoeffding’s inequality states that if
X1,...,X, are independent random variables such that
a; < X; < b; then

2¢2

Pr(|S, — E[Sy]] > t) <2e Zatime®  (9)

where S, = X1 + ...+ X,.

C.4 PROOF OF LEMMA

Proof. Let g be a piecewise linear approximation of f(z).
Thenforz = 1/k, k=1,...,n, we musthave k — 1/2 <
g(x) < k + 1/2. Consider the line ¢(x1,x2) between
(1/z1,21) and (1/x2,x2) for some integers x; and xs
such that 1 < z7,z5 < n. The equation of this line is
y = (—zix2)r + 21 +22. Letzy = kandze = k — ¢
for some constant ¢ that we determine below. Then the
equation of £(k, k —c¢)isy = —k(k — ¢)x + 2k — c. Let
U (k,k—c)betheliney = —k(k—c)x+2k—c—0.5 which
is parallel and below ¢(k, k — ¢). We claim that the point
A= 1/(k—¢c/2),k—(c/2)+0.5) lies below ¢’ (k, k — c).
By convexity this implies that g must have a breakpoint
between 1/k and 1/(k — ¢). To prove the claim we have to
show that

k—(c/2)+05< —k(k—rc) +2k—c—0.5

1
k—(c/2)
It is easy to check that this holds for ¢ = 3 and any k. This
shows that g must have at least Q(n) linear pieces. Note that
any 2-layer MLP with ReLU activations with £ neurons is
a piecewise linear function with at most 2¢ pieces. This is
because each ReLLU neuron is a piecewise linear function
with at most 2 pieces, and the MLP is just the sum of those
neurons. O

D PROOFS FROM SECTION

D.1 PROOF OF THM.

Proof. Our proof relies on the following set disjointness
lower bound [Yao, [1979]]. Alice and Bob are given in-
puts a,b € {0, 1}", respectively. Their goal is to compute
max; a;b; by sending single bit messages to each other in a
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sequence of communication rounds. The lower bound says
that any deterministic protocol for computing max; a;b;
must have at least n rounds of communication.

We construct a reduction from the set disjointness problem
to the MFE task. We assume for ease of notation that the
length of the context is 2n, and also assume that m > 3n.
If m < 3n then we set the context size to be n’ = m/6
and continue the proof as is with n’ instead of n. Note that
since the lower bound is given by Q(min{m,n}), using
n’ instead of n will provide a lower bound that depends
on m. In fact, min{m, n} can be viewed as the “effective ”
dictionary size, which is the maximal number of different
tokens that a transformer sees given an input sequence of
length n.

Assume that Alice and Bob received inputs a,b € {0,1}".
Suppose we have the following distinct tokens in our
dictionary (which is possible by our assumption on m):
Sy sSnsYls e+ Yns 21,y - -, 2n. We consider the follow-
ing input context x1, . .., Ta, to the transformer. For j €
{1,...,n}, if a; = 1 we set ; = s;, and otherwise
we set x; = y;. Similarly, for every bit in b in place
jeA{l,...,n}, if b; = 1 we set z,4,; = s;, otherwise
we set T, 4; = 2j. We also assume there is some query to-
ken xg known to both Alice and Bob and different from the
rest of the tokens. This is the last token and we assume that
the desired output token corresponds to it. Note that if the
most frequent element in the context x1, ..., T2, appears
twice, then this token must be s, for some ¢ € {1,...,n}
which means that a¢b, = 1. Otherwise if the most frequent
element appears only once and then max; a;b; = 0.

Suppose there exists a 1-layer transformer with h heads
followed by an MLP of arbitrary size that solves the MFE
task for all inputs x4, ..., T2,. Assume the embedding di-
mension of each token is d, namely s;, y;, 2; € R¢ for every
i € {1,...,d}. Also, denote the weights of the heads by
Qj, K, V; for each j € [h], and assume w.l.o.g. that they
are of full rank (i.e. rank d), otherwise our lower bound
would include the rank of these matrices instead of the em-
bedding dimension (which can only strengthen the lower
bound). We design a communication protocol (following
the construction in [Sanford et al.,|2023]]) for Alice and Bob
to solve the set disjointness problem:

1. Given input sequences a,b € {0,1}" to Alice
and Bob respectively, they calculate x4, ..., z, and
Tp41,-- -, Tan, respectively.

2. Alice computes the p bit representation of s;, =
Sy exp(x K Qjxo) for each head j and transmits
them to Bob. The number of transmitted bits is O(ph).

3. Bob finishes the computation of the softmax nor-
malization term for each head j € [h] and sends
it to Alice, namely he computes: s; = s, +
ZfﬁnH exp(x;rK]T Q;x0). The number of transmit-
ted bits is again O(ph).

4. For each head j € [h] Alice computes the first part of
the attention matrix which depends on her input tokens
and transmits it to Bob. Namely, she computes: ¢; , =

n TKIQix0)V,z: .
Lizy XP(2; = Qo) Vs . The number of transmitted

Sj
bits is O(dph), since x; € R?, and the assumption that
V; is full rank.

5. Bob can now finish the computation of the atten-

tion layer. Namely, he computes: t; = t;, +
2n TKTQix0)V;x; .
Zi:"“e)(p(x: 1 Qiro)Viw . Finally, Bob passes the
)
concatenation of the vectors ¢; for j = 1,...,h

through the MLP. This step does not require any addi-
tional communication rounds.

By the equivalence between the set disjointness and the most
frequent element problem that was described before, Bob
returns 1 iff the inputs max; a;b; = 1, and 0 otherwise. The
total number of bits transmitted in this protocol is O(dph),
hence by the lower bound on the communication complexity
of set disjointness we must have that dph > (n). This anal-
ysis can also be applied to rounds (3) and (4), which will re-
sult in a lower bound of the form dph+loglog(n)h > Q(n),
that is improved by a log log(n) term that also depends on h.
For readability’s sake we present the lower bound as is. [

D.2 PROOF OF THM.

Proof. We model the transformer as a function f : R*<™ —
R that maps a sequence of n token embeddings to a scalar
count (the count of the most frequent element). We assume
the input embeddings vy, . .., v,, € R? satisfy || v;| < R.

By Lemma|C.I| we have that:
in [[vs 1l < 2R
v vl < Sy

Let u and v be two distinct tokens achieving this minimum
distance, and let € = ||v,, — v, ||. Note that for large m,
e~2R-m~1/4,

We construct two specific input sequences of length n:

* (X 4): Consists of n copies of token u. The most fre-
quent element is u, appearing n times. Thus, the target
outputis f(X4) =n.

* (XpB): Consists of n/2 copies of token u and n/2
copies of token v. The most frequent elements are
u and v, each appearing n/2 times. Thus, the target
outputis f(Xp) = n/2.

3. Distance in Input Space. We calculate the Frobenius
norm of the difference between the input embedding ma-
trices X 4 and X . The sequences are identical in the first

7851



n/2 positions and differ only in the last /2 positions:

1Xa = Xpllr = [ D I(Xa)i = (Xp)ill?
=1

n

= Z [V — Vo2

i=n/2+1

By assumption, the network f is K -Lipschitz with respect
to the input. Thus:

|f(Xa) = f(XB)| < K| XA - XBlF

Substituting the target outputs and the calculated distance:

n n
O < K e 2
’" 2 ‘ =72
Do ko2
2 2
Solving for K:
K> n/2
€
Finally, substituting the bound ¢ < m12/7521:

vn o mbt/d -1 VI g
> < . = ~__
Kﬁ\/5 3 0 m

D.3 PROOF OF THM.

Proof. For the case of d = m, we consider the embedding
vectors to be equal to e; for each token ¢ € [m], namely the
standard unit basis vectors. We use a single attention head
with query matrix @) = 0, and value matrix V' = I. In this
case, for any input sequence z1, ..., T,, the output of the
attention layer is a vector v € R? which acts as an exact
histogram over the different tokens. Namely, if the token
mapped to e; appeared ¢; times, then (v); = ¢;.

To find the most frequent token, we only need an MLP
that outputs the maximum over this vector of counts. To do
so, we can use the construction from [Safran et al.| [2024]
(Theorem 3.3 therein), which provides a one-hidden-layer
MLP with width O(m?) capable of extracting the maximum
from an m-dimensional input. Note that in this construction,
we only require p = O(log(n)) bits of precision to calculate
and represent the counts c¢;, since the maximum possible
frequency is bounded by the context length n. O

E EXPERIMENTAL DETAILS

To ensure full reproducibility of our empirical results, this
section provides the technical hyperparameters, sampling
strategies, and hardware specifications necessary to repli-
cate the experimental setup presented in the main text.
All models were implemented using PyTorch |Paszke et al.
[2019] and experiments were executed on a single NVIDIA
GeForce RTX 5070 GPU with 12GB of VRAM.

E.1 ALGORITHMIC TASKS DATA GENERATION

For both the Query Counting (QC) and Most Frequent Ele-
ment (MFE) tasks, sequences of length n with vocabulary
size m were uniformly sampled with replacement. For the
QC task, the query token is uniformly drawn and explicitly
forced to appear at least once at a random index within the
body of the sequence.

To accurately evaluate model performance scaling across
orders of magnitude of expected counts, we utilize Normal-
ized Mean Absolute Error (NMAE) as our primary metric.
NMAE is calculated by dividing the absolute prediction er-
ror by the theoretical expected count. Within our evaluation
pipeline, the expected scalar count for QC is analytically
normalized by % + 1. For the MFE task, we estimate the ex-
pected maximum token frequency empirically via a Monte
Carlo simulation utilizing 1, 000 sequences.

To prevent tokenizer representation bias natively influencing
the Large Language Model (LLM) evaluations, the evalu-
ation array tokens for the LLMs were uniformly sampled
from a wider semantic word pool ranging from 1 to 1, 000.

E.2 SMALL-SCALE AUTOREGRESSIVE
TRANSFORMERS

Our primary investigations utilized decoder-only autore-
gressive Transformers trained from a random initialization.
The architecture was implemented using a causal scaled-dot
product attention mechanism with standard learned abso-
lute positional embeddings. Specifically, we enforce Pre-
LayerNorm (norm_first=True) and explicitly disable
dropout (dropout=0.0).

Training Hyperparameters. All models were optimized us-
ing standard PyTorch Adam Kingma and Ba[2014] (without
weight decay).

* Learning Rate: A peak learning rate of le — 3 was
used, chosen empirically to ensure stable convergence
across extreme variations in vocabulary sizes.

¢ Scheduler: We applied a linear warmup over the first
10% of the total training steps, followed by a cosine
annealing decay to zero.

* Batching: Models were trained for 3,000 steps with a
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global batch size of 512, processing over 1.5 million
sequences during the optimization phase.

E.3 PRETRAINED LANGUAGE MODEL

To evaluate the zero shot counting capabilities of the pre-
trained language models discussed in Section we con-
structed a strict token array counting task.

Prompting Strategy We utilized a direct prompting strat-
egy designed to prevent the models from using their output
generation as a sequential computation scratchpad. The stan-
dard prompt template was structured as follows: “Consider
the following array [4, 7, 2, 4] of length 4. How many times
does the word 4 appear in the array? Respond in just one
number. Answer:” By demanding an immediate numeric
token, we ensure the evaluation strictly measures the capac-
ity of the model’s internal parallel attention mechanism to
route, aggregate, and compute the exact count in a single
forward pass.

Configurations and Sampling We evaluated four mod-
els: Llama 3.2 3B Instruct, Gemma 2 2B IT, Qwen 2.5 3B
Instruct, and Phi 3.5 Mini Instruct. For each model, we
tested vocabulary sizes m € {2, 4, 8} and sequence lengths
n € {5,10,15,20,25,30}. The vocabulary tokens were
sampled uniformly at random from a set of standard inte-
gers. For every point on the evaluation grid, we sampled 10
random arrays and recorded the model predictions. The vari-
ance across these 10 samples is plotted as shaded standard
deviation regions in our results.

F ADDITIONAL EXPERIMENTS

F1 OOD VOCABULARY EXTRAPOLATION &
EMBEDDING STRATEGIES

4.0
—¥— Standard Baseline

3.51 —=— Random Mapping

3.0 —e— Continuous Embedding

2.5
<

2.0
=
Z1s

1.0

0.5 —

00f v

32 64 128 256 512
Test Vocabulary Size (m)

Figure 6: Evaluating alternative input embedding techniques
(Continuous Embedding, Random Mapping) against the
standard Transformer baseline to see if they solve OOD
vocabulary extrapolation.

As demonstrated in Section [6} standard transformers fail
to extrapolate counting algorithms out-of-distribution. For
vocabulary extrapolation, this failure is guaranteed by the
embedding strategy, which is often used: transformers use
learned, discrete embeddings for each token. If token ‘64’
was never in the training set, its embedding is blank, un-
trained noise at test time.

To determine if this is strictly a tokenization bottleneck,
we compared the Standard Baseline against two alternative
OOD representation techniques:

* Continuous Embeddings: Treating the integer tokens
strictly as a 1D continuous numeral, natively allow-
ing mathematical relationships to carry over to unseen
numbers.

* Random Mapping: Forcing the numbers into a fixed,
randomly generated high-dimensional space rather
than learning them, testing if the model can generalize
geometric distances rather than discrete table lookups.

As shown in Figure [6] while the Standard Baseline com-
pletely failed to count OOD vocabularies, both the Con-
tinuous and Random Mapping strategies successfully gen-
eralized to unseen tokens. Under the hood, their absolute
error flatlined regardless of how large m scaled. This proves
that standard discrete tokenization is the fundamental bottle-
neck preventing transformers from zero-shot extrapolating
to out-of-distribution vocabularies.

F.2 CHAIN OF THOUGHT FAILURE MODES IN
PRETRAINED MODELS

1.41 —e— Gemma 2 CoT (m=2)
Gemma 2 CoT (m=4)
1.2{ —— Gemma 2 CoT (m=8)

5 10 15 20 25 30
Sequence Length (n)

Figure 7: Evaluation of Gemma 2 2B using Chain-of-
Thought prompting. Allowing the model a sequential
scratchpad does not prevent the fundamental length extrapo-
lation failure as sequence length n increases.

We evaluated Gemma 2 2B using Chain of Thought prompt-
ing to observe whether generating a sequential scratchpad
resolves the geometric bottleneck for counting tasks. As
shown in Figure[7] the normalized error still degrades signif-
icantly as the sequence length scales. A qualitative review
of the generated text reveals two primary failure modes that
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highlight the inability of standard attention to reliably track
recursive algorithmic state.

The Lazy Programmer Hallucination For longer con-
texts, the model frequently abandons manual iteration. In-
stead, it generates a Python script to compute the count
and subsequently hallucinates the console output without
actually executing the code. Note that we ran the model
internally inside our own GPUj it cannot run external code,
and the output it provided is just a hallucination of the model.
In the following example, evaluating a sequence of length
25, the true count of the target token ‘1 is 11, yet the model
arbitrarily guesses 10 at the end of its hallucinated script
block.

Array: (0, 1, 0, 0, 0, 1, 0, 0, 0O, 1, O,
o, 0, 0, 1, 0, 1, 1, 1, 0O, 1, 0O, 1, 1,
1]

Target Token: 1

Expected Count: 11 | Predicted Count: 10

Model Output:

Here’s how to solve this:

Initialization: We need to count the number of times
the digit ’1’ appears.

Iteration: We can iterate through the array, checking
each element.

Counting: For each ’1’ we encounter, we increment a
counter.

Final Count: After iterating through the entire array,
the counter will hold the total.

Let’s implement this:

array = (0, 1, 0, 0, 0, 1, 0, 0, O,
l/ 0/ ’ 0/ O/ 1/ O/ l/ l/ l/ 0/ l/
0, 1, 1, 1]

count 0

for element in array:

if element == 1:

count += 1

I = o |

Output:
ANSWER: 10
Therefore, the word ’1’ appears 10 times in the array.

The Coordinate Loss Hallucination When the model
does attempt to count item by item, the attention mechanism
eventually loses track of the physical array coordinates. This
results in the model double counting or skipping items by
hallucinating phantom tokens in its scratchpad. In the fol-
lowing example, the model hallucinates an extra ‘2’ in the
middle of the array, changing the final count from the ex-
pected 6 to an incorrect 7.

Array: [6, 2, 4, 6, 2, 7, 4, 4, 6, 1, 2,
6, 2, 2, 7, 4, 3, 17, 7, 2]

Target Token: 2

Expected Count: 6 | Predicted Count: 7

Model Output:

Here’s how to count the occurrences of 2:

Let’s do it:

: Not 2

: We found a 2! Increment the counter.

: Not 2

: Not 2

: We found another 2! Increment the counter.
Wi

: Not 2

: We found another 2! Increment the counter.

: We found another 2! Increment the counter.

: We found another 2! Increment the counter. <~ Hal-
lucinated extra token!

7: Not 2

4: Not 2

[...]

2: We found another 2! Increment the counter.
Final Count: We’ve counted 2 a total of 7 times.
ANSWER: 7

NN O™ O RN

F.3 EXPERIMENTS ON THE MFE TASK

MFE In-Distribution Pipeline (n=50)

—o— d=16
d=32
—A— d=64
== Random Baseline

-
-

-

-

16 32 64 128 256 512
Vocabulary Size (m)

Figure 8: In distribution evaluation for the Most Frequent El-
ement task at sequence length n = 50. Even with increased
architectural capacity, the models exhibit significantly de-
graded performance across all embedding dimensions d,
barely outperforming the random baseline at small vocabu-
lary sizes.

To further explore the architectural limitations of transform-
ers, we evaluated their performance on the Most Frequent El-
ement task. We trained models with a fixed sequence length
n = 50 across varying vocabulary sizes m and embedding
dimensions d € {16, 32,64}. To provide the network with
maximum opportunity to learn the required algorithm, we
explicitly increased the architectural capacity to three layers
and three heads. As demonstrated in Figure [§] the perfor-
mance is staggeringly poor. Even at small vocabulary sizes
like m = 16, the models barely outperform a naive random
guessing baseline and completely fail to achieve the near per-
fect accuracy observed in the baseline counting tasks. This
performance degradation points to a distinct mechanistic
boundary in the standard transformer formulation. Unlike
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the Query Counting task where the model only needs to
route a single matching token count to the output, the Most
Frequent Element task requires the model to simultaneously
maintain independent running counts for all m unique to-
kens within its residual stream. Furthermore, the model must
then execute a global argmax operation across these internal
representations. Standard dot product attention and multi-
layer perceptrons are inherently poorly suited for executing
exact global nonlinear comparisons across many abstractly
tracked variables simultaneously. Consequently, the network
is forced to approximate a complex sorting algorithm using
soft polynomial approximations, which rigorously fails to
generalize and confirms that the algorithmic requirements
of this task severely stress the natural inductive biases of the
architecture.

MFE Task: Layer Scaling (d=64, n=50)

-

m Layers (L)

m Baseline

16 32 64 128 256 512
Vocabulary Size (m)

Figure 9: Evaluating MFE task performance when scaling
the model architecture depth L against vocabulary size m.
Sequence length n = 50 and embedding dimension d = 64
are fixed. While deeper models improve performance at
smaller vocabularies, they fail to overcome the fundamental
algorithmic bottleneck as m increases.

To investigate whether this performance degradation can
be mitigated by scaling compute, we conducted a depth
scaling experiment for the Most Frequent Element task. Fix-
ing the sequence length n = 50 and embedding dimension
d = 64, we scaled the number of layers L € {3,4,5,6}.
As shown in Figure 0] while adding depth strictly improves
performance and delays failure at smaller vocabulary sizes,
it does not fundamentally resolve the geometric bottleneck.
All layer configurations ultimately converge toward the ex-
act same trajectory of degradation as the vocabulary size
m approaches and exceeds 128. This further substantiates
our theoretical conclusion that the requirement to execute
a global argmax over crowded representations cannot be
trivially bypassed by merely increasing architectural depth.
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