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Abstract

Super-resolution (SR) of satellite imagery is chal-
lenging due to the lack of paired low-/high-
resolution data. Recent self-supervised SR meth-
ods overcome this limitation by exploiting the tem-
poral redundancy in burst observations, but they
lack a mechanism to quantify uncertainty in the
reconstruction. In this work, we introduce a novel
self-supervised loss that allows to estimate uncer-
tainty in image super-resolution without ever ac-
cessing the ground-truth high-resolution data. We
adopt a decision-theoretic perspective and show
that minimizing the corresponding Bayesian risk
yields the posterior mean and variance as optimal
estimators. We validate our approach on a synthetic
dataset with both white and signal dependent noise
and demonstrate that it produces calibrated uncer-
tainty estimates comparable to supervised methods.
We further apply our method on real SkySat satel-
lite data and validate its performance through an
unsupervised coverage test. Our work bridges self-
supervised restoration with uncertainty quantifica-
tion, making a practical framework for uncertainty-
aware image reconstruction.

1 INTRODUCTION

Satellite image super-resolution is crucial for applications
like human activity monitoring and disaster relief. Image
super-resolution has achieved remarkable progress with
deep neural networks, which can effectively recover high-
frequency details from low-resolution inputs. However, most
approaches rely on supervised training, requiring paired low
and high-resolution data. This is impractical for some real
use cases such as satellite image processing where ground-
truth high-resolution (HR) images are unavailable. Recent
self-supervised methods [Nguyen et al., 2021} 2022 [Bhat

et al., [2023]] have shown that that high-quality reconstruc-
tions can be obtained purely from redundant observations,
without the need of ground-truth HR images. These ap-
proaches produce deterministic point estimates and lack a
way to quantify the reconstruction uncertainty. As a result,
they can yield visually plausible but unreliable predictions,
which could lead to an incorrect interpretation of the images.

Uncertainty estimation has been widely explored in deep
learning and applied in vision tasks [[Gawlikowski et al.
2023]]. A variety of approaches have been proposed for
estimating the uncertainty [Gawlikowski et al.| [2023| |/An{
gelopoulos et al.l 2022| [Kendall and Gal, 2017} |Valsesia
and Magli, [2021]]. Uncertainty can be caused by multiple
sources [Hullermeier and Waegeman), 202 1] and is usually
categorized into two types: aleatoric and epistemic [Hiiller{
meier and Waegeman, 2021} [Kendall and Gal, [2017]. Epis-
temic uncertainty represents our lack of knowledge over the
optimal model for a given inference problem, and it could
be reduced by better training and/or modeling. Aleatoric
uncertainty is associated to the inherent randomness of the
inference problem itself and cannot be reduced by improv-
ing our model.

For point estimation problems, aleatoric uncertainty is typi-
cally quantified by measurements of the spread of the (true)
posterior distribution, such as variance [Kendall and Gal,
2017]], mean absolute deviation [Valsesia and Magli, 2021]],
or predictive quantiles [[Angelopoulos et al.|[2022]]. This can
be achieved by training networks with suitable loss func-
tions. A common approach is to estimate the posterior mean
and variance via the minimization of a loss function based
on the Gaussian negative log-likelihood (see Eq. {@)) [Nix
and Weigend, 1994 Bishop||1994]. Such loss functions how-
ever, require supervision from the ground truth which limits
their application for image restoration problems in which
ground truth is hard or impossible to access.

In this work, we aim to incorporate uncertainty estimation
into self-supervised super-resolution. Building upon the re-
cent self-supervised framework of Nguyen et al.| [2022], we
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Figure 1: We propose a self-supervised strategy to train a network that performs super-resolution with uncertainty quantifica-
tion in satellite imaging. The network is purely trained using noisy and low-resolution data, without requiring high-resolution
ground truth. Left: four input images out of a burst of multi-exposure, low-resolution and noisy images; Center: Recon-
struction results (top) and estimated uncertainty (bottom) by the self-supervised network and by the supervised one; high
resolution ground truth (top) and reconstruction error by the self-supervised method. Right: comparison of the coverage test
for the estimated uncertainty (variance of posterior distribution) with the self-supervised and supervised training.

extend it to explicitly model pixel-wise uncertainty. Our
contributions can be summarized as follows:

(1) We introduce a novel self-supervised loss for super-
resolution based on the Gaussian negative log-likelihood
(NLL), to jointly estimate pixel-wise posterior means and
variances, enabling uncertainty-aware reconstruction (Sec-
tion 3)). Rather than assuming that the posterior distribution
follows a Gaussian distribution, we take a decision-theoretic
perspective and show that minimizing the corresponding
risk yields both the mean and variance of the posterior dis-
tribution as optimal estimators.

(2) We derive the optimal estimators under the resulting
Bayesian risk, providing a theoretical justification for the
approach (Section ). In particular, we show that for a sub-
sampling degradation operator and under Gaussian degra-
dation noise (possibly signal dependent), the proposed loss
is minimized by the posterior mean and pixel-wise vari-
ances, thus being equivalent to a supervised training with
the Gaussian NLL loss.

(3) We validate our method on a synthetic SkySat’s L1B
dataset generated following [Nguyen et al. [2022], show-
ing calibrated uncertainty estimates comparable to those
obtained with supervised Gaussian NLL (Section [3). We
further apply our method to real SkySat L1A multi-exposure
data, and provide visual results and an unsupervised cover-
age test on degraded observation domain.

By bridging the self-supervised restoration with uncertainty
quantification, our method makes a practical framework for
uncertainty-aware satellite image reconstruction. While we
focus on the super-resolution problem, our analysis assumes

a more general linear degradation model which could be use-
ful for uncertainty quantification in other inverse problems
in imaging where ground truth data is not available.

2 RELATED WORK

Uncertainty estimation. Uncertainty is commonly catego-

rized into aleatoric and epistemic uncertainty
[and Waegeman), [2021]], although there is no widespread
agreement on a precise definition of these categories
[Valdenegro-Toro and Mori), 2022}, [Gruber et all [2025]
[Kirchhof et al.}[2023] [Bickford Smith et al.| 2025]]. Bayesian
neural networks [Blundell et al.l 2015} |Gal and Ghahramanil,
formalize epistemic uncertainty as a probabil-
ity over the model parameters conditioned on the training
dataset while the aleatoric uncertainty is formalized as the
true posterior probability of the label conditioned on an input
data during inference. Deep ensembles [Lakshminarayanan|

2017 and Monte Carlo Dropout [Gal and Ghahra!

have also been proposed to approximate the
distribution on the weights. Aleatoric uncertainty is typi-

cally captured by maximizing the likelihood of the ground
truth data in a supervised setting [Nix and Weigend} [1994]
[Bishop, [1994, [Kendall and Gal, [2017]]. This is often moti-
vated with a probabilistic regression perspective in which
the outputs are assumed to have Gaussian noise.

In this work, we extend the Gaussian NLL loss to a self-
supervised setting, where instead of a HR clean ground
truth label we use a LR noisy one. While our proposed self-
supervised loss is based on the same Gaussian NLL, we
motivate it via a decision-theoretic viewpoint: we show that
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the minimization of the risk induced by the loss yields the
posterior mean and variance of the high resolution target.
This perspective emphasizes expected prediction error (as in
[Bickford Smith et al.| |2025]]) rather than strict probabilistic
calibration (as in [Lahlou et al.,2023]]), and highlights the
fact that the trained network will approximate the poste-
rior variance even if the true posterior distribution is not
Gaussian.

Uncertainty in imaging problems. A line of uncertainty
estimation in imaging problems is leveraging the priors en-
coded by networks and sampling from the approximate pos-
terior distribution, such as [Chung et al.| 2023} |Altekriiger
and Hertrichl 2023] |[Kawar et al.,[2022]]. Conformal predic-
tion is applied to imaging restoration by |Angelopoulos et al.
[2022]]. This method constructs valid confidence intervals
by calibrating a heuristic estimate on a calibration dataset. It
is a post-processing step without modifying the underlying
model; thus, conformal correction is directly applicable to
the method proposed in this paper. [Tachella and Pereyral
[2024] recently proposed Equivariant Bootstrapping. This
approach constructs i.i.d. samples that approximate the es-
timator’s distribution, allowing for quantification of risk
between the reconstruction and ground truth.

Uncertainty estimation has received significant attention in
satellite imaging. [Ebel et al.|[2023]] predicts a pixel-wise
aleatoric uncertainty map to quantify the reliability of the
reconstruction for multi-temporal cloud removal. |Valsesia
and Magli/ [2021]] estimates per-pixel aleatoric uncertainty
for multi-temporal super-resolution, by using a Laplacian
NLL loss in a supervised manner. Uncertainty quantification
is also well-established in other downstream remote sens-
ing applications beyond image reconstruction, including
road extraction in SAR imagery [Haas and Rabus|, 2021],
atmospheric states estimation [Braverman et al.,[2021]], crop
yields, PM2.5 estimation [Miranda et al., [2025]).

These approaches require ground-truth images to be trained.

Self-supervised learning for image reconstruction. Self-
supervised learning has become an effective strategy for im-
age restoration when clean labels are unavailable [Tachellal
and Davies| 2026[]. The pioneering Noise2Noise frame-
work [Lehtinen et al., | 2018]] showed that a denoising net-
work can be trained with the MSE loss using pairs of inde-
pendently corrupted images, leading to the same optimal
estimator of the clean image. Subsequent methods removed
the need for paired datasets: blind-spot methods [Krull et al.,
2019, [Batson and Royer;, 2019]], SURE-based approaches
[Metzler et al., [2018}, |Soltanayev and Chunl 2018}, [Tachella
et al., [2025] and methods based on adding more noise to the
already noisy images [Kim and Ye, [2021} |Pang et al.| 2021}
Moran et al., [2020].

These approaches has been generalized to video [Ehret et al.,
2019b, [Dew1l et al.,2021]], and to inverse problems with a
linear degradation operators, such as a demosaicking [Ehret

et al., 2019a]], burst super-resolution [Nguyen et al., 2021}
2022, |Bhat et al., 2023]], MRI reconstruction |Aggarwal et al.
[2022], Millard and Chiew|[2023]], CT reconstruction [Hen+
driksen et al.|[2020], |(Chen et al.|[2021]], video microscopy
denoising |Aiyetigbo et al.| [2024]; and for training diffusion
models from incomplete observations [Daras et al.| [2023]].

Altekriiger and Hertrichl [2023]], |Laine et al.| [2019]], and
Krull et al.| [2020] proposed self-supervised image restora-
tion methods with uncertainty quantification. The first paper
proposed training a conditional normalizing flow in an unsu-
pervised way for super-resolution, allowing sampling from
the posterior distribution. In the latter papers, the denoising
network outputs a parameterization of the posterior prob-
ability, and is trained by maximizing the likelihood of the
noisy image. Krull et al.|[2020] considers discrete output
images with integer values in [0, 255]. The network outputs
the probability mass function for each pixel. In|Laine et al.
[2019] the posterior probability is assumed Gaussian, which
motivates the use of a Gaussian NLL loss between the net-
work output and the noisy target. Our loss can be seen as
a generalization of this approach to the case in which the
observation is not only noisy, but also subsampled.

3 METHOD

3.1 SELF-SUPERVISED MISR

The proposed method (shown in Figure [2)) builds upon
the recent self-supervised MISR method [Nguyen et al.,
2022]), which trains multi-image super-resolution (MISR)
networks without requiring corresponding high-resolution
(HR) ground-truth images. The self-supervised loss for
MISR was first introduced in [Nguyen et al.| [2021]], and
then was extended [Nguyen et al., [2022] to handle low-
resolution bursts {v; }¥_,, where v; € RY, captured with
varying exposure times. We summarize it in the following
paragraphs.

Degradation model for satellite MISR. FEach low-
resolution (LR) satellite frame v; is of size H x W and
is modeled as a blurred, warped, sampled, and noisy obser-
vation of an underlying infinite-resolution scene Z. Specifi-
cally, for frame ¢,

vy = HFf(I*k) + Ny, (1)

where £ is the point spread function that jointly accounts for
optical blur and pixel integration, F; is the frame-dependent
geometric transform (such as a homography, or an affine
transform), 1I is the 2D sampling operator of the sensor
array, and n; represents additive noise. In push-frame con-
stellations such as SkySat, the optical cutoff of Z £ is about
twice the LR sampling rate, implying that practically achiev-
able super-resolution is limited to a 2x. By denoting by u
a HR sampling of size 2H x 2W of the ideal continuous
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Figure 2: Data flow during training. The optical flows
{F,}}¥, are substracted first by the shift S, and then sent to
the network together with the burst LR observations {v; } ¥ ,.
The super-resolved image @ (v) and 3. are shifted by S and
then downsampled to compute loss with the reference v .

image 7 * k, we have the following degradation model:
vy = DFu + ny, 2

where D € REWX4HW g 3 subsampling operator by a
factor of two, which simply samples the pixels with even
coordinates. The goal is to estimate u. The first LR image
vy is considered as the reference, and it is assumed that it is
aligned with the high resolution image (i.e. F; = I).

Network architecture. The HDR-DSP (for High Dy-
namic Range Deep Shift-and-Pool) network was designed
by INguyen et al.| [2022] for handling multi-exposure LR
inputs, while being robust to inaccuracies in the exposure
times. It takes as input the burst of LR images {v;}_; (be-
tween 5 and 20 images), together with their corresponding
exposure times. The LR images are first normalized by di-
viding them by the exposure time, and then decomposed
into base and detail components with Gaussian low-pass
and high-pass filters. The network processes the detail com-
ponents, while the base components which are easy to super-
resolve, are averaged to reduce noise and upscaled using
bilinear interpolation.

The network consists of three trainable modules: encoder,
fusion and decoder. The encoder extract features for each
LR input frame. These features processed by the fusion
network which fuses them into a single HR feature map,
which is finally processed by the decoder to compute the HR
output image. The fusion network takes as input an estimate
of the motion F}, which is required for a precise placement
of the encoded LR features in the high resolution grid. The
motions F} are estimated by a motion estimation network
which computes the optical flow between each input LR
frame v; and the reference v .

While the specific details of the architecture are not rel-
evant, the following properties are important for the self-
supervised training. (i) the network produces an HR image

aligned to the reference frame; (ii) the network can pro-
cess any number of input images (and it is invariant to their
order). The last property is inherited from the pooling oper-
ators used for feature fusion.

Self-supervised loss. The self-supervised MISR method
utilizes a burst of degraded LR observations, {v;}I¥ ; to
produce a HR reconstruction without requiring access to
the corresponding ground-truth HR image, u. Instead, it
leverages temporal redundancy within the burst, follow-
ing a strategy inspired by N2N [Lehtinen et al., [2018]] and
F2F [Ehret et al., [2019b} [Dewil et al., [2021]]. During the
training phase, the reference frame v; is excluded from the
network’s input to serve as the target in the loss. For the
self-supervised training, Nguyen et al.|[2022] artificially
modified the degradation model by introducing a random
shift operator .S

Ve = DFtSTu—Fnt. (3)

S, shifts the image by 7 pixels, with 7 ~ {0, 1}? (its
justification will be given shortly). This amounts to changing
the assumed position of the high resolution image. For the
reference frame, F; = I and we have that vy = DS, u+n;.
The self-supervised loss applies this degradation operator to

a = a({v}ils)
lss(,v1) = || DS, — v ).

Note that without S, only the output pixels sampled by D
(those with even coordinates) would be “seen” by the loss.
Instead S shifts the super-resolved image before down-
sampling, and thus each of the four possible subsamplings
of @(v) has a probability 1/4 of appearing in the loss. Note
that the shift 7 has to be added to the estimates of the motion
F}; computed by the motion estimation network. This keeps
the alignment between the between DS, 4 and v;.

In what follows, to simplify notation, we denote the refer-
ence as z = v; and the network’s input v = {v; })¥,.

3.2 SELF-SUPERVISED GAUSSIAN NLL LOSS

As discussed above, the Gaussian negative log-likelihood
(NLL) is commonly used as a loss function for uncertainty
estimation. Most frequently, it is used to compute the pre-
pixel posterior variances:

LN (@(0), 6(0),u) =) w + %log 52 (v);.

'U)i

“)
From the perspective of minimizing the empirical risk func-
tion, this formulation allows the model to predict both ac-
curate reconstructions, the posterior mean @(v) = E,,, [u],
and uncertainty estimates 62(v) = E,,[(u — @(v))?]. We
emphasize here that this remains true no matter the pos-
terior distribution - i.e. the fact that the loss corresponds

i
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to a NLL of a Gaussian distribution does not limit its va-
lidity to Gaussian posteriors. This fact seems to be often
overlooked in the literature about uncertainty quantification,
where the Gaussian NLL is usually motivated by assum-
ing a Gaussian probabilistic model for the posterior [Nix
and Weigend, |1994, Bishop, |1994, [Kendall and Gal, [2017
Lakshminarayanan et al., [2017]].

Inspired by this, to incorporate the uncertainty estimation
into the self-supervised framework, we penalize the Gaus-
sian NLL of the degraded target z.

We consider a general linear degradation operator A which
depends on a random variable 7, i.e.

z=Aru+n,

where n is signal-dependent additive Gaussian white noise.
While in our case, A corresponds to the random shifts .S,
other self-supervised methods consider different random
linear degradations [Ehret et al., 2019b, |[Dewil et al., 2021},
Aggarwal et al., 2022 Millard and Chiew}, 2023|]. The pro-
posed loss and Lemmas .| and 4.2] can be applied in those
cases.

We will consider that the distribution of 7 might depend
on v. If u|v has mean (v) and covariance matrix (v), it
follows from the degradation model that z|v, 7 has mean
A.4(v) and covariance matrix A,3(v)AT + R, (v), where
R:(v) = E,, yr.o{nn”}. This motivates the following self-
supervised NLL loss:

ENLL(’&L(U), i(’U), Z)
Lo A AT - Re0) ) - Ari)

—I—% log det(A,3(v) AL + R.(v)). Q)

Here, @(v) and 3(v) are the estimators outputted by the neu-
ral network receiving as input the low resolution sequence
v = {v; },. During training, A, is assumed to be known,
but R, (v) is not and therefore it is estimated from the avail-
able data (typically from the degraded target z, as will be
explained shortly). We denote by R, (v) the estimated ob-
servation noise covariance. In what follows we will study
the optimal estimators of the corresponding Bayes risk, i.e.
the expected loss:

R[i, 5] = E,E, ., {ENLL(’&(’U),ZA](U),Z)]. ©6)

During training we minimize the empirical risk over a finite
dataset, which is an approximation of R.

While we express the loss using a full covariance matrix
>(v) for the sake of generality, in this work we estimate only
the main diagonal, which corresponds to the the per-pixel

posterior variances.
In the next section we derive general stationarity condi-

tions for @(v), ¥(v) to be minimizers of the proposed self-
supervised risk (6), and show that E{u|v}, and ¥(v) are

among the minimizers. Furthermore, we show that in the
specific case of the subsampling degradation model (3) and
for a network that estimates the per-pixel variances (as op-
posed to the full covariance matrix), the only minimizers are
E{ulv} and diag(X(v))[] implying that a network trained
with this loss will correctly approximate the posterior mean
and per-pixel variances.

These results require a precise estimation of R, (v).

Estimation of 12, (v). We model the noise n as signal
dependent Gaussian noise with zero mean and variance
dependent on the clean value of the pixel [Foi et al.l 2008]],
ie. z; = (Aru); + n; withn; = /g((Aru);)rs, for ry ~
N(0,1). The function g : R — R determines the variance
of the noise from the clean signal. In this setting R, (v) =
diag(E{g(Aru)[v}).

In practice an affine variance function g(s) = as + b is
commonly used to model the shot and readout noise, which
results in R, (v) = diag(aA,E{u|v}+Db). Thus the network
output %(v) can be used as a proxy for E{u|v} to estimate
R-(v) as R,(v) = diag(aA,a(v) + b). As we will discuss
later on, other proxies can also be used.

4 OPTIMAL ESTIMATORS

To minimize the Bayesian risk R in (6) we minimize the
inner expectation as a function of v

R, [0,5] = JET,Z‘U[ﬁNLL(a(v),i(u),z)}. )

We denote this “per-input risk” as R,,.

In this section we establish the relation between the op-
timal estimators that minimize the self-supervised risk,
4(v), X(v), and the mean and covariance matrix of the pos-
terior distribution E[u|v] and ¥(v) = E[(u — E[u|v])(u —
Efulv])o].

Lemma 4.1 (Full covariance and general linear degrada-
tion.). Assume that T and u are conditionally independent

given v and z = A-u + n, where n is zero mean additive
noise with signal dependent variance. Denote

M = (A2 (0)AY + R, (v)7, and 8)
M = (ArEyp[(u = a(v))(u — a(v))T]AT + R-(v)) "
Then estimators u(v) and (v) that minimize the self-

supervised risk verify the following stationarity con-
ditions:

Erpo |ATVA, |(v) = Erpy [ ATV A |Eyufu] - ©)

E., | AT (N — MM”M)AT] = 0. (10)

"For a square nxn matrix B and a vector b € R", diag(B) € R"
denotes the diagonal of matrix B, and diag(b) denotes an X n
diagonal matrix with b on its diagonal.
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Note that @(v) = E{ulv}, 2(v) = X(v) are a solu-
tion for the above stationarity condition. If the matrix
E o [AT (A, (v) AT+ R, (v)) "' A,] is invertible, then nec-
essarily @(v) = E,,[u]. This is the case for A, = S, the
grid shifting operator in (3).

Proof. Both equations follow from zeroing the derivatives
of the self-supervised risk with respect to @(v) and 3(v).

Derivation of (9). The derivative of (7)) w.r.t. 4.(v) reads:

OR

Sat0) = Erele [AZ (A, S(0) AT+ R, ()~ (Afﬁ(v)fz)} :

where we can identify M as the inverted matrix in the RHS.
By setting the derivative to 0, we have the stationarity con-
dition for solving @ (v):

Erslo [AZMATﬂ(U)} =E . [AZMZ}
= Er o njo [ AT V(A + 1)
= Erujo [ ATV Act| + By B [ AT N
= Erpy [ATM A | By ful.

In the last step, we used the assumption that 7 and u are
conditionally independent given v and that n has zero mean.

Derivation of (T0). The derivative of (7) w.r.t. £(v) reads as
oR oL |
oL (v) o2(v)
Er o [AZMAT—ATTM(Z—ATa(U))(Z—ATa(v))TMAT]

T,z|v

(see the Appendix [A.T). The condition (T0) follows from
setting the derivative to zero, and rewriting the 2nd term as
Erou[AT M (2 — Ari(v))(z — Ari(v))" MA;] =
Erjo [ AT (Ao (0 — 4(0)) (u — (v))7]AT

+E, upro [nnT])MAT} =
Erpo [ATNI(A,2(0)AT + Ry (0))NLA, ],

where we have used the previous definition of R, (v). Rec-
ognizing M in the last step yields the RHS of (T0). O

In the above formulation, the loss was defined using a full
covariance matrix f)(v), which allows modeling correlations
between different components of w. While this provides a
more flexible uncertainty representation [Dorta et al.|,[2018]],
it is often computationally expensive, especially for high-
dimensional outputs such as pixel-level predictions.

In practice, a common simplification is to ignore the cor-
relation between output pixels and estimate only the per

pixel variances, reducing the covariance matrix to a diago-
nal form. In this setting, we have $(v) = diag(2(v)) where
7(v) € R? contains the estimated posterior variance for
each pixel. The Gaussian NLL loss is now considered as a
function of 4 (v) and P(v). We next derive the optimal esti-
mators for this diagonal variant. Note that we do not need
to assume that the true posterior has a diagonal covariance
matrix X(v). Our goal is to estimate the diagonal of the true
posterior covariance.

Lemma 4.2 (Diagonal covariance a nd general linear degra-
dation). We make the same assumptions as in Lemma 4. 1|
In addition we assume that 3(v) = diag(>(v)), and denote
M = (A.diag(v(v))AL + R.(v))~L. The system of sta-
tionarity conditions for the optimal (v), 0(v) is given by
O and by the following equation:

E.py {diag(AZ(M - MM‘lM)AT)} =0. (11

Proof. The parameterization (v) = diag(#(v)), does not
change the derivation of Eq. (9) in Lemma 4.1} Equation
(TT) results from zeroing the derivation of the loss w.r.t. (v)

(see Appendix[A.2). O

Lemmas [4.1] and 4.2] provide necessary optimality condi-
tions for the estimators 7i(v) and 3(v) or #(v). Even if the
sought-after posterior mean and covariances are among the
set of solutions, it is difficult to exclude other unwanted
solutions, given that the variance estimators appear as part
of the matrix M. However for the specific degradation used
in B) A, = DS;, one can show that the unique solutions
are the true posterior mean and variances.

Subsampling matrix A.. In our self-supervised super-
resolution setting, we consider high-resolution images of
size 2H x 2W, and a specific 2x subsampling matrix D
such that (Du)y = gy, where 1 € [0, H — 1] x [0, W —1].
Let S, (1 ~ U{0,1}?) be a random shift operator that shifts
the high resolution image by one pixel in a random direction
prior to subsampling. We then denote the combined opera-
tion as (A,u); = (DS;u)1 = uoryr. Ay isa HW x 4AHW
matrix where each row has all elements zero except for a
single element which is one.

Proposition 4.3 (Diagonal covariance and subsampling
degradation). Let A, be the random subsampling matrix
given as defined above. Assume that the observation is cor-
rupted by additive signal-dependent noise, and that the
estimated noise covariances are exact at the diagonal, i.e.
diag(R.(v)) = diag(R.(v)), for all v, 7. Then, solving the
stationarity conditions (O) and (1) leads to the following
optimal estimators:

@(v) = Elulv], v(v) = diag(X(v)). (12)
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Proof. The expectation with respect to 7 in both (9) and
corresponds to a sum over the four possible shifts, yielding

i > [ATArAL] (a(v) ~ Efule)) =0 (13)
7€{0,1}?

>
7€{0,1

diag(AT (M — MM™*M)A,;) =0. (14)

=

}

We begin with equation (T4). For 7 € {0,1}?, let 7, de-
note the set of indices of all columns of A, that contain
at least one nonzero element. Because each pixel index &
is sampled by (only) one of the A,, J,s are disjoint and
their union covers the entire index set (i.e. the entire HR
domain). For any sampled pixel k € 7, let | = (k) denote
the corresponding index in the subsampled space. Note that
k and [ are indices, and their corresponding 2D coordinates,
denoted as k and 1, satisfy k = 21 4 7.

For a HW x HW matrix Q, the projection ATQA, “up-
samples” the matrix by inserting zeros for the rows and
columns outside 7. This preserves the diagonal correspon-
dence such that

Qu ifkeJ-

0 otherwise.

[AIQAT]kk = {

Consequently, each diagonal element of the larger matrix
(high resolution) is determined by only one A.

Based on our assumptions on the noise M =
(A,diag(0(v))AL + R(v))~! is a diagonal matrix with
entries My = 1/(0(v),, + R-(v),;). Therefore, the sum
276{0771}2 {AZMAT} gives a diagonal matrix with non-

zero elements, and thus (T3)) holds iff 4 (v) = E[u|v]. Note
that for @(v) = E[ulv], M = (A, X(v)AL + R, (v))~L.

For the same reason, equation (14) is verified iff the diag-
onal elements of the inner terms are zero, i.e. diag(M —
(MM~1M)) =0 forall 7.

Fprthermpre, although M —1 is dense, the diagonal of
M M~ M does not involve the off-diagonal terms of A/~
because of the diagonal nature of M. Therefore,

(V)i + Br(v)y
(0(v), + Br(v))?
where ¥(v),, and R.(v),, represent the posterior variance

at the sampled pixel indexed k and noise level at the sub-
sampled position /. Thus, solving for (v), we have

(MMM, = . (5

D(v) = X(v) gy, + B (v)y *RT(U)U = (V) g, Yk € Tr-

(16)
Considering all 7 € {0, 1}? completely defines 2(v), which
completes the proof. O

Remark. Proposition[d.3|shows that the optimal estimator
v(v) is the aleatoric uncertainty diag(X(v)). This relies

Table 1: Evaluation of the estimates for both reconstruction
and uncertainty estimate.

AWGN signal depen.
Methods self-s.  sup. self-s.  sup.
fi(v) PSNR 54.05 5424 54.69 54.67
7(v) V-RMSE (x107%) 250 251 1.53 1.86
7(v) sharpness (x1073) 529 581 499 574

ECE 0.040 0.020 0.040 0.019

Table 2: Comparison of uncertainty estimates for pixels from
different positions. For each metric we show four values
corresponding to the pixels in the four sets: top left, top
right, bottom left, bottom right. The estimates for the top-
left pixel has the smallest RMSE and the smallest estimated
© in all four methods. Pixels from this position are used to
generate LR samples.

Metrics ‘ self-sup. ‘ supervised
079 190 | 0.86 1.87
: -5
VRMSECI0™) | 180 175 | 204 171
ECE 0.060 0.041 | 0.021 0.023
0.038 0.032 | 0.024 0.027
422 549 | 5.04 6.00

Sharpness (x10~%) 581 563 | 631 5.89

1.26 1.53 1.21 1.47
1.60 1.46 1.54 1.39

RMSE (x10~%)

on the accurate estimation of E[u|v] by 4(v). In practice,
due to the limited training and network capacity, i(v) will
have errors. In this case, the optimal v(v) consists of the
aleatoric uncertainty and the squared bias, i.e.

D(v)), = B(v)rk + (@(v)r — Efug|v])?,

thus it gives the expected error or point-wise risk [Lahlou
et al.| [2023|], which is informative for the downstream tasks.

The previous result requires an accurate estimation the
variance diag(R,(v)) of the observation noise during
training. The network outputs predictions for the poste-
rior mean 4(v) and per-pixel variances ©(v). The esti-
mated noise variances diag(R,(v)) are added to ©(v) be-
fore computing the NLL loss. Without this correction,
the network will learn to output uncorrected variances
diag (X(v) + Y-, ATR.(v)A;) , overestimating the poste-
rior variance by the noise variance. The correction could
be done during inference by subtracting . AT R, (v)A,
from the networks output. However, this approach could
result in negative variances.
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5 EXPERIMENTS

For the experiments, we adopt the model architecture
from [Nguyen et al|[2022], as described in Section 3] We
modify the decoder to output an additional channel for un-
certainty estimates.

In Nguyen et al.| [2022], a base-detail decomposition is
applied, implemented by a Gaussian low-pass filter. The
low frequency base component is super-resolved with stan-
dard interpolation techniques, as it is simple to reconstruct.
We assume that this reconstruction has no error. The high-
frequency detail component is reconstructed by the neural
network, and it is supervised by the detail component of
the reference LR image. As a consequence, for the noise
variance correction diag(R.,(v)), we have to consider the
noise variance on the high-frequency detail component. See
Appendix [C] for more details. As explained in Section [3.2]
we need a proxy of E{uy|v} to estimate the noise variance
at pixel k. We tested three different proxies: the value of the
degraded target zj, the value of the downsampled base com-
ponent and the value of the downsampled super-resolved
image 4(v) (see Appendix @) Best results were obtained
with the two last ones. For simplicity, we use the downsam-
pled base component.

5.1 PERFORMANCE OF SYNTHETIC DATASET

To demonstrate that the self-supervised method produces
meaningful uncertainty estimates, we train it on a synthetic
dataset (where we have the HR ground truth), and com-
pare its results with those from the same model but trained
with the Gaussian NLL loss (@) with supervision from the
HR ground truth. We use the same synthetic dataset gener-
ated from L1B products as in |[Nguyen et al.| [2022]. This
simulated dataset treats SkySat L1B products as ground-
truth HR images. From each HR patch, a sequence of 15
low-resolution observations is generated by first applying
random sub-pixel translations and then performing a x2
subsampling operation (without blur) to mimic the sampling
process of the SkySat push-frame sensor. Each frame in
the sequence is also assigned a simulated exposure time
e; = v¢, where ¢; is uniformly sampled from {—5,...,5},
and v ~ U(1.2,1.4) simulating a realistic range of bright-
ness variations. Noise is added after exposure simulation,
yielding a sequence of shifted noisy LR observations paired
with the original L1B HR image as the supervision target.
We consider two types of noise: additive white Gaussian
noise with a random standard deviation between 5 and 18,
and signal-dependent noise whose variance is an affine func-
tion of the clean pixel value Foi et al.|[2008]] (see Section E])
A LR multi-exposure burst is shown in Figure

Quantitative evaluation. As discussed in Section[d] the
optimal estimators for applying the Gaussian NLL loss are

@W(v)g = By [ug] for restorations and (v),, = By, [(ug —
@(v)y)?] for uncertainty estimates. We use the PSNR metric
to evaluate the restoration quality of the proposed method.
Since the uncertainty estimates are the expected squared
difference between the ground truth and the restoration, we
compare the uncertainty estimates with the actual squared
prediction errors, via the following variance RMSE:

| AHW
V-RMSE = | s ; (0 — (V) — up)?)>
V-RMSE serves as a metric for the quality of uncertainty
estimates. Table [T]reports the results of reconstruction and
uncertainty estimates under both types of noise corruption.

A common way to evaluate uncertainty is via a coverage test,
which defines credible intervals for a series of nominal cred-
ibility levels a, and compares the empirical coverage rates
with the predicted coverage o.. The definition of the credible
interval relies on assuming a Gaussian probabilistic model
for the posterior distribution, i.e. ulv ~ N (fi(v), 2(v)).
The empirical coverage is computed as the proportion of
pixels in the test set for which the ground-truth value falls
inside the predicted interval. We plot the coverage test re-
sults in Figure (1| (right) for white noise. The results for
signal-dependent noise setting can be found in Figure [j
To summarize the calibration curve, we report the expected
Calibration Error (ECE) [Kuleshov et al., 2018} |Chung et al.,
2021] which is computed as ECE = .- >~ | |p; — pj/, for
each pair of nominal and actual confidence levels p;, p;.
We also report the sharpness of the intervals, which is the
average length of the 90% credible intervals, see Table[l]

We can see in Table [I] that for the white noise, the super-
vised model achieves higher PSNR (0.2dB) on the recon-
structed HR image. For the signal-dependent noise, the the
self-supervised model achieves the same PSNR. In terms
of variance RMSE both models are comparable. The sharp-
ness, coverage plot, and ECE seem to suggest that the self-
supervised variance slightly underestimates the true poste-
rior variance, for both noise models.

Qualitative evaluation. The uncertainty estimates map in
Figure[I] (center) shows a checkerboard effect with a period
of two, which motivates us to investigate the estimates at 4
different subgrids (corresponding to the four downsampling
patterns indicated by the colors in the super-resolved image
of Figure[2).

We compare the quality of the uncertainty estimates for
these four subgrids. We show the resulting metrics in Table 2}
Coverage plots for the 4 subsets of pixels (see Appendix
[B) show no signs of deviations from the average coverage
curve. We see that pixels from the top-left have the smallest
RMSE, meaning they match the actual squared prediction
error the best. In addition, the estimated ©(v) (predicted
squared error) is also the smallest among the four positions.
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Figure 3: SR of real SkySat data. The left panel shows four low-resolution observations for the same scene (out of a total of
9 LR observations). The center panel shows (left to right, top to bottom) the SR image, its base and detail components, and
estimated uncertainty on the detail component. The right panel shows the coverage test on the degraded observation domain.
We show how the coverage varies depending on the number of LR observations together with the average coverage.

We suspect that the reason for this checkerboard pattern
might be biases introduced during the generation of the syn-
thetic dataset which cause the generated LR frames to have
more information about pixels with even coordinates in the
HR grid. In particular, the reference LR image is a direct
subsampling the HR ground truth, whereas the other LR
frames are obtained by warping and then subsampling. In-
terestingly, the variance computed by the network captured
this effect even with the self-supervised training.

5.2  PERFORMANCE ON REAL DATASET

We test our proposed method on the real dataset proposed
inNguyen et al.|[2022], which consists on 2500 real L1A
multi-exposure sequences of Planet SkySat satellites. Each
sequence contains different number of frames, from 4 to 15;
the exposure time information is provided in the metadata.
The real noise can be well approximated by the signal de-
pendent noise model. The coefficients of the affine variance
function are given in[Nguyen et al|[2022]. Since clean HR
ground truth is unavailable we cannot directly evaluate the
performance, especially the assessment of the uncertainty
map. Instead, we perform a predictive check in the degraded
observation domain. We downsample the SR image and
the predicted variance to build a credible interval for the
noisy LR detail components (assuming a Gaussian posterior)

given by A 4(v)g £ 24 \/(ATz?(v));C + 0} k> Where z, is

the (1 — a)-quantile from the normal distribution and 0% ,
is noise variance of the detail component. See Appendix D
for more details.

Figure [3] shows the LR observations and obtained recon-
structions, together with the unsupervised coverage for dif-
ferent number of LR observations (sequences in the real
dataset have different number of LR observations). The

reconstructed image and predicted variance show overall
a good unsupervised coverage, except for sequences with
more than 13 LR observations, which are underrepresented
in the training set. When increasing the number of LR ob-
servations, the estimated uncertainty has a decreasing trend
(as expected); see Figure[7)in the Appendix. However, the
trend stops at 13 observations.

6 CONCLUSION

We proposed a self-supervised version of the Gaussian NLL
loss for estimation of the aleatoric uncertainty in image
restoration problems, where the available observations are
degraded with a linear degradation operator and contami-
nated by noise. We studied the minimizers of the associated
risk, and derived optimality conditions for general linear
degradations, and for the specific case of super-resolution
with a randomized subsampling operator. We justified the
validity of the proposed loss by showing that the posterior
mean and variance are among the optimal estimators (in the
general linear degradation case), and are the unique minimiz-
ers for the randomized subsampling operator, thus showing
the equivalence with the supervised Gaussian NLL loss. Fi-
nally, we applied the proposed loss to satellite image super-
resolution on both synthetic (with two noise models) and
real satellite image detasets.The experiments demonstrate a
performance comparable with the supervised training and
validate its practical applicability on real data through visual
results and an unsupervised coverage test.

Future work should explore the application of the proposed
loss to other inverse problems. The challenge here is that in
the general linear case, the posterior mean and variance are
not the unique minimizers.
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A MATHEMATICAL DERIVATIONS

A1 DERIVATIVE OF NLL LOSS WITH RESPECT
TO 3(v)

Proving Lemma [.1] requires computing the derivative of
“per-input risk” R, eq. (7) w.r.t. X(v):

OR,

S (v)

OLNLL

o%(v)

A7)

T,z|v

Recall that M = (A, 3(v)AT + R, (v))~', and we denote
LnrL as L for simplicity. We can express the differential
[Minkal 2000] of £ using the chain rule as:

T
dC = Tr ( 34 dM)
OM

aﬁ—z— a(v))(z — Aya(v)T — M1
aM_( Ari(v))(z — Ara(v)” — M

dM = —MA,dSAT M

The above equations lead to

T
e = [~ 2% MAdSAT M
oM

T
=Tr|-ATM oL MA.d% (18)
oM
Thus,
. T T . .
oL _ (_ AT NI oL MAT> = —AIMa—LAMAT
1)y oM oM
(19)
Expanding the term g—]\‘%, we have

gg = ATMA,—AT M (z— A 0(v))(z— A a(v)T MA,.

A2 DERIVATIVE OF NLL LOSS WITH RESPECT
TO i/(v)

Denote M = (A,diag((v))AT)~!. We consider the differ-
ential expression (I8) under the diagonal parameterization
33(v) = diag(#(v)). The following holds for the diagonal
operator:

d>. = diag(di(v)),

which leads to
T T
df =Tr 3? ds | =Tr aﬁ:’ diag(dv(v))
15)) ox

T
= diag (gg > di(v). (20)

In this last equation the diag operator is applied to a matrix
and thus it acts by extracting its diagional as a column vector.
We conclude that

8[: T aﬁ T TiAr —11
(0 d1ag<82> = diag(A; (M — MM M)/Z)l)

B COVERAGE BY PIXEL POSITION

Figure ] shows coverage plots for each of the for pixel posi-
tions in the high-resolution grid. These results correspond
to the models trained on the synthetic dataset with AWGN
with randomly chosen noise variance. Similar curves (not
shown) can be obtained for the model trained with signal-
dependent noise. The plots show not evidence of calibration
error for any for the sets of pixels, which suggests that the
checkerboard artifact seen in the estimated variance is cap-
turing a characteristic of the method or some biase in the
generation of the synthetic dataset.

C TRAINING AND EVALUATION WITH
THE SIGNAL-DEPENDENT NOISE

For real data, we estimate the noise variance based on the
signal-dependent Gaussian noise model, where the vari-
ance is an affine function of the clean pixel value. In the
implementation, we consider different as proxies for the
clean image: the degradation, the base component, and the
restored @ from the model outputs.

C.1 TRAINING: VARIANCE TERM IN NLL LOSS

Base-detail decomposition is implemented using a Gaussian
blur kernel g, which is a low-pass filter, applied to the obser-
vations. In practice, the Gaussian kernel implemented is of
size 11-by-11 with o = 1. For the reference frame, it leads
to base and detail component zp and zp.
zp=g%*z, zp=hxz,
where i = § — g. The R, (v) in the NLL loss function must
be the noise variance of the detail component, denoted as
Rp, which is computed in the following.

Computing the noise variance in detail component We
estimate the variance of noise on detail component np =

h x n. Note that n is assumed to be spatially independent,
then variance of detail component at pixel k is

op(k) =Y W (p)o’(p— k) (22)

where o2(p) denotes the noise variance at pixel p.
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Figure 4: Comparison of the coverage test for both self-supervised and supervised training methods. Left: coverage test
for all pixels. Middle and right: coverage test for pixels from the four positions in 2-by-2 blocks. The coverage curves are

consistent with the overall trend as shown in the left.

In AWGN case, of(k) = 0®3 h*(p) = o*C because
noise variance is the same on all pixels. In the case of signal-
dependent and real data, we first compute the element-wise
squared kernel 22 and convolve with the noise variance map
o following the (22). The variance is dependent on the clean
signal, and is not accessible during training. Three ways are
considered as a proxy to estimate it, including (1) degraded
reference observation z; (2) base component zz; (3) model
output 4(v).

In our experiments with synthetic signal-dependent noise,
we tried different proxies. We started with the first two
proxies, and found that using base component resulted bet-
ter performance. We continued finetuning using the model
output 4(v) from the model trained with base component.
The finetuning brought only marginal improvement; see

Appendix

C.2 UNSUPERVISED COVERAGE TEST

Due to the lack of HR ground truth, assessment of the un-
certainty estimate becomes more challenging.

We cannot directly evaluate on clean image domain; instead,
we evaluate the uncertainty in the degraded observation do-
main. More precisely, we degrade HR detail prediction 4 (v)
(subsampled and noisy) and compare it with the reference
LR detail observation.

Mathematically, the pixel-wise credible intervals are given
by

A a(v)g £ zar/ (A7 D0(0) 4+ 0% ),

where i(v) is the predicted HR detail mean; A0 (v) =
A, diag(3(v)) = diag(A,X(v)AL) denotes the degraded
predicted HR detail variance. Coverage is then computed
as the fraction of pixels for which the LR reference detail
component zp lies in the corresponding intervals.

With the subsampling operator, the degradation of the above
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two terms can be obtained easily by applying the linear
operator. The estimation of the observation noise variance
on the detail component is the same as the process during
training, as described above.

In the next section we validate this unsupervised coverage
test on synthetic data by comparing it with the standard
coverage test based on the ground truth.

D PROXY FOR SIGNAL-DEPENDENT
NOISE VARIANCE

Table [3] presents a detailed comparison of results on syn-
thetic signal dependent noise. As described above, during
training we estimate the noise variance using the two possi-
ble proxies for clean image. We found that using ‘base’ com-
ponent leads to a better performance than using ‘degraded
observation’. Furthermore, we finetuned the model with the
model output as proxy, and compared its performance with
longer training using ‘base’ option. Both are based on the
weight trained with ‘base’ option. Finetuning with the model
output brought only marginal improvement, therefore, in
the main text, we report only the results obtained with ‘base’
option for both signal-dependent synthetic noise and real
dataset.

Coverage Figure[6|compares the evaluation of uncertainty
estimate on the clean HR image domain and the degraded
noisy LR image domain. The coverage test on clean image
domain shows a good coverage, while on the noisy domain,
the output overestimates the uncertainty. Note that ‘base’
component is used to estimate the noise variance, which is
consistent wit the training process. While the supervised
coverage shows that the network is underestimating the vari-
ance, the unsupervised coverage tells the opposite. This
needs to be taken into account when interpreting unsuper-
vised coverage plots.



Table 3: Evaluation of the estimates for both reconstruction and uncertainty estimate. Signal dependent noise synthetic data.

Methods self-sup(base) self-sup(obs) supervised ft(cont.) ft(model output proxy)
fi(v) PSNR 54.69 54.54 54.67 54.70 54.70

7(v) V-RMSE (x107°) 1.53 1.80 1.86 1.52 1.52

(v) sharpness (x1072) 4.99 4.98 5.74 5.07 5.07

ECE 0.040 0.045 0.019 0.0357 0.0358

Self-sup. 55.68 dB Sup. 55.76 dB
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Figure 5: Synthetic Signal-dependent noise data.
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Figure 7: Sharpness vs. number of LR observations. The
Figure 6: Calibration comparison of the synthetic signal-  sharpness metric decreases as more observations are used.
dependent noise on GT domain and noisy observation do-
main. Using base component as proxy for computing noise
variance.
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