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Abstract

Simulation-based inference (SBI) typically de-
pends on expensive simulators, so inference and
experimental design must operate under fixed sim-
ulation budgets. Bayesian optimal experimental
design (BOED) maximizes expected information
gain (EIG), but this utility function can hide short-
comings of the underlying inference objects that
will be used in downstream inference tasks (poste-
rior estimation). We show that the InfoNCE lower
bound on EIG becomes a principled SBI training
objective for conditional normalizing flow den-
sity model - the workhorse of SBI applications
- with an asymptotic likelihood-fitting interpre-
tation that links MI maximization to surrogate-
likelihood learning and thereby increases the value
of each simulator call for both inference and de-
sign. We propose SBI-BOED, a single stochastic-
gradient procedure that jointly trains a conditional
normalizing-flow likelihood and optimizes designs
without requiring simulator differentiability or
pathwise gradients to experimental designs. The
same MI view also yields simulation active learn-
ing under fixed designs via expected predictive in-
formation gain (EPIG). With an InfoNCE- )\ objec-
tive and practical stabilizers, SBI-BOED improves
posterior calibration and predictive accuracy over
strong BOED baselines on synthetic benchmarks
and scientific simulators at matched simulation
budgets.

1 INTRODUCTION

Scientific models can be described as simulators that simu-
late complex, potentially stochastic, interactions that yield
observations from the interactions. Additionally, these sim-
ulators sometimes have controllable inputs that yield a dif-

ferent distribution of observations. For example, a simulator
generates an output y based on experimental designs & (con-
trollable inputs) and model parameters € (latent system prop-
erties that govern the input-output relationship). Inferring
the posterior distribution of model parameters given ob-
served data p(6|y, &) represents a fundamental challenge in
Bayesian statistics and can be viewed as solving an inverse
problem for a given simulator|Lindley|[[1972]. In Simulation-
Based Inference (SBI), some simulators implicitly define a
design-dependent likelihood p(y|6, &) that, combined with
a prior over model parameters p(f), enables inference of
the posterior distribution p(6|y,, &) where y,, represents ob-
served data |(Cranmer et al.| [2020]]. SBI methods address
scenarios where the likelihood is intractable by approxi-
mating either 1) the likelihood p(y|6, &) or 2) the posterior
p(0)y, &) directly using neural density estimators, or, 3) us-
ing classifiers to estimate the likelihood-to-evidence ratio,
%. Importantly, simulations can be costly (i.e. slow)
to collect, introducing a bottleneck in downstream applica-
tions of simulators.

Inferring the parameters of the model given observations
requires performing experiments that may be costly to per-
form. For example, in drug development, collecting data
is expensive and is partially responsible for the great cost
associated with developing new therapies where thousands
to millions of designs may be employed per round of exper-
imentation in a high-throughput screening campaign [Paul
et al.| 2010]]. Triaging which data points to gather can help
reduce the time to develop a new therapy for patients. It is
thus imperative to prioritize collection of observed data y,,
using optimal designs y,|£*, to arrive at an accurate and cal-
ibrated inference of model parameters to make predictions
of future responses, such as the likelihood of successful
drug treatment.

Towards reducing cost, Bayesian optimal experimental de-
sign (BOED) has shown promise as a method for optimizing
experiments &, even when dealing with potentially high-
dimensional design spaces. This can be achieved by employ-
ing a likelihood model along with priors for the parameters
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of interest [Lindley, |1956| Foster et al., 2019, [Kleinegesse
and Gutmann, 2019]]. BOED operates by both evaluating
and optimizing a utility function of the Expected Informa-
tion Gain (EIG) upon performing a proposed experiment
Lindley|[[1956]], [Rainforth et al.|[2024].

1(§) £ Epye) [H[p(0)] — H[p(0ly, O)]]. (1)

The EIG can be used as an approximation for the informa-
tion gained in an experiment with design £. The intuition
is: which experimental design and outcome would be most
surprising given what we assume about the model when con-
ducting the experiment? This would be the optimal experi-
mental design and can be rewritten into the form of calculat-
ing the mutual information (MI), where MI(6; y|&) = 1(¢),
between the observed data and unknown parameters as the
ratio of likelihood to marginal likelihood or posterior to
prior

p(yl6, ¢ )}

MIavyf =E (2 |:10g
CHI3) p(0)p(y10,£) (Y

p(9ly,€)} .

(2)
= Ep0)p(yl6.¢) {log 0

However, most BOED utility functions require either an
explicit likelihood or a differentiable one. Previous BOED
work focused on estimating the MI as an objective function
within an outer optimizer, such as Bayesian optimization,
which results in a nested optimization process [[Gutmann
et al., 2016, Rainforth et al., [2018], [Kleinegesse and Gut{
mann, 2020, [Foster et al., [2019]]. Notably, these methods
can be combined with implicit models such as those used
in SBI, but they can be inefficient, motivating methods to
simultaneously optimize the design and MI in a single op-
timization process [Foster et al.| [2020]. However, unified
optimization typically depends on an explicit likelihood or
an implicit likelihood with a differentiable simulator [Klei{
negesse and Gutmann, 2021} [vanova et al.| 2021]], except
for simulation-heavy reinforcement learning (RL) methods
Lim et al.|[2022], Blau et al.|[2022, |2024]], which are often
not feasible in SBI settings where generating new simulator
samples takes seconds or longer.

Expensive simulators also motivate an active-learning per-
spective on SBI: under a fixed simulation budget, not all
simulator queries are equally valuable. Rather than draw-
ing simulations uniformly, one can prioritize parameter
settings whose outcomes are expected to maximally im-
prove the learned likelihood or posterior surrogate. In our
approach, this prioritization follows from the same InfoNCE-
regularized mutual-information objective used for design
optimization, yielding a unified principle for both selecting
informative experiments and allocating simulator calls. This
further reduces simulation burden by focusing computation
on the most informative queries.

We show that SBI and BOED can benefit from a shared

Table 1: Offline simulator calls to learn an amortized design
strategy; one call is one draw y ~ p(y | 6,£). On SIR
(§4.3), SBI-BOED exceeds iDAD accuracy while using
~50x fewer simulator calls.

RL-BOED' iDAD SBI-BOED

Simulator calls ~ 107-10% =~ 2.6 x 108 ~ 5.1 x 10°

TNot evaluated on SIR; Blau et al. report training amortized
RL-BOED agents with tens of millions of simulated experiments.

information-theoretic perspective. On a standard SBI bench-
mark, we first study how InfoNCE and its regularized variant
affect the training dynamics of amortized likelihood mod-
els. We then use the same bound to define the value of a
simulation, yielding an active-learning strategy for selecting
new latent parameters # under a fixed simulation budget.
Next, we apply this objective to BOED with implicit mod-
els, enabling design optimization and surrogate training
without requiring a differentiable simulator and avoiding
the simulation cost of RL-based methods. Finally, we show
that SBI-inspired iterative inference can improve cumula-
tive information gain and posterior calibration over multiple
rounds of BOED. Overall, our results highlight the value
of cross-pollination between SBI and BOED for improv-
ing both inference quality and simulation efficiency. We
summarize the offline simulator-call comparison in Table[I]

In bridging BOED and SBI, our key contributions are:

¢ Regularized MI Bound for Improved Inference: We
show that the Incg-y utility improves calibration and
predictive accuracy relative to the standard InfoNCE
estimator, and we analyze its effect on training dynam-
ics for amortized likelihood models.

¢ Active Learning for Simulation-Efficient SBI: We
propose an active-learning strategy for selecting new
latent parameters ¢ under a fixed simulation budget,
using the InfoNCE-regularized mutual-information
bound to prioritize simulator queries that are expected
to be most informative.

* Practical Optimization for Implicit Likelihoods: We
develop a robust method to jointly optimize experimen-
tal designs and train SBI surrogates without requiring
a differentiable simulator. To address the limitations
of naive gradient-based design optimization, we opti-
mize a design distribution, improving performance in
non-differentiable settings.

* Multi-Round BOED with SBI Principles: We show
that incorporating SBI ideas such as repeated rounds
of inference improves cumulative information gain and
yields better-calibrated posteriors over multiple rounds
of BOED.
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2 BACKGROUND

2.1 SIMULATION-BASED INFERENCE

SBI addresses Bayesian inference in settings where a sim-
ulator g can generate synthetic observations but the likeli-
hood is unavailable or impractical to evaluate. Given a prior
0 ~ p(0) and (optionally) a design £, the simulator defines
a data-generating process y = g(6, &, z) with randomness
z, inducing an implicit likelihood p(y | 6, £) and posterior
(0 | Yo,&). Modern SBI methods learn amortized surro-
gates from simulated pairs (6, y) by training neural density
estimators (e.g., normalizing flows) to approximate either
the likelihood py (y | 6, &) or the posterior pg (0 | y, &) via
maximum likelihood [Papamakarios et al., 2021} [Lueck{
mann et al., [2021]]. Alternatively, SBI can estimate the
likelihood-to-evidence ratio by training a classifier to distin-
guish samples from the joint p(6, y | £) versus the product

of marginals p(0)p(y | £), yielding exp f4(0,y) = %
(and related ratios). The choice between posterior, likeli-
hood, or ratio-based SBI depends on downstream needs,
e.g., amortized posteriors are convenient for repeated infer-
ence on many observations, while ratio ensembles can im-
prove robustness (e.g., under calibration tests) at additional

compute cost [[Talts et al.,[2020, Hermans et al., 2022].

Neural Likelihood Estimation We can use data from the
joint distribution to train a conditional neural density-based
likelihood function (NL). If we take a dataset of samples
{4n,0n}1.n obtained from a simulator as previously de-
scribed, we can train a conditional density estimator p(y|6)
to model the likelihood by maximizing the total log likeli-
hood of ), log pe(yx|6r), which is approximately equiva-
lent to minimizing

LnL(¢) = Epo) (DxL(p(y10)[lpg (y]6)) + const,  (3)

where the divergence is minimized when py(y|0) — p(y|6).

2.2 NORMALIZING FLOWS

Normalizing flows are flexible, tractable density estimators
that model a target distribution via an invertible transfor-
mation of a simple base distribution [Papamakarios et al.,
2021}, |[Kobyzev et al., 2020|]. Let u ~ p(u) (e.g., standard
Gaussian) and let f, : R” — R be a bijection, typically
a composition of IV invertible maps, fg = fy o ---o fi.
The induced density on y = f(u) follows from change of
variables,

poly) = p(u) |det Jy, (u)| ",

where Jy, is the Jacobian of f,. Flows are trained by maxi-
mum likelihood on samples {y,, } Y, , equivalently minimiz-
ing the forward KL divergence Dkr,(p* () || ps(y)). In SBI,
flows are commonly used in conditional form by condition-

ing the transformation (or its parameters) on context such as

6 or y, yielding likelihood models py(y | 6, &) or posteriors
pe(6 | v) [Durkan et al.l [2019]]. Because sampling is repa-
rameterized (e.g., y = fs(u;0,§) with u ~ p(u)), flows
admit pathwise gradients and are well-suited for gradient-
based learning and variational objectives [Rezende and Mo+
hamed, 2015, Mohamed et al., 2020].

2.3 BAYESIAN OPTIMAL EXPERIMENTAL
DESIGN

InfoNCE Bound Following from Equation [2| Ivanoval
et al.| [2021] proposed a lower bound of the MI based on
the InfoNCE bound using an implicit likelihood with a dif-
ferentiable simulator. They trained a design policy network
7y that proposed designs based on the history of design-
observation pairs, h—1 = {(&;, i) }i=1.t—1 and a critic
network Uy that encapsulates the true likelihood when it
maximizes the lower bound of MI. We adjust the bound to
reflect the myopic experimental design setting (ignoring the
design policy) and reformulate the bound as

eXp(U¢(y7 57 00))
%H EZL:O GXp(U¢(y, §7 91)) ’
“4)
where the expectation is over p(6o)p(y|6o, &)p(61.1), € is
the proposed design, 6 is the original parameter that gen-
erated data y, generated from the differentiable simulator
(y]6o, &), L is the number of contrastive samples, and U
is a “critic” function such that U : (y,&) x © — R. This
bound has low variance but is upper-bounded by log(L + 1),
potentially leading to large bias with insufficient contrastive
samples. Additionally, previous work required a differen-
tiable simulator to take gradients with respect to the inputs
of the simulator, which may not be available in SBI settings.

Lnce(é, ¢; L) = E |log

2.4 ACTIVE LEARNING IN SBI

SBI is often bottlenecked by the number of simulator eval-
uations, motivating active strategies that prioritize which
simulator queries to run. Sequential SBI methods such as
SNPE/SNL already improve sample efficiency by adapting a
proposal over parameters toward regions that better explain
the observation, effectively steering simulations toward
higher-posterior-density regions. However, proposal updates
typically do not explicitly optimize the utility of individual
simulator queries and may still allocate budget to redundant
or low-value simulations. Bayesian active learning formal-
izes query selection through an acquisition function (often
information-theoretic) that scores candidate parameters by
their expected utility under the current model. A closely
related recent approach, Active Sequential Neural Poste-
rior Estimation (ASNPE) Griesemer et al.|[2024], explicitly
introduces an acquisition step into the SNPE loop by rank-
ing candidate simulator parameters according to epistemic
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uncertainty in the current neural density estimator (approxi-
mated via Bayesian NDE machinery such as MC-dropout),
and simulating only the top-ranked candidates. In our set-
ting, this perspective motivates using prediction-oriented
information-gain criteria (EPIG) to prioritize simulator calls
when designs are fixed, yielding an active-learning view of
SBI that complements BOED.

3 SBI-BOED

We begin by noting that the mutual-information objectives
used in BOED also provide a unifying view of several SBI
procedures. In our setting, this shared MI perspective has
two consequences. First, when experimental designs ¢ are
optimized, maximizing an InfoNCE-based lower bound
yields a practical objective for jointly training an amor-
tized likelihood model and selecting informative designs,
even for closed-box simulators. Second, when designs are
fixed, the same learned likelihood can be used to prioritize
simulator queries over latent parameters 6, giving an active-
learning strategy for allocating a limited simulation budget.
We develop these two perspectives in turn: first through the
connection between MI maximization and surrogate likeli-
hood learning, and then through EPIG-based active learning
of simulations.

3.1 BRIDGING SBI AND BOED

We take inspiration from previous SBI and BOED methods
to allow optimization of designs with respect to closed-box
simulators that are modeled using normalizing flows. We
start by noting how the loss function of contrastive ratio
estimation (CRE) lower bounds Equation (4]

| 294 (00,y) | e994(00,y)
o8 1 Zle €94 (0c,y) ©8 H—% ZeLzo €96 (02,)
5
0
g Pelf0,8)

L bl
= Yo Po(yl01,€)

where L is the number of contrastive samples, which is K
in CRE, and g is a discriminative classifier, which holds
for a single batch of data and constant experimental design,
i.e. when £ is constant. We use a neural density estimator to
create a Likelihood-Free version of Equation (). We now
have a MI lower bound

Ps(yl00, &)
T Yo Pe (Y101, €)

where the expectation is over p(6o)p(y|6o, &)p(01.1). We
can now simultaneously optimize designs and parameters
of a neural density estimator. If we are to use a normalizing
flow instead of a classifier as exp g4 (y, 0, &) = pe(y]0, &),

Lnce(§,¢;L) =E | log (6)

then the lower bound of the MI holds since normalizing
flows are normalized probability distribution functions. The
result is an amortized likelihood at a potentially optimal ex-
perimental design. We discuss more SBI methods and their
connection to MI optimization and BOED in Appendix
Given this connection, we state our main proposition.

Proposition 3.1. In the limit as the number of con-
trastive samples L — oo, maximizing the lower bound
of the Mutual Information (MI) between parameters 0
and observations y in a Simulation-Based Inference (SBI)
setting is equivalent, up to constants independent of
¢, to minimizing the Kullback-Leibler (KL) divergence,
Di(p(y|0)|lps(y|0)), between the likelihood p(y|6) and
its approximation py(y|0), together with the corresponding
marginal-likelihood approximation term, given as

max I4(0;y) @m(;n [Eu0) Drcr(p(y|0)|1pe(y]0))
+ By, ) Drr(p)llps(v)],

where I(0;y) is the mutual information between 6 and vy,
and 1,(0;y) is its approximation under parameter .

Details and full proof of this proposition are in Ap-
pendix This proposition characterizes the likelihood-
learning interpretation of the MI objective. The same objec-
tive also has a complementary fixed-design interpretation:
when £ is held constant, it can be used to score the value of
simulator queries over 6, yielding an active-learning strategy
for simulation-efficient SBI.

3.2 SBI ACTIVE LEARNING VIA EPIG

While SBI-BOED focuses on selecting designs & to maxi-
mize expected information gain, the same MI-based objec-
tive also induces an active learning strategy over simulator
parameters when designs are fixed (or when one wishes to
prioritize which simulator queries to collect). Concretely,
if ¢ is held constant, each simulator call corresponds to
querying a parameter value 6 and receiving an observation
y ~ p(y | 6,€). Under a learned conditional likelihood
Pe(y | 6,&), we can score candidate queries by the expected
predictive information gain (EPIG), which measures how
strongly joint predictions under shared model uncertainty
deviate from the product of marginals |Smith et al.| [2024]
2023|). Intuitively, EPIG prioritizes 6 values for which the
current likelihood model exhibits high epistemic uncertainty,
yielding simulator calls that are expected to be most infor-
mative for improving the model.

To approximate epistemic uncertainty without requiring an
explicit Bayesian neural network, we use MC-dropout to
form a set of stochastic likelihood “particles” {¢™}M_,.
This is motivated by prior work showing that fixed-dropout-
mask ensembles provide a practical mechanism for epis-

temic uncertainty estimation in normalizing flows [Berry|

7931



and Meger] 2023]]. For a candidate query 6 and a set of target
parameters 6* selected as the top-K contrastive negatives
under the InfoNCE objective, we estimate

py(y,y* 1 0,0%,6)
Pe(y | 0,8) py(y* | 0%,6)

where the expectation is over p(6*) py(y, y* | 8, 0*,€) and
the joint predictive pg(y, y* | 0, 6%, ) is sampled by using
the same dropout particle ¢(™ for both y and y*, capturing
shared epistemic variation. We then acquire new simulator
data by selecting 6 with maximal EPIG and adding the
resulting (0, y) pairs to the training set. In this way, the
same likelihood model used for BOED can be leveraged to
make simulator calls more effective even in the absence of
design optimization.

EPIG(9) £ E|log

®)

3.3 OPTIMIZING SBI-BOED

Regularization Stability of the density estimator is a
challenge when optimizing the MI lower bound due to data
distribution shift as a result of changing p(y|6,¢) when
optimizing £. To address this, we added a regularization
term, A, to help stabilize the training of the density estimator
during design optimization as

o S0 pe(ylr, )

Lncea(§, ¢ L) =E | log

)
+/\-1ogp¢(yl9o,£)1~

where the expectation is over p(6o)p(y|6o, £)p(61.1). This
regularization parameter gives more importance to accuracy
of likelihood predictions when training where we provide
theoretical analysis in Appendix [B.T]

Regularized Mutual Information Estimator We inte-
grate the regularization term \ into a mutual information
estimator and propose the InfoNCE-\ objective

p¢(y|97 £)1+)\

2 Yo P (yl01,€)

(10)
This objective reweights the learned likelihood term through
the exponent 1 + )\, allowing us to control the tradeoff be-
tween likelihood fitting and the resulting EIG estimate. In
particular, varying A changes how strongly the objective
emphasizes the surrogate likelihood relative to the marginal
term. We provide a theoretical analysis of how X affects like-
lihood prediction accuracy and EIG values in Appendix [B.1]

Incer (9, A) = Epay)e) |log

Design Distributions A drawback of gradient-based meth-
ods is when there are sparse rewards, such as when the signal
to noise ratio is, or approaches, zero. This results in designs
struggling to optimize by gradient descent because opti-
mizers may not be able to handle starting, or residing, in

Algorithm 1 SBI-BOED

1: Require: Simulator p(y|6, ), Estimator py(y|0, £),
Prior p(#), Number of experimental designs 7',
Number of BOED training steps [V

2: Return: Optimal designs {& |i=1,...,T},
Approximate likelihood py(y|6, &)

3: Initialize dataset D = {}

4: Initialize po(0) < p(6)
5:fort=1,...,T do

6:  Sample 0y.1, ~ pr—1(0)

7. forn=1,...,Ndo

8: Sample & ~ Nyune (¢ | 02)

9: Simulate y ~ p(y|0, )
10: Estimate V Lncg— (€, ¢; L) via Equation (9)
11: Update ¢ and ¢ using V¢ and Vg

12: Checkpoint * = £ if EIG: > FIG¢-
13:  end for
14:  Observe y, using £* in an experiment
15:  Add (£, o) to dataset D

17: end for

areas with no information. We demonstrate this failing in
an ablation study in Section [4.3]and take inspiration from
RL’s use of a replay buffer [Lin, 1992, Mnih et al., 2013]]
by imposing a parameterized distribution of designs and
optimizing parameters of that distribution to return more
information. When using design distributions, we compute
the EIG for each individual observation y; associated with
design &; and corresponding to the nominal parameter set
0p. In our usage, EIG; refers to the theoretical information
gain expected from a single sample realization under design
&;, based on the current parameterization of the likelihood.
It quantifies the information gain computed from a possible
outcome as

Po(yilfo, &)
o o pe(wilf &) |
(1)
with expectation over py(§)p(6o)p(y|0o, &)p(61.,) and
where the parameter of the design distribution ) is opti-
mized rather than the designs themselves.

EIG;(¢), ¢, L, \) = E | log

We used a truncated Normal distribution for the design pa-
rameters, defined as py(€) = Nyunc (pte|02), where Niun
denotes a Normal distribution truncated within the bounds
[a, 8], and «v and 3 are the lower and upper bounds, respec-
tively, and o that uses a decays schedule depending on the
training round, n. Whenever the rewards are sparse, if the
design distribution is initialized with sufficient support then
it will contain an EIG with significantly more reward that
can be updated with gradient descent. In our implementa-
tion, we used the reparameterization trick and a standard
deviation schedule for o that decreased according to an ex-

. _n*p
ponential schedule o, = Teng+ (Tstart —end) €~ N, where
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o, is the new standard deviation for the Normal distribution
that parameterizes £ in training round n, 0 sz4,¢ and o, g are
hyperparameters for the initial and final variances respec-
tively, NNV is the total number of rounds, and p is a decay rate
hyperparameter.

Design Checkpoints Checkpoints are used in supervised
learning to save parameters that achieved low validation
error [Vaswani et al., [2017, Devlin et al., 2019]. Fujimoto
et al.|[2023]] proposed the use of checkpoints in RL appli-
cations to save a policy that obtains a high reward during
training to help improve performance at test time. Even with
a distribution of designs, we found designs falling into a
local minima during optimization, such as in Appendix [D.3]
We used design checkpoints, illustrated in Figure[3] to mit-
igate the risk of gradient-based designs falling into local
minima that do not contain sufficient support to encapsulate
the global minimum loss.

Posterior Inference The likelihood trained on the opti-
mized design can return approximate posterior samples by
sampling p(0|y, &)  py(y|6, £)p(). Should the likelihood
be trained on i.i.d. data, then the joint factorizes to product
likelihood po (y1.,....x10, €1.....5) = [T} P(y:l0, &) which
can be used in Markov chain Monte Carlo (MCMC) to draw
posterior samples.

4 EXPERIMENTS

We evaluate the InfoNCE-\ objective and its application to
SBI-BOED across four settings. We first consider a fixed-
design SBI benchmark (Two Moons), which isolates the
optimization dynamics of the InfoNCE-\ objective and en-
ables the study of simulation active learning via EPIG when

£ is held constant (§3.2)).

We then evaluate SBI-BOED on three design optimization
tasks: (ii) a noisy linear model probing high-dimensional
MI lower-bound optimization and the effect of A regular-
ization; and (iii-iv) two sequential BOED problems, one
time-dependent (SIR) and one i.i.d. (BMP). For BOED base-
lines, we compare against MINEBED-BO [Kleinegesse and
Gutmann, 2020] and, when the simulator is differentiable,
iDAD [Ivanova et al.|[2021]] and MINEBED [Kleinegesse
and Gutmann, 2021]]. We also include random and Sobol
design SBI baselines to separate the value of design opti-
mization from the likelihood objective (Tables [ and [5).

For the BOED experiments (ii-iv), we report EIG as the
primary information-gain metric and assess posterior quality
via visual comparisons to NUTS samples and calibration
metrics such as L-C2ST (with SBC in the appendix) [Lin{
hart et al.| 2024]. Full experimental details are provided in

Appendix [E]

4.1 EVALUATION OF MI ON TWO MOONS

We first study how well our amortized generative model
performs in a fixed-design (non-BOED) setting to isolate the
behavior of the InfoNCE-\ objective. This experiment high-
lights the tradeoffs between regularization in Equation (9)
and the number of contrastive samples L in Equation (4).
As noted by Miller et al.[[2024]], |Glaser et al.|[2022], ag-
gressively optimizing MI between y and 6 can degrade like-
lihood fidelity, as reflected in the validation log probability
E logpe(y | ). We therefore sweep A and L and evaluate
both information-gain proxies (EIG / MI lower bound) and
likelihood quality (validation log probability). The resulting
sweep is shown in Figure|l} increasing L improves the MI
lower bound and generally improves likelihood validation
metrics, while A controls the tradeoff between emphasizing
the MI objective and likelihood accuracy. We note that, with
our chosen parameterization, optimizing Equation () does
not eliminate the known mode collapse behavior in Two
Moons likelihood-based models [Greenberg et al., 2019];
an example is shown in Appendix [F

InfoNCE-)\ active learning In addition to this diagnostic
sweep, Two Moons provides a simple setting to evaluate
active learning of simulations when ¢ is fixed: rather than
drawing simulator queries 6 ~ p(0) i.i.d., we select € using
EPIG computed from the current learned likelihood with
MC-dropout (§3.2)). We track calibration over sequential
rounds using C2ST trajectories and summarize final local
calibration using the L-C2ST statistic. Across this sweep,
A has the most pronounced effect on calibration: smaller
A yields better C2ST trajectories and lower final L-C2ST
values (better calibration), while larger A tends to worsen
local calibration (Fig. [5). The contrastive top-K has a less
systematic, non-monotone effect and primarily acts as a
variance-control knob; increasing K is relatively inexpen-
sive (increase bank size) but needs to be balanced with
the number of € samples. Finally, we compare EPIG-based
querying to an i.i.d. (random) 6 baseline and observe that
EPIG yields more efficient improvement in calibration over
rounds under the same simulation budget (details in Ap-

pendix [F2).

4.2 NOISY LINEAR MODEL

In our first BOED task, we evaluate how SBI-BOED per-
forms on the EIG metric with increasing design dimensions.
We follow Kleinegesse and Gutmann|[2020] and evaluate
optimal designs on a noisy linear model where a response
variable y has a linear relationship with experimental de-
signs &, which is determined by values of the model pa-
rameters 6 = [, 01], which model the offset and gradient.
We would like to optimize the value of D measurements to
estimate the posterior of 6, and so create a design vector
€=[¢1,...,&p]". Bach design, &; returns a measurement
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Figure 1: Comparison on the Two Moons task of the EIG and the validation loss — Elog p,(y|6) across varying number of
contrastive samples (L = N — 1) and ) regularization. Increasing number of contrastive samples improves the information
lower bound and likelihood validation metrics. The A\ parameter helps improve the likelihood accuracy at the expense of MI.

y;, which results in the data vector y = [y1,...,yp]". We
use a Gaussian noise source N (¢; 0, 1) and Gamma noise
source I'(v; 2, 2). The model is then

y:601+01*£+6+l/, (12)

where € = [e1,...,ep]T and v = [vq,...,vp]T are ii.d.
samples. We used a prior distribution on model parameters
as p(0) = N(6;0,3%). We evaluate SBI-BOED, purely
using design gradients and no distribution over designs, to
examine how changing the )\ regularization parameter in
Equation (9) influences the resulting MI bound and design

optimization stability with increasing design dimension.

For all design dimensions, we randomly initialize designs
¢ € [-10,10]. For SBI-BOED, we chose N = 10, the
number of batch samples y ~ p(y|6y, &), and L = 50 con-
trastive samples. We used a neural spline flow with training
details in Appendix [E] We show the plots of the EIG in Fig-
ure[7] where we can see that SBI-BOED optimizes a lower
bound of MI, which increases for higher design dimensions.
This corresponds with intuition that gathering more data re-
sults in more information. Similar to the two moons task, we
see how the choice of A influences the stability of MI estima-
tion for SBI-BOED in high design dimensions where there
seems to be a tradeoff with choice of regularization and MI
estimation. This may be due to regularization limiting gradi-
ent updates of designs that lead to out of distribution data
distributions, but is balanced by the stability in the training
objective.

1.0 1 Design Distribution
' No Design Distribution

0.8

0.6
&
“ 0.4

0.2

0.0 A

0 2000 4000 6000 8000 10000

Training Step
Figure 2: Training (higher is better) without a design distri-
bution in the first round of optimization for the SIR model
fails to find designs with high rewards.

4.3 SIR MODEL

We next evaluate the performance of SBI-BOED with dif-
ferent amounts of regularization on a real-world implicit
likelihood model that has a differentiable simulator as a
comparison to alternative methods. We use the Susceptible,
Infected, or Recovered (SIR) epidemiology model specified
in|Ivanova et al.|[2021]]. The SIR model represents a fixed
population that has three groups: susceptible, infected, and
recovered. Individuals transition from susceptible to infected
with a parameter 5 and from infected to recovered with pa-
rameter . Therefore, the model parameters are 6 := [3, 7]
and the design space =, consists of a time x to measure
individuals to infer parameters 6. We measured the EIG,
L-C2ST, and median distance from the observed data point
to samples generated by the final posterior distribution with
ground truth parameters 6 = [0.7399, 0.0924]. Table [2| sum-
marizes the results. We find that iDAD and differentiable
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Table 2: SIR (Section and BMP (Section results: comparison of EIG, L-C2ST, and median distance (Med.) for
two tasks with T' = 2 experimental design rounds for the SIR model and T' = 3 for the BMP model. For the InfoNCE-)\
baselines, we report the best A by EIG for each task and design policy. We report mean and standard error over 3 experiments
using different seeds. On BMP, wall-clock time was 2,235 4+ 9 s for SBI-BOED and 7,095 + 2, 519 s for MINEBED-BO

under the matched-budget sweep.

Method SIR (T=2) BMP (T=3)
EIG (1)  L-C2ST' () Med. () EIG (1) L-C2ST' () Med. ()

Random + NLE 0.024+0.02 0.01+£001 7897+3323 0024001 001+001 11.49+ 533
Random + InfoNCE-A (A = 0.01)  0.93+£0.36 001001 77.82+33.09 046+0.07 001001 10.86+5.72
MINEBED(-BO) 2.69+0.03 0.07+£005 7126+566 14.234+0.60 025+0.00  0.82+0.06
iDAD (InfoNCE) 2.67+002 0.10+£0.04  71.65+2.78 - - -

SBI-BOED (\ = 1) 1.014+0.03 005+001 4799+262 10394001 0.01+001  0.61+0.01
SBI-BOED (A = 0.1) 1474023 0034001 46.85+321 1038+0.01 0.01+001  0.60 =+ 0.01
SBI-BOED (A = 0.01) 1.63+£023 0044002 52854070 1039+0.01 0.01+£0.01  0.61 +0.01

T L-C2ST values smaller than 0.01 are displayed as 0.01 for readability.

MINEBED achieve the best information gain, likely thanks
to using differentiability of the simulator, but perform worse
than SBI-BOED on L-C2ST and median distance metrics.
This may indicate the learned critic is not as accurate as the
amortized likelihood trained in SBI-BOED. Among SBI-
BOED methods, we see that more regularization generally
leads to improved median distance, and all perform roughly
the same on calibration. Qualitative predictive, posterior,
and SBC diagnostics for a representative SIR posterior are
shown in Figure 9] Thus, improved information gain does
not necessarily correlate with improved downstream pre-
diction, as measured by the median distance metric. This
highlights an important caveat to BOED methods that we
should not rely on a single metric and holistically assess the
resulting inference model in terms of accuracy and calibra-
tion before making decisions (performing experiments).

Ablation Study We compare the performance of SBI-
BOED with and without a design distribution when max-
imizing the EIG in Figure [2] in the first round of design
optimization. The prior used in the SIR model creates a
challenge for myopic and local design optimization by in-
troducing regions with little EIG signal, such as the flatter
part of the SIR curve shown in Appendix [G] The design dis-
tribution overcomes this challenge by querying diverse sets
of designs with better gradients to optimize Equation (9).

44 BONE MORPHOGENETIC PROTEIN MODEL

The Bone Morphogenetic Protein (BMP) pathway is impor-
tant in developmental and disease processes. A mass action
kinetics model was proposed for the BMP pathway [An{
tebi et al.,|2017]. The one-step model proposed by |Su et al.
[2022]] models type I (A) and type II (B) receptors coupling
with a ligand (L) to form a trimer complex (T) with equi-

K
librium affinity K in a single stepas A + B+ L——=—"1T.

The trimeric complex then phosphorylates SMAD protein
to send a downstream gene expression signal, S, with a cer-
tain efficiency, € as €T' = S. Steady-state gene expression
signals can be simulated using convex optimization in a
closed-box optimization process. Thus, we would like to
infer the parameters K and ¢ given data, S. In the experi-
mental design context, we would like to optimize the ligand
concentration, L*, used in an experiment so to gain the most
information about the parameters of this model of a biologi-
cal signaling pathway. The model parameters are 6 = [K, €]
and we use ground truth parameters 6 = [0.85,0.85]. We
show qualitative predictive, posterior, and SBC diagnostics
for BMP in Figure [I0] We evaluated a 1D design dimen-
sion for the ligand concentration on a uniform range from
10~3ng/mL to 103ng/mL. We compare against the same
benchmarks except the iDAD algorithm, which cannot work
on this non-differentiable simulator. We train the EIG for
500 steps in each design optimization round because of the
expensive simulation time required in each round (about 15
seconds). All SBI-BOED design algorithms perform well
in this setting, partially due to the bias in larger concen-
trations containing more information. Under the matched-
budget MINEBED-BO comparison, MINEBED-BO obtains
higher estimated EIG than SBI-BOED (14.23 + 0.60 vs.
10.39 4+ 0.01), but SBI-BOED achieves better posterior met-
rics, with lower L-C2ST (0.01 &£ 0.01 vs. 0.25 4+ 0.00) and
lower median distance (0.60 = 0.01 vs. 0.82 & 0.06). Thus,
the model with the best EIG does not correspond to the
most-calibrated model nor the best accuracy predictions.
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S DISCUSSION

This work connects BOED-style mutual-information maxi-
mization with likelihood learning in SBI by showing that an
InfoNCE-based MI lower bound with a normalized condi-
tional density model contains a likelihood-fitting term and a
finite-contrastive marginal-likelihood approximation while
optimizing for informative queries. Empirically, our Two
Moons study illustrates the central tradeoff induced by the
InfoNCE- )\ objective: regularization and contrastive sam-
pling affect not only MI estimates (EIG) but also likelihood
fidelity and posterior calibration, and EPIG-based simula-
tion active learning can improve calibration over sequential
rounds under a fixed simulation budget. In sequential BOED
benchmarks, we further observe that designs with higher
EIG do not necessarily yield better downstream inference,
such as posterior calibration and predictive accuracy diverg-
ing from information-gain objectives, and highlighting the
need to evaluate BOED methods beyond EIG alone.

On the optimization side, we introduced practical stabilizers
for closed-box simulators and purely generative surrogates,
including optimizing a distribution over designs to miti-
gate sparse-reward landscapes and design checkpointing to
avoid local optima during gradient-based search. Across
differentiable and non-differentiable simulators, SBI-BOED
achieves competitive or improved information gain while
consistently improving calibration and predictive metrics
relative to strong BOED baselines, supporting the view that
simulation efficiency should be measured by the quality of
the resulting posterior, not solely by utility values.

Finally, while we instantiate SBI-BOED with conditional
normalizing flows, the approach extends to any likelihood-
based or likelihood-bounded generative model that sup-
ports evaluating (or lower-bounding) log p,(y | 0, &). This
suggests natural extensions to more expressive generative
families such as diffusion models and flow-matching [Ho
et al.} 2020, [Song and Ermonl 2019, Lipman et al., 2023
Ben-Hamu et al., 2024]], which may better handle high-
dimensional observations and offer additional flexibility for
design optimization through alternative parameterizations
of the data and noise spaces. However, these approaches add
complexity over our simple approach that should be a start-
ing point for scientific simulators suited to likelihood-based
SBI modeling.
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A MUTUAL INFORMATION-BASED LIKELIHOOD OPTIMIZATION DERIVATION &
PROOFS

We provide a derivation and proof of how optimizing a lower bound of the mutual information is the same as minimizing
the KL divergence in (). We also discuss alternative BOED bounds and how adding a distribution of designs to the MI
approximation keeps it a valid lower bound.

A.1 DERIVATION OF OPTIMIZATION OF THE MUTUAL INFORMATION

We investigate how optimizing the mutual information within the SBI-BOED loss framework leads to an implicit optimization
of the likelihood. Following the approach outlined by Miller et al.| [2024], we optimize our approximation to the true
likelihood by minimizing the KL divergence:

Dxw(p(y10)[ps(y10))- (13)

Within the SBI framework, we draw samples of parameters 6 from the prior p(#) and of data y conditioned on these
parameters from the likelihood p(y|0). This sampling enables us to approximate the expected KL divergence across the
parameter space:

Ep0) [DxL(p(y]0)][pe (y]6))]- (14)

Now we express the KL divergence as the expectation of the log ratio of probabilities:

By [Dea 0016)15(016))] = Epin [l 2T (15)
B op PWIO) P(y)
= Boto) [l 50y p¢(y|9)} (10
= I(6;) + Epoy) {log p: ((5)9)} (17)
= I(0;y) + Epy) logp(y)] — Epa,y) [log pe(y]6)] - (18)

Since the KL divergence is always non-negative, the optimization process aims to find the parameters ¢ that minimize this
expected divergence, implicitly maximizing the mutual information between parameters.

We now base our proof of Proposition [3.T]as follows:

Proof. Let us consider the MI between random variables © and Y, where y ~ Y and 6 ~ O, then we have

19)

1(0;y) = Epo,y) {bg p(yIH)} .

p(y)

In the SBI setting, we would like to approximate the likelihood py(y|6). We can approximate the marginal likelihood by

the Strong Law of Large Numbers using E,) [p(y|0)] = [, p(y|0)p(0)d6 ~ + pr(yh%). The bound gets tighter as
L — oo and as the likelihood better-approximates the true likelihood. Assuming we are optimizing the parameters ¢ to
maximize this objective, then we have
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. 0
¢ = arg;nax Ep6,4) [1og pi;((zg) )} (20)
. 0
= arg(;mn (I(Q; y) — Epo.) [log p(;((?) )}) 20
. 0) »(
= arg;mn Ep0.y) [log Pl p: yw)} (22)
~ arg;ﬂin (Epo) Drr(p (y|9)\|p¢(y\9)) Esy) Drr(B(y)llp(y))) (23)
= arg;nin (Ep) Dicr(p(y10) 1P (y10)) + Ep(y [log p(y)] — const.) 24

where the marginal likelihood is approximated as p(y) = + Zle Ps(yl6i), 0; ~ p(0). Thus, as L — oo, maximizing
the InfoNCE bound from Equation (@) is asymptotically equivalent to optimizing the likelihood objective in Equation (3),
with a finite- L marginal-likelihood approximation term whose accuracy depends on the number of contrastive samples L.

O

Remark. In the BOED setting, the MI is simply conditional on a design, &, as I(6;y|¢) which allows for gradient-based
optimization by a pathwise gradient estimator as detailed in An interesting insight to this derivation is that InfoNCE
bound used to maximize a lower bound of MI may be biased by the reverse KL of the marginal likelihood to models that
better represent the data. This may surface in BOED with designs preferring models that do not cover enough of the potential
parameter spaces that explain the data.

B THEORETICAL ANALYSIS OF SBI-BOED COMPONENTS

We provide more theoretical analysis of the impact of the A parameter of Incg.) on predictive accuracy, estimating the EIG,
and gradients of EIG and normalizing flow model parameters, ¢.

B.1 ANALYSIS OF THE A REGULARIZATION PARAMETER

We experimentally demonstrated in §4.1]that the X regularization parameter in SBI-BOED influences both the likelihood’s
validation accuracy and the EIG bound. We theoretically analyze both scenarios as well as A influence on optimization
gradients in the following sections.

Influence of ) on likelihood prediction accuracy Starting from Equation (22) of the previous section, including the A
regularization parameter results in

. . pwl0) py)
o= arg;mn Epo,y) {log (1) p¢(y|9)] + AEp0,y) log[pg (y16)] (25)
. p(yl0) p(y) )\]
= E 1 0 . 26
arg(;mn p(0,y) {og () p¢(y|9)p¢(y| ) (26)

We now focus on the contribution of the added p¢(y\0))‘ term grouped with the likelihood’s KL divergence from Equa-
tion (24). Reformulating this term, we express the A-regularized KL divergence as

Dxe(p(y10)1ps(y10)' =) = Epiyjo) [log ]m} (27)
= Ep(y10) [log p(yl0) — (1 — A) log pe (y|0)] - (28)

This modified divergence adjusts the weighting of the log-likelihood term log pg(y|#) based on X. We show how A influences
optimization, omitting the trivial case when A = 0:
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e For A\ > 0: The term (1 — \) reduces the weight of the approximate likelihood, ensuring broad coverage of the
parameter space while emphasizing accuracy.

» For A < 0: The term (1 — \) > 1 amplifies the weight of the approximate likelihood, leading to mode-seeking behavior
that prioritizes high-probability regions at the expense of the tails.

Influence of )\ on the EIG We start from Equation and rephrase it here using the shortened marginal likelihood
notation p(y|€) for convenience

97 1+
Ep0.406) [log% . (29)

Expanding the log ratio, we can separate the contributions of the likelihood and the marginal likelihood

Ep0,y1¢) |log =Ep0,y0) [(1 4 ) logpg (y]0, &) — log p(y|€)] - (30)

p¢(yl97§)1“]
P(ylé)

The parameter \ influences the scaling of the likelihood term (1 + A) log py(y|6, £) and indirectly affects the marginal
likelihood p(y|€) through its dependence on p,(y|6, €). The EIG linearly depends on the A value. Positive A decrease the
EIG estimate while negative values increase the EIG at the expense of likelihood approximation, as previously discussed.
The decrease in EIG with increasing A aligns with empirical observations (Figure|T).

C RELATED WORK

In BOED, we focus on the setting of myopic gradient-based experimental design. Previously, [Foster et al.| [2019]] proposed
various likelihood-free information bounds that could work in the SBI setting based on variational inference estimators
but did not make use of a normalized generative model like a normalizing flow. This is problematic for use in sequential
SBI methods that make use of a normalized likelihood or posterior functions. |Kleinegesse and Gutmann| [2020] developed
MINEBED to simultaneously optimize experimental designs and a critic that could draw samples from the posterior, but
relied on a differentiable simulator or using Bayesian optimization. [vanova et al.| [2021]] extended both previous works
and developed policy-based experimental designs for non-myopic experimental designs, but whose critics also relied on
differentiable simulators - simulators whose inputs can be connected to a differentiable computation graph, which may not
be available for scientific simulators. An RL approach [Lim et al., 2022]] optimized a critic without requiring a differentiable
simulator but relies on computationally expensive RL algorithms and may not be feasible for practitioners with scientific
simulators that can take a significant amount of time to simulate. This is exemplified in our biological experiment where
each round of simulation takes about ten seconds.

Recent posterior- and variational-BOED methods also use normalizing flows or amortized posteriors to optimize design
objectives [Dong et al.,2025| |Orozco et al.,[2024, |Shen et al., [2025]]. These approaches are complementary to SBI-BOED,
but they largely target a different operating regime. Dong et al.|[2025] can handle implicit likelihoods through sampling, but
simultaneous design optimization relies on gradients through the design path or an equivalent differentiable construction.
Orozco et al.| [2024]] similarly uses conditional normalizing flows with differentiable simulator/design structure. Shen et al.
[2025] addresses sequential design with reinforcement learning, but shifts the cost to large numbers of simulated rollouts.
In contrast, our evaluation focuses on expensive closed-box simulators where simulator/design gradients are unavailable,
simulator calls are budget-limiting, and the learned likelihood should remain reusable for posterior inference after design
optimization.

Recent work connecting SBI methods to MI-based optimization studied how to stably train a discriminative and generative
SBI model [Miller et al., 2023]], and applying a nonparametric function to the selection of data points to reduce variance
of the resulting MI estimate [|Glaser et al.| [2022]]. These methods take a complementary approach to ours but require a
generative and discriminative model whereas we only require a generative model. Additionally, we study the utility of
MlI-based optimization of SBI models in BOED.
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D IMPLEMENTATION OF SBI-BOED IN POSTERIOR ESTIMATION, RATIO
ESTIMATION, AND CHECKPOINTING

D.1 APPLYING THE INFONCE BOUND TO NEURAL POSTERIOR ESTIMATION

We demonstrate the theoretical basis for optimizing a Neural Posterior Estimation (NPE) network and experimental designs,
which learns a surrogate posterior conditioned on simulated data, p(0|y, ).

Neural Posterior Estimation Previous methods for directly estimating the posterior by maximum likelihood estimation
struggled with bias [Papamakarios and Murray| [2016] or variance |[Lueckmann et al.|[2017]. An alternative method was
developed by |Greenberg et al.|[2019] to recover the unbiased posterior,

P (0ly)/p(0)
Zs(y)

by calculating the normalizing constant Zy = [ pg(0]y)/p(6)d6. They then minimize Lxp(p) = Ep(yj0)p(0)[— log pg (0]y)]
to return an amortized posterior. Except for mixture density networks [Bishop, |1994], the normalizing constant is difficult
to approximate. Greenberg et al.| [2019] alternatively proposed to approximate the intractable normalizing constant by
replacing the integral with a summation term that takes draws of the parameters from a proposal set © such that the posterior

is approximately: (]y)/p(9)
Pe(01Y)/P
e 2o(0')/0@)

Applying NPE in BOED We can use this in experimental design by again using the reparameterization trick to pass
gradients back to the conditional ¢ inputs to the approximate posterior. In some cases, it may be more desirable to directly
infer a posterior distribution instead of a likelihood. For example, if the data, y,, to train a flow is computationally infeasible
but whose latent parameters, 6, is sufficiently small for use in a normalizing flow. Since the posterior is proportional to the
likelihood, p(6|y) o p(y|0)p(H), we can replace the likelihood in Equation (6) with a posterior

Py (0oly, €)/p(0o)
L )
T Yt o 6ely. €)/p(82)
which is a biased lower bound of the MI by a factor of the prior p(6), but whose gradient can still be used to train a density

estimator and optimize experimental designs. This case should be used when it is desirable to have an amortized posterior
and the absolute EIG does not matter.

p(0ly) ~ 31)

p(ly) ~

(32)

Lxcenee(§, ¢, L) = Ep(eo)p(y|907€)p(91:L) (33)

D.2 THE NW]J BOED BOUND & CONTRASTIVE RATIO ESTIMATION

We demonstrate the theoretical basis for optimizing Neural Ratio Estimation (NRE) network and experimental designs,
which learns a surrogate ratio estimator conditioned on experimental designs, g4 (y, 0]).

Neural Ratio Estimation Classifiers can be used to approximate the likelihood-to-evidence ratio such that g4 (6, y) ~

log IE?(’L?) + ¢(y), where ¢(y) is a bias term introduced from approximating the ratio, and which can be minimized [Durkan

et al.| 2020, |Hastie et al.|[2009]. The classifier can be trained by minimizing the loss

(34)

B

ex g(b), (0)
£CRE Z Pg¢( Yy ))
b:l

® I explgs (09, y®))

over B batches of contrasting parameters. Given the use of contrastive samples, Durkan et al.|[2020] called this contrastive
ratio estimation (CRE) and noted the similarity between CRE and the Noise Contrastive Estimation (InfoNCE) MI lower
bound proposed by [Poole et al.|[2019].

Applying NRE in BOED We present another relevant MI bounds to this paper, the NWJ|Nguyen et al.|[2010] bound has
been used in BOED in Kleinegesse and Gutmann| [2021]], Ivanova et al.| [2021]]. Adjusting the bound from Ivanova et al.
[2021],

Lawi(€, ) = Ep@oypyio.e) [96(y,0)] — e’ Ep0)p(yle) [exp(96(y,0))], (35)
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where g4 is a classifier that returns the probability that 3 belongs

to #. This function has lower bias than the InfoNCE bound but
higher variance |Poole et al.|[2019], Song and Ermon| [2020]. In
practice, this can be calculated by drawing /N samples from the
joint distribution and shuffling to return N (/N — 1) marginal
samples. [Miller et al.| [2024] noted the connection between
Equation (34) and the NWJ bound, and gave a tighter bound
on the NWJ-based bound using their SBI-based CRE method.

-~ Design Checkpoint
-~ Max Value Achieved

Their results hint at using a bound on the MI to optimize a o
likelihood-to-evidence ratio, and saw increasing EIG (lower
bound of MI) with increasing number of contrastive samples.

2000 4000 6000 8000 10000
Training Step

This is evident from Equation (33). While the NWJ bound may Figure 3: Design checkpointing stores the design £*

have less bias than the InfoNCE bound, it has higher variance
that grows exponentially with the value of the true MI|Song and

with the highest EIG during training.

Ermon| [2020]. In the SBI setting, choosing when to use the InfoNCE or the NWJ bound will depend on what type of density
estimator is required for the scientific task and ease of drawing samples from the joint distribution (simulator efficiency).

D.3 DESIGN CHECKPOINTS

Since designs and model parameters calculate the “reward” in the form of
the EIG, it is possible that the EIG may fall into a local optima by the end
of training. This may be because of decaying learning rates of the design
gradients or decreasing area searched by the design distribution. We found
checkpointing mitigated this issue.

E EXPERIMENT METHODOLOGICAL DETAILS

For all experiments, we use a neural spline flow (NSF) normalizing
flow. We specify the different parameterizations in Table [3] We used the
ReducelLROnPlateau function to reduce the learning rate for the SIR
and BMP experiments, whereas we used a constant learning rate for the

linear experiment. We use the same learning rate for all flow parameters, ¢.

Notably, for the iterated experimental design, we keep the previous round’s
normalizing flow parameters, ¢;_; to use to return the subsequent round’s
posterior. We set the Adam optimizer S2 to be 0.95 to mitigate large jumps
in £ that might destabilize training. All code is available online.

SIR EXPERIMENT DETAILS

We follow the implementation of Ivanova et al.| [2021]] for the SIR model.

We solve an SDE describing the process using the Euler-Maruyama method
and discretize the domain A7 = 10~2. The total population is fixed at
N = 500. For the model parameters 3 and -, we use log-normal priors

such that p(3) = Lognorm(0.50, 0.502) and p(7y) = Lognorm(0.10, 0.502).

Since solving the SDE is time-consuming, we pre-simulate data on a time
grid in each round and access the relevant data regions during training.

BMP EXPERIMENT DETAILS
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Figure 4: (Top) Posterior of the two moons
experiments with mode collapse. (Bottom)

Simulation-Based Calibration (SBC) of the
posterior distribution for two moons.

The BMP signaling pathway can be described by mass action kinetics of proteins binding to one another and conservation
laws to describe the process of a downstream genetic expression signal reaching a steady-state based on receptors available
and ligands in a cell’s environment. The one-step model of BMP signaling was originally proposed by [Su et al.| [2022].
While the model is described by an ODE in |Antebi et al.|[2017], its steady-state signal is solved by convex optimization

Dirks et al.|[2007] as a closed-box solver.
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Figure 5: Left: C2ST (lower is better) trajectories over sequential rounds for a sweep of regularization strengths A\ €
{1072,1071,10°,10%,10%} (one panel per \); curves correspond to the size of the §* set K € {16, 32, 64}. Right: Final
{-C2ST statistic for the same sweep, grouped by K. Overall, larger A tends to increase the final ¢-C2ST statistic (worse
calibration), while varying K yields non-monotone changes, consistent with K primarily affecting the variance of the
epistemic approximation rather than the dominant calibration—regularization tradeoff.

F ADDITIONAL TWO MOONS RESULTS
F.1 MI OPTIMIZATION AND MODE COLLAPSE

We analyze the mode collapse of the likelihood-based two moons posterior prediction related to the MI optimization. We
also show a Simulation-Based Calibration (SBC)|Talts et al.| [2020], Hermans et al.| [2022] curve for the two moons plot. For
SBC we average over the parameters and compare the average posterior parameter values to the average prior values.

F.2 ACTIVE LEARNING OF SIMULATIONS IN SBI ADDITIONAL RESULTS

Figure[5]provides a closer look at calibration diagnostics for the Two Moons task under a sweep of the objective regularization
strength A and the top-K contrastive samples collected in 6* used to approximate model uncertainty. Across the sweep,
A has the most pronounced effect on posterior calibration: increasing A generally increases the final ¢-C2ST statistic,
indicating worse local calibration. This suggests that, in this setting, regularization of the MI objective primarily trades off
information-seeking behavior against fidelity of the learned likelihood and calibrated posterior geometry.

1.0 4
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o 067
C
©
£
©c 0.4+
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0.0 7 == A=10.0 ~——= === -mmmmm oo
—$— A=100.0
T T T T T T T T
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Active-learning round

Figure 6: MC-dropout diagnostic for EPIG-based active learning on Two Moons. For each InfoNCE regularization value
A, we report the Spearman rank correlation between MC-dropout disagreement and held-out deterministic NLL over
active-learning rounds; faint points show individual diagnostic runs and error bars denote standard error across the available
top-K settings. Positive correlations indicate that the dropout-based acquisition signal tends to rank simulator queries with
higher held-out likelihood error as more uncertain.

7945



Table 3: Training hyperparameters.

Linear SIR BMP

Batch Size 10 256 128
Number of Contrastive Samples 50 255 127
Number of Gradient Steps 10000 10000 500

¢ & ¢ Learning Rate 1x1073 1x1073% 1x1073
Annealing Rate NA 0.8 0.8
Final Learning Rate NA 1x107* 1x107%
Gradient Clipping Threshold NA 5 5
Hidden Layer Size 128 64 64
Number of Hidden Layers 4 2 2
Number of Flow layers (bijectors) 5 5 4
Number of bins for NSF 4 4 4

In contrast, the effect of K is less systematic. While larger K can improve calibration in some regimes, it does not yield a
monotone improvement across all A values, consistent with K acting mainly as a variance-control knob for the epistemic
approximation rather than changing the dominant behavior induced by A. Importantly, increasing K is computationally
inexpensive relative to model training, since it only increases the number of target samples to keep track of when used in the
acquisition/diagnostic computations. Consequently, when compute allows, one can typically increase /K without materially
altering the qualitative calibration—regularization trends governed by A.

To diagnose whether MC-dropout provides a useful acquisition signal, we compare dropout disagreement against held-out
likelihood error across active-learning rounds. Figure [6] shows that the dropout score is positively correlated with held-out
deterministic NLL across the sweep, supporting its use as a practical uncertainty heuristic rather than a principled posterior
over flow parameters.

Mutual information optimization does not avoid mode collapse Mode collapse in the two moons problem (Figure[d) is
a common issue when using a likelihood-based flow model. While we initially considered analyzing this through the lens of
mutual information and its interpretation as the expected log ratio of the posterior to prior:

1(0;y) = Epa,y) [l‘)g pﬁ(jg)} = Epo) [log ngféy))} ’

our analysis in Appendix [A.T|revealed that the root cause of mode collapse likely stems from deficiencies in the marginal
likelihood approximation. There are two primary sources of error in the marginal likelihood estimation: the use of an
approximate likelihood py(y|@) and the reliance on finite samples to estimate the expectation. These approximations can
introduce biases that may contribute to the observed mode collapse. Specifically, the InfoNCE bound used to maximize a
lower bound of MI may be biased towards modes that better represent the observed data but potentially underrepresent the
full range of parameter spaces that could explain the data.

4 1D Experimental Designs 4 10D Experimental Designs 4 100D Experimental Designs
A=0.0
A=05
3 A=10 34 34
o ]
i 2 2 ?
1 14 1
04— : : : : ; 0= : : : : ; 0= : : : : :
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Training Step Training Step Training Step

Figure 7: Comparison of the EIG across design dimensions, type of BOED, and )\ regularization for the noisy linear model
examining the moving average over 10 different random seed initializations. For the single design dimension, all SBI-BOED
regularization levels are generally similar, with the non-regularized version being the closest to the optimal MI bound. In the
higher-dimension design cases, SBI-BOED increases its EIG with more designs. In the 100-dimensional design case, we see
the benefit of using \ regularization to stabilize the training of a design-dependent normalizing flow in high-dimensional
input space at the cost of slightly lower EIG.
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Indeed, Foster et al.| [2019] suggest simultaneously optimizing a posterior distribution at the same time as a likelihood via
Likelihood-Free Adaptive Contrastive Estimation (LF-ACE). This approximates the marginal likelihood with a root sample
from the prior p(fy), and samples from an approximate posterior 6; ~ ¢(f]y). This is essentially using samples from a
posterior as importance sample estimates to help address the mode collapse of the approximate marginal likelihood. While
theoretically sound, we attempted this using a normalizing flow to approximate and sample from the posterior. We found
that training both the likelihood and posterior while optimizing designs to be unstable. Future work may address this with
pretraining of one or both of the density estimators to improve stability of estimation.

Recent SBI work on accurate mutual information approximation [Miller et al.l 2023] |Glaser et al., 2022]] while training
amortized inference networks typically relies on using a generative model and critic in a form of importance sampling
similar to LF-ACE. By addressing these issues in the marginal likelihood estimation, we may be able to develop more robust
methods that avoid mode collapse in the two moons problem and related scenarios.

G EXPANDED BOED RESULTS

Linear Model We show the effect of varying design dimensions and A regularization on the EIG metric in Figure
Optimizing a likelihood while optimizing experimental designs can struggle with high-dimensional designs but this is
addressed with our regularization parameter. The corresponding 100-dimensional posterior in Figure [8|concentrates near the
true parameters relative to the broad prior.
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Figure 8: Posterior diagnostic for a representative 100-dimensional noisy linear design run. Marginal histograms for 6, and
0, and the joint posterior compare prior samples against posterior samples from the learned likelihood after optimizing the
high-dimensional design; dashed lines and the red marker denote the ground-truth parameter values. The posterior contracts
around the true parameters despite the 100-dimensional design vector.

Improving Posterior Estimation For both the SIR and BMP model, we only use a single round of inference for each
round of BOED. All SBI algorithms can be refined by sequential application of drawing posterior samples conditioned
on the observed data which will then help improve the quality of the likelihood [Papamakarios et al.|[2019]. We forego
this refinement step in our study in favor of examining how our method works with different settings of our regularization
parameter. Depending on the simulator, this step can be computationally expensive but performing a calibration analysis of
the likelihood can help to determine whether it is worth performing refinement steps.

H APPLYING SEQUENTIAL SBI IN BOED

Until now we have focused on comparing SBI-BOED to comparable BOED methods without using a key advantage of
SBI methods: refinement of a likelihood, or any inference object, with observed data before designing the next experiment.
Our experimental results from Table|2| show we still outperform comparable methods in accuracy and calibration, but our
calibration in Table[2]indicates there is indeed room for improvement. We demonstrate the benefits of applying sequential
SBI methods to refine the likelihood after every round, resulting in a calibrated posterior. This is a key benefit of SBI-BOED
over alternative BOED methods that do not allow practitioners to refine their posterior distribution before designing a
subsequent experiment; Algorithm 2] summarizes this refinement procedure. We see in Figure[TT]a clear improvement of the
calibration of the BMP model after the last experimental design using SBI refinement.
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Figure 9: (Left) Predictive SIR trajectories with the observed trajectory superimposed. (Middle) Approximate posterior for
the SIR model with true parameters marked in red. (Right) SBC expected coverage for the SIR posterior.
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Figure 10: (Left) Prior predictive distributions for the BMP model with the true evaluation curve superimposed. (Middle)
Approximate posterior for the BMP model with true parameters marked in red. (Right) SBC expected coverage indicating a
conservative posterior, which is supported by the posterior in question.
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Figure 11: SBI refinement on the BMP model over 3 experimental design (BOED) rounds where the likelihood is refined
after each experimental design round for three rounds of SBI. We show the SBC charts where coverage tending to the
upper left indicates a conservative posterior while those to the bottom right indicate overconfident ones, and the gray area
represents the 95% confidence region. For the first round of BOED we see that refinement of the likelihood object is not
necessary and performing subsequent rounds of SBI might make it overconfident. For the second BOED round, we see
the initial posterior is conservative and that after two rounds of SBI becomes almost calibrated, hinting that another round
of SBI might make it calibrated. The final BOED round starts slightly conservative but is calibrated after two SBI rounds.
This demonstrates the modularity and flexibility in improving posterior inference that SBI methods offer in between BOED

rounds.
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Algorithm 2 SBI-BOED with likelihood refinement

1: Require: Simulator p(y|0, &), estimator pg(y|0, &), prior p(6), number of experimental designs 7', number of BOED training steps
N, refinement rounds R, simulations per refinement round M

2: Return: Optimal designs {&; | ¢ = 1,..., T} and refined likelihood py(y|0, §)
3: Initialize observed dataset Dobs = {}

4: Initialize po(0) < p(0)

S:fort=1,...,Tdo
6
7
8

Sample 6o.1, ~ p:—1(0)
forn=1,...,N do
Samplef ~ Mrunc (,uﬁ | 0-721,)

9: Simulate y ~ p(yl6, &)

10: Estimate VLxce— (€, ¢; L) via Equation (9)
11: Update ¢ and ¢ using V¢ and V4

12: Checkpoint £* = € if EIGe > EIGe+

13:  end for

14:  Observe y; using £* in an experiment
15:  Add (&%, y:) to dataset Dobs

16:  Setpro(0) o (T, pen,, Po(v: |0,€)) p(0)

17:  Initialize refinement dataset Dsim = {}
18: forr=1,...,Rdo

19: form=1,...,M do

20: Sample 0., ~ Pt r—1(6)

21: Sample &, from {&; }¢_,

22: Simulate G, ~ p(y|0m, Em)

23: Add (01, Em, Gm) 10 Deim

24 end for

25: Refine py (y|0, £) on Dsim

26 Setpin(0) o (Ilie, y0)em,y, Polui | 6,6)) p(O)
27:  end for

28: Set ﬁt(e) «— ﬁtyR(Q)

29: end for
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Table 4: SIR results comparing NLE and InfoNCE-\ objectives under random and Sobol design policies. We report mean +
standard error over 3 random seeds. Higher EIG is better, while lower L-C2ST and median distance are better.

Objective Random design Sobol design

EIG (1) L-C2ST ({) Med. (}) EIG (1) L-C2ST ({) Med. (})
NLE 0.024 £0.022 0.0120 +0.0037 78.97 £33.23  0.0033 4 0.0013  0.0015 £ 0.0005 69.04 + 55.42
InfoNCE-X (A = 0.01) 0.932 +£0.359 0.0053 +£0.0042 77.82 £33.09 0.848 £0.246  0.0048 £ 0.0023  65.64 & 52.06
InfoNCE-A (A =0.1)  0.713 £0.422 0.0066 + 0.0047 79.29 £33.42  0.871 £ 0.289  0.0049 £ 0.0017 59.92 + 46.40
InfoNCE-\ (A = 1) 0.355 £0.283 0.0041 + 0.0015 77.68 £ 32.59 0.304 £ 0.146  0.0060 £ 0.0004 68.08 + 54.40

Table 5: BMP baseline sweep results comparing NLE and InfoNCE-\ objectives under random and Sobol design policies.
We report mean =+ standard error over 3 random seeds. L-C2ST values smaller than 0.01 are displayed as 0.01 for readability.

Objective Random design Sobol design

EIG (1) L-C2ST ({) Med. (]) EIG (1) L-C2ST ({) Med. (])
NLE 0.02 £+ 0.01 0.01 £ 0.01 11.49 £5.33 0.03 £0.02 0.01 £ 0.01 4.06 £ 1.15
InfoNCE-\ (A = 0.01) 0.46 + 0.07 0.01 +£0.01 10.86 + 5.72 0.61 + 0.36 0.01 £+ 0.01 14.57 £+ 6.59
InfoNCE-A (A = 0.1) 0.46 £ 0.10 0.01 4+ 0.01 14.58 £5.14 0.57 +0.20 0.01 +0.01 4.59 +2.67
InfoNCE-A (A = 1) 0.38 £0.17 0.01 £ 0.01 7.73 £5.25 0.43 £0.20 0.01 £0.01 13.52 + 4.24
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