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Abstract

We study a solution concept for bounded ra-
tional agents in finite normal-form general-sum
games called Generalized Quantal Response Equi-
librium (GQRE) which generalizes Quantal Re-
sponse Equilibrium (McKelvey and Palfrey, 1995).
In our setup, each player can individually maxi-
mize a smooth, regularized expected utility of the
mixed profiles used, reflecting both bounded ratio-
nality that subsumes stochastic choice and also
individual choice of behaviors. After establish-
ing existence under mild conditions, we present
a computationally efficient no-regret decentralized
learning algorithm via a smoothened version of
the Frank–Wolfe algorithm. Our algorithm uses
noisy gradient estimates via bandit-feedback from
a simulation oracle that reports on repeated plays
of the game. We analyze finite-time convergence
properties of our algorithm under assumptions that
ensure uniqueness of equilibrium, using a novel
class of gap functions that generalize the Nash gap.
We end by demonstrating the effectiveness of our
method on a set of complex general-sum games
such as high-rank two-player games, large action
two-player games, and known examples of difficult
multi-player games.

1 INTRODUCTION

AI agents are increasingly prevalent in many settings that
involve strategic decision-making, such as in algorithmic
trading or autonomous driving. Often, such systems include
a variety of agents, some being rational, some sophisticated
and advanced AI agents, some more limited algorithmic
agents, and some being humans. A key question then is
whether we can predict the outcomes of such interactions.
Classical solution concepts in game theory often rely on

the assumptions that all agents are fully rational, know the
game parameters (or distributions), and always play best
responses (or equilibrium strategies). While this assumption
yields elegant theoretical constructs such as Nash Equilib-
rium (NE), there is plenty of evidence in behavioral game
theory (see (Haile et al., 2008; Selfridge, 1989; Goeree et al.,
2003)) that shows that this the assumption doesn’t hold, par-
ticularly when players are faced with uncertainty, limited
information, or cognitive constraints. As a result, alternative
models have been developed to better align equilibrium pre-
dictions with observed behavior in strategic environments.
Further, learning to play NE of general sum games is known
to be hard in-general—impossible with deterministic dy-
namics for some games (Milionis et al., 2023), and also
using just gradient feedback (Jordan, 1993; Hart and Mas-
Colell, 2003) for others. This has been another motivation
to study alternate behavioral models.

In this paper, we first introduce the Generalized Quantal
Response Equilibrium (GQRE), a generalization of several
existing notions of QRE (McKelvey and Palfrey, 1995). This
is done by introducing a general agent-specific divergence
function which can be a ϕ-divergence, Wasserstein distance
or Renyi divergence, leading to different notions of QRE.
Thereafter, each agent chooses its response to the strategies
of other players by minimizing the cost of the strategy (e.g.,
using an agent-specific divergence function) while preserv-
ing some minimum (expected) utility. An interpretation of
this generalization is that it allows for individual-specific
payoff perturbations that correspond to different risk sensi-
tivities. Importantly, these perturbations are assumed to be
chosen by the agents on the basis of the type of bounded ra-
tionality they would like to exhibit. Empirical evidence sup-
porting QRE and similar payoff perturbations can be found
in (Goeree et al., 2003; Selfridge, 1989). Under (similar)
minimal assumptions, we show existence of GQRE (Theo-
rem 2.1) by showing equivalence to a perturbed game’s NE.
This leads to the characterization of GQRE via a variational
inequality (Lemma 2.1), and a polynomial-time verification
algorithm for GQRE and approximate GQRE (Lemma 2.2).
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Whereas the GQRE is subsumed in the generalized equi-
librium concept proposed by (Allen and Rehbeck, 2021),
our main reason to study the GQRE is to understand how
agents can interact with others based on limited knowledge
of the game including their payoffs, and also the behavioral
choices made by other agents, but still reach some notion of
equilibrium through repeated interactions. Hence, our main
contribution is the analysis of a computationally efficient
no-regret learning algorithm based on a smoothened Franke-
Wolfe (FW) algorithm for computing the GQRE for general-
sum games in the independent learning setting; the algo-
rithm is an example of the family proposed in (Pena, 2019),
where asymptotic optimality was shown with noiseless gra-
dients. In particular, our main result establishes asymptotic
and non-asymptotic performance guarantees for this algo-
rithm (Theorem 3.1) when using a simulator oracle that pro-
vides noisy bandit-feedback to the agents similar to (Kocák
et al., 2014; Heliou et al., 2017), which results in the noisy
estimates having unbounded noise variance; we also note
(Cui et al., 2022) that uses a regularized FW scheme with
bandit feedback for a potential game. Our analysis estab-
lishes negative drift for a novel Lyapunov (gap) function;
our gap function is not used by (Pena, 2019), and so it can
be used to study the broader family of algorithms in the ref-
erence. The analysis of the associated variational inequality
holds when the strategy space is a polytope and could be of
independent interest, and it also holds for a slightly relaxed
set of assumptions than in antecedent work (see Section 3).

We validate all our results on a suite of numerical experi-
ments including zero-sum, rank-k and strongly-monotone
games for strategy spaces as large as 1000 actions—see Sec-
tion 4. For all our instances we show that our smoothened
Frank-Wolfe based independent learning algorithm outper-
forms existing state-of-the-art in terms of iteration com-
plexity for a given Nash-gap, policy verification and regret.
It also exhibits more stable performance relative to other
schemes. Thus, in matrix games, relative to NE, GQRE in-
corporates features of human decision-making and is more
amenable to decentralized computation.

In summary, our contributions are four-fold: (i) we study a
solution concept that generalizes several existing QRE no-
tions and allows us to study different behavioral choices of
agents; (ii) we establish existence under minimal conditions
and present a computationally tractable decentralized algo-
rithm that uses bandit-feedback of payoff gradients from a
simulator oracle; (iii) we prove non-asymptotic performance
guarantees for the learning algorithm; and (iv) we provide
numerical evidence of the algorithm’s efficacy relative to
other algorithms in the literature.

Related Work. As mentioned earlier, whereas our equilib-
rium concept is subsumed in the concept studied in (Allen
and Rehbeck, 2021), their complete information setting
doesn’t apply to cases where agents choose their own be-

haviors with few assumptions about their opponents as it
needs information about the strategies of the opponents,
and furthermore, they don’t study computational aspects
of their equilibrium. Another work that studies an equi-
librium concept related to ours is (Melo, 2022), but the
focus is on QRE and to find simple conditions that guaran-
tee uniqueness of the equilibrium. From the computational
perspective, closest to our work is the work by (Gui and
Taşkesen, 2025)—they propose related solution concepts
but only ones in which the utilities are perturbed randomly
via methods characterized by (Natarajan et al., 2009); the
learning algorithm presented is exactly the dual averaging
scheme of (Mertikopoulos and Zhou, 2019). The work in
(Mazumdar et al., 2024) introduces risk-averse quantal re-
sponse wherein perturbations can depend on both players;
their equilibrium concept is also subsumed by (Allen and
Rehbeck, 2021). Under an assumption of joint convexity
of the risk-measure and with an additional QR related per-
turbation, (Mazumdar et al., 2024) show that the coarse-
correlated equilibrium (which are computable through no-
regret schemes like follow-the-perturbed-leader) of a differ-
ent game yields risk-averse quantal equilibrium; however,
they don’t discuss or analyze specific learning schemes.
In contrast, we propose an efficient no-regret learning algo-
rithm for independent learning and establish non-asymptotic
(Theorem 3.1) guarantees on its performance. From a com-
putational regret characterization viewpoint, also related are
the dual-averaging (Mertikopoulos and Zhou, 2019; Hsieh
et al., 2021), optimistic gradient (Golowich et al., 2020),
mirror-prox Nemirovski et al. (2009); Juditsky et al. (2011)
and proximal gradient Jordan et al. (2024) algorithms. We
compare the performance of our algorithm against these in
Section 4 and demonstrate its performance advantages.

2 GENERALIZED QUANTAL RESPONSE
EQUILIBRIUM

Notation. Consider a finite normal form game G ≜
{N,A, {ui}i∈N}—N is the set of players, each player
i ∈ N has a finite strategy set Ai and a base utility matrix 1

ui :
∏

j∈[N ] Aj 7→ [0, 1]. We will denote the mixed strategy
profile (π1, . . . , πN ) with πi ∈ ∆(Ai) for all i ∈ [N ] as
π and also as (πi, π−i) where −i stands for [N ] \ {i}. For
agent i ∈ [N ], when convenient, we take ai ∈ Ai to denote
a pure action and also probability distribution δai on Ai

with mass only on ai.

Generalized quantal choice. Random utility models in
stochastic choice theory (Anderson et al., 1992; Hofbauer
and Sandholm, 2002) study the random payoff model: agent
i selecting action ai obtains a random additional payoff εi,

1For a given set of utility matrices across all agents, without
loss of generality, we can subtract the minimum utility entry, and
then divide by the largest utility to reduce values to [0, 1] to get a
strategically equivalent game.
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where εi ∼ fi (a strictly positive density function indepen-
dent of the base payoffs). Upon realization of the payoffs,
the agent chooses the action with the highest realized payoff,
and therefore, the probability of selecting action ai ∈ Ai

with other players choosing a−i is:

πi(ai) =pi(ai;u, a−i) ≜

P
(
ai ∈ arg max

ãi∈Ai

ui(ãi, a−i) + εi

)
.

In our work, we will, however, pivot to the perspective
originally proposed by (Hofbauer and Sandholm, 2002)—
the goal of agent i is to select a mixed strategy πi ∈ ∆(Ai)
with an expected payoff

∑
ai∈Ai

πi(ai)Eπ−i
[u(ai;A−i)]

when the opponent(s) plays mixed strategy π−i, but must
pay a cost fi(πi)/λi. Therefore, the agent’s choice given
other players strategy π−i arises from the Fenchel conjugate
computation for fi, namely,

ξλi
i (π−i; fi) ≜ arg max

πi∈∆(Ai)
λui(πi, π−i)− fi(πi), (1)

where ui(πi, π−i) is shorthand for the multi-linear function
E∏

i∈[N] πi
[ui(A1, . . . , AN )]; linearity in πi results in the

Fenchel conjugate definition.

Before considering generalized response functions, we il-
lustrate the logit Quantal Response (McKelvey and Palfrey,
1995). The standard logit QR given by:

ξi(π−i) ≜ exp
(
λi

∑
a−i∈A−i

π−i(a−i)ui(ai, a
′
−i)
)

∑
a′
i∈Ai

exp
(
λi

∑
a−i∈A−i

π−i(a′−i)ui(ai, a′−i)
)


ai∈Ai

(2)

can be obtained by solving (1) with the specific strictly
convex function fi(πi) =

∑
ai∈Ai

πi(ai) log(πi(ai)).

Via a Lagrangian relaxation, we note that (1) can also be
interpreted as

ξλi (u, π−i) = arg min
πi∈∆(Ai)

fi(πi)

s.t. Eπi×
∏

j∈−i πj
[ui(Ai, A−i)] ≥ γi,

(3)

where there is an equivalence2 between γi and λi in
(1) since unconstrained choice of strategy correspond-
ing to γi = minπi∈∆(Ai) Eπi×π−i [ui(Ai, A−i)] and
λi = 0, and utility maximization corresponding to γi =
maxπi∈∆(Ai) Eπi×π−i

[ui(Ai, A−i)] and λi ↑ +∞. We in-
terpret the above as follows: agent i chooses a mixed strategy
by minimizing an agent-specific cost function fi(·) subject

2For all γi ∈
[
minπi∈∆(Ai) Eπi×

∏
j∈−i πj

[ui(Ai, A−i)],

Eπi(fi)×
∏

j∈−i πj
[ui(Ai, A−i)]

]
, we have λi = 0 due to the form

in (1) using the distribution πi(fi) that minimizes fi over ∆(Ai),
but the discussion is still valid.

to the (mixed) strategies preserving some expected utility
based on a value given by γi (equivalently, λi) that they
choose, leading to a generalized quantal response.

Definition 2.1 (Generalized Quantal Response (GQR)).
Given a normal form game G and a strictly convex
function fi, the generalized quantal response of agent i,
ξi(π−i; fi) ∈ ∆(Ai), is given by:

ξλi
i (π−i; fi) ≜ arg max

πi∈∆(Ai)
λiui(πi, π−i)− fi(πi). (4)

When the function fi measures the divergence between
a base distribution, πi(fi) over actions (such as uniform
over all actions), the generalized quantal choice ξi() is the
distribution that minimizes the penalty paid by the player
for deviating from base behavior, i.e.,

ξλi
i (π−i; fi) ≜ arg max

πi∈∆(Ai)
λiui(πi, π−i)−dfi(πi, πi(fi)),

(5)
where dfi(·, ·) is the corresponding divergence measure.
Depending on the divergence measure, this generalization
can incorporate different choice models such as fair response
(see Example 2.2) that transcends the original motivations
of best-responding with choice smoothing.

Example 2.1 (Divergence Measures). Below we list a few
divergence measures that could be used for the fi functions
in a GQR—see details in Appendix D. In all cases we will
be considering discrete distributions, say P and Q, over set
{1, 2, . . . , N}; we will also be taking Q to be a reference
distribution, say the uniform distribution U{1,2,...,N}. Then,
we have:
1. (ϕ-divergence): Consider a convex function ϕ such that
ϕ(1) = 0. The ϕ-divergence between two distributions P
and Q such that P is absolutely continuous with respect
to Q is defined as

∑n
j=1 Q(j)ϕ

(
P (j)
Q(j)

)
(where we set

0/0 = 1). Note that the KL-divergence can be obtained
with ϕ(x) = x log x, the total variation distance can be
obtained using ϕ(x) = 1

2 |x − 1|, the α-divergences using
ϕ(x) = xα−1

α(α−1) for α ∈ (0, 1) ∪ (1,∞) (with continuity
used to define values of α ∈ {0, 1}), and for alpha ≥ 1,
and the χα-divergences using ϕ(x) = 0.5|x− 1|α.
2. (Wasserstein Distance): The Wasserstein distance of
order p between two distribution P and Q is given by
Wp(P,Q) = infγ∈Γ(P,Q)(E(X,Y )∼γ [d(X,Y )p])1/p, where
Γ is the set of all joint distributions with marginals P and
Q, and for all x, y ∈ {1, 2, . . . , N}, d(x, y) = |x− y|.
3. (Rényi Divergence): When distribution P is ab-
solutely continuous with respect to distribution
Q, for α ∈ (0, 1) ∪ (1,+∞) define dα(P,Q) ≜
1

1−α log
∑N

i=1 P (i)αQ1−α(i). The value at α = 1 is the
KL-divergence (defined via continuity). Similarly, (via conti-
nuity), the value at α = 0 is given by

∑N
i=1 Q(i)1{P (i)>0},

and at α = ∞ is given by log(supi∈{1,2,...,N} P (i)/Q(i).
Only for α ∈ [0, 1] does convexity in P hold.
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4. (Hellinger Distance): The Hellinger distance
between two distribution P and Q is given by

1/
√
2
√∑N

i=1(
√

P (i)−
√
Q(i))2.

Convex program (4) yields useful properties for a GQR.

Proposition 2.1 (GQR Properties). Given a normal form
game G, for all λ > 0 we have: the GQR in (4) exists if fi is
convex, and is unique and continuous in π−i if fi is strictly
convex

Example 2.2. Consider the GQR for a divergence measure
from Example 2.1—see details in Appendix D.
(Fair Quantal Response) Using the total variation distance—
set f(t) = 1

2 |t − 1|)—in (4) leads to a sparse response
function where actions with low utility may get probability
zero, in contrast to the KL-divergence regularization in (2).
(Also, see (Gui and Taşkesen, 2025, Example 4.10).)

Remark 2.1. We emphasize the following: (i) Classical
models of fictitious play Fudenberg and Levine (1998);
Hofbauer and Sandholm (2002) and games with penalized
cost van Damme (1982), consider penalty functions which
are infinitely steep at the boundary of the simplex with
positive-definite Hessian. Here, the functions fi need only
be strictly convex (or even just convex for existence).
(ii) The GQR in (4) is not a regular quantal response as
per (Goeree et al., 2005) since our choice functions allow
for zero mass over some actions (see Example 2.2), and
thus, do not satisfy their interior criteria.

Let P(S) denote the power set given the set S. Then, we
have the following definition.

Definition 2.2 ((λ,f)-Generalized Quantal Response Equi-
librium (GQRE)). Define the correspondence Γ

(λ,f)
GQRE :∏

i∈[N ] ∆(Ai) 7→
∏

i∈[N ] P(∆(Ai)) as:

Γ
(λ,f)
GQRE(π) ≜

{
(π̃i, . . . , π̃N ) : ∀π̃i ∈ ξλi

i (π−i; fi) ∀i ∈ [N ]
}
.

Then, a GQRE is given by an N -tuple of policies π∗ =
(π∗

1 , . . . , π
∗
N ) that satisfy

π∗ ∈ Γ
(λ,f)
GQRE(π

∗), i.e., π∗
i ∈ ξλi

i (π∗
−i; fi), ∀i ∈ [N ].

We will also consider the notion of an approximate equilib-
rium concept, ϵ-GQRE.

Definition 2.3 ((λ,f) ϵ-GQRE). For ϵ ≥ 0, a strategy
profile π∗ is a (λ,f) ϵ-GQRE if

∀i ∈ [N ], λiui(π
∗
i , π

∗
−i)− fi(π

∗
i ) ≥

λiui

(
ξλi
i (π∗

−i; fi), π
∗
−i

)
− fi

(
ξλi
i (π∗

−i; fi)
)
− ϵ,

i.e., the utility achieved is within ϵ of the best possible utility
for every agent given the strategy profile.

Definition 2.2 defines a GQRE as a fixed point a’la Nash
Equilibrium (NE). We now show that a GQRE for a game
G is an NE for a perturbed game Gf . Given game G =
{[N ], {Ai}, {ui}i∈N} and functions {fi}i∈[N ], for a mixed
strategy profile π = (π1, π2), define the perturbed utilities
as

ufi
i (πi, π−i) ≜ λiui(πi, π−i)− fi(πi),

and the perturbed game Gf as Gf =

{[N ], {∆(Ai)}i∈N , {ufi
i }i∈[N ]}.

Assumption 2.1. We assume the following for the per-
turbed utilities: (i) The gradients of the perturbed utilities
are Lipschitz-continuous, and (ii) The gradients of the per-
turbed utilities have a Lipschitz-continuous Jacobian matrix
H with each element defined ∀i, j ∈ [N ] as

H(i,ai),(j,aj)(π) =
∂2ufi

i (π)

∂πi,ai
∂πj,aj

, ∀ai ∈ Ai, aj ∈ Aj .

Assumption 2.2 ((Strict) Diagonal Dominance). The game
Gf satisfies strict diagonal dominance if the matrix H(π) +
HT (π) is negative definite for all π ∈

∏
i∈[N ] ∆(Ai).

Since ufi
i (π) = λiui(πi, π−i) − fi(πi) for each i ∈ [N ],

H has a block-form where the H(i,·),(j,·) block depends
only on fi, if i = j (which, in fact, is the Hessian ∆fi) and
ui the utility matrix of agent i. We will use this important
property in our analysis. With {fi}i∈[N ] being convex, we
have a concave game, and by (Rosen, 1965) an NE always
exists. Also, Assumption 2.2 is exactly the condition for a
unique NE from (Rosen, 1965). We will also assume that
the unique equilibrium is fully mixed. We summarize this
next.

Theorem 2.1 (GQRE of G is NE of Gf). A pair of poli-
cies (π∗

1 , π
∗
2) is the GQRE for G if and only if they are the

Nash Equilibria for Gf . Since Gf is a concave game when
{fi}i∈[N ] are convex functions, a GQRE always exists. Fur-
ther, by Assumption 2.2 of strict diagonal dominance, the
GQRE is unique.

Under a bounded influence condition, Melo (2022) studied
Theorem 2.1 for QRE and developed simple conditions for
uniqueness. Gui and Taşkesen (2025); Mertikopoulos and
Zhou (2019) use (Rosen, 1965) as well; again, the equilib-
rium concept in Allen and Rehbeck (2021) also fits.

Remark 2.2. In our definition of GQR and GQRE, we
assumed that each agent i chose its (mixed) strategy from
∆(Ai). We can also assume that each agent i chooses its
strategy from the ϵi-exploration simplex ∆(Ai, ϵi) where
the probability of choosing each action is at least ϵi for ϵi ∈
[0, 1

|Ai
]. The existence and uniqueness of an ϵ-exploration

GQRE follow by the same logic as for a GQRE. We note
that learning such an equilibrium will be covered naturally
by our algorithm.
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An immediate consequence of Theorem 2.1 is a variational
inequality (Facchinei and Pang, 2003) characterization for a
GQRE as an alternative to the fixed-point characterization
in Definition 2.2.

Lemma 2.1 (VI characterization). GQREs of the game G
are solutions to variational inequality below: π∗ such that

⟨π − π∗
i ,∇πu

fi
i (π∗)⟩ ≤ 0, ∀ π ∈ ∆(Ai),∀i ∈ [N ]. (6)

Further, (6) is monotone since ufi
i is concave in πi, and

strongly monotone if Assumption 2.2 holds.

The variational inequality characterization helps in design-
ing efficient computational methods for computing the gen-
eralized quantal response equilibria by borrowing from the
rich literature on optimization and variational inequalities. It
also leads to a verification procedure for checking whether
a given strategy profile is a GQRE or an ϵ-GQRE.

GQRE Verification. Having established a notion of GQRE,
we propose an algorithmic verification mechanism to check
whether a given strategy (πi, π−i) is a GQRE. For this, we
use Theorem 2.1, i.e., the equivalence between GQRE of G
and NE of Gf . Checking whether a strategy is an NE for Gf
is equivalent to checking if πi is in the best-response set of
player i. Since the utility functions are concave, this will be
a convex optimization problem. Consequently, performing
this check for all players can be done in polynomial-time.

Lemma 2.2 (Verification of GQRE and ϵ-GQRE). The fol-
lowing hold:
1. A strategy profile π∗ is a GQRE if and only if

max
ai∈Ai

⟨δai
− π∗

i ,∇πi
ufi
i (π∗)⟩ ≤ 0, ∀i ∈ [N ].

This can be verified in O(|N ||A|) time.
2. A given strategy (πi, π−i) is an ϵ-GQRE for

ϵ = max
i∈[N ]

ϵi, where

ϵi = ufi
i (ξλi

i (π−i; fi), π−i)− ufi
i (πi, π−i), ∀i ∈ [N ],

and determining the Nash gap ϵ requires solving N convex
programs.

3 COMPUTING A GQRE

Having discussed the concept of a GQRE and its existence,
we now discuss a means to compute it. From Lemma 2.1 it
is clear that gradient schemes can be an option if the exact
gradient or a noisy version of it is available. This has been
a fruitful avenue in the optimization literature—using the
exact gradient via the prox method as in Nemirovski (2004),
or using a noisy gradient given by a martingale difference
sequence (MDS) as in Nemirovski et al. (2009); Juditsky
et al. (2011); Jordan et al. (2024); Mertikopoulos and Zhou

(2019); Heliou et al. (2017); Golowich et al. (2020); Hsieh
et al. (2021). Compared to the bulk of the literature that uses
bounded conditional variance of the gradient estimates, we
will use bandit feedback from a simulator oracle as in Heliou
et al. (2017); Kocák et al. (2014), for which we neither have
bounded variance nor independence across agents.

Gradient access via bandit feedback. Our simulator based
oracle takes (mixed) strategies from all the agents, and plays
the underlying finite game M ≥ 1 times (independently
if mixed strategies are used). The oracle then sends agent
i a table listing Mi, the number of times action ai ∈ Ai

was played, and the cumulative payoff Ui(ai) for the ac-
tion over the M plays. Then, given strategy profile π and
M plays {A(m) = (A1(m), . . . , AN (m))}Mm=1 i.i.d. with
distribution

∏
i∈[N ] πi, by taking expectations (given π)

Ui(ai) =

M∑
m=1

ui(A(m))1{Ai(m)=ai}, and

E[Ui(ai)] = Mπi(ai)ui(ai, π−i).

(7)

Hence, assuming that πi(ai) > 0, an unbiased estimate of
the gradient of agent i’s perturbed utility from just the finite
game is given ∀ai ∈ Ai by

F̂i(ai) =
λi

πi(ai)

U(ai)

M
with

Var(F̂i(ai)) =
λ2
i Ṽar(ai, πi, π−i;ui)

Mπi(ai)
,

(8)

where we have ∀ai ∈ Ai,

Ṽar(ai, πi, π−i;ui) ≜∑
a−i∈∏
j∈−i Aj

π−i(a−i)u
2
i (ai,a−i)− πi(ai)u

2
i (ai, π−i). (9)

Note that ∀ai ∈ Ai, Var(F̂i(ai)) is unbounded over the
range πi(ai) ∈ (0, 1]; this complicates algorithm design and
analysis. Note that due to independent plays, the correlations
of the gradient estimates across each agent i’s actions are
easily computed. Finally, the estimates being obtained from
a common dataset are dependent across agents. Since each
agent i knows its πi and fi, it can then form an unbiased
estimate Fi = F̂i −∇πifi(πi) of∇πiu

fi
i (π). The variance

and distributional characterizations still hold unchanged.

Algorithm Design. Another departure from existing work
is in the choice of algorithmic schemes used by us to com-
pute GQRE. Most existing work focuses on schemes such
as dual-averaging, projected gradient descent, optimistic
gradient descent, or extra-gradient methods to compute the
solution to carefully chosen optimization problem(s). We in-
stead focus on a projection-free method—the Frank-Wolfe
algorithm. However, the Frank-Wolfe scheme is hard to
analyze as the choice of directions suggested can be set-
valued—assuming current utility gradient ∇πi

ufi
i (π) for
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agent i ∈ [N ], in the Frank-Wolfe scheme, the agent chooses
probability vector s∗i such that

s∗i ∈ ΓFW
i (π) ≜ arg max

s∈∆(Ai)
⟨s,∇πi

ufi
i (π)⟩,

and then updates its strategy to πi + γ(s∗i − πi) with step-
size γ ∈ (0, 1). Whereas the VI characterization shows that
π∗
i ∈ ΓFW(π∗) for all i ∈ [N ] holds if and only if π∗

is GQRE, and the performance of this algorithm is good
(see Section 4.1), it is hard to analyze. The main reason for
this is that the gap function 3 for this algorithm (a potential
Lyapunov function) is Lipschitz but not everywhere differ-
entiable. Due to this issue, we smoothen the Frank-Wolfe
algorithm vis a “proximal" perturbation: ∀i ∈ [N ],

s∗i (π) ≜ arg max
s∈∆(Ai)

⟨s,∇πiu
fi
i (π)⟩ − ηKL(s, πi),

∀ai ∈ Ai, s
∗
i,ai

(π) =
πi,ai

exp
(

1
η∇πi

ufi
i,ai

(π)
)

〈
πi, exp

(
1
η∇πiu

fi
i (π)

)〉 , (10)

and thereafter, we define ∀i ∈ [N ],

Vi(π) ≜ max
s∈∆(Ai)

⟨s− πi,∇πi
ufi
i (π)⟩ − ηKL(s, πi)

= η log

(〈
πi, exp

(
1

η
∇πiu

fi
i (π)

)〉)
− η

〈
πi,

1

η
∇πi

ufi
i (π)

〉
,

(11)

and set V (π) ≜
∑
i∈[N ]

V̄i(π), (12)

where we use the Donsker-Varadhan variational formula
to solve for the optimizer and obtain the optimum value.
Since choosing π̃ = πi makes the objective in the opti-
mization defining Vi to take value 0, the value of Vi(π) is
non-negative for each πi ∈ ∆(Ai); this also holds using
Jensen’s inequality. Further, by the VI characterization for
a GQRE π∗, each Vi(π

∗) = 0 since at a non-GQRE s,the
linear term is non-positive by the VI, and the KL-divergence
term is negative. Further, for a non-GQRE π, starting from
π̃ = πi, we can make a small enough perturbation in the
right direction so that objective is positive; for this we use
the fact that gradient of KL(π̃|πi) is 0 at π̃ = πi. This
proves that V̄i(π) is a valid smooth gap function that we can
use to study convergence to GQRE—see Appendix B for
details. However, the variance of the gradient estimate being
unbounded discussed earlier coupled with the unbounded
gradient of the KL divergence in the second term, forces us
to solve for the feasible direction within the ϵ-exploration
simplex ∆(Ai; ϵ) for ϵ ∈ (0, 1

|Ai| ], i.e., solving for

∀i ∈ [N ], s∗i (π; ϵ) ≜ arg max
s∈∆(Ai;ϵ)

1

2
∥s− s∗i (π)∥22. (13)

3Gap function,
∑

i∈[N ] maxs∈∆(Ai)⟨s− πi,∇πiu
fi
i (π)⟩, is

differentiable only if the maximizer is unique.

Using the unique λ∗ ∈ [ϵ − maxai∈Ai s
∗
i,ai

(π), 0] that
solves (using a line search)∑

ai∈Ai

max
(
s∗i,ai

(π)− ϵ+ λ, 0
)
= 1− |Ai|ϵ, (14)

we set ∀ai ∈ Ai,

s∗i,ai
(π; ϵ) = ϵ+max

(
s∗i,ai

(π)− ϵ+ λ∗, 0
)

= max(s∗i,ai
(π) + λ∗, ϵ).

(15)

Thus, the algorithm has all agents independently updating

Algorithm 1 Smoothened Frank-Wolfe for decentralized
learning with bandit feedback

1: Initialise: all players i ∈ [N ] choose a policy
πi,0 and parameter η > 0; choose sequences
{(γt, ϵt)}Tt=1 such that, for all t ∈ [T ], γt ∈ (0, 1),
ϵt ∈ (0, 1

N ], and ϵt+1 ≤ ϵt.
2: for t = 1 : T do
3: All players i ∈ [N ] submit their policy πi,t−1 to the

oracle
4: Oracle plays the game M times with policy pro-

file πt−1 = (π1,t−1, . . . , πN,t−1): {At(m) =
(A1,t(m), . . . , AN,t(m))}Mm=1 are i.i.d. with dis-
tribution

∏
i∈[N ] πi,t−1.

5: Oracle returns outcomes: for i ∈ [N ] and all
ai ∈ Ai, Mt(ai) =

∑M
m=1 1{Ai,t(m)=ai} and

Ut(ai) =
∑M

m=1 ui(At(m))1{Ai,t(m)=ai}.
6: for i ∈ [N ] do
7: Generate payoff gradient from game play: for all

ai ∈ Ai, F̂i,t(ai) =
λi

πi,t−1(ai)
Ut(ai)

M

8: Generate noisy payoff gradient at πt−1: Fi,t =

F̂i,t −∇πfi(π)|π=πi,t−1

9: s̃i,t ← argmaxs∈∆(Ai)⟨s, Fi,t⟩ − ηKL(s|πi,t−1)

10: si,t ← argmaxs∈∆(Ai;ϵt)
1
2∥s− s̃i,t∥22

11: πi,t ← πi,t−1 + γt (si,t − πi,t−1)
12: end for
13: end for

their strategy via their part of π+γ(s∗(π; ϵ)−π). This, then,
leads to the independent and decentralized learning scheme
outlined in Algorithm 1. As mentioned earlier, the basic
algorithm (without adjusting for unbounded variance) is
within the family of algorithms in (Pena, 2019), and method
used to counter the unbounded variance is different from
(Heliou et al., 2017) (convex combination with the uniform
distribution) and (Kocák et al., 2014) (adding a constant to
the denominator); also see (Cui et al., 2022) where a positive
definite matrix is used for a Frank-Wolfe scheme. We note
that our main result Theorem 3.1 also applies to the schemes
used by (Kocák et al., 2014; Heliou et al., 2017), but from
results in Section 4 we will also see that our choice provides
a distinct advantage.
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Smoothened Gap. Since we have a gap function V (π)
which is non-negative and 0 exactly for a GQRE, we assess
the performance of Algorithm 1 using the expected gap
value at the T th timestep given by R(T ) = E[V (πT )],
where the randomness is induced by bandit feedback based
gradient estimates.

Theorem 3.1 (No-regret guarantee). Under Assumptions 2.1
and 2.2, and at time-step t step-size γt = 1

t+1 , ϵt =
1

(t+1)maxi |Ai| and the number of samples M from the sim-
ulator chosen as Mt = ⌈ 1

ϵtγ2
t
⌉, the expected gap value of

Algorithm 1 at time T ≥ 1 satisfies:

R(T ) ≤ C7

T
+

C6 log(T )

T
,

and further, limT→∞ V (π(T )) = 0 in probability.

Proof. The proof in Appendix A follows by showing that
V (π) is a valid Lyapunov function by proving that it has
a negative drift. We carefully account for the noise due to
the simulator, and here the choice of the number of samples
is crucial. The fact that for all i ∈ [N ], πi,t ∈ ∆(Ai, ϵt)
with ϵt > 0, so that πi,t(ai) ≥ ϵt > 0 for ai ∈ Ai, is also
crucial along with ϵt+1 ≤ ϵt; see line 1 of Algorithm 1.
The Fenchel conjugate representation in the algorithm and
Fenchel duality are also critical.

The proof ideas also extend the result to the schemes in
(Kocák et al., 2014; Heliou et al., 2017)—see Appendix A.

4 NUMERICAL RESULTS

Games: We evaluate Algorithm 1 on two families of two-
player games: (1) Strongly Monotone Games of size n× n
with n ∈ {10, 20, 100, 200}; and (2) Rank-k General-Sum
Games of size m × m with m = 5 and rank parameter
k ∈ {1, 2, 3, 4}. All experiments use the same hyperpa-
rameters: µ = 1.0, skew = 0.3 (used only in the strongly
monotone setting), T = 1000 iterations, M = 100 samples
per gradient estimate, step size η = 1.0, λi = 1.0, and
fi(πi) =

∑
ai∈Ai

πi,ai log pi,ai for mixed strategy πi; we
solve for logit QRE; results for other penalty functions are
presented in the Appendix. Each result is averaged over 20
independent runs. At each iteration, we draw M simulator
samples to form stochastic gradient estimates and evaluate
convergence by tracking the GQRE gap over time.

Strongly Monotone Games: For n ∈ {10, 20, 100, 200}, we
generate S = µ In, M ∼ N (0, 1)n×n, K = M−M⊤

2 ,
K ← skew

∥K∥2
K, and A = S + K, B = S − K, with

µ = 1.0, skew = 0.3. This construction ensures strong
monotonicity by making the sum A+ B = 2µIn positive
definite. The symmetric component S = µIn guarantees
strong convexity–concavity, while the antisymmetric matrix

K introduces structured interaction between the players
without violating monotonicity. The resulting game models
have a unique and well-behaved NE.

Rank-k General-Sum Games: For m×m games with m = 5
and each k ∈ {1, 2, 3, 4}, we sample

U, V ∼ N (0, 1)5×k, M = U V ⊤,

K ∼ N (0, 1)5×5, S = 1
2 (K −K⊤),

and set (A,B) = (M+S, M−S) so that rank(A+B) = k.
Here, M is a low-rank matrix of rank at most k that controls
the cooperative component of the game, while S introduces
an antisymmetric term that governs the competitive inter-
action. By construction, the sum A+B = 2M has rank k,
ensuring that the underlying game lies on a low-dimensional
manifold. These settings are useful for evaluating algorithm
performance in structured general-sum environments with
varying complexity Kannan and Theobald (2010).

The Baseline Algorithms: We consider the following
state-of-the-art algorithms as baselines for comparison: (i)
Uniform-Mix Smoothened Frank-Wolfe: Algorithm 1 with
the (Heliou et al., 2017) unbounded variance combating
scheme instead of Step 10; (ii) Bandit Frank–Wolfe (Hard
FW) (Frank and Wolfe, 1956): replaces the smoothed best
response with a hard argmax on the stochastic gradient
estimate within the Frank–Wolfe update, isolating the effect
of smoothing; (iii) Extragradient (EG) (Chen et al., 2022):
performs a Mirror–Prox update by taking a provisional gra-
dient step followed by a corrective gradient step, yielding ro-
bust convergence in saddle-point problems; (iv) Optimistic
Gradient Descent (OGD) (Jordan et al., 2024): uses the
update log π ← log π + γt(2Gt −Gt−1) to add a “predic-
tor–corrector” term that accelerates convergence under pre-
dictable gradient sequences; and (v) Adaptive OGD–PGD
(PGD) (Jordan et al., 2024): applies an exponentiated gradi-
ent step with γt = 1/

√
t and then projects onto an ε-simplex

to adaptively balance exploration and exploitation under
stochastic noise. We do not present dual-averaging schemes
from (Mertikopoulos and Zhou, 2019; Hsieh et al., 2021) as
their performance was significantly worse.

4.1 THE RESULTS

In Figure 1 we compare the five schemes in terms of the
GQRE gap decay for two games from the game families we
described above—the first, a strongly monotone game of
size 20, and the second, a rank-1 game of size 5. Not only
does Algorithm 1 perform better than existing schemes, but
due to the projection step it also outperforms the Uniform-
Mix Smoothened Frank-Wolfe algorithm.

Figure 2 shows GQRE gap for the strongly monotone games
with game sizes of 100 and 200, Again, we see that Al-
gorithm 1 outperforms all the other algorithms by a wide
margin. Figure 3 shows GQRE gap for rank-k general-sum
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action_0 action_1 action_2 action_3 action_4

Entropy–Entropy 0.183 0.184 0.149 0.302 0.182
Entropy–TV 0.189 0.192 0.171 0.262 0.186
L2–Entropy 0.169 0.171 0.130 0.363 0.167
L2–TV 0.179 0.185 0.155 0.307 0.174
Rényi–Rényi 0.129 0.130 0.129 0.482 0.129
TV–TV 0.200 0.200 0.200 0.200 0.200

Table 1: Representative Player 1 action distributions under different regularizer pairs (f1, f2) in the rank-2 game. Mixed
regularizers (e.g., Entropy–TV, L2–Entropy, L2–TV) visibly shift mass allocation compared to homogeneous choices.

(a) Strongly monotone game
(n = 20).

(b) Rank-1 game of size 5.

Figure 1: GQRE gap decay in two classes of games.

games for k = 1, 3. Here, we see that our algorithm per-
forms similar to the other baselines, but is much more stable.

To understand the potential benefit of assigning different
fi functions to different agents, we ran simulations with
heterogeneous regularizers with λ = 1 and Algorithm 1.
Specifically, for the rank-k game of size 5, we considered
all pairwise combinations of four divergences: Shannon
entropy (KL), Rényi (α = 0.5), 0.5∥ · ∥22 relative to uniform,
and the total variation (TV) distance to uniform.

Table 1 reports representative equilibrium distributions for
Player 1 under each pair (f1, f2). Note that the choice of
regularizer shapes the action probabilities: entropy and L2
spread mass more evenly across actions, Rényi accentuates
a single action, and TV concentrates very close to uniform.
More results are presented in Appendix C.

In Appendix C we present numerical results for more
games—matching pennies, other strongly monotone games,
and rank-k games (ranks≤ 4). We also study Jordan’s three-
player two-action game from (Jordan, 1993), which has a
unique NE, but which cannot be computed using just gra-
dients (Hart and Mas-Colell, 2003); this issue shows up
for Algorithm 1 via stability when Assumption 2.2 does
not hold. Finally, impact of heterogeneous choice of fis by
agents is also studied.

Thus, the overall conclusion from this set of results is that
the Smoothed FW algorithm we propose is quite effective at
computing the GQRE equilibrium in decentralized setting
wherein we have access to bandit-feedback of the gradients
via a simulator oracle, and each agent adapts independently.

(a) Strongly monotone game
(n = 100).

(b) Strongly monotone game
(n = 200).

Figure 2: GQRE gap decay for strongly monotone games
with sizes n = 100, 200.

(a) Rank-1 game. (b) Rank-3 game.

Figure 3: GQRE gap decay for rank-k general-sum games
with size m = 5 and ranks k = 1, 3.

5 CONCLUSIONS

In this paper, we study the generalized quantal response
equilibrium (GQRE), to predict outcomes of games with
bounded-rational players learning independently, and pro-
vide sufficient conditions for existence of GQRE. We
then introduced a decentralized Smoothened Frank–Wolfe
algorithm—Algorithm 1—that can be used to compute the
GQRE. Through an extensive set of numerical experiments,
we showed that it is remarkably good at finding it.
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A PROOF OF THEOREM 3.1

We reiterate the statement of Theorem 3.1 below.

Theorem A.1 (No-regret guarantee). Under Assumptions 2.1 and 2.2, and at time-step t step-size γt = 1
t+1 , ϵt =

1
(t+1)maxi |Ai| and the number of samples M from the simulator chosen as Mt = ⌈ 1

ϵtγ2
t
⌉, the expected gap value of

Algorithm 1 at time T ≥ 1 satisfies:

R(T ) ≤ C7

T
+

C6 log(T )

T
,

and further, limT→∞ V (π(T )) = 0 in probability.

Reminder that

Vi(π) = η log (⟨πi, exp(Fi(π)/η)⟩)− ⟨πi, Fi(π)⟩, and V (π) =
∑
i∈[N ]

Vi(π).

We have for all i ∈ [N ],

∇πiVi(π) = η
exp(Fi(π)/η)

⟨πi, exp(Fi(π)/η)⟩
− Fi(π)

+∇πi
Fi(π)

T (s∗i (π, Fi(π))− πi)

∀j ∈ −i, ∇πj
Vi(π) = ∇πj

Fi(π)
T (s∗i (π, Fi(π))− πi) .

Our “RL" simulator provides noisy gradient δ(π) + F (π) (with δ(π) being zero mean), which we use in the algorithm
instead of F (π). This gives s∗(π, F (π) + δ(π)) instead of s∗(π, F (π)) in the noisy case. Further, the projection brings it
to s∗ϵ (π, F (π) + δ(π)).

Based on Assumption 2.1, the bound we will use is

V (π(t+ 1))− V (π(t)) ≤ ⟨∇πV (π(t)),π(t+ 1))− π(t))⟩+ C

2
∥π(t+ 1))− π(t)∥22 (16)

= γt⟨∇πV (π(t)), s∗ϵ (π(t), F (π(t)) + δ(π(t)))− π(t)⟩

+
Cγ2

t

2
∥s∗ϵ (π(t), F (π(t) + δ(π(t))))− π(t)∥22, (17)

where the second representation uses our update rule. We prove this bound later on in Lemma A.1.

We will focus on the first term on the RHS of (17) after dividing by the γt term, namely,

⟨∇πV (π(t)), s∗ϵ (π(t), F (π(t)) + δ(π(t)))− π(t)⟩

=
∑
i∈[N ]

⟨∇πVi(π(t)), s
∗
ϵ (π(t), F (π(t)) + δ(π(t)))− π(t)⟩

=
∑
i∈[N ]

⟨∇πVi(π(t)), s
∗
ϵ (π(t), F (π(t)) + δ(π(t)))− s∗(π(t), F (π(t)) + δ(π(t)))⟩

+ ⟨∇πVi(π(t)), s
∗(π(t), F (π(t)) + δ(π(t)))− π(t)⟩.

The first term is small here as it is dependent on s∗ϵ (π(t), F (π(t)) + δ(π(t)))− s∗(π(t), F (π(t)) + δ(π(t))), and this is
a function of ϵt via our projection; this will also holds for the schemes of (Kocák et al., 2014; Heliou et al., 2017). We will
include it in our statement of the result in the end, so we will focus on the second term, namely,∑

i∈[N ]

⟨∇πVi(π(t)), s
∗(π(t), F (π(t)) + δ(π(t)))− π(t)⟩

=
∑
i∈[N ]

〈
η

exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π(t))/η)⟩
− Fi(π(t)), s

∗
i (π(t), F (π(t)) + δ(π(t)))− πi(t)

〉
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+ (s∗(π(t), F (π(t)))− π(t))TH(π(t))(s∗(π(t), F (π(t)) + δ(π(t)))− π(t))

=
∑
i∈[N ]

〈
η

exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π(t))/η)⟩
− Fi(π(t)), s

∗
i (π(t), F (π(t)) + δ(π(t)))− s∗i (π(t), F (π(t)))

〉
+ (s∗(π(t), F (π(t)))− π(t))TH(π(t))(s∗(π(t), F (π(t)) + δ(π(t)))− π(t))

+
∑
i∈[N ]

〈
η

exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π)/η)⟩
− Fi(π), s

∗
i (π(t), F (π(t)))− πi(t)

〉
(18)

By Legendre-Fenchel duality, we have

Vi(π) + ⟨πi, Fi(π)⟩ = max
s∈∆(Ai)

⟨s, Fi(π)⟩ − ηKL(s|πi)

= ⟨s∗i (π, F (π), Fi(π)⟩ − ηKL(s∗i (π, F (π)|πi).

Thus, the third term in (18) yields∑
i∈[N ]

〈
η

exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π(t))/η)⟩
− Fi(π(t)), s

∗
i (π(t), F (π(t)))− πi(t)

〉

=
∑
i∈[N ]

〈
η

exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π(t))/η)⟩
, s∗i (π(t), F (π(t)))− πi(t)

〉
−
∑
i∈[N ]

⟨Fi(π), s
∗
i (π(t), F (π(t)))− πi(t)⟩

=
∑
i∈[N ]

〈
η

exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π(t))/η)⟩
, s∗i (π(t), F (π(t)))− πi(t)

〉
−
∑
i∈[N ]

(Vi(π(t)) + ηKL(s∗i (π(t), F (π(t)))|πi(t)))

= −V (π(t)) +
∑
i∈[N ]

〈
η

exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π(t))/η)⟩
, s∗i (π(t), F (π(t)))− πi(t)

〉
− η

∑
i∈[N ]

KL(s∗i (π(t), F (π(t)))|πi(t))

Inserting the revised form of the third term into (18) yields∑
i∈[N ]

⟨∇πVi(π(t)), s
∗(π(t), F (π(t)) + δ(π(t)))− π(t)⟩

= −V (π(t))−
∑
i∈[N ]

⟨Fi(π(t)), s
∗
i (π(t), F (π(t)) + δ(π(t)))− s∗i (π(t), F (π(t)))⟩

+ (s∗(π(t), F (π(t)))− π(t))TH(π(t))(s∗(π(t), F (π(t)) + δ(π(t)))− π(t))

+ η
∑
i∈[N ]

〈
exp(Fi(π)/η)

⟨πi(t), exp(Fi(π)/η)⟩
, s∗i (π(t), F (π(t)) + δ(π(t)))− πi(t)

〉
− η

∑
i∈[N ]

KL(s∗i (π(t), F (π(t)))|πi(t)) (19)

≤ −V (π(t))−
∑
i∈[N ]

⟨Fi(π(t)), s
∗
i (π(t), F (π(t)) + δ(π(t)))− s∗i (π(t), F (π(t)))⟩

+ (s∗(π(t), F (π(t)))− π(t))TH(π(t))(s∗(π(t), F (π(t)) + δ(π(t)))− π(t))

+ η
∑
i∈[N ]

(
KL(s∗(π(t), F (π(t)))|s∗(π(t), F (π(t)) + δ(π(t))))

− 2KL(s∗i (π(t), F (π(t)))|πi(t))
)

(20)
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Remark A.1. From the bound in (20) it is clear that the exact (or noiseless) gradient setting has negative drift, since
F (π(t)) + δ(π(t)) = F (π(t)) in this setting. Hence, this algorithm is a good computational option when the payoff matrix
is known. Assumption 2.2 is used to show that the quadratic forms are negative.

The inequality in (20) is obtained the using the fact KL(p|q) for two distributions p and q is convex in q, and hence, satisfies
the gradient inequality: for three distributions p, q and q1, we have

KL(p|q1) ≥ KL(p|q) +∇qKL(p|q)T (q1 − q), and (∇qKL(p|q))k =
pk
qk

, ∀k ∈ [K],

where we assume that the distributions are in a K-valued discrete space (and, sufficient for our purposes, both q and q1 have
full support). Then, we set the following:

p = s∗(π(t), F (π(t))), q = πi(t), and q1 = s∗(π(t), F (πe(t))).

Using the expression for s∗(π(t), F (π(t))), this yields

KL(s∗i (π(t), F (π(t)))|s∗i (π(t), F (π(t)) + δ(π(t))))

≥ KL(s∗i (π(t), F (π(t)))|πi(t)) +

〈
exp(Fi(π)/η)

⟨πi(t), exp(Fi(π)/η)⟩
, s∗i (π(t), F (π(t)) + δ(π(t)))− πi(t)

〉
Consider (19) where the RHS is given by

RHS = −V (π(t))− ⟨F (π(t)), s∗(π(t), F (π(t)) + δ(π(t)))− s∗(π(t), F (π(t)))⟩
+ (s∗(π(t), F (π(t)))− π(t))TH(π(t))(s∗(π(t), F (π(t)) + δ(π(t)))− π(t))

+ η
∑
i∈[N ]

〈
exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π(t))/η)⟩
, s∗i (π(t), F (π(t)) + δ(π(t)))− πi(t)

〉
− η

∑
i∈[N ]

KL(s∗i (π(t), F (π(t)))|πi(t))

= −V (π(t)) + (s∗(π(t), F (π(t)))− π(t))TH(π(t))(s∗(π(t), F (π(t)))− π(t))

+ η
∑
i∈[N ]

〈
exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π(t))/η)⟩
, s∗i (π(t), F (π(t)))− πi(t)

〉
− η

∑
i∈[N ]

KL(s∗i (π(t), F (π(t)))|πi(t))

+ (s∗(π(t), F (π(t)))− π(t))TH(π(t))(s∗(π(t), F (π(t)) + δ(π(t)))− s∗(π(t), F (π(t))))

− ⟨F (π(t)), s∗(π(t), F (π(t)) + δ(π(t)))− s∗(π(t), F (π(t)))⟩

+ η
∑
i∈[N ]

〈
exp(Fi(π)/η)

⟨πi(t), exp(Fi(π)/η)⟩
, s∗i (π(t), F (π(t)) + δ(π(t)))− s∗i (π(t), F (π(t)))

〉
= G(π(t)) + ⟨L(π(t)), s∗(π(t), F (π(t)) + δ(π(t)))− s∗(π(t), F (π(t)))⟩

where

G(π(t)) = −V (π(t)) + (s∗(π(t), F (π(t)))− π(t))TH(π(t))(s∗(π(t), F (π(t)))− π(t))

+ η
∑
i∈[N ]

〈
exp(Fi(π(t))/η)

⟨πi(t), exp(Fi(π(t))/η)⟩
, s∗i (π(t), F (π(t)))− πi(t)

〉
− η

∑
i∈[N ]

KL(s∗i (π(t), F (π(t)))|πi(t))

≤ −V (π(t)),

but the other negative terms will be useful to drive other quantities negative—some of them arise from Assumption 2.2
regarding the quadratic forms. Defining vector λ(π) by setting the ith block to be

λi(π) = η
exp(Fi(π)/η)

⟨πi, exp(Fi(π)/η)⟩
,
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we have

L(π(t)) = −F (π(t)) +HT (π(t))(s∗(π(t), F (π(t)))− π(t)) + λ(π(t))

Now collecting everything we can replace (17) by

V (π(t+ 1))− V (π(t))

≤ γtG(π(t)) + γt⟨L(π(t)), s∗(π(t), F (π(t)) + δ(π(t)))− s∗(π(t), F (π(t)))⟩

+ γt
∑
i∈[N ]

⟨∇πVi(π(t)), s
∗
i,ϵ(π(t), Fi(π(t)) + δ(π(t)))− s∗i (π(t), Fi(π(t)) + δ(π(t)))⟩

+
Cγ2

t

2
∥s∗ϵ (π(t), F (π(t) + δ(π(t))))− π(t)∥22

≤ γtG(π(t)) + γt⟨L(π(t)), s∗i (π(t), F (π(t)) + δ(π(t)))− s∗i (π(t), F (π(t)))⟩
+ 2γtϵtC1 + C2γ

2
t

Hence, the expected drift is given by

E[V (π(t+ 1))− V (π(t))|π(t)]
≤ γtG(π(t)) + γtE[⟨L(π(t)), s∗i (π(t), F (π(t)) + δ(π(t)))− s∗i (π(t), F (π(t)))⟩|π(t)]
+ 2γtϵtC1 + C2γ

2
t .

Applying the Cauchy-Schwartz inequality and then bounding, we get

E[V (π(t+ 1))− V (π(t))|π(t)]
≤ γtG(π(t)) + γtE[⟨L(π(t)), s∗(π(t), F (π(t)) + δ(π(t)))− s∗(π(t), F (π(t)))⟩|π(t)]
+ 2γtϵtC1 + C2γ

2
t

= γtG(π(t)) + γt
∑
i∈[N ]

E[⟨Li(π(t)), s
∗
i (π(t), F (π(t)) + δ(π(t)))− s∗i (π(t), F (π(t)))⟩|π(t)]

+ 2γtϵtC1 + C2γ
2
t

≤ γtG(π(t)) + γtC2η
∑
i∈[N ]

√
E[∥s∗i (π(t), Fi(π(t)) + δ(π(t)))− s∗i (π(t), Fi(π(t)))∥22]

+ 2γtϵtC1 + C2γ
2
t

≤ γtG(π(t)) + γtC2

∑
i∈[N ]

√
E[∥δi(π(t)))∥22] + 2γtϵtC1 + C2γ

2
t

≤ γtG(π(t)) + γtC2

∑
i∈[N ]

√√√√ ∑
ai∈Ai

λ2
i Ṽar(ai, πi, π−i;ui)

Mπi(ai)
+ 2γtϵtC1 + C2γ

2
t

≤ γtG(π(t)) + γtC3
1√
Mϵt

+ 2γtϵtC1 + C2γ
2
t ,

where we have used the fact that the softmax function (Gao and Pavel, 2017, Proposition 4) is 1/η Lipschitz in the l2 norm
with respect to the input vector—our function s∗i (π(t), Fi(π(t))) is a softmax function where the second component is the
input vector, and we consider the difference between the values at Fi(π(t)) + δi(π(t))) and Fi(π(t)). We have also used
the variance characterization in (8), and we remind the reader that from (9) we have ∀ai ∈ Ai,

Ṽar(ai, πi, π−i;ui) =
∑

a−i∈
∏

j∈−i Aj

π−i(a−i)u
2
i (ai,a−i)− πi(ai)u

2
i (ai, π−i)

≤
∑

a−i∈
∏

j∈−i Aj

π−i(a−i)u
2
i (ai,a−i) ≤ 1,

where we used our assumed upper bound of 1 on the utilities.
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For completeness, we derive the variance characterization in (8) by showing the following:

E[U2
i (ai)] = E

 M∑
m,m′=1

ui(A(m))ui(A(m′))1{Ai(m)=Ai(m′)=ai}


=

M∑
m=1

E
[
u2
i (A(m))1{Ai(m)=ai}

]
+

M∑
m,m′=1,m̸=m′

E
[
ui(A(m))ui(A(m′))1{Ai(m)=Ai(m)=ai}

]
= Mπi(ai)

∑
a−i∈

∏
j∈−i Aj

π−i(a−i)u
2
i (ai,a−i) +M(M − 1)π2

i (ai)u
2
i (ai, π−i)

= M

πi(ai)
∑

a−i∈
∏

j∈−i Aj

π−i(a−i)u
2
i (ai,a−i)− π2

i (ai)u
2
i (ai, π−i)

+ E2[Ui(ai)]

⇒ Var(Ui(ai)) = M

πi(ai)
∑

a−i∈
∏

j∈−i Aj

π−i(a−i)u
2
i (ai,a−i)− π2

i (ai)u
2
i (ai, π−i)


= Mπi(ai)

 ∑
a−i∈

∏
j∈−i Aj

π−i(a−i)u
2
i (ai,a−i)− πi(ai)u

2
i (ai, π−i)

 .

If we increase the number of samples M per iteration as Mt = ⌈ 1
ϵtγ2

t
⌉, then also using the fact that G(π) ≤ −V (π), we

have

E[V (π(t+ 1))− V (π(t))|π(t)] ≤ −γtV (π(t)) + C4γ
2
t + C5γtϵt.

Taking ϵt ∝ γt, and taking expectations, we get

E[V (π(t+ 1))] ≤ (1− γt)E[V (π(t))] + C6γ
2
t .

Then, by telescoping we have:

E [V (π(t))] ≤ Πt−1
s=1(1− γs)V (π(0)) + C6

t−1∑
s=1

γ2
sΠ

t−1
i=s+1(1− γs)

with γs =
1

s+1 , we get:

Πt−1
s=1(1− γs) =

1

t

and
t−1∑
s=0

γ2
sΠ

t−1
j=s+1(1− γj) =

t−1∑
s=0

1

(s+ 1)2
Πt−1

j=s+1

j

j + 1
≤ log(t)

t
.

Therefore,

E[V (π(t))] ≤ V (π(0))

(t+ 1)
+

C6 log(t)

t
.

Using Markov’s inequality for the non-negative function V (π), we conclude that limt→∞ V (π(t)) = 0 in probability.

Note: With our choice at time-step t of γt = 1
t+1 , ϵt ∝ γt and Mt = ⌈ 1

ϵtγ2
t
⌉, we note that the cumulative number of

simulator uses until time T is polynomial in T as
∑T

t=1 Mt = Ω(T 4).

We now show that the gap function V (π) is C-smooth. To show this, we show that the gradient of the gap function is
Lipschitz continuous.
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Lemma A.1. V (π) is C-smooth.

Proof. The gradient of V (π) is given by:

∇V (π) = L(π) = −F (π) +HT (π)(s∗(π, F (π))− π) + λ(π).

For any π1 and π2 we have

∇V (π1)−∇V (π2) = −F (π1) +HT (π1)(s
∗(π1, F (π1))− π1) + λ(π1)

+ F (π2)−HT (π2)(s
∗(π2, F (π2))− π2)− λ(π2)

By assumption 2.1, we have that:

∥∇V (π1)−∇V (π2)∥2 ≤ ∥F (π2)− F (π1)∥2 + ∥HT (π1)∥2∥π2 − π1∥2
+ ∥HT (π1)∥2∥s∗(π1, F (π1))− s∗(π2, F (π2))∥2
+ ∥HT (π1)−HT (π2)∥2∥π2 − s∗(π2, F (π2))∥2 + ∥λ(π1)− λ(π2)∥2
≤ αV ∥π1 − π2∥+ αH(1 + αs)∥π1 − π2∥+ 2αH |A|∥π1 − π2∥
+ c0|A|∥π1 − π2∥

= C∥π1 − π2∥

where, C = αV + αH(1 + αS) + 2αH |A|+ c0. It is easily shown by computing the gradient that λ(π) is Lipschitz. The
C-smoothness of V (π) allows us to claim the bound in (16).

B GAP FUNCTION ANALYSIS

We start by reminding the reader of the gap function from (11) and (12):

Vi(π) ≜ max
s∈∆(Ai)

⟨s− πi,∇πi
ufi
i (π)⟩ − ηKL(s, πi)

= η log

(〈
πi, exp

(
1

η
∇πi

ufi
i (π)

)〉)
− η

〈
πi,

1

η
∇πi

ufi
i (π)

〉
,

and V (π) ≜
∑
i∈[N ]

V̄i(π).

We also remind the reader of the VI characterization of a GQRE from Lemma 2.2, namely, a strategy profile π∗ is a GQRE
if and only if

max
ai∈Ai

⟨δai
− π∗

i ,∇πi
ufi
i (π∗)⟩ ≤ 0, ∀i ∈ [N ].

Whereas the relationship above is written for pure actions, by standard convex analysis, it extends to the following: a strategy
profile π∗ is a GQRE if and only if

max
si∈Ai

⟨si − π∗
i ,∇πi

ufi
i (π∗)⟩ ≤ 0, ∀i ∈ [N ]. (21)

We start by proving that V (π∗) = 0 for a GQRE π∗. By the properties of the KL divergence function, we have

⟨π∗
i − π∗

i ,∇π∗
i
ufi
i (π∗)⟩ − ηKL(π∗, π∗

i ) = 0

Then, by (21) and the properties of the KL divergence function, for any s ̸= π∗ for all i ∈ [N ],

⟨si − πi,∇πiu
fi
i (π)⟩ ≤ 0,

with the inequality strict for at least one i ∈ [N ]. Further, KL(si, π
∗
i ) ≥ 0 for all i ∈ [N ] and strictly positive for at least one

i ∈ [N ]. Therefore, we have

⟨si − π∗
i ,∇πi

ufi
i (π∗)⟩ − ηKL(si, π

∗
i ) ≤ 0,
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and hence, V (π∗) = 0.

Next, let π which not a GQRE, be such that πi has full support for all i ∈ [N ]. Then, by (21), there is at least one i ∈ [N ],
say 1 after relabeling, where there is an s1 such that

⟨s1 − π1,∇π1
uf1
1 (π)⟩ − ηKL(s1, π1) = ϵ1 > 0.

For δ ∈ (0, 1), set s̃1(δ) = π1 + δ(s1 − π1), then for δ ≪ 1 we have

KL(s̃1, π1) =
∑
a∈A1

(π1,a + δ(s1,a − π1,a)) log

(
1 + δ

(
s1,a
π1,a

− 1

))

≈ −δ2
∑
a∈A1

(s1,a − π1,a)
2

π1,a
,

with error terms being higher order in δ, and hence, negligible. Then, we have

⟨s̃1(δ)− π1,∇π1u
f1
1 (π)⟩ − ηKL(s̃1(δ), π1) ≈ δϵ− δ2η

∑
a∈A1

(s1,a − π1,a)
2

π1,a

= δ

(
1− δη

∑
a∈A1

(s1,a − π1,a)
2

π1,a

)
.

Then, we can make δ small enough that

δη
∑
a∈A1

(s1,a − π1,a)
2

π1,a
< 1.

Hence, V1(π) > 0, and since Vi(π) ≥ 0 for all i ∈ [N ] for any π (take s = π or si = πi for all i ̸= 1), it follows that
V (π) > 0.

Note that our gap function is 0 for all pure strategy profiles. However, in Algorithm 1 we always operate at fully mixed
strategies, and there we have negative drift except for the unique fully mixed equilibrium, so the issue of the gap function
being zero at pure strategy profiles doesn’t cause trouble.

C ADDITIONAL NUMERICAL SIMULATIONS

Environment Setup: The experiments are done on a MacBook Air with an Apple M1 chip, 16 GB memory and 10 core
CPU. All codes are written in Python3 using several open source packages. The running time for all experiments ranges
from less than a minute to a few hours.

C.1 ADDITIONAL NUMERICAL RESULT FOR STRONGLY MONOTONE AND RANK-k GAMES

We start by presenting results for Matching Pennies: This is a class game with 2× 2 payoff matrices: A =

(
1 −1
−1 1

)
, and

B = −A. It is a zero-sum game (so rank is 0) in which each player tries to match/mismatch the other’s action with a unique
mixed-strategy NE. Figure 4 presents the Mean GQRE Gap, i.e., the gap from the GQRE for Algorithm 1 (labelled FW
Smoothed LP), and we see that our algorithm achieves a very low gap in about 1000 iterations, an order of magnitude better
than the next best.

Additional results are reported for strongly-monotone games in Figures 5 and 6. Again, the performance of Algorithm 1
stands out. Similarly, in Figure 7 we present the peformance of Algorithm 1 relative to the baselines for games of different
ranks. Here, Algorithm 1 show comparable performance but much better stability.

C.2 ADDITIONAL NUMERICAL RESULTS WITH UNIFORM-MIX FRANK–WOLFE

We evaluate the Uniform-Mix Frank–Wolfe (FW) update against Algorithm 1 and other baselines on Jordan’s three-player,
two-action game (Jordan, 1993) in Figure 9.
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Figure 4: GQRE gap in the matching pennies game.

Figure 5: GQRE gap decay for strongly monotone games with sizes n = 10, 20.

C.3 JORDAN’S 3-PLAYER GAME: STABILITY VS. λ AND SAMPLING M

Again, we study Jordan’s three-player, two-action game from (Jordan, 1993), in which the unique symmetric QRE is
(0.5, 0.5, 0.5). For the smoothed Frank–Wolfe (FW) update, Assumption 2.2 (ensuring uniqueness and local stability) is
satisfied for small λ (here λ < 1). For larger λ, uniqueness may fail and equilibria can become unstable, consistent with the
instability phenomena relative to uncoupled dynamics (Hart and Mas-Colell, 2003).

Figure 10 shows simulation results for λ ∈ {0.5, 5, 50}. The top panel plots the Lyapunov gap (log scale), while the bottom
panel tracks Player 1’s probability of playing action 0. For λ = 0.5, the gap decays rapidly and the strategy converges
toward the symmetric GQRE. At λ = 5, convergence occurs more slowly and is sensitive to sampling noise. At λ = 50, the
dynamics fail to converge and drift toward the boundary of the simplex, illustrating instability.

Convergence vs. sampling M . We conducted 100 independent experiments for each (λ,M) and measured the proportion
with final gap < 10−3, and report the results in Table 2. When λ = 0.5, convergence is robust for all M . For λ = 5, larger
M substantially improves convergence, while for λ = 50 convergence never occurs, even at high M .

These results confirm the stability picture: when Assumption 2.2 holds (small λ), convergence is guaranteed; in the
intermediate regime (moderate λ), variance reduction via larger M can restore convergence; for large λ, equilibria are
unstable and convergence is not possible, in line with the impossibility results for uncoupled dynamics Hart and Mas-Colell
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Figure 6: GQRE gap decay on strongly monotone games of increasing size. Smoothed methods consistently outperform in
both convergence rate and stability across larger games.

M λ = 0.5 λ = 5 λ = 50

500 100.0% 37.0% 0.0%
1000 100.0% 58.0% 0.0%
5000 100.0% 98.0% 0.0%

Table 2: Convergence rates (final gap < 10−3) across λ and M in Jordan’s game.

(2003).

C.4 HETEROGENEOUS REGULARIZERS: MIXED fi FUNCTIONS ACROSS PLAYERS

To understand the potential benefit of assigning different fi functions to different agents, we ran simulations with heteroge-
neous regularizers. Specifically, for the rank-k game of size 5, we considered all pairwise combinations of four divergences:
Shannon entropy (KL), Rényi (α = 0.5), 0.5∥ · ∥22 relative to uniform, and the total variation (TV) distance to uniform. In
each run, we fixed λ = 1 and used our smoothed Frank–Wolfe algorithm.

Distances from uniform. We also computed the KL, L2, and TV distances of each resulting distribution from the uniform
distribution. Results (Table 3) show that entropy-based equilibria remain closest to uniform, Rényi pushes farthest away, and
TV regularization produces distributions almost indistinguishable from uniform.

Convergence surrogate. To evaluate convergence, we use the gap value at T = 1000 iterations as a surrogate measure.
Table 4 shows these values. Mixed regularizers yield notable improvements: Entropy–TV and L2–Entropy significantly
reduce the final gap compared to their homogeneous counterparts. In contrast, homogeneous cases of Rényi and TV
divergences do not benefit from mixing.
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Figure 7: GQRE gap decay for games with size 5 and different ranks.

f1–f2 KL divergence L2 distance TV distance

Entropy–Entropy 0.0319 0.1180 0.1022
Entropy–TV 0.0119 0.0712 0.0620
L2–Entropy 0.0751 0.1855 0.1631
L2–TV 0.0333 0.1213 0.1067
Rényi–Rényi 0.1992 0.3156 0.2822
TV–TV 0.0000 0.0008 0.0008

Table 3: Distances of Player 1 distributions from uniform under different regularizer pairs. Entropy and TV combinations
yield the closest-to-uniform distributions, while Rényi divergence pushes farthest apart.

Entropy L2 Rényi TV

Entropy 0.000081 0.054651 0.603757 0.049424
L2 0.052204 0.078403 0.622428 0.098707
Rényi 0.313565 0.276359 0.967499 0.813753
TV 0.039242 0.136138 0.855256 0.039518

Table 4: Surrogate convergence: gap at T = 1000 for each pair (f1, f2). Mixed combinations (e.g., Entropy–TV, L2–Entropy,
L2–TV) improve convergence rates relative to homogeneous choices.

Summary. These results show that heterogeneous choice of regularizers can be beneficial. In particular, Entropy–TV and
L2–based mixtures consistently improve convergence compared to homogeneous choices. This provides a concrete example
where using different fi across players yields different GQRE and also enhances the robustness of the algorithm.
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Figure 8: Approx ϵ-GQRE vs iteration for strongly monotone games.

(a) Jordan’s 3-player game.

Figure 9: Sum GQRE gap decay in Jordan’s 3-player cyclic game. Uniform-Mix FW closely tracks Smoothed FW, converging
to near-zero gaps in a non-monotone multi-agent setting.
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Figure 10: Jordan’s three-player, two-action game with λ ∈ {0.5, 5, 50}. Top: Lyapunov gap (log10). Bottom: Player 1’s
action-0 probability. Small λ yields robust convergence, moderate λ produces mixed outcomes, and large λ leads to
instability.

D EXAMPLES OF PENALTY FUNCTIONS AND RESPONSES

D.1 FAIR QUANTAL RESPONSE

We aim to solve the optimization problem:

max
p

∑
a∈A

p(a)λu(a)− 1

2

∑
a∈A

∣∣∣∣p(a)− 1

|A|

∣∣∣∣ s.t.
∑
a∈A

p(a) = 1, p(a) ≥ 0 ∀a ∈ A,

which we rewrite through scaling as

max
p

∑
a∈A

p(a)2λu(a)−
∑
a∈A

∣∣∣∣p(a)− 1

|A|

∣∣∣∣
s.t.

∑
a∈A

p(a) = 1, p(a) ≥ 0 ∀a ∈ A.

Let n = |A|, so the uniform distribution is given by p(a)uniform = 1
n . Introducing the Lagrange multiplier µ for the sum

probability constraint, the Lagrangian is given by:

L =
∑
a∈A

p(a)2λu(a)−
∑
a∈A

∣∣∣∣p(a)− 1

n

∣∣∣∣− µ

(∑
a∈A

p(a)− 1

)

Since we have separability, we can equivalently solve the following piece-wise linear continuous function with a kink at 1
|A|

for each action a ∈ A:
max
p∈[0,1]

p (2λu(a)− µ)− |p− 1/n|

In the segment [0, 1/n], the function is
−1/n+ p (2λu(a)− µ+ 1) ,

and in the segment [1/n, 1], the function is

1/n+ p (2λu(a)− µ− 1) .

8203



Hence, we have the maximizer for each µ given by

p∗(a;µ) ∈



{0} if µ > 2λu(a) + 1

[0, 1/n] if µ = 2λu(a) + 1

{1/n} if µ ∈ (2λu(a)− 1, 2λu(a) + 1) and 2λu(a) > 1

[1/n, 1] if µ = 2λu(a)− 1 and 2λu(a) ≥ 1

{1} if µ < 2λu(a)− 1 and 2λu(a) > 1

{1/n} if µ ∈ [0, 2λu(a) + 1) and 2λu(a) < 1

Thereafter, we choose µ to be a value such that p∗(·;µ) vector lies in the probability simplex. For this we can start with
1 + 2maxa u(a)

λ and then decrease µ until we get a probability vector. At points where we have multiple solutions, a careful
selection may be needed.

D.2 WASSERSTEIN DISTANCE PENALTY

Let p,p0 ∈ ∆n be discrete probability distributions over a uniform grid of ordered support points x1 < x2 < · · · < xn ∈ R,
denoted by the vector x = (x1, . . . , xn)

⊤ ∈ Rn.

We consider the optimization problem:
max
p∈∆n

{
λv⊤p−W 2

2 (p,p0)
}
, (22)

where:

• v ∈ Rn is a utility vector,

• λ > 0 is a regularization parameter,

• W 2
2 (p,p0) is the squared Wasserstein-2 distance between p and p0.

This formulation can be generalized when using a Wasserstein p-distance as:

• p ∈ ∆n be a probability distribution over n actions (decision variable),

• q ∈ ∆n be a reference distribution,

• u ∈ Rn be the utility vector,

• d(i, j) denote the ground distance between actions i and j,

• λ > 0 be the regularization parameter.

D.3 SQUARED DISTANCE PENALTY

The optimization problem here is given by:

max
p∈∆n

{
λv⊤p−

(
x⊤(p− p0)

)2}
, (23)

where:

• p ∈ ∆n is a probability vector (i.e., p ≥ 0,
∑

i pi = 1),

• v ∈ Rn is a utility vector,

• x ∈ Rn is a vector of support points (e.g., x = (1, 2, . . . , n)⊤),

• p0 ∈ ∆n is a reference distribution,

• λ > 0 is a regularization parameter.

Let us define:
a := x, b := x⊤p0,
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then the objective becomes:
min
p∈∆n

{
−λv⊤p+ (a⊤p− b)2

}
. (24)

Expanding the square term:
(a⊤p− b)2 = p⊤aa⊤p− 2ba⊤p+ b2.

Therefore, the optimization problem becomes:

min
p∈∆n

{
p⊤Qp+ c⊤p

}
+ const, (25)

where:
Q = aa⊤, c = −λv − 2ba.

This is a quadratic program (QP) over the simplex:

minimize p⊤Qp+ c⊤p, (26)

subject to p ≥ 0, 1⊤p = 1. (27)

Application to approximation of Wasserstein-2 Distance in 1D: In 1D, with ordered supports and under some as-
sumptions to be detailed below, the Wasserstein-2 distance can be approximated by the squared difference in expected
values:

W 2
2 (p,p0) ≈ (Ep[x]− Ep0 [x])

2
=
(
x⊤(p− p0)

)2
. (28)

The approximation can be shown as follows: Let p and p0 be probability measures on R with finite second moments,
i.e., p, p0 ∈ P2(R). Denote their cumulative distribution functions by Fp, Fp0

, and their quantile functions by F−1
p , F−1

p0
.

Define:
X := F−1

p (U), Y := F−1
p0

(U), U ∼ Unif[0, 1].

Then the squared 2-Wasserstein distance is given by:

W 2
2 (p, p0) =

∫ 1

0

(
F−1
p (u)− F−1

p0
(u)
)2

du = E[(X − Y )2].

We apply the identity:
E[(X − Y )2] = (E[X − Y ])

2
+Var(X − Y ),

which yields:
W 2

2 (p, p0) = (µ1 − ν1)
2 +Var(X − Y ),

where µ1 := E[X], ν1 := E[Y ]. The approximation W 2
2 (p, p0) ≈ (µ1 − ν1)

2 is valid when Var(X − Y ) ≪ (µ1 − ν1)
2,

i.e., the variance term is negligible compared to the squared mean difference. This holds when:

• Translation of means:
If ν = µ(· − δ), then F−1

ν (u) = F−1
µ (u) + δ, so

X − Y = −δ a.s., Var(X − Y ) = 0.

Thus:
W 2

2 (p, p0) = δ2 = (µ1 − ν1)
2.

• Small Perturbations:
If F−1

µ (u)− F−1
ν (u) = δ(u) with δ(u) small and smooth, then

X − Y = δ(U), Var(X − Y ) = Var(δ(U)) is small.

Hence,
W 2

2 (p, p0) = (µ1 − ν1)
2 + o(1).
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D.4 RENYI DIVERGENCE PENALTY

We aim to maximize an expected utility function while keeping the probability distribution P close to a uniform reference
distribution Q using a Rényi divergence penalty. Let:

• X be a discrete random variable with support X = {x1, x2, ..., xn}.
• P = (p1, p2, ..., pn) be the probability distribution over X .

• Q = (q1, q2, ..., qn) be the reference uniform distribution, i.e., qi = 1
n for all i.

• U(x) be the utility function associated with choosing x.

• For α ∈ (0, 1), Dα(P∥Q) be the Rényi divergence penalty.

The Rényi divergence of order α between P and uniform Q is:

Dα(P∥Q) =
1

α− 1
log

n∑
i=1

pαi q
1−α
i .

Since qi =
1
n , we substitute:

Dα(P∥Q) =
1

α− 1
log

(
1

n1−α

n∑
i=1

pαi

)
.

The optimization problem is given by:

max
p

n∑
i=1

piλU(xi)−Dα(p∥Q)

subject to:

p = (p1, . . . , pn) s.t.
n∑

i=1

pi = 1, pi ≥ 0, ∀i.

where λ > 0 controls the strength of the penalty. The Lagrangian for α ∈ (0, 1) (α = 1 case is QR) is

L(P, µ) =
n∑

i=1

piλU(xi) +
1

1− α
log

(
1

n1−α

n∑
i=1

pαi

)
+ µ

(
1−

n∑
i=1

pi

)
.

Then, taking a derivative with respect to pi we get

λU(xi) +
α

1− α

pα−1
i∑n
j=1 p

α
j

− µ ≤ 0,

with equality if pi > 0. From this it follows that

pα−1
i ≤ 1− α

α
(

n∑
j=1

pαj )(µ− λU(xi)).

From the above it follows that the Lagrange multiplier µ > λmaxi U(xi) and none of the optimal probability values are 0,
so that

pα−1
i =

1− α

α
(

n∑
j=1

pαj )(µ− λU(xi))

⇒ pi ∝ (µ− λU(xi))
−1
1−α .

Hence, we have

pi(µ) =
(µ− λU(xi))

−1
1−α∑

j(µ− λU(xj))
−1
1−α

.

8206



Since we also have

pαi∑n
j=1 p

α
j

=
1− α

α
pi(µ− λU(xi))

⇒ 1 =
1− α

α

∑
i

pi(µ)(µ− λU(xi)),

The correct value of µ is determined by solving for the unique root of∑
j(µ− λU(xj))

−α
1−α∑

j(µ− λU(xj))
−1
1−α

=
α

1− α

with µ > λmaxi U(xi).

D.5 HELLINGER DISTANCE PENALTY

We consider a Hellinger distance perturbation with uniform distribution as the reference function. Define:

• p ∈ ∆n: decision distribution over n actions,

• u ∈ Rn: utility vector,

• q =
(
1
n , . . . ,

1
n

)
∈ ∆n: uniform reference distribution,

• λ > 0: regularization parameter.

The squared Hellinger distance is defined as:

H2(p, q) = 1−
n∑

i=1

√
piqi = 1− 1√

n

n∑
i=1

√
pi

The optimization problem is given by

max
p∈∆(A)

n∑
i=1

piλui +

√
pi
n

The Lagrangian obtained by relaxing the sum constraint is

L(p, µ) =

n∑
i=1

pi(λui − µ) +

√
pi
n

+ µ

Taking derivatives in pi, we get

λui − µ+
1

2
√
pin
≤ 0

⇒ 1
√
pi
≤ 2
√
n(µ− λui).

Hence, we have the following: at the optimum pi > 0 for all i; and

pi =
1

4n(µ− λui)2

where µ is the unique root of ∑
i

1

(µ− λui)2
= 4n

with µ > λmaxi ui.
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E PROOF OF LEMMA 2.2

Proof. To prove, we can proceed as follows:
Step 1: Fix player i ∈ [N ]. From Theorem 2.1, checking whether (π∗

i , π
∗
−i) is GQRE is equivalent to checking if (π∗

i , π
∗
−i)

is a NE of Gf . This holds if and only if π∗
i ∈ argmaxπ∈∆(Ai) u

fi
i (π, π∗

−i). The latter is equivalent to the following using
the VI characterization:

π∗
i satisfies ⟨∇πi

ufi
i (π∗), πi − π∗

i ⟩ ≤ 0, ∀πi ∈ ∆(Ai).

The LHS is a linear program, and the check needs to be performed only over the set of pure-strategies since ∆(Ai) is a
simplex and the maximum occurs at the extreme points.
Step 2: This follows immediately from the definition of an ϵ-GQRE.

Note that the utilities being multi-linear in the strategies, determining the value of ϵ for a given non-NE strategy profile π in
a finite normal form game only needs evaluation of pure actions.

F PROOF OF PROPOSITION 2.1 AND THEOREM 2.1

The argument for the proof of Proposition 2.1 is the following.

Proof. For every given π−i, the optimization function in (4) is a convex optimization problem when fi is a convex function.
Then, by general results in convex optimization, an optimizer exists and the GQR is well-defined. If, in addition, fi is strictly
convex, then the objective of the optimization problem is strictly convex which establishes the uniqueness of the optimizer.
Finally, using Berge’s Theorem of the Maximum, as the objective is jointly continuous in π and a unique optimizer exists
when fi is strictly convex, the optimizer is a continuous function of the parameter π−i.

The argument for the proof of Theorem 2.1 is the following.

Proof. We note that for a strictly convex perturbation fi, the Gf is a concave game and therefore, the existence of Nash
Equilibrium follows from Rosen (1965). Further, the diagonal domninance criteria used by Rosen (1965) follows from
Assumption 2.2.
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