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Abstract

Modern e-commerce platforms employ various
auction mechanisms to allocate paid slots for a
given item. To scale this approach to millions of
auctions, the platforms suggest promotion tools
based on the autobidding algorithms. These algo-
rithms typically rely on the Click-Through-Rate
(CTR) and Conversion-Rate (CVR) estimates from
a pre-trained machine learning model. However,
the predictions of such models are uncertain and
can significantly affect the performance of the au-
tobidding algorithm. To address this issue, we pro-
pose the DenoiseBid method, which corrects
the generated CTRs and CVRs to make the result-
ing bids more efficient in auctions. The underlying
idea of our method is to employ a Bayesian ap-
proach and replace noisy CTR or CVR estimates
with those from recovered distributions. To demon-
strate the performance of the proposed approach,
we perform extensive experiments on the synthetic,
iPinYou, and BAT datasets. To evaluate the robust-
ness of our approach to the noise scale, we use
synthetic noise and noise estimated from the pre-
dictions of the pre-trained machine learning model.

1 INTRODUCTION

Modern e-commerce platforms allocate advertising slots
through automated auction mechanisms that process mil-
lions of auctions daily. To operate at this scale, platforms
deploy autobidding systems that compute optimal bids for
advertisers. These systems solve constrained optimization
problems parameterized by Click-Through Rates (CTR) and
Conversion Rates (CVR), which are estimated from data.

Under the widely studied Second-Price Auction (SPA)
rule [Yang et al.| [2019]], |Aggarwal et al.| [2024], He et al.
[2021]], Zhang et al.[[2017]], Khirianova et al.| [2025]], [Pu{

dovikov et al.| [2025}2026]], the optimization problem for
autobidding systems can be stated as a linear program-
ming (LP) problem. From such a problem follows that the
optimal bid is a linear function of CTR and CVR |Yang et al.
[2019], Aggarwal et al.| [2024]]. Consequently, estimation
errors in these quantities propagate directly into the bid,
potentially leading to suboptimal budget allocation and vio-
lations of the advertiser’s cost-per-click (CPC) constraints.
We focus on SPA because the resulting linear dependence
of bid on external quantities, e.g., CTR and CVR, allows
Bayesian treatment of uncertainties. The extension to first-
price auctions is an important direction that requires alterna-
tive approaches and is left for future work.

In practice, CTR and CVR are predicted by machine
learning models whose outputs are inherently uncertain.
This motivates the development of a bidding framework
that explicitly accounts for predictive noise. We propose
DenoiseBid, a Bayesian autobidding method that re-
places noisy estimates of CTR and CVR with their posterior
expectations, conditioned on the model’s predictions and a
prior distribution recovered from historical data.

The main contributions of this study are as follows:

1. We state the autobidding problem under noisy CTR
and CVR values and derive a closed-form bidding rule
based on their posterior expectations.

2. We develop the DenoiseBid method, which recov-
ers the prior distribution of CTR and CVR from obser-
vations and computes denoised bids in closed form.

3. We perform extensive empirical validation of
DenoiseBid on four datasets under both synthetic
and empirical noise and demonstrate consistent gains.

2 RELATED WORKS.

Autobidding formulations. The autobidding problem
can be viewed as a specialization of Real-Time Bid-
ding (RTB)|Ou et al.|[2023]] in which the platform optimizes
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bids under global performance goals. Existing approaches
employ optimization |Aggarwal et al.| [2024]], Zhang et al.
[2017]], reinforcement learning [Cai et al.|[2017]], He et al.
[2021]], or control techniques [Yang et al.| [2019], |Stram
et al| [2024]]. To the best of our knowledge, [Yang et al.
[2019] were the first to cast the advertiser’s conversion-
maximization problem with joint budget and CPC con-
straints as an LP; the formulation and its dual-based bidding
rule have since become a standard baseline Aggarwal et al.
[2024]], Pudovikov et al.|[2026]].

Uncertainty quantification for CTR/CVR prediction.
The LP-based bids depend on estimated CTR and CVR,
and the autobidding problem can be formulated through
a Bayesian perspective Aggarwal et al.| [2024]. From the
modeling side, CTR/CVR prediction spans tabular feature-
interaction models and deep behavior-sequence architec-
tures Zhu et al.| [2022]]. For gradient-boosted decision
trees (GBDT), virtual ensembles decompose predictive vari-
ability into data and knowledge components [Malinin et al.
[2021]]. Similar ideas for deep models include deep ensem-
bles and variational Bayesian methods [Abdar et al.| [2021]].
Hence, calibrated uncertainty estimates are available for the
dominant model families used in practice.

Propagating uncertainty into bidding. The critical re-
maining question is how to incorporate these calibrated un-
certainties into the autobidding layer. [Shih et al.|[2023] clus-
ter CTR values and combine them with reinforcement learn-
ing to construct a bidding policy; however, their clustering-
based discretization can lose information when the CTR
distribution is unimodal or highly concentrated. Zhang et al.
[2017] introduce a risk-management framework that mod-
els CTR uncertainty via Bayesian logistic regression; while
principled, this restricts the prediction model to a specific
parametric family, precluding the use of modern GBDT
or deep-learning predictors |Zhu et al.| [2022]]. The recent
RobustBid Pudovikov et al.|[2026] applies robust opti-
mization with uncertainty sets constructed from quantile
estimates of CTR and CVR distributions, achieving strong
constraint satisfaction; however, it does not incorporate per-
prediction uncertainty estimates from the ML model.

DenoiseBid jointly leverages the empirical distribution
of CTR and CVR values and per-prediction uncertainty esti-
mates to construct denoised bids (see Table[T). Unlike prior
methods, it is model-free, retains a closed-form bidding rule,
and exploits Bayesian posterior expectations.

Table 1: Comparison DenoiseBid with other methods.

. Multiple Usage of CTR  UQ of prediction
Reference N AN
uncertainty sources distribution model
[Shih et al.||2023 X v X
[Zhang et al.|[2017] X v X
[Pudovikov et al.!||2026] v v X
This paper v v v

3 PROBLEM STATEMENT

This section formalizes the deterministic autobidding opti-
mization problem under perfect knowledge of click and con-
version probabilities. The resulting bidding formula serves
as the baseline that Sectiond]extends to the Bayesian setting.

Consider a single advertiser participating in a sequence
of T single-slot second-price auctions (SPAs). For each auc-
tiont € [T] = {1,...,T}, we denote by CT R, the click-
through rate, by C'V R, the conversion rate, by wp; > 0
the realized winning price, and by bid; > 0 the adver-
tiser’s bid. We adopt an offline setting in which the win-
ning prices {wp;}7_, and the ground-truth probabilities
{CTR;,CVR,}!_, are known. Under SPA rules, the ad-
vertiser wins auction ¢ whenever bid, > wp, and pays wp;.

The advertiser seeks to maximize the total expected number
of conversions subject to a budget constraint B and a target
cost-per-click (CPC) limit C, both given in advance. Fol-
lowing Yang et al.|[2019], |Aggarwal et al.|[2024]], we relax
the binary allocation variables z; € {0,1} to z; € [0, 1],
yielding the following LP problem:

max
0<z: <1

T
> @ -CTR,-CVR,
t=1

T
s.t. th -wpr < B, (D

t=1

>y Tt wpy
T ey =C
S,z - OTR,

Note that it is possible to extend the CPC constraint
to a more general case with Return On Investment con-
straints |He et al.| [2021]]; however, the CPC formulation is
more widespread in the literature Aggarwal et al.|[2024].

The optimal bid is derived from the Lagrangian dual prob-
lem of (I)) with dual variables p > 0, ¢ > 0 corresponding
to budget and CPC constraints. Complementary slackness
conditions help to derive the closed-form expression

*

1
bid, = ——— CVR,-CTR,+ ———C-CTR,, (2)
P+ Pt

*

where p* and ¢* are the optimal dual variables. The de-
tailed derivation follows the same scheme as in|Yang et al.
[2019], Aggarwal et al.|[2024] and is extended to stochastic
modification of problem (I)) in Section ]

Equation (2) shows that bid; is a linear function of CTR;
and C'V R;. Therefore, estimation errors in these quantities
propagate directly into the bid and can affect the bidding
strategy’s performance. Section 4] extends the optimization
problem () to handle such uncertainty from the Bayesian
perspective and improve bidding performance.
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4 DENOISEBID METHOD

We assume the bidding agent observes noisy estimates of the
ground-truth click and conversion probabilities. However,
the agent’s objective is to maximize the number of actual
conversions. Therefore, the core idea of DenoiseBid is
to shift from deterministic to stochastic optimization, max-
imizing the conditional expectation of the true conversion
probability given the noisy observations. Formalization of
this idea leads to the following optimization problem:

T
max E | 2, CTR,-CVR|O|,
Oszesl 14—
T
s.t. th ~wpy < B, 3)
t=1
T
E D1 Tt WP ol <c

S @ -CTR;

where the expectation is taken over the latent random
variables {CTR;,C VRt};T:l, conditioned by observations

o0~ {(c7r.c7n));

To reduce the stochastic optimization problem to LP, we em-
ploy a first-order Taylor approximation for the expectation
of a ratio in the average cost-per-click constraint:

t=1

Ethl Tt - WPt

E[SL 2 CTR|O] =¢ @

By rearranging the terms, we arrive at the canonical primal
formulation:

T
max E szC’TRt'OVRtO ,
0<z:<1 P
T
st. Y @ -wp < B, (5)

t=1

T
t=1

This representation demonstrates that the agent optimizes

the posterior mean of conversions while accounting for the

target CPC based on the posterior mean of the CTR.

Similarly to Section 3} we use the dual problem to (5) and
complementary slackness conditions to obtain the optimal
bidding formula:

1
bid; = ———E|[CTR,CVR; | O] +
P ta
7 (6)
C-E[CTR; | O],

where p* and ¢* are the optimal dual variables associated
with the budget and CPC constraints, respectively. The com-
plete derivation of (6) is provided in Appendix [A]

Consequently, the problem of optimal bidding reduces to
computing conditional expectations. Applying Bayes’ for-
mula, we write out the expectation of a latent variable X
(representing C'T'R or CT' R - C'V R) in terms of the likeli-
hood and the prior distribution:

E[Xm]:/xx.p(xw)dxz

X po Xpxyax 7
T O X)p(X)dX

Thus, calculating the posterior expectation requires the fol-
lowing components: a noise model (likelihood) p(O | X)
and a prior distribution p(X), which captures the distri-
bution of the true values. In the subsequent sections, we
analyze the calculation of these expectations under different
specifications, addressing CTR-only and joint CTR-CVR
uncertainty scenarios. As a result, we derive expressions for
the experimental evaluation of the DenoiseBid method.

4.1 BIDDING UNDER CTR-ONLY UNCERTAINTY

To illustrate the mechanism of DenoiseBid, we first con-
sider a simple case where noise is concentrated in CTR
predictions, i.e., 5‘/\Rt = CV R;. Furthermore, we assume
that CTR and CVR predictions are independent of each
other and across different auctions. In this case, the joint
posterior expectation in (6)) decomposes as:

(CaXOIE

t=1

E [C’TRt -CV R,

(8)
— CVR,-E [CTRt

CTR).

Consequently, the optimal bid from (6)) is directly propor-
tional to this posterior expectation:

CVRt +4q CE

bid, = CTR,CTR,|. (9
g E|CTR|CTR]

In turn, the expectation is equal:

E[CTR,|CTR,] =

_ [CTR, - p(CTR,|CTR,)p(CTR,)dCTR, (10
[ p(CTR|CTR)p(CTR,)ACTR;,

Noise model. While we do not assume that estimation er-
rors are strictly Gaussian in all practical scenarios, modeling
noise as additive and normally distributed in the logit space
is a well-motivated and tractable approximation Bishop
and Nasrabadi| [2006]]. This choice is particularly natural
for CTR predictors, which typically generate a real-valued
score before applying a sigmoid transformation. Further-
more, characterizing the logit distribution in terms of its
first two moments provides a standard basis for quantifying
predictive uncertainty [Kendall and Gal|[2017].
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Formally, since click probabilities CTR; € [0, 1], we per-
form the estimation in the logit space by defining the logit-
CTR &; and its noisy observation &;:

T ) CTH
g CTh oy, CTR gy
1-CTR; 1—-CTR,
‘We assume the observation model as:
&=&+e, a~N(007), (12)

where {st}f:l are independent random variables and inde-
pendent on the ground-truth logit-CTRs &;. Then the likeli-
hood can be written as:

1 _ (& *Et)z
= e i 13
&)= e (13)
Gaussian mixture prior. Real-world CTR distributions
are often complex and multimodal. Therefore, we model the
prior distribution of the logit-CTR & as a Gaussian Mixture:

p (ét

K
E~ > e N (s 07) (14)
k=1

where K is number of mixture components, 7y, (i and 9,%
are the weight, mean and variance of the k-th component,
respectively. DenoiseBid with this prior adapts to the
empirical distribution of CTRs generated by the ML model.

To compute E {C’TRt‘C/'TT%t} , we first perform a
change of variables to the logit space:
o Jotew (éfe) peas
E [CTRt‘CTRt] - : . (15)
Ip (ft‘ft) p(&)dé;
Next, we substitute the likelihood (T3)) and the prior (T4)
into conditional expectation (I3):

E[CTR,|CTR;] =
e e [ o (EON (Eelée o )N (&l 07)dEe (16)
Ziil Tk fN(ét|§t,U?)N(§t‘Nkaez)dft

where V' (- | 41, o) denotes the Normal Probability Density
Function with mean y and variance 0.

By leveraging the property that the product of two Gaus-
sian kernels is a scaled Gaussian and applying the probit
approximation to the resulting sigmoid-Gaussian integrals
(see Appendix [B.T|for the detailed derivation), we obtain a
computationally efficient closed-form expression:

A
e ke
T 1 2
\ L+ 350y

2 . .
where f1; , and oy, are the posterior mean and variance

K
E [CTRt‘C/T\Rt} ~ ;ﬂgyka . a7

of the k-th component and 77 ;. o< N | i, 02+ 62)
are the posterior weights.

Empirically reconstructed prior. Implementing the
DenoiseBid requires the parameters 7y, ik, 0 of the
prior distribution p(€) introduced in (T4). In the real world,
we do not have access to ground-truth logits &;, so we can
only use noisy estimates ét to approximate them.

To recover the prior distribution from noisy samples, we
formulate the task as a density estimation problem with
measurement errors. Since we assume the prior p(&;) is a

Gaussian Mixture, the noise model p ( &; | & ) is Gaussian,

and noise is uncorrelated with CTR, the marginal distribu-
tion of the observed logits is also a Gaussian Mixture:

p(ét) = /p(étlgt) 'p(ﬁt)dﬁt =
K

= Zﬂk/\f (éct
k=1

where {éh Jf} is CTR model output at auction ¢.

(18)

/uk7013+0152>7

To estimate the parameters ¢ = {my, u, 07 }5_,, we use
the Extreme Deconvolution technique (XDGMM) Bovy
et al.|[2011]] that maximizes the likelihood:

T
c(e[{ér (ot ) =Y mp(éle.o?) =
t=1
T
= Zln <
t=1 k

Unlike the standard EM algorithm, which treats observations
as exact, XDGMM considers individual noise variances af
for each sample. Therefore, XDGMM is well-suited for
reconstructing the CTR distribution for autobidding.

X (19)

TN (ét‘uk.,e,i +o§)> .
=1

4.2 BIDDING UNDER JOINT CTR-CVR
UNCERTAINTY

In the previous section, we assumed independence between
CTR and CVR to simplify the derivation. In the case of
joint uncertainty, which is closer to real-world scenarios, we
consider correlations between CTR and CVR. To capture
this relationship, we generalize the proposed framework
to the joint logit-space 7, = (& Ct)T, where & and ¢,
denotes logits of CTR and CVR, respectively:
CTR; CVR,

1-CTR,’ 1-CVR;'
In this setting, while we still assume independence between
CTR and CVR across distinct auctions, we treat them as
potentially correlated within each auction. Consequently,

the expectation of their product in (6) can no longer be
factorized and requires the computing of:

E[CTRt ﬁt} = fff(&)p(mIﬁt)de,
E[CTR,CV R[] = [ o(&)o(C)p(melie)d?ne,

& =In Gt=1In (20)

ey
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N
where 7, = (§, ;) stores logits of noisy CTR and CVR.

Similarly to the one-dimensional case, we express expecta-
tions in terms of the likelihood and the prior:

] = [ X - p(0e|me) p(me) d*ny
] =

fp(m!nt) (m¢)dn;
where latent variable X denotes CT R; or CTR; - CV R;.

E[X

; (22)

Noise model. Following the one-dimensional case, we
assume that the observation errors for both CTR and CVR
are additive and Gaussian in the logit space:

m=mn+e, € ~N(0,3), (23)

where {e;}7_, are independent two-dimensional random
vectors and they are independent from {n;}Z_;. Then likeli-
hood can be written as:

1
—F——¢€
27'['\/ |Et|

Gaussian mixture prior. To capture the correlations be-
tween CTR and CVR, we model the joint prior distribution
of the logit-vector as a bivariate Gaussian Mixture:

p(ie| me) = T TR (4

K
e ~ Zﬂ-k-/\/ (Mk7 @k) )

k=1

K
T, _ 1 _ T
p(nt)zz k__ o—3(m—pr)' ©

27T\/|@k‘

where K is the number of mixture components, 7, 4%, and
©, are the weight, mean vector, and covariance matrix of
the k-th two-dimensional Gaussian.

Substituting the likelihood (24) and prior (23) into (22)
yields the following expression for expectation:

E[X %] =
S e S XN G | e, DON (e | g, @) dPm
SE me [N | e SON (0 | e, ©)d2, 2O

Similar to the previous case, we can apply the Gaussian
distribution property and arrive at the following formula:

(25)
1:1("7t*#k)7

E[X un

K
1= Zﬂé,k/X-N(m\ué,mEQ,k)de, @7)
k=1

where 7y . are the posterior weights and i} .., X} . are the
updated posterior mean vectors and covariance matrices for
each component (see detailed derivation in Appendix [B.2).

To compute the CTR expectation, we exploit the property
that the marginal posterior of & remains normal and use the
probit approximation for each component:

E ﬂ’tkg

(H; 1)0

CTRt|"7t ——
1+Z (E’ %)0,0

; (28)

where (-)o and (+)g,0 denote the first element of the mean
vector and the top-left element of the covariance matrix.

However, the value (X = o(&;)o((;)) involves a product
of two sigmoids over a correlated distribution. We employ
Gauss-Hermite quadrature Abramowitz and Stegun| [ 1948]],
Jackel [2005] to compute the expectation. To consider the
correlations, we use the Cholesky decomposition 227 k=

LL " to transform the standard nodes to match the mean
and covariance of each component:

- (i.d) i) @9
e 35 e (690 (69).

i) o CNT
where nodes 7, = ( a) (g )) are obtained via the

Cholesky decomposition of the posterior covariance matrix
3} 1, = Lix L/, (see details in Appendix B.3).

Since the sigmoid function is smooth, a small number of
nodes (e.g., M = 5) provides sufficient precision for bid-
ding purposes. Empirically, further increasing M yields no
significant accuracy gains. The posterior covariance matrix
is only 2 x 2, so this Cholesky decomposition can be com-
puted analytically. Thus, this approximation scheme is fast
and satisfies the latency limits of a real-time bidding system.

=

k=1

Empirically reconstructed prior. As before, the prior
parameters ¥ = {7y, px,, Tx, H_, introduced in 23) must
be estimated from the noisy observations 7;. To perform this
estimation, we use the property that the marginal distribution
of the observed logit vectors is a bivariate Gaussian Mixture:

K

A~ > N (e, O + ). (30)
k=1

where ¥, is the noise covariance provided by the CTR and
CVR models (typically diagonal, though DenoiseBid can
also incorporate error correlations). We infer ¢ by maximiz-
ing the log-likelihood via the XDGMM Bovy et al.|[2011]:

T
=Y np(i | ,) =

t=1

T K
= ZIH (Zﬁk/\/(ﬁf ‘ i, O +2t)> .
t=1

k=1

L e}z {Beiz)
(31)

Note that XDGMM can work in parallel or in the back-
ground regime to avoid redundant overhead. Therefore, it is
tractable for deployment in the real-time bidding system.

S COMPUTATIONAL EXPERIMENT

In this section, we evaluate the DenoiseBid framework
against two baselines: the non-robust strategy [Yang et al.
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[2019]] and the Robust Optimization approach [Pudovikov
et al.|[2026]]. We use DenoiseBid under two prior dis-
tributions in the logit space: a normal distribution and a
two-component Gaussian Mixture. For noise modeling, we
use two settings: synthetic noise and empirical noise ex-
tracted from the pre-trained CTR model. To reproduce the
presented results, the source code is available at https:
//github.com/hxrxmx/denoise-bid-uai26/.

Setup. We use an offline setting to compare the consid-
ered algorithms. To ensure stable behavior patterns, we use
relative budget and CPC constraints defined by fixed scaling
factors kp and k¢ across campaigns:

T E:T wp
B=kp» wp, C=ke =1 (32

t=1 Zthl CTR, .

Further, we use kg = 0.2 and k¢ = 0.2 to define budget
and CPC upper bounds.

Datasets. First, we use fully-synthetic data to verify the
consistency of our CTR-only and joint methods. Then, we
move to real-world cases using iPinYou and BAT datasets
with empirical winning prices and model predictions. Fi-
nally, we test DenoiseBid on the Criteo Attribution
dataset. We train a CatBoost CTR model on this dataset
and use CatBoost Virtual Ensembles|Malinin et al.|[2021]] to
estimate knowledge uncertainty in CTR values. This setup
does not include any sampling of synthetic noise or data.

Table 2: Summary of experimental settings across datasets.
The red cross indicates that the dataset admits such a type of
noise; however, we skip this setting due to limited resources.
A dash indicates that the noise type is infeasible.

Dataset Synthetic noise Empirical noise
Synthetic v —
iPinYou v X
BAT v —
Criteo Attribution X v

5.1 EXPERIMENTS WITH SYNTHETIC NOISE

These experiments verify the mathematical consistency of
our methods using known noise structures.

Datasets and setup. We evaluate our approach on three
datasets. In the Synthetic dataset, winning prices are gener-
ated from a log-normal distribution, and CTR/CVR logits
are generated from a Gaussian mixture. For iPinYou, we
use empirical winning prices, and CTR/CVR logits are gen-
erated from a Gaussian mixture. Finally, the BAT dataset

leverages both real-world winning prices and model pre-
dictions of CTR/CVR directly from historical auction logs.
Details of the experiment are provided in the Appendix [C.1]

Evaluation metrics. To evaluate performance and con-
straint adherence, we define two key indicators:

* The ratio of the optimal value for objective functions
in problem (3)) to the theoretical optimum from prob-
lem (1)) denoted as R/ R*.

. W/ Weamp: the actual average cost-per-click nor-
malized by the campaign’s mean CPC. Since the target
limit is set as C' = k¢ - C'PClamp, a strategy is con-
sidered cost-compliant only if this ratio is below the
threshold k.

Accuracy of the first-order approximation. To study
the accuracy of the first-order approximation used in (@), we
empirically compare the surrogate CPC against the value
estimated by Monte-Carlo sampling on the BAT dataset.
shows the relative error across a wide range of
noise in CTR logits. The relative error remains below 7%
even with extreme noise levels. Moreover, the surrogate
consistently exceeds the MC sampling value, implying that
DenoiseBid yields cheaper clicks in the high-noise regime.

10—1.
&| 1072
Q.
© ©
11210734
g
gu 1041
£ 10751

1072 1071 10° 10!
OCTR_logit

Figure 1: The relative error between the surrogate value and
Monte Carlo estimates remains negligible for typical noise
scales, which confirms the correctness of estimation in ().

Main results for CTR-only uncertainty. Figure [2] il-
lustrates the behavior of the strategies under increasing
noise o™, The non-robust baseline fails as noise in-
creases, violating CPC limits and reducing efficiency. While
RobustBid remains CPC-compliant, it drops R/R*. An
additional baseline RiskBid regularizes the non-robust
objective by using a standard deviation of CTR weighted
by a hyperparameter . We consider « equal to 0.1 and 0.5.
RiskBid violates the CPC constraint even in the low-noise
regime. In contrast, DenoiseBid demonstrates the high-
est stability as noise increases, providing the best trade-off
between conversion volume and constraint adherence.
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Figure 2: Performance comparison on the synthetic, iPinYou and BAT datasets under CTR uncertainty and synthetic noise.
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Figure 3: Performance comparison on the BAT dataset under joint CTR-CVR uncertainty and synthetic noise.

Main results for joint CTR-CVR uncertainty. Figure[3]
illustrates R/R* and CPC /CPC ¢ymp heatmaps under bi-
variate noise for the BAT dataset. The non-robust strat-
egy fails to maintain cost compliance over the noise range,
whereas RobustBid achieves compliance at the cost of a
significantly lower R/R*. In contrast, DenoiseBid main-
tains a stable, near-optimal conversion volume while al-
most strictly adhering to constraints. We have tested the
single-component logit-normal prior and two-component
logit-gaus-mix prior. These priors yield nearly the same re-
sults, whereas the single-component logit-normal prior leads
to cheaper clicks. At the same time, the two-component
logit-gaus-mix prior gives a slightly higher conversion ratio.
Similar heatmaps for the Synthetic and iPinYou datasets are
presented in Appendix [D]and show similar behavior.

What if CTR and CVR are independent? This para-
graph examines the simplified case in which CTR and CVR
are independent. Then, the expectation of their product fac-
torizes into a product of individual expectations:

E [OTRt CVRA@%hﬁ/\Rt] ~
_— R X))
~E [CTRACTRJ E [OVRJCVRJ .

This approximation is computationally efficient since it
yields a closed-form bidding rule:

bid, :ﬁE[CTRqC{T\Rt] "E[CVR,JCVR]+
+—L_C.E[CTR, | CTR,], (34)
p*+q
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Figure 4: Performance comparison on the BAT dataset under joint uncertainty. The top row shows expected conversion
ratio (R/R*), and the bottom row shows normalized CPC deviation. Both DenoiseBid variants maintain high conversion
volume and cost compliance, whereas the uncorrelated variant offers a faster alternative with negligible loss in accuracy.

where each expectation can be calculated using the 1D probit
approximation (28)), with complete analogy to the CTR-
only uncertainty case. Thus, one does not need to use the
multivariate numerical integration techniques.

demonstrates that the uncorrelated variant of
DenoiseBid is robust to noise nearly identical to the
full joint model. It maintains a stable, near-optimal con-
version volume and adheres almost strictly to the CPC con-
straint, even under extreme noise. These observations sug-
gest that the primary driver of DenoiseBid performance
is the Bayesian treatment of individual uncertainties, while
the impact of CTR-CVR correlations is secondary. Thus,
an uncorrelated variant of DenoiseBid serves as a high-
performance alternative for latency-critical systems.

Latency analysis. To evaluate the feasibility of
DenoiseBid in real-time bidding (RTB) environments,
we measured the average computation time per bid (see[Taj
[ble 3). While our Bayesian approach introduces additional
overhead compared to the baseline, the latency remains
under 200us even for the most complex configuration (joint
algorithm with 5 X 5 nodes and a 3-component GMM prior).
Therefore, DenoiseBid remains feasible for deployment.

5.2 EXPERIMENTS WITH EMPIRICAL NOISE

This section uses the Criteo Attribution logs to evaluate
DenoiseBid using uncertainties inferred from the trained
CTR model. We estimate predictive noise via Virtual Ensem-
blesMalinin et al.|[2021]], which, unlike standard ensembles,
provide per-sample logit variances without training multiple
independent models. These variances are plugged directly

Table 3: Average bidding latency per auction indicates that
DenoiseBid still remains feasible for deployment al-
though it leads to an increase in runtime. Number of compo-
nents refers to the number of Gaussians in the prior; M x M
nodes denotes the number of quadrature points used for
Gauss-Hermite integration in the joint uncertainty case.

Method Runtime, s Std, us
NonRobustBid 32 1.4
RobustBid 3.1 0.36
DenoiseBid CTR-only

1 component 13.8 1.3
2 component 13.8 0.1
3 component 13.8 0.2
DenoiseBid Joint, 3 x 3 nodes

1 component 156.6 10.3
2 component 175.7 3.1
3 component 198.2 7.2
DenoiseBid Joint, 5 X 5 nodes

1 component 158.6 14.5
2 component 175.8 43
3 component 197.5 5.7

into DenoiseBid as diagonal entries of covariance matri-
ces ;. In contrast to the synthetic noise setup, we cannot
directly affect these variances. Therefore, we have consid-
ered two proxy approaches to vary noise levels:

1. Feature removal, where features are excluded based
on their importance, which is a proxy for uncertainty

2. Data scaling, where training set size reduces (from
100% to 0.1%) to increase knowledge uncertainty.
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Figure 5: Relative uplifts in conversions and CPC deviation on the Criteo Attribution dataset. Markers * and ** denote

statistical significance at the 10% and 5% levels, respectively.

Details of these procedures are presented in Appendix [C.2]

In contrast to the synthetic case, we evaluate uplifts using
logged conversions and clicks from the dataset. Although
we cannot model market feedback or competitor reactions
to our bidding strategy, this approach avoids model-induced
prediction errors in target metrics. Therefore, we formal-
ize the conversion- and CPC-related analogs of the target
metrics in the following way:

* relative error (conv — conuvy,,)/conv,,, where conv
denotes the number of conversions for DenoiseBid
and convy,. corresponds to the non-robust baseline.

* (CPC — CPC,,)/C, representing the cost change
normalized by the target C'.

Thus, the evaluation based on the observed conversions
rather than predicted CVRs effectively decouples the auto-
bidding performance from imperfect model’s errors.

Main results. Figure [5] summarizes the relative uplifts.
The logit-normal configuration yields a statistically signif-
icant (p < 0.05) reduction in CPC deviation across the
1% and 3% data-scaling regimes. The logit-gaus-mix vari-
ant with two components in the GMM prior demonstrates
broader cost stability, yielding significant CPC improve-
ments across the 0.3%, 1%, and 3% data regimes. Further-
more, it achieves significant conversion gains in the feature
removal scenario when the 8 least-informative features are
excluded. The plots include error bars representing the stan-
dard error of the mean to demonstrate the statistical sig-
nificance of the observed performance gains. Note that the
presented plots do not show the clear trend in dependence
of conversion and CPC on the considered noise-inducing
factors. A potential reason for this effect is the limitations of
virtual ensembles in predicting noise in our application. The
alternative approaches require further investigation and can
be easily incorporated into the DenoiseBid framework.

6 LIMITATIONS AND FUTURE WORK

We provide experiments only with CatBoost models for
conversion prediction; however, they are likely to become
less popular as deep learning approaches become increas-
ingly widespread. Therefore, we plan to adapt state-of-the-
art models from Zhu et al.| [2022]] for our DenoiseBid
framework. The framework will remain the same; the main
difference is in the specific steps for handling uncertainty.

7 CONCLUSION

We have proposed DenoiseBid, a Bayesian autobidding
method that explicitly accounts for uncertainty in CTR and
CVR estimates. The core idea is to replace the deterministic
LP-based bidding formulation with a stochastic optimiza-
tion problem in which bids are computed from posterior
expectations of click and conversion probabilities. Since
the Bayesian treatment of noisy CTR and CVR values re-
quires prior distributions over the ground-truth CTR and
CVR, we consider a Gaussian Mixture Model as the prior.
Then, the Extreme Deconvolution algorithm yields the ap-
propriate parameters for the GMM. To evaluate the perfor-
mance of our approach, we conducted extensive experiments
on four datasets: Synthetic, iPinYou, BAT, and Criteo At-
tribution. The experiments with the synthetic noise cover
the Synthetic, iPinYou, and BAT datasets and show that
DenoiseBid maintains near-optimal conversion volume
while satisfying CPC constraints, outperforming both the
non-robust baseline and the RobustBid strategy across a
wide range of noise levels. In addition, we use the Criteo
Attribution dataset to test DenoiseBid under empirical
noise from the trained CTR and CVR models. In this set-
ting, DenoiseBid achieves a higher conversion rate and
a lower CPC compared to a non-robust baseline.
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This Supplementary Material provides derivation of the main formulas and auxiliary details and results of experiments.

A  SOLUTION OF A STOCHASTIC OPTIMIZATION PROBLEM

In this section, we provide the detailed derivation of the optimal bidding policy for the stochastic optimization problem. We
start with the linearized primal formulation of the DenoiseBid problem:

T

max E TtU¢,
Tt
t=1
T

s.t. th ~wpy < B,
=1

(35)

T
th (wp — C-¢p) <0,
t=1

0<a, <1, t=1,...,T,
where v; = E[CTR; - CVR; | O] and ¢; = E[CTR; | O] are the posterior means of the conversion value and click
probability, respectively.

Lagrangian formulation. To solve problem (33]), we derive its Lagrangian dual. We introduce non-negative dual variables
p > 0and g > 0 associated with the budget and CPC constraints, respectively. To handle the constraints z; < 1, we also
introduce auxiliary dual variables 7; > 0 for each auction. The Lagrangian £ is formulated as follows:

T T
‘C(XuD?qJ‘) = thvt - P (Z TiWwWpr — B) —
T
—q <th(th -C- Ct)> - Zrt(xt -1),

t=1 t=1

(36)

where ¢; = E [CTR;|O], v+ = E[CTR; - CV R:|O] denote the posterior means of click probability and value at auction ¢,
respectively. By rearranging terms to group the variables z;, the dual objective is obtained by minimizing the Lagrangian
with respect to x.

T
min B-p+ E Tt,
Pp,q,Tt —1

37)
st. wps-p+ (wpr —C-c)-q+re > v, Vi,

pZanZOaTtZO-
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Optimality conditions. According to the Theorem of Complementary Slackness, the optimal primal solutions x* and dual
solutions p*, ¢* and r* must satisfy:

xi - (ve —wpy - p* — (wpe — C - ce) - q" —17) =0, (38)
(xy —1)-r =0. (39)
We define the optimal bid price bid; as:
1

. q*
bidf = v + C e, 40
G S @0
By substituting (0] into the condition (38)), we obtain:
i - ((bidy —wpe)(p* +¢*) —r7) = 0. (41)

Then, as it follows from (39) and @I},

* if the bidding agent wins the auction (x} > 0), then (bid} — wp;)(p* + ¢*) — rf = 0. Thus, since p*, ¢*,rF > 0, it
must be bid} > wp;.

« if bidding agent loses the auction (z} = 0), then r; = 0. Therefore, from dual condition wp; - p+ (wps —C - ¢¢) - q > vy,
and it can be rewritten as bid; < wp.

As aresult, if p and ¢ are the optimal solution of dual problem (37), optimal bidding formula is:
1
bid, = ——E[CTR, - CVR,| O] + —L—C - E[CTR,|0O]. 42)
pP+q pP+q

B DERIVATION OF THE CALCULATION FORMULAS FOR EXPECTATIONS
B.1 CTR-ONLY UNCERTAINTY

Reduction of Gaussian products. To simplify the expression:

o Semefote) N (G| o?) N (& | s 87) e
E[CTR|CTR,] - , 43)

>k Tk fN(ét §t70t2>N(§t|/‘k7012g) dé,

we leverage a fundamental property of Normal densities: the product of two Gaussian kernels is itself a scaled Gaussian
kernel:

N (&

gtao—f) 'N(€t|ﬂk>912q) = Q¢ k N (ft

2
S (“4)
where scaling factor oy ), = N (ft ‘ Wiy OF + 9%) represents the evidence of the k-th component, and

1 7(?*#1«)3

2(c2+02

(8% k= t k
Y Ver (7 + 03)
o2 L
t.k /o2 +1/62°

A .2 é + Hi ]
Ht & t,k UtQ 6‘%

Substituting the Gaussian product property {@4) into the expectation ([@3)), we observe that the posterior expectation is a
weighted average of sigmoid-Gaussian integrals:

)

(45)

2ok Wkat,kfa(ft)/\/ (§t ‘H;,k’ff{,ﬁ) d&,

Zk TR0tk

(46)

E [CTRt‘Cﬂt] -
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Probit approximation. The integral of a sigmoid with a Gaussian density does not have an exact closed-form solution in
terms of elementary functions. To obtain a computationally efficient result, we utilize the probit approximation:

/a(g)N (€] p0?) dé~o (\/157) . (47)

Applying this approximation to each component in {6)), we present the final closed-form expression for the denoised CTR:

/
CTRJ%Z?T;,QJ % , (48)
/
k

E [CTRt
I+ %Ut,k

where uéy , and 027 k2 can be computed via (@3], and 772’ . denotes posterior probability of k-th Gaussian given by ¢-th

observation:
/ T O N

wh = (49)
bk Zkﬂkat,k

B.2 JOINT UNCERTAINTY

Reduction of bivariate Gaussian Products. We have an expression:
i) = Sormk [ X - N | e, ZON (e | pr, Or) Ay
t] = -

Yok SN | e ZON (e | s, O) A2y

By complete analogy with one-dimensional Gaussians ([@4)), the product of normal densities is equal to normal density with
scaling factor:

E[X (50)

N (7 |16, 5e) - N (e | e, Ok) = e - N (e | i 1. B 1) (51)
where o 1, = N (ﬁt ‘ Wi, 2t + @k) is the evidence of the k-th Gaussian, and

e— 3 (—p1) " (Ze4+0y) " (A —pr)

Qe = )
' 21y/|%0 + Oy

_ (52)
e = (! +®1;1) 17
Mg =X, (T + O ) -
Next, we substitute simplified form of normal densities product in posterior expectation expression (30):
E[x | %] S ko [ X N (m | 14} g EQ,k) d*m
) = . (33)
! Yok ThOl ko
or, in closer form, with redefining posterior probability 772_’ = % of k-th Gaussian given by ¢-th estimates:
B = 3wl [ XN (s B) (54
k

B.3 NUMERICAL APPROXIMATION OF INTEGRAL

Probit approximation for CTR expectation. Now, we focus on approximating the integrals in (54)). For case with the
click-through rate expectation X = CTR; = o(&;), the integral involves only a single sigmoid function over a bivariate
normal distribution. Since the marginal distribution of &; is still Gaussian, we can directly apply the probit approximation as
in the one-dimensional case:
!
(“t,k) 0

E[CTR: | =Y =0 , (55)
g I+5 (2;’00 0

where (- )o and (- )0 denote the first element of vector and the top left element of matrix, respectively.
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Numerical approximation via Gauss-Hermite quadrature for value expectation. The expectation of the conversion
value, when X = CTR; - CV Ry = o(&) - 0({¢), involves the product of two sigmoid functions. Probit approximation has
no multi-dimensional generalization, so, to calculate it with high computational efficiency while preserving accuracy, we
employ Gauss-Hermite quadrature.

This method approximates convolution of function f(7) with normal kernel by evaluating it at M x M pre-defined nodes:

/f(n)-N(nlm dn~ZZAAf( (i’j)), (56)

i=1 j=1

where the nodes 1) are obtained via the Cholesky decomposition of the posterior covariance matrix X = LL" as:
0 =+ VIL (Z?) : (57)
J

and {a;};, {\i}; are the standard Gauss-Hermite nodes and weights.

Since the sigmoid function is smooth, a small number of nodes (e.g., M = 5) provides sufficient precision for bidding
purposes. The posterior covariance matrix is only 2 x 2, so this Cholesky decomposition can be computed analytically. Thus,
this approximation scheme is highly efficient, satisfying the latency limits of the Real-Time Bidding task. Therefore, for
each auction ¢ separately, we can approximate:

[ otenotc N | w000 i~ S o (65) o (¢57), (58)

=1 j=1

Calculation formula. As a result, we can approximate every integral in sum (54)) and provide the final expression:

E[CTR; - CVR; | m] ~ ZﬂthZA Ao (€57) o (¢ (59)

=1 j=1

TEOt, k

/ —
where Tik = S mrarn’

(4,5)
Q;
(660) = vanes (3),
t.k J

L= [ V% 0 (60)
’ so/\/s1 \/s2—sp/s1)”

S1 S
where ) =31,.
So S2 ’

Parameters oy, u; k> E; i, defined in @D and ag, Ay are tabular Gauss-Hermite nodes and weights.

C EXPERIMENT DETAILS

In this section, we provide complete details for the datasets, model architectures, and hyperparameters used in our evaluation.

As was mentioned in Section[5} we utilize the relative constraints:

B=kp- ) wp,
t
61
O = o 2t WPt o0
© S, CTR,

In all experiments, ko = 0.2 and kg = 0.2 were used.
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C1

EXPERIMENTS WITH SYNTHETIC NOISE (SYNTHETIC, IPINYOU, BAT)

Synthetic

Number of auctions 7" = 1000, number of campaigns N = 200.

winning price wp sampled from a log-normal distribution Inwp ~ N (fiyp, afup) with ), = In100.0 — oy,
owp = 1.0.

CTR sampled from a log-normal distribution logit CTR ~ Zle TN (ur, 03) with K = 3, {m = 0.6,m =
0.2, T3 = 0.2}, {,ul = —3.0,”2 = —2.5,/,63 = —1.0}, {0’1 = 0.3, 09 = 0.3,0'3 = 04}

CVR sampled from a log-normal distribution logit CV R ~ Zszl TN (g, 0f) with K = 2, {m; = 0.6, m2 = 0.4},
{,Ufl = 72.0,,“2 = *1.0}, {01 =0.7,09 = 04}

In the experiment with CTR-only uncertainty, CTR logits were sampled from normal noise with standard deviation
from 1072 to 10*.

In the experiment with joint uncertainty, CVR logits were sampled from normal noise with standard deviation from
1072 to 10!, uncorrelated with noise in CTR logits.

GMM was fitted via XDGMM on the subsample of 400 auctions in every campaign. The EM algorithm was run for a
maximum of 300 iterations or until a log-likelihood tolerance of 2 - 10> was reached.

For the joint CTR-CVR uncertainty case, we used a 5 x 5 Gauss-Hermite quadrature grid.

iPinYou

Number of auctions 7" = 1000, number of campaigns N = 200.
winning price wp sampled from logs.

CTR sampled from a log-normal distribution logit CT R ~ Zszl TN (g, 02) with K = 3, {m; = 0.6,m =
0.2,71'3 = 02}, {,u1 = *3-0,#2 = *2-5,,&3 = *1.0}, {0'1 = 03, 09 = 0.3,0'3 = 04}

CVR sampled from a log-normal distribution logit CV R ~ Zszl 7N (ks 03) with K = 2, {m; = 0.6, 72 = 0.4},
{,u1 = —2.0,”2 = —1.0}, {0'1 = 0.7, 09 = 04}

In the experiment with CTR-only uncertainty, CTR logits were sampled from normal noise with standard deviation
from 1072 to 10*.

In the experiment with joint uncertainty, CVR logits were sampled from normal noise with standard deviation from
10~2 to 10, uncorrelated with noise in CTR logits.

GMM was fitted via XDGMM on the subsample of 400 auctions in every campaign. The EM algorithm was run for a
maximum of 300 iterations or until a log-likelihood tolerance of 2.0 - 10~5 was reached.

For the joint CTR-CVR uncertainty case, we used a 5 x 5 Gauss-Hermite quadrature grid.

Number of campaigns /N = 334 (and in each campaign individual number of auctions).
winning price wp sampled from logs.

CTR sampled from logs.

CVR sampled from logs.

In the experiment with CTR-only uncertainty, in CTR logits, normal noise with standard deviation from 10~2 to 10!
was sampled.

In the experiment with joint uncertainty, also in CVR logits, normal noise with standard deviation from 10~2 to 10!
was sampled, uncorrelated with noise in CTR logits.

GMM was fitted via XDGMM on the subsample of 300 auctions in every campaign. The EM algorithm was run for a
maximum of 300 iterations or until a log-likelihood tolerance of 2.0 - 10~° was reached.

For the joint CTR-CVR uncertainty case, we used a 5 X 5 Gauss-Hermite quadrature grid.
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C.2 EXPERIMENTS WITH EMPIRICAL NOISE (CRITEO ATTRIBUTION)

This experiment evaluates the framework’s performance using observed model-based uncertainty.

Scenarios:

» Feature Removal: We iteratively removed the top-N least important features, increasing predictive uncertainty.

¢ Data Scaling: The models were trained on subsets of the original data (100%, 30%, 10%, 3%, 1%, 0.3%, 0.1%) while
maintaining the same validation set for evaluation.

Model Training. We trained CatBoost classifiers for both CTR and CVR tasks. We used the Virtual Ensembles mode
(posterior_sampling = True), which computes the variance of predictions across multiple sub-models in a virtual
ensemble.

* Features: 12 features (11 of them categorical) including campaign ID, time since last click, and anonymized user
metadata.
2 2
TR ;CVR?)

* Uncertainty Quantification: The output variance in logit space X7 = diag(c¢ was used directly as the

noise parameter for DenoiseBid.

Experiment specification:

e Number of campaigns N = 505 (and in each campaign, the individual number of auctions).

* GMM was fitted via XDGMM on the subsample of 400 auctions in every campaign. The EM algorithm was run for a
maximum of 300 iterations or until a log-likelihood tolerance of 2.0 - 10~° was reached.

D HEAT MAPS IN EXPERIMENTS ON SYNTHETIC AND IPINYOU DATASETS

This section provides visualizations for the joint CTR-CVR uncertainty scenarios on the Synthetic and iPinYou datasets.
Figures El and [7|illustrate the metrics R/R* and CPC/C'PC'cump across a range of noise levels in the joint logit space
(0™ and oY), The observed trends are the same as for the BAT dataset and highlight the performance of DenoiseBid.

DenoiseBid[1 comp] DenoiseBid[2 comp]

NonRobustBid RobustBid (logit-normal) (logit-gaus-mix)
10!
1.0
0.8
o 0
2 10 o]
S, 0.6 <
£ o]
é’ 1071 0.4 *
0.2
1072 v 0.0
1
\ 0.6 %‘
= 100 - —& o)
S e -
2 o 0.4 ~
[ N o
S - )
5 107 i 8
1 0.23
1 kel
]
i
102 , . ! ; ! ; , 0.0
1072 1071 10° 1072 107! 10° 1072 107! 10° 1072 107! 10° 10!
OCTR_logit OCTR_logit OCTR_logit OCTR_logit

Figure 6: Performance comparison on the synthetic dataset under joint CTR-CVR uncertainty.
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Figure 7: Performance comparison on the iPinYou dataset under joint CTR-CVR uncertainty.

E DEPENDENCE OF THE NUMBER OF GAUSSIANS IN THE GMM PRIOR MODEL

In this section, we investigate how the complexity of the prior distribution, represented by the number of components K
in the Gaussian Mixture model, affects the performance of DenoiseBid. presents a comparison between the
non-robust baseline and DenoiseBid with priors ranging from a single Gaussian in logit space (normal prior, K = 1)toa
4-component mixture. The experiment was conducted on the BAT dataset.
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Figure 8: Dependence ofconversion volume and CPC compliance on DenoiseBid prior complexity (from 1 to 4 compo-
nents). The dashed line in the bottom panel represents the target cost-per-click share limit k.

While the non-robust baseline fails as noise increases, all denoised variants maintain stability. Multi-component priors
(K > 2) outperform the single Gaussian model (X = 1) at high noise regimes (ccTR_i0gi¢t > 1), however they are slightly
worse at adhering to the CPC constraint. Since the performance gap between K = 2, K = 3 and K = 4 is marginal, a
mixture with 2 components provides the optimal trade-off between conversions and computational efficiency (see [Table 3).
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